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Abstract

We study here a Gaussian mixture model (GMM) with rare events data. In this case, the
commonly used Expectation-Maximization (EM) algorithm exhibits extremely slow nu-
merical convergence rate. To theoretically understand this phenomenon, we formulate the
numerical convergence problem of the EM algorithm with rare events data as a problem
about a contraction operator. Theoretical analysis reveals that the spectral radius of the
contraction operator in this case could be arbitrarily close to 1 asymptotically. This theo-
retical finding explains the empirical slow numerical convergence of the EM algorithm with
rare events data. To overcome this challenge, a Mixed EM (MEM) algorithm is developed,
which utilizes the information provided by partially labeled data. As compared with the
standard EM algorithm, the key feature of the MEM algorithm is that it requires addi-
tionally labeled data. We find that MEM algorithm significantly improves the numerical
convergence rate as compared with the standard EM algorithm. The finite sample perfor-
mance of the proposed method is illustrated by both simulation studies and a real-world
dataset of Swedish traffic signs.

Keywords: Rare Events Data, Gaussian Mixture Model, Expectation-Maximum Algo-
rithm, Partial Labeled Data, Unsupervised Learning

1. Introduction

In this study, we investigate a problem related to the analysis of rare events data. Rare
events data are defined as a type of data with a binary response (Y € R!) and feature
vector (X € RP). Furthermore, we require that the probability of the response belonging
to one particular class (e.g., Y = 1) is extremely small. For convenience, we refer to this
class (i.e., the class with Y = 1) as the minor class, representing rare events, and the
other class (i.e., the class with Y = 0) as the major class, representing non-rare events. To
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theoretically model the phenomenon of rare events, we adopt the idea proposed by Wang
(2020) and assume that the response probability for the minor class shrinks towards 0 as
the sample size diverges to infinity. Note that the rare event studied here is not an extreme
value event. In this work, a rare event refers to a random event generated by a binary
distribution, where the response probability for one particular class is extremely small.
Note that the binary distribution is a discrete distribution. In contrast, an extreme value
event is typically referred to a random event generated by one particular type of extreme
value distribution (e.g., Pareto distribution), which is often a continuous distribution (Kotz
and Nadarajah, 2000).

Rare events data are commonly encountered in practical scenarios. For example, con-
sider an online banking system that generates large volumes of daily transaction records.
Each transaction record can be treated as a sample and classified into two classes based on
whether it is related to fraud or not. Naturally, the probability of a transaction record being
a fraud is extremely low, making fraud records rare events (KRI, 2010; Sanz et al., 2015).
Another example involves computed tomography (CT) scans in medical imaging studies
(Gu et al., 2019; Polat, 2022). The objective here is to identify specific disease regions
within high-resolution CT images. A common approach is to treat each pixel as a sam-
ple (Heimann et al., 2009; Mansoor et al., 2015). Subsequently, positive samples represent
pixels associated with disease, while negative samples represent pixels unrelated to disease.
Often, the proportion of disease-related pixels (i.e., positive samples) is extremely small,
thus classifying them as rare events. Other examples of rare events related data include
drug discovery (Amaro et al., 2018; Korkmaz, 2020), data leakage prevention (Sigholm and
Raciti, 2012), and intrusion detection in the cybersecurity scenario (Bagui and Li, 2021).
For a comprehensive summary, we refer to Chandola et al. (2009) and Pimentel et al. (2014).

The statistical analysis of rare events data differs significantly from that of regular data.
First, rare events are rare and thus contain more valuable information than non-rare events.
For example, in a standard logistic regression model, Wang (2020) discovered that the sta-
tistical efficiency of the maximum likelihood estimator (MLE) is predominantly influenced
by the sample size of rare events. In contrast, the sample size of non-rare events plays
a considerably less significant role. Consequently, direct implementation of the standard
maximum likelihood estimation results in unnecessarily high computational costs and ad-
ditional storage requirements, particularly for datasets with massive sizes. In this regard,
various undersampling methods have been developed to reduce unnecessary computation
(Nguyen et al., 2012; Wang, 2020; Wang et al., 2021). These methods are not limited to lo-
gistic regression and have been applied to decision trees (Lin et al., 2017; Pozo et al., 2021),
support vector machine (Tang et al., 2009; Bao et al., 2016) and many others (Spelmen and
Porkodi, 2018; Hoyos-Osorio et al., 2021). Distributed computation methods with similar
objectives have also been developed by Lemnaru et al. (2012); Duan et al. (2020) and Shen
et al. (2021).

Despite significant progress in the literature on rare events data analysis, existing meth-
ods often share a common limitation: the requirement for fully labeled datasets. This
implies that the binary response Y for each sample must be accurately observed and can-
not be latent or missing. Consequently, a statistical learning model can be constructed to
relate the binary response Y to the feature vector X. However, this is not always feasible
in practical applications. In fact, for many real-world applications, the collection of the
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feature vector X is automated using well-designed hardware and software, resulting in rel-
atively low data collection costs. On the other hand, obtaining the response Y often relies
on human effort and is considerably more expensive. For instance, in the case of obtaining
a nodule mask for a lung CT image, it usually involves hiring two or more experienced
radiologists to manually annotate the nodule location in a two-stage process (Setio et al.,
2017). This makes the problem of unsupervised and semi-supervised learning a problem of
great importance.

As our first attempt, we investigate one of the most commonly used unsupervised learn-
ing methods, the Gaussian mixture model (GMM). The GMM is a model of fundamental
importance that has been extensively studied in the literature (Boldea and Magnus, 2009;
McLachlan et al., 2019). The Expectation-Maximization (EM) algorithm is commonly em-
ployed for GMM estimation (Wu, 1983; Xu and Jordan, 1996), and its theoretical properties
have been extensively examined. Specifically, Dempster et al. (1977) first introduced the
general form of the EM algorithm and demonstrated that the likelihood value does not de-
crease with each iteration. Wu (1983) rigorously proved that the estimator obtained by the
EM algorithm numerically converges to the MLE under appropriate regularity conditions.
Xu and Jordan (1996) investigated the numerical convergence rate of the EM algorithm
for GMM and established an interesting relationship between the EM algorithm and gra-
dient ascent methods. They showed that the conditional number of the EM algorithm is
always smaller than that of the gradient ascent algorithm, suggesting that the numerical
convergence speed of the EM algorithm is not worse. Xu et al. (2016) and Daskalakis et al.
(2017) conducted a global analysis of the EM algorithm for the mixture of two Gaussians
from random initialization. However, all these theoretical results were obtained under the
assumption of non-rare events data. In contrast, it has been widely observed that the stan-
dard EM algorithm exhibits painfully slow convergence rates for GMM with rare events.
This intriguing phenomenon remains unexplained by existing theories. Naim and Gildea
(2012) have provided simulation-based arguments, but no rigorously asymptotic theory has
been developed in this regard. The aim of this study is to fill this important theoretical
gap.

To address this problem, we formulate the EM algorithm for the GMM with rare events
as an iterative algorithm governed by a contraction operator. The convergence rate of this
algorithm is predominantly determined by the spectral radius of the contraction operator.
Our theoretical studies reveal that, as the percentage of the rare events approaches 0, the
spectral radius of the contraction operator could be arbitrarily close to 1 asymptotically,
causing the numerical convergence of the EM algorithm extremely slow. Our simulation
studies also confirm that the spectral radius of the contraction operator approaches 1 as
the response probability tends to 0. This indicates that the numerical convergence rate
of the standard EM algorithm can be extremely slow for a GMM with rare events. To
overcome this challenge, it becomes necessary to obtain a subsample of data with accurately
observed labels. By doing so, we aim to significantly enhance the numerical convergence
properties of the EM algorithm. Consequently, we propose a Mixed EM (MEM) algorithm
and meticulously examine its numerical convergence properties. Our findings demonstrate
that the numerical convergence properties of the EM algorithm can be improved when the
percentage of labeled data is carefully selected. Extensive simulation studies are presented
in this paper to demonstrate the numerical convergence properties of these two algorithms.



L1, ZHOU AND WANG

In summary, we aim to make the following contributions to the existing literature. First,
we theoretically prove that the numerical convergence rate of the standard EM algorithm
can be extremely slow for a GMM with rare events. Second, to fix the problem, an MEM
algorithm is developed by using a partially labeled dataset. We theoretically prove that the
numerical convergence rate of this algorithm can be much faster than that of the standard
EM algorithm. These theoretical findings are further verified by extensive numerical studies.
The technical details are given in our Appendix A.1-A.2, which is heavily involved but
fairly standard. The remainder of this paper is organized as follows. Section 2 introduces
the model setting for unsupervised learning and the numerical convergence analysis of the
standard EM algorithm. Section 3 presents the model settings of semi-supervised learning
and a numerical convergence analysis of the MEM algorithm. Numerical studies are given
in Section 4. Moreover, the application of the proposed methods is then illustrated using
the Swedish Traffic Signs dataset. Finally, the article concludes with a brief discussion in
Section 5. All technical details are provided in the Appendices.

2. Unsupervised Learning

2.1 Problem Setup

Assume a total of N observations are indexed by 1 < ¢ < N. The ith observation is denoted
as X; € RP, which is a p-dimensional random vector. To model the random behavior
of X;, a GMM is considered (McLachlan and Basford, 1988; Boldea and Magnus, 2009;
McNicholas, 2016). Specifically, we assume a latent binary random variable Y; € {0,1} with
P(Y; = 1) = « for some response probability 0 < a < 1. Next, we assume that X; follows
a normal distribution with mean o = (po,;) € RP and covariance ¥y = (00,j,5,) € RP*P if
Y; = 0. Otherwise, we assume another normal distribution for X; with mean pu; = (u15) €
RP and covariance X1 = (01,,5,) € RP*P. Suppose A = (A4;j) € RP*P be an arbitrary
square matrix of p x p dimensions. Then, we define vec(A) = (4;; : 1 < 4,5 < p) € RP”.
Moreover, if A is a symmetric matrix in the sense that A;; = Aj; for 1 < i < j < p, we
define the half-vec operator vech(A) = (A;; : 1 < i < j < p) € RPPTD/2 (Boldea and
Magnus, 2009). In this case, there should exist a unique matrix D € RP**P(P+1)/2 guch
that Dvech(A) = vec(A). We then refer to D as a duplication matrix. See Magnus (1988),
Boldea and Magnus (2009), and Magnus and Neudecker (2019) for further details. We
write 0 = (o, i , vech(Z9) T, 1] ,vech(21) )T € RY as our interested parameter vector with
q = p*+3p+1. Then, the probability density function of the GMM can be written as fy(z) =
0y 5 (%) + (1 = Q)0 (), Where @y s(w) = (125)) V2 exp{—(w — u) =1 (& — u)/2}
is the probability density function of a multivariate normal distribution with mean p € RP
and covariance ¥ € RP*P (McLachlan and Basford, 1988).

For a classical GMM, we should have a € (0,1) as a fixed parameter in the sense that it
does not vanish as the sample size increases. Under this setup, we should have the expected
sample size ratio E(N1)/N = a - 0 as N — oo, where N = Zf\il Y;. Unfortunately, this
classical setup is inappropriate for applications involving rare events. In this case, one of
the two latent classes (e.g., the class with ¥; = 1) is considered as the minor class with
a mixing probability & — 0 as N — oo, and the other latent class (e.g., the class with
Y; = 0) is considered as the major class with a mixing probability 1 —a — 1 as N — oo.
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Consequently, the sample size associated with the minor class (e.g., N1) is significantly
smaller than that of the major class (e.g., No = N — Nj) in the sense that Ni/N —, 0 as
N — oo. It is worthwhile mentioning that o cannot be excessively small either. Otherwise,
the sample size of the minor latent class (i.e., N1) might shrink towards 0. Consequently,
the parameters associated with the minor class (i.e., u; and ¥1) cannot be consistently
estimated even if class label Y;s are given. In this case, no meaningful asymptotic theory
can be established. For the sake of asymptotic theory development, we do need to assume
that E(Ny) — oo as N — co. This further requires that Nao — oo as N — oo. Therefore,
throughout the remainder of this article, we always assume that (1) @« — 0 and (2) Na — oo
as N — oo; see Wang (2020), Wang et al. (2021) and Li et al. (2023) for further discussion.
These two assumptions are called the rare events assumptions.

2.2 The EM Algorithm

Next, we consider how to compute the MLE for the GMM. The log-likelihood function is
given as follows

N
= log fo(X0). (1)
=1

Subsequently, we can obtain the MLE as 6 = (@, g » vech(29) T, iy, vech(£1)T)T = argmax,
L(0). To compute the MLE, a classical EM algorithm can be used (Dempster et al., 1977;
Biernacki et al., 2003). In the past literature, a standard EM algorithm was often motivated
by the method of complete log-likelihood, where the latent class label Y;s are pretended to
be known. In this study, we present another interesting perspective, where the EM algo-
rithm is inspired by the gradient condition of the log-likelihood function without knowing
the latent class labels.

