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Setup

Let Pi,..., P, be n probability distributions over the same space.

A permutation mixture P,:
— draw independent Z; ~ P1,...,Z, ~ Pp;
— draw a uniformly random permutation 7 ~ Unif(S,);
— [P, is the joint distribution of (Xi,...,X,) with X; = Z;y;

— in mathematical terms:

(X1, , Xn) ~ Erunif(sy) [®7=1Pr(y]  under Py
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Setup

Let Pi,..., P, be n probability distributions over the same space.

A permutation mixture P,:
— draw independent Z; ~ P1,...,Z, ~ Pp;
— draw a uniformly random permutation 7 ~ Unif(S,);
— [P, is the joint distribution of (Xi,...,X,) with X; = Z;y;

— in mathematical terms:

(X1, Xn) ~ Erounif(sy) [®=1Pr(y]  under Py

An i.i.d. (mean-field) approximation Qy:

®n
1
(X1, Xa) ~ (nZP;> under Q,.

Target of this work

Show that the i.i.d. approximation Q, to P, is accurate, i.e. the information divergence
(or statistical distance) between P, and Q, is small (and ideally, independent of n)
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Motivation

Later in the talk:
— statistical and IT applications involving permutations
— compound decisions in empirical Bayes

— de Finetti-style theorems
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Motivation

Later in the talk:
— statistical and IT applications involving permutations
— compound decisions in empirical Bayes

— de Finetti-style theorems

Bigger picture:
— general mean-field approximation

— information geometry of high-dimensional mixtures
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A toy example

Let PL="---=P,o=N(p,1) and Pyjoy1 =+ = Po = N(—p,1)
— P, = e xN(0, I,), where vp is the distribution of n uniformly random draws from
the multiset {—p, ..., —p, , ..., u} without replacement;

— Qn = v *N(0, 1,), where 1 is the counterpart with replacement;

o 2
X(PIQ) =3, Bl
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A toy example

Let PL="---=P,o=N(p,1) and Pyjoy1 =+ = Po = N(—p,1)
— P, =vp xN(0, I,), where vp is the distribution of n uniformly random draws from
the multiset {—p, ..., —p, , ..., u} without replacement;

— Qn = v *N(0, 1,), where 1 is the counterpart with replacement;

o(u*) if <1,
O(exp(p?)) if w > 1.

X (Pnl|Qn) = {

— x>-divergence independent of dimension n
— smaller than the one-dimensional divergence x*(N (i, 1)||NV(—u,1))

— existing approaches fail even for this toy example

o 2
X(PIQ) =3, oo
4/34



Failed approach I: reduction to two simple distributions

Apply convexity to reduce to the divergence between two simple distributions:

KL(Pa[|Qn) = KL(Eomw [N (9, 1)1 E o IN (9, 1a)])
< min Eg gy, [KLWN(@, )N, 1))]

pEN(vp,vg)
WZ (e, vo)

:fx\/ﬁuz

KL(P[Q) := 3, p(x) log 23
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Failed approach I: reduction to two simple distributions

Apply convexity to reduce to the divergence between two simple distributions:

KL(Pa[|Qn) = KL(Eomw [N (9, 1)1 E o IN (9, 1a)])
< min Eg gy, [KLWN(@, )N, 1))]

pEN(ve,vg)
W (e, 1)

:fx\/ﬁuz

— grows with the dimension n

— wrong dependence on

KL(P[Q) := 3, p(x) log 23
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Failed approach Il: reduction to one simple distribution

A more careful coupling:

KL(PIQn) < min Egrmyy [KL (Bomr,, IN, )] IN (', 1))]

{Vo/}e/e{iu}"

where the minimization is over all possible families of distributions {l/gl}gle{iu}n such
that Eﬂ/,\/y@ [1/19/] = Up.
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Failed approach Il: reduction to one simple distribution

A more careful coupling:

KL(PIQn) < min Egrmyy [KL (Bomr,, IN, )] IN (', 1))]

{Ve/}e/e{iu}"

where the minimization is over all possible families of distributions {vg/}gsc 4,30 such
that Eﬁ/,\/y@ [1/19/] = Up.
— a judicious choice in [Ding'22] leads to an upper bound O(y?) for small i

— however, can show that any such upper bound must be Q(u?)

