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Abstract

The expectation-maximization (EM) algorithm and its variants are widely used in statistics.
In high-dimensional mixture linear regression, the model is assumed to be a finite mixture
of linear regression and the number of predictors is much larger than the sample size.
The standard EM algorithm, which attempts to find the maximum likelihood estimator,
becomes infeasible for such model. We devise a group lasso penalized EM algorithm and
study its statistical properties. Existing theoretical results of regularized EM algorithms
often rely on dividing the sample into many independent batches and employing a fresh
batch of sample in each iteration of the algorithm. Our algorithm and theoretical analysis
do not require sample-splitting, and can be extended to multivariate response cases. The
proposed methods also have encouraging performances in numerical studies.

Keywords: EM algorithm, High-dimensional regression, Mixture model.

1. Introduction

Consider a univariate response Y € R and a p-dimensional predictor X € RP. The mixture
linear regression model assumes that

Y = ﬁgX +e€, for k=1,---, K, with probability w; > 0, (1)

where K > 2 is the number of mixtures, Zle wp =1, e ~ N(0,0?), 0 > 0, is independent
of X, and Sy, is the p-dimensional regression coefficient vector that characterizes the linear
relationship between Y and X in the k-th mixture. By introducing a latent variable W €
{1,---, K}, independent of X, model (1) is equivalent to

P(W =k)=wp, Y |(X,W=Ek) ~N(BLX, o%. (2)

We consider the high-dimensional joint estimation of all the Si’s and provide a general
estimation procedure with strong theoretical guarantees. The latent mixtures, indicated by
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the latent variable W in (2), make the estimation problem much more challenging than the
linear regression, especially in high dimensions. We assume that only a subset of predictors,
indexed by S C {1,---,p}, is relevant to the regression. Therefore, (B)se = 0 for all k,
where S€ is the complement of S. The group lasso penalty (Yuan and Lin, 2006) is naturally
applied to those p-dimensional ;. vectors in the maximization steps of our regularized EM
algorithm to select relevant variables across all the mixtures.

The mixture linear model and finite mixture models in general, are widely used to
account for heterogeneity in data analysis (e.g., Turner, 2000; McLachlan and Peel, 2004;
McLachlan et al., 2019). When the number of predictors is not large, the latent mixtures and
the model parameters can be estimated using the expectation-maximization (EM, Dempster
et al., 1977) algorithm. The EM algorithm is the dominant solution for finding the maxi-
mum likelihood estimators of mixture regression models like (1). When € is not normally
distributed, the EM algorithm has been modified and extended to robust fitting of mixture
linear models under the t- and the Laplace distributions in Yao et al. (2014) and Song et al.
(2014), respectively. Leisch (2004) provides computational and implementation details of
mixture regression models.

Although the EM algorithm has been extensively used in mixture regression models, it is
challenging to establish a rigorous theoretical characterization of the finite-sample estimates
in the iterative algorithm. Some groundbreaking progress has been made in recent years.
Balakrishnan et al. (2017) laid theoretical foundations for quantifying the EM updates’
convergence within statistical precision of the ground truth. For mixture linear model,
strong theoretical guarantees of the EM algorithm are often established by focusing on the
model with two equal mixtures, K = 2 and w; = wy = 1/2, and symmetric regression
coefficient vectors, By = —p1, (e.g., Kwon et al., 2021, and references therein). Then the
EM algorithm is simplified substantially because w; = wy = 1/2 does not require estimation
and, more importantly, the model parameters are reduced to a single vector g = 1 =
—B2 € RP. Many theoretical results are established for the “sample-splitting” EM algorithm,
which divides the full data into T equal batches and uses a new batch of samples in each
iteration. Without sample splitting, theoretical analysis becomes much more challenging.
This is because the function to be maximized in each EM iteration, namely the Q-function,
involves both the random samples and the current parameter estimates, which are made
independent by sample-splitting. See Balakrishnan et al. (2017) and Klusowski et al. (2019)
for recent studies of the sample-splitting EM algorithm in mixture linear models. While the
above-mentioned works all focus on low-dimensional models and unpenalized EM algorithm,
regularized EM algorithm for high-dimensional mixture linear models is of growing interest
in recent years. A selective review is as follows.

Khalili and Chen (2007) studied the variable selection for mixture linear regression with
penalized likelihood. When p is fixed and n goes to infinity, they established variable selec-
tion consistency and root-n consistency for a possible local maximum. Stadler et al. (2010)
proposed a lasso-type penalty (Tibshirani, 1996) on the negative-log-likelihood function and
obtained non-asymptotic convergence results for the global optimum. However, there is no
guarantee for the EM algorithm to attain either the particular local maximum or the global
maximum. To rigorously study the entire EM iterative solution sequence in high dimen-
sions, existing results rely on the sample-splitting procedure. For example, convergence
results based on sample-splitting algorithms are established for a truncated EM algorithm
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(Wang et al., 2015), a penalized EM algorithm (Yi and Caramanis, 2015), and a stochastic
EM algorithm (Zhu et al., 2017), all under the assumptions of K = 2, w; = wy = 1/2,
Bo = —p1, and normally distributed predictors. More recently, with the help of sample
splitting, Zhang et al. (2020) systematically studied estimation, confidence intervals, and
large-scale hypotheses testing for the mixture linear model. Sample splitting is undoubtedly
used to facilitate theoretical analyses, but is not desirable in practice. It remains unknown
how to practically choose 7', which is both the number of iterations and the number of
sample batches, and how it affects the estimation. Moreover, it is believed (e.g., Zhang
et al., 2020) that data splitting is unnecessary in numerical studies.

The contributions of this article are multi-fold. The first and most significant contri-
bution is developing a practical penalized EM algorithm for a general high-dimensional
mixture linear model and establishing its substantial theoretical guarantees. Our algo-
rithm is equally applicable to random-X and fixed-X and multiple mixtures K > 2. In
our theoretical analysis, we do not require sample splitting and allow a relatively general
model. Specifically, we establish a non-asymptotic convergence rate for a two-mixture linear
model with unknown proportions wi,ws € (0, 1), unrelated two regression parameter vec-
tors B1, B2 € RP, and normally distributed predictors with unknown covariance structure.
To our best knowledge, we established the first theoretical results for the high-dimensional
mixture linear regression under such a general setting without sample splitting. Compared
with the high-dimensional linear model literature, the theoretical analysis for the high-
dimensional mixture model requires bounding the supremum of random processes and is
much more challenging without sample splitting. Our general proof strategy is related to
Cai et al. (2019), which studies the penalized EM algorithm for the Gaussian mixture model
without data splitting. The complicated relationship between the random response Y and
the random predictor X makes the theoretical studies of mixture linear regression even
more challenging than the Gaussian mixture model, which only involves random X. Many
new concentration results are needed for random processes involving both Y and X. For
instance, unlike X; in the Gaussian mixture model that is sub-Gaussian, the product term
X,Y; appears frequently in the EM iterates and estimates and is more difficult to bound
(Adamczak, 2008). Even for the theoretical analysis of the population EM iterates, dou-
ble expectations Ex{Ey|x(-)} are needed than single expectation Ex(-) in the Gaussian
mixture model. With substantial efforts, we obtain a near optimal convergence rate of
logn/slogp/n, with a small price log(n) to pay for not sample splitting.