Specifically, define £(6) = (La(0), L, (0) 7, Lxy(0)T, L, (0)7, Lx,(0)T)T € RY, where
Lo(0) = 0L(0)/0a € R, L, (0) = IL(H )/Ou € RP and Ly, (0) = dL(0)/dvech(Zy) €
RP(PHD/2 with k € {0,1}. Recall that f denotes the MLE. Consequently, we should
have a gradient condition as £(9) = 0. This suggests a set of estimation equations
as 4 = Fal0), fix = = Fp, (0 0) and vech(3)) = fzk(é\) with £ € {0,1}. Here F(0) =
(Fa(0), Fuo(0) T, Fsy (0) T, Fuy (0) T, Fs, (0) )T € RY is a mapping function, where

N N
fa(ﬁ)zN_lszR, Fuo (6 {Z l—m}
3 =1

(1 — Wi)Xi S Rp,

Mz

N a 4 - T (p+1)
Fs,(0) = {Z(l — 7rz)} Z (1 — m)vech{ (Xl- — ,ug) (XZ- - ,u0> } € R%,
i=1 i=1 N § N
Fu(0) = (Y m) mei € RP, 2)
i=1 ;
Fe, () = (Z ) Zmech{< i) (X - ul)T} e RZF2,
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and m; = P(Y; = 1|1X;) = fo(X;) tad,, v, (X;) is the posterior probability. An iterative
algorithm can then be developed accordingly.
Let 000 = (@(0),;7(()0)T vech(X (0)) ,ugo)T, vech(ig )) )T € RY be the initial estima-

tor. Let 01) = (&(t),ﬁ(()t) ,vech(E(())) ,ugt)—r, vech(ig)) )T € R? be the estimator ob-
tained in the tth step. Subsequently, we obtain the (¢ 4+ 1)th step estimator gl+1) —

(a(t+1)7A(t+1)T ve h(i(t—H))T, ﬁ§t+1)T Vech(§§t+1))T)T € RY as at+) = F, (H(t)) (H‘l)

F (g(t)) and Vech(E(t+1)) = ]-"Ek@(t)) with k£ € {0,1}. The aforementioned steps Should
be 1terat1vely executed until convergence By the time of convergence, we obtain the MLE
as 0 = (@, g I vech(20)T e vech(2£1)T)T € R As one can see, this is an algorithm
fully implied by the gradient condition. Another possible way to develop an algorithm
is the complete-data likelihood method, where the latent class labels Y;s are assumed to
be known(Dempster et al., 1977; Wu, 1983). This leads to a set of maximum likelihood
estimators for the interested parameters with analytical formula. This constitutes the max-
imization step. Once a set of estimators are obtained for the interested parameters, the
posterior probabilities of the latent class label can be analytically derived. This constitutes
the expectation step. Both the maximization and expectation steps lead to a standard
EM algorithm, as to be demonstrated in the first part of Appendix A.3. We find that this
standard EM algorithm is exactly the same as the above algorithm inspired by the gradient
condition (Dempster et al., 1977; Wu, 1983).

2.3 Numerical Convergence Analysis

To investigate the numerical convergence property, the key issue is to study the difference
between  and §1+D. Subsequently, the EM algorithm can be simply written as plt+1) —
.7-'(9( )) by (2). If 0] converges numerically to 9 as t — oo, we should have § = ]-_(5)
Consequently, we have 0+ — § = F(W) — F(6). Define F;(0) as the jth element of
the mapping function F(f). We then have F;(0®) — F;(8) = ]:'j(gj(-t))(g(t) — 6), where
5](;) = n](t)a(t) + (1 (t))g € R? and 0 < n(t) < 1 (Feng et al., 2013). We define F(0) =
(:73&(9) j:uo( )1, Fey (6 ) Fu, (6 ) ,Fx, (0) )T € R7*? as the contraction operator, where
Fl0) = DF0(0)/00 = (Fra(0), Fopn(0)  Foy (0)T Fags (007, Fus (0)7)T € Y, Py () =
a]:#k(e)/ae—r = ( #ka( ) #k#o( ) ].,—/szo(e) ‘Fﬂkm(e)v ].:U'kzl(e)) € RP*?, and ]:Ek(e) =
8‘F2k( )/agT (}—Eka(e) ‘FEkHO (0)7]:Ek20 (9>73F2ku1(‘9>7 f2k21(9>) € RPPHD/2x0 with k €
{0, 1}. Therefore, the asymptotic behavior of F(#) is critical for the numerical convergence
of the EM algorithm (Xu and Jordan, 1996; Ma et al., 2000). Next, we should study the
asymptotic behavior of F (0) under the rare events assumptions with great care. This leads
to the following theorem. Its rigorous proof is provided in Appendix A.1.

Theorem 1 Assume o« — 0 and Nao — o0 as N — oo. We then have as N — oo

1 0 0 0 0
jo — pi1 0 0 0 0
F) =p M = Asya 0 0 0 0 ,
A#la —21251 AMZ‘O I, A#lzl

VeCh(Azla) AZU,LU AZlEO AZU“ _A2121

6
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wh@re Azoa = _VeCh{El Yo+ (11 — po)(p — NO)T} € Rp(erl)/Q: Apa = (Aﬂla,j) € R?,
Aprag == [ 02, 5, (@) 5, (@) (@—p j)d, Ayys, = (=DM E{(Xi—p)vec(yawy,) TV =
1}D/2 S Rpo(p—H)/Q with k € {0, 1}, Agla = (Azla,jljZ) S Rpo, A21a7j1j2 = fgbuhzl

sy @ (@5 = ) (@5, — p1gy) — 01jup Y, Asyp, = (=DM Evech{(X; — u)(X; —

1) T3 Y = 1] = (= 1)Fvech(Sq) (u1 — pe) TS, 1 € RPPHD/2XP yith |k € {0,1}, As,s, =
Elvech{(X;—p1)(Xi—p1) " pvec(vinv) TY; = 11D /2 —vech(S1)vec[Sy {1+ (py — pu) (1 —
) IS T D2 € R XPES and vy = 91 (X0 — ) with k € {0, 1}

By Theorem 1, we obtain a number of interesting findings. First, it can be confirmed that
the determinant of M — I, is 0. Therefore, M has at least one eigenvalue as 1. This further
implies that the spectral radius of the contraction operator is no less than 1 as a — 0
asymptotically. This suggests that the numerical convergence rate of the EM algorithm for
GMM with rare events could be extremely slow, thereby necessitating the large number
of iterations. More specific, we know that al‘t!) — & ~ al¥) — @, since the first diagonal
component of M is 1 whereas all other components in the first row are 0. This suggests
that the numerical convergence rate of &* should be extremely slow. Unfortunately, this
side effects spill over into both ﬂ(()t) and iét). Specifically, by Theorem 1, we know that
ﬁ(()t+1)—ﬂo ~ (po—p1)(@® —a), since the (2, 1)th component of M is (pg—p1). This suggests
that the numerical convergence rate of ﬂ(()t) is mainly controlled by @), which unfortunately
converges at an extremely slow speed as mentioned before. Therefore, we know that the

7Y cannot be fast either. By similar arguments, we know

53 (1)

that the numerical convergence property of X

numerical convergence rate of 7i;
is not optimistic either. The numerical
convergence properties of ﬁgt) and f)gt) are considerably more complicated. To gain an
intuitive understanding, we consider an ideal case, where a*) = @, ﬁ(t) = [1p, and f],(f) =3

with k£ € {0,1}. Then by the 4th row of M, we know that ,u(tH) [ = ﬁgt) — 111, which
lmphES that pg) cannot converge fast, even if the maximum likelihood estimators &, fig
and X, are already given. This side effect also spills over into the numerical convergence
gt) is also affected by that of ﬁgt) . The

consequence is that O+ ceases approaching 0. Then how to fix the problem becomes an
important problem.

property of i‘l, since the numerical convergence of s

3. Semi-Supervised Learning

3.1 Partially Labeled Sample

By the careful analysis of the previous section, we know that the MLE of a GMM with rare
events can hardly be computed by a standard EM algorithm, if only unlabeled data are
available. To fix the problem, it seems very necessary to obtain an additional subsample
of data with accurately observed labels. By doing so, we wish the numerical convergence
properties of the EM algorithm can be improved substantially. Note that the sole purpose
for comparing the MEM and EM algorithms is not to establish any type of superiority
about the MEM algorithm over the EM algorithm. This comparison is obviously unfair
since the MEM algorithm enjoys the information provided by partially labeled instances
while the EM algorithm does not. The sole purpose here is to demonstrate the value of
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those partially labeled instances. We are able to do so since the only difference between
the MEM and EM algorithms is the partially labeled data. Therefore, any performance
improvements as demonstrated by the MEM algorithm over the EM algorithm can be fully
attributed to those partially labeled instances.

Specifically, we assume that the size of this labeled dataset is m with m/N — k as
N — oo for some k > 0. Next, for each labeled sample i, we use Y;* € {0,1} to represent
the observed response with P(Y;* = 1) = a. Here we assume that the distribution of the
labeled data is the same as that of the unlabeled data. Lastly, we use X to represent the
associated feature vector. Here the conditional distribution of X given Y;* should remain

the same as that of the unlabeled data. Subsequently, a joint log-likelihood function can be
analytically spelled out as

Lol zlog fol(X) + z {7 1080, (00) + (1237 o ()
+Z{Yi*loga+(1—Y;*>log(1—a)}. (3)
=1

Comparing this log-likelihood function with (1), the key difference is that the labeled sam-
ples are partially involved in (3 l 3) but not in (1). Acco/lzdingly, a new estimator can be defined
as 95em1 — ( seml’ ﬁsemlT VeCh(Egeml) ﬁ?emlT Vech(ziemi)T)T — argmaxeﬁsemi(e)-

3.2 The MEM Algorithm

Next, we consider how to compute the MLE for the new log-likelihood function (3 ). Specif-
ically, define ['serm(e) = (Lseml,a(g) ‘C'seml,,uo (9)T7 »¢sem1,20 (Q)Ta Eseml,ul (G)Ta Lseml 5] (H)T)T
€ RY, where ,Csemm(e) = 0Leemi(0)/0a € R, Loemip,(0) = 0Lsemi(0)/0pr, € RP and
Leomi s, (0) = OLsemi(0)/0vech(Xy) € RPPHD/2 with k € {0,1}. Recall that Bsemi is the
MLE. We should have a gradient condition as Eseml(Qseml) = 0. This suggests a set of
estimation equations as &*™ = F* (Gsemi ), 1i e = F (Gsemi) and Vech(Zseml) F3, (Bsemi)
with k£ € {0,1}. Here F*(0) = (.7:;(0),.7:;0(6) , fEO(Q)T,fZI(Q) e (0)T)T € R? s

defined as a mapping function, where

Fall) = (N+m) I(ZN:WmLZYZ*) eR,
=1 =1
S (RS R ol RS S e o

=1 =1 i=1
- * . _ o\ plp+1)
+; (1 -Y; )Vech{ (XZ ,u0> (X2 ,uo) }] ER 2 (4)
T (0) = (iw iY) (imx +ZY*X*) € RP,
i=1 i=1 i=1
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F5, (0 (im—FZY ) 1[§;mvech{<Xi—,u1) (Xi—M)T}
S| (x ) (1)) e

and m; = P(Y; = 1|1X;) = fo(Xi) 'agy, », (X;) is the posterior probability. This leads to
an iterative algorithm as follows.

Let éég;i = (qsemi(0) ﬁ(s)emi([))‘l'

a Vech(Eseml(O))T, ﬁiemi(O)T Vech(islemi(o))T) € RY be the

initial estimator. Let %gm = (asemi(®) ﬁ;eml(t)—r Vech(Zbeml( ))T, ﬁiemi(t)—r vech(Ebeml(t))T)T

€ R? be the estimator obtained in the tth step. Consequently, the next step estimator

’9\5‘2;}) _ (asemi(t—l—l) 'azemi(tJrl)T’ ve h( seml(t+1))‘r"aiemi(t+l)T’ vech ( seml(t+1))‘|')‘|' c RY

can be obtained as @sm™i(t+l) — .F*(g(t) ), ﬁzemi(tﬂ) = F, (g(t) ), vec h(Eseml(Hl)) =

semi semi

2k(§(t) ) and 7Y = = fo. (X)) gsemilt ¢Asem1(t> Ssemi(t) (X;) with k& € {0,1}. The

semi

aforementioned steps should be 1terat1vely executed until convergence. By the time of con-
vergence, we obtain the MLE as Ogem; = (a5°™, et Vech(Eseml) , et Vech(leenm)T)T
€ RY. Note that this is also an EM-type algorithm but with mixed samples, in the sense
that some samples are labeled while the others are not. For convenience, we refer to this
interesting algorithm as an MEM algorithm. As one can see, this MEM algorithm pre-
sented above is inspired by the gradient condition Eseml(ﬁseml) = 0. In fact, it can also be
motivated by the complete-data likelihood method, which assumes that the latent Y;s are
actually observed. This leads to a standard EM algorithm; see the second part of Appendix
A.3 for a brief description, which is the same as the MEM algorithm. Therefore, the MEM
algorithm is indeed a standard EM algorithm (Dempster et al., 1977; Wu, 1983).

