A STABLE DECOMPOSITION OF " S" X
V. P. SNAITH

If X is a countable, connected CW complex it is well known (e.g. [4; §2.1])
that the reduced product spaces, X, of [1] and their combinatorial extension
properties imply the existence of a homotopy decomposition

-]

J
SQSX ~ SX,, = \/ s(/\x).
j=1 1

j=

If X is a connected, compactly generated Hausdorff space, the spaces, C, X,
constructed in [3] give a weak homotopy approximation to Q" S" X. Using these and
their stable combinatorial extension properties we derive a decomposition of S®° C, X
similar to those of [2; §§3.6, 3.7] in the case n = oo.

In §1 we derive the stable decomposition from the existence of weak homotopy
equivalences constructed in §3 and summarised in Theorems 3.1, 3.2. In §2 we recall
the spaces, C, Y, and define related spaces, D,(Y, 4), where A is a closed subspace of
Y. The D,(Y, A) are slightly larger than the C, Y and hence more convenient for the
construction of maps into them. However, just as there are evaluation maps
S"C,X - S"X and S"Q"S" X - §" X so there is an evaluation map

S" D,(Y, A) - S"(Y/A).

This last map is defined and proved continuous in Proposition 2.1. The construction
of the weak homotopy equivalences of §3 is made using the composition of the
evaluation map with suitable suspension of combinatorially constructed maps into
the D,(Y, A) spaces.

1. Let A and B be spaces. By a stable weak homotopy equivalence of A with B we
mean an element

x€[S® A,S® B] = lim [S" 4, S" B]
which induces isomorphisms of all stable homotopy groups
n(S°A)=[S* S', §® A] - [S® S, S® B] = n;(S® B).
The spaces, C, X, are filtered by closed subspaces, F, C, X < F,,,C, X, (k= 0).

THEOREM 1.1. Let X be a connected compactly generated Hausdorff space. T here
is a stable weak homotopy equivalence,

xe [S‘” C, X, sw(j\;"’/1 (F, C, X/F,_, C, X))] .

Proof. Put B;=F;C,X[F;_,C,X. From Theorem 3.2, there is a filtered
space, C, X, which is homotopy equivalent to C, X as a filtered space, and there are
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weak homotopy equivalences,

-~ k
{ak : S'*FkC,,X - ,\/, S'*Bj;k =1},

with the following properties. The integers I, monotonically increase with k and if
r = I,—I,_, then the restriction of &, to S* F,_, C, X is homotopic to S"(«,_,). Let
i, denote the canonical inclusion of the wedge,

k ©
j\=/1 B, 1\—/1 B;.

Hence lim (S™(i;) 0 ¢,) determines an element of
k

lim [S“F,‘C,,X,S‘” (\7 B,)] :
k j=1

Choose x to be any inverse image of this element under the epimorphism

[sw C,X,S5° (("/1 B,)] > lim [sw F.C, X, sw( VlB,)] .
j= j=

2. Let T be the category of based, compactly generated Hausdorff spaces and
based maps. The base point, *, is required to be non-degenerate in the sense that
(X, #)is a strong NDR pair and, in the notation of [3; p. 162], u~*[0, 4] is contractible.
Let I” denote the unit n-cube and J” its interior. An (open) little n-cube is a linear
embedding, f, of J", with parallel axes. Thus f=f; x...xf, where f;: J = J is a
linear function, f;(t) = (y;—x;).t+x; with 0 < x; < y; < 1. A little n-cube and its
image in J” will be denoted by the same symbol. Let €,(j)e T be the set of those
j-tuples, {c;, ..., ¢;, of little n-cubes such that the images, c,, are pairwise disjoint.
Denote by /J" the disjoint union of j copies of J". Regard {c,,...,¢;) as a map
JJ* - J and topologise %,(j) as a subspace of the space of all continuous functions
iJn— J". Write %,(0) = { ), apoint. Leta =(4,...,4)eJ"and f = (3, ..., }eJ";
then (¢, (@), ¢,(B), ..., ¢;(@), ¢;(B)) e J*™. Considering %,(j) as a subspace of J2" in
this way gives the same topology [3; §4.2]. Denote by 2,(j) the set of j-tuples,
{egy e ¢;), (without the disjoint images requirement) topologised in either manner.
Hence %,(j) < 2,()), (j > 0), and 2,(0) = %,(0).