The second contribution is our new theoretical insights on model misspecification. Specif-
ically, we analyze how a fixed parameter value o2 in the penalized EM algorithm may affect
the estimation of 5. To the best of our knowledge, it has not been studied in the literature
on the mixture linear regression model. In most theoretical studies considering the EM
algorithm for the mixture linear regression, the variance o is often assumed to be the true
parameter value o2 and is a fixed constant. Kwon et al. (2021) considered the convergence
results when o2 is updated in each M step. However, they only considered a simplified
case where the mixture proportions are known to be 1/2 and are not updated in each M
step. Besides, their theoretical studies are limited to low dimensions. In general, when the
error variance o2 is not correctly specified in the penalized EM algorithm brings bias for
estimation. However, for the mixture model with a relatively large signal-to-noise ratio, our
theory indicates that the choice of ¢ has a minor influence on the estimation, and thus an
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accurate estimation for it is usually not necessary. This conclusion is further demonstrated
by a simulation study.

The third contribution is that we extend the study for the mixture linear regression
model to multiple response cases. For the mixture linear regression model with a multi-
variate response, the naive approach is fitting a mixture linear regression model separately
for each element of the response. The major drawback of doing so is each observation may
be identified into different clusters when we model each univariate response separately. We
illustrated the advantages of considering multiple responses together than handling them
separately from both theoretical and numerical aspects. The advantage of considering mul-
tiple responses together is also demonstrated in Hyun et al. (2023), which developed a sparse
mixture linear regression model to estimate the time-varying data sets (i.e. at each time
point, the data satisfy a mixture linear regression model). However, they are interested in
developing a time-varying model to analyze a real-world dataset, but no theoretical study
is conducted. In contrast, we rigorously characterize the advantage of considering multiple
responses simultaneously with statistical theory.

The rest of the article is organized as follows. Section 2 contains the implementation
details and discussions about the penalized EM algorithm. Section 3 presents the theory
for the penalized EM algorithm and the influence of the choice of ¢2. Simulation studies are
presented in Section 4. We then extend the mixture linear regression to multiple response
cases and consider its theoretical studies in Section 5. In Section 6, we consider a real data
example followed by a short discussion in Section 7. The appendix contains proofs for all
the lemmas and theorems and additional implementation details.

2. Estimation

We assume that we collect n independent data points {(X;,Y;)}7; from model (1). In this
section, we do not make additional assumptions on X as our estlmatlon procedure is equally
applicable to random or fixed X and allows for both continuous and discrete predictors. Let
0 ={w, - ,wg,B1, -+, Bk} be the unknown parameters to be estimated. In this section,
we focus on the studies of the regression coefficients and treat o as known. The estimation
for o2 is briefly discussed at the end of this section. We further show in Theorem 5 that
misspecification of o2 has a relatively small impact on the final estimation.

To motivate our proposal, we first derive the standard EM algorithm and discuss its
limitations. The EM algorithm aims to maxumze the log-likelihood of Y | X over 6, by
iteratively updating the sequence of solutions {9 ,t =0,1,...} via the Expectation-step (E-
step) and the Maximization-step (M-step). Recall that W is the latent variable representing
the mixtures. Consider the (¢ 4 1)-th iteration with the current value §). In the E-step,
we calculate the expectation of the log-likelihood of W | (Y, X) at the parameter §*). This
is known as the Q-function,

K
Q1Y) = = S S k@)Y = XT3+ 3 Y A @loglen), ()
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where @Jg(g(t)) =P(W; =k | Y;, X;,01)). The estimated probability ﬁiyk(@\(t)) is given by
&y 002 (Vi — XTBY)

YK 8W g, (Y; — XTBYY

where ¢,2(u) is the probability density function of N(0,?). Then, in the M-step, we update
H(t+1)
k

772 k(/\(t )

(4)

= argmaxy Q(0 | é\(t)) by maximizing (3).

Note that the standard EM algorithm is infeasible to high-dimensional problems. If
p > n, even when the latent random variables W;’s are observed, the maximizer of the Q
function is not well-defined. Moreover, as W; is generally latent and unobserved, we need
to calculate ﬁ@k(@\(t)) in (4), which involves the p-dimensional random vector X and the
p-dimensional parameter vectors [;’s.

To estimate the linear mixture regression model in high dimensions, we modify the
standard EM algorithm by encouraging sparsity. In high-dimensional statistics, it is often
assumed that the coefficients have many elements as zero, i.e, most elements in 5y are zero.
But we further assume that 85 has a joint sparsity structure, in that, for most j, we have
B1j = ... = Bk; = 0, where ;; represents the j-th element of 8. The group sparsity
facilitates the interpretation, as for each j, if 81; = ... = Bg; = 0, then the j-th element
of X is unimportant for the prediction of Y regardless of which mixture the observation
comes from. Moreover, the group sparsity benefits the E-step, because, with straightforward
calculation, we can rewrite (4) as

i (0) = D4 Y afen{B) - B XY - (B + BT Xi/2)/07)).
K #k

Equation (5) shows an advantage of the group sparsity over the individual sparsity It
implies the j-th element in X is unimportant for the evaluation of 7; k( )y if Bk — B -
for all k, k' The group sparsity guarantees that such a situation happens for most elements
in X and 7; x(#")) is determined by a few elements in X.

With the sparsity assumption, we modify the EM algorithm by imposing the group lasso
penalty (Yuan and Lin, 2006) on S, for k = 1,--- , K. Our the penalized EM algorithm
replaces M-step by

P K
t+1
5( = argmax 2Q(6 | 91)) — AU+ Z Zﬁ,%j , (6)
7j=1 k=1
where )\(tH) > 0 is the tuning parameter at the (¢ 4+ 1)-th iteration and fi; be the j-th

element of 8. In the E-step, we evaluate éﬁﬂ) by (5), which is the same as in the standard
EM algorithm. Clearly, our penalized EM algorlthm reduces to the standard EM algorithm
when )\(tH) =0forallt=0,1,....