6/34



Failed approach Ill: method of moments

A powerful approach to upper bound the statistical difference between two mixtures
distributions, with many recent applications [Cai and Low'11, Hardt and Price’1l5, Wu
and Yang'20, Han et al.’20, ...]

TV(P, Q)= 3 X, Ipx — axl \s
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Failed approach Ill: method of moments

A powerful approach to upper bound the statistical difference between two mixtures
distributions, with many recent applications [Cai and Low'11, Hardt and Price’1l5, Wu
and Yang'20, Han et al.’20, ...]

Idea: express the Gaussian likelihood ratio in terms of Hermite polynomials

Px = 0) _ o He(x)

o(x) —~ K

so that

TV(u* N(0,1), v« N(0,1))? =

1
4 (EZNN“*“ o(2) o(2)
=\ H(2)

k!

2
(Bu~nlU4] — By [VH]) )

2

1
— ]EN
4< Z~N(0,1) 2

Cés %Ezw\f(o,l) <Z Hkk(.Z) (EUN“[Uk] ~Even[V ]>>

k=0
= EUN/![Uk] - IE:un[\/k])2

1
ZZ k!

TV(P,Q) =3 32, Ipx — axl

o [ o 220
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Failed approach Ill: method of moments (cont'd)

In general dimensions:
2

(ma(vp) — ma(vg))

1
TV (e % N0, In) [ve * N0, 1n))* < 5 =
aENn :

— d=(ai,...,an) is a multi-index, with &' := ai!-- - a,!
— mg(p) := Egp[97" - - 957°] denotes the joint moment

8/34



Failed approach Ill: method of moments (cont'd)

In general dimensions:
(ma(ve) — ma(v))®

NI
]
2

TV(ve * N0, 1) |lvg * N(0, 1,))* <

<!

— d=(ai,...,an) is a multi-index, with &' := a;!-

— mg(p) := Egp[97" - - 957°] denotes the joint moment

Application to our toy example:
— non-zero moment difference starting from |&@| = 2, suggesting an O(u*) dependence

— however, too many cross terms in high dimensions: the total contributions of

|&@| = 2¢ are at least Q¢(u**n’~1), which is growing with n for £ > 2.
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Failed approach IV: method of cumulants

A recent development based on cumulants [Schramm and Wein'22]:

2
(e x N0, ) lvo » N0, 1) < 3 58,
aeNd

where kg is the joint cumulant

Ka = Fug (d”f’ 191,...,191,192,...,192,...,19">.

duvg’

an

(X1, oy Xn) 1= ﬁ bty log E [exp (327, t:.Xi)]
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Failed approach IV: method of cumulants

A recent development based on cumulants [Schramm and Wein'22]:

where kg is the joint cumulant

dl/j‘

Ra = li,/Q (7,191,...,191,192,. ..,’L92,...,19,,> .
drg

— a better behavior for certain cross terms

— however, can show that x¢,¢,,....0) X C*0) for odd ¢, so summing along this
subsequence gives a diverging result

an

(X1, oy Xn) 1= ﬁ bty log E [exp (327, t:.Xi)] 05



Main result

Let Pi,..., P, € P. Define the following dimension-independent quantities:

Definition (Quantities of P)

— X° channel capacity: C,2(P) = supca(p) h2(Pi X), with P~ p and X ~ P
— x* diameter: D,2(P) = supp, p,cp X (P1]|P2)

/XQ(X; Y) = XZ(P)(y”P)(Py) 10/34



Main result

Let Pi,..., P, € P. Define the following dimension-independent quantities:

Definition (Quantities of P)

— X° channel capacity: C,2(P) = supca(p) h2(Pi X), with P~ p and X ~ P
— x* diameter: D,2(P) = supp, p,cp X (P1]|P2)

Xz(P"HQ") < min {102 CXZ(P)£7 1+ DXQ(P))1+CX2(P) _ 1}

£=2

— P, is contiguous to Q,: X*(P,[|Qn) = Op(1) if D,2(P) < oo

— high-probability events under the simpler product measure QQ, translate to
high-probability events under the mixture P,

/XQ(X; Y) = XZ(P)(y”P)(Py) 10/3
4



Examples

X’ (P,]|Qn) < min {10 > Ca(P), (14 Dy (P)) 5™ — 1}

=2
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Examples

X’ (P,]|Qn) < min {10 > Ca(P), (14 Dy (P)) 5™ — 1}

=2

.