Let Y, Ae T, with A a closed subspace of Y. Define C,(Y) and D,(Y, A) in the
following manner. Form, in T, the disjoint union Z, = ();50 2,(j)x Y’ and let ~
be the equivalence relation, on Z,, generated by

(l) (<c1’“',cm>’y15“',yi—h *9yi+l’---’ym)

= ((ch s Ci—15Ci s "'scm>sy19 o Yi-vuYirn ""ym),

and

(ll) (<C1, vy cm): yls AAE] ym) ~ ((Ca(l)’ sy ca(m)): ya(l)a veey ya(m))
for o€ I, the symmetric group on m letters.
Put

C, Y ={[{C1s +es Cmps V15 -+s Ym) € Z,/ = such that {cy, ..., ¢,,) € €, (m)}

and
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D,(Y, A) = {[{cy, ..s Cm)s V1s --» Yml €Z,] ~ such that if y;,..,y, are all the
co-ordinates not in A4 then {c;,, ..., ¢, ) €%, (k)},

with subspace topologies, ([ ] = equivalence class). These are filtered spaces with
m-th filtrations, F,, C, Y and F,, D,(Y, A), given by the equivalence classes of points

U 2.3)x Y.
j=0
Let S" Y denote the n-th suspension, S* Y = (I"/0I")A Y.
PRrOPOSITION 2.1.  The evaluation map, eval: S" D,(Y, A) - S"(Y/A) defined by

[u,;]if ¢;(u) =t and y; ¢ 4,
eval [#les, - end iy oo yml] = * ifnosuchjand u exist
is continuous.

Proof. Y may be assumed compact.

(a) Suppose eval[t[{cy, ..., Cp)s V1s oo Yml] = [,y # ». If tec, only for
s =i, (1 <p < k), take neighbourhoods N(y;) = (Y —A4), N(t) and N({cy, ..., ¢,,)
such that {c,’, ..., ¢’y €N({cy, ..., €,,p) implies

k
N( 1o
()Cpolcip

If[#'[{cy's s €m' D> ¥1's ooy Y]] is an element of
[NO)XN(Eeys oo ea) X Y XxN(y) x ... x Y] " S" D,(Y, 4)

then eval [¢'[{c,, ...) ... y/T] = [(c/)™* (1), /1.

(b) Suppose eval [¢[{cy, ...,) ... ym]] = * and ¢ does not belong to any ¢;. For any
neighbourhood N(9I") < I" it is possible to find neighbourhoods N(r), N({c, ..., c,))
such that, for {c/’, ..., e, YEN(Key, ..oy Cuy)y N(t)n ¢/ =& or N(t) c/(N(a1m)
forl i< m

(c) Supposeeval [1[{cy, ...)...yml] = #and tec,onlyfors = i, (1 < p < k). For
any neighbourhoods, N(0I") and N(A), it is possible to find neighbourhoods
N(y;,) = N(4), (1 < p < k), and N({cy, .., C) such that for

ety ot YENKey,s ooy €,
ane = and ¢/ n¢/ # & together imply that ¢,/ n ¢, = N(I").

3. Let (X, *)eT and u: X — I be a function such that u~1(0) = *, ((X, #) is
an NDR pair, cf. [3; Appendix]) Let (Y,4) be a pair in T. Define
C,X = C,Xx[0,00) as the telescope O F,C,Xx[i-1,i) with the filtration

i=1

F,C X = ‘(")1 Fyx [i—1, ).

It is clear from [3; Appendix] that C, X and C, X are homotopy equivalent as filtered
spaces. Let v: C,X - C,X be the homotopy equivalence which collapses the
telescope and = : Y — Y/A be the canonical projection.

In this section we prove the following result.
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THeOREM 3.1. Let f: F,,C,X —» Y be a map such that f (F,-,C,X) = * and
fKey, cesCu) X1, ooy Xy €A if and only if minu(x)) <3. There exists a canonical
family of maps, a stable combinatorial extension of f,

{G,: S* F,C, X — S™(Y]A)} each extending S™(nofov)
with G|S™(Fy_, C, X) = §"(Gy-y), (r = h—l—y)-

Before proving Theorem 3.1 we make the following application.

THEOREM 3.2. (cf. [4; §2.1)). If {l,} is the set of integers in Theorem 3.1 there
exists a family of weak homotopy equivalences

k
a,:8*F,C,X - ,\-/1 S'(F,C, X/F;-, C, X)

Sllch that akIS"‘(Fk_l C" X) >~ S'(o:k_l), (r = lk—lk— l)'

Proof. Apply Theorem 3.1 to the canonical projection
fn: FnC, X > F,C,X[F,_,C, X
with A as the image of
A = {[{cys s Cuy X1, ooy Xl Minu(x) <3}
to produce maps B,:S*F,C,X - S*(F,C,X/A"), (1<m<k), such that

B.IS*™(F,, C,X) = S*(nof,ov). Since (X, *) is a strong NDR pair, (cf. [3; §2,
p. 162]) A'/F,,-, C, X is contractible through itself and

F.C.X|F,_,C,X~F,C,X|A'
For (t,,t,,...)el*, ze F, C, X define
Bul2™.t,—1, 15, ..02], if e[, @™ ]

[ty 13y -02] = i
klte 1, .0 2] { . otherwise.