The optimization in (6) is separable in wy and ;. For w, the updating equation is the
same as in the standard EM algorithm, i.e, w](fﬂ) =3, ﬁ,k(g(t))/n For fj, it amounts
to minimizing the following objective function,

=

> B (7)

k=1

K P
(B, ,BK) = ZBkTEI(fH Z A(t+1 )T By +)\ Z
k=1 j=1
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where ﬁfﬂ”l) =y, ﬁi7k(§(t))Xi}/}/n and i,(fﬂ) =y, ﬁ@k(@\(t))XiXiT/n. The convex
optimization in (7) can be done efficiently by the groupwise majorization descent algorithm

(Yang and Zou, 2015). We provide implementation details in appendix Section B.

The tuning parameter /\S ) could either be fixed or varying across iterations. For theo-
retical consideration, in Algorithm 1, we set )\SH) = m\ﬁf) + C’,\\/log(p)log(n)2/n, where

0 < k < 1/2 and C) are generic constants, for ease of showing the statistical convergence

results. Note that )\,(f) is at the order of \/log(p)log(n)Q/n when ¢t is large. Thus, in practice,
we fix /\gf ) = A for all t and tune \ by the Bayesian information criterion (see our numerical

studies). For fixed )\,(f ) = X over all iterations, our penalized EM algorithm is maximizing

p

L(6) = A/2)

i=1

where L(0) is the conditional log-likelihood of Y | X. The following lemma shows the
convergence result of Algorithm 1.

Lemma 1 If we set /\g) = X for all t in Algorithm 1, the objective function from (8)

evaluated at pl+D) g guaranteed to be no less than the objective function from (8) evaluated
at 0. That is, the sequence of iterates {G(t)}fil generated by Algorithm 1 monotonically
increase the value of the objective function from (8).

In Algorithm 1, o2 is treated as a known parameter to facilitate theoretical studies.
Treating 0% as known is also common in theoretical studies for mixture linear regression
(Yi and Caramanis, 2015; Balakrishnan et al., 2017; Zhang et al., 2020, e.g.). We leave
the detailed discussion for it in Section 3. In practice, the estimates of o2 can be updated
straightforwardly in the EM algorithm as n=! Y1, Zszl ﬁi’k(g(“‘l))(Yi - XiTEIEfH))Z. Sim-
ilar estimates are also adopted in numerical studies of Zhang et al. (2020).

Regularization strategies are also used by Yi and Caramanis (2015), Cai et al. (2019),
and Zhang et al. (2020) in high-dimensional EM algorithms. However, Cai et al. (2019)
considers the clustering problem instead of regression problem. Yi and Caramanis (2015);
Zhang et al. (2020) studies the regression problem with the addition of the lasso penalty
(Tibshirani, 1996) instead of the group lasso penalty. However, a key difference between
our algorithm and theirs is that they require data to be split into 7' batches, and the
(penalized) EM algorithm iterates T times, using one independent batch at each iteration.
The sample splitting is rarely performed in standard EM algorithms on low-dimensional
data, as it may decrease the computation efficiency. Instead, the sample splitting is an
attempt to circumvent technical difficulty in proving the convergence rate. Our proposed
EM algorithm does not split sample, but we will show that it achieves a high level of
accuracy regardless. Moreover, in addition to investigating the property of the penalized
EM algorithm in estimating model (1), we also study the effect of misspecification of o2 and
the estimation of mixture linear regression when there are multiple responses; see Theorem 5
and Section 5, respectively.
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Algorithm 1 Group lasso penalized EM algorithm for model (1) in high dimensions

Input: Initial values wk , 6(0), for k = 1,--- , K, maximum iteration number T, data

{X;,Y;;i=1,...,n}, and initial tuning parameter

A cl<|w‘°>—wr\v---vm&?)—wmvuﬂm—Bfnzv---v 1B — 1 l12) /5
+ Cxy/log(n)?log(p) /s

for some positive constants C7 and Cly.

Iterate: For t =0,---,T — 1, do the following steps until convergence.
e Fori=1,---,n,let
5 t) A, A
Tir@0) =0/ (30 + 3 olexp{(BY - B X.(Yi - (B + BY)TX./2) /%))
K £k

e For k=1, ---, K, update

&\J(H_l) an k é\(

n

1 ~
A = =03 (A (0) X;Y5),

i=1
n

s+ _ 1§~ - T
e =y > (i (0 X XT),
i=1
and update B,(:H) by minimizing

K K
ZB +1)IB 22 A(t-i-l) Tﬁk + )\7(5—&-1)

k=1 k=1

with A = kA + Cx+/log(p)log(n)2/n, where k € (0,1/2).

3. Theory

3.1 Preliminary

We begin this section with some notations. For numbers a and b, a Vb means max{a, b}. For
an integer n, we let [n] denote the set {1,--- ,n}. For a vector x = (a:l, o ap) T |2l is the

number of nonzero elements in z, ||z||; = Y7, |z;|, and ||z||2 = For a symmetric

zlz
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matrix A, we denote A\pin(A) and Apez(A) as the smallest and largest eigenvalues of A,
respectively. The Frobenius norm of a matrix A = (a;;) is defined as [|Al|r = />, ; a?j.

The /5 norm of a matrix A is [|[All2 = V/Mnaz(ATA). For a subset A C {1,---,p}, A°
denotes its complement. For two sequences of positive numbers a,, and b, a, = O(by)
means a, < cb, for a constant ¢ > 0 for all n, a, = o(b,) means that a,/b, — 0 as
n — oo, and b, > a, means that a, = o(b,). Let SP~! be the unit sphere. For a positive
integer s < p/2, let set 'gy(25) = {1 € R% : ||usell1 < 5v/2s||us|2 + 2v/2s]|p|2 for some
S C [2p] with |S| = 4s} and I'(s) = I'yp(25)1,, where I'op(25)1 = {p1p : p € T'op(29)}.
For a vector z and a symmetric matrix A, we define |[z[l2s = supj =1 per(s){T: #), and
[All2,s = SUD|p=t pers) 11" Apl-

We assume independent random predictors X; ~ N(0,%) in our theoretical analysis.
This is less restrictive than the assumption of X; ~ N(0,1,) in Yi and Caramanis (2015)
and Balakrishnan et al. (2017) in that we allow the predictor to be correlated. In this
section, we consider K = 2, which is a common assumption in theoretical analysis for high-
dimensional EM algorithm (Yi and Caramanis, 2015; Cai et al., 2019; Zhang et al., 2020,
e.g.). We re-define 6 = {wy, 81, B2} since wo = 1 —w;. Let #* be the true value of #, and 6*)
be the estimate of 8 at the t-th step in Algorithm 1. The true parameter space we consider
is

O ={0": w] € (cuw, 1 —cw), I1B5llo < s, |1Bille < My, for k=1,2}.

This is a natural parameter space to consider. The condition wj € (¢y,1 — ¢,y) guarantees
the sample size from each latent class is large enough. Condition on ||3}]l2 < M, is also
similarly used in Yi and Caramanis (2015) under the data splitting framework and is milder
than a similar condition ||3]|1 < M used in Cai et al. (2019), where the EM algorithm for
Gaussian mixture model without data splitting is studied.