3.3 Numerical Convergence Analysis

To investigate the numerical convergence property, the key issue is to study the differ-
ence between Ogem; and é{tﬂ). By (4), the MEM algorithm can be written as g(tﬂ) =

semil semil

F* (ggz)ml) If §§ezm converges numerically to §Sem1 as t — oo, we then should have §Semi =

f*(@seml) Consequently, we have gty _ é;eml = ]-"*(éﬁ) ) — ]:*(Gseml) Define ]:*(9)

semi semi

as the jth element of the mapping function 7*(¢). We then have F7 (g(t) ) — }'*(Hseml) =

.7-"*(9 ot ))(égzgi—ésemi), where 5;@) = n;(t)gg?mp%l—n;(t))@seml €R%and 0 < 77]-( ) <1 (Feng

et al., 2013). Here define F*(0) = (F(0), F;, (0) ", 75, (0) T, F ()T, F5 (0)T)T € Rax¢

as the contraction operator, where F*(0) = dF*(0)/90 = (f*aa(Q) F oo (0) T, Fraxy (0) 7,

‘ﬁ*aﬂl (6) ‘ﬁ*a21 (9) )T € RY, ‘F;O(e) = a"r; ( )/80T (F*Moa(a) ‘F*lfouo(a)vﬁ*u'oxo(e)’
Houl( ) MOE1( )) € RP*%and f;o(g) = a]:z ( )/aeT (‘F*an(g)vf*zouo(e)v F*EOZO(0)7

s (0), Fsym, (0)) € R¥59, F5(6) = (0F*0(0), F* g (0). 150 (60), F1, (6),
)

lel( ) € RP*7 and fZ (9) (O“F Z1a(0) Vo EIND(0)7 ﬁ*Elzo(e)v ‘ﬁ*zlﬂl (9)7 ﬁ*Elﬁl (9))
P p 1)
e RM5xa . Hence, the asymptotic behavior of F*(6) is important for the numerical con-

vergence of the EM algorithm (Xu and Jordan, 1996; Ma et al., 2000). Subsequently, we
should study the asymptotic behavior of 7*(0) under the rare events assumption with great
care. This leads to the following theorem. Its rigorous proof is provided in Appendix A.2.
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Theorem 2 Assume a — 0 and Na — 00 as N — oo. Assume limy_,oo m/N = k. We
then have F*(0) —, M* as N — oo, where

(1+r)7! 0 0 0 0
i 0 0 0 0
M= S0 0 00
0 _21251 Az I, Auysy
1+k 1+k 1+k 1+k
0 110 21859 Az Ay
1+k 1+k 1+k 1+k

By Theorem 2, several interesting findings can be obtained. First, we know that
aeemiltHl) _ geemi (1 4 k)~ 1(@%emi(®) — gsemi) since the first diagonal component of
M* is (1 + k)~! whereas all other components in the first row are 0. This suggests
that @*™(®) converges linearly as long as x > 0. Consequently, the slow convergence
rate problem as described in Theorem 1 is nicely rectified. Meanwhile, we know that

f[gemi(tﬂ) — e (14 k)" (o — ) (@e™®) — gsemi) since the (2,1)th component of
M*is (1 + k)" (o — p1). This suggests that the numerical convergence rate of ,useml(t) is
mainly determined by that of @%™i(*). Since a%™i(t) converges to @*™ linearly, we should

~semi(t) Ssemi(t)

have 11 also converges to useml linearly. By similar arguments, we know that X

also converges to E%eml linearly.

Unfortunately, the numerical convergence properties of ﬁslomi(t) and isemi(t) are slightly

more complicated. By Theorem 2, we know that 1 Aseml(tﬂ) —pem x —(14-5) 718 g (Aseml(t)

_ﬁ(S)Eml)_’_(l_i_/{) 1AM120VeCh( Seml( )_Zseml)_‘_(ﬁieml() ﬁieml)_"_(l_i_%) 1Amzlvech( seml(t)
$1) and vech( S0~ £) % Ar, O — 714 k) + Anmvech(Sen O -
S /(14 ) + Ay (B = 57 /(14 ) — Ay, veeh (B70 = S5emi) /(1 4-). More-
over, the previous discussion suggests that uf)eml(t) — ﬁf’)eml — 0 and f]f)emi(t) — f](s)emi — 0 as
t — oo. Thus, for a sufficiently large t, we should have

~semi(t+1)  ~gemi ~semi(t)  ~semi
u — [ - I Aus p — I
. Seml(t+1) 1/\semi ~ (1 + /i) 1 ( A ’ —Aﬂl : ) i Sem1(t) 1/\semi )
vech(X] ygemh) S 1% vech(X] — Xgemh

Therefore, whether 1 Aseml(t) — f5em and iiemi(t) — iiemi as t — oo is mainly determined
by the spectral radlus of (Ip,Aus;Asyi s, —Asxyx,)/(1 + k). According to our numerical
analysis, we find that its spectral radius is not always less than 1 unless the fraction number
k is sufficiently large.

4. Numerical Studies

4.1 A Simulation Study

To numerically confirm our theoretical findings, a number of simulation studies are pre-
sented. We independently generate the unlabeled data with sample size N and the labeled
data with sample size m. The total sample size is set as N +m = 10°. The data generation
process begins with the unlabeled data. Specifically, for a given sample ¢ in the unlabeled
data, we generate Y; independently according to a binomial distribution with P(Y; = 1) =

10
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(1 <i < N). To evaluate the rare events effect, a total of five different response probabili-
ties are considered. They are 50%, 20%, 10%, 1%, 0.1%, respectively. We next generate X;
from a normal distribution N(—1.5,1) if Y; = 1. Otherwise, X; should be generated from
a normal distribution N(1.5,1). After the unlabeled data are prepared, we independently
generate the labeled data {(X/,Y;*) : 1 < ¢ < m} using a similar procedure and their
response variables Y;*s are observed. To demonstrate the value of partially labeled data,
six different percentages of labeled data (i.e., m/(N +m) x 100%) are evaluated. They are
0%, 1%, 5%, 10%, 25%, 50%, respectively. Once the data are generated, the EM and MEM
algorithms can be applied to compute the MLE. The experiment is randomly replicated for
D = 500 times.

To evaluate the performance of the EM and MEM algorithms, we focus on the numer-
ical convergence performance and the large sample convergence performance. Numerical
convergence relates to the computation cost needed for the initial estimator to numerically
converge to the MLE. This computation cost is reflected by the number of iterations needed
to achieve the pre-specified convergence criterion, and is fundamentally determined by the
spectral radius of the contraction operator evaluated at the true value. Therefore, both Nite,
and p{F(0)} serve as useful measures of numerical convergence. Specifically, the number of

iterations is denoted as Ni(t?r in the dth replication. We next define Njier = D! Zfl):l Ni(tii
as an overall measure. Denote the spectral radius of the contraction operator F (0) as
p{F(0)}@ in the dth replication. We next define p{F(#)} = D! 25:1 p{F(0)} @ as an
overall measure. In contrast, large sample convergence refers to the discrepancy between the
MLE and the true parameter. To evaluate the estimation accuracy, we calculate the Root
Mean Square Error (RMSE) as RMSE = ¢! ;1-:1 {D! de:l@d) - 9]-)2}1/2, where §(@)
is the MLE computed in the d-th random replication. The detailed results are summarized
in Table 1.

From Table 1, we can draw the following conclusions. First, we find that for a fixed
percentage of the labeled data, the RMSE value increases as the response probability «
decreases. This indicates that the statistical efficiency of the MLE deteriorates as rare
events become rarer (i.e., « — 0). For example, when m/(m + N) = 0%, the RMSE value
of 6 is 0.0663 with o = 1%, which is much larger than 0.0092 of the case with o = 50%.
Second, we observe that for a fixed percentage of the labeled data, the spectral radius
p{]—" (0)} increases as the response probability « decreases. Consider for example the case
with a = 1% and m/(m + N) = 0%. In this case, we find p{F ()} = 0.9839, which is very
close to 1. This explains why the numerical convergence of a standard EM algorithm could
be extremely slow. The resulting Nie, value could be as large as Nijer = 436.16. Third,
for a fixed response probability, we find that the RMSE value decreases as the percentage
of labeled data increases. This demonstrates that a higher percentage of the labeled data
would significantly improve the statistical efficiency. For example, when oo = 1%, the RMSE
value of 8 is 0.0663 with m/(m+ N) = 0%, which is much larger than the 0.0306 of the case
with m/(m + N) = 10%. Lastly, we observe that for a fixed response probability, both the
p{}" (0)} and Niger values decrease as the percentage of the labeled data increases. Consider
for example the case with v = 10%. When m/(m+N) = 1%, we have p{F(0)} = 0.9437 and
Niter = 148.69. As m/(m + N) = 10%, we have p{F(0)} = 0.8579 and Ni; = 62.54. This
suggests that a slightly enhanced label percentage could lead to much improved numerical

11
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Table 1: Detailed simulation results with different response probabilities and labeling per-
centages. The estimated RMSE, the averaged number of iterations Nji; and the
averaged spectral radius of the contraction operator p{F(6)} are reported.

m/(m+ N) x 100% 0% 1% 5%  10%  25%  50%
RMSE  0.0092 0.0087 0.0074 0.0067 0.0057 0.0052
o =50% p{FO)} 09323 09229 0.8856 0.8389 0.6990 0.4661
Niger  119.64 106.42 74.14 53.68 2891  15.00
RMSE  0.0120 0.0113 0.0095 0.0078 0.0068 0.0061
o —=2% p{FO) 09419 09324 0.8949 0.8479 0.7065 0.4710
Nier  146.69 127.52 84.37 59.34  30.86  16.00
RMSE 0.0165 0.0151 0.0126 0.0102 0.0084 0.0074
o0 =10% p{FO)} 09533 0.9437 0.9057 0.8579 0.7150 0.4768
Nier  176.60 148.69 92.02 62.54 31.37  16.00
RMSE  0.0663 0.0529 0.0393 0.0306 0.0245 0.0199
a—=1% p{FO)} 09839 0.9735 09344 0.8852 0.7382 0.4919
Nier  436.16 274.70 12257 75.00 33.92  16.29
RMSE  0.2668 0.1932 0.1363 0.1055 0.0725 0.0593
o0 —=01% p{FO)} 09992 0.9889 0.9488 0.8989 0.7493 0.5019
Nier 73378 456.11 147.65 82.34 3455  16.39

convergence performance for the proposed MEM algorithm. All these observations are in
line with the theoretical findings of Theorems 1 and 2.

4.2 A Real Data Example

To demonstrate the practicality of our proposed algorithm, we present an interesting real
data example for traffic sign recognition. The dataset used here is the Swedish Traffic Signs
(STS) dataset (Larsson and Felsberg, 2011; Larsson et al., 2011), which can be publicly ob-
tained from https://www. cvl.isy.liu.se/research/datasets /traffic-signs-dataset/. The dataset
contains a total of 1,970 high-resolution (960 x 1,280) color images with annotation. A
graphical illustration of the labeled data can be found in Figure 1. The objective here is
to automatically detect the traffic signs in Figure 1. To this end, we randomly partition
all labeled data into two parts. The first part contains about 80% of the whole data for
training. The remaining 20% part is used for testing. Subsequently, we demonstrate how
this task can be converted into a problem, which can be efficiently solved by our proposed
method.

We start with the construction of the feature vector. Specifically, for each original
high-resolution image of 960 x 1,280, a pretrained VGG16 model is applied (Simonyan and
Zisserman, 2014). This results in a feature map of size 30x40x512. This feature map can be
viewed as a new “image” with resolution 30 x 40 and a total of 512 channels. In this regard,
each pixel in this feature map can be treated as one sample with a feature vector of p = 512
dimensions. This leads to the feature vectors as {X; j, k, € RP : 1 < ky < 30,1 < kp < 40}.

12
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Figure 1: An example from the STS dataset for traffic sign detection. The original image
is of size 960 x 1,280 x 3. The red bounding box of a small object treated as a
positive instance only covers less than 1% of the original image.

Therefore, a total of 30 x 40 = 1,200 samples can be obtained for each image. Because a
total of 1,970 images are involved in the whole dataset, the total sample size in this study is
then N = 1,970 x 1,200 = 2,364, 000. Next, for each X j,1,, we generate a binary response
Y; k1 ko based on whether a traffic sign is involved in the pixel location. This leads to labels
as {Y@kl,;@ €R:1<k <30,1 <ky <40}. The number of positive instances accounts
for only 0.225% of the total sample, which is expected because the region containing traffic
signs in a high-resolution image is extremely small. Once the data are well prepared, the
training data are randomly split into two parts. In the first part, the labels of the samples
are treated as if they were missing. The second part is treated as if the labels of the samples
were observed. Thereafter, the MEM algorithm can be applied to the training data. For
a comprehensive evaluation, six different labeled percentages (i.e., m/(N + m) x 100%)
are evaluated. They are, respectively, 0%, 5%, 25%, 50%, 75% and 100%. For a reliable
evaluation, the experiment is randomly replicated for D = 20 times.

To gauge the finite sample performance of the proposed method, three different mea-
sures are used. The first measure is area under the curve (AUC) (Ling et al., 2003).
Consider the i*th image (1 < i* < N*) in the test data, where N* = 394 denotes the
number of images for testing. For a given pixel (k1,k2) and one particular estimator )
obtained from the train data, we then estimate the response probability of i« i, g, =
fg(Xi*’kth)*la¢ﬁh§1(Xl-*kl,kQ). Accordingly, the AUC measure can be computed at the
image level and denoted by AUC;«. The image-level AUC is then averaged across different
images, and denoted by AUC* = N*~13"., AUC;». The replicated AUC* values are aver-
aged across the random replications and are denoted as AUC. The second measure is the
number of false positives. For a given random replication and the i*th image, we can pre-
dict Yin gy ko =1 (%i*,kl,kz > ci*), where ¢ is the largest threshold value so that all positive

13
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instances can be correctly captured. However, the price is inevitably paid by mistakenly
predicting some negative samples as positives. We define the number of false positives for
the ¢*th image in the test data as FP;» = Zk}l,k‘g I(§\{i*,k1,k’2 = 1)I(Yi*7k17k2 = 0). Its median
value is then computed as FP*. Then its overall mean across different random replications
is denoted by FP. The third measure is the number of iterations used for the numerical
convergence and denoted as Njj,. The averaged Nji, values across the random replica-
tions are computed and denoted as Nie, as an overall measure. The prediction results are
presented in Figure 2.

