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GENERALIZATIONS OF JORDAN’S INEQUALITY AND
CONCERNED RELATIONS
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In the paper, two new Jordan type inequalities are established for bound-
ing the Bessel function, some concerned relations among some recent results are
discussed, and several stimple applications are presented.
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1. Introduction

Jordan’s inequality, an elementary and celebrated inequality related to the
sine function, reads that

< <1 (1)

2  sinzx
™ x
for 0 < |z| < 5. The equality in (1)) is valid if and only if z = 7.

Jordan’s inequality (1) has been refined, generalized and applied by many
mathematicians. For detailed information, please refer to the expository and survey
articles [7], especially the newest version [10], and related references therein.

Now let us recall some recent refinements and generalizations of the inequal-
ity (1), which will be discussed in this paper. In [7, [9], the following general re-
finement of Jordan’s inequality (1)) was presented: For 0 < z < § and n € N, the

inequality

holds with equalities if and only if # = 7, where the constants
k+1 i .
(—1)F 2 [kt
a = W Z — ) ai—ipsin| = (3)
i=1
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and
1-2 -3 11 i
B = m2n , k=n
o, 1<k<n
with
(i+k—1aji—1p-1+ap—1, 0<i<k
ai7k = 1, 1=0
0, 1>k

are the best possible.
In [6], the identity

[e.e]

sinx 2 kRk 2 ok
—;—FZ 12k —4x), x>0
k=1

was established, where

B > (=1)"™n! m\ 2"
Ri=)_ (n—k)!(2n+1)! <2>

n=~k
satisfying (—1)* Ry, > 0, from which one can obtain the inequality

. NNk
sinx > E+Z( 1) Rk (7T2—4.’B2)k

x o klm2k
k=1

for n € Nand x € (O,g].
In [12], the inequality

. N N 2n
2)N+1 < s x ~ Poy(z) < 1 anoanw ( 2 —4x2)N+1

aN+1 (7r2 — 4z

T2(N+1)
was presented, where x € (O, g],
N
Py (z) = Zan(ﬂ'2 — 4x2)n
n=0
for N € N, and
2
apg = —,
s
1
ap = ;7
2n+1 1

= o+ )2 ™ 16n(n + Dm2

In [11], the inequality (9) was generalized as

N 2n
N+ _ sinx 1=>" obnr N+1
b 12 - ) ~ Quta) £ LT g2y

for x € (0,7], where r < %,
N

Qan(z) = an(TQ - x2)n

n=0

(10)
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for N € N, and
by = sinr?
T
by — sinr —rcosr
te 2r3 ’
2n+1 1
bn+1:

— by, — ——=by—1.
2n+1)r2 " dn(n+1)r2 "

™

The inequality (9) can follow from letting r = 7 in (11).

In this paper, two new inequalities generalizing inequalities (2), (8), (9) and (11)
will be established, concerned relations among inequalities (2), (8) and (9) will be
studied. In passing, some basic properties of the coefficients oy and §; in (2)) will
be discussed.

In order to clearly and concisely state our main results in this paper, some basic
notions about Bessel functions must be first introduced as follows. The function

-y (-1)"e” AN
%@)Eznm@+4p+w+1ym<2> , seR, (12)

n=0

which is a particular solution of the differential equation
2y (x) + by (z) + [ca® — p* + p(1 = b)]y(x) = 0,

is called the generalized Bessel function of first kind, where b, p, ¢ are real numbers.
When b = ¢ =1, it reduces to the classical Bessel function

o0 _1\n T 2n+p
Jp(g;)zzmr((l)<2> , zeR; (13)

= p+n+1)
When b =1 and ¢ = —1, the function v,(x) becomes
> 1 2\ 2"t
I = —— | = eR 14

which is called the modified Bessel function of first kind.
The generalized and normalized Bessel function of first kind is defined as

up(x) = 2 F(p + b+1>vp(\/§), r eR. (15)