In theoretical studies, we first assume that the true value of ¢ denoted as o2 as a
known parameter, namely, the input o2 is o2 in Algorithm 1. Without loss of generality, we
assume o2 = 1. Treating 0 as known is also common in state-of-the-art theoretical studies
for mixture linear regression (Yi and Caramanis, 2015; Balakrishnan et al., 2017; Zhang
et al., 2020, e.g.). Although we do not analyze 8;’s and o2 simultaneously, we investigate
how the choice of o2 influence the estimation of Algorithm 1 in Theorem 5.

Since 02 = 1 and K = 2, we simplify P(W; = 1| Y;, X;,0) as

i1 (0) = 1/[1 + (wa/wi)exp{(B2 — B1)" X; - (Vi — (B1 + B2)" X;/2)}],

and let 7;2(0) = P(W; = 2 | Y;,X;,0) =1 —n;1(0). The following quantities are used
repeatedly in our theoretical analysis:

. 1 . 1

wr(0) = > nik(0), pe(0) = - > nik(0) XY,
=1 =1

~ 1< 1"

Zk(0) = > k()X X[, wi() = E{ﬁ > nik(0)},
i=1 i=1

o) = B{- S ns0)X7), 50) = B{E S a0 xx7 ),
i=1 =1
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where the expectation is with respect to X; and Y;, ¢ = 1,...,n. Then we let M) =
{wi(8), p(0), 2 (0), k = 1,2}, My, (0) = {@k(0), pr(0), X1 (), k = 1,2}, and define da (M (61), M (62))
and da (M (6,), M (62)) as

(1, (0) — < (B)| V| pe(62) — pi82) 2.V I(Si(81) — T (602))55 o}
e (o (61) — 04(02)]V [10x(61) — pu(62) 2V (Zi(61) — Sy (62)) ),
respectively, which are distances between M (0;) and M (62).

Let A = \/(65 — BH)TE(B5 — B7), which is a measure of the signal-to-noise ratio of the
mixture linear regression model. We define the contraction basin B, (0*) as follows.

Beon(07) = {0 : w € (co, 1 — o), |8k — Bill2 < CoA, B — By, € I'(s), for k= 1,2}

Intuitively, the contraction basin requires that Sy is not far away from the true parameter
Br.- Under the technical conditions shown later, an initialization 9() falls in the contraction
basin can guarantee the subsequent estimators 0® in Algorithm 1 are all contained in the
contraction basin.

3.2 Main results

We first introduce some technical conditions before stating the theoretical results.
(C1) The eigenvalues of 3 satisfy that M; < Apin(X) < Mpaz(2) < Mo.
(C2) n > slog(p).

(C3) The signal-to-noise ratio A > C(cp) for a constant C(cp) only depends on ¢y, and
Cy < Ca(co, M) for a constant Co(co, M2) only depends on ¢y, Ma.

(C4) The initialization é\(()o) = (@go),ﬂo), @0)) € Beon(0%).

Condition (C1) is a standard assumption on the covariance ¥ in high-dimensional statis-
tics (Bickel and Levina, 2008; Cai et al., 2011). Condition (C2) is a common assumption
in high dimensions on the relationship among (n,p, s) to guarantee consistent estimation
(Meinshausen and Yu, 2009, e.g). In particular, it implies that the restrictive eigenvalue
condition infuel“(s)mSp—l{’LLT(Zizl X; XTI /n)u} > 79 holds for a positive generic constant 7y

with high probability, and is used for proving the concentration of E,(:) in the t-th iteration.
Condition (C3) has two requirements. The first one is that the signal-to-noise ratio is larger
than a universal constant that does not depend on n and p so that the two mixtures are
distinguishable. This requirement was also previously used in mixture linear model (e.g.,
Yi and Caramanis, 2015; Balakrishnan et al., 2017; Zhang et al., 2020). The second one
is that, for the parameter f, in the contraction basin, the distance ||3; — 5;||2 is bounded
by the signal-to-noise ratio multiplied by a generic constant independent of n and p. This
requirement makes all the 3; in the contraction basin not too far away from the truth j;.
Condition (C4) ensures that the initialization is in the contraction basin. The contrac-
tion and concentration properties shown later guarantee that the estimates in each step of
Algorithm 1 stay in the contraction basin.
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Next, we present two lemmas about the linear convergence of the population EM updates
and the concentration of the sample estimation to the population one in each EM iteration.
The following two lemmas together with a key technical Lemma A.9 in the appendix are
highly non-trivial and serve as the building blocks of the main theory for Algorithm 1.

Lemma 2 Under conditions (C1) and (C3), if 0 € Beon(0*), then
da (M(0), M (67)) < ro(lwr(0) — wi| V(181 = Bill2 V (|82 = B3 2)-
1
for some 0 < kg < PVIEEE

Lemma 3 Suppose that 0* € ©*. Under condition (C1), there exists a constant Ceop > 0,
such that with probability at least 1 — 4p~1,

1 2]
SUp .o (M(0), M (6)) < Cogny | 2B L0E)
0€Bcon(0*) n

Intuitively, Lemma 2 shows the computational contraction of Algorithm 1. It implies
that, in each EM iterations, the expectations of the updated estimators converge to the true
parameters at a linear rate. On the other hand, Lemma 3 establishes the statistical con-
vergence rate of estimators to their expectations in each EM iteration. When the iteration
steps are large enough, the computational error will be dominated by the statistical error,
which means that further iterations can not improve the statistical convergence rate of the
algorithm. Cai et al. (2019) also proved similar lemmas under the Gaussian mixture model,
but our proof is more challenging, as we are interested in the mixture linear regression
model. The unboundedness in both X and Y makes M (#) more complicated and M, (6)
have heavier tails.

Thanks to Lemmas 2 and 3, we can show the following result for Algorithm 1.

Theorem 4 Under conditions (C1)-(C}), there exists a constant 0 < k < 1/2, such that

A,(:H) obtained by Algorithm 1 satisfies, with probability 1 — 4p~!,

—~ * ~ * o * foN % Slog n 210g p
IBEHY — Bille = O (s (1810 — i1V 1B — Bl v 1B — Bglla) + 1 2B TER)Y,

Consequently, for t > {~log(r)} og{n(|3\” — wi| VI — Bfll2 v B — B3 l2)},

- , log(n)?1
IBEHY — gl = o 2B L)),

We make several remarks on Theorem 4. Firstly, compared with existing results (Yi et al.,
2014; Yi and Caramanis, 2015; Balakrishnan et al., 2017) requiring 8o = —p; and X ~
N(0,1I,), our model settings are more general. On one hand, note that S = —f; is not
just a location shift of the response variable. As an illustration, when 8y = (1,1,0)7
and B2 = (0.5,2,0)7, a simple location shift cannot reduce the model to the case where
B2 = —f1. By removing the assumption that 8o = —f1, our theory is applicable to a larger
model space. On the other hand, the predictors are not likely to be uncorrelated in practice.
Thus, it is meaningful to extend the condition X ~ N(0,1,) to X ~ N(0,X).