Example | (Two-component Gaussian)
P = {N (1), N(—p, 1)}: Co(P) <1—e*, so

o(u*) if <1,
O(exp(p?)) if > 1.

X (Pnl|Qn) = {
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Examples

X (Bo|[Qy) < min {10 Y Cu(P), (14D (P) ™ — 1}

=2

Example | (Two-component Gaussian)
P ={N(p, 1), N(=p, 1)} Ca(P) <1- e so

o(u*) ifu<i,
O(exp(p®)) if u> 1.

R (PQ) = {

\

Example Il (Bounded Gaussian)
P ={N(0,1) : |6] < )} Coa(P) = O(u A p*), D,2(P) = exp(O(1%)), so

o(u) ifu<i,
exp(O(p?)) if p>1.

X*(PallQn) = {

\
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Applications
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Permutation prior

Sequence model in statistics: observe X; ~ Pg, with unknown 6 = (61, ...,0,)
— statisticians would like to prove lower bounds on the estimation error of 6

— a prevalent strategy is to impose a prior distribution on 6, and a permutation prior is
sometimes preferred: 6 = (v, .- ., Va(n)) for a known vector v and a random
permutation m

— a key quantity in the analysis: mutual information /(6; X")
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Permutation prior

Sequence model in statistics: observe X; ~ Pg, with unknown 6 = (61, ...,0,)
— statisticians would like to prove lower bounds on the estimation error of 6

— a prevalent strategy is to impose a prior distribution on 6, and a permutation prior is
sometimes preferred: 6 = (v, .- ., Va(n)) for a known vector v and a random
permutation

— a key quantity in the analysis: mutual information /(6; X")

Our result: can pretend as if the coordinates 6; ~ X ZJ’.’ZI dy; are i.id.

n

Mutual information under a permutation prior

g, (0; X") — Op(1) < ks, (6; X") < g, (6; X™)
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Permutation channel

Encoder

DMC

The noisy permutation channel introduced in [Makur'20]

Random
Permutation

"

Decoder

)
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Permutation channel

M X7 77 Random )6l
Encoder L bDMC L . L Decoder
Permutation

)

The noisy permutation channel introduced in [Makur'20]

— target: find the channel capacity C,(P) = maxpyxn) I(X"; Y")
— known achievability [Makur'20] and converse [Tang and Polyanskiy'23]:

rank(Pzx) — 1

Co(P) ~ :

logn for discrete P.
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Permutation channel

)

M Xxr 77 Random )64

Encoder DMC : Decoder
Permutation

The noisy permutation channel introduced in [Makur'20]

— target: find the channel capacity C,(P) = maxpyxn) I(X"; Y")
— known achievability [Makur'20] and converse [Tang and Polyanskiy'23]:

rank(Pzx) — 1

Co(P) ~ :

logn for discrete P.

Our result: for general P, can pretend as if Y" have independent coordinates

Converse for general permutation channels

Co(P) < Red(conv(P)®") + Op(1)

14 /34



finite de Finetti theorems

Theorem (de Finetti)

Any exchangeable distribution Pxe can be written as an i.i.d. mixture:

Pxoo(x>) = Eg [H Qe(Xi)] .

=il

The joint distribution of (X1, ..., X,) is exchangeable if (Xi,...,X;,) 4 (Xr@)s -+ » X))
15/34



finite de Finetti theorems

Theorem (de Finetti)

Any exchangeable distribution Pxe can be written as an i.i.d. mixture:

Pxoo(x>) = Eg [H Qe(Xi)] .

