Journal of Machine Learning Research 25 (2024) 1-67 Submitted 1/24; Revised 7/24; Published

Sample Complexity of Neural Policy Mirror Descent for
Policy Optimization on Low-Dimensional Manifolds

Zhenghao Xu ZHENGHAOXUQGATECH.

H. Milton Stewart School of Industrial and Systems Engineering
Georgia Institute of Technology
Atlanta, GA 30332, USA

Xiang Ji XIANGJ@QPRINCETON.

Department of Electrical and Computer Engineering
Princeton University
Princeton, NJ 08544, USA

Minshuo Chen MINSHUOCHEN@QPRINCETON.

Department of Electrical and Computer Engineering
Princeton University
Princeton, NJ 08544, USA

Mengdi Wang MENGDIW@PRINCETON.

Department of Electrical and Computer Engineering
Princeton University
Princeton, NJ 08544, USA

Tuo Zhao TOURZHAOQGATECH.

H. Milton Stewart School of Industrial and Systems Engineering
Georgia Institute of Technology
Atlanta, GA 80332, USA

Editor: Qiang Liu

Abstract

Policy gradient methods equipped with deep neural networks have achieved great success in
solving high-dimensional reinforcement learning (RL) problems. However, current analyses
cannot explain why they are resistant to the curse of dimensionality. In this work, we study
the sample complexity of the neural policy mirror descent (NPMD) algorithm with deep
convolutional neural networks (CNN). Motivated by the empirical observation that many
high-dimensional environments have state spaces possessing low-dimensional structures,
such as those taking images as states, we consider the state space to be a d-dimensional
manifold embedded in the D-dimensional Euclidean space with intrinsic dimension d < D.
We show that in each iteration of NPMD, both the value function and the policy can be
well approximated by CNNs. The approximation errors are controlled by the size of the
networks, and the smoothness of the previous networks can be inherited. As a result, by
properly choosing the network size and hyperparameters, NPMD can find an e-optimal
policy with O(e~«~2) samples in expectation, where o € (0, 1] indicates the smoothness
of environment. Compared to previous work, our result exhibits that NPMD can leverage
the low-dimensional structure of state space to escape from the curse of dimensionality,
explaining the efficacy of deep policy gradient algorithms.
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1. Introduction

Deep Reinforcement Learning (DRL) is a popular approach for solving complex decision-
making problems in various domains. DRL methods, especially policy-based ones including
DDPG (Lillicrap et al., 2015), TRPO (Schulman et al., 2015), and PPO (Schulman et al.,
2017), are able to handle high-dimensional state space efficiently by leveraging function ap-
proximation with neural networks. For instance, in Atari games (Brockman et al., 2016), the
states are images of size 210 x 160 with RGB color channels, resulting in a continuous state
space of dimension 100, 800, to which tabular algorithms such as policy iteration (Puterman,
1994) and policy mirror descent (PMD, Lan 2023) are not applicable. Surprisingly, such a
high dimension does not seem to significantly impact the efficacy of the aforementioned DRL
algorithms.

Despite the empirical success of these DRL methods in high dimensions, there currently
exist no satisfactory results in theory that can explain the reason behind them. Most of the
existing works about function approximation in RL focus on linear function class (Agarwal
et al., 2021; Alfano and Rebeschini, 2022; Yuan et al., 2023). They assume the value function
and the policy can be well approximated by linear functions of features representing states
and actions (Jin et al., 2020), which is restrictive and requires feature engineering. One
way to relax such a linearity assumption is to consider the reproducing kernel Hilbert space
(RKHS) which allows nonlinear function approximation (Agarwal et al., 2020; Yang et al.,
2020) through random features (Rahimi and Recht, 2007). However, the commonly used
reproducing kernels such as the Gaussian radial basis function and randomized ReLU kernel
suffer from the curse of dimensionality in sample complexity without additional smoothness
assumptions (Bach, 2017; Yehudai and Shamir, 2019; Hsu et al., 2021).

Moreover, some researchers study neural network approximation in the neural tangent
kernel (NTK) regime, which is equivalent to an RKHS (Jacot et al., 2018; Liu et al., 2019;
Wang et al., 2019; Cayci et al., 2022; Alfano et al., 2023). Consequently, these results inherit
the curse of dimensionality from general RKHS. Some other works investigate neural network
approximation from a non-parametric perspective (Fan et al., 2020; Nguyen-Tang et al.,
2022), but they consider value-based methods where only value function is approximated
and also suffer from the curse of dimensionality. There are alternative lines of work on policy
optimization with general function approximation, but they either assume the functions can
be well approximated without any further verification (Lan, 2022; Mondal and Aggarwal,
2023), or require some strong assumptions such as third-time differentiability (Yin et al.,
2022).

One possible explanation for the empirical effectiveness of DRL algorithms is the adap-
tivity of neural networks to the intrinsic low-dimensional structure of the state space. In
the Atari games example, the images share common textures and are rendered using just a
small number of internal states, such as the type, position, and angle of each object, thus the
intrinsic dimension of the state space is in fact very small compared to the data dimension
of 100,800. However, the extent of this adaptivity is yet to be explored in DRL literature.
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’ Algorithm ‘ Approximation ‘ Regularity ‘ Complexity ‘ Remark
(Yuafl:tG al(.f,) )2023) Linear Linear (D) O(e?) reaizzggglity
(Lnl:I Etpg.,(%lg) (2—la§iE§eLU) RKHS (D) O(™™) | realizability
(CayliiN e/: 21.(,132)022) (2—la}lfirT§eLU) RKHS (D) O(¢™€) | realizability
(Alfglc\)/lgcoal(.,f);()%) (2—1a}ifgeLU) RKHS (D) | O(e™) ! | realizability
(FanFe?Ial(Y%OZO) (DeerNfli\iLU) Holder (I) 6(6_§_2) dicrlrlll;:sr?s?()fn
JNguyen—’?gg(zi)al.,2022) (DeePI;NRl\;LU) Besov () 5(6_%_2) diCrlrllr:ITsioofn

(ﬁill\fgay()lzg) (Dee?)NPli\i:LU) Lipschitz (1) ? 6(67g72) d< D

Table 1: Comparison with existing results. The algorithms are classified as value-based (V)
or policy-based (P, including actor-critic methods involving policy gradient). The regularity
assumptions are algorithm-dependent (D) or algorithm-independent (I). We consider sample
complexity for arbitrary e > 0, for which some previous works require additional realizability
assumptions to eliminate the error floors.

To bridge this gap between theory and practice, we propose to investigate neural pol-
icy optimization within environments possessing low-dimensional state space structures.
Specifically, we consider the infinite-horizon discounted Markov decision process (MDP)
with continuous state space S, finite action space A, and discount factor «v. We focus on the
sample complexity of the neural policy mirror descent (NPMD) method. NPMD is based
on the actor-critic framework (Konda and Tsitsiklis, 1999) where both the policy (actor)
and value function (critic) are approximated by neural networks. It is an implementation
of the general PMD scheme (Lan, 2022) with neural network approximation. The NPMD-
type methods including TRPO (Schulman et al., 2015)) and PPO (Schulman et al., 2017)
are widely used in applications like inventory systems (Guo et al., 2024), game Al (Berner
et al., 2019) and fine-tuning large language models (Ziegler et al., 2019; Ouyang et al., 2022).
Moreover, instead of working on general Euclidean space, we assume the state space to be
a d-dimensional manifold embedded in the D-dimensional Euclidean space where d < D.

We summarize our main contributions as follows:

(1) We first investigate the universal approximation of the convolutional neural network
(CNN), a popular architecture for image data, on the d-dimensional manifold. We

1. The results in Liu et al. (2019); Cayci et al. (2022); Alfano et al. (2023) implicitly suffer from the curse
of dimensionality due to hidden constants related to NTK, including the width of the network and the
RKHS norm. These constants can have exponential dependence on D for realizability (Yehudai and
Shamir, 2019).

2. We define Lipschitz continuity for all a € (0, 1], which reduces to the usually defined Lipschitz condition
when o = 1 and reduces to the usually defined Holder continuity when o € (0, 1).
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show that under the Lipschitz MDP condition (Assumption 4), CNN with sufficient
parameters can well approximate both the value function and the policy (Theorem 16,
Theorem 21). Compared to previous work on policy-based methods, our analysis
decouples the regularity conditions from algorithmic specifications. For example, in Liu
et al. (2019), the value functions are assumed to be in a network width-dependent set
that approximates the NTK-induced RKHS, while our regularity assumptions are not
based on the network architecture in advance. In Yuan et al. (2023), the approximation
error highly depends on the design of the feature map.

(2) Based on CNN function approximation, we then derive 6(|A\%+2(1 — ’7)_%_56_%_2)
sample complexity bound for NPMD with CNN approximation to find a policy whose
value function is at most € to the global optimal in expectation (Theorem 24). Here,
a € (0,1] is the exponent of the Lipschitz condition and O(-) hides the logarithmic
terms and some coefficients related to distribution mismatch and concentrability (see
Assumptions 2 and 3). Compared to the results in Fan et al. (2020) and Nguyen-Tang
et al. (2022), the curse of dimensionality (exponential dependence on D) is avoided
by exploiting the intrinsic d-dimensional structure. To the best of our knowledge,
this is the first sample complexity result for policy gradient methods with deep neural
network function approximation.

Some preliminary results for this work have been first presented in our conference paper
Ji et al. (2022), which focuses on policy evaluation only. We extend the scope to policy
optimization with a full characterization of both iteration complexity and sample complexity.

1.1 Related Work

Our work is based on previous studies on policy gradient methods with function approxi-
mation as well as deep supervised learning on manifolds.

Policy gradient methods. The policy gradient method (Williams, 1992; Sutton et al.,
1999) is first developed under the compatible function approximation framework. The nat-
ural policy gradient (NPG) method (Kakade, 2001) extends the policy gradient method by
incorporating the geometry of the parameter space to improve convergence properties. Trust
region policy optimization (TRPO, Schulman et al. 2015) and proximal policy optimization
(PPO, Schulman et al. 2017) are modern variants of policy gradient methods with neu-
ral network function approximation that use constraints or penalties to prevent aggressive
updates, resulting in more stable and efficient learning. These modern methods are often
used to handle high-dimensional state spaces and have been shown to achieve state-of-the-
art results in a variety of RL domains. For example, the PPO algorithm and its variants
are used in training some of the most advanced artificial intelligence, such as OpenAl Five
(Berner et al., 2019) and GPT-4 (OpenAl, 2023). From a theoretical perspective, policy
gradient methods such as NPG and PPO can be unified under the PMD framework (Geist
et al., 2019; Shani et al., 2020; Lan, 2023), whose fast linear rate of convergence has been
established for the tabular case (Cen et al., 2022; Xiao, 2022; Zhan et al., 2023).

Linear function approximation. The majority of existing research on function ap-
proximation considers the linear function class (Agarwal et al., 2021; Alfano and Rebeschini,
2022; Yuan et al., 2023), which is the only known option for the compatible function approx-
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imation framework by far (Sutton et al., 1999). However, these linear function approxima-
tion methods are restrictive. Only in simple environments, such as linear MDP (Jin et al.,
2020), can high approximation quality be guaranteed, which necessitates carefully designed
features. Regrettably, the task of crafting such features is either infeasible or demands sub-
stantial effort from domain experts, and any misspecification of features could lead to an
exponential gap (Du et al., 2020).

Reproducing kernel approach. The reproducing kernel Hilbert space (RKHS) has
been adopted to relax the limitation of the linear function class and to enable more expres-
sive nonlinear function approximation (Agarwal et al., 2020; Yang et al., 2020). To achieve
efficient computation, random features are employed (Rahimi and Recht, 2007). Neverthe-
less, the RKHS suffers from the curse of dimensionality, which hinders its performance on
high-dimensional problems.

Neural tangent kernel. One approach to investigating the function approximation
capabilities of neural networks is through the use of the neural tangent kernel (NTK, Jacot
et al. 2018; Liu et al. 2019; Wang et al. 2019; Cayci et al. 2022; Alfano et al. 2023). The NTK
approach can be viewed as training a neural network with gradient descent under a specific
regime, and as the width of the neural network approaches infinity, it converges to an RKHS.
As a consequence, like other RKHS approaches, the NTK approach suffers from the curse of
dimensionality, limiting its performance on high-dimensional problems. Additionally, some
literature has pointed out that the NTK is susceptible to the kernel degeneracy problem
(Chen and Xu, 2020; Huang et al., 2020), which may impact its overall learnability.

Non-parametric neural network approximation. The non-parametric approach
has been adopted to study the sample complexity of neural function approximation in RL
under mild smoothness assumptions, such as Fan et al. (2020) and Nguyen-Tang et al.
(2022). These analyses are mainly focused on value-based methods and do not apply to
policy gradient methods due to the lack of smoothness in neural policies.

Deep supervised learning on manifolds. Parallel to DRL, existing work on deep
supervised learning extensively studies the adaptivity of neural networks to the intrinsic
low-dimensional data manifold embedded in high-dimensional ambient space, and how this
adaptivity helps neural networks escape from the curse of dimensionality. In deep supervised
learning, it has been shown that the sample complexity’s exponential dependence on the
ambient dimension D can be replaced by the dependence on the manifold dimension d
(Chen et al., 2019; Schmidt-Hieber, 2019; Liu et al., 2021). These analyses focus on fitting
a single target function whose smoothness is predetermined by the nature of the learning
task, while in our setting, the target functions include policies whose smoothness can get
worse in each iteration.

1.2 Notation

Forn € N, [n] :={i | 1 <i < n}. For a € R, [a] denotes the smallest integer no less than
a. For a,b € R, aV b := max(a,b) and a A b := min(a,b). For a vector, |-||, denotes the
p-norm for 1 < p < 4oc0. For a matrix, |||, denotes the maximum magnitude of entries.
For a finite set, |-| denotes its cardinality. For a function f: X — R, || f||., denotes the
maximal value of |f| over X. Given distribution p on X, we use f(p) = E,,[f(z)] to
denote the expected value of f(x) where z ~ p. Given distributions p and v on X, the
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total variation distance is defined as drv (i, v) = sup ey |[((A) — v(A)|, where ¥ contains
all measurable sets on X. When p is absolutely continuous with respect to v, denoted as
i < v, the Pearson y2-divergence is defined as x2(p,v) = Ey[(% —1)?], where j—’; denotes
the Radon—Nikodym derivative.

Let A be a finite set, we denote Pl := {(py)aca | pa € P} as the Cartesian prod-
uct of P’s indexed by A, 1 = (1)seqa € RM! as the vector with all entries being 1,
Ay = {p e RMI | Y acaPa=1,pa > 0} as the probability simplex over A, and define the
inner product (-,-) : RMl x R — R as (p,q) == Y acaPada- Let m: S — Ay be a map,
we use h™(s) := (log7(s), m(s)) to denote the negative entropy of 7 at s € S where log(-) is
performed entrywise, and denote the Kullback-Leibler (KL) divergence between two distri-
butions 7/(s) and 7(s) by DT (s) := (log7'(s) — log w(s), 7’ (s)) > 0.

1.3 Roadmap

The rest of this paper is organized as follows: Section 2 briefly introduces some prelimi-
naries; Section 3 presents the neural policy mirror descent algorithm; Section 4 presents
the theoretical analysis; Section 5 presents the experimental results to back up our theory;
Section 6 discusses our results with the related work and draws a brief conclusion.

2. Background

We introduce the problem setting and briefly review the Markov decision process, Rieman-
nian manifold, and convolutional neural networks.

2.1 Markov Decision Process

We consider an infinite-horizon discounted Markov decision process (MDP) denoted as M =
(S, A, P,c,7), where S C RP is a continuous state space in RP, A is a finite action space,
P is the transition kernel that describes the next state distribution s’ ~ P(:|s,a) at state
s € § when action a € A is taken, ¢: § x A — [0,C] is a cost function bounded by some
constant C' > 0, and v € (0, 1) is a discount factor.

A stochastic policy w: S — A 4 describes the behavior of an agent. For any state s € S,
m(-|s) € Ay gives a conditional probability distribution over the action space A, where
m(als) is the probability of taking action a at state s.

Given a policy 7, the expected cost starting from state s is given by the state value

function
So = 8:| .

The goal of policy optimization is to learn an optimal policy 7 by solving a stochastic
optimization problem, where the objective function is the expected value function for a
given initial state distribution p:3

VT(s) =E qponls), |:Z’7t0(8taat)

st+1~P(|se,ae) Le=0

V*p) =V" (p) = minimize Eq, [V7(s)]. (1)

3. The optimal policy 7* does not depend on the choice of p.



SAMPLE COMPLEXITY OF NPMD oN Low-DIMENSIONAL MANIFOLDS

A policy 7 is called e-optimal, if
V7T(p) = V*(p) < e

In the reinforcement learning setting, the algorithm cannot directly access the transition
kernel P and the cost function c. Instead, the algorithm can only start from an initial state
from p and interact with the environment for the immediate cost ¢, o = c(s,a) and the next
state s’ ~ P(-|s,a). Each interaction is through a sample oracle. The (expected) number
of sample oracle calls required to obtain an e-optimal policy is referred to as the sample
complexity of the algorithm.