10
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Although we adopt the group lasso penalty in the algorithm, the theoretical results can
be naturally extended to the penalties that are decomposable (Negahban et al., 2012), such
as the popular lasso penalty in the literature. From a more technical perspective, the lasso
penalty is easier to handle in theoretical analysis than the group lasso penalty. The results
in Theorem 4 also hold for the lasso penalty with minor modifications to the proof of Lemma,
A.9 (appendix Section F), where we would modify the penalized Q-function in Lemma A.9

as
2

2 2
081, B2) = > BFSE TV =23 () B+ AT S 1kl
k=1 k=1 k=1

The optimization is thus separable for each Bi. For each k, using the same technique as
Lemma A.9, we can show that B Bl — B; € I'(s) (under a new I'(s) = {p € RP : ||jpuge|[1 <
5vs|lpsll2 + 2+/s||pll2} that takes a simpler form compared with that in the group lasso),
and ||B;(:+1) = Billz < %dzs (Mn(é\(t)), M(6%)) + %\/EASH). Those two results are exactly
the same as in Lemma A.9, which are applied to the proof in Section F.2 to obtain the
concentration results for B(Hl) Therefore, our proof technique is more general and implies
the same convergence rate for lasso penalty as stated in Theorem 4.

Moreover, unlike the extensive literature about the sample-splitting EM algorithms for
mixture linear regression (Yi et al., 2014; Yi and Caramanis, 2015; Zhang et al., 2020),
the convergence result in Theorem 4 does not require sample splitting. Sample splitting
is not desirable, especially when we have a small sample size. Splitting a limited number
of observations into T' batches decreases the estimation efficiency, makes the estimation
less stable and is rarely used in practice. Hence, it is meaningful to develop theoretical
results without data splitting for mixture linear regression, as those in Theorem 4. To
our best knowledge, Theorem 4 is the first theoretical result for the high-dimensional EM
algorithm of mixture linear regression without data splitting. Also note that the convergence
rate we obtain is nearly optimal. When the latent random variables W;’s are known, the
optimal rate is y/slog(p)/n (Ye and Zhang, 2010, e.g.), while when W;’s are unknown,
Zhang et al. (2020) gives an estimation rate of \/slog(p)logn/n with sample splitting. Our
result is slightly slower than these rates by the factors of logn and logl/ 2n, respectively.
The additional log(n) terms are the price of no data splitting. Technically, to prove the
convergence results without data splitting, we have to bound the tails of the supremum of
unbounded random processes, which is much more challenging than bounding the random
variables.

In Section 2, Lemma 1 only states that the algorithm can converge but does not answer
if and when it can converge to the global optima or the ground truth. Theorem 4 answers
it both computationally and statistically and provides more information. Starting with an
initialization in the contraction basin, Theorem 4 says that the proposed algorithm can
converge to the true parameters with a convergence rate containing both computational
error and statistical error. It is a direct analysis to the output obtained by the algorithm.
In the convergence, nt(|@£0) — wil Vv HBEO) — Bill2 Vv HBS)) — B3|l2) can be viewed as the
computational error. It is an exponential function for t. Since k < 1, when t — oo, this term
disappear. It can also be viewed as the geometric convergence, except that the convergence
is to the ground truth instead of the global solution. The second term /slog(n)2log(p)/n
is the statistical error, which cannot disappear no matter how many EM updates we run.

11
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Combining those two errors, if ¢ > {—log(ﬁ)}*llog{n(\ﬁgo) —wj ]\/Hﬂo)—ﬂ HQVHBS)) —B5ll2)},
the computational error will be dominated by the statistical error. So, after this step, further
EM updates will not improve the convergence rate of the algorithm’s output. Note that
{—log(/ﬁ)}*llog{n(@go) —wi|V HBP) — 65|22V H@O) —B5|l2)} only involves a logn term. After
almost finite EM updates, the proposed algorithm can provide a good enough estimation
in practice.

Now we turn to the effect of the misspecification of ¢2. In most existing theoretical
analysis including this one, o2 is usually treated as a known parameter in theoretical studies
for the mixture linear regression model. There are two reasons for this treatment. On
one hand, the regression coefficients are of primary interest in regression models. On the
other, statistical analysis for mixture regression model with known o? is already challenging.
However, in practice o2 is almost never known. Statisticians often plug in an estimated
value of 02, which differs from o2. Yet it is unclear how the misspecification affects the
estimation of the mixture linear regression. In the following theorem, we obtain a non-
asymptotic convergence result for Algorithm 1 with misspecified ¢, which indicates that
although a misspecified o2 brings bias to the estimation, it usually has a minor influence
on the mixture linear regression model with a large signal-to-noise ratio.

Theorem 5 Let EI(CHU be the estimation of Algorithm 1 in the (t+1)-th EM step where o
may not equal to o2. Let & = 0,(202/0% —1)"1 - (AJoy) 72 ’1 - 03/02‘. Under Conditions
(C1)-(C4) and 0% < 202, there exists a constant 0 < rk < 1/2 such that, with probability
1- 4p—17

ol * ~ * Pl * o * SIOg n 210g p
IBEHY Bl = (K5 — il v 1B — Bl v 1Y) — B5ll) + oy ZETIBR) g

Consequently, for t > {—log(r)} og{n(|3\” — wi| V| — Bf[l2 v B — B3 ll2)},

slog(n)?logp

S(t+1 «
IBYTY — B2 lla < er€ + co0 g

where c1 and co are generic constants that are not related to o2 and af.

We make several remarks for Theorem 5. Firstly, The only difference between the
convergence rates in Theorems 4 and 5 is the bias term c;€ and is exactly 0 when o2 = o2.
Although not using o2 in Algorithm 1 may return a biased estimation, the bias is small
when o2 is close to o2.

Secondly, the bias term is also a function of (A/o,)~2. When the signal-to-noise ra-
tio A is large, the bias term is small regardless of the value of 0. Specifically, if A >
O(n!/*/[slog(n)?logp]'/*), then the bias term is ignorable compared with +/slog(n)2logp/n.
Intuitively, when A — oo, the mixtures can be easily identified, which makes the mixture
linear regression model reduce to linear regression models. It is well known that the choice
of 0% in the linear regression model does not affect the maximum likelihood estimation
for the coefficients. Thus, when A — oo, the bias term disappears. However, the current
parameter space ©* we consider restrict A to be bounded above by a constant. Removing
this assumption can cause some statistics in the proof no longer to be sub-Gaussian or

12
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sub-exponential, which makes the theoretical studies more challenging. The study for the
case, where A can also diverge, is more challenging and beyond the scope of this paper.