=il

Approximately holds for exchangeable distribution Px» with finite n:

— [Diaconis and Freedman'80]: KL(Px«||Es[Q5*]) < ©

~ n

— [Stam'78]: for small | X|, KL(Px«|[Eo[QF¥]) < ,,(Killk_zk)

— some recent refinements in [Gavalakis and Kontoyiannis'21; Johnson, Gavalakis, and
Kontoyiannis'24]

The joint distribution of (X1, ..., X,) is exchangeable if (Xi,...,X;,) 4 (Xr@)s -+ » X))
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Our extensions

Using first upper bound and C,2(P) < |X:

x2-type finite de Finetti

For exchangeable distribution Px» and k < n:

KlxX)? n
2 ®k1) < .
¥ (PollEal@5H) § 5 k< Bt
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Our extensions

Using first upper bound and C,2(P) < |X:

x2-type finite de Finetti

For exchangeable distribution Px» and k < n:

¥ (Pl EolQFH]) § =5 if k<

Using second upper bound:

Noisy de Finetti

Let Pyn be the output distribution with an input exchangeable distribution Px» and a
channel P. Then for k < n:

2 K K
X (:’:’kaIE:e[Qé8> ) =0p (ﬁ) if D,2(P) < oo.

16 /34



Empirical Bayes

The empirical Bayes framework [Robbins'51; '56]:
— idea: estimate the prior distribution from data

— lots of empirical successes but limited theoretical understanding
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The empirical Bayes framework [Robbins'51; '56]:
— idea: estimate the prior distribution from data

— lots of empirical successes but limited theoretical understanding

A new theoretical paradigm [Hannan and Robbins’'55; Greenshtein and Ritov'09]:
— a simple setting: independent X; ~ Pp,, aim to estimate 6 = (01, ...,6,)

— target: find an estimator with a small regret compared with powerful oracles

regret(@) = Eo[L(6, §)] — inf EG[L(Q’é\Oracle)]

goracle

— simple/separable oracle: 05 = f(X;) for a single function f

— permutation invariant oracle:

P P
eﬁ(Ii)(XTr(l)7 s 7X‘rr(n)) = 0!‘ I(Xl, s 7X’7)
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Empirical Bayes

The empirical Bayes framework [Robbins'51; '56]:
— idea: estimate the prior distribution from data

— lots of empirical successes but limited theoretical understanding

A new theoretical paradigm [Hannan and Robbins’'55; Greenshtein and Ritov'09]:
— a simple setting: independent X; ~ Pp,, aim to estimate 6 = (01, ...,6,)

— target: find an estimator with a small regret compared with powerful oracles

regret(é\) = Eo[L(6, 5)] — inf EG[L(Q,é\Oracle)]

goracle

— simple/separable oracle: 05 = f(X;) for a single function f

— permutation invariant oracle:

P P
07T(Ii)(X7T(1)7 s ,X‘rr(n)) = 0!‘ I(Xl, s 7X’7)

Do these oracles have similar estimation power? \

17/34




Our results

Oracle analysis:

— the true parameter § = (61,...,6,) is known to both oracles
— because of the limitations on the oracles, an equivalent formulation is that the oracle
only knows the multiset {61, ...,0,} but not the order

— equivalently, 6 follows a permutation prior

18 /34
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Our results

Oracle analysis:

— the true parameter § = (61,...,6,) is known to both oracles
— because of the limitations on the oracles, an equivalent formulation is that the oracle
only knows the multiset {61, ...,0,} but not the order

— equivalently, 6 follows a permutation prior

Our technical ingredient: upper bound the distance between two permutation mixtures

TV upper bound for two permutation mixtures

TV(P, , P,7) = Op (%) .

Application to empirical Bayes:

Simple oracles are as powerful as permutation-invariant oracles

For bounded separable loss L(6,8) = > Li(6;,6):

1 1 o 1
inf TEO[L(0,57)] — inf Ea[L(0,67)] = O (7) .

18 /34



First upper bound via a new basis expansion
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Toy example: a different basis

Hermite basis:

e}

ex—0) _ S Hi(x) g

o(x) Kkl

where ¢ is the density of (0, 1).

Oy 0n) = (s ey oy —Hy ooy — ).
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ex—0) _ S Hi(x) g

o(x) Kkl

where ¢ is the density of (0, 1).