- ap/2 2

Using the Pochhammer symbol

(a)nzwza(aﬂ)m(am—m
for a # 0, we have
o0 —1)re g
up(z) = 7;)(4n()]€)n g (16)

where z € R and k= p+ 22 #£0,—1,.... Letting \y(z) = u,(2?) gives

St nen (o4 2n
Ap(z):;)%(?) , x€eR (17)
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In particular, taking ¢ = £1 and b =1 in \,(x) respectively lead to

9p
dp(r) = ﬁf(p +1)Jp()
and
P
jp(x) = ﬁr(p + 1)Ip($)7
with

d_1/2(z) = cosx, J_ys5(x) = coshuz,

sinx sinh z
31/2(55) T

18
;o Jyple) = . 1s)

For more information about Bessel functions, please refer to [3, 14, [5] and related
references therein.

Now the main results of this paper can be stated as follows.

Theorem 1. If k > % and 0 < ¢ <1, then the inequality

D ri(n? = a?) < M) < m(n? — da)’ (19
i=0 =0

holds forn € N and x € (0, g], where the constants

c i>\i+p(77/2) .
o <i<
L <16> il(k); Osismn

(20)
fork‘:p+bJ2rf1 and b € R and
M= 1=y (21)
o , i=mn

are the best possible. If k > 0 and ¢ < 0, then the inequality (19) either holds for n
being odd or reverses for n being even.

Theorem 2. If k > % and 0 < ¢ <1, then the inequality

(22)
=0
s valid form € N and 0 < x <

fork=p+YL and bR and

04,
L - Y o™
f2n y E=TN

0<i<n—-1
V; =

are the best possible. If k > 0 and ¢ < 0, then the inequality (22)) either validates for
n being odd and 0 < x < 6 < co or reverses for n being even and 0 < x < 6 < 0.

Proposition 1. The inequality (19) generalizes the inequality (2).
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Proposition 2. The inequality (22) generalizes the inequality (11).

Proposition 3. The inequality (2) is equivalent to the inequality (9), the inequal-
ity (8) is equivalent to the left-hand side of the inequality (2)).

Proposition 4. Let n be a given natural number. Then the coefficients oy, and [y,
in (2) satisfy

! 1 r <oy < ! (23)
— apy < ——————
4" (2n +1)! 23(2n + 3) 47(2n + 1)!
and
1 2
0<an§5n<2n<1—>. (24)
T ™

2. Remarks and applications

Before proving the above theorems and propositions, we would like to present
some remarks and several simple applications.

Remark 1. Setting p = %, b=1and ¢ = —1 in the inequality (19) yields

2m+1 ] sinh 2m—+1 ]
Z 'yz-(7r2 — 4:):2)Z < . < Z 772-(7r2 — 4:1:2)z, meN (25)
i=0 i=0
and
m ; _ sinhzx am ;
Zm(ﬂQ—éla:Q)l < . < Z%(W2—4x2)z, m € N. (26)
i=0 i=0

Remark 2. If letting 6 = 7, then the inequality (22) reduces to the inequality (19),
which means that Theorem 2| extends Theorem (1.

Remark 3. When taking p = %, = 1 and ¢ = —1, the inequality (22) becomes
2m+1 ) sinh 2m—+1 )
> oi(6?—a?) < — < V(0> —2%)', meN (27)
=0 =0
and
2m . sinhaz <& ;
Zu¢(92 — xQ)Z < . < Zai(HQ — xQ)Z, m &€ N. (28)
=0 1=0

These two inequalities include inequalities (25) and (26).

Remark 4. The first three propositions above demonstrate concerned relations among
inequalities (2), (8), (9), (11), (19) and (22).

Remark 5. From Proposition 3/ we can see that inequalities (2)) and (9) are essentially
the same one.

Remark 6. Taking p = % and b = ¢ = 1 in the inequality (19) can lead to the
inequality (2), which implies that the inequality (19) generalizes the inequality (2)).
However, this conclusion is not very explicit and obvious, so we state it as Proposi-
tion 1l and prove it separately.
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Remark 7. The inequalities (23) and (24) imply that

lim o, =0 and lim G, =0.