The state value function is closely related to the state-action value function, which is the
expected cost starting from state s and taking action a:

o0
Q7 (s,a) = Eq, . p(fsr,a0), [Z ye(se, ap) | so = s,a0 = a].

apy1~7m(-|se1) Li=o

By definition, the value functions are bounded:

C C
0<V™(s5) < ——, 0<Q7 < —. 2
SV S 7o 0SQ(sa) < 7 (2)
The value functions satisfy the following relations:
V7(s) =(Q7(5,-),7(:|5)) = Egur(15)[Q7 (s, )], (3)
Q"(s,a) = c(s,a) + VEyp(fs.a) [V (5))]- (4)
For the convenience of analysis, we define recursively
Pg =P 73t7r+1 = Es~'P{’,a~7r(-|s) [P(|S> a)]v (5)
and define the state visitation distribution and the state-action visitation distribution re-
spectively:
(o]
vi=(1-v)>_y'Pf, (6)
t=0
vy (s,a) = v, (s) x w(als), Vs € S,a € A (7)

The prefactor 1—+ in (6) makes v be a distribution. The visitation distributions reflect the
frequency of visiting state s or state-action pair (s,a) along the trajectories starting from
so ~ p and taking actions according to policy . It follows immediately from the definition
that the state visitation distribution is lower bounded by the initial distribution (in terms
of Radon—Nikodym derivative) with factor 1 — ~:

dv] =, ,dPr dPr
L —(1-~ V=t >1-79)—=L=1—7. 8
O ( ); O ( )dp (8)

We can rewrite the value functions using the visitation distributions:
o0
1
Vi =3 3 el apelals) aP7 s) = 1By elss )l (9
t=

acA
Qﬂ(sv (I) = C(S’ (l) + /VVW(’P('LS? a)) = C(Sv (I) + ﬁﬂz(s’,a’)wﬁ7r [C(S,, CL,)], (10)

P(:ls;a)

where (10) is from (9) and (4).
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2.2 Riemannian Manifold

We consider the state space S to be a d-dimensional Riemannian manifold isometrically
embedded in RP. A chart for S is a pair (U, ¢) such that U C S is open and ¢ : U — R?
is a homeomorphism, i.e., ¢ is a bijection; its inverse and itself are continuous. Two charts

(U, ¢) and (V, ) are called C* compatible if and only if
oy i p(UNV) = ¢(UNV) and oo l:p(UNV) = (U NV)

are both C* functions (k times continuously differentiable). A C* atlas of S is a collection
of C* compatible charts {(U;, ¢;) }ier such that | J;c; U; = S. An atlas of S contains an open
cover of S and mappings from each open cover to R?.

Definition 1 (Smooth manifold) A manifold S is smooth if it has a C* atlas.

We introduce the reach (Federer, 1959; Niyogi et al., 2008) of a manifold to characterize
the curvature of S.

Definition 2 (Reach) The medial azis of S is defined as T (S), which is the closure of

T(S)={z eR” |1 #m €S, ||lz — z1]ly = ||z — 22, = inf [lz = yllo}-

The reach w of S is the minimum distance between S and T (S), that is,

w= _inf [z —yl,.
z€T(S),yeS
Roughly speaking, reach measures how fast a manifold “bends”. A manifold with a large
reach “bends” relatively slowly. On the contrary, a small w signifies more complicated local
geometric structures, which are possibly hard to fully capture.

2.3 Convolutional Neural Networks

We consider one-sided stride-one convolutional neural networks (CNNs) with the rectified
linear unit (ReLU) activation function ReLU(z) = max(z,0). Specifically, a CNN we con-
sider consists of a padding layer, several convolutional blocks, and finally a fully connected
output layer.

Given an input vector € R”, the network first applies a padding operator P : RP —
RP*C for some integer C' > 1 such that

Z=P)=[z 0 --- 0] e RP*C.

Then the matrix Z is passed through M convolutional blocks. We will denote the input
matrix to the m-th block as Z,,, and its output as Z,,4+1 (so that Z; = 7).

We now define convolution as illustrated in Figure 1. Let W = (Wj,i,l) 4l €
a filter where C” is the output channel size, I is the filter size and C'is the input channel size.
For Z € RP*C | the convolution of Z with W, denoted with W % Z, results in ¥ € RP*¢"
with

RC’XIXC be

I ©
Yij = Z Z WiiiZk+i-11,

=1 [=1
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j-th column

Figure 1: Convolution of W x Z. W .. is a I x C matrix for the j-th output channel.

where we set Zpy;_1;=0for k+i—-1>D.
In the m-th convolutional block, let W,,, = {WT% ), ey T(,IL: m)} be a collection of filters

and B, = {B,(%), ey Bﬁf m)} be a collection of biases of proper sizes. The m-th block maps
its input matrix Z,, € RP*% to Z,,.1 € RP*¢ by

Zins1 = ReLU (W) x5 ReLU (WD) 5 Zy + B ) - + B{E)) (11)

with ReLLU applied entrywise. For notational simplicity, we denote this series of operations
in the m-th block with a single operator from RP*¢ to RPX¢ with Convy,, 5,,, so (11) can
be abbreviated as

Zm+1 = COI]VWW“Bm (Zm) .

Overall, we denote the mapping from input x to the output of the M-th convolutional
block as

G({L‘) = (COHVWM,BM) ©:-0 (COHVWhBl) © P(x> (12)
Given (12), a CNN applies an additional fully connected layer to G and outputs
flz) =W ® G(x) + b,

where W € RP*C and b € R are a weight matrix and a bias, respectively, and ® denotes
the sum of entrywise product, that is, W ® G(z) = >_, ; Wi ;[G(z)]; ;. Thus, we define a
class of CNNs of the same architecture as
F(M7L7J7]7R17R2) =
{f|f@)=W @G(x)+b,||W| V |b] < Ra, where G(z) is in (12) with M blocks.
Wb ¢ ROWxIWxC) gl ¢ RDXCE™ (pare 0O < 1 1O < 1, Wi € [L],m € [M];
mass [WD]loo v IBD o < 1} (13
m,

3. Neural Policy Mirror Descent

In this section, we present the neural policy mirror descent (NPMD) algorithm. It is an ex-
tension of the policy mirror descent (PMD) method with a critic network Q,, parameterized
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by w to approximate the state-action value function, and an actor network fy parameterized
by 6 to determine the policy. Both networks belong to a neural network function class F,
which we will specify later in Section 4.

The NPMD algorithm starts from a uniform policy m. At the k-th iteration (indexed
from 0), the policy 7y, is determined by the actor network fp, along with a hyperparameter
Ar. The NPMD algorithm first performs a critic update, training the critic network @,
to fit the state-action value function of the current policy. Then, the NPMD algorithm
performs an actor update, indirectly obtaining an improved policy 71 by updating the
actor network to fy, . ..

3.1 Critic Update

For the critic update at the k-th iteration, the goal is to approximate the exact state-action
value function @™ with the critic network @,,,. The component of ), corresponding to
each action a € A is a neural network Q., (-,a) € F parameterized by wy,,, which takes
s € § as input and outputs a scalar. For simplicity, we let all |4] networks share the same
architecture and denote wy == (Wi q)aca € Wi. We define the critic loss as

ﬁcritic(wk; ﬂ-k) = ESNV;% ||ka (Sa ) - Qﬂ—k(’S’ )H; (14)

where Qu, (s,+) and Q™ (s,-) are |A|-dimensional vectors and vJ* is the state visitation
distribution defined as (6).

Directly minimizing the critic loss (14) is difficult since @™ is unknown in advance.
Instead, we sample N states {Sa,i}fvzl independently from the distribution v7* for every
action a € A and use the empirical risk on these samples to approximate (14). For notation

~

simplicity, we omit the iteration index k of samples. The empirical risk Leytic is defined as

. 1 N
Leritic(Wr; Zp) = & SN

acA i=1

2

Quy, (Sai> @) — c(8a,i,a) — ﬁc(sg,maé,i) ) (15)

/ / . . . . — Tk 4
w,i» @q ;) 1s sampled from distribution VP |s0.0s0)"

and Z; denotes the collection of samples. We let wy be the solution to the empirical risk
minimization (ERM) problem, namely

where N is the sample size, each pair (s

wy = argmin Leritic (w; Z ). (16)
wWEWY

3.2 Actor Update

For the actor update, the goal is to learn an improved policy. If no actor function approxi-
mation is considered, an ideal PMD update is given by (see Lan 2023):

. . |-
7Tk+1(3) = argmin <ka (37 ')7 77(‘3» + 7D7rk(s)7 Vs €S, (17)
w(-|s)EA A Nk

4. We can acquire one sample from this distribution once the sampling algorithm terminates at sq,;. Indeed,
we can take action a and restart sampling without resetting the environment, so the distribution would

iy .
be VP (-|sg.s0a) 3 desired.

10
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where D7 (s) is the Kullback-Leibler (KL) divergence between 7 and mj, and 7, is the step
size. The PMD update (17) coincides with the KL-penalty version of the PPO algorithm
(Schulman et al., 2017; Liu et al., 2019).

With neural function approximation, we train a neural policy 711 to approximate the
ideal policy 7 ;. For any k > 0, the neural policy 7 takes the form

exp(\; ' fo, (5, a))

ﬂk(a|8) = Za,eA exp()\izlfek (3, a/)) 5

(18)

where 6, = (0).q)aca is the collection of neural network parameters and Ay > 0 is a
temperature parameter (will be discussed later). For any a € A, fp, (-,a) € F is a neural
network parameterized by 0y ,, which takes s € S as input and outputs a scalar. Again, we
let all |A| neural networks share the same parameter space and denote 0y = (0 4)aca € Ok.
With definition (18), the ideal PMD update (17) admits a closed-form solution.

Lemma 3 The exact solution of (17) with neural policy 7y, defined as (18) is given by

exp(gjy1(s,a))
Y area exp (g (s,a))’

Ty (als) = (19)

where ng = )\lzlfgk — Nk Quy, -

The proof of Theorem 3 is given in Appendix B.1. In view of Theorem 3, approximating
T4 With 4 is equivalent to approximating g ; with the scaled actor network /\,;1_1 S
We define the actor loss to be minimized as

_ _ 2
'Cactor(ek—i-l; ek‘) wk‘) = ]Es,\,y;rk H)\k_t,l_lfek_g_l (57 ) - )‘k; 1f9k (Sa ) + nkak (Sa ')sz (20)

where )\ is the current temperature, Ar4 1 is the next temperature, and 7 is the step size.
For notation simplicity, we omit the hyperparameters ng, Ag+1 and Ag in Lyctor- Similar to
the critic update, instead of minimizing (20) directly, we minimize the empirical risk:

[ractor(gk—i—l; gka Wi, E’k)

= Z Z N S (S @) = Ag foe (Sais @) + Qs (80,0, @) (21)

aEAz 1

where = contains the same sampled states {saﬂ-}f\il from vyt as used in the critic update.
The improved actor parameter 0y is given by the solution to the ERM problem:

ek—l—l = argmin Eactor(e; 0k7 Wi, Ek) (22)
9€®k+1

When the sample size N is sufficiently large, we have /\l;+11 Jor.1 = gpyq and hence gy &

*
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Algorithm 1: Neural Policy Mirror Descent
Input: Iteration number K, initial distribution p, sample size per iteration N, step
size ni > 0, temperature parameter \; > 0, discount factor v € (0, 1),
neural network parameter space W, ©
Initialize 6y = 0, Z, = 0, Vk > 0;
for k=0to K —1do
for a € A do
Sample {Saﬂ'}i]\il with 84 ~ V¥;
Sample {(3;,17 a’:z,i) i\il with (3;,17 a;,i) ~ D;k(wsa’i’a);
Update E, < g U {(sa,i, 8 5 @l ) Hl s
end

~

Update wy, «— argmin,,eyy, Leritic(w; Tk, Zk) as (16) ; // Critic update
Update Ogy1 < argmingee, ., Eactor(H;Gk,wk,Ek) as (22) ; // Actor update
end

Output: 6O as the policy parameter

Remark 4 The temperature parameter \g is introduced mainly for technical reasons. For
any infinite-horizon discounted MDP, there always exists a deterministic optimal policy m*
(Puterman, 1994), while the neural policy 7y, adopted to approzimate 7 is fully stochastic
in the sense that m(als) > 0 for any (s,a) € S x A. Using the temperature parameter \j
allows us to control the spikiness of m,. As A\ approaches zero, Ty is prone to the action
with the maximal value of fg,. This makes stochastic policy my, closer to the deterministic
policy 7*.

Remark 5 Our algorithm uses neural policy w1 to approzimate the ideal policy 7y ;.
This allows us to keep the most up-to-date policy with only one actor network. If no actor
network is used to approzimate 7y, ideally, we can obtain an implicitly defined policy by
iteratively calling (17). However, this requires us to keep all the k + 1 critic networks to
compute my_y, which is not scalable. On the other hand, the critic network, serving solely
for training the improved policy w11, is dispensable. Consequently, we can remove the whole
critic part and replace Qu,, in (21) by target values in (15). This streamlined approach makes
policy evaluation implicit and reduces computation overhead. Nevertheless, it cannot simplify
function approzimation for an improved sample complexity, as the (lack of) smoothness in
fo, remains a bottleneck (see Section 4.2), and the critic error does not vanish but resides in
the form of sample noise. We keep the actor-critic framework for a more elucidated analysis.

We summarize NPMD in Algorithm 1. Note that Algorithm 1 requires samples from the
visitation distributions. We provide a sampling algorithm in Appendix A.

4. Main Results

In this section, we present our main results on the sample complexity of Algorithm 1. As
mentioned in Section 1, we focus on RL environments with low-dimensional structures, for
which we make the following smooth manifold assumption on the state space.

12
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Assumption 1 (State space manifold) The state space S is a d-dimensional compact
Riemannian manifold isometrically embedded in RP where d < D. There exists B > 0 such
that ||z||, < B for any x € S. The surface area of S is Area(S) < oo, and the reach of S
s w > 0.

We first derive the iteration complexity with well-approximated value functions and neu-
ral policies, then derive the number of samples to meet the requirement for approximation.
Combining the results together, we establish the overall sample complexity for Algorithm 1.

4.1 Iteration Complexity

We make the following assumptions on the visitation distributions for iteration complexity.

Assumption 2 (Mismatch) There ezists k, < oo such that for all k > 0 iterations of
Algorithm 1,

7.‘.*
dup

Tk
dv,

< Ky.

o0

Accordingly, we can define the shifted discount factor as v, :=1—1/kK,.

Assumption 2 requires that the distribution mismatch between visitation distributions
corresponding to m; and 7* are uniformly controlled by a mismatch coefficient x,. The
Radon—Nikodym derivative on the left of the inequality exists by the following lemma.

Lemma 6 If w(a|s) > 0 for all (s,a) € S x A, then I/;r/ < vy for any other policy 7.

The proof is provided in Appendix C.1. Since 7 in Algorithm 1 has full support on A by
construction, Theorem 6 ensures the absolute continuity of I/;T* with respect to vk, hence
the Radon—Nikodym derivative exists.

Assumption 2 holds, for example, when the initial distribution p has full support. Indeed,
when p has full support, the visitation distribution v7 also has full support by (8), regardless

dvr” :
Z‘; H = K, then Assumption 2
o

of the transition kernel and the given policy 7. Suppose H
holds with x, = ﬁ and 7, = 1 — 1_77 Assumption 2 can also hold without the full
support of p. For instance, if different actions generate the same transition probability, then

Assumption 2 trivially holds with x, = 1 regardless of p.

Assumption 3 (Concentrability) There ezists C), < 0o such that for all k > 0 iterations
of Algorithm 1,

Xy, k) +1< G,

dvy . .
where m takes T4 or T, Xz(ug, vik) =E m [(diﬁk —1)?] is the x2-divergence.
P Vp

Assumption 3 requires the concentrability of visitation distributions. The distance be-
tween visitation distributions is measured by the x?-divergence, which is well-defined under
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Assumption 2 as absolute continuity holds. This type of concentrability assumption is com-
monly adopted in the RL literature (Agarwal et al., 2021; Yuan et al., 2023) and is tighter

dvy
‘d”;k o)

iteration to be sufficiently exploratory so that the on-policy sampling distribution vg* covers

the optimal distribution 1/;“* to a large extent. Intuitively, these are reasonable assumptions
as we start from a uniform policy 7o that is fully exploratory. Moreover, as the later iterate
7, approaches 7, their visitation distributions v7* and I/g* should have more overlap. How-
ever, rigorously verifying Assumptions 2 and 3 with quantified coefficients is challenging, as

they depend on both the environment and the iterates.

than the absolute density ratio . Assumptions 2 and 3 together require 7 at each

With Assumptions 2 and 3, we have the following one-step improvement lemma for
Algorithm 1. The proof is provided in Appendix C.3.

Lemma 7 Suppose Assumptions 2 and 3 hold. Then Algorithm 1 yields

1 "
mEswg* (D%, ()]

< 7 (V™ (p) = V*(p) +
4/C,
(I—7)

Theorem 7 demonstrates that the optimality gap in value function decreases at rate v,
up to approximation errors introduced by the critic and actor updates. When these errors
are properly controlled, we can establish iteration complexity for Algorithm 1.

(VT (p) = V*(p)) +

—— E,_ . |D"
(1 =) Euyome * [Pr ()

1
< Leritic (U)k; 7Tk) + % \/Lactor(ek—‘rl; Ok, wk)) .

+

Theorem 8 Suppose Assumptions 2 and 5 hold. If i, = % for all k > 0, the critic loss
P

and the actor loss satisfy respectively
E[Lcritic(wk; ﬂ-k’)] < 0272(k+1)a E [Eactor(ek-l—l; ek) U}k)] < (1 - '7p)23

then after k > 1 iterations, the expected optimality gap of my, given by Algorithm 1 is

B[V (5) ~ V*(p)] < 75(C1 + Calh 4 1)) - 1

where C1 = 1+ log|A|, Co = 8y/C),.
Moreover, for any € > 0, the number of iterations required for E[V™ (p) — V*(p)] < € is

5 <log1 (c (VC, +log |A|)>> |

w \ (T=7)(1—=p)e

The proof of Theorem 8 provided in Appendix C.4 mostly follows the one for finite state
space in Lan (2023), with a different set of error conditions that are applicable for continuous
state space. We choose exponentially increasing step size 7 to establish (almost) linear
convergence rate. To achieve this fast rate, we require the critic loss to be exponentially
decreasing and the actor loss to be small for any consecutive temperatures Ar and Ag11. In
fact, if we convert the loss into function approximation error (see Appendices A.2 and A.3)
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and choose Aj to be exponentially decreasing at rate v,, then the requirements on critic
and actor networks become the same. We show in the following subsections that these
requirements can be met by properly designing the CNN architecture and using sufficiently
many training samples. As long as the conditions are satisfied, Theorem 8 guarantees to
find an e-optimal policy (in expectation) after 5(log %) iterations.

Remark 9 Theorem & suggests that we can use smaller networks or fewer samples in the
early stage and gradually increase the sizes along iterations. When the tolerance € is given,
the error bound for the last iteration is \/ﬁcritic(w[(; 7TK)—|—T%K \/ﬁactor(9K+1; Or,wg) = O(e).
Notably, this coincides (up to logarithm factors) with the stipulated approximation error
criterion in prior literature (Yuan et al., 2025; Alfano et al., 2023), with the distinction that
their criteria are applied uniformly to all iterations. If we use a constant step size, then the
iteration complexity becomes O(e™ ') as in Alfano et al. (2023), while the error criteria for
the last iterate remains O(e). Consequently, the overall sample complexity becomes much
worse as it requires more iterations to converge.