Thirdly, for high-dimensional mixture linear regression model, the signal-to-noise ratio
needs to be sufficiently large to make the mixtures identifiable. Hence, the bias term is
usually small in practice. The numerical studies in Section 4.3 demonstrate that o2 has a
minor influence on the performance of Algorithm 1 for relatively large A. For example, the
empirical averaged biases based on 100 replicates are smaller than 0.05 when o2 is between
0.75 and 1.5 for the first two settings. Please see Section 4.3 for the detailed model settings
and discussions.

Finally, Theorem 5 also connects the proposed algorithm with Lloyd’s Algorithm, which
is another popular algorithm for the mixture models. When o2 — 0, the proposed algorithm
can be viewed as a variant of Lloyd’s Algorithm. For this scenario, the bias term is smaller
than 2c1(A/o,) "2, which means that, even when o2 is seriously misspecified as 0, the bias
can still be small when A is large. We also remark that the condition 02 < 202 is not
necessary for the algorithm in practice, but only a requirement in theory due to technical
reasons.

4. Simulation studies

4.1 Simulation set-up

In this section, we investigate the empirical performance of Algorithm 1. For practical
initialization, we start with lasso regression (Tibshirani, 1996) of Y on X to roughly select
important predictors and then apply the tensor power method (Anandkumar et al., 2014) on
the selected variables to get initializations for i and mixing proportion wg, k =1,--- , K.
We use T' = 20 as the maximum number of iterations in Algorithm 1, and stop the iterations

when H(BYH), ce A%H)) - (Ait), . ,B%))HF < 1073 . We use a single tuning parameter
A= /\,(f ) for all t = 0,1,...,T and choose A based on the Bayesian information criterion.

We include the following methods: 1) Oracle, we fit the standard EM algorithm on
the true subset of s relevant predictors. 2) Initial, after using the tensor power method
to get the initialization for 8k, k = 1,--- , K, we plug them into (5) to get an estimation
for the weight 7;x to the i-th sample, ¢ = 1,--- ,n. Then, we label the i-th sample with
argmaxy_; ... i 7. After that, we fit lasso regressions separately for each estimated mix-
tures to estimate 8. Compared with the tensor power method, this method returns sparse
estimations. 3) GLLiM, the Gaussian Local Linear Mapping EM algorithm (Deleforge et al.,
2015) that is implemented in the R package xLLiM. 4) HDEM, our implementation of the
high-dimensional EM algorithm proposed by Zhang et al. (2020). 5) PSEM, i.e., the post-
selection EM algorithm, we fit the standard EM algorithm on the selected variables from
Algorithm 1. and finally 6) PEM, the penalized EM algorithm (Algorithm 1).

We consider the following simulation models, where we first generate independent pre-
dictor X; ~ N(0,%) and error ¢; ~ N(0,1) and then Y; follows from the mixture linear
regression (1). For all the four simulation examples, we fix the first s = 10 coefficients in Sy
to be nonzero and consider both p = 400 and p = 1000 settings. The total sample size n is
set to be 400 for models (M1)—(M3), where we have two mixtures, and 600 for model (M4),
where we have three mixtures. The symmetric mixture assumption does not hold in any
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of our models, 51 # —f32. In model (M5), we investigate the performance of the proposed
algorithm when the group-wise sparse structure is violated.

e (M1) Two mixtures with w; = ws = 0.5, and auto-regressive covariance structure

(] = 0.3/"=3l for 4,5 = 1,...,p. The nonzero coefficients of f; is generated inde-
pendently from N (0, 1); and the nonzero coefficients of 55 is B2 = f1; + 2 - sgn(f51;),
j=1...,s.

e (M2) Same as (M1) but with weaker signals:f2; = f1; +1-sgn(fi;), j =1,...,s.

e (M3) Same as (M1) but with a different covariance ¥ based on Erdds-Rényi random
graph. Let ¥ = (0i5), where 0;; = u;;0;5, ;5 follows Bernoulli(0.1) distribution, and
uij ~ Uniform[0.5,1] U Uniform[—1,—0.5]. Then let ¥; = (X + £7)/2 and ¥* =
%1 + {max(—Amin(X1),0) + 0.05}1,. Finally, $* is standardized to have 1’s on the
diagonal.

e (M4) Three mixtures with w; = ws = w3 = 1/3. The nonzero elements of 4 and (3
are —1 and 5, respectively, and the nonzero elements of 85 are evenly spaced between
1 and 3.

e (M5) The same as (M1) but with the two mixtures consist of distinct sets of important
variables. With n = p = 400, we set the first ten elements of 51 as 1 and set the ten
consecutive elements of (5 as 2, starting with the j-th elements, j € {1,3,5,7,9,11}.
As such, the number of shared non-zero elements between 8 and S is varying from
0 (no overlap of important variables) to 10 (joint sparsity structure).

4.2 Simulation results

The performances of those methods are evaluated using the following criteria. The parame-
ter estimation errors are defined as \/Zle 1B, — Brll2 for B and S5, @ — wi| x 100

for w. The mixture estimation error is defined as > " T (WZ # W;)/n x 100, where

— ~

Wi = argmaxy_y g 1 x(0) for i =1,...,n. We also consider the mean squared perdition
error for the methods. We generate an independent testing data sets from the simulation
model with the same sample size, use the estimated regression coefficients and mixture
labels to predict the response, and then calculate the mean squared perdition error. For
methods perform variable selection, we also recorded the true positive and false positive
rates of variable selection.