Oy 0n) = (s ey oy —Hy ooy — ).

Hyperbolic basis?

w(x —0)

0
=1+ tanh(ux)—, 6e{£
) (nx)-7 {+u}

where po(x) = w is the

common marginal distribution of P, and Q,
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h is th ity of N(0,1).
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Toy example: a different basis

Hermite basis: Hyperbolic basis?

x—0 ~ Hi(x p(x—0) _ L 0
gO(W(X) ! :g k(! o ool Lt h(px) [ 0 € {Fp)

where po(x) = w is the

h is th ity of A/(0,1).
where i is the density of A(0.1) common marginal distribution of P, and Q,

L2
{Ho(x), Hi(x), ...} are orthogonal in L*(y) (1. tanh(4x)} are orthogonal in LQ(;,QO)
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where po(x) = w is the

h is th ity of N(0,1).
where ¢ is the density o N( 1) common marginal distribution of P, and Q,

.2
{Ho(x), Hi(x), ...} are orthogonal in L*(y) {1, tanh(;ix)} are orthogonal in 12()

E[?] = 0 for 6 ~ Unif({£p})

01y s 0n) = (s by =y oy — ).
(61 n) = (p By —H M) 20,3



Toy example: a different basis

Hermite basis: Hyperbolic basis?
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h is th ity of N(0,1).
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Toy example: a different basis

Hermite basis: Hyperbolic basis?
QO(X—G) _ Hk(X) k SD(X7:1+tanh pux)—, ee{i'u}
o) 2 K o) (9,

where po(x) = w is the

h is th ity of N(0,1).
where ¢ is the density o N( 1) common marginal distribution of P, and Q,

.2
{Ho(x), Hi(x), ...} are orthogonal in L*(y) {1, tanh(;ix)} are orthogonal in 12()

E[0*] possibly non-zero for § ~ Unif({£u}) E[lﬁl] =0 for 6 ~ Unif({£u})

Under the new basis:

dP, ny __ QO(X,‘ - ew(l))
-

1 po(x)

—E,. {H (1 + tanh(ux;)ezt(i) >]

01y s 0n) = (s by =y oy — ).
(61 n) = (p By —H M) 20,3



Toy example: a different basis

Hermite basis:

Px—0) _ = Hi(x)
o) 2 k!

k=0

where ¢ is the density of (0, 1).

{Ho(x), Hi(x), ...} are orthogonal in L(y)
E[6¥] possibly non-zero for 8 ~ Unif({#u})

Under the new basis:

n

dPn , o o(xi — ()
ag, X = Ex [H

1 po(x)

L, =)

=E, {ﬁ (1 + tanh(ux;)

Hyperbolic basis?

w(x —0)

0
=1+ tanh(ux)—, 0¢€{*
) (nx)-7 {£n}

where po(x) = w is the
common marginal distribution of P, and Q,

{1, tanh(ux)} are orthogonal in L[*(0)

E[?] = 0 for 6 ~ Unif({£p})

20
7

H HL(')} Htanh(ux,-)

i€eS i€S
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Toy example: full analysis

dP, oy Oy _
dQn(X )= Z Er [H H:| Htanh(ux,)

sCln] ies ies
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dP, oy Oy _
dQn(X )= Z Er [H H:| Htanh(ux,)

sCln] ies ies

— orthogonality of {1,tanh(ux)} under L*(i):
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Toy example: full analysis

dr, , , Ori
dQn(X )= Z Er [H H():| Htanh(ux,—)

sCln] ies ies

— orthogonality of {1, tanh(ux)} under L?(¢o):

Eq, [(jg:)Q] => (]EW [H 97;;")D2cxz(p)ls

SC[n] ies

— the inner expectation: for |S| = ¢,

2
977(/') 1¢is even
<JE7, II /‘D ==

i€S 4
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Toy example: full analysis

dPn n 07Ti
d@n(x )= Z E. [H H():| Htanh(ux,—)