Since ay, > 0, it is easy to see that

n+1

n
Z Qg (712 - 4:1;2)k < Z g (7r2 — 4x2)k. (29)
k=1 k=1
On the other hand, by the recurrent formula (4)), we have

ap — Bn = _Wzﬁn—i-l-
From this, it follows that

n+1 n

S B(n? — 42 =3 B(n? — 4a?)"

k=1 k=1

= Bt (7r2 — 4$2)n+1 + (ay, — ﬂn)(wz — 43@2)"
= (7r2 — 4x2)n [5n+1 (7r2 — 4x2) + oy — ﬂn]

= —42° B (772 — 4x2)n

< 0.

Inequalities (29) and (30) show us that the inequality (2) becomes more and more
accurate as n grows larger and larger.

Remark 8. We can also comprehend the effect of the polynomial
n
g + ;ﬁk(WQ - 4x2)k

approximating to the function % by considering the function

n .
U(n,x) = g +Zﬂk(7r2 — 4x2)k — suxlx7
k=1

the graphs of whose particular cases U (2, z) and U (3, z) can be depicted by Figure 1.

Remark 9. Inequalities (27) and (28) can be used to evaluate the hyperbolic sine

integral
Shia::/ S”;htdt (31)
0
as follows:
2m+l 4 k. 02i—2k 2k+1 /-
—1)f0;0
> 3 () <o
i=0 k=0 +

2m+1 1 i—2k . 2k+1 /;
(—1)Fu;0%2ky i
< E 2
it 2k +1 k (32)
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0.0004Ff"
U(2,x)
0.0003+
0.0002+
0.0001¢
U(3,x)

0 0.25 0.5 0.75 1 1.25 1.5

FiGuRreE 1.

and

1)]€Vi92i—2k21,2k2+1

2m 1 . 2m 1 ; .
(__ i ] C—l)k0592”_2k$2k+1 i
< Shiz <
22 2k + 1 k —S“”—;M 2k + 1 k) 3

1=0 k=0

for m € N.

Remark 10. As direct consequences of the inequality (2), the following Kober type
inequality and estimation of the sine integral

Siz —/ Gk (34)
o ¢
may be obtained:
T Zn:oak(4x)k(7r —x)k 4 2 < cosx
2 |

k=1

T " 2
< (2 — x) [Z Bk(élx)k(ﬂ' — x)k +—1 (35)
k=1
and
n k ;
2 —4)¢ 2k—2i k
Zr+ Z (=4) arm D)2t < Six
T , 21 +1 3
k=1 :=0
2 (=) B2 (BN 904
< Z N T EPRT
—WCHEZZ; 2 + 1 )T (36)

where 0 <z < 7, k and n are natural numbers, and oy, and B for k > 0 are defined
by (3) and (4).

Remark 11. Combining the formula

T(1+2)T(1—2) = =

(37)

sinmz
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with (2) yields

% + go‘k(WQ - 4$2)k = (1 + x/w)ll“(l —xz/7) = % + Zﬁk(ﬂ - 4$2)k (38)

for0<z<gandnEN.

Remark 12. By the way, the inequality (2) has been generalized in [7, 8] along
another direction different from that in [6, 9, 11}, 12, [13].

3. Lemmas

In order to prove the above theorems and propositions, the following two
lemmas are needed.

Lemma 1 ([1, 2]). Let f and g be continuous on [a,b] and differentiable in (a,b)

such that ¢'(x) # 0 in (a,b). If ch () I8 increasing (or decreasing respectively) in

(a,b), then the functions g% 5((;:)) and fgg g;((a)) are also increasing (or decreasing
respectively) in (a,b).

Lemma 2. The coefficients oy, for 1 <k <n in (2)) can be expressed as

S (e ()

n=k

Proof. For z > 0 and k € N, let ug(z) = 322 and uy,(z) = Ll() In [9, pp.162], i

k()k,i, On the other hand, let

was obtained that o = s

_ = (_1)nn| n
di(w) = n; G DI

It is clear that dy(5) = Ry, where R}, is defined in (7). It was also proved in [6] that

x (sinz\’ 2 /1 (sinz\"\’
d1<x>=2< ! ) d2<x>:22(x( . ))

that is,

Hence,

Cug(nf2) 2k R, ()P ) (1 [\
T8R! T (n/2)2F  (—8)FK! 2k §<k> (2n+1)!(2> - (0)

The proof of Lemma 2| is finished. O
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4. Proofs of theorems and propositions
Now we are in a position to prove the above theorems and propositions.

