| THEOREM OF THE DAY @

The Prime Number Theorem The number of primes not exceeding x is asymptotic to x/ log x.
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The number of primes not exceeding a real number usually denoted by(x). The values ofr(x) are plotted in the graph above left, for
integer values ok up to 2500, as the upper, black line. The lower, red line shitvesvalue ofx/ log(x) for the same range of (note that
logarithms in number theory are generally taken veith 2.71828. . . as the base). The black line appears to follow the red lineegunoothly
but, when magnified as in the right-hand graph, it is seenitabcjerkily, like a staircase, with a plateau before each pewe appears. Note
the meaning of ‘asymptotic’: as thevalues get larger the black and red lines grow further apanteratio of the values becomes closer and
closer to 1. Thus, to 2 decimal places of accuracy, the val#€1®00) In(1500)1500 is 1.17 while the value af2500) In(2500)2500 is 1.15.
The approach is not monotonic:at= 1250 the ratio is 1.16 to 2 decimal places. And it is rathewslay x = 10° our ratio is still above 1.05.

It follows from the prime number theorem that theh prime number is approximatehiogn (although, again, the accuracy does not increase

monotonically: the 1000th and 10000th primes are 7919 ad@2®and these are approximated to an accuracy of, resplgc80% and 87%).
Correspondingly, the probability that a numipas prime can be approximated tg lbg(n).

The prime number theorem was conjectured in the 1790s byeAdviarie Legendre and, independently, by the teenaged
Gauss. Proofs by Hadamard and de la &alPoussin came one hundred years later, again indepgndemmann’s 1859
study of(x) and its connection with the Riemann zeta function was furel#al in these proofs which led on to the still
greater quest, now well into its second century, to proveRieenann Hypothesis.

Web link: chance.dartmouth.ethancenewgrecentnewgprimes.html “Chance in the Primes”

== _ mm) Further reading: The Prime Number Theoremby G.J.0. Jameson, Cambridge University Press, 2003.
Created by Robin Whitty fon/ww.theoremoftheday.or



http://www.theoremoftheday.org/
http://www.theoremoftheday.org/Resources/Glossary.htm
http://www.theoremoftheday.org/Resources/TheoremNotes.htm#33
https://chance.dartmouth.edu/chance_news/recent_news/primes.html
http://www.theoremoftheday.org/Resources/Bibliography.htm#GJOJameson
http://www.theoremoftheday.org/NumberTheory/PrimeSequences/TotDPrimeSequences.pdf
http://www.theoremoftheday.org/Theorems.html#33
http://www.theoremoftheday.org/NumberTheory/RobinLagarias/TotDRobinLagarias.pdf
http://www.theoremoftheday.org
http://www.theoremoftheday.org