5Cin] ies ies
— orthogonality of {1,tanh(ux)} under L*(i):

dpP, \?| _ 00\ (P!
o ()] - 5 (= 1] e

— the inner expectation: for |S| = ¢,

2
977(/') L¢is even
(E” HMD 0

i€S 2
dp, \? 2 . n
a0, —-1< CX2('P) +CX2('P) + -~~+CX2(P)

— piecing everything together:

X*(Pal|Qn) = Eq,

21/34



General case: doubly centered expansion

Doubly centered expansion:

ap;, . o
0 =1+ Vi)

B._ 15N X
P'*Z i=1 Pi
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General case: doubly centered expansion

Doubly centered expansion:

dp;
—(x) =14+ WV;(x
() )

Centered in the x direction: [Wi(x)] = 0 for all i

)<~P

— this leads to

B [(dQn) ] SCZM]EQH |:]E7r (gwﬂ(i)(

P.=1 N

n

Xi)>

2
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General case: doubly centered expansion

Doubly centered expansion:

dp;
—(x) =14+ WV;(x
(%) )

Centered in the x direction: [Wi(x)] = 0 for all i

)<~P

— this leads to

Eg [(dQn) ] > Eq, []E,r (Hwﬂ(,-)(x

SC|n] i€S

Centered in the i direction: Ejunie((1,...,,1)[Vi(x)] = 0 for all x

— how does this lead to a small value of [Ex (IT;cs Vr()(Xi))|?

Pi=1

n
n i=1

P

22/34



Importance of centering

2

w (i) | = 5 5[5 (o)

Perm(A) := > s TIiL; Ai =) is the matrix permanent, and At selects the columns of A with indices i |n T
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A key technical lemma:

An inequality for centered matrix

Let A = (a;) € R“*" be a real matrix with 1 < ¢ < n with all row sums being zero, and
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Importance of centering

2

w (i) | = 5 5[5 (o)

A key technical lemma:

An inequality for centered matrix

Let A = (a;) € R“*" be a real matrix with 1 < ¢ < n with all row sums being zero, and
normalized properly with >°7 aj = n for all i € [f]. Then the following inequality holds:

% Z Perm(Ar)| < 10(;)

" TCln],| T|=¢

—» centering is important: without it, the quantity is (}) for the all-ones matrix A
— this squared root saving crucially prevents the final coefficients from growing with n

— the proof is the main technical challenge (see following slides)

Perm(A) := > s TIiL; Ai =) is the matrix permanent, and At selects the columns of A with indices i |n T
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Step |: symmetric multilinear forms

A deep result due to S. Banach [Banach'38]:

Banach’s Theorem

Let L(x,...,Xn) be a symmetric multilinear form from a Hilbert space to either R or C.
Then

sup {|L(x1, %2, ..., xn)| s x| < 1,.. 0 xal <1} =sup{|L(x,x,...,x)|: |x] <1}.
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Step |: symmetric multilinear forms

A deep result due to S. Banach [Banach'38]:

Banach’s Theorem

Let L(x,...,Xn) be a symmetric multilinear form from a Hilbert space to either R or C.
Then

sup {|L(x1, %2, ..., xn)| s x| < 1,.. 0 xal <1} =sup{|L(x,x,...,x)|: |x] <1}.

— the target quantity
L(rn,...,r) = ' Z Perm(Ar)
CTC[nl| T|=¢

is symmetric and multilinear in the rows r1,...,r € {x e R": 37 | x; = 0}
— Banach’s theorem shows that it suffices to consider A with identical rows x € R”

— the target quantity then becomes the elementary symmetric polynomial (ESP)

ee(x) =2 s1z¢ [ Ties i
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Step Il: a Maclaurin-type inequality

We are done once we prove the following inequality for ESPs:

Theorem (Upper bound on ESPs for centered vector)
Let >0, xi=0and X7, [x|> = n.
— If x € R", then [es(x)[* < 10(});

— If x € C", a weaker upper bound holds:

s <3\/£+1<2).

lee(x)[* < e

ee(x) = Z\s\:e [Tiesxi
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Step Il: a Maclaurin-type inequality

We are done once we prove the following inequality for ESPs:

Theorem (Upper bound on ESPs for centered vector)
Let >0, xi=0and X7, [x|> = n.