1.0

0.9

0.8

AUC

0.7

0.6

0.5

0.05 0.25 0.5 0.75 1 0.05 0.25 0.5 0.75 1 0 0.05 0.25 0.5 0.75 1
Labeling Percentage Labeling Percentage Labeling Percentage

(a) (b) (©)

Figure 2: Detailed prediction results obtained from the test data. The left panel demon-
strates the AUC results. The red dashed line corresponds to AUC = 0.95. The
middle panel presents the FP results. The red dashed line corresponds to FP = 5.
The right panel shows the Njie, results.

We find that the AUC value is 0.5235 and FP value is 1,098.85 when the labeling
percentage is 0%. These are totally not comparable with the other cases and thus not
presented in Figure 2. This suggests that the prediction performance of the standard EM
algorithm for a GMM with rare events could be extremely poor. However, the performance
can be significantly improved if the data are partially labeled. A quick glance at Figure
2 suggests that cases with labeling percentages larger than 25% perform well in terms of
AUC values. For example, consider the case with a labeling percentage being 25%. The
AUC value becomes 0.9547, which is slightly worse than the 0.9711 for the fully labeled
case. Similar observations are also observed for other performance measures (i.e., FP and
Niter). Specifically, when the labeling percentage is 50%, the FP value becomes 5.45, which
is slightly worse than the 3.63 value obtained in the fully labeled case. Meanwhile, the Nijer
value becomes 18.95, which performs much better than the 45.35 value obtained in the fully
unlabeled case.

5. Concluding Remarks

In this study, we focus on a problem related to the analysis of rare events data. Statistical
analysis of rare events data differs significantly from that of regular data, and considerable
progress has been made in the field concerning rare events data analysis (Duan et al.,
2020; Wang, 2020; Wang et al., 2021). However, the existing methods often suffer from
one common limitation. That is the dataset must be fully labeled. Thus, the problem of
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unsupervised or semi-supervised learning remains open for discussion. In our first attempt,
we investigate here a GMM with rare events. The EM algorithm has been commonly
used to estimate GMM (Wu, 1983; Xu and Jordan, 1996). Consequently, we study the
theoretical properties of the standard EM algorithm for a GMM with rare events. To this
end, we formulate an EM algorithm for a GMM with rare events as an iterated algorithm
governed by a contraction operator. Our results suggest that the numerical convergence
rate of the standard EM algorithm is extremely slow. To address this, we develop an
MEM algorithm. We theoretically demonstrate that the numerical convergence rate of
this algorithm is significantly higher than that of a standard EM algorithm if the labeled
percentage is carefully designed.

To conclude this work, we would like to discuss some intriguing avenues for future re-
search. Firstly, in this study, our focus was solely on the GMM as a parametric model.
However, given the widespread use of various learning methods, such as deep neural net-
works, it would be of great interest to explore more complex and general models for rare
events data in future research projects. Secondly, although we examined a GMM with
only two underlying classes, our theoretical results can be extended to scenarios involv-
ing multiple classes with minimal modifications. Nevertheless, contemporary classification
problems often involve a growing number of classes. Exploring how to extend our theoret-
ical findings to address such challenging cases would be an intriguing direction for future
exploration. Lastly, most existing literature on semi-supervised learning, including this
study, has assumed that both positive and negative instances in previously labeled sam-
ples are accurately annotated. However, in situations where positive instances are rare, we
often encounter cases where only the labels for positive instances are practically available,
whereas the labels for negative instances are too numerous to be analytically provided.
This presents an interesting scenario where only positive instances are practically labeled.
Exploring solutions for this problem is another fascinating topic worthy of investigation.
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Appendix A.1: Proof of Theorem 1

We study here the asymptotic behavior of F (0) under the rare events assumptions. To this
end, we decompose the contraction operator F(6) into five blocks as F(0) = (Fu(0), Fiup(0) T,
Fso@) T, Fun(0)T, Fs, (0)T)T € R¥9, where F,\(0) = 0F4(0)/00 € RY, F,, (0) = 0F,, (0)/
90" € RP*? and Fx, () = 0Fx, (0)/007 € RPPH/2X4 with k € {0,1}. Consequently, we
prove four convergence results in the first step. These conclusions are frequently used in
the subsequent proof. Next, we study these five blocks separately in the last five steps.

STEP 1 FOUR CONVERGENCE RESULTS. In this step, we verify F,, (6) —, p and
Fx, (0) —p vech(X;) as N — oo with & € {0,1}. The technical details for proving
these four convergence results are very similar. Comparatively speaking, the proof of
Fx,(8) —p vech(Xq) is technically more complicated. We thus provide the proof details
for this convergence result only. The proofs for other convergence results are omitted
to save space. Recall Fx,(0) = (sz\il ;)71 Zf\il mivech{(X; — p1)(Xi — p1) '}, where
i = P(Y; = 11X;) = fo(Xi) 'ad,, x,(X;) is the posterior probability. Consequently, it
suffices to prove as N — oo,

(Na) Zm —p 1, (5)
(Na>_1 Zw (XZ» - m) <XZ» - MI)T 5y 31 (6)

We then have Fy;, (6) —p, vech(X1) as N — oo by the Slutsky’s Theorem. This finishes the
proof of Step 1.

STEP 1.1 VERIFICATION OF (5). We compute the expectation and variance of (Na)™?
Zij\il 7; respectively. First, it is obvious that E{(Na)~! Zf\il m} = 1. Next, we can
compute that var{(Na)™! Zf\il m} = N7la 2var(m;) = N"'a 2E(n?) — N~!1. We then
compute

-2 2\ ¢/2“721(.’L')
B(a”?nt) = / (1= )b za(@) + adprmn @)™

) Fm@ (e,
- [t i < | gy = o)

where 645(z) = adu, x, (@)/{(1 — @)du5,(x)}. This leads to var{(Na)™? SN my =
O(N—1') = 0 as N — oo. This finally verify (5).

STEP 1.2 VERIFICATION OF (6). We show here (6). We first compute E{(Na) ' 3N,
(X —p1) (X — 1) "} We have E{(Na) ™! 3200 mi(Xi — ) (Xi — ) '} = a7 LB {mi(X; —
p)(Xi—p) Ty = o B{Yi(X =) (Xi— 1) T} = B{(Xi—p1)(Xi =) T|Y; = 1} = 1. We
next compute the variance of the (j1,j2)th element of (Na) ' SIN  mi(Xi — 1) (Xi — pa)-
Define X; = (X;;) € RP and py, = (ur;) € RP with k € {0,1}. Note that var{(Na)"' SN,
mi(Xi g —1g) (Ko —p1n) } = N7 2var{mi(Xi j, —p i) (Xigo —piap) } = N~Ha 2 E{n?
(Xigy = 11,0)*(Xigo — p11.32)*} = N7t 2 B2 {mi( Xy jy — p1,1)(Xijy — pjp) }- We then focus
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on the first part and have

Elo 72 (X, . — A2X.._ .2
& T ij1 — Ml ij2 — H1,j2

_ a(bil»zl () 2 2
-/ (= 00050 () + a3, ) 1~ #190) ( dn )l
Dmz(x)

= (g — ) (2 — ) de < B([1X — Y =1) = O(1).
1+5¢1($) gl g1) \Ljo J2 ( )

Therefore, we prove var{(Na) ' SN m(Xij, — p1j)(Xij, — p1jn)} = O{(Na)™'} = 0
under the rare events assumption Na — oo as N — oco. Combining the above results, we
have verified (6).

STEP 2 THE ASYMPTOTIC BEHAVIOR OF F,(6). Next, we study these five blocks sepa-
rately in the last five steps. We start with the first block F (0) = (Faa(0), Fauo ()T, Faxo ()7,
Fouy (0)T, Fax, (0)T)T € RY, where we define Foo() = 0F4(0)/0a € R, Fup, (0) =
OFo(0)/0ur, € RP and Fox, () = OFa(0)/0vech(E)) € RPPHD/2 with k € {0,1}. Re-
call that F,(0) = N1 Zf\il m; € R. The analytical detail of F,(f) is given by

Rl = {o(1-0)) " {7

i=1

Fopo(0) = —% m‘(l — 7Ti>%‘0:
i=1
Fasa@) = 50> (1 1 )vee (1),
i=1
Fop (0) = ;fiv:ﬂ'i(l ﬂz)%h
i=1
Fux, (0) = —%DT ZZ; TFi(l — 7ri>vec<f‘i1),

where v;, = E;l(Xi — pg) and Ty = E,;l - %k%}z with k£ € {0,1}. We next study these
five blocks separately.

STEP 2.1 THE ASYMPTOTIC BEHAVIOR OF F,qo(6). We start with F,o(6). The objec-
tive here is to prove that as N — oo

)= o)} (i) o i

To this end, we define Foqi(0) = m(1 — m)/{a(l —a)} —1 € R. We then have Foo(6) —
1= N1 Zf\il faa,igﬁ). We first compute the expectation of faa@) — 1. We compute
E{Foa(0)—1} = E{Fsa:(0)} = E[mi(1-m;)/{a(1—a)}]—1. Note that imy_oc ¢p, 5, (z)/(1—
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a)/{1+04(x)} = ¢, 5, (x). Meanwhile, since d4(x) > 0, we have 0 < ¢, v, (x)/(1—a)/{1+
6p(2)} < 20y, 5, (z) with [2¢,, », (z)dz =2 < co. We then can verify that as N — oo

E {771'(1 - 7Ti) } _ / (1 - ¢u0,20($)¢u1721 (.Z') dr

06(1 — Oé) a)¢uo,20 (l‘) + O‘¢#17E1 ($)

¢M1,Z1 (I‘)
—/(1_a){1+5¢($)}dx—1{1+o(1)} (8)
by the Dominated Convergence Theorem (Royden and Fitzpatrick, 1988). This leads to
E{Foa(0) =1} = 0 as N — oc.

Next, we want to show that the variance of Fnq(#) — 1 shrinks towards 0 as N — co. We
have var{Foa () — 1} = N~var{Fuai(0)} = N~'E{ am( )} — N*1E2{.7'-"aa7¢(9)}. Since
we have N~1E?{ Fo0.i(0)} = O(1/N), it suffices to compute N~'E{ aaz( )}. We can then

calculate that

lE{IQ

OtOCZ

- 1—m Ozo(x)¢21,21(35)
<9>}—N1E{1_a2} Na {1—a¢im<x>ia¢m,&<x>}3 )

2
—a)? 5 B
Na/{l f;;;& }z{il_l_%z(x)}d% 4I¢MNE {l—i-o(l)} :O{(Na) 1}'

This suggests that var{F,q () — 1} = N~ E{F? i)} — NE{(Foai(0)} = O{(Na)™'}
— 0 as N — co. Combining the above results, we obtain Fpn(f) —1 —, 0 as N — co. In
other words, we have Fpq () —p 1 as N — oco.

STEP 2.2 THE ASYMPTOTIC BEHAVIOR OF Fo,, (). We next study F,, (). We want
to show that Foy,(0) =, 0as N — co. To this end, we define Fo,, (0) = N~ SN | Fooi(6),
where Fpi(0) = —mi(1 — )% (Xi — o) € RP. We first compute the expectation of
Faio(6). We have E{Fapa(8)} = B{Faa(0)} = —S5 E{m(1— ) X} +a55 o {1 +0(1)}
by (8). Therefore, we should have by the Dominated Convergence Theorem (Royden and
Fitzpatrick, 1988) that

‘ Ny V[ Q=) (@) i) P (@)
p{n(1-m)%s) = [ D peme(®) + ot @ T T )

= a/gbﬂhgl(:z:):njdm{l + 0(1)} = a,uLj{l + 0(1)} =0(a),

where the third equality is because 0 < {1 4 d4(2)} du 5, (2)|25] < ¢y 5, (2)|25] and
[ b = (@)]jlde = E(| X 4]]Y; = 1) < oo. We then have E{Fa,,(0)} = aXy !t (po — pa) {1+
o(1)}. This suggests that E{Fq,,(#)} = O(a) = 0 as N — oo.
Next, we show that the covariance of o, (0) shrinks towards 0 as N — oc. It is obvious
that cov{ Fap ()} = N0 {Fapigs0)}) = N E{ Fai(0) Faioi )}~ N~V E{ Faio0))
E{Fpaui(0)"}. We then calculate that

E {fauoyi(e)]&wo,i(ef} =5,'E {7%2 (1 - 7Ti>2<Xi - ,uo) (Xi — MO)T} 5ol
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Consequently, we focus on E{r2(1 — m;)%(X; — po)(X; — pio) '} and have

b {0 )" ) ()} < 2 o]

O@M 21( ) B .
= “/ = @b (@) + admm @ 1© ~ Holld

< a/qﬁuhgl(x)Hx — poljdz = aB (|| X — ol | Vi = 1) {1+ 0(1)} = O(a).