Proof of Theorem 1. By (16), we have

S (e
W) =2 G, )

& ey
Z(k+1)n & 1)
(57 )@

A(x) = 2xu£,(a:2) = 2Ckxup+1( %) £ Kizdpt1(z)

Differentiating \,(z) gives

and
Npwal) =~ i (29) £ Kiodpria (@) (41)
where c
K; = T k>1.
For n > 1, let
n—1
fo(z) = Ap(x) — Z% (7 — 4x2)i, go(z) = (7* — 42*)",
m = n—1 ; A
= H1 Kidpym(z) — (—8)™ ;n%m! (m) (x® — 4a?)""

and

gm(@) = (~8)™ml (Z) (7% — 422" (42)
for 0 < m < n — 1. Direct differentiation and utilization of (41) yield

fn(x) _ 1

m+1

@) ~ (81 1) <m+1><w2—4x2>n—m—1[“’”“ it

n—1 .
— (—8)m+1(m—|— 1)' Z ’7@'( 1 )(7_(_2 _4x2)i—m—1] (43)

iy \m 1
_ fma1(x)

gm—i—l(x)

and
n-1(@) _ [ Kidnp(2)

9271(1‘) nl(—8)"

T s
fm+1<2) ng+1(2) =0, 0<m<n-—1.

(44)

It is clear that
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Therefore, it is easy to see that
fr/n(x) _ fm—i—l(x) — fm+1(7r/2)
Im(®)  gmi1(2) = gmy1(7/2)
When ¢ € [0,1] and k > 1, it was proved in [4] that the function A, (z) is decreasing
in (0,5]. From (45) and Lemma [I, it readily follows that the functions In®) and

0<m<n-—1. (45)

e
g,m_lgxg have the same monotonicity, which leads to the same monotonicity of f” lgxi
m—1 In—1
and fogg in (0, §]. So we have
v 2 lim fo(z) < folz) _ lim Jo(@) A

z—(r/2)~ go(x)

which implies (19) and the best possibility of 7, and 7,, where the constant =, can
obtained by using L’Hospital’s Rule as follows

fo(z) . ho1(T) _IIE 1K)\n+p(7f/2) c n)‘n+z>(77/2)
Yp = lim = lim = AL S
a=3 go(x)  a—% gn_a(z) nl(=8)" 16)  nl(k)a
When ¢ <0 and k£ > 0, it was showed in [4] that the function \,(x) increases

n (0,00). By (45) and Lemma (1, it is deduced that g’,‘ 15 ; nd fOE g have the
fo(z)

same monotonicity. Since K; > 0, the function 90(2) decreases when n is odd, this

implies (19). When n is even, the function 5 OE ; increases, and so the inequality (19)
reverses. The proof of Theorem (1] is complete. O

Proof of Theorem 2. For n > 1, let

n—1 )
folm) = Mp(@) =Y 0i (6> —2?)",  go(x) = (6° —2*)",
=0

7

)= [T Kby - <—2>m§aim! ()@=
") -

m

o) = (=2
for 0 < m <n —1. Then applying (41) gives

fm(@) 1
In(®)  (=2)mHL(m 4 1)1(,",) (62 — 22)" " [ phm (@ H K

— (=2)" (m+1)! Z m-( | )(92—952)”1] (46)
m—+ 1

i=m+1
_ fm-i—l (x)

Im+1 (.73)

m+1

and

h—1(7) _ H?:1 KiXpip(T)
In—1(2) nl(=2)»
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Since
Jmt1(0) = gm+1(0) =0

for 0 < m <n —1, we have

f ((L‘) _ fm—l—l(x) — fm+1(9)