4.2 Function Approximation on Lipschitz MDP with CNN

The iteration complexity in Theorem 8 is valid if the state-action value function Q™ and
the policy 7, are well approximated by the critic and actor networks at each iteration.
However, we have not yet specified the CNN architecture that can meet these requirements.
In this section, we study the function approximation on Lipschitz MDP, which possesses
Lipschitz transition kernel P and Lipschitz cost function c¢. Here, the Lipschitzness is de-
fined with respect to the geodesic distance on the state space S, which is a d-dimensional
Riemannian manifold (Assumption 1). Recall the definition of geodesic distance:

Definition 10 (Geodesic distance) The geodesic distance between two points x,y € S is
defined as

1
ds(z,y) =  inf / @), (23)
: 0
s.t. T(0) =z, I'(1) =y, T is piecewise C.

One can show the existence of a solution to the minimization problem (23) under mild
conditions and that ds(-,-) is indeed a distance. More references can be found in Do Carmo
and Flaherty Francis (1992). With geodesic distance, we define Lipschitz functions on the
Riemannian manifold S.

Definition 11 (Lipschitz function) Let L > 0 and o € (0,1] be constants. A function
f: 8 = R s called (L, «)-Lipschitz if for any z,y € S,

[f(z) = )l < L-dg(x,y).

For any fixed «, the Lipschitz constant L in Theorem 11 measures the smoothness of the
function. A function is considered smooth if it possesses a small Lipschitz constant, whereas
a non-smooth function will exhibit a large Lipschitz constant. Throughout the remainder
of this paper, when we mention Lipschitzness, we specifically mean the property of being
Lipschitz continuous with a moderate constant.
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Remark 12 The geodesic distance ds in Theorem 11 s a global distance rather than a local
one. This makes our definition of Lipschitz functions different from those based on local
Euclidean distance and partition of unity as in Chen et al. (2019) and Liu et al. (2021).
The two ways of defining Lipschitzness have some technical differences, but they agree with
each other in our setting up to constant factors.

When the atlas {(U;, ¢i) }icr are local projections onto tangent spaces as in Chen et al.
(2019), the local Euclidean distance between two points in the same open set U; is no greater
than their Euclidean distance in RP, which is further less than their geodesic distance, hence
the Lipschitzness defined with local distances implies Theorem 11.

On the other hand, when the curvature of manifold S is not too large compared to the
radius of the open set U, then Theorem 11 also implies Lipschitzness in the Fuclidean sense
on each local coordinate ¢;(U;) C [0,1]¢ (Theorem 33). Here, we adopt the global definition
for simplicity.

We now formally define the Lipschitz MDP condition, which ensures the Lipschitzness
of the state-action value function Q™ for any policy =.

Assumption 4 (Lipschitz MDP) There exist constants Lp, L. > 0 and « € (0,1] such
that for any tuple (s,s',a) € S x S x A, the cost function c(-,a): & — R is (L, «)-Lipschitz
and the transition kernel P satisfies

dTV(P("37 a), P("Slv CL)) <Lp- dg(s7 Sl)7
where drv (-, ) is the total variation distance.

Assumption 4 requires that when two states are close to each other, taking the same ac-
tion would admit similar transition distributions and corresponding costs. This assumption
holds for many spatially smooth environments, especially those driven by physical simula-
tions such as MuJuCo (Todorov et al., 2012) and classic control environments (Brockman
et al., 2016). Under Assumption 4, we show in Theorem 13 that the state-action value
function Q™ is Lipschitz regardless of the evaluated policy m. The proof of Theorem 13 is
provided in Appendix E.3.

Lemma 13 If Assumption 4 holds, then for any policy m and any action a € A, the state-
action value function Q™ (-,a): S = R is (Lg, )-Lipschitz with Lg = L.+ %LP being the
Lipschitz constant. That is, for any policy © and any tuple (s,s',a) € S x S x A, we have

Q7 (s,a0) = Q7(s',a)| < Lq - dg(s, s").

The Lipschitz constant Lo = L. + %L’p scales linearly with the magnitude of the cost
function ¢ as L. does. In view of this property, we define a normalized Lipschitz constant
which is invariant to the scaling of the cost:

Lg=(1-7)L./C+~Lp. (24)

This normalized Lipschitz constant is a convex combination of L./C and Lp, so it will not
exceed the larger one for any ~.
We make a few remarks on the Lipschitz condition.
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Remark 14 Assumption 4 is a sufficient condition for the Lipschitzness of Q™ , regardless
of the smoothness of mi. The Lipschitzness of the target function is a minimal requirement
for approximation theory and it is almost essential even for simple regression problems.
However, even if Assumption 4 does not hold, Q™ being Lipschitz is still possible. An
extreme example is when state space S = S' is a circle and the transition is a fized rotation
whichever action is taken. In this case, the transition kernel is not Lipschitz since the total
variation distance between transitions is always 1. Meanwhile, Q™ 1is Lipschitz for any
7y, provided that ¢ is Lipschitz. Similar arguments can be found in Fan et al. (2020) and
Nguyen-Tang et al. (2022) for non-smooth MDP having smooth Bellman operator, but they
implicitly involve the smoothness of neural policy 7.

Remark 15 In practice, many environments adhere to the Lipschitz condition, with only an
extremely small portion of states being exceptions. For example, in the Box2D Car Racing
environment (Brockman et al., 2016), the cost remains constant for each frame until a tile is
reached, for which the agent will be given a huge reward. FEven though this type of partially
smooth environment does not fulfill the Lipschitz condition on a global scale, it is reasonable
to expect the existence of an environment that is globally smooth and satisfies Assumption 4.
Such a globally smooth environment could serve as a regularization of the original non-
smooth environment, which inevitably introduces bias to the problem. When this bias is
negligible compared to the extent of smoothness, we can study the smooth approzimation
under Assumption 4 without loss of generality.

With Theorem 13 established, we show that a CNN of the form (13) can uniformly
approximate Q7 (-,a) for any a € A. The approximation error depends on the specified
CNN architecture.

Theorem 16 (Critic approximation) Suppose Assumptions 1 and 4 hold. For any inte-
gers I € [2,D] and M, J > 0, we let

M = O(M), L =0(log(MJ)+ D +logD), J=0(DJ),
Ry = (8ID)*M T = O(1), log Ry = O(log®(M.J) + Dlog (M.J)),
where O(-) hides a constant depending on log Lg, log %, d, a, w, B, and the surface area

Area(S). Then for any policy m and any action a € A, there exists a CNN Qy(-,a) €
F(M,L,J, I,Ry, Ry) such that

T C - AN -
1Qu (- a) = Q7(-,a)l[ < ﬁ(LQ +1)(MJ)" 4.
Here, Lg and Lg are defined as in Theorem 15 and (24).

We provide a proof overview for Theorem 16 in Appendix E.1 and the detailed proof in
Appendix E.2. Compared to our preliminary work (Theorem 1 in Ji et al. 2022) that deals
with a larger class of Besov functions by using cardinal B-spline approximation as a crucial
step, we simplify the proof for Lipschitz functions where first-order spline approximation is
sufficient.
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To bound the approximation error by €, we require the number of parameters in Q,, (-, a)

to be O(MLJ?I) = 6(D3‘[67g). Note that the exponent over € is the intrinsic dimension d
rather than the data dimension D, and the hidden terms in 6() also have no exponential
dependence on D.?> This implies that CNN approximation does not suffer from the curse of
dimensionality when the data support has a low-dimensional manifold structure.

Next, we consider function approximation for policy 7z ; in the actor update. As men-
tioned in Section 3.2, our goal is to learn a deterministic optimal policy, which is equivalent
to a discrete mapping from S to A. Such a mapping is not continuous given the discrete
nature of A, so it is difficult to be approximated directly. Instead, we iteratively update a
temperature-controlled neural policy 7 in the form of (18) to approximate the deterministic
optimal policy 7*. Although 7y is a stochastic policy by construction, it can approximate
the deterministic policy that chooses the action a € A with the maximal value of fy, (s,a)
by using a sufficiently small temperature Ay > 0. Therefore, as long as the actor network
fo,(8,-) is learned to admit a maximizer a € supp(7*(-|s)) for any state s € S, it can serve
as a good approximation of the optimal policy 7*.

To learn such an actor network, we iteratively train a new actor network fp,  , based
on the current critic and actor networks @, and fp,. According to Theorem 3, the target
function for the next actor network fp, ,, is given by

)\k+192+1 = )\;;1>\k+1f9k - 77k:>\k:+1kaa

which is a weighted sum of the current critic and actor networks. This approximation target
is not Lipschitz, since @, is just an approximation of the Lipschitz function ™, not a
Lipschitz function in itself. Consequently, Theorem 16 cannot be directly transferred to actor
approximation. To address the issue, we introduce the approzimately Lipschitz condition to
describe the smoothness inherited from approximating a Lipschitz function.

Definition 17 (Approximate Lipschitzness) Let L,e > 0 and o € (0,1] be constants.
A function f: S — R is called (L, a, €)-approzimately Lipschitz if for any x,y € S,

If(z) — f(y)| < L-d&(z,y) + 2.

Here, L is called the Lipschitz constant, and € is called the proximity constant. When e = 0,
fis (L, «)-Lipschitz as defined in Theorem 11.

Theorem 17 relaxes the Lipschitz condition by allowing a proximity constant e. When
€ = 0, the condition reduces to the Lipschitz continuity, and the Lipschitz constant is exactly
the one in Theorem 11. When € > || f|| ., the condition is vacuously true for all L > 0. When
e is somewhere between 0 and || f|| ., a larger € allows a potentially smaller Lipschitz constant
L. As Theorem 18 shows, the approximate Lipschitzness is a shared property of all uniform
approximators of a Lipschitz function.

Lemma 18 If fo: S — R is (L, a)-Lipschitz, f: S — R satisfies Hf — fg“oo < € for some
e >0, then f is (L, a, €)-approzimately Lipschitz.

5. The hidden constant can be as large as exp (C(S,a) -d2) where constant C(S,a) depends on « and
manifold-related parameters including w, B, Area(S), as implied by the proof. Nevertheless, given the
assumption that d < D, O(exp(C(S,a)-d?)) is still much smaller than the curse of dimensionality
O(exp(D)) and hence can be treated as constant, as it would not affect our main conclusions.
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Proof For any z,y € S,

()

(y) + flz) - fo()—f()Jrfo( )|
W) + /@) = Fo@)| + [=f(y) + fo(y)]
L-ds(x,y)—i-Qe.

| fola
[Fola

IA A

The first inequality comes from the triangle inequality. The second inequality is from L-
Lipschitz continuity of fo and that Hf — fOHoo <e [

It follows immediately from Theorem 16 and Theorem 18 that there exists an (Lq, €, €Q)-
approximately Lipschitz @, that can uniformly approximate Q™ up to €g error. Therefore,
we can impose (approximately) Lipschitz restrictions on the CNN function class without
damaging its approximation power for the state-action value function. To be more pre-
cise, for any CNN class F = F(M, L, J, I, Ry, Ry), we define its Lipschitz-restricted version
Frip(A, Ly, o, €f) as

Frip(A, L, a,ep) ={f € F || flloo <A, fis (Ly,,ep)-approximately Lipschitz}. (25)

Moreover, we denote the parameter space of the Lipschitz-restricted critic and actor network
classes as Wi, and Or;, respectively:

Wiip(4, Lg, o, €q) = {w | Qw - a) € Frip(A, Lg, o, €q), Va € A}, (26)
OLip(A, Ly, a,ep) = {0 | fo(-,a) € Frip(A, Ly, a,¢ep), Va € A}. (27)

Then by setting Wi, = Wi, and ©p, = Orp in Algorithm 1, we ensure the k-th critic network
Quw,, and actor network fp, are both approximately Lipschitz, and such a restriction on Wj,
will not affect the approximation power of @, for Q™. In addition, the target function
Ak+1954 for the next actor is also approximately Lipschitz since it is a weighted sum of
two approximately Lipschitz functions. By carefully selecting the temperature parameters
to match the configuration of 7 in Theorem 8, the approximate Lipschitzness of target
functions for actor updates in all iterations can be uniformly controlled.

Lemma 19 For k > 0, we let g = %, A = CVP , W = WLlp( Lg,a,eq) and
P

1—7v>

L .
O = @Lip((l—yp?(l—y)’ 1_3p,a, f_?yp) with some eg > 0. Then the target actor Agy1gy, 4

. L
defined in Theorem 5 is (ﬁ, a
C

(1=vp)(1=7) "

Q

, m)—appmximately Lipschitz and is uniformly bounded by

Proof By Theorem 3 and our choice of n, and A, the target function of the k-th critic
update is

Net19511 = M1\ for — MM k+1Quy
= foek - Q’wk-
We initialize 6y = 0 in Algorithm 1, thus 6y € O (0,0, ,0) C Og. It is easy to verify that if
f: S = Ris (Ly,a,e€p)-approximately Lipschitz and g: S — R is (Lg, a, €4)-approximately
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Lipschitz, ¢ € R, then f + g is (Ly + Ly, o, €5 + €4)-approximately Lipschitz, and ¢ - f is
(le|Lf, c, |c|ef)-approximately Lipschitz. Combining this fact and our choice of Wy, and Oy,

we have that \1g7 is (157?/,04, 16_%
p p

___c_

(1=7p)(1=v)" -

)-approximately Lipschitz and is uniformly bounded by

Theorem 19 shows the target actor is approximately Lipschitz in each iteration with
W, and Oy inserted. It remains to derive the approximation error for actor update with
Lipschitz-restricted class ©1 = Orip. We first show in Theorem 20 that any bounded and
approximately Lipschitz function on S can be well approximated by a CNN with enough
parameters, and this CNN is also bounded and approximately Lipschitz.

Theorem 20 Suppose Assumption 1 holds, the target function fo: & — R is bounded and
(L¢, o, ef)-approximately Lipschitz. For any integers I € [2, D] and M,J > 0, we let

M = O(M), L=0(log(MJ)+ D +logD), J=0(DJ),

Ry = (8ID)*M~T = O(1), log Ry = O(log?(M.J) + Dlog (M.J)),

where O(-) hides a constant depending on log Ly, log|| foll, o, w, B, and the surface area
Area(S). Then there exists a CNN f € F(M,L,J, I, Ry, R2) such that

1f = follo < (Ly + [l folloo) (M)~ + 2.

Moreover, this f can be (L, o, €r)-approzimately Lipschitz with €y = (Ly+ ||f0HOO)(]\7j)7%
and uniformly bounded by || fol| .-

The proof of Theorem 20 is provided in Appendix E.4. Theorem 20 shows the existence
of an approximately Lipschitz CNN that is close under L*° norm to any approximately
Lipschitz target function on §. As a corollary, we obtain the approximation error for the
actor update.

Corollary 21 (Actor approximation) Suppose Assumptions 1 and 4 hold. For any in-
tegers I € [2,D] and M,J > 0, we let

M =O(M), L =0(log(MJ)+ D +logD), J=0(DJ),
Ry = (8ID)*M T = O(1), log Ry = O(log®(M.J) + Dlog (M.J)),

where O(-) hides a constant depending on log Lg, log %, d, a, w, B, and the surface
area Area(S). If ni, Ap, Wi and Oy, are as specified in Theorem 19 for all k > 0, eg =

%(EQ + 1)(]T/[/j)_%, then for any wy € Wy, and 0y € Oy, there exists 8 € Opy1 such that

3eQ

[fo(; @) = A1z (a)| < L=

Here, g |, Lq and Lg are defined as in Theorems 5 and 15 and (24).
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We note that the requirement for proximity constant €gp in Theorem 21 is the same as
the approximation error in Theorem 16. This alignment maintains the consistency of the
Lipschitz constraints imposed on Wi, O, and Oy, 1. In this case, the actor approximation
error is comparable to the critic approximation error, and they both depend on the CNN ar-
chitecture. Therefore, a large CNN class F = F(M, L, J, I, Ry, R2) guarantees the existence
of good approximations to both the state-action value function and the policy.

4.3 Sample Complexity

We have demonstrated that CNN approximation can be applied to both the state-action
value function and the policy. To make sure that the solutions to the ERM subproblems (16)
and (22) indeed provide good approximations for Q™ and 7 ;, the number of samples must
be sufficient. In this section, we derive the sample complexity for Algorithm 1. To be more
precise, we consider the expected number of oracle accesses to the transition kernel P and
the cost function ¢ for Algorithm 1 to find a policy 7 that satisfies E[V™ (p) —V*(p)] < e.

We keep using the same notation for CNN class F = F(M,L,J, I, Ry, Ry) and its
Lipschitz-restricted version Fi;, as defined in (25), as well as the parameter spaces Wi,
and Ot as denoted in (26) and (27). We show the following lemma that characterizes the
number of samples N sufficient for accurate critic update at the k-th iteration.

Theorem 22 (Critic sample size) Suppose Assumptions 1 and 4 hold. For k >0, we let
M = % and Wy, = Whip( ¢ Lg, o, €eq) with
P

1—v>

M =O(N#=), L=0(logN + D +logD), J=0(D), I €[2,D], R = O(1),
log Ry = O(log> N + Dlog N), eq = (L3 + C2/(1 —~)?)Dzeta N~ 254,
If we take sample size N = 5( v ‘A‘*y_(KH))%"'Q, then E[ﬁcritic(wk;ﬂk)] < 027§(k+1) holds

11— /P
for all k < K in Algorithm 1.
Moreover, if Assumptions 2 and 3 hold, then for any € > 0, it suffices to let

5 (w (VC +log A M)Z“

(1 —7)%

so that E[,Ccritic(wk;ﬂ'k)] < CQ'yg(kH) for all k < K, where K 1is the iteration number given
in Theorem & that guarantees E[V™ (p) —V*(p)] < e. Here, O(-) and O(-) hide the constant
depending on D%id, EQ, log Lg, log %, d, a, w, B, and the surface area Area(S). In
particular, N has a cubic dependence on D.