'gE(ﬂf

This suggests that E{Fa,.i(0)Fapui(0) T} = O(a), which leads to cov{Fa,,(0)} = O(a/N)
— 0 as N — oo. Combining the above results, we finally verified that fauO(H) —p 0 as
N — oo.

STEP 2.3 THE ASYMPTOTIC BEHAVIOR OF Fyy,(#). Recall that x5, (0) = (2N)~'DT
S mi(1 = mi)vee(Tip). We then have Fox, (0) = {N "', mi(1—m)}DT vee(S51)/2 —
D Tvec[Sy H{N! Zi:l mi(1 — m)(X; — po)(Xi — po) 155 1]/2. Note that we have veri-
fied N1 Zfil mi(1 —m) —p 0 as N — oo by Step 1.1. Then, it suffices to prove that
N1 Zf\;l mi(1—m;)(Xi—p10) (X —10) T —p 0 as N — oo. This finally leads to Fus, (6) —p 0
as N — oo.

To this end, we need to verify (Na)~! Zfil mi(1 — m)XiXiT —p 21+ Ml/hT as N —
c0. We first compute E{(Na) ' N m(1 — m)X;X;'}. We have E{(Na)"' N m(1 -
)X X, } = o 'E{m(1 — m)X;X,;'}. Then by the Dominant Convergence Theorem, we
have as N — oo that

- _ (1 - 04)¢ 0720<x)¢ 1,21(:1:) o
FE {Oé 17Ti (]_ — Wi)Xi,ﬁXi,jQ} = / (1 — a)d)uo’l;o(l’) T 5¢M1’21 (:L') ﬂ’j]ll‘ﬂd.’ﬁ
¢u1,21(75)

1+ 6s(2) vi=1){1+om}

Hence, we have E{(Na) ' SN m(1 — m) X, X, } = BE(X, XY = D{1 +o(1)} = (21 +

papg {1+ 0(1)}. We next compute var{(Na) ' ¥ 7,1 — m;)X;j, X;;,}. Note that

var{(Na) =, (1) Xiy Xi} = N-avar{m(1-m) Xi Xi} = N Bfa
21— m)?X2. X2 Y — N'E*{a 'm(1 — 7)) Xi j, Xij, }. We have for the first part that

4,417 1,52

xj1xj2dx = E<XZ Jle J2

a(l —a)?¢? x) > x
E{O‘ 1772(1 ) Xz2]1X27J2} (1— = 20( ) #1721( ) 31‘?1:1:?2(1:13
{ o ¢u0720( ) + O‘¢u1,21 (x)}

z)/(1 —«
B / (1 fiﬁéiﬁ{h 5¢))( )%ﬂpdw = 2E(HX¢H4!Y¢ = 1) =0(1).

Therefore, we prove var{(Na) ! Zf\il (1 — ) XinXijy} = O{(Na)™1} + O(N7Y) =
O{(Na)~'}. Combining the above results, we have (Na)~' SN (1 — m) X, X, —, 31 +
HlMI as N — oo.

STEP 2.4 THE ASYMPTOTIC BEHAVIOR OF F,,, (f) AND F,x,(f). By similar argu-
ments, we can show that F,, () —, 0 and Fux, () —, 0 as N — oo.
~ SteEP 3 THE ASYMPTOTIC BEHAVIOR OF fMO(G). Next, we study the second block
Fuo(0). Here we define Fp () = (Fupa (0): Foono 0): Froo (0). Fr (6). Frys, (0)) € RP¥4,
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where Foa(0) = 0F,,(0)/0a € R, Fuou () = 0F,0(0)/0u) € RP*P and Fy 5, (0) =
OF o (0)/0vech(Xy) T € RP¥PPHD/2 with k € {0,1}. Furthermore, the analytical detail of
Fuo(0) is given by

. N -1 7'['1(1 - 7'['1')
Fiual0) = ~{ 2 (1=} 2 A (K= Fu®).
Fruomo(0) :{ (1—7%)}_12%(1—7%’) (Xi—]'—uow))%,
i=1 i=1
) N 11 X T
.7'—#020((9) = —{ Z (1 — Wl)} 5 Zﬂ'i (1 — ﬂ'i) (Xz — f“O(G))vec<Fio> D,
i=1 i=1
fﬂoﬂl (6) = _{ iv: (1 - 7T7;> }_l 3 Ur; (1 - 7Tz) (XZ FM0(0)>’7117
=1 =1
N N -
Fum @)= {3 (1-m)} SO (1= m) (X = Fol0) ) vec(Tir) D
i=1 i=1

STEP 3.1 THE ASYMPTOTIC BEHAVIOR OF Fja(6). We start with F,q(6). The
objective here is to show that F,a(0) —p po — g1 as N — oo. To this end, we can
decompose Fya(0) — (fto — p11) into the following two parts

N P EE AN R o T Rt ) F
Fu®) = (=) == | {3 (1= )} =~

i=1 =1

——
3
]

1) }*15&(9)5‘0 ) — uo] .

By Step 1, we have verified NN (1—m) =, 1 and F,y(8) —, po as N — oo. By Step
2.1, we have proved Fypo(f) —p 1 as N — co. Consequently, it suffices to prove as N — oo

N—1§MXi sy it 9)

Then by the Slutsky’s Theorem, we can verify fuoa(ﬁ) — (o — p1) —p 0 as N — oo. This
accomplishes the proof of Step 3.1.

We next verify (9). We first compute E[N"' SN m(1 — m)X;/{a(1 — @)}]. Note
that E[N~! ZZ]\LI mi(1 — m) X /{a(l — )} = E{mi(1 — m)X;}/a{l + o(1)}. Note that
direct calculation leads to E(m;X;)/a = E(Y;X;)/a = 1 and E(r2X;)/a = O(a) = o(1).
This leads to E{m;(1 — m)/{a(l — a)}X;} = u1{1 + o(1)}. We next compute cov[N~*
SN mi(1—mi) X /{a(1—a)}]. One can verify that cov[N~"' SN | m(1—m) Xi /{a(1—a)}] =
N~ covlm(1-mi) X; /[{a(l—a)}] = (Na) ' E[rf (1-m)* X, X, [{a(l—a)}] =N~ mpf {1+
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o(1)}. We then focus on the first part and obtain

e < ¢’ZZ,EEZ(<Z)>¢E1&E$S)&<¢>}3””““”d”““

¢M1,21( ) Hde‘r
{1+ 05(2)2{1 + 05 ()} (1 —

< [ 40, (@)lwldz = a8 (|1 x:] i = 1) = O(0)

Hence, we prove cov[N~' SN 7:(1 — 1) Xi/{a(1 — a)}] = O{(Na)~'}. Combining the
above results, we finish the proof of (9).

STEP 3.2 THE ASYMPTOTIC BEHAVIOR OF JFj,0 (). We next study F,,,(0). We aim
to show that F, ., (6) —p 0as N — co. Recall Fq 0 (0) = (N a—m)y et N (-
) (Xi—p0) (Xi — Fpuo (0)) 7. With the help of (5), we then focus on N~* SN 7 (1—7;) (X, —
10)(Xi — Fpue(0)) T and decompose

N_lgm(l —m) (Xi —uo) (Xi —fuo(g))T = N_lim(l —m) (Xi —M0> (Xi —M())

T

+ {N_1 Sn(im)(xi ,m)} (10— Fu(®) . (10
1=1

For the first part of (10), we have verified N~! Zfil (1 — m) X X, — a(l —a) (21 +
pip]) —p 0 as N — oo in Step 2.3. Further, by (7) and (9), we have N~} Zf\il mi(1 —
7)) (X; — po)(Xi — o) T —p 0 as N — co. For the second part of (10), we have by Step 1,
(7) and (9) that as N — oo that

w1 ) (51 ) | (o 7)o

=1

This finally suggests that fMOMO(H) —p 0as N — oo.

STEP 3.3 THE ASYMPTOTIC BEHAVIOR OF F, 5, (f). Recall F o5, (0) = —{3N (1 -
)} SN (=) (X — Fop (8))vec(Tyo) T D /2. With the help of (9), we focus on A, 5, =
NN (=) (Xi—Fuy (8))vec(Tip) 7. Define Affolgoz) as the (j1, jo)th element of A 5.

- - o T
Then, we have A/(folzjj) A,(folzjj)1 + A;(folE](i)?’ where A;(folxjj,)l = N1 Yoing mi(l —m) (X4 —

]:MOJ1 (0))Vecj2 (Eal)T’ A,(jolgj)Q = EalN_l sz\il 771'(1 - ﬂ-i){Xi:jl - ‘7:/‘«0:.7'1 (9)}Vecj2{(X

10)(Xi — po) T3} and vec;(A) stands for the jth element of vec(A4). By (7) and (9),
we have for the first part that AU 1é102)1 —p 0 as N — oco. For the second part Ag;gj)z,
it suffices to prove N~ 12121 (1 — 7)) (Xijy — Fuojn (0)(Xi — 10)(Xs — o) " — 0 as
N — oo. Note that N1 3%, mi(1 = i) (Xijy — Fro,gu (0)(Xs — p0) (Xi — po) T = (poj, —
Fuogs )N (1 =) (X — p0) (Xi — o) T+ N7V i (1= i) (X gy — projy) (X —
10)(X; — o) . By similar arguments, we have these two terms converge to 0 in probability
as N — oo. This finishes the proof.
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STEP 3.4 THE ASYMPTOTIC BEHAVIOR OF ]—"#0#1(6) AND F,,5,(f). By the similar
arguments, we can show that F,,, (0) —, 0 and Fox, (0) —, 0 as N — cc.

STEP 4 THE ASYMPTOTIC BEHAVIOR OF ng(G). In this step, we consider the fourth
block ]':20 (0) Define fzo (6) (7an(9) ’FZOU() (0) J—:Eozo (9)7-¢Eou1 (9)7’?2021 (9)) S R P+ b
where Fyya(0) = 0Fs,(0)/0a € RPPHD2Z0Fo ' (0) = 0Fs,(0)/0wm, € RPPTD/2XP and
Fsos, (0) = 0Fs,(0)/dvech(S;) € RP+D/2PH) /2 with | e {0,1}. Define Q; =
vech{(X; — pu)(X; — ) T} — Fx, (0) € RPPTV/2 with k € {0,1}. The analytical detail
of Fx,(6) is given by

J
=)

\g!
IS}
=
|
—
[]=
—_

|
3
~——
——

|
N =
1=
3
o
—_
3
~—
=2
[
<
@
o
7~
)1
3
~—
S

where Dt = (DTD)"!DT e RP@HD/2x0* [ c RP*P is an identity matrix and ® repre-
sents the Kronecker product operation. We start with Fx,o(f). We rewrite Fx,q(f) =
—{X5 (1 = m)} e[S mi(1 — m)/{a(l — a)H(Xs — uo)(Xi — po) ']+ {25, (1
)} 1 Fsy (0) N mi(1—m;) /{a(1—a)}. Recall by (5) and Steps 1-2, we have N~1 SN 7,
(1—m)/{a(l=a)} =p Tand NN (1—m) =, 1, N7USY m(1—m) {a(l—a)}(Xi -
po)(Xi — po) " —p S1+ (11 — po)(p1 — po) " as N — oo. By the Slutsky’s Theorem, we
have Fsa(0) —p —vech{X1 4+ (u1 — po) (1 — pio) T — So} as N — oo. For the other four
block matrices, we have F,,,, () —, 0 and fgogk(ﬁ) —p 0as N — oo with k& € {0,1}.

STEP 5 THE ASYMPTOTIC BEHAVIOR OF F, (). In this step, we consider the third
block J:Hl (9) Define ]:#1 (9) = (.7:#1&(‘9) }—#1#0(0) “/_..,U»lzo(e) }—mm (0) ]:u121 (9)) € RPXY,
where ‘FMOC( ) 8‘FM1( )/aa € RP ‘quk( ) 8]:/11( )/a,uk € RP*P and ‘Fﬂlzk(e) =
OF . (0)/Ovech(Zg) T € RP*P(PF1)/2 Wlth k € {0,1}. Further, the analytical detail of F,,, (6)
is given by

E“r!
Q
—~
s
SN—
I

N 4 mi(1 — 7;)
(Xm) > gy (= 7u®).
N N
Funo(0) = —(Zﬂz‘) ZWz‘(l—?Tz‘> (Xz‘ —fu1(9)>%To,
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-1

N 1 T
mEo (Z 7rl> 3 Z e (1 — 7ri> (Xi — ]:Ml(e))vec (Fi0> D,

i=1 i=1

N LN
Frnp ( <Z 7,) Zm(l—m)(Xi_fm(g))%Tlv

i=1 i=1

3

T

) N 11 N
Frns, (0) = —<Z7Tz'> 5 Zm(l — 7Tz'> (Xi — ful(ﬁ))vec(nl> D.

=1 1=

Step 5.1 THE ASYMPTOTIC BEHAVIOR OF Fura(0). We start with F,,,(f). The
objective here is to shovv that Fuia0) —p Apa as N — oo, where Ay 0 = (Auaj)
and Apja; = [0, 5, (2),, Z0( z)(p1,j — xj)dz. By the definition of F,, (#), we have

SN X = Fu (0) SN mi. Thus, we have

. AN | 1 N )
Fal) = —(m Z;W) {Nama) 2;77 (Xi . ]—",“(9)) } .