In()  gme1(®) — gm+1(0)
for 0 < m <mn—1, when ¢ € [0,1] and k > %, \,(z) is proved decreasing in [4] for
0 <z <6< 7§ and thus A,y p(z) decreases in (0, 5]. By (48) and Lemma 1, gf"gg
57/"718 gggx; ;?*18 are both decreasing.
So we have

o 2 lim fo(z) < fo(z) < lim fol@) o -
e—0- go(z) ~ go(x) ~ =—0t go(z)
which implies (22) and the best possibility of o, and v, where the constant o, is
obtained by using L’Hospital’s Rule
m fO(x) — lim fé—l(x) — H?:l Ki)\n—‘rp(e) _ (E)nAner(e)

e—0- go(x)  a—0- gl,_1(x) n!(—=2)" 4/ nl(k)n
When ¢ < 0 and k£ > 0, it was proved in [4] that A\,(z) increases in (0, 00).

(48)

and

and have the same monotonicity, then

By (48)) and Lemma 1, the functions 57"18 and 5 ggg have the same monotonicity.

n—1

Since K; > 0, then i;og ; decreases when n is odd, which implies (22). When n is

fo(z)

90(z) increases, and so the inequality (22) reverses. The proof is

complete. O

Proof of Proposition 1. Using the Pochhammer symbol gives
(k)i(k + i)n = (F)ni-
From (17) and (20), it follows that

- <><><>
=ﬂ2£1k>i§;<;%i’;§ii’f” (ZY“
- S e ()
-GS () (3)

n=1

where k = p + bizl. In particular, setting b=c=1 and p = % immediately yields

S () ()

n=1
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= Oy,

where the last equality follows from Lemma 2. Meanwhile, it is not difficult to see
that Ay p(x) = S Hence, the inequality (19) generalizes the inequality (2). O

Proof of Proposition|2. In [11], the coefficients of the inequality (11) are defined by

2n+1 1 b
2n+1)r2 " An(n+ )2 "V

1 T -

When ¢ =b=1and p = L, the coefficient o; in (22) can be rewritten as
"= (&) e
- (3) i S s (5)
(i) 3%1 53 G (3)”
<

) St ()

bn+1 =

where

T
= 4 0
i!(20)2 56 Jit1/2(0)
=b;.
This shows that the inequality (22) generalizes the inequality (11). O

Proof of Proposition 5. The polynomial Py (z) involved in the inequality (9) is de-
termined by the coefficients a,, which can be calculated by the recursing formula
n (10). In fact, an alternative representation

1 (7 1 T 2 T
fn = n!(47r)”‘7n<2> T onl(dm)n V2 ﬂJnH/Q( > (49)

was given in [I2, p. 2501]. Then taking ¢ =b =1 and p = 3 in (20) produces

= (i) g n 3)

:<1>i <31/2> in'@(f?z;m <W>
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(1Y T(3/2) N (—)"T(3/2+d) ()"
- <16> iT(3/2 + 1) n;) n!T(n + 3/2 + 1) (4)

B F(3/2) é 1/2+i oo (_1)n E 2n+1/2+i
Cogl4% \ 7 = nll(n+3/2+1) \ 4

1 s
- i!(47r)iji+1/2<2>

= Q;.

In virtue of Proposition [1, we see that when ¢ = b =1 and p = % in (20) we have
vi = o, where «; is determined by (3), so we obtain a; = «; which means that the
inequality (2) is equivalent to the inequality (9).

In view of Lemma 2, it immediately follows that oy = % which implies
that the inequality (8) is equivalent to the left-hand side of the inequality (2). O

Proof of Proposition 4. For a converging series S =Y > | (—1)""la, with a, > 0, it
is known that a; —ag < S < a;. From this and (39) in Lemma 2, the inequality (23)
follows.

The inequality (2) can be rearranged as

sinz

0< M2y ot ) < (B4 (60)
k=1

X

which implies 3, > a, > 0.
In view of (4), we have

1-2/m =S a1 -2/x
- < 2n

D

The proof of Proposition |4 is complete. O

m2n T
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