The proof of Theorem 22 is provided in Appendix D.1. As shown in Theorem 22, when
the iteration number k increases, the required number of samples N grows exponentially at
rate 6(7_g_2). By Theorem 8, the total number of iterations is O(log 1), so the growing
procedure will not continue for too long. As a result, the number of samples for the last
iteration is 5(67572), and the overall sample complexity for critic updates is in the same
order up to logarithm terms. Moreover, the exponent over € is again the intrinsic dimension
d instead of the data dimension D, which implies avoidance from the curse of dimensionality.
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We now turn to derive a similar bound for actor updates. As shown in Theorem 19,
with adequately chosen temperature parameters, we can restrict the actor network class
with constant parameters for all iterations, and the resulting target actor will have the same
approximate Lipschitzness guarantee as the subsequent actor network. Hence we have the
following Theorem 23 characterizing the sufficient sample size for accurate actor updates.

Theorem 23 (Actor sample size) Suppose Assumptions 1 and 4 hold. For k > 0, we let

_ 1 _ %% — W (C —o. c Lo Q
M = Goptts Me = T We = Waip (15, Loy s @) and O = Ovip (= =y 15,0 & 1=,

with

M =O(N@=), L=0(logN + D +logD), J=0(D), I [2,D], R = O(1),
log Ry = O(log? N + Dlog N), eq = (L3 + C2/(1 —~)?)D3eta N~ 254,

ST (KD €42
If we take sample size N = O(%) “ then E[ﬁactor(0k+1;0k,wk):| < (1 —1,)?

holds for all k < K in Algorithm 1.
Moreover, if Assumptions 2 and 5, then for any € > 0, it suffices to let

s (wa (VT +log |4)) \/\A|) o

(1—7)2%

so that E[ﬁactor(0k+1;0k,wk)] < (1 —1,)? for all k < K, where K is the iteration number
given in Theorem 8 that guarantees E[V™ (p) — V*(p)|] < e. Here, O(-) and O(-) hide

6o —
the constant depending on D2e+d, Lg, log Lg, log %, d, a, w, B, and the surface area
Area(S). In particular, N has a cubic dependence on D.

The proof of Theorem 23 is provided in Appendix D.2, which is similar to the proof
of Theorem 22. Compared to Theorem 22, Theorem 23 requires a 6(HV%+2) times larger
sample size because the target actor in each iteration has a worse approximate Lipschitzness
than the target actor. Nevertheless, we can align the sample size to the larger one for
actor updates so that both the actor and the critic will be accurate. Combining the results
together, we establish the overall sample complexity for Algorithm 1.

Theorem 24 (Total sample complexity) Suppose Assumptions 1 to 4 hold. If for k >

1— C¥ L
0, n = W;ﬁy e = =2, Wi = Whip(755, Lg, @, €q) and O = @Lip((1_fy,§(1—»y)7 1_3,)7&, 13)

T—y,7 T—
with

M =O(N#=), L=0(logN + D +logD), J=0(D), I €[2,D], R = O(1),
log Ry = O(log? N + Dlog N), e) = (L% + C?/(1 — 5)?) D=ata N~ zara.

Q|

+2
, and the expected number

~ 2
Then for e > 0, it suffices to set N = O(KV C(‘/%ﬂ/‘;ie'““') lAl)

of sample oracle calls for Algorithm 1 to find a 7 satisfying E[V”K (p) — V*(p)] <eis

~ 2d a4 g d 2d d d
O(/@V?+5C’3‘”+ |A5a+2(1 — 7)—3—503“6—3—2).

22



SAMPLE COMPLEXITY OF NPMD oN Low-DIMENSIONAL MANIFOLDS

Here, O(+) and 5() hide the constant depending on D%, Lg, log Lg, log %, d, o, w, B,
and the surface area Area(S). In particular, the sample complexity has a cubic dependence

on D.

Proof Let K be the iteration number in Theorem 8. By Theorems 22 and 23, our specifica-
tion of N ensures that E[Ecritic(wk; 7Tk)] < 027§(k+1) and E[Eactor(ﬂkﬂ; 0, wk)} < (1 —Vp)2
for all ¥ < K. Note that we have |A| actions in total, and by Theorem 25, each sample
requires O(ﬁ) oracle calls. As a result, the overall sample complexity is

o(KNV”) -0 L ot g 2ot - ) H )
1—7 log%

< O, ¥ P03 AE R OAR (1 - )T E e ),

: : 1 1
where the inequality uses @ < 1=, = hv |
Theorem 24 characterizes the expected number of oracle access to the environment for
finding an e-optimal (in the sense of expected value function) policy wg. The resulting

. ~ 2d 4 5 L4 419 _2d_g5 dyg _d_g .
sample complexity O(Hya Cz |A2aT (1 — ) e ?Ca™ e a has no exponential
dependence on the data dimension D. In our assumption, d < D, thus the sample com-
plexity does not suffer from the curse of dimensionality.

5. Numerical Experiments

In this section, we present numerical experiments for NPMD to illustrate that its sample
complexity does not necessarily grow exponentially with the ambient dimension D. We
perform experiments on the CartPole environment (Barto et al., 1983) with visual display.
The action space contains 2 discrete actions. The states are images of the cart and pole
rendered from 4 internal factors indicating the status of the objects. Therefore, the intrinsic
dimension d = 4, while the ambient dimension D scales with the image resolution. We
consider three resolutions: low (3x20x 75), high (3x40x 150), and super high (3 x 60 x 225).

We set the discount factor v = 0.98. We use 2048, 4096, and 8192 samples for low and
high resolutions in each NPMD iteration. For further comparison, we use 8192 samples per
iteration in the super high-resolution setting. For the CNN architecture, we set the pairs of
kernel size and stride in the first layer as (7,3), (5,2), and (3,1) for low, high, and super
high resolutions respectively. The other CNN layers all share kernel size 3 and stride 1. We
run 200 epochs of SGD to solve the ERM subproblems with batch size 256 and learning
rate 0.001. To evaluate the obtained policy, we generate 32 independent trajectories using
the policy and compute the average of their total rewards until termination or truncation
after hitting the maximal reward limit of 200. We repeat the experiments 5 times with
different random seeds, and the results are shown in Figure 2 and Table 2. More details
about the environment and parameters are provided in Appendix H. The code is available
at https://github.com/zhenghaoxu-gatech/Neural-Policy-Mirror-Descent.

The numerical results show that NPMD exhibits comparable performance across varying
image resolutions, where the intrinsic structure of the CartPole environment remains the
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Figure 2: Evaluated rewards in different setups. The opaque lines are the average of 5 runs.

sizSea]n\;p-IF Al Metric | Resolution Runs (low to high) Range
Low 199.8 | 200.0 | 200.0 | 200.0 | 200.0 | 199.9 £0.1
Max High 198.2 | 198.3 | 199.2 | 199.8 | 200.0 | 199.1+0.9
Super high | 195.2 | 195.9 | 196.6 | 197.2 | 198.2 | 196.7+ 1.5
Low 186.1 | 190.0 | 190.4 | 193.1 | 193.4 | 189.8 £ 3.7
8192 EMA High 185.2 | 186.2 | 190.6 | 193.7 | 194.2 | 189.7 £4.5
Super high | 181.1 | 181.7 | 186.4 | 186.8 | 190.4 | 185.8 £4.7
Low 178.0 | 181.3 | 187.7 | 193.0 | 198.1 | 188.1 £10.1
Last High 188.7 | 191.1 | 194.4 | 197.6 | 198.6 | 193.7£5.0
Super high | 175.7 | 187.7 | 190.5 | 194.0 | 197.5 | 186.6 £ 10.9

Table 2: Comparison of 5 runs in different resolutions with per iteration sample size 8192.
The evaluation metrics include the maximal reward along the trajectory (Max), the expo-
nential moving average of history rewards (EMA), and the last iterate reward (Last). The
EMA is computed through EM A, = 0.9« EMA,_1 + 0.1 x R, where Ry is the reward at
the k-th iteration.

same. While the ambient dimension D still affects the performance, its impact is not as much
as an exponential function would do: Suppose the sample complexity depends exponentially
on D, then moving from low to high or from high to super high resolution will increase D by
factor 4, resulting in a quartic growth in sample complexity. However, the numerical results
suggest that much fewer samples are required to get the same near-optimal performance
(see Figure 2a and Table 2). Therefore, the sample complexity does not exhibit exponential
dependence on D. We also observe that training becomes more stable as the per iteration
sample size increases, and the average performance becomes better as the total sample size
increases (see Figure 2b). These empirical results confirm our upper bound in Theorem 24,
which does not depend exponentially on D.
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6. Conclusion and Discussion

We have derived the overall sample complexity for NPMD (Algorithm 1) on Lipschitz MDP
with intrinsically low-dimensional state space S. Our result gives a concrete characterization
of the expected number of samples required for an e-optimal policy under mild regularity
assumptions and shows no curse of dimensionality. We make a few remarks about this result.

Tightness in e. The sample complexity 6(6_%_2) can be interpreted as two parts.
The first part O(e~2) comes from iterations of the NPMD algorithm and is optimal up
to logarithm terms. It matches the complexity of PMD in tabular case (Lan, 2023) and

NPG on linear MDP (Yuan et al., 2023). The second part 5(e_g) comes from function
approximation on d-dimensional state space manifold. Intuitively, it matches the number of
states |Sqis| appeared in the complexity of tabular PMD if we discretize the continuous state
space into a finite set of points Sgis C S.% This part scales with the intrinsic dimension d of
S and can be interpreted as the result of neural networks adapting to the low-dimensional
state space geometry. It is yet to be examined whether the overall complexity is tight in e.

Dependence on the cost function scale. The sample complexity reasonably depends
on C~'e, which can be viewed as the relative error. Therefore, as long as € scales with the
cost function, the term C a+2e752 i the complexity bound remains the same. Although
the scaling of the cost function can still affect the hidden constant depending on log Ly =
log (L. + %LP) and log %, it will not have a major impact since the dominating term is
the normalized Lipschitz constant L¢, which is invariant to the scaling of the cost function.

Distribution mismatch and concentrability. The distribution mismatch coefficient
K, in Assumption 2 and concentrability coefficient C, in Assumption 3 have been widely used
in the analysis of PMD-type methods in tabular setting (Xiao, 2022), linear function approx-
imation (Agarwal et al., 2021; Alfano and Rebeschini, 2022; Yuan et al., 2023), and general
function approximation (Alfano et al., 2023). The mismatch coefficient x, occurs when
the on-policy sampling distribution v7* is different from the optimal visitation distribution
This mismatch coefficient seems unavoidable for analysis involving the performance
difference lemma (Theorem 27) even in the tabular setting (Xiao, 2022) and can affect the
iteration complexity through 7, as shown in Theorem 8. Recently, Johnson et al. (2023)
have established an alternative analysis that bypasses the performance difference lemma.
Their result removes the mismatch coefficient for tabular PMD by using an adaptive step
size. However, their sophisticated step size rule does not apply to our analysis, as it will
make the smoothness of target actors uncontrollable.

7.r*
Vp

The concentrability coefficient C,, comes from the change of error measures. In the k-th
iteration of NPMD, we cannot directly sample states from 1/,7)”“rl or I/Z)r* because the corre-

sponding policies w11 and 7* are not available yet. Instead, we sample states from v7* and

1)

solve the ERM subproblems with these samples. As a result, the actor and critic errors are
. . . . T *

naturally measured in 7%, and C, comes in when measuring the errors in v,"** and v],

which are related to the performance difference between consecutive policies. The concen-
trability coefficient is unavoidable when we have function approximation errors measured
in the L? norm. To remove C,,, one has to consider the exact PMD case where there is no

6. We note that directly performing discretization is difficult when S has a complicated geometric structure.
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function approximation at all, or to derive L* error bounds for critic and actor updates,
both are intractable for continuous state space.

As suggested in Yuan et al. (2023) for finite state space, both coefficients can be po-
tentially improved if we decouple the initial sampling distribution in Algorithm 1 and the
evaluation distribution in the policy optimization problem (1).” Indeed, one can replace p
n (1) by another distribution p’, and replace the initial distribution in Algorithm 2 by o.

In this case, we can choose P with full support so that Assumption 2 naturally holds and
dvm i ‘ dvm o

dyw,k
o -vi <),

k, becomes k,’ = ‘ ‘ . The optimality gap can be translated as
o0

(VT (o) = V*(p))-

Similarly, Assumption 3 can be replaced by
XQ(V;T,, vpk)+1<C)

for some C!,. However, we note that the pathological behavior of distribution mismatch
and concentrability in the continuous state space is not always removable as it requires the

v’ . ., - .
ﬁ to exist, and it is difficult to get x,/ < k, and C), < C,,

for a better complexity. To the best of our knowledge, it remains an open problem to
study function approximation policy gradient methods in continuous state space without
Assumptions 2 and 3.

Radon—Nikodym derivatives

d
Dependence on the action space. The sample complexity depends on |.A|2a 12
which comes from two parts. One is from the aggregation of |.A| networks, and the other

part |A] sa L is from function approximation, as |.A| appears in the approximation error after
critic/actor loss translation (see Appendices A.2 and A.3). We notice that some concurrent
works do not have such dependence on |A|, e.g. Yuan et al. (2023) and Alfano et al. (2023).
Their results are based on the state-action concentrability condition (see e.g. Assumption 6
in Yuan et al. 2023), which requires bounded x?2-divergence between state-action visitation
distributions, rather than just state visitation distributions. Consequently, it is generally
stronger than our Assumption 3.

Furthermore, these works directly make realizability assumptions on target functions
and do not consider the approximation bias, which is one of the main focus of our work
and is the cause of the polynomial dependence on the size of the action space. To avoid
the |.A| factor in error translation, it is necessary to consider fitting a single target function
(either the value function or the target actor) defined over the product space § x A, rather
than fitting |A| functions on S separately. This requires the target function to be smooth
in both states and actions. However, environments with discrete action space often exhibit
non-smoothness in actions, since many of these actions have opposite functionalities (e.g.
move left /right). Therefore, it is difficult to derive guarantees for function approximation
even if we assume state-action concentrability. Nevertheless, we conjecture that the second

d
part, |A|5+1, might be removable, and we leave it for future investigation.

7. The initial distribution in sampling is restricted by the environment in our setting (non-generative model),
whereas the evaluation distribution can be arbitrarily chosen.
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Most of our derivation can generalize to continuous state space with some modifications
and additional assumptions. However, drawing actions from policy my(-|s) oc efo(*) be-
comes a non-log-concave sampling problem on the action manifold A, which significantly
complicates the analysis considering that on-policy sampling (Algorithm 2) requires action
a; ~ 7 (+|st) at every step, and the inexactness of sampling at each step will accumulate,
causing another layer of distribution shift.

Computational concerns. In each iteration of Algorithm 1, there are two ERM sub-
problems with approximately Lipschitz constraints, which are assumed to be solvable. How-
ever, solving such problems is non-trivial due to the non-convex objectives and the approxi-
mately Lipschitz constraints. In practice, one can use gradient descent (GD) and its variants
to minimize the objectives, but little is known about their theoretical convergence behavior.
Recently there has been some work studying the GD dynamics in the NTK or mean-field
regime (Jacot et al., 2018; Song et al., 2018), but the gap remains as they cannot fully ex-
plain the convergence behavior of GD-like methods on deep models, and their results cannot
adapt to the low-dimensional manifold structure.

Meanwhile, there is no existing result on optimization with approximate Lipschitzness
constraints. One can apply Lipschitz regularization methods, such as spectral regularization
(Yoshida and Miyato, 2017; Gogianu et al., 2021), gradient regularization (Gulrajani et al.,
2017), projected gradient descent for Lipschitz constant constraint (Gouk et al., 2021), and
adversarial training (Miyato et al., 2018). Most of these techniques are heuristic, so they
cannot exactly control the Lipschitzness of networks. Nevertheless, they could result in
approximately Lipschitz networks as it is a relaxed condition. In addition, recent studies
have discovered that GD itself has some algorithmic regularization effect, which implicitly
controls the Lipschitzness of the learned networks (Mulayoff et al., 2021). We leave the study
of approximately Lipschitz-constrained optimization of neural networks for future work.

Overparameterization. In modern deep learning practice, there exists a propensity
to employ overparameterized models that have more parameters than the number of data.
Our current analysis is based on the classical bias-variance trade-off argument and cannot
handle the overparameterization case. Recently, Zhang and Wang (2022) have established
deep non-parametric regression results that apply to overparameterized models, but their
work does not exploit the low-dimensional structure. It is an interesting future direction to
examine if their work can be extended to the manifold setting and fit into our analysis. We
expect it to close the theory-practice gap in DRL further.

Comparison with value-based methods. The sample complexity result for NPMD
matches the bound for the value-based FQI method in Fan et al. (2020) when d = D, while
our result is significantly better when the intrinsic dimension d < D. This shows that
policy-based methods can achieve as good performance as value-based methods in theory.
From a technical perspective, value-based methods only approximate smooth value functions
(under the Bellman closedness assumption in Fan et al. 2020; Nguyen-Tang et al. 2022).
On the other hand, policy-based methods require repetitively approximating new policies,
whose Lipschitz constant will accumulate. We address the issue by introducing the notion
of approximate Lipschitzness, imposing approximately Lipschcitz constraints on the neural
networks, and establishing approximation theory for them. Our analysis framework can be
applied to more general scenarios where there are iterative refittings of neural networks.
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Beyond Lipschitz MDP. In this paper, we work on Lipschitz MDP (Assumption 4). In
practice, the MDP can be either smoother or not as smooth as Lipschitz MDP. For the former
case, one can consider Hélder smooth MDP with higher exponent, namely o > 1, and expect
there is a better sample complexity. If we only consider the policy evaluation and value-
based algorithms, where the target value function is smooth, then this is possible as suggested
by the results from deep supervised learning (Chen et al., 2022). However, for policy-based
methods, it is unclear whether neural networks that uniformly approximate Holder functions
can have smoothness beyond approximate Lipschitzness, given that networks with ReLU
activation are not differentiable. It is a future direction to examine the sample complexity
of policy-based methods in smoother MDPs. For the latter case, one can consider extending
the Lipschitz condition to the more general Sobolev or Besov conditions to deal with spatial
inhomogeneity in smoothness. Also, as mentioned in Theorems 14 and 15, one can use a
smooth approximation of the non-smooth MDP as a surrogate in this case.
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Appendix A. Algorithms

This section presents the missing sampling algorithm (Algorithm 2) for Algorithm 1, along
with some auxiliary results related to Algorithms 1 and 2.