— If x € R", then [es(x)[* < 10(});

— If x € C", a weaker upper bound holds:

s <3\/£+1<2).

lee(x)[* < e

— similar problems have been recently studied in [Gopalan and Yehudayoff'14; Meka,
Reingold, and Tal'19; Doron, Hatami, and Hoza'20; Tao'23]

— best known bound due to [Tao’'23]:

er()P < @ (Hl) < @

— we crucially need to improve the base e to the best possible constant 1

ee(x) = Z\s\:e [Tiesxi
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Proof of the key inequality

For the real case, can argue via the method of Lagrangian multipliers that the maximizer
x* is only supported on two points, i.e. it suffices to consider x = x) for some k:

(K Ty

n—k copies k copies
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Proof of the key inequality

For the real case, can argue via the method of Lagrangian multipliers that the maximizer
x* is only supported on two points, i.e. it suffices to consider x = x5 for some k:

= (i )

n—k copies k copies

However, upper bounding |e;(x(¥))]| is still very challenging!!
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Saddle point analysis

Cauchy's formula:  e(x) = fwdz
271 z

n

l
Saddle point tion: — =
point equation 2 'EZI 1T xz
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Saddle point analysis

Cauchy's formula:  e(x) = %Mdz
271 z

n

I
Saddl int tion: — = E
addle point equation Z 2 1+ xz

Im
k increases

k increases

Saddle points for x = x(¥)
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Saddle point analysis

Cauchy’s formula :  ey(x) =

}[ I 1(1 + x,z) dz

3

Saddle point equation : é =

Im
k increases

k increases

Saddle points for x = x(k)
Illustration of saddle point method
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Application of saddle point method

L .
n—~0°

Saddle points suggest the contour choice of I = {z : |z| = r} with r =

P11+ x2)
o | HhiztAZ T e

lee(x)| = g

j{l_[l 1(1—|—><, )dz

2ri IZI r
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Application of saddle point method

Saddle points suggest the contour choice of ' = {z : |z| = r} with r = nfl:
" (1 : "1 ,
lec(x)| = i%wg < max M
27 r zZ z lz|=r Z

Use AM-GM:

n

H 11+ xz|° = H(l + 2R(xiz) + |xi[*r?)
i=1 i=1

n

< (:, D (1 +2R(xiz) + |xif*r > =1+

i=1

This proves the inequality for the complex case.
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Application of saddle point method

Saddle points suggest the contour choice of ' = {z : |z| = r} with r = nfl:
" (1 ; "1 ,
lec(x)| = i%wg < max M
27 r zZ z lz|=r Z
Use AM-GM:

n

H 11+ xz|° = H(l + 2R(xiz) + |xi[*r?)
i=1 i=1

n

< (:, D (1 +2R(xiz) + |xif*r > =1+

i=1

This proves the inequality for the complex case.

Real case: a more careful saddle point analysis for x = x(¥).
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Second upper bound via matrix permanent
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An alternative view from matrix permanent

Drawbacks of the first upper bound:
— meaningless when C,2(P) > 1

— why loose: Banach's inequality may overlook the benefits from different rows

Perm(A) := 32, s, T Arry, P o= 01 P
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Drawbacks of the first upper bound:
— meaningless when C,2(P) > 1

— why loose: Banach's inequality may overlook the benefits from different rows

An observation thanks to permutations:

x? divergence as matrix permanents

nn
X2(]P>,,||Q,,) = FPerm(A) -1,

where A € R"*" is given by A;; = Ep [‘i’g %]
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An alternative view from matrix permanent

Drawbacks of the first upper bound:
— meaningless when C,2(P) > 1

— why loose: Banach's inequality may overlook the benefits from different rows

An observation thanks to permutations:

x? divergence as matrix permanents

nn
X2(IP’,,||Q,,) = FPerm(A) -1,

where A € R"*" is given by A;; = Ep [‘i’g %]

The famous van der Waerden conjecture (proven in 1980's) states that Perm(A) > 2
for all doubly stochastic matrices, so showing x*(P,||Q,) = O(1) essentially means that
Perm(A) is nearly as small as possible