Note that we have verified (Na)™? Zf\il 7 —p 1 and F, (0) =, p1 as N — oo by Steps 1
and 3.1. Then it suffices to prove as N — oo that

1, zl(m)
-2 Z T, —p ¢Z0720 (1:) dx, (11)

o (@)

1 — D)
N 1a 25 W?Xi,j —p REUAL

zidx. 12
1 Dpo, 50 (T ! (12)

We start with (11). We compute the expectation and variance of (Na?)~! Zfil 2

separately. We have E{(Na?)"' SN 72} = o 2E(r?). Then we have by the Dominant
Convergence Theorem that

) 2\ ¢Zl,21($)
: E(”i>‘/ (= V000 (2) O ()
¢/L1 21 /¢,u0,20( ) - ¢i1,21($)
A (el ro il e L S
Meanwhile, we have var{(Na?)"1 SN 72} = N~la~*var(n?) = N~ la 4 E(x}) - N~la™*
E?(r?). We then compute

/ M s, (7) g
{1 d)uo () + APpy 5y (x)}g

1, 21( )/%0 5 () Dy 3, () B
:/(1_a) T e %Eo(x)dm{wo(l)} — 0(1).

This suggests that var{(Na2)' SN 72} = O(N~!). This finishes the proof of (11). By

=1 "1
the similar arguments, we also have (12).
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STEP 5.2 THE ASYMPTOTIC BEHAVIOR OF J,, (). The aim is to prove F, ,, (6) —
515y as N o oo Recall By (0) = —(5N, m) SN, w1 — m)(Xi — Fuy (0))(Xi —
110) "Xy . We can then decompose F,, 0 (0) = —{(Na)~! SN N m(-m) XX,
(Na) T =(Na) P o, mi(1—mi) Xipd —(Na) " o, i (1=m) Fy (0) X +(Na) "L Y g
(1 — m)Fu (0)ud 325" By Step 1, we have (Na)™! Zf\il i —p 1 and Fu, (0) —p p1 as
N — oco. By Step 2.3, we have (Na)™! Zivzl (1 — ) XX, —p X1+ mpl . By (9),
we have (No)~' SN | 7(1 — m)Xi —, 1. Then by the Slutsky’s Theorem, we can verify
Furpo(0) —p —S155" as N — oo. This accomplishes the proof of Step 5.2.

STEP 5.3 THE ASYMPTOTIC BEHAVIOR OF F,, 5, (6). Recall F,, 5, (0) = (ZfL ;)"

Zi]\il mi(1 — ) (Xi — Fuy (0))vec(Tyo) T D/2. We then can decompose

N N

fulzo(t?) =— ( Zm)_l% T (1 — 7ri> (Xi — ul)vec(%()’yI))TD

i=1 =1

N ~11 1) '
(S ) (el
N “11 N T
H(2m) 5 = 7 @) Xom(1- m)vee(a) o

1= 1=

We have the last two parts of (13) converge to 0 in probability as N — oo. We then focus
on the first part of (13). With the help of (9), it suffices to compute (Na)~! Zf\il mi(1 —
7)) (X; — p1)vec(vioyh) - Note that (ji,j2)th element of (Na)™! Zfil mi(1 — m)(X; —
p)vee(ioy) " is vees, {(Na) ™ S mi(1=mi) (X5 jy =t )viovin} = veey, {Z ' (Na) ™ 0L,
mi(1 — 7)) (Xijy — p1.4y)(Xi — po)(Xi — o) TEg ). Consequently, it suffices to compute
(Na) ' SN (1 — m) (Xigy — 1) (Xi — o) (Xi — o) 7. We first compute the expec-
tation of the (j3,74)th element of this matrix and have E{(Na)™* Zf\il mi(1 —m)(Xij —
11,50) (Xi s —H0,3) (X g — 10,32 } = E{a™ mi(L=mi) (X jy — .31 ) (X gy = 10,53) (X —H0,31) }-
Further, we have

FE {a—lm (1 — 7Ti> (Xi,jl - Hl,jl) (Xi,j3 — ,u0,j3> (XZ-J4 — HD,j4)}
B / (1(i ;)zf};?;:gﬁ%(;jfzx) (acjl - /J’le) (xj3 - uo,j3> (xj4 — Mo,j4>d$

B )i
= /¢M1721 (z) <xj1 - Ul,j1> (xjs - UO,JS) <xj4 - M07j4>dx{1 + 0<1)}
= B{ (X =) (Ko =0 ) (¥ = 03 ) 1% = 1f{1 01}

We then focus on the variance of (js,j4)th element of (No) ' SN m(1 — m)(Xij, —
1,3 (Xi = 10)(Xi — o) - We have var{(Na) ™' 320 mi(l — mi) (Xijy — s y) (Xigs —
10,5 )(Xigs — poge)} = N7 o Hvar{mi(1 — m)(X; 5, — p5) (Kiga — poa) (Xige — Hoga)} =
N7l a 2 B{mf (1 = mi)*(Xijy = p1,j0)* (Xigs — pogs)*(Xigu = #03s)*} = N™la2EX{m(1 -
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i) (Xigy — p1,50) (Xigs — #0,35) (Xijs — po,5s) }- Further, we have

1 9 2 2 2 2
E {a T (1 - 7Tz'> (Xm‘l - Ml,jl) (Xms - Mo,js) (Xm - Mo,j4) }

a(l - a)? z<x>¢22<x> : : 2

{1
o R TR T

{fbil?qj((v’ﬂ))}Q (wjl - Ml,ﬁ)Q (%3 - “0J3> 2 (xj‘* - MO’M) az

Gur 3 () (le — u17j1>2(xj3 — Mo,j3)2<$j4 — uo,j4>2dx{1 + 0(1)}
= B{ (X - Ml,jl)Q(Xi,jg, - MOJB)Q(XZ-,M - uo,ﬂ)Q Yi=1}{1+0(1)} = 0(1).

This leads to var{(Na) ™" SN, mi(l — ) (Xig, — 110) (Xiy — 1035) (K gy — o)} =
O{(Na) 1}. Combining the above results, we finally have F,, 5, (0) —, —E{(X;—p1)vec(vio
Y)Y =1}D/2 as N — oo.

STEP 5.4 THE ASYMPTOTIC BEHAVIOR OF Fy,,, (0) AND F, 5, (f). By the similar
arguments, we have F,, ., (0) —, I, and F, 5, (0) =, E{(X; — p1)vec(viy;)) T |Y; = 1}D/2
as N — oo.

STEP 6 THE ASYMPTOTIC BEHAVIOR OF fgl(e). We consider here the last block
le (0) Define le (9) = (f210(0)7leuo(0)7f2120(9)7leu1 (9),?2121 (0)) < Rp(p+1)/2><q,
where Fy,0(0) = 0Fx, (0)/0a € RPPHD/2Fy (0) = 0Fx, (0)/0p] € RPPHD/2XP and
fz@k(a) = OFx,(0)/0vech(;)T € RPPTD/2xp(p+1)/2 with k € {0,1}. Recall Q; =
vech{(X; —pux)(X; — )"} — Fs, () with k € {0,1}. The analytical detail of Fx, (0)
is given by

ugﬂv
a(l —a)

Mz

1
™)

Mz

Fr,a(0) = (
1

@
I
-

%

N 1 N
fEluo( = <Z7Tz) Zﬂ'z (1 - Wz>Qi17;67
=1 =1
) N 11 T
Fsi5,(0 (Z m) 3 Z e (1 - m) i1vec (Fm) D,
=1 N z:l1 N
]321/1,1 (Zﬂ-z) Zﬂ-z( 771)921’71—;

)
—

i=1 )

(3 iwi( o e (5-n)}

| i=1 i=1 N 1 ]
Fs,x, (0 (Zm) 3 Zm(l — m) Q;1vec (le) D.

=1 =1

-1
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STEP 6.1 THE ASYMPTOTIC BEHAVIOR OF Fs,a(0). We start with Fx,o(0). The ob-
jective here is to show that fgla(O) —p vech(Ax o) as N — 0o, where Ayx, o = (Ax,a,172)

and Asyaijs = = [ 6 5, (@) 00 5, (@ (@) — p1,j1) (@5, — p1,3) = 01,1, }da. By the defi-
nition of Fy, (), we have Z ~1 ™81 = 0. Thus, we have

. 1 Mot 1 N )
Frialb) = —(m z;ﬂz> Ne2(1—a) 27% Qi1

1=

By Step 1, we have verified (Na)~! Zf\il mi —p 1 and Fx, (0) —p vech(X;) as N — oo.
Then it suffices to prove

N

1 -2 2 ¢31,21(~’U)

a > m (Xm‘l - Mlm) (Xi,jz - Ml,jz) e | G @) (@1 = p1,50) (@55 — p5p)da.
i=1 10,20

We have E{(Na®)™" 520, (X, — 1) (X = 30)} = a2 B{m? (Xigy — pn ) (Ko —
f1,j5)}- Then we have by the Dominant Convergence Theorem that

osz{?T? (Xm‘l - Mlm) (Xm'z - ,U«l,j2> }

S5, (@)
N / ) g, ;O(E) iaqﬁm s, (2) (le - Nl,j1> <$j2 - ,Ul,j2>d$

02 5, ()] Dpg 5 ()
/ T—Ea T§ +H5;( )} ( i _“Lm) (% _,Ul,jg)dac

W (a)ﬁ - Ml,jl) (ijg - M1,j2)dx{1 + 0(1)}_

Meanwhile, we have var{(Na?)"' SN 72(X;;, — p1j,)(Xijy — f14,)} = N~ la *var{n?

=1 "1
(Xigy — 11,50 (Xijo —p1,55)} = N o *E{m} (X j, — p1jy)* (Xig, —p1,52)*} — N ta E*{x?
(Xij — #1,5:)(Xigy — p1,4,)}. We then compute

0474E{7T;l (Xi7j1 - /1*1,]'1)2 (Xi,h - Nl,j2>2}
15 (@)
/ {(1 ¢uo,2:( E) fa%l,zl(w)}?’ <le a ul’j1>2<$j2 - /“’j?)2dx
- / (1@2041)( {)1/??550 ()})3 (le - Ml,j1)2 (sz - ,Ul,jz)zdx

- m (le - Ml,j1)2(xj2 - Ml,j2>2d:c{1 + 0(1)} = O(1).

This suggests that var{(Na?)~! Zf\il T2(Xigy — 1) (Xijo — H1,5,)} = O(N7Y) — 0 as
N — oo. This finishes the proof of Step 6.1. . .
STEP 6.2 THE ASYMPTOTIC BEHAVIOR OF Fy,,,(6). We can decompose Fx,,,,(6)

N N
T (0) = (Zm) Fz,(0) Zﬂz‘(l - 7Tz‘>’YiTo

i=1 i=1
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N N T

—(Zm) Zm(l — m)vech{ (Xi — u1> (Xi — Ml) }’yig. (14)
i=1 i=1

We start with the first part of (14). By Step 1 and Step 2.2, we have verified (Na) ™! Zf\il e

—p 1, Fx,(0) —p X1 and (Na)™! Zf\il mi(1 — Ti)Yio —p Do (1 — po) as N — oo. We

then have (3N | m) 1 Fs, (0) o mi(1 — mi)vh —p vech(S1)(u1 — po) ' 2p !t as N — oo.

We next focus on the second part of (14) and have

_<§;m)_l ﬁ;wi(l — m)vech{ (Xi — M1) (Xi - Hl)T}%‘B

1= 1=

T T
—p —E[VGCh{ (Xi — Ml) (Xi - Ml) }(Xz - ,uo)
Therefore, as N — oo, we finally have F,,,,(6) —p Ax,,, as N — oo, where Ay, ,, =
—E[vech{(X; — p1)(X; — 1) " }y0/Ys = 1] + vech(1) (i1 — po) "5

STEP 6. 3 THE ASYMPTOTIC BEHAVIOR OF ]-"2120(9). Recall we have .732120(9) =
(72 Zf\il )~ AEIEOD/2 where we decompose

= 1]251.