Algorithm 2: Sample s ~ v] or (s,a) ~ 7}

Input: Distribution p, policy =, factor v € (0,1)
Initialize flag = True, t = 0, 59 ~ p, ag ~ 7(|s0);
while flag is True do
Sample p ~ Unif([0, 1]);
if p <~ then

Sample s;41 ~ 73('|8t, at);

Sample a;41 ~ 7(-|S141);

t+—t+1;
else

flag = False;
end

end
Output: s; as s or (s¢,a¢) as (s,a)

A.1 Sample Complexity of Algorithm 2
We compute the expected number of sample oracle calls of Algorithm 2 to get s ~ v or

)
(s,a) ~ V7.
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™

p» and the expected number of sample oracle calls

Lemma 25 Algorithm 2 returns (s,a) ~ v
for each pair of (s,a) is ﬁ
Proof Let T be the terminating time (trajectory length) of Algorithm 2, which has prob-
ability

B(T = 1) = /(1 — ).

The probability distribution of the output s; is then given by

Pous = Y PI-P(T = Zpt f(1—7),
t=0

which is exactly v according to (6). Since P(a; = a|st) = m(a|st), we have (s,a) ~ 7. The
expected number of sample oracle calls is E[T" + 1], which is

o

1
ET+1=) t+1y'(1-79)=—.
T +1] ;(Jr)v( =1
The expected trajectory length ﬁ is also called the effective horizon. |

A.2 Critic Loss Translation

The critic loss can be translated to the mean squared error (MSE) of a regression problem.
To see this, recall the state-action value function of the form (10):

QW(Sa a) = C(Sv (I) + 1 _ IE:(s a )NV Pls,a) [C(Sla a/)] :

For any fixed a € A and k > 0, let X ~ v7* be a random Variable on S and Z = (S, A) be
another random variable with conditional distribution pz x = V ( X.a)° With this notation,
reformulating (10) gives

e(X,a)+ - 7 ~e(5,4) = QM (X,0) + ¢, (28)

where

¢= 1 j 5 (C(S, A) — E(s a)p [e(s, a’)D (29)

is a random variable. We can verify several properties of the noise term (.

Tk
P(:|X,a)

Lemma 26 The noise term C defined in (29) is a zero-mean sub-Gaussian random variable
2c?
4(Wl -7)?
Proof By our construction, the randomness of ( comes from the randomness of X and

= (S,A). When X = z is fixed, V,P( ra) 1S 8 fixed distribution, so we have

and is uncorrelated with X.

with variance prozy o2 =

v
E[(| X =z]= :EZNPZ\X [C(S, A)— ]E(S DT [e(s',a)] | X = x}
= L _ - / /
1y <E(S DT f2.,0) e, A)] E(Sﬂa/)wp'?u,a) el a )])
=0.
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Therefore, E[¢ | X] =0, E[(] = Ex[E[¢ | X]] = Ex[0] =0, ( is uncorrelated with X.
By (2) we know that given any realization of X,

N
11— 11—~
where 1 = Ez x [C(S, A)], thus ¢ is sub-Gaussian with variance proxy o2 = %. |

Note that the target values {c(sa;, @) + 125¢(s; q )}Y, in the empirical risk (15)

a,i’ a,i

are i.i.d. copies of the left-hand side of (28), and the right-hand side of (28) is a function
plus a noise term. Therefore, the ERM subproblem (16) can be viewed as |.A| independent
regression problems, each corresponding to an action a € A. It follows immediately from
the definition of the critic loss (14) that

E [Lario(wr; m)] = E B |Quy (5, @) = Q" (s, )3
~E[Ep 3 Qu(s.0) - " (.0
acA
< A maxE [Ex [|Qu,(X,a) - Q™ (X, )] ] . (30)

where the outer expectation is taken with respect to the estimated wy, which depends on
the samples used for ERM. As a result, the critic loss of @, can be upper bounded as long
as we can bound the MSE of the regression problem for every a € A. We provide statistical
results for the regression problem in Appendix G.

A.3 Actor Loss Translation

The actor loss can also be translated. We already know the exact solution to (17) is given
by g;,; defined in Theorem 3. The actor loss is thus translated into the error between the
estimated function fp, , and the ground truth function A\gi1g5, +:

E [ﬁactor(ekJrl; eka UJk)]
B _ 2
:E [ESNV:,rk H)\k-ll-lfekJrl (3, ) - Ak 1f9(87 ) + nkak (37 )HQ]
B _ 2
— [Eswgk D Nk fo (5,0) = A fo(s, @) + mikQuy (3, 0) ]
acA

A
0055 @) + N1 Qu (5. )

A
< \2 | max [E [Eswy;k fo.1(s,a) —

e+l acA

o

where the outer expectation is taken with respect to 811, which depends on the samples
used for empirical risk minimization. Once we derive an upper bound for the MSE of fy, , ,
an upper bound for the actor update loss follows immediately.
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Appendix B. Proofs in Section 3

B.1 Proof of Lemma 3
Proof For any s € S, (17) is a convex problem. Its Karush-Kuhn-Tucker condition yields

1 1
Quy (s,+) — —logmi(s,-) + —logmy i (s,-) + sl =0
Nk Nk
for some py € R, where we denote 7}, | as the solution. This means for any s € S,
Ty (als) o exp(log mi(als) — MuQuwy, (s, a)).
By definition (18), we have

log i (als) = A\, * fa, (s, a) — log Z exp()\lzlfgk(s,a')).
a’eA

Since 7 (+[s) is shift-invariant with g;_ (s, ), that is,

exp(gri1(s,0) exp(p(s)) exp(giyq(s,a) +p(s))
weA®XD(g51(5,0)) exp(p(s)  Yueaexp(ghiq(s,a’) +p(s))

Tt (als) = >

for any p(s) independent of a, choosing gy, | = )\I;Ifgk — N Qu,, suffices. |

Appendix C. Proofs for Iteration Complexity

In this section, we present the missing proofs in Section 4.1 and auxiliary lemmas for them.

C.1 Proof of Lemma 6

We first present the missing proof for Theorem 6.
Proof By Assumption 1, S is compact, thus for any policy 7’ the following inequality holds:

™ (-]s)
m(-[s)

¥ == sup
seS

< 00,

’ [e.e]

where H% exists given that 7(-|s) has full support on A. By (5), we have

I

Pl =Eoup Y w(als)P(|s,a)

acA
>Eoep Y U (als) > O]7r’(a|s):/((Z|’i))73(.|3,a)
acA
> 9 By, Z 7' (als)P(:]s, a)
acA
=97PT
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It follows immediately from induction that

Pl = Esupy Z m(als)P(-|s,a)
acA
dPy(s) 1
oo T S 01y 5, a)
PrAp; (s)aze;4

> 9~ HIPr

Therefore, by definition of the visitation distribution (6) we have v > y;rl. |

C.2 Supporting Lemmas for Iteration Complexity

We recall the performance difference lemma for the value function, which measures the
difference between value functions under different policies.

Lemma 27 (Performance difference lemma) For any pair of policies m and ' and any

state s, we have
V™ () = V7(p) = 1By (@507 Cls) = w(15)]

Proof The performance difference between 7’ and 7 is given by
V™ (p) = V™ (p)
=V™(P§) —V™(Py)
_ ! N N /
_ESN,PSJ Z (c(s,a) (7r (als) — 7r(a|s)) +’y/8 (V (s (al|s) = V™(s )77(@]5)) dP(s |s,a)>

acA

:Es~7>g' Z (c(s, a) + fy/SV”(S') dP(s]s, a)> (7r’(a|s) — 7r(a|s))

acA

+ 7Es~7>g’ Z ﬂ'(a]s)/s (V’Tl(s’) - V“(s’)) dP(s|s,a)

acA

:ESN,PS, <Q7T(57 ')a 7T,('|8) - 7T(|8)> + ’YESNPg,aNW/('ls) /S

=B, (Q7(5,),7(|s) = m([s)) + 7 (V7 (PF) = V7(PT))

(V”l(sl) - V”(s')) dP(s'|s,a)

:nytEsztﬂ’ <Q7r(5’ ~),7T/('|S) - 7T(|S)> .

t=0

The first equality uses P " = p. The second equality is from (3) and (4). The fourth equal-
ity is from the opposite direction of (4). The last two lines are from the recursion (5) and
the sequence converges because the value functions are bounded by (2). Plugging in the
definition of visitation distribution completes the proof. |
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Our NPMD algorithm uses KL divergence and softmax neural policies. In this case,
we have the following lemma that can replace the approximated state-action value function
Qu, that appeared in the inner product by the difference of log-policies.

Lemma 28 For any pair of policies m and ' and any state s, we have

1

(Quils, ) mlls) = ') = = - (l0g i pa (5, ) —log me(s, ), m(|s) = (1))
! Tt (s, ) — VR™ (s, ), m(-|s) — 7'(-|s
=~ (TP () = TR (s, ) ]s) = () )

where K™ (s) == (logw(s,-),n(-|s)) is the negative entropy of m at s and Vh™(s,-) € RHI s
the gradient taken with respect to the actions, | is the exact solution of (17).

Proof For any policies m and 7" and any state s we have (1,7(:|s) — 7’(-|s)) = 0. By using
Theorem 3 and the definition of the KL divergence, we obtain the result. |

The next lemma bounds the expected error (measured in v,

with @, by the critic loss.

or vy ") of replacing Q™

Lemma 29 Suppose Assumptions 2 and 3 hold. If w is mpy1 or m*, then for any pair of
policies ™ and 7", we have

‘Esng [(Q™(5,) — Quy(s,), 7' (-]s) — 7" (-]s))] \ < 24/Cy Leritic (Wi; T

Proof We have

Eory [(Q7(5,) = Quu (s, )7 <-|> <|s>>]1
SESNV;T‘<Q7U€ 8,) = Quy (s,7), 7' (: )>‘
SEamur Q7 (5, ) = Quy, (5, oon ) "C1s)][;
<O |Q(5,) = Qu (5, )

vy (s)

’ du 7Tk( )
Cauchy—Schwarz inequality and Assumption 3, we can replace the error measure v by vg*

where the third line is by Holder’s inequality. By Theorem 6 exists. By using

dv(s)

Esnz |Q™(s,) = Qui (8 )l =Equur (s )IIQ”k( ;) = Qui (5,9l

dv7(s) 2 o 5
ST T B T

=/ O v5) + 1) Eq e Q7 (5,) = Qui (5.
< \/Cuﬁcritic (wk; 7Tk) .

Plugging this back, we obtain the result. |
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Theorem 29 relates the expected error on the left-hand side to the critic loss (14), which
measures the difference between Q™ and @Q,,, in L2(1/;”€) norm on S and L* norm on A.
This differs from Lan (2023) where the error is completely measured in L* norm on § x A.
We note that for continuous state space S, deriving L error bound is difficult as we cannot
get samples from every state, thus the analysis in Lan (2023) does not directly apply.

The distribution change is measured in x? divergence instead of the absolute density
ratio, yielding a tighter result. Similar techniques appear in Yuan et al. (2023) and Alfano
et al. (2023), where they are applied to the joint space S x.A. As a result, their concentrability
assumptions involve state-action visitation rather than state visitation distributions as in
Assumption 3, and their errors are measured in L?(7) norm where 7 is some distribution
over S x A. We note that when considering function approximation, L?(7) norm reduces to
LZ(ygk). Indeed, since A is finite (discrete hence non-smooth), fitting a function over S x A
reduces to fitting |A| functions on S, for which LQ(V;rk) error becomes a natural measure.
This reduction would come with additional factors that complicate the analysis.

Analogous to Theorem 29, the next lemma bounds the expected error (measured in V;“

or yg*) of replacing 7 ; with 71 by the actor loss.

1

Lemma 30 Suppose Assumptions 2 and 3 hold. If m is w11 or ©*, then for any pair of
policies ™ and 7", we have

Bz [(DF, () = DI () = (D2, (5) = D3, () ]| < 20/ CoLoacton (Bh13 00y ),

Th+1 Th41

where DT, (s) == (logn(s,-) —logn'(s,-),m(:|s)) is the KL divergence between m and 7' at s.

Proof By Theorem 3 and the definition of the KL divergence, we have

(DI (s) = DI (s)) — (DE,,,(s) = DI (5))
— (log Tys1 (s, ) — log w1 (s, ), 7 (-|s) — 7(-]s))

= <Al:—i1-1f9k+1(87 ) - )‘lzl-f@k (S’ ) + nkak (37 ')7 77/('|S) - 71-”("8)> .

Similar to the proof of Theorem 29, by Holder’s inequality, we have

o [(D5:, (5) = DI (9) = (D3, (5) = DFr(9)]|
SE8~V§‘<)\JZ_~I_1f€k+1 (37 ) - /\[;1f9k (Sv ) + nkak (37 ‘)7 77,("5) - ﬂ-//('|8)>‘
S2ESNV§ HAEilfékH (37 ) - )‘Elfek (87 ) + nkak(S7 )H

By Theorem 6 and Assumption 3 and the Cauchy—Schwarz inequality we have

ESN”g H)\llelfekJrl (s,) = Ailfek (8,) 4 1 Quy. (5, )H

oo’

T - - 2
S\/(X2<V/7Jr7 vp')+1) B Mot for (5:) = A fo (5,7 + mieQu (5.0)]|
< \/Cl/ﬁactor<9k+1; eka wk)v
and the result follows immediately. |

Using the above auxiliary lemmas, we can now prove Theorem 7
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C.3 Proof of Lemma 7
Proof By Theorem 27 we have the following relations:

1

V() = V7 (p) = T B (@7 s milC}s) = (L)), (32)
VIR () < V) = 1B, e Q7 ) () - w1 (69)
Applying Theorem 29 to (32) and (33) gives

V() ~ VA (0) € 1By [(Quels, ). ma(s) — 7 (15)
(34)

+j \/chcritic (’UJk; 771{:)7

VI () = V() € B, s [(@ui (5, ), ke (15) — maC15))]

7 (35)

2
+j V Oy Lexitic Wk T
Applying Theorems 28 and 30 to (34), we have the following:
Eovr (Quy(s,), m(+]s) — 7 (-[5))]

1 -
= — — * g ) — Tk . . — (.
B (ThTE(s,) = VA (s,), me(ls) = 7*(]s) )|
1 .
_ N g X Tk
=~ Eey D ()= D (s) = Dt (s)]
1 T T Tk 2
< - %ESNV;;* Dm+1( s) — Drrk( s) — DwkH( )} + %\/Cvﬁactor(gk+13 O, wr), (36)

where the second equality uses the three-point identity of KL-divergence. Similarly, applying
Theorems 28 and 30 to (35), we get

E R [<ka( )y g1 (|s) — mr(+]s))]

1 - - 2
<—E Tkt |:_D7]':+1< ) D7k ( ):| + ﬁ\/cuﬁactor(elwrl;ekawk)'

s~V Tk+1
Mk P +

Note that —DzF™*(s) — D™ (s) < 0. Hence by Assumption 2 we get

Tk+1

Mas [<ka( ) Teg1(-|s) — m(+]s))]

1 dv,* 1 (s) /o x 2
S - — s = S iy —_ v&actor s Uk,

nkESNVP [ dl/g* (8) (D ( )+D7Tk+1( )>:| + Nk \/C L t (9k+1 ka wk)

1 x - 2
dy”* ESNV;;* |:D k+l( )+ D’]TZ+1( )] + %\/CI/EaCtOI‘(Gk—‘rI;Gk)wk)

Mk d"'ikﬂ
< 1g . (DI (s) + DR, (9)] + 2/ Lo Ot Op w00) (37)
— Nk s~vf Tk Th+1 M viactor\Vk+1, Yk, Wk )-
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We first multiply (34) by 1 -+, = ,le and sum it up with (35), and then apply (36) and
(37). Rearranging terms gives us

1 *
Tk+4+1 _ * . e
VI (R) = V() + s B DR ()]

1
m SNI/;]T*
2(2 —

(1(_7;/:;2 \/Cuﬁactor(ekJrl; O, wk)

<7 (V™ (p) = V*(p)) +

2(2 =) » .
(1 — 7) \/Cyﬁcntlc(wky 7Tk> +

<7 (Vﬂk (p) = V*(p) + wEswg* [D;;(S)D
4y/C,
T

D71 (5) = DR ()]

_l’_

1
( Lcritic (wk; 7Tk) + % \/Lactor(9k+1§ Qk, wk)) s

where the last inequality is obtained by dropping some non-positive terms. |

C.4 Proof of Theorem 8

Proof For k =0, we have V™ (p) — V*(p) < % from (2). Since 6y = 0, we have fy,(s,a)
be constant for any s and a, thus D7, (s) = log | Al.

By Theorem 7 and concavity of the square root function, taking the expectation with

respect to the samples Eg and El,g conditioned on previous samples yields

E[V™+1(p) = V*(p)]

. 1 -
<E(V™41(p) = V*(p) + T rmy B D7)

B (VT () V() + B [DT L (9)])

(1 - V)Kunk
E,vzr [D5(5)])

1

<7 (V™ (o) = V*(p) + T e

Cy
+ (ZiC) (\/E [ﬁcritic ('wk§ Fk)] + 771]€\/E [ﬁactor(ngrl; 9k7 wk)]>
<Yp (V”k (p) —V*(p) + WESNVZ;* [D;r,: (S)D + 8(1/?;)) ];+1.

Dividing both sides by 7];“, telescoping from 0 to k and rearranging terms, we obtain

E[V™4 (p) = V*(p)] 31_07 (1 +log | 4)) +8V/C(k + 1)),

where the expectation is taken with respect to all samples from zeroth to k-th iteration.
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Let Cy = 14log |A|, C2 = 8y/C,,. For any € > 0, it suffices to choose k = [a (logg + loglog %)]

2 .
70((}”021) , since
(1_’Y) log s

witha= —1— and b=
log%

C
E[V™(p) = V*(p)] < (C1+ Ca)kv - T~
< (C1 4 Cy)a (log g + log log g) C
Zlog ? 1—7
2(C1 + C’g)alogg Ce

1—~

|
SH

= €.

In view of logx > 1 — %, we obtain

2C(Cy + Cy) 20(C1 + Cy)
k§10g1< 1log< 1>>+1
7w \ (1 —~)elog o (1 —~)elog %
20(01 —i—Cg) 20(01 +CQ)
(o)) +

5 (logl (0 (\/@+1og|A|)>> |

o\ (L= =7p)e

<log1

Vp

where O(-) hides the logarithm terms. [ |

Appendix D. Proofs for Sample Complexity

In this section, we provide missing proofs for Theorems 22 and 23. The proofs are based on
the statistical recovery result (Theorem 46) for CNN in Appendix G.