The estimation results are summarized in Table 1, particularly for 8’s estimation we
further plot the results from 100 replicates in Figure 1. As expected, the oracle method,
i.e., the standard EM algorithm applied to the truly relevant s = 10 predictors, has the
best performance. On the other hand, the method that does not perform variable selection,
GLLiM, failed for all the simulation settings. The proposed method, PEM, has encouraging
performances for all the simulation models; overall, it is comparable to the oracle method
and has a slight edge over the very recent method HDEM (Zhang et al., 2020). The ad-
vantage of our method over HDEM, which updates each [ separately via lasso penalized
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p =400 p = 1000
Mi Bk Wk W; B Wk Wi
Oracle 0.44 (0.04) 6.08 (0.55) 8.43 (0.14) 0.39 (0.01) 6.18 (0.45) 8.40 (0.13)
PSEM 057 (0.06) 6.31 (0.55) 9.17 (0.42) 0.76 (0.12)  6.28 (0.47) 10.50 (0.77)
GLLiM 9.63 (0.01) 68.18 (2.29) 33.23 (1.21) 9.68 (0.01) 74.20 (2.28) 34.24 (1.33)
Initial 5.14 (0.05) 32.14 (2.02) 41.75 (0.55) 5.34 (0.04) 35.84 (2.21) 42.46 (0.54)
HDEM  1.22 (0.09)  8.60 (0.61) 10.71 (0.61) 1.93 (0.18) 10.17 (1.18) 15.34 (1.32)
PEM 104 (0.05) 6.67 (0.58) 9.79 (0.43) 1.26 (0.09) 7.08 (0.52) 10.91 (0.76)
M2 » = 400 » = 1000
Oracle  0.44 (0.03) 12.29 (0.84) 16.21 (0.21) 0.45 (0.03) 11.56 (0.69) 15.97 (0.17)
PSEM  0.64 (0.03) 13.67 (0.90) 17.78 (0.40) 0.70 (0.02) 14.06 (0.93) 18.15 (0.21)
GLLIM  6.74 (0.01) 67.01 (L98) 33.95 (L.10) 6.77 (0.01) 68.60 (2.12) 33.04 (1.04)
Initial  2.79 (0.04)  46.08 (2.44) 44.03 (0.42) 2.99 (0.04) 55.76 (2.43) 44.75 (0.41)
HDEM  1.26 (0.06) 30.87 (1.21) 22.58 (0.63) 1.96 (0.10) 41.59 (2.15) 29.65 (1.11)
PEM  1.03 (0.04) 23.63 (1.32) 19.95 (0.44) 1.39 (0.08) 33.36 (2.31) 23.28(0.86)
M3 p = 400 p = 1000
Oracle 056 (0.09)  8.16 (0.62) 10.09 (0.14) 0.48 (0.07) _ 7.60 (0.55) _ 9.70 (0.16)
PSEM  0.67 (0.09)  7.97 (0.59) 11.78 (0.64) 0.65 (0.07) 7.81 (0.56) 11.10 (0.52)
GLLiM 9.65 (0.01) 68.41 (1.95) 33.72 (1.11) 9.54 (0.01) 67.52 (2.15) 33.97(1.02)
Initial 5.02 (0.05) 36.47 (1.96) 43.41 (0.52) 5.30 (0.04) 43.71 (2.18) 43.79 (0.47)
HDEM 154 (0.12) 11.82 (0.73) 14.12 (0.94) 2.07 (0.18) 13.39 (1.02) 17.68 (1.31)
PEM 121 (0.08) 10.67 (0.72) 12.27 (0.63) 1.39 (0.07) 10.47 (0.73) 12.10 (0.54)
M4 p =400 p = 1000
Oracle 1.03 (0.28) 5.14 (0.32) 7.57 (0.10) 1.35 (0.38) 5.28 (0.53) 7.53 (0.11)
PSEM  1.80 (0.52) 5.21 (0.34) 10.82 (1.21) 3.56 (0.67)  6.58 (0.59) 16.53 (1.94)
GLLiM 17.38 (0.01) 52.15 (2.72) 33.79 (0.60) 17.40 (0.01) 54.10 (2.25) 34.99 (0.63)
Initial  13.16 (0.17) 18.56 (0.98) 49.62 (0.64) 13.54 (0.14) 18.48 (0.91) 51.21 (0.60)
HDEM  8.87 (0.86)  8.93 (0.65) 30.02 (251) 12.08 (0.73) 19.28 (1.28) 43.62 (2.42)
PEM 243 (0.42)  5.08 (0.30) 11.49 (1.23) 3.99 (0.57)  6.32 (0.46) 17.10 (1.94)

Table 1: Average estimation errors based on 100 replicates (standard errors in parentheses).

D Oracle PSEM GLLiM Initial HDEM PEM
ay 400 T02(0.08) L21(0.02) 6554 (0.70) 12.63 (0.19) L73(0.16) 139 (0.03)
1000 0.94 (0.01) 1.68 (0.36)  64.71 (0.53) 13.44 (0.23) 3.06 (0.36) 1.80 (0.15)
N2 400 086 (0.0D) LO4(0.04) 3268 (0.32) 3.78(0.06) 166 (0.08) 130 (0.05)
1000 0.88 (0.04) 1.23 (0.07)  32.25 (0.25)  4.10 (0.06)  2.51 (0.12) 1.64 (0.08)
N3 400 127 (0.14) T4L(0.06) 4650 (0.51) 9.22 (0.01) 227 (0.22) 159 (0.08)
1000 1.04 (0.07) 1.47 (0.19) 4447 (0.47) 10.42 (0.15) 3.75 (0.34)  2.05 (0.14)
Na 400 1.6 (0.41) 251 (0.60) 175.16 (1.74) 56.63 (1.23) 8.43 (L44) 278 (0.52)
1000 1.83 (0.34) 12.61 (2.93) 173.77 (1.76) 60.81 (1.28) 39.13 (2.89) 9.09 (1.86)

Table 2: Mean squared perdition error based on 100 replicates (standard errors in paren-
theses).

estimation in the M-step, can be explained by the group-wise penalization and joint esti-
mation of all 8;’s in the M-step. In model M4 with three mixtures, our approach of joint
estimation has even more gains in estimation accuracy.

We report the mean squared prediction errors of the methods in Table 2. The results are

similar as the estimation error, namely oracle method has the best performance, followed
by PSEM and PEM. We note that PSEM performs slightly better than PEM under models
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Figure 1: The estimation error of §;’s based on 100 replicates.
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Figure 2: Model M5. Mean estimation error (left plot) and prediction error (right plot) and
their standard errors (visualized by the length of interval on the plots).

M1-M3, where the variable selection results are excellent, but performs worse than PEM
under model M4 with p = 1000, where the variable selection results are not as good as
models M1-Ma3.

The sparsity pattern targeted by the group lasso encompasses scenarios where the spar-
sity patterns within two mixtures are different. In model (M5), we highlight the benefits
of employing the group lasso when the two mixtures consist of distinct sets of important
variables. Figure 2 shows the mean estimation error for the regression coefficients and
prediction error when the number of shared non-sparse elements between 81 and (5 varies
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M1 p = 400 M1 p = 1000 M2 p = 400 M2 p = 1000
TPR FPR TPR FPR TPR FPR TPR FPR

Initial 832 (0.21) 8.3 (0.05) 76.4 (0.23) 3.2 (0.02) 88.3 (0.19) 8.9 (0.05) 79.6 (0.21) 4.3 (0.03)
HDEM  92.7 (0.09) 1.4 (0.03) 86.6(0.15) 1.5(0.03) 89.8(0.01) 19 (0.02) 814 (0.25) 1.2 (0.01)
PEM 100 (0) 0.9 (0.02) 100 (0) 0.7(0.02) 100 (0) 12 (0.01) 100 (0) 0.8 (0.01)