N
Rvsy = = 3 w1 - m)Quvee(Tio) | = A%y, + ALy + Ag,y, + A
31X — NO{ T T i1VeC 10 - Y10 Y130 Y120 Y1X0"

We then focus on these four terms, respectively. Following the similar technique, we have
as N — oo that

N
~ 1 ’
Sis = ~“~a E 7ri<1 — m)vech{(Xi - ,u1) (X,; - m)T}VeC (’Yz‘o’}’;(r))
i=1

Zzl]a
T

2120 =~ No Zm( 7Ti>vech{(X7; — ) (Xi— M1)T}Vec<Zgl>T —p Vech(21>vec(251> ,

—p —F [Vech{ (Xi — ,u1) (Xi - Ml)T}VeC (%‘O%'To)T

N
3%120 = le(e)Nia Z Tri(l — Wi)vec(,yi07£>T
—p vech(21>vec {251{21 + (p1 — po) (1 — uo)T}Eal}T,
T 1

N

-

Na Z e (1 — 71'@-) —p —Vech<21)vec<261) .
i=1

Combining the above results, we have 32120 —p Ay, as N — oo, where Ay y, =
—Elvech{ (X; — pu1)(Xi — )’ }VeC(%o%o) Vi = 1]+ vech (X1 ) vee[Sq {31 + (11 — o) (1 —

A212o —Fx, (0)vec (Eal)

10) "} 1T, This suggests that Fx,x,(0) —p As,y,D/2 as N — cc.
STEP 6.4 THE ASYMPTOTIC BEHAVIOR OF Fy,,, (0) AND Fx,x, (A). By the similar
arguments, we have ]:gwl(G) —p Axyyy and Fy,x, (0) —p —As,2,D/2 as N — oo, where

Awyy = Blvech{(X; — p)(X; — p1) " 3valYi = 1] and Azlzl = —Elvech{(Xi — p)(Xi —
p1) " dvee(viy ) T |Y = 1] + vech(Z1)vec(X; 1) T. This accomplishes the entire proof.
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Appendix A.2: Proof of Theorem 2

We study here the asymptotic behavior of F *(0) under the rare events assumptions. To this
end, we decompose the contraction operator F*() into five blocks as F*(8) = (F(6), f:o O
F (O, Fr ()T, 75 (0)T)T € R1*4, where F1(0) = 0F5(0)/00 € R, Fr, (0) = 0F;;, (0)/
907 € RP? and F3, (0) = OF%, (0)/007 € RP®PHI/2X4 with k € {0,1}. Similarly, we
prove four convergence results in the first step. These conclusions are frequently used in
the subsequent proof. Next, we study these five blocks separately in the last five steps.
STEP 1 FOUR CONVERGENCE RESULTS. In this step, we verify F; (0) —p u and

5, (0) —p vech(Zg) as N — oo with k € {0,1}. The technical details for proving
these four convergence results are very similar. Comparatively speaking, the proof of

5, (0) —p vech(X1) is technically more complicated. We thus provide the proof details
for this convergence result only. The proofs for other convergence results are omitted to
save space. Recall F§ (0) = (N w4 S V) vech{ N mi( X — ) (X — )T +
S YA(XF — 1) (X — )T} Consequently, it suffices to prove as N — oo,

{(N+m>a}_l(g;m+gifi*> 1, (15)
(5o} S (5m) + S0 5

i=1

(16)
By the Slutsky’s Theorem, we then have 3, (¢) —p vech(X1) as N — oo. This finishes the
proof of Step 1.

STEP 1.1 VERIFICATION OF (15). By Step 1 in Appendix A.1, we calculate {(N +
m)a}~! Zf\il 7 = N/(N +m)(Na)™! Zfil mi —p 1/(1 + k) as N — oo by the Slutsky’s
Theorem. Consequently, we focus on {(N + m)a} 13" V*. We compute the expec-
tation and variance of {(N + m)a}~! >, V¥, respectively. It is obvious that E[{(N +
m)a} 1Y V] = m/(N+m) - (1+ k1)1 as N = oco. Next, we compute that
varl{(N T ma} S V7] = (N + m)~2a-lm(1 — a) = Ofm/{(N +m)?a}] — 0 as
N — oo. This finally verify (15).

STEP 1.2 VERIFICATION OF (16). We show here (16). For the first part, we have
{(N +m)a}' S50 mi(Xs — ) (Xi — )T = N(N +m) " (Na) ™ 3200 mi( Xy — ) (X —
)" =, (1+ k)72 as N — oo by Step 1.2 in Appendix A.1. For the second part, it is
obvious that E{(ma) ™ 37 V(X — ) (X] =) "} = o E{YF (X} — ) (X —pm) T} =
B{(X} — u1)(X; — ) "|Y;* = 1} = 1. We then focus on the variance of the (ji,j2)th
element and have var{(ma)~1 Y7 Yi*(Xi’tj1 —p1 ) (XF . —pgy)} = m o 2var{ Y (X}

i,j2 iy
1) (X5, — )} = m a2 E{Y (X — gy )2 (XG S, — i gp) 2y —m T la P EA{Y (X, —

P, ) (X5, — ) b = O{(ma)~'} = 0 as N — oo. Thus, we have (ma)~' Y7, V(X —
pa)(XF—p1) T =, 21 as N — oo. This suggests that {(N+m)a} =t 7 V¥ (X7 — ) (X —
)" = m(N +m)"Hma) P V(X — ) (X — )T —p k(1 + k)11, Combining
the above results, we have (16).

STEP 2 THE ASYMPTOTIC BEHAVIOR OF F*,(f). We start with the first block
F*a(0) = (F*aa(0), F*auo(0) T, F*aso (0) T, Frapu (0) T, Frax, (0)T)T € R, where we define
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F*aa(0) = OF5(0)/0a € R, F*op, (0) = OF(0)/0ux € RP and F* o5, (0) = OF:(0)/dvech(Sy)
€ RP(PHD/2 with k € {0,1}. Recall that F(0) = (N +m) " (XX, m+ 3", ¥7*) € R. The
analytical detail of F}(#) is given by

N mi(1 — ;)
s 7 — 1y
Faal ; all—a)’
N
F* auo( N+m Zﬂ—z<1_7rz)7107
=1
N
. 1 DT
]:*0420 (0) —a Z 771( )VGC <F10> R
+m 2 i
N
T apm ( Zm(l - Wi)%’h
+m =1
' o i
Frax, (0) = — m(l — 7ri>vec<Fi1>,
N+4+m 2 P

where v, = Z,;I(Xi — py) and Ly, = 3 ’sz%k with k& € {0,1}. We next study these
five blocks separately. We start with ]:* o(0). We have F*u0(0) = (N +m) Ha(l -
)} 'Y (- m) = (1 + m/N)” 1]—"aa(9) —p (1+ k)"  as N — oo by Step 2.1 in
Appendix A.1. By similar arguments, we have F*,,, (0) —p 0 and Fig (0) —p 0 with
k€ {0,1} as N — oo based on Step 2 in Appendix A.1.

STEP 3 THE ASYMPTOTIC BEHAVIOR OF f;;o(e). Next, we study the second block
73,(0). Here we define 77,6) = (*sua0), F supn(0) iz 0), s (0) F* 05, (0)
€ RP*4, where F*,,0(0) = 0F, (0)/0a € RP, F*,, (0) = OF; (¢ )/8,uk € RP*P and
F* 1wy, (0) = 0F; (0)/0vech(Ey,) T € RP*POHD/2 with k € {0,1}. Recall (0 ={CN, (-
i)+ (1 —Yi*)}_l{Zﬁl(l i) Xi +ZZ:1(1 Y:*)X/}. The analytlcal detail of ]—';U (9)
is given by
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We start with ﬁ;oa(e). The objective here is to show that F*,,a(0) —, (o — 1)/ (1 +
k) as N — oo. We first focus on the denominator of F*,,,(f). By Step 1, we have
(N +m)~! vazl(l — ;) —p (14 k)7L and Fpo(@) —p po as N — oco. Then we prove
S Y/ (ma) —p 1 as m — oco. It is easy to verified that E{> """, Y;*/(ma)} = 1 and
var{d} ", Y*/(ma)} = m~ta"var(Y;*) = mla"l(1 —a) — 0 as m — oo. This leads
to (N + m)*l{zfil(l —m)+ > (1 =Y} =, 1 as N — oco. We next work on the
numerator of F*,,,. By Step 2 in Appendix A.1, we have (N+m) " {a(1—a)} ' N mi(1-
) = NN 4+m) "N Ha(l —a)} ' N m(1 —m) =, 1+ x)" and (N 4+ m) (1 —
)} PN w1 = 1) X = N(N +m) 'N"Ha(l — a)} 'S mi(l — m) Xy =50 as
N — oo. Then by the Slutsky’s Theorem, we can verify F* oa(0) —p (o — p1)/(1 + K)
as N — oo. For the similar arguments, we have F*,,, (0) —, 0 and F}5 (0) —p 0 with
k € {0,1} as N — oo based on Step 3 in Appendix A.1l. This accomplishes the proof of
Step 3.

STEP 4 THE ASYMPTOTIC BEHAVIOR OF .7-";0(9) In this step, we consider the fourth
block 73, (8). Here define 735 (6) = (F*50a(60), F*Sou0 (0), F 5050 (0), F 530101 (0), F 505, (6))
€ RPPHD/2X4 where Fry o (0) = 0F% (0)/0c € RPPTD2 Frg (0) = 0F%, (0)/0u) €
RPEHD/2XP and Fry w, (0) = 0F%, (0)/0vech(Sy) T € RPEHD/2P0tD/2 with k € {0,1}.
Recall Q5 = vech{(X; — pu) (X —pg) T} — F3;, (0) with k& € {0,1}. The analytical detail of
F5,(0) is given by

* Al al * 1 ﬂ-l(l ﬂ-l) *
fﬁoa(e)__{ZX;(l_”i)*;(l_Yz>} 2o a(i—a)
N N ~1 N
I*EOMO(Q) = {Z (1 — 7'('2) + Z (1 — Y?)} Zﬂ'z (1 7T’L>Q'?OP@—'E]
=1 =1 =1
N N _
{506} (S o)
+1, 0 (X~ o) } +§: (1) {(x0 —m) @ L+ hye (X7 —mo) .
=1

By (15), we have (N +m) 43XV (1 —m) + 2N (1 -V*)} =, 1 as N — co. Meanwhile,
by Step 4 in Appendix A.1, we have (Na)™? Zf\;l mi(1—m;) —p 1 and (Na) ™t Zf\il mi(1—
) (Xi — p0)(Xi — po) T —p 21+ (1 — po) (1 — po) " as N — oo. By Step 1, we have
F3ya(0) —p vech(Eg) as N — oco. Combining the above results, we have F*54(0) = N (N +
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m) " (1—a) N (Na) P L mi(1 =) —p (14 k) vech {1 + (11 — o) (11 — o) " — o}
as N — oo. For the other four block matrices, we have F*x,, () —, 0 and F*s,x, (6) —p 0
as N — oo with k € {0, 1}.

STEP 5 THE ASYMPTOTIC BEHAVIOR OF ]-';1 (0). In this step, we consider the third
block F;, (0). Here we define Fi (0) = (F*11a(0), F* i o (0)s F* s (0) F* i (0), F* 3, (0))
€ RP*9, where F*,,4(0) = 0F; (0)/0c € RP, F* ., (0) = 0F; (0)/0p. € RP*P and
F* s, (0) = 0F;, (0)/0vech(Sg) T € RPPPHD/2 with k € {0,1}. The analytical detail of
f;l(Q) is given by

al - * -1 al 771(1 71—1) £
Fua@=(Lm+2v) Y g (- 7.0),
i=1 1=1 i=1
F o) —(ZN:WZ 4 Zm:yl*)l im(l =) (Xi = F5,(0)) v
=1 =1 i=1
N m “11 N T
Fouma(@) = (om+ D v) 53 m(1-m) (X = F,0))vee(Tw) D,
i=1 i=1 =1
P @)= (3om+ 30) S (1) (5~ 7 @)
1=1 i=1 1=1

Fois (6) (Z i+ Z Y*) % i i (1 - m) (XZ» ~F (9))vec(rﬂ)TD.

STEP 5.1 THE ASYMPTOTIC BEHAVIOR OF F*, ,(0). We start with f;la(e). The

objective here is to show that oz]-;*ma(@) —p 0 as N — oo. To this end, we rewrite
aF*,,4(0) as

1

. . 1 N 7T1177TZ
aFual0) = { N +m)a (Zﬂﬁzy)} { N +m) Z a(l —a) (X'_f“l(e))

+ (o (6) = F1,9))

Mz
QE‘
==
]
L3
H—/

N+m
=1

By (15), we have {(N +m)a} (2L, mi+ 37, V) =, 1, N Ha(l—a)} 1 300 mi(l -
) —p 1, (No) " Ha(l —a)}t Zf\il (1 — m)(Xs — Fuy(0)) =p Apja as N — o0o. Subse-
quently, it suffices to show F,, () — .7-";1(0) —p 0 as N — oo. By the definitions of F,, ()
and .7-";1 (0), we have

N m 1 N ., m N N m
Fu® - Fn@ = (X m+ Y v) (Xm) (v mXi-d md vx;).
=1 =1 i 1=1 1=1 =1 i=1

By Step 1, (15) and Step 5.1 in Appendix A.1, we have (N+m) Lo (XN | m4+ 27, Y7) =,
L (Na) ™ Sy mi —p 1 (Na) ™ 323 miXy = pun, (N+m)~ha S0 Yy = (Lhn )™
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and (N +m) la 3" V*XF —, (1+ K1)y as N — co. This leads to F, () —
Fi (@) —=p 0 as N — oo. Combining the above results, we have aF*,,4(0) —;, 0 as
N — oo.

STEP 5.2 THE ASYMPTOTIC BEHAVIOR OF F*,,, ,,(#). The aim is to prove ]-“ZWO(G) —p
—(14x)71;%;" as N — co. Recall F*, 0 (0) = (Zl 17TZ + >yl Zf\il (1 —
i) (Xi = Fiy (0. We have Fp0(0) = —(N +m)a(S m + 37, Vi)~ 'N/(N +
m)(Na) LN (1 — mi) (Xi — Fi (07 —p —(1+5) 718155 as N — oo.