D.1 Proof of Theorem 22

Proof From (2) and Theorem 13 we know Q7 (-, a) is
on S for all a € A. From (30) in Appendix A.2 we have

1(j,y—bounded and (Lq, «)-Lipschitz

E [Leritic(wg; m1)] < | A Icflgf\(E {Eswgk\ka(S,a) — Q™ (s,a)*],

Thus to ensure E[Ecritic(wk; ﬂ'kﬂ < szz(kﬂ), it suffices to use a sample size N such that
for all a € A,
0272('1?4‘1)

Bz B, e |Quy (5,0) — Q™ (s, a)]? < (38)

- A
We set the following for Wy, = WLip(%, Lg, o, eq):
M =O(N#=), L=0(logN + D +log D), J=0(D), I €[2,D], Ry =O(1),

log Ry = O(log? N + Dlog N), eq = (L3 + (I%P)D%N—Tm,
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where O(-) hides some constant depending on log Lq, log %, d, a, w, B, and the surface
area Area(S). Then by Theorem 26 in Appendix A.2 and Theorem 46 in Appendix G, the
following bound on the regression error holds:

EukEswu k ’ka (57 (1) - QTFk (87 a)|2

_ C? _ 20
SC/ <(LQ =+ 1)2W =+ O'2> N 2a+d logG N, (39)
where EQ is defined as in (24), 0% = 4(71235)2 < 4(1(’127)2 is the variance proxy derived in

Theorem 26 and C’ is a constant depending on D%, log Lg, log %, d, o, w, B, and the

6
surface area Area(S). In particular, the dependence on D2e+d is linear.

d
: — (11003 1) at?2 _ I k
By choosing N = (; log” }) where § = \/4096((EQ+1)2+i)C'\A\(g+2)6(1 YV, w

have

(£ +2)log (108" §))°
(S%IOg61

( (4log1)
5—210g 5

(1— 7)Y

T (Tg+ 1%+ HonAr

N~ 2% 1ogb N =

|

Plugging the result into (39), we obtain (38). In particular, the dependence of N on D is
O(D535%%) = O(D?)
Denoting C5 = \/4096((EQ +1)2 4+ H)C|A|(L +2) = O(y/]A]), we have the sample

dig /o 4y
size N = O ( (k+1)) “ =0 1%3'%7(“1) . When Assumptions 2 and 3 hold,

we know from Theorem &8 that the total iteration number K satisfies

-K _ 5 (C(\/@—HogLAD)
— ( )

1’yp

Te 1= 7)1 — )

Plugging K into our choice of N yields the result. |

D.2 Proof of Theorem 23

Proof By (31), it suffices to specify the architecture F and restrictions so that for all a € A
and all £ < K,
) 0272(k+1)
EEk]ESNV;"k ‘f@k+1 (87a) - ’Ypfﬁk (S,(I) + ka (Saa){ S ‘pT (40)

By Theorem 19, our choice of Nk, Ak, Wy and Oy, ensures that A\ 195, (-, a a) =,f0, (-, a) —

L c
Quy (-, a) is (7% ’?Y ,Q, 1 — € )-approximately Lipschitz and is uniformly bounded by =)=
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We set the following for the underlying CNN architecture F and the restricted parameter
spaces Wy, and O:

M =O(N#2), L=0(logN + D +logD), J =0(D), I €[2,D], R = O(1),

log Ry = O(log2 N+ DlogN), eg = (LQ + )2)D2a+dN 2a+d

(1-

where O(-) hides some constant depending on log Lq, log %, d, o, w, B, and the surface
area Area(S). Then by Theorem 26 in Appendix A.2 and Theorem 46 in Appendix G, the
following bound on the regression error holds:

]E._k]ESNV ‘f9k+1 (8 CL) ’Ypfek (87 CL) + ka (87 a’)‘
C?(Lg +1)?

(1 =7)*(1—7)?

where LQ is defined as in (24) and C” is a constant depending on Data , log L, log IL d,

a, w, B, and the surface area Area(S).

d
We let N = (% log? %) ot With § = m(l - _%)’Yﬁﬂ_l where C" is some

2

<C’

N~ma logh N, (41)

constant depending on C’ and L¢ so that the right-hand side of (41) becomes CT,

then we have (40) satisfied. Denoting Cy = {/C”|A|(£ +2)6 = O(y/|A]), we can write

£42
N=0 (uvfm*y;([(ﬂ)) “ . Similar to Theorem 22, the hidden dependence on D is

cubic.
For € > 0, the total iteration number K satisfies

K:5<C(\/C7',,+log|¢4|)>.

g (1 =71 —p)e

Plugging K into our choice of N yields the result. |

Appendix E. Approximation Theory for CNN

In this section, we introduce the approximation theory for CNN. We first consider the case
when target function fo = Q7(-,a) is (L, «)-Lipschitz for any a € A (Theorem 16), and
then proceed to the case when fy is a general (Ly, o, €f)-approximately Lipschitz function
(Theorem 20). Theorem 21 follows immediately from Theorem 20.

Let us define a class of single-block CNNs in the form of

f(z) =W - Convyy p(P(z)) (42)

FSCNN(L J.I,Ry, Ry) ={f | f(z) in the form (42) with L layers; the filter size
is bounded by I; the number of channels is bounded by J;
maXHW H \/HB HOO < Ry, W] <R2}. (43)
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We will use this class of single-block CNNs as the building blocks of our final CNN approx-
imation for the ground truth Lipschitz function.

E.1 Proof of Theorem 16 Overview

Theorem 16 establishes the relation between network architecture and approximation error
for fo = Q™. We prove Theorem 16 for (L, «)-Lipschitz fy in the following steps:

Step 1: Decompose fy as a sum of locally supported functions over the manifold.
Since manifold S is assumed compact (Assumption 1), we can cover it with a finite set of
D-dimensional open Euclidean balls {Bs(c;) iczsl, where ¢; denotes the center of the i-th
ball and 3 is the radius. We choose 3 < ¢ and define U; = Bg(c;) N'S. Note that each U;
is diffeomorphic to an open subset of R? (Niyogi et al., 2008, Lemma 5.4). Moreover, the

set {UZ-}Z-CZS1 forms an open cover for S. There exists a carefully designed open cover with

cardinality Cs < [A%Z(S)Td—‘ , where Area(S) denotes the surface area of S and Ty denotes

the thickness of U;’s, that is, the average number of U;’s that contain a given point on S. It
has been shown that Ty = O(dlogd) (Conway and Sloane, 1988).
Moreover, for each U;, we can define a linear transformation

oi(z) = aiViT(x —c;) + by, (44)

where a; € (0,1] is a scaling factor and b; € R is the translation vector, both of which are
chosen to ensure ¢(U;) C [0,1]¢, and the columns of V; € RP*4 form an orthonormal basis
for the tangent space Tc,(S) at c;. Overall, the atlas {(¢;, Ui)}?:sl transforms each local
neighborhood on the manifold to a d-dimensional cube.

Thus, we can decompose fy using this atlas as

Cs
Jo= Zfi7 with  f; = fo X pi, (45)
i—1

because there exists such a C'° partition of unity {p; iC:sl with supp(p;) C U; (Liu et al.,

2021, Proposition 1). Since each f; is only supported on a subset of U;, we can further write

Cs
fo=> [(fiod; ") odi] x Ly, (46)

=1

where 1y, is the indicator function of Uj;.
Lastly, we extend f; o d)l._l to the entire cube [0, 1]d with 0:

2 {ﬁo@J@% x € supp(f; 0 ¢; 1), )

filz) = _
' 0, z € [0,1]%\ supp(fi o ¢;1).
By Theorem 33 in Appendix E.5, f; is a Lipschitz function with Lipschitz constant at most

Li = Ci(Ls + || fol ), where C; is a constant depending on «,w, ¢; and p;. This extended
function will be approximated with first-order B-splines in the next step.
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Step 2: Approximate each local function with first-order B-splines. Since each
local function f; is Lipschitz on d-dimensional unit cube, a weighted sum of first-order B-
splines can approximate it. The number of splines depends exponentially on the intrinsic
dimension d, rather than the ambient dimension D. To be more precise, we partition the
unit cube into N = 2P small cubes with side lengths 277, where p € N is positive. We
denote J(p) = {0,1,...,2P — 1}d as a vector index set. The first-order B-spline M, ; with
shift vector j € J(p) is defined as

,’:]&

V(2P — i), (48)
k=1
where ¥: [0,2] — R is a sawtooth function:
x, 0<z <1,
Px)=q2—2, 1<z<2,
0, otherwise.

Each B-spline M), ; is supported on the small cube B; = {x € RY | g, < ap < jp +2, Vk €
[d]}. Then by Theorem 34, there exists a function f; in the form

fi= Y ciiMy,,
jed(p)
such that
|7 - 7| <2nian—r (49)
oo
By (46) and (49), we now have a sum of first-order B-splines
- CS . Cs
FeoSheoltn =3 ¥ atyes | xtn, 50
=1 =1 \jeJ(p)

which can approximate the target Lipschitz function fy with error
|7 0| =2Csd_max cilLy+ folloo) N2/, (51)
00 i=1,...,.Cs

Step 3: Approximate each first-order B-spline with a composition of CNNs. We
now turn to approximate fdeﬁned in (50) with a composition of CNNs. We first approximate
some building blocks with single-block CNNs defined as in (43) and then ensemble them
together. The building blocks include the multiplication operator x, chart mappings {gbz-}f:sl,
indicator functions {1y, }Z 1, and first-order B-splines {Mp ;}jc.(p)-

The multiplication operator x can be approximated by a single-block CNN X with at
most 7 error in the L* sense (Theorem 37), which needs O(log %) layers and 6 channels.
All weight parameters are bounded by (0(2) V 1), where ¢q is the uniform upper bound of the
input functions to be multiplied.
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The chart mapping ¢;, according to (44), is a linear transformation. Thus, it can be
expressed with a single-layer perceptron $i, which can be equivalently expressed by a CNN.

The indicator function 1y, is equal to 1 if d?(z) = ||z — cng < % and equal to 0
otherwise. By this definition, we can write 1y, as a composition of a univariate indicator
Lo 52) and the distance function d?:

1y, (z) = Lo gy 0 d7 (). (52)

Given 6 € (0,1) and A > 8DB?0, it turns out that 1,52 and d? can be approximated with
two single-block CNNs 14 and d respectively (Theorem 38) such that

’ & —d2|| <4B2De (53)
and
1, if v € Uj,d?(z) < 82 —
iAod?-(a:) =<0, if x ¢ U;,

between 0 and 1, otherwise.

The architecture and size of 1 and d? are characterized in Theorem 38 as functions of
and A. -

The first-order B-spline M), ; can be approximated by a single-block CNN M, ; up to
arbitrarily chosen €; error (Theorem 35). We can find a proper €; a set of single-block CNNs
{fij}jer(p) such that the error matches (49):

Yo RN <2LidNT (54)

JjeJ(p) 00

The architecture and size of fiSJCNN are characterized in Theorem 36 as functions of V.

Putting the above results tbgether, we can develop a composition of single-block CNNs,
which can be further expressed by a single-block CNN (Theorem 39):

g =% Z iy ™o i Iaods |. (55)
jeJ(p

Details are provided in Appendix E.2.

Step 4: Express the sum of CNN compositions with a CNN. Finally, we can
assemble everything into f as

Cs
F=> ", (56)
=1

which serves as an approximation of fy. By choosing the appropriate network size in Theo-
rem 31, we can ensure that

|7 %] < colzs+Ifollc)vor
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for some constant ¢y depending on d, o, w, B, and the surface area Area(S).

By Theorem 40, for M J > 0, we can write this sum of Cg single-block CNNs as a sum
of M single-block CNNs with the same architecture, whose channel number upper bound J
depends on J. This allows Theorem 16 to be more flexible with network architecture. By
Theorem 42, this sum of M single-block CNNs can be further expressed as one CNN in the
CNN class (13). Finally, N (or equivalently, p) will be chosen appropriately as a function
of network architecture parameters, and the approximation theory of CNN is proven by
plugging in fo = Q", Ly = Lg in Theorem 13.

In the following, we provide the proof details for Theorem 16.

E.2 Proof of Theorem 16

Proof We start from the decomposition of the approximation error of f, which is based on
the decomposition of the approximation error of gSCNN (55).

Lemma 31 Let n > 0 be the approximation error of the multiplication operator ;<\(-, ) as
defined in Step 3 of Appendiz E.1 and Theorem 37, A and 0 be defined as in Step 8 of
Appendiz E.1 and Theorem 38. Assume N = 2P is chosen according to Theorem 36. For

any i =1,...,Cs, we have H]/‘\— foH < Zicfl(Ai,l + Ao+ Ai3) with
o0

Ay = |G — [ DD FINo g | x (Taodd)| <n,
j€J(p) 00
A= D FPNog; | x Maod?) — fix (Taod?)| <4LidN—/4
J€J(p) 00
C'(m+1)
Aig = ||fi x (Qaod]) = fix Ly | < gm—rs
’ (o) = fixtu <575,

for some constant C" depending on p; and ¢;. Furthermore, for any € € (0,1), setting

: — —a/d
n=_ max LN~ A = LidB(1 — B/w)N b A

= 57
..Cs i=1...Cs C/(T(' -+ 1) ’ 16B2D ( )

yields
|F-5l| < cmesLs+oll)dn—i,

where C" is a constant depending on «, p; and ¢;. The choice in (57) satisfies the condition
A > 8B2D0# in Theorem 38.

Proof of Theorem 31 As in Theorem 37, A; 1 measures the approximation error from X:

Aig = ||g7 N — Z J?S'CNN o | x (Tac C/iZQ) <.

J€J(p) 00
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The term A; 2 measures the error from CNN approximation of local Lipschitz functions.
As in Theorem 36, A; 5 < 4L;dN~%/<.

The term A; 3 measures the error from the CNN approximation of the chart determina-
tion function. The bound of A; 3 can be derived using Theorem 38 and the proof of Lemma
4 in (Chen et al., 2022), since f; is a Lipschitz function on [0, 1]¢.

Finally, by Theorem 33, we have L; = O(L¢ + || f||,), and the proof is complete. [ |

In order to attain the error desired in Theorem 31, we need each network in (55) with
appropriate size. The network size of the components can be analyzed as follows:

° iz The chart determination network iz = C/Z? ) iA is the composition of (/1? and
Ta. By Theorem 38, c/i? is a single-block CNN with O(log% + D) = O(glogN +
D +1log D) layers and 6D channels; 1, is a single-block CNN with O(log (3%/A)) =
O(4 log N) layers and 2 channels. In both subnetworks, all parameters are bounded by
O(1). By Theorem 39, the chart determination network 1, isa single-block CNN with
O(§1log N + D + log D) layers, 6D + 2 channels and all weight parameters bounded
by O(1).

e X: By Theorem 37, the multiplication network is a single-block CNN with O(log %) =

}’ECNN

O(§ log N) layers and O(1) channels. By construction of f;; and 1A, all weight

parameters are bounded by (|| f[|%, V 1).

° (/f)\z The projection ¢; is a linear mapping, so it can be expressed with a single-layer
perceptron. By Lemma 8 in Liu et al. (2021), this single-layer perceptron can be
expressed with a single-block CNN with D + 2 layers and width d. All parameters are
of order O(1).

° ﬁ%jCNN: By Theorem 36, each fiSJCNN is a single-block CNN with O(log V) layers and
80d channels. All weight parameters are in the order of O(NN é) Moreover, the sum
]/”;SCNN = ZjEJ(p) fiSJCNN can be realized by a single-block CNN with O(log N) layers

and O(d) channels by Theorem 40, and the parameters are still in the order of O(N 5)

Next, we show that the composition X (f?CNN o ai, Tao El?) can be expressed as a single-
block CNN. By Theorem 39, there exists a single-block CNN g¢; with O(log N 4+ D) layers and
O(d) channels realizing fiSCNNoggi. All parameters in g; are in the order of O(IN é) Moreover,
recall that the chart determination network 1; is a single-block CNN with O(log N + D +
log D) layers and 6D + 2 channels, whose parameters are of O(1). By Lemma 14 in Liu
et al. (2021), one can construct a convolutional block, denoted by g;, such that

i (gi(@)+  (gi(2)= (Li(2))+ @"(”“’))‘] (58)

gl(w) - * * * *

Here g; j has O(d+ D) = O(D) channels. Since the input of x is [%} , by Lemma 15 in Liu

)

et al. (2021), there exists a CNN ¢; which takes (58) as the input and outputs Q(g,,iz)
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Since g; only contains convolutional layers, the compos1t10n Ji © §i, denoted by gSCNN

is a single-block CNN and for any z € S, gP""N(z) = (};SCNN o qﬁi( ), Ia 0 cj?(:c)) We
have gieNN ¢ FSCNN([, T I, R, R) with

= O(log N + D +1log D), J =O(D), R=O(N1),

and I can be any integer in [2, D]. Therefore, we have shown that gSCNN

CNN that expresses the composition (55), as we desired.

is a single-block

Furthermore, recall that f can be written as a sum of CsN such single-block CNNs. By
Theorem 40, for any M and J satisfying MJ = O(CsND), M < CgN, J = O(D), there
exists a CNN architecture FSONN(L J I, R, R) that gives rise to a set of single-block CNNs

{Gi}M, c FSONN(L, J. I, R, R) with

o
=> 3 (59)
=1
and
L=0(ogN + D +1logD), J=0(D), R=O(N4).