Perm(A) := 32, s, T Arry, P o= 201 P
30/34



Properties of matrix A

Properties of A

— A is PSD and doubly stochastic;
— Tr(A) < C2(P) +1;

— its spectral gap satisfies 1 — X2(A) > 577
X
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Properties of matrix A

Properties of A
— A is PSD and doubly stochastic;
— Tr(A) < C2(P) +1;
— its spectral gap satisfies 1 — X\2(A) >

1 _
ng (P)+1

Suggests to use the eigendecomposition A= UDU" and expand
n" -
HPerm(UDUT) = Se(A2,. 5 M),
£=0

with homogeneous polynomials Sy of total degree ¢
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Properties of matrix A

Properties of A

— A is PSD and doubly stochastic;
— Tr(A) < C2(P) +1;

— its spectral gap satisfies 1 — X2(A) > 577
X

Suggests to use the eigendecomposition A= UDU" and expand

n" Ty “
—Perm(UDU ") = ;5,5(,\2, CAn),

with homogeneous polynomials Sy of total degree ¢

Key idea: express S; using complex normal random variables

31/34



Expressing the sum >;_, Sy

Complex normal random variable:
— z ~ CN(0,1) iff z= x + iy with independent x,y ~ N (0, 1)
— moment condition: E[z™Z"] = nl1py=, for z ~ CN(0,1)
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Expressing the sum >;_, Sy

Complex normal random variable:
— z ~ CN(0,1) iff z= x + iy with independent x,y ~ N (0, 1)
— moment condition: E[z™Z"] = nl1py=, for z ~ CN(0,1)

Fact | (observed in

1

znjsz xE [H ‘ (up*?z) ’
£=0 1

:|, Zi,...,zn ~ CN(0,1).

i=

32/34



Expressing the sum >;_, Sy

Complex normal random variable:
— z ~ CN(0,1) iff z= x + iy with independent x,y ~ N (0, 1)

— moment condition: E[z™Z"] = nl1py=, for z ~ CN(0,1)

Fact | (observed in

znjsz xE [H ‘ (up*?z) ’
=0 1 !

:|, Zi,...,zn ~ CN(0,1).

i=

Applying AM-GM to the product gives

n n 1
2= 2, Mewslliy

Lot 4+Lp,<n

— the trace and spectral gap properties lead to the second upper bound
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Expressing the individual term S

S xE [‘Eg ((051/22)1,...,(051/2z)n)‘2:| s Zly ey Zn—1 ~ CN(O,].),

where (U, D) takes out the leading eigenvector /eigenvalue in (U, D).

recall that eg(x1, ..., Xxn) = 32 5/2¢ [1;e5 Xi-
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Expressing the individual term S

S xE [‘Eg ((051/22)1,...,(051/2z)n)‘2:| s Zly ey Zn—1 ~ CN(O,].),

where (U, D) takes out the leading eigenvector /eigenvalue in (U, D).

—» can show that the vector UD*2z sums into zero

— using our key inequality eventually leads to

Se<3VIFT > AR

Lot tly=t

— useful in empirical Bayes applications

recall that eg(x1, ..., Xxn) = 32 5/2¢ [1;e5 Xi-
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Concluding remarks

Take home messages:
— permutations induce weak dependency, quantitatively
— centered basis is preferred in the method of “moments”

— lifting to complex domains makes a theorist's life less complex
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— lifting to complex domains makes a theorist's life less complex

Further questions:
— remove the O(v/7) factor for centered complex vectors?
— for bounded Gaussian case, improve the x? upper bound exp(O(u?)) to exp(O(p:?))?

— method of “moments” for two high-dimensional mixtures?
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Concluding remarks

Take home messages:
— permutations induce weak dependency, quantitatively
— centered basis is preferred in the method of “moments”

— lifting to complex domains makes a theorist's life less complex

Further questions:
— remove the O(v/7) factor for centered complex vectors?
— for bounded Gaussian case, improve the x? upper bound exp(O(u?)) to exp(O(p:?))?

— method of “moments” for two high-dimensional mixtures?

Thank You!
arXiv: 2408.09341
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