STEP 5. 3 THE ASYMPTOTIC BEHAVIOR OF F*,, 5, (0). Recall F*, 5,(0) = (XN mi +

ST Y TSN m( - m) (X - ]:Zl(ﬁ))vec(Fio)TD. We then can decompose
. N m N T
Frunzo(0) = *(Zm + ZYZ*) B Zm(l — 771-) (Xi - Hl)vec<%0%0> D
i=1 i=1 i—1

+(§m+§y;)*;iilm(l_m)(xi_,,Ll)vec(zglfp
(Zm ZY*) E <M1 f;1(9)>Zm<1—m)vec(rio>TD (17)

i=1

We have the last two parts of (17) converge to 0 in probability as N — oco. We then
focus on the first part of (17). By (15) and Step 5.3 in Appendix A.1, we can obtain
(i m o+ S Y (1= ) (Xi — m)vee(yiovy) T D =y —(1 4 £) TTE{(X; —
p1)vee(viov;) T1Yi = 1}D/2 as N — oo. This leads to F*,,5,(0) —p —(1 + &) 'E{(X; —
p)vec(viovp) ' |Yi = 1}D/2. '
STEP 5.4 THE ASYMPTOTIC BEHAVIOR OF F*,, ,,(0) AND F*u5,(0). By the sim-
ilar arguments, we have .7-';1“1 (0) =p (14 k)", and F*,,5,(0) —p (1 + k) TE{(X; —
pr)vee(viy) T1Yi = 13D /2 as N — oc.

STEP 6 THE ASYMPTOTIC BEHAVIOR OF ]1"51(6). We consider here the last block
‘7:;}1(0) Here define ]:;31(0) = (‘};*210(9)’]';*El,uo(e)v};*2120(9)7};*21/11(‘9)7]"-*2121 (0)) €
RPPHD/2X0 where Fy, () = OFs, (0)/0a € RP(PHD/2 Frsy (0) = 8]-";1(0)/8u; €
RPEHD/2XP and Frg 5, (0) = 0F% (0)/0vech(Sy) T € RPEHD/2pe+1/2 with & € {0,1}.
Recall Q;; = vech{(X; — u)(X; — pz) "} — F35,(0) with k € {0,1}. The analytical detail of
.7'-"51(9) is given by

]:"* 0) = . Y* -1 al Trl(l B Tri) *
Zm()—(ém%—% z) ;a(l—a) il
F* 1o (9) (i ™ + i Yz*) - i\[: Gy’ (1 - 7TZ>Qzl%O’
=1 =1 =1
N 11 X T
F*si50(0) (Z T+ Z Yf) 5 Z T <1 — m) Qllvec(l“zo) D,
i=1 i=1 i=1
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Frsn® = (Lom+ %) w1 m)2od
=1 =1 =1
(Srr ) [ o (5 m) e (i)
=1 =1 =1
(5 m) o e (35 —)
) - N m 11 N T
.7-"*2121(9):—<Z7ri+z Z) §DTZWZ< ) 1vec(l“i1) D.
=1 =1 =1

STEP 6.1 THE ASYMPTOTIC BEHAVIOR OF F*s,a(0). The objective here is to show
that aF*s,4(0) =, 0 as N — oo. To this end, we rewrite aF*,, 4 (0) as

1 N
. * 11_ 1
af*21a(9):{N+m <ZW1+ZY>} |:N+m 2;7;1—2

mi(1 —m;)
a(l —a)

H{F 0 - 7,0}

'MZ

=1

By (15), we have {(N +m)a} (535, mi + X%, ;) =p 1, N7Ha(l—a)} 7 % w1 -
7)) —p 1, (Na) " Ha(l — )}t Zfil mi(1 — m)Q1 —p Asy o a8 N — co. Subsequently, it
suffices to show O} — Q1 —, 0 as N — oo. By the definitions of Fx, (0) and F3;, (0), we

have
N
77

Fs,(0) - F5,(0) = (imiw)l(im)l{iﬁ*z
=1 i=1

1=1 =1 =1

() ()|

N m

=Y V(X ) (X )
=1 =1

By Step 1, (15) and Step 5.1 in Appendix A.1, we have (N—|—m)_1oz_1(zl 1 7rl—|—zZ 1Y) =y
L (Na) SN, sy 1 (Vo)™ S i (Xi—an) (Ximpin) T =5 S, (N-tm) a3, 7
o (4 A and (V) TS Ve (X ) (X ) vy (L4 51 IE as
N — oo. This leads to Fx, (¢) — F35, (#) =, 0 as N — co. Combining the above results, we
have aF*s;,4(f) —, 0 as N — co. This finishes the proof of Step 6.1.

STEP 6.2 THE ASYMPTOTIC BEHAVIOR OF F*s, ,(f). We can decompose F*s, ,,, (6)

_|
.

N N

]-L*EWO (Zm—f—ZY*) ]-"21 Zm(l—m)%—g

=1

(Zm ) %m(l o )veend] (26— ) (%~ ) Il

i=1

(18)
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We start with the first part of (18). By Step 1, (15) and Step 3.2 in Appendix A.1l,
we have (001 m + 37 Y TN F, (0) oy mi(l — mi)vg —p (14 &) vech(S1)(un —
o) Xgt as N — oo. We next focus on the second part of (18) and have —(Zf\il ™ +
> Vi)™ Zz 1 il — mveeh{(Xy — pn)(X; — p) o —p —(L + k)" Blvech{(X; —

1) (X — 1) T H(Xi — o)Xt Hence, we finally have F*x, 0 (0) —p (1+5) " Ax, 0 as N —
0o, where Ay, = (—1)k+1E[veCh{(X —p1) (Xi—p1) T X ,uk)]Zgl—(—1)k+lvech(21)(u1—
i) T with k€ {0,1}.

STEP 6.3 THE ASYMPTOTIC BEHAVIOR OF F*y x,(0). Recall we have F*y 5, (0) =
(N +m)a(XN o+ ", V)~ 1A*2120D/2 where we decompose

~ 1 N T
B0 = (g 2™ (1 ) ()
N N\ Ab N
- N+ m ( %120 + AE120 + 02120 AZlED)

By Step 6.3 in Appendix A.1 and Step 1, we then focus on the last two terms and have as
N — o0

. . 1 T
$1380 = VeCh{}—Xh (0 }N7C¥ Z (1 o 7T2>Vec ('YzO%O)

=1
—1 T\y1]"
—p —vech(Zl)vec [ZO {21 + (1 — po) (1 — o) }EO ] ,

N
T T
* -1 -1
AEIZO = —F%, (0)vec (Eo ) Na ;m<1 — m) —p —Vech(21>vec(20 ) .
Combining the above results, we have 3;120 —p Asyy, as N — oo, where we recall
Ay, = E[VeCh{( — ) (Xi = ) yvee(yaryg,) T IYi = 1] = vech(S1)vee[S {1 + (1 —
fe) (1 — pw) TSR ] with k € {0,1}. This suggests that F*x,5,(0) —, (14+x) ' Axg,5,D/2
as N — oo. .
STEP 6.4 THE ASYMPTOTIC BEHAVIOR OF F* siu1(0) AND F*s, 5, (0). By the similar
arguments, we have F* sups (0) =p (1+£) 1 Ax, 4y and Frs 5, (0) —p —(1+k) 1 Ax, 5, D/2
as N — oo. This accomplishes the entire proof.

Appendix A.3: Details Demonstration of the EM and MEM Algorithms

PArT 1. THE EM ALGORITHM. In the first part, we start with the EM algorithm by the
complete-data likelihood method (Dempster et al., 1977; Wu, 1983). Suppose we have the
data {(X;,Y;) : 1 < i < N}, where the latent class labels Y;s are assumed to be known.
Consequently, the logarithm of complete-data likelihood function can be written as

Q) = i {Yilog Pz (X3) + (1 - )@) 108 Gpo, 0 (Xi)}

=1

+§:{y1oga+( Y)log(l—a)} (19)

=1
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We start with the expectation step. Let ) = (a®, /’I(()t)—r, Vech(iét))T, ﬁgt)—r, vech(flgt))T)T €

RY be the estimator obtained in the tth step. By the Bayes’ theorem, we have for the poste-

rior probability that 70 ) = E(Y;|X;,00) = P(Y; = 1|X,;,00) = f5,,(X;)~'a® 620 50 (X).
1 <1

Next, we derive the maximization step. Define Q(9|§(t)) to be the expectation of the
joint log-likelihood for the complete data conditional on the observed data X;s. Conse-

quently, we have Q(6]9(")) = P 1{7r(t+1) log ¢, 5, (X5) + (1 — %i(tﬂ))log Buo,x0 (Xi)} +
Zij\il{ﬁ(tﬂ) loga + (1 — (Hl)) log (1 — )} by (19). Accordingly, the estimators in the
(t + 1)th step can be computed by 9D = argmax,Q(6]8®). By solving Q(6]9")) = 0,
we obtain the (¢ + 1)th step estimator g+l = (alt+1)] ﬁ(()HI)T, Vech(fl(()tﬂ))T, ﬁgtﬂ)—r,
Vech(Z(Hl)) )T € RY as

Q) — p-1 ZA (t+1) Iuot+1) { i <1 _ %\Z(tJrl)) }*1 iv: (1 B %Z(Hl))Xi,

=1 =1
i(()t-i—l) _ { i\[: (1 _ %i(t+1)> }—1 Z (1 B %§t+1)> (X'i _ %t)) (Xi B ﬁ(()t))T,
i=1 i=1
A§t+1) _ <§: %Z(t—f—l)) -1 i\[: %Z(H—DX“
i=1 =1
ﬁ(t—i—l) (i 7?Z(t+1)) -1 i 7?i(t+1) (Xz _ Agt)> (X Mg ))T
i=1 i=1

The aforementioned steps should be iteratively executed until numerical convergence. Note
that numerical convergence here relates to the computation cost needed for the initial
estimator to numerically converge to the MLE. This computation cost is reflected by
the number of iterations needed to achieve the pre-specified convergence criterion, and
is fundamentally determined by the spectral radius of the contraction operator evalu-
ated at the true value. By the time of numerical convergence, we obtain the MLE as
0 = (62,ﬂg—,vech(io)—r,ﬂir,vech(f]l)—r)—r € R?. Both the expectation and maximization
steps lead to a standard EM algorithm, which is exactly the same as the above algorithm
inspired by the gradient condition (Dempster et al., 1977; Wu, 1983).

ParT 2. THE MEM ALGORITHM. In the second part, we derive the MEM algorithm
using the complete-data likelihood method similarly (Dempster et al., 1977; Wu, 1983).
Recall we have the unlabeled dataset {(X;,Y;) : 1 < i < N} and the labeled dataset
{(X7,Y") : 1 <i < m}. We still assume that the latent class labels Y;s in the unlabeled
dataset are observed. Consequently, the logarithm of complete-data likelihood function can
be written as

Qsemi(ﬁ) = —|— Z {Y log ¢u1,21( ) + (1 - z*) log QS#O,EO (Xz*)}
=1
+§:{Yi*loga+ (1—Yi*>log (l—a)}. (20)
=1
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We begin with the expectation step. Let §£ezm = (asemil®), ﬁ(s)emi(t)T, Vech(Eseml(t)) ,

ﬁsleml(t)T, Vech(Eseml(t)) )T € R? be the estimator obtained in the tth step. We can

then derive the posterlor probability 7 Aseml(tﬂ) = E(Yi|X;,0 /Tszm) =PY, = 1\Xz,@§2m) =
Fa0 (X))~ 1 5semi(t ¢ﬁiemi(t) semil) (X5). For the maximization step, define Qsemi(0| seml) to

be the expectation of the joint log-likelihood Qsemi(€) for the complete data conditional
on the observed data X;s. Consequently, we can compute Qgsemi(0| Seml) = Z {Ascml(tﬂ)

18 G5y 617D g 0,5,(60) + 5, (70 log (1= 70) g (1
Q) )+ 0 (Vi 1og Gy, (X7) (1Y) 1og .30 (X7)} + 0% (¥ log at (1 ;) log (1 -
a)} by (20). Subsequently, the (¢t + 1)th step estimator oLty — (qeemi(t+1), ’\(S)eml(tﬂ) ,

semi1
vech(Zseml(tH))T, /’lieml(tH)T, Vech(Eieml(tJrl))T)T € R? can be obtained as

qeemi(t+1) _ (N " m) 1 < i ~semi(t+1) + Em: YZ*)7
i=1 i=1
ﬂgemi(t—&-l) _ { é ( _ Aseml (t+1) ) +g (1 _ Y;*) }71{ é (1 B %jemi(tﬂ))Xi
+ ; (1 - Y*)X }
N m N
’z\:(s)emi(t+1) _ {; (1 _ %lseml(t—i-l) i ; ( )} { EZ: ( _ Aseml t+1)) (Xi _ ﬁgemi(t))
(gm0 -5 o) )

N m
Aseml(t-i-l) (Z ~semi(t+1) + Z Y*) -1 ( Z %éemi(t—s—l)Xi 1 Z Y*X*)
i i)
; =1
N
seml (t+1) (Z %seml (t+1) + Z Y*) { Z ~semi(t+1) (Xz _ Aseml(t)) (X _ Aseml(t)>
My i Hp

2

+ Z Y7 (Xj _ ﬁieml( )> <X* _ /\beml(t)> }

i=1

The aforementioned steps should be iteratively executed until convergence. By the time of
numerical convergence, the MLE can be obtained as fgemi = (@%™ 5™ T vech(Xgemi) T
psemiT Vech(flslemi)T)T € R?. This leads to a standard EM algorithm, which is the same as
the MEM algorithm. Therefore, the MEM algorithm is indeed a standard EM algorithm

(Dempster et al., 1977; Wu, 1983).
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