Filtering the wedge in the canonical manner makes «, into a map of filtered spaces
which is clearly a homotopy equivalence on successive quotients.

In order to construct the stable combinatorial extension of Theorem 3.1 we need
some preliminary notation.

3.3.If Uy, ..., U, are subsets of J* and 0 <z; <1, Zz; =1 then Xz,.U;c J"
is the subset, {ye J"|y = Zz,.y;; y;€U,;}.

For n-cubes, ¢; = U;, £z;.¢; = J" is not in general an n-cube as it may not have
parallel axes. However an n-cube can be constructed as follows. If & is the centre
of ¢; there is a well-defined n-cube, ¢, centre Xz;.¢; which is maximal subject to
cc Xz;.c;, When z; =0 (i #)) then ¢ =c;. Henceforth the cube, ¢, will also
be denoted by Xz;.c; when no ambiguity can occur.

3.4. For k> m let Wy = (wy,...,w,), (p=,C,, binomial coefficient), be the
ordered set of subsequences of (1, ..., k) with exactly m elements, ordered as in [1].
That is, if w, = (o, ..., ®,) and w, = (8, ..., B,,) are elements of W, then r < s if and
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only if there exists w<m such that o«,= B,(v>u) and a,<p,  For
z = (ay, ..., %,) € W, write ¢, for {c,,, ..., ¢,y and x, for (x,, ..., x,, )€ X™

3.5. Define integers, ¢, (k=>m), by g,=n (k=m,m+1) and g, = m.n
(k > m+1). Further, define |, (k >m) by, =nand [, =1;_+1+q;, (j > m+1).

3.6. The proof of Theorem 3.1 is divided into four steps which we sketch as
follows.

STEP 1. For k> m, construct ¢,: %, (k) - %,(p), (p=Cn) such thaf
dlcs, ..., ¢) is a set of little g,-cubes with disjoint closures.
STEP 2. Inductively construct
Vi1 6,0 x X" > 2, (p), (P =4Cp),
with the property that if
Yileys oo CpXyy o X)) =6y, 6.

.., w; € W, are the only elements with min u(x,) > 4 then the closures of

aew

and w,

¢,'s ..., c; are disjoint. ¥, is constructed by a process of topologically joining y,_;
and ¢,.

STEP 3. Use {, and the given map, f, to construct a map
. (k)xX* > D, (p)x Y?
which induces ¥, : F, C, X — D,(Y, A).

STEP 4. Use the evaluation map and ¥, to construct G,.

Proof of Theorem 3.1.

STEP 1. Take for ¢, the constant map to {(}, ™). Define

¢m+ 1<cl’ A ] cm+l> = <C;,,+ 1> cm,’ At ] clI>,
where ¢;’ is obtained from c; by shrinking it linearly towards its centre to reduce its
diameter by half. Let y{cy, ..., Cmy = (21, ---» Zn) € (J)™ when z; is the centre of c;.
For k > m+1 map %,(k) into %,,,(p) by mapping {c;, vy Gy tO (e, e €
where, if w; = (ay, ..., ®,) € W, ¢;' has centre y(c,,) and where each side of each
little g,-cube, ¢/, is of length d and cubes at these centres with all sides of length
2.d would “ just touch ”. Note that a permutation of (1, ..., k) (or ¢y, ..., ¢,) induces
a permutation of cy, ..., c, which acts on these in the same way as the induced

permutation acts on W,.

STEP 2. Define y,, as the composition of ¢,, with the projection onto €,(m).

Suppose ¥, is constructed, k > m+1 and 0 < e < }. From this data the tilde
construction on a little s-cube, ¢, is ¢=cx@E—e,3+e) V% if s=1,_, and
E=@G3-e3+e)* 1 x(3—e,3+€)xcifs =g, The tilde construction produces little
l,-cubes from cubes of smaller dimension. The map i, will be constructed by
joining l,-cubes produced from ¥, ., and ¢, by the tilde construction.

If ({egs e ) Xy5 -, X ) EG,(K) X X* and 1 < j < p define y;€9,,_ (1) in the
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following manner. If not all the u(x,) are zero (g¢ w, € W;) define
(l/zu( )) Zg u(xg) x,i 4
where the sum is taken over g¢ w; and x; . is the r-th cube in

Yie 1(€C15 oy Cam 1y Cgags vves Ch) X1y vvvs Xgm g5 Xgit 15 o5 Xy
w; being the r-th m-tuple in the W,_, formed from (l,...,g—1,g+1,..,k).
If u(x))=0, (g¢w;) put x; as the common value of the r-th entry of any
Vi 1({dys s dimy Dz, oy Zimy), Where z,, = x,, if w; = (ay, ..., a,) and z, is the
base point otherwise. This common value is the image of (3,2)" under successive
tilde operations and can be arranged, in the inductive step, to be (3,2)" x (§, §)*-17",
(cf. the penultimate sentence of Step 2).
Now define ¥, ({cy, ..., €Y Xy, ..., %) € Dy, (p) to have j-th entry,

;. (EI)+(1 _vj) Zj’
where ¢, {c,, ..., &) = (¢, ..., ¢,’) and v; = min (1, 2 min u( Xg))-
gew

For fixed e it is straxghtforward although tedlous, to check that ¢, , is
continuous. However, ¥, , does not necessarily satisfy the disjoint-closure con-
dition required of the Y, in Step 2. We proceed to amend ¥, , to produce a y,
satisfying this condition.