By Theorem 41, we slightly adjust the CNN architecture by re-balancing the weight pa-
rameters of the convolutional blocks and that of the final fully connected layer. In particular,
we rescale all parameters in convolutional layers of g; to be no larger than 1. This procedure
preserves the approximation power of the CNN while reducing the covering number (see

Appendix F) of the CNN class. We set A = J/Nia (SID)M%, where ¢’ is a constant such that
R < ¢ Ni. With this A, we have f; € FSCNN(L, J. T, Ry, Ry) with

L=0(ogN +D+1logD), J=0(D), R = O((8ID)'M 1) = O(1),
log Ry = O(log M + log? N + Dlog N) (60)
such that g; = ﬁ
Finally, we prove that it suffices to use one CNN to realize the sum of single-block CNNs

n (59). By Theorem 42, there exists a CNN that can express the sum of M single-block
CNNs with architecture F(M, L, J, I, R1, Rg), where

M =O(M), L=0(logN + D +1log D), J=0(DJ),
Ry = O((8ID)"'M 1) = O(1), log Ry = O(log M + log? N + Dlog N).
Here, M and J satisfy MJ = O(CsN) (note that J has changed to be the factor after D),

which is a requirement inherited from Theorem 40. Changing M and J to eliminate the
factors in front of Theorem 31 gives our final approximation f of fo:

|7~ s < @s + 1ol BT
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where the network has parameters

M = O(M), L =0(log(MJ)+ D +logD), J=0(D.J),
Ry = O((8ID)"'M~1) = O(1), log Ry = O(log M + log? (M.J) + Dlog (M.J)),
where O hides some constant depending on log Ly, log || fol|,,, d, @, w, B, and the sur-

face area Area(S). In particular, the hidden constant is bounded by O((C” ng)g) <

O((%)%) < exp(O(d?)). By (2) and Theorem 13, we have Ly = Lo = %EQ

and [ foll,, = %, which completes the proof of Theorem 16. |

E.3 Proof of Lemma 13

Proof Let us recall a useful characterization for total variation distance between probability

measures [, ¥ on any measurable space X':
[rau- [ sav
X X
2(1—9)

f(s) = — VT(s)—1.

By (2) we have —1 < f(s) <1 for any s € S. In view of (4), (61) and that M is (Lp, L.)-
Lipschitz, we have

1
drv(p,v) =5  sup : (61)

24 a1

Define

|Q7(s,a) — Q™(s',a)| < |c(s,a) — c(s',a)| + ’y’/g VT(s")d(P(s"|s,a) — P(s"\s',a))‘

_CS(I_CS,CL L S” S/ISCZ— S//S,a/
= [efs.0) = )|+ 5 | [ AP ) - P 0)|

/ ¢ /
< le(s,a) — (s, a)| + WdTV(P("Saa)ap(‘|8 ,a))

< L d%(s,s') + ¢

T ,pr -d3(s, s')

= Lo - d%(s,s").

The first line is from (4) and the triangle inequality. The second line is from the definition
of f and that P(:|s,a) is a distribution. The third line is from (61), and the fourth line is
from the Lipschitz assumption. |

E.4 Proof of Theorem 20

Proof We first show in Theorem 32 that for any approximately Lipschitz function fy, there
exists a Lipschitz ‘reference function” that is not far from fy in the L™ sense and has the
same Lipschitz constant.
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Lemma 32 Suppose Assumption 1 holds. If a function fo: & — R is (LLa, €)-approzimately
Lipschitz, then there exists an (L, «)-Lipschitz function fo such that HfOHOO < || follo and

| fo — foll, < 2e.

oo

Proof of Theorem 32 Define an envelope function fr(x) = infyes {fo(y) + L - d$(y,x)}.
It follows immediately from the (L, o, €)-approximate Lipschitzness of f that for any x € S,

fu(x) < fo(z) + L - ds(z,x) = fol(x),
fulz) = inf {fo(w) = L-ds(y,z) = 2¢+ L - d3(y, 2)} = folz) = 2,

hence || fr — follo < 2e. Furthermore, for any z,y € S,

fr(x) — fuly) = inf {fo(2) + L-ds(z,2)} - inf {fo(2) + L -ds(z,9)}

= inf {fo(2) + L - dg(z,2)} + Sup {=/fo(z) = L-d5(z9)}

zeS | #'€S
< sup {fO(Z) +L- dg’(z>x) - f()(Z) - L- dg'(zay)}

z€S

< Slelg {L ' (d3(27y) + dS(yaw))a —L- d%(zay)}

< Sug {L ’ (dg{(z?y) + dg(yvm)) -L- dg(zay)}
FAS
< Ldg(ﬂf,y)

= sup { inf {fo(z') + L - dg(z',m)} — fo(z) — L~ d%(z,y)}

The first inequality is from that inf,cs{fo(2) + L-d%(2',2)} < fo(z) + L - d3(z,z) for
any z € §. The second inequality is from the triangle inequality of ds(-,-) and the third
inequality is from the subadditivity of h(xz) = x® when z > 0 and « € (0, 1]. Similarly we
have fr(y) — fr(x) < L -d%(y, ) and hence fr, is L-Lipschitz. By truncating the negative
part of fr by —| foll.,, we obtain fo such that

Fole) = {fL<as>, fe(2) 2 = folloo:
=l follser  fr(z) < =[lfoll-

We can easily verify that fo is L-Lipschitz, fOHOO < foll5, and Hfo — foHOO < 2e. [ |

By Theorem 32, there exists an (L, «)-Lipschitz function fq such that Hfg”oo < folls
and

1Fo = foll = 2¢5.

Therefore, similar to Theorem 16, for any integers I € [2, D], M , J > 0,

M =O(M), L=0(log(MJ)+ D +logD), J=0(DJ),

log Ry = O(log?(M.J) + Dlog (MJ)), Ry = (8ID)"'M 1 = O(1),

47



Xu, J1, CHEN, WANG AND ZHAO

there exists a CNN f € F(M, L, J, 1, Ry, Rs) such that

1 = folloo < |1 = Follo + [[Fo = foll o < Ly + [ folloo) (M)~ + 2¢;.

where O(-) hides a constant depending on log Ly, log || fol| o, d; o, w, B, and the surface
area Area(S).

The rest of the proof is to show that f is uniformly bounded by || fo||,, and is (Ly, o, €5)-
approximately Lipschitz with € = (L + HfoHoo)(]\?j)_%. To show the uniform upper
bound, we can apply a truncation layer to the components of fso that every output will
not exceed the range [—|follo, || folls)- This can be realized by adding a two-layer ReLU
network g: R — R,

9(x) = ReLU(2]| foll ., = ReLU([[folloo = #)) = [l foll -

By Theorem 1 in Oono and Suzuki (2019), such a ReLLU network can be expressed by a
CNN g with constant parameters. By Theorem 39, applying this CNN to the output of f
results in a new CNN with the same order of size. In this case, we simply replace f with
this new CNN. By Theorem 32, ‘?OHOO < |l follo, so the truncation layer would not affect
the approximation error, and we complete the proof for the uniform upper bound.

By Theorem 18, we conclude that f is (L¢,,€f)-approximately Lipschitz with € =

(Lg + |l foll o) (M) -

E.5 Supporting Lemmas for CNN Approximation

In this section, we provide some auxiliary lemmas for CNN approximation. Theorem 33
shows that each local function f; defined in (47) is Lipschitz on the low-dimensional Eu-
clidean unit cube [0,1]%. The Lipschitz constant L; is controlled by the L> norm and the
Lipschitz constant of the original function Ly

Lemma 33 Let f; be defined as in (47). Then each function f; is uniformly bounded by
| fllo and is (Li, )-Lipschitz on [0,1]% with L; = O(Ls + || f|l.,), where O(-) hides some
constant depending on a,w, ¢; and p;.

Proof We only need to show the Lipschitz continuity on the support of f; oqbl._l. Otherwise,
the Lipschitz condition holds trivially since f; o gf);l is bounded and extended to the whole
unit cube with 0.

Suppose x,y € supp(f; o qﬁi_l) are two points in the support, then there exist u,v €
supp(p;) C U; such that u = qbl-_l(a:), v = ¢i_1(y). By definition of the chart (U;, ¢;), we have
lu =], <28 < % and that

0V (u— )

w
e

o=l = | >

since a; < 1 and Vj is orthonormal. According to Proposition 6.3 in Niyogi et al. (2008), the
geodesic distance between u and v is upper bounded by the Euclidean distance in R? up to

a constant factor:
M —
ds(u,v) <w —wi/1— 2w = vlly <2lju — ||,
w
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By Lemma 2 in Chen et al. (2022), ¢; is a diffeomorphism as long as the Euclidean ball

w

radius satisfies 8 < 4. By our construction, § < %, thus ¢; 1 is differentiable with its

Jacobian bounded. Therefore, there exists a constant L; ; such that

Li; = sup HVQS )Hop < 400.
z€[0,1]4

where V¢; !(2) is the Jacobian of ¢; ! at z and ||-|| op denotes the operator norm. Also notice
that p; is C°°, thus we conclude that there exist another constant L; > such that

Lig= sup [[V(pio¢;")(2), < +o0.
z€[0,1]¢

Combine the results together, we have

|fio oy (x) = fio ¢y ' (y)]

=[fi(u) — fi(v)]

=[f(w)pi(u) — f(v)pi(v)|

<|f(u)pi(u) — f(w)pi(v)| + [f(w)pi(v) — f(v)pi(v)]

<N fllso|pi 0 &7 (2) = pio &7 ()| + £ (w) — f(v)]
Ul sup || V(piod; ) (@)l —ylly + Ly - d§(u, v)

2€[0,1]4

w\ 1—a o oo o
<l () Lia- o = ylls + L2218, - o =yl
<Cillfle + L)l = yll3

where C; = max(2%L¢, (%)17QL7;’2) is a constant depending on «,w, ¢; and p;. Denote
Li = Ci(|| fllo + Ly), we conclude that f; o ¢; ' is (L;, a)-Lipschitz. [ |

Theorem 34 further shows that Lipschitz functions on the unit cube [0, 1] can be arbi-
trarily approximated by first-order B-splines. The approximation error is O(N —a/ dy,

Lemma 34 Let f be an (L, q)-Lipschitz function on the unit cube [0,1]% and take nonzero

value only in the interior of the cube. For anyp € N,p>1, N = 2P there exists a function
fn in the form

f~N: Z CjM

JEJ(p)

such that
-] <o
where maxc y(p) ¢ = || fllo
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Proof For any p € N, p > 1, the index set J(p) = {0,1,...,2P — 2} as defined in Step 2
of Appendix E.1. We denote G(p) = {27y | y € N4, 0 < gy < 2P, Vk € [d]} as the set of all
grid points. Let

fn = Z cjMp,;,
jeJ(p)
where ¢; = f(27P(j1 +1),...,27P(jg+ 1)) for all j € J(p). By definition of the first-order
B-spline and that f takes nonzero value only in the interior of the cube, we have fN(az) =0
if 2j, € {0,1} for some k € [d] and thus fy(z) = f(z) for all z € G(p). Moreover, fy is a
coordinate-wise (L, «)-Lipschitz linear function.
For any point z € [0, 1]%, there exists a grid point y € G(p) such that ||z — y|| , <27P~L.
Define a sequence of points {y(t)}fzo as

() {ykv k < t7
Y =
i, k>t.

We have y(© = z and y(9 = y. We can move the point z to y by changing one coordinate
at a time following the sequence {y®}. Thus we have

In@) = fly) + fy) - flx) + (fzv(y(t)) — fN(y(t“))) ‘

t

U
—_

Fu(@) = f@)] =

I
=)

a d—1 _ N
(§)|f(y) — f(z)|+ Z ‘fN(y(t)) _ fN(y(t—H)))
=0

[0}

() PR t) . (t+1)
<Lz - yll5 +L2Hy —y
t=0

(321_(p+1)aLd,

where (a) uses fx(y) = f(y) and the triangle inequality, (b) uses the Lipschitz continuity,
and (c) is from the upper bound for norms. Since x is arbitrarily chosen from the unit cube,
we have

fiv- o] <o

Plugging in N = 2P yields the result. ]

Theorem 35 is a special case of Lemma 10 in Liu et al. (2021) for first-order splines
(first-order cardinal B-splines). It shows that a single-block CNN can approximate each
first-order B-spline to arbitrary accuracy.

Proposition 35 (Liu et al. (2021, Lemma 10)) Let p € N and j € N%. There exists
a constant C depending only on d such that for any € € (0,1) and any 2 < I < d, there
exists a single-block CNN M, ; € FSONN(L, J, I, R, R) with L = 3+ 2[logy(£&-) + 5] [logs d],
J =80d and R =4V 2P that satisfies

—

HMPJ - Mp,j <

> €,

Le=([0,1]4)
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and M, j(z) = 0 for all z ¢ By = {x € RY | 27Pj, <z, < 27P(jr +2)}.
As a result, we show in Theorem 36 that CNNs can approximate local functions.

Proposition 36 Let f; be deﬁned as in (47). For N = 2P% and any 2 < I < D, there exists
a set of single-block CNNs { f; CNN}]EJ(I;) such that

Z fSCNN fz < 4LidN7a/d.
jeJ(p) L(]0,1]%)

Each single-block CNN f7; FSONN s i FSONN(L J I, R, R) with

L=0(ogN), J=80d, R=O(Ni),
where O(-) hides some constant depending on d and c.

Proof By Theorem 34 and the (L;, a)-Lipschitzness of fi, for p>1, N = 2P there exists
a function f; in the form
Z cijMp,;

J€J(p)
such that
< 2L;dN~%/1,

By Theorem 35, there exists a collection of single-block CNNs {Mp,j}je J(p) that approxi-
mates the first-order B-splines {M), ;} ;¢ 7y Suppose Hﬁp’j — Mp’jHL < ¢ forall j € J(p)

F-7

and some €; € (0,1), we have

S iy~ T < 1TW)||Fi]loer +2LidN o7
j€J(p) .
< NLjey 4 2L;dN~/4,

where the second inequality is from Hleoo = [[fll.o < L; in Theorem 33. By letting

€1 = 2dN_d+Ta, we obtain

> cijM,; — fil| < A4LdN—°/?,
jeJ(p) 00

According to Theorem 35, for any j € J(p), the single-block CNN Mpd’ € FSCNN(L, JI,R,R)
with

d+a10 3d+aN
d 282 790d

L:3+2{ [logy d], J = 80d,

9<I<d R=4VNi.
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By letting J?iS’J-CNN = ci,jl\/jp,j we prove the proposition. |

The rest is to show that the multiplication operator and the indicator function can be
approximated by CNNs. Theorem 37 shows that CNN can approximate the multiplication
of scalars.

Proposition 37 Let x be the scalar multiplication operator. For anyn € (0,1), there exists
a single-block CNN X such that

Ha X b— Q(a,b)”oo <n,

where a,b are functions uniformly bounded by co. The approzimated single-block CNN X is
in FSCNN(L, J, I, R, R) with L = O(log %) + D layers, J = 24 channels and any filter size I
such that 2 < I < D. All parameters are bounded by R = (c2 V 1). Furthermore, the weight
matriz in the fully connected layer of X has nonzero entries only in the first row.

Proof By Proposition 3 in Yarotsky (2017), there exists a feed-forward ReLU network that
can approximate the multiplication operator between values with magnitude bounded by
cp with 7 error. Such a feed-forward network has O(log %) layers, each layer has its width
bounded by 6, and all parameters are bounded by c%. Therefore, such a feed-forward neural
network is sufficient to approximate x with 7 error in L°°-norm, since the function a, b are
uniformly bounded by c¢g.

Furthermore, by Lemma 8 in Liu et al. (2021), we can express the aforementioned feed-
forward network with a single-block CNN in fSCNN(L, J,I, R, R), where L, J, I, R are spec-
ified in the statement of the proposition. |

The indicator function 1y, can be written as the composition of the indicator function
of the closed interval [0, 3?] and the squared Euclidean distance function d;: S — R to the
ball center c;:

]lUi (m) = ]1[0”32] o dz(m), (62)

where d;(z) = ||z — ¢;||3. As Theorem 38 shows, these components can be approximated by
CNN .

Proposition 38 (Liu et al. (2021, Lemma 9)) Let d; and 1 g2) be defined as in (62).

For any 6 € (0,1) and A > 8B%D0, there exists a single-block CNN c@ approrimating d;
such that

and a single-block CNN Ia approzimating 1o g2) with

~

d; — d;

< 4B?D¢,
o0

1, if © < (1—27%)(8% - 4B2D9),
Ta(z) =<0, if © > B? — 4B%D4,
2F((B% —4B%DO) "'z — 1),  otherwise,
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for x € 8. The single-block CNN for d; has O(log(1/6) + D) layers, 6D channels and all
weight parameters are bounded by 4B2. The single-block CNN 1 has ﬂog(,@’z/Aﬂ layers,
2 channels and all weight parameters are bounded by max (2, ‘52 - 4BQD9‘).

As a result, for any xz € S, Tao c/l\l(:p) gwes an approzimation of 1y, satisfying

1, if v € U; and d;(z) < B2 — A,
Taodi(z) =10, ifx ¢ U,

between 0 and 1,  otherwise.

E.6 Supporting Lemmas for CNN Architecture

In this section, we introduce several lemmas for (single-block) CNN architecture. Theorem 39
states that the composition of two single-block CNNs can be expressed as one single-block
CNN with augmented architecture.

Lemma 39 (Liu et al. (2021, Lemma 13)) Let F; = FSNN(Ly, Jy, I1, Ry, R1) be a CNN
architecture from RP — R and Fy = ]:SCNN(LQ, J2, 12, Ra, Ro) be a CNN architecture from
R — R. Assume the weight matriz in the fully connected layer of F1 and F2 has nonzero en-
tries only in the first row. Then there exists a CNN architecture F3 = FSNN(L, J, I, R, R)
from RP — R with

L=1Li+ Lo, J:maX(Jl,J2>, I:max(Il,Iz), R:max(Rl,Rg)

such that for any fi € F1 and fy € Fa, there exists f € F3 such that f(z) = fa o fi(x).
Furthermore, the weight matrix in the fully connected layer of F3 has nonzero entries only
in the first row.

Theorem 40 states that the sum of ng single-block CNNs with the same architecture can
be expressed as the sum of n; single-block CNNs with modified width.

Lemma 40 (Liu et al. (2022, Lemma 7)) Let {f;};°, be a set of single-block CNNs with
architecture ]-'SCNN(~L0,J0,IO,R0,R0). For any integers n and J satisfying 1 < n < ng,

nJ = O(noJo) and J > Jy, there exists an architecture FS°NN(L, J I, R, R) that gives a set
of single-block CNNs {g;}~, such that

> gi@) =) fila).
=1 =1

Such an architecture has

L=0(Ly), J=0(J), I =1y, R=Ry.
Furthermore, the fully connected layer of f has nonzero elements only in the first row.

Theorem 41 implies that one can slightly adjust the CNN architecture by re-balancing the
weight parameter boundary of the convolutional blocks and that of the final fully connected
layer. While re-balancing the weight would not affect the approximation power of the CNN,
it will change the covering number of the CNN class, which is conducive to a different
variance.