For each ({cy,..., ) Xy, .., %) put E({cy, ..., ) Xy, ..., %) equal to the
supremum of those e such that ¥, ({cy, ..., &) Xy, ..., ;) does satisfy the disjoint-
closure condition. The function E is not necessarily continuous. However, since
V.-, and @, satisfy disjoint-closure conditions, E is strictly positive. Also for
S < (1,..., k) E is continuous on %,(k) x Qs where Qs = X* is {(xy, ..., x)|u(x) <%
if and only if je S}. Hence, using a canonical partition of unity on I*, there exists a
continuous function, e’ : €,(k) x X* — (0, ] such that ¢’ < E/2. Produce a function,
e, invariant under the action of the symmetric group by defining

e(<01, ‘e Ck) Xyyoeey Xp) = mi}? e’(<ca(1)) ey Ca(k)> Xo(1)s +++» xu(k))'
g€ &y

Using e({cy, -+ ) X1, ..., X;) at the point ({cy, ..., ¢) X, ..., x;) in the formula for
Y, i defines the function y,.

To ensure the inductive definition of the {x;}, as described, we need to insist that
e({cyy oy Gy Xy, oy i) = 4 if all but m of the {x;} are the base point. If
Ye({eys s @) Xyy . ) = €6y, ..., ¢,/) mote that a permutation of (1,...,k)
induces a permutation of (c,’, ..., ¢,) which acts in the same manner as the induced
permutation on W,.

STEP 3. Using the maps of Step 2 and f: F,,C, X — Y define
¥.: F,C, X~ D, (Y, 4)

as follows.
Define W(Fpe1 Co X) =,

‘Pk([<cl’ cees Ck> Xy X)) = Vi([{eys -y Ck> Xgy X lk=1)
ift= k-

and for (m<i < k-1),s=,C,, te[i—1,i], W, = (wy, ..., w,) put
Wi([Keys vos €0) Xqy o X 1)
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equal to

[{G=0).c+A+t=i) ") flCpps Xu,)s oo f [Cn,r X0,]]
where ({1, ...y €1) X4y .0y X)) X (0, 1)%7H) = {¢’) and the j-th cube, ¢;”, in {c") is
the j-th cube in Y4 ({cy, .oy €is €41 Xy, ooy Xy #) X (0, 1) H+1. Note that ¢’ is
independent of ¢;,,. This map is well defined since Y, ({c,, ..., &) Xy, ..., x;) behaves
well under permutations of (1, ..., k) as remarked in Step 2. Also the maps induced
by ¥, and Y,_, x (0, )*~**-1 from F,_, C,X to D, (Y, A) are homotopic (by the
linear homotopy featured in the definition of W,) since when one of the x; is the base
point ¥, is J,_, in the coordinates for which f [c,, » %w,] # *. Hence if
o:D,(Y,4) - D, (Y, 4)
is the map induced by sending a little cube, ¢, to ¢ x (0, 1)"+1 ! then
Wir 1l Fy CnX ~go¥,.

STEP 4. Put G, equal to the composition (eval)o S'*(‘¥,). The homotopy
relation between G, and G,., follows from the behaviour of ¥,,¥,,, and ¢
remarked in Step 3.

Remark 3.6. Put t,=n+1, t,sy=2n+3 and 4;=¢t;,_,+1+m.(n+1),
(j > m+1). Forl < j < n+1, the map which sends a little n-cube, ¢ = f; x ... x f, to

fixooxfioyx O, 1) xfix...xf,
induces maps ¢;: F,,C,X/A' > F, C,,, X/4A’" and 6;: F,C,X - F,C,,, X. For
g: SV - S*Z let S°(g), (a = t,—1,) be the a-fold suspension of g using as sus-
pension coordinates in I those in positions j,t,+j+1,4+14j+r.(n+1),
O<r<m-l;kzm+1).
With this notation a linear homotopy between little cubes yields a homotopy
commutative diagram

s«F,C,x S s, c,x/4)
S*(a;) | 1 S(oy)
S’k Fk Cn+ 1 X Stk(Fm Cu+l X/A,)a

where B, is as in Theorem 3.2 (proof).
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