53



Xu, J1, CHEN, WANG AND ZHAO

Lemma 41 (Liu et al. (2021, Lemma 16)) Let A > 1. For any g € FS°NN(L, J, I, Ry, Ry),

there exists f € FSCNN(L, J, I, \" Ry, A\ Ry) such that g(z) = f(x).

Finally, we prove Theorem 42, which states that the sum of single-block CNNs can be
realized by a CNN of the form (13).

Lemma 42 Let FSONN(L J I, Ry, Ry) be any CNN architecture from RP — R. Assume the
weight matriz in the fully connected layer of FSCNN(L, J, I, Ry, Ry) has nonzero entries only
in the first row. For any positive integer M, there exists a CNN architecture F(M, L, J +
4,1,Ry, Ro(1V RTY)) such that for any {fi(x) M o c FSCNN(L J I, Ry, Ry), there exists
f e F(M,L,J+4,1 Rl,RQ(l\/Rl )) with

3
I

I
1=
™

Proof Denote the architecture of fm with
fm(x) = Wy, - Convyy,, 5,,(x),

where W, = {W Q }l 1 Bm = {B }l 1. Furthermore, denote the weight matrix and bias
in the fully connected 1ayer of f with W b and the set of filters and biases in the m-th block
of f with W and Bm respectively. The padding layer Pin f pads the input = from R” to
RP*4 with zeros. Each column denotes a channel.

Let us first show that for each m, there exists some Conves

Wi, Bm
that for any Z € RP>*4 with the form

Z=(x)+ ()= * |, (63)

where (z)4 means applying (- V 0) to every entry of z and (z)_ means applying —(- A 0) to
every entry of x, so all entries in Z are non-negative. We have

B (fm(@)V0) = (fm(2) A O)
00 * %
Convwmﬁm (Z2) = : | iy (64)

- RP*4 5 RP*4 gych

* *

where x’s denotes entries that do not affect this result and may take any different value.
For any m, the first layer of f,, takes input in R”. Thus, the filters in W}ﬁ) are in RP.
Again, we pad these filters with zeros to get filters in R?*4 and construct Wq(nl) such that
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where we use the fact that W) « ()4 — W « ()= = W & 2. The first four output
channels at the end of this first layer are copies of Z. For the filters in later layers of f,
and all biases, we simply set

Wi =[er 0 0 0 0] forl=2,...,L,
(W\’Igl))Q,:, =[0 e 0 0 0] forl=2,...,L,
(Wg))&:,::[o 0 e 0 --- 0] fori=2,...,L —1,
WD)y..=[0 0 0 e 0] for | =2,...,L—1,
W as0:= [0 0 0 0 W] forl=2,...,L—1,
(B =0 0 0 o (B8Y),.] forl=1,...,0—1.

In Convys; 5, an additional convolutional layer is constructed to realize the fully connected

layer in f,;,. By our assumption, only the first row of W), is nonzero. Furthermore, we set
B

=0 and V/\Zﬁ as size-one filters with three output channels in the form of
W) =[0 0 e 0 B(Wu),],
(W,r(r{/))éh:’: = |:0 0 0 e] _%(Wm)l,:] .

Under such choices, (64) is proved, and all parameters in Wm, Em are bounded by R;.
By composing all convolutional blocks, we have

(COHVW]VI»E]W) 0---0 (COHVVA\A,Z%) o P(x)

s (fm VO) =L (fn AO)
* *

* *

Lastly, the fully connected layer can be set as

— 0 0 B2 _R27
W = B 3 b=0.
[0 0 O 0 } ’

Note that the weights in the fully connected layer are bounded by Ra(1V Rfl).
The above construction gives
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Appendix F. CNN Class Covering Number

In this section, we prove a bound on the covering number of the convolutional neural net-
work class used in Algorithm 1. The supporting lemmas and their proofs are provided in
Appendix F.1

Lemma 43 Given § > 0, the §-covering number of the CNN class F(M, L, J, I, Ri, R2)
satisfies

N8, F(M, L, J,T, Ry, Ba), |) < (2(Ry v Ra)Aio ™)™,
where
A= (M +3)JD(AV R)(AV R)ppT, Ap = ML(J* T +J)+JD +1

with p = pM, pT =14+ MLp*,p = (JIR))" and p* = (1 v JIRy)".
With a network architecture as stated in Theorems 16 and 20, we have

~ ~~ 1
lOgN(67 ]:(M7 L, Ja Ia Rl, RZ)’ HHoo) =0 (MJ2D3 10g5(MJ) log 5> )
where O(-) hides a constant depending on d, o, w, B, and the surface area Area(S).

To show Theorem 43, we first prove a supporting lemma (Theorem 45) that relates the
distance in the function space of CNNs (in the L™ sense) to the distance in the parameter
space. In this way, we transform the covering of the CNN class into the covering of the
parameter space, which is simpler to deal with. We then give a proof of Theorem 43 in
Appendix F.2.

F.1 Supporting Lemmas for Lemma 43

Theorem 44 below provides an upper bound on the L°°-norm of a series of convolutional
neural network blocks in terms of its architecture parameters, e.g. number of layers, number
of channels, etc.

Let Jg) be the number of channels in i-th layer of the m-th block, and let I,(,fb) be the
filter size of i-th layer in the m-th block. We define Q; ;) as

Qji,j)(x) = (Convw, 5;) o - - o (Convyy, 5,) ().

Proposition 44 Form =1,2,--- ,M and x € [-1,1]7, we have
J .
[Qua@. < v Ry [TTT]261¢ 1G+ZMHWJ>wm)
=1

j=1i=1
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Proof
Qi ()]
= [|Convw,, B, (Qpm-—11(2)) |
m Lm
< H T VI R Quum—y(@)[| o + RaLin [TV ISV IS Ry)
; =1
LG Ll . .
< ||P(x OOHHJ(Z V1 Ry +R12Lkn vy Vry I [T V17 R
Jj=1li=1 i=1 l=j+1:i=1
mn Ll . .
< Ha;||OOHHJZ V1 Ry +R1ZLkH v Ry IT [TV R
Jj=1li=1 = l=j+11i=1

<(1VR) (HHW Ur 1) <1+ZLkH (1vJ" >1£i)R1)),
=1

j=1li=1

where the first two inequalities are obtained by applying Proposition 9 from Oono and Suzuki
(2019) recursively. [ |

Theorem 45 quantifies the sensitivity of a CNN with respect to small changes in its
weight parameters. This will be used to create a discrete covering for the CNN class.

Lemma 45 Let € > 0. For any f,f € F(M,L,J, 1, Ry, Rs) such that |[W —W'|_ <
/! /
e, b=V, <e€ Wl —wl < € and HB(Z) —BY H < € for all m and l, where

(W, b,{{(Wﬁi),B,(,?)}lL:’”i _1) and (W' o', {{(W 7(,? ,BY) )} M_.Y are the parameters of f
and [’ respectively, we have
15 =l = Mie,
where A1 is defined in Theorem 43.
Proof For any z € [-1,1]"
[f(@) = f'(@)]
\W@Q (x) +b - W' Q'(z) — V|
(W =W ®Q(x) +b—b + W ® (Qz) - Q'(x))]
(W =W ®Q(x) +b—V + W ® (Qx) — Conv,, 5, (Q'(2)) + Convyy,, 5, (Q'(z)) - Q'(2))|

M
(W — W') ®Q(x)+b— b+ Z W'® Q[m+1,M} o (Convwm,gm — COHVW;,L,B;L) o Q/[O,m—l]

m=1

<|(W = W) ® Q:6) +b— V| + Z W' @ Qg 1,011 © (Conv,, 5, — Conviv, ) © Qlo |

S
~
<

a ' . . M Ly . .
< (3+M)JD(1V R)(1V Re) | [TTT7S V1 R (1 +>S L JJav J,ﬁz‘”f,?)Rl)> €,
j=14=1 j
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where (a) is obtained through the following reasoning.
The first term in (a) can be bounded as

(W =W @Q(x)+b—1V|
< (HWH0+ W]l HW— W|| Q@) + 1o =] .
< 2JDe||Q ()] o +
< 3JDe| Q)]

M L]' ' ) M Ly ) )
< 3JDmax{1, R} | [T[] 7 "1 R, <1 +> L[ J,§’1>I,§’)R1)> ¢

Jj=1li=1 k=1 =1

where the first inequality uses Proposition 8 from Oono and Suzuki (2019) and the last
inequality is obtained by invoking Theorem 44.
For the second term in (a), it is true that for any m = 1,--- | M, we have

’W' ® Qpm1,Mm] © (Convwm,Bm — COHVW,’,L,B;,L) o Q’[Lmil]‘

(b)
< HW’HORQHQ[m_i_LM} o (COHVWW,Bm — COHVW;WBLR) o Ql[l,mfl} HOO

L.
ior, [ T T[7019R: | (Conviy,, s, = Convivy, 5,.) © Qfr |
j=m+1i=1

@ KIS, (i—1) 7 (3)

< JDRy [ [ T[79 V19R,: (HJ O R | Q| )
j=m41i=1

©

M L] . . L’NL . .
<JDR: | [] [/ V1R, <H Jg%f)z'g)Rl)

j=m+1i=1 i=1

(1V Ry) Hl_][JJ(Z ) <1+ZLkH LV 1)I(l)Rl)>

j=1l:i=1 =1

< JDR, HHJle(Z ] (v Ry) <1+ZLkH vy ’)R1)>

j=1l=1

where (b) is by Proposition 7 from Oono and Suzuki (2019), (c) is by Proposition 2 and 4
from Oono and Suzuki (2019), (d) is by Proposition 2 and 5 from Oono and Suzuki (2019),
and (e) is obtained by invoking Theorem 44. [ |

F.2 Proof of Lemma 43

Proof We grid the range of each parameter into subsets with width Al_lé, so there
are at most 2(R; V RQ)A16_1 different subsets for each parameter. In total, there are

(2(R1 VRQ)A15_1)A2 bins in the grid. For any f,f" € F(M,L,J, I, Ry, Ry) within the
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same grid, by Theorem 45, we have ||f — f'||, < d. We can construct an e-covering with

cardinality (2(R1 \% Rg)Ald_l)A2 by selecting one neural network from each bin in the grid.
Taking log and plugging in the network architecture parameters in Theorems 16 and 20,
we have

log N (6, F(M, L, J,I, Ri, R2), |||l o) = O (Aslog ((R1 V Ro) A167 1))
<0 <MDD2j2 log (Mj) logQ(Mj) logQ(Mj) log 2)
=0 <Mj2D310g5(Mj) log 2) ,

where the inequality is due to Ag = Q(M DD?J?log (]\7 J)). By plugging in the choice
of Ry with sufficiently small integer J, we have p = (1/2)!M~1 < M~! and thus p <
(14+ M~1Y)M < e. Moreover, we have p* =1+ ML. |

Appendix G. Statistical Result of CNN Approximation

In this section, we derive the statistical estimation error for using a CNN empirical risk min-
imizer to estimate an approximately Lipschitz ground truth function over an i.i.d. dataset.
We need to choose the appropriate CNN architecture and size in order to balance the approx-
imation error from Theorem 20 and the variance. This statistical estimation error can be
decomposed into the error of using CNN to approximate the target function (Theorem 20),
terms that grow with the covering number of our CNN class, and the error of using the
discrete covering to approximate our CNN class.

Lemma 46 Suppose Assumption 1 holds, fo: S — R is a bounded (Ly, v, € t)-approzimately
Lipschitz function. We are given samples Zn = {z;, yz}f\il where x;’s are i.1.d. sampled from
a distribution Dy on S and y; = fo(zi) + (. (s are i.i.d. sub-Gaussian random noise with

3a e
variance proxy o> and are uncorrelated with z;’s. If €p = pD2+d N " 2a+d for some constant
p=O(Ls+|foll) and the estimator

N 1 X
fn = argmin > (flai) =)’

feFo i=1

is computed with neural network function class Fo = Frip(A, Lo, o, €9) such that

M =O(N#%), L=0(ogN + D +logD),J =O(D), T €[2,D], A=|lfol.
Ry = O(1), logRy = O(log? N + DlogN), Lo =Ly, e = D3ta N 7rd,

then we have
E=y [/ (J?N(x) — fo(x))2 dDm(:c)] <co((Ly+ A)? + Uz)NTiid logb N,
S
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where ¢g is some constant depending on D%, log Ly, log|folls, d, o, w, B, and the
surface area Area(S). O(-) hides some constant depending on log Ly, log|| foll,, d, o, w,
B, and the surface area Area(S).

First, note that the nonparametric regression error can be decomposed into two terms:

B2 | [ (7o)~ o)) 4.0

— Lo 7 2
==y | ;(fN(ﬂfi) = fo(zi))
T
N 2 1M
+Ezy | [ (Foto)— o) aD.(w)] ~ 282, | &3 (il — ole)?|.
S i=1

-~

T

where 17 reflects the squared bias of using CNN to approximate fy, and 15 is the variance
term.

G.1 Supporting Lemmas for Lemma 46

We introduce two supporting lemmas from Chen et al. (2022) that show upper bounds for
T7 and 75 in terms of the approximation error and covering number.

Lemma 47 (Chen et al. (2022, Lemma 5)) Fiz the neural network class Fiip(A, Lo, o, €).
For any constant 6 € (0,2A), we have

T, <4 inf /S (F(2) — folw))? dDa(x)

FEFLip(A,Lo,v,e0)
10gN<5, FLip(A7 L07 «, 60)7 HHOO) + 2
N

+ (8\/6\/10g/\/‘(5’ FLip(A) L(),OZ,EO), ”Hoo) + 2 + 8) 0_5’

+ 48052

N

where N'(8, Frip(A, Lo, o, €0), |||l ) denotes the 6-covering number of Fiip(A, Lo, o, €9) with
respect to the L norm, that is, there exists a discretization of the class Fiip(A, Lo, @, €o)
with N'(8, Frip(A, Lo, o, €0), |||l o) distinct elements such that for any f € F, there is a f in
the discretization satisfying Hf — fHoo <4.

Lemma 48 (Chen et al. (2022, Lemma 6)) Fiz the neural network class Fiip(A, Lo, o, €).
For any constant § € (0,2A), we have

104 A2
3N

1 <

1
logN(5/4A,]-"Lip(A, Ly, a, 50)7 ”HOO) 4 <4 + 2A> 5.

With Theorems 47 and 48, we can immediately prove Theorem 46.
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G.2 Proof of Lemma 46

Proof Applying Theorems 47 and 48 to the bias and variance decomposition, we derive

ey | [ (v - o)) apato)| <4, it ()~ o) am (o

Je€FLip(A,Lo,a,e0)
552108 N (6 FLip(A, Lo, 0, €0), | lc) +2

+4 N
1 i A,L s & > |1 2
+8\/6\/0gN(5,pr( j\(]).aq)) || Hoo)+ od
10442
+ 3N 10gN(5/4A,FLip(A7 LO’avEO)v ||Hoo)
1
+(4+2A+8> 5. (65)

By Theorem 20, if we set MJ = e~ and choose M,L,J, I, Ry, Rs, A such that
M =0(e %), L=0(og(e &)+ D+logD),J =0(D), I €[2,D],
Ry =0(1), log Ry = O(log?(¢#) + Dlog (")), A= ||foll.c.
for some € € (0,1), then there exists an f € Frip(A, Ly, o, €) such that
I = folloo < (Lf + A)e + 2¢;.
Since Frip(A, Ly, a,€) € F(M,L,J, I, Ry, Ry), we have
M (6, Frip(A, Ly, ), ||l oo) < M (6, F(M, L, J, I, Ry, Ra), ||| ) »

where M denotes the packing number. Combining the relation between covering and packing
numbers that NV (§, F) < M(6,F) < N(§/2,F), we have

N(57 FLip(AaLﬂaae)? HHOO) < N(5/27‘F(M7 L,J I, R17R2)7 HHoo) .

By Theorem 43, we have

log N (&', F(M, L, J, I, Ry, Ry) = O 5

=0 (e_gD3 log‘r’(e_g)log (;) .

~ —~ 1
M J?*D?log?®(M.J)log )

Plugging the results back in (65), we get

Bz, | [ (Fvl) - o) amato)

. A2 2 1
< o<((Lf b At 22+ O e_gD3log5(e_g)logS
d d
~aD3log®(¢"w)log & 2
Jr\/6 Og]\ge )Og%5+aa+?v). (66)
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Finally we choose € to satisfy €2 = D3N_1efg, which gives € = D%N_%M. It suffices
to pick § = 3. Since €5 = ,LLD%N_ﬁ with u = O(Ls + || foll o), we have T} = O(T3),
that is, the bias term is dominated by the variance term. Therefore, by substituting both e
and ¢ in (66), we get the estimation error bound

Ez, [/S (fN(x) - fo(x))2 de(a:)] < co((Ly + A)? + 02)N 2% logf N,

where ¢ is a constant depending on D2a+d log L I log | follo> d; @, w, B, and the surface

area Area(S). In particular, the dependence on D= is hnear [ ]

Appendix H. Experiment Details

In this section, we provide more details of the experiment in Section 5.

H.1 Environment

We use a visualized CartPole environment built upon the original version in Barto et al.
(1983). The original CartPole environment has 4-dimensional state space Sy = [—4.8,4.8] x
R x [-0.418,0.418] x R where the coordinates correspond to the cart position, cart ve-
locity, pole angle and pole angular velocity respectively. The initial distribution p =
Unif([—0.05,0.05]*). We use the renderer implemented in OpenAI Gym (Brockman et al.,
2016) to generate images of different resolutions. Since the internal state contains velocity
information that cannot be captured by one image, we use the differences between time-
consecutive images to form the state space S.

The environment terminates when current state s ¢ So := [—2.4, 2.4] x Rx[—0.209, 0.209] x
R or the episode is greater than 200. The reward (negative cost) is 1 before termination and
becomes 0 after termination. We normalize the cost function ¢ so that C' =1 —~

H.2 Parameters

We choose step size 7 and temperature A\ specified in Theorem 24. Note that after nor-
malizing the cost function, 7 and )\, depend solely on v,, and the actor update of NPMD
becomes

f9k+1 < ’Ypfgk - kau

thus the only parameter we need to tune is the (estimation of) shifted discount factor. In
our implementation, we assume k, = ﬁ as if p = vy and set 7, = 7. Accordingly, we

—(k+1)

choose the step size ng = v and temperature A\, = v* for the k-th iteration.
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