M3 p =400 M3 p = 1000 M4 p =400 M4 p = 1000
Tnitial  89.1 (0.16) 0.5 (0.05) 73.4 (0.25) 3.9 (0.03) 47.5 (0.31) 4.0 (0.05) 38.3 (0.28) 1.7 (0.02)
HDEM  95.0 (0.06) 2.6 (0.05) 80.2 (0.12) 1.7 (0.03) 83.4 (0.24) 12.6 (0.15) 64.7 (0.33) 6.7 (0.06)
PEM 100 (0) 1.3 (0.02) 100 (0) 0.5 (0.01) 100 (0) 2.7 (0.11) 100 (0) 3.8 (0.09)

Table 3: Average true positive rate (TPR) and false positive rate (FPR) for variable

selection based on 100 replicates (standard errors in parentheses).

from 0 (no overlap of important variables in two mixtures) to 10 (exactly the same set of
important variables in two mixtures). When this number is small, the group lass approach
in PEM is not much worse than the lasso approach in HDEM. However, when the number
increases, say more than 6, PEM starts to outperform HDEM even when the two mixtures
have different sparsity patterns.

We also note that Algorithm 1 substantially improves over the Initial values. Even
when the initialization is quite far from the truth, the proposed algorithm improves over
iterations in terms of all the evaluation criteria. This is partly explained by the guaranteed
monotonicity of our iterative algorithm in the penalized log-likelihood (see Lemma 1).

4.3 Simulations for misspecified o2 in Algorithm 1

In this section, we show some simulation results for using different o2 in Algorithm 1. The
data is generated from (1). We set K = 2, w; = wy = 1/2, p = 400, n = 400, and the true
value of o2 to be 1. The nonzero coefficients of 31 is generated independently from N (0, 1);
and the nonzero coefficients of 8 is fo; = S1;+6-sgn(f1;), j = 1,...,p. The signal strength
§ takes value from {0.75,1,2} and the input variance ¢ in Algorithm 1 takes value from
{0.5,0.75,1,1.5,2}.

02=05 02=0.75 o2 =1 02=15 0% =2
§=2 1.19(0.08) 1.05 (0.03) 1.05(0.03) 1.06 (0.03) 1.13 (0.07)
§=1 1.05(0.05) 1.01(0.04) 1.03(0.04) 1.06 (0.03) 1.23 (0.05)
§=0.75 1.50 (0.09) 1.51 (0.10) 1.60 (0.09) 2.43 (0.12) 3.28 (0.07)

Table 4: Coefficient estimation errors for Algorithm 1 with different input o based on 100
replicates. (standard errors in parentheses).

From Table 4 and Figure 3, when & equals 1 and 2, using all the five o2 in Algorithm
1 returns good estimations. Although when o2 is 0.5 or 2, the performances are slightly
worse, but can still capture the mixture information and give accurate enough estimates.
The results are consistent with Theorem 5. For mixture linear regression models with a
large signal-to-noise ratio, the choice of ¢? has a minor influence on the performance of
Algorithm 1. When 4 is 0.75, the signal-to-noise ratio is not large enough, the performance
of Algorithm 1 becomes worse, no matter the value of ¢2. This is mainly caused by the
poor quality of the initialization. It deserves to notice that when o2 equals 0.5 or 0.75, the
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Figure 3: Coefficient estimation errors for Algorithm 1 with different input o based on 100
replicates.

performance of the algorithm is slightly better than taking o> = 1. This result indicates
that when the signal-to-noise ratio is relatively small, Algorithm 1 can be less sensitive to
the initialization if o2 takes a smaller value than the true one.

5. Extension to multivariate mixture linear regression
5.1 Model and algorithm

In this section, we consider a generalization of the mixture linear regression model, where
Y is a ¢-dimensional response. Specifically, we consider the model

B(W =k) =w, Y| (X, = k) ~ N(B[X,5,), (9)

where 3 € RP*9 and ¥, € R7*? is a symmetric and positive definite matrix. We will answer
two questions: Does the penalized EM algorithm still work and have similar convergence
results for multiple response cases? If so, what is the advantage of considering q responses
simultaneously than q mizture linear regression problems separately?

As the mixture linear regression model, to handle the high-dimensionality of X, we
assume the matrix coefficients B, k = 1,--- , K, to be sparse, and the sparsity patterns are
the same for all the mixtures. We redefine S = {(4,7) : (Bx)ij #0,i=1---,p, j=1,--- ,q}
and s = |S|op be the cardinality of S. We allow p > n and ¢ to grow linearly with s.

In model (9), our parameter of interest is 6§ = {w;, -+ ,wk,S1, -+, Bk }. The error
covariance Y, is treated as a known parameter. The penalized EM algorithm for solving
(9) is analogous to Algorithm 1 and is summarized in Algorithm 2. Similar to Algorithm 1,
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Algorithm 2 Group lasso penalized EM algorithm for model (9)

Input: Initial values wk , 6(0), for k = 1,--- , K, maximum iteration number T, data

{X;,Y;;i=1,...,n}, and initial tuning parameter

A£?>:cl<|a£°’—wf|v---vrw§( — Wi VB = Bllp v v 1B - Bi k) /v
+ Cxv/log(n)2log(pq) /s

for some positive constants C; and Cy.

Iterate: For t =0,---,T — 1, do the following steps until convergence.
e Fori=1,---,n,let
Tir(@0) =0/ (80 + 3 ofexp{XT (B - By (vi - (B + BT Xi/2)} ).
K £k

e For k=1, ---, K, update

[‘\J(H_l) an k é\(

n

1 N _
ﬁ§€t+1) — E Z (nz,k(é\(t))Xz}/ZTEy 1)’

i=1
n

oy 1 7 T
Ek = E E (ni,k(e(t))XiXi )7
i=1
(t+1) .
and update (3 by minimizing

K K p q
D (S A8 — 23 e (@) B + A 30N
k=1 k=1

7j=11=1

with AT = kA + Oy \/log(pg)log(n)?/n, where & € (0,1/2) and (Bg),1 is the
(j,1)-th element of By.

Output: 9+ = {piD @gﬂ)’ BY A%—H)}

the formula of )\gf ) is mainly for theoretical consideration. In practice, we fix /\Sf ) — X\ over

all iterations.
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5.2 Theoretical analysis

In this section, we consider the theoretical studies for Algorithm 2. We assume that 3,
is a known parameter and is symmetric and positive definite. Recall that, even for the
univariate-response mixture linear regression, theoretical analysis for unknown variance o2
is extremely challenging and has not been considered in high dimensions. As a result, for
multiple-response mixture linear regression, it makes sense to assume that >, is known as a
necessary simplification. As such, we focus on the coefficients (B, as parameters of interest.
To the best of our knowledge, there is little work for multiple-response mixture regression
even in this simplified context.

We first define the following additional notations. For a matrix A € RP*9, || A||F is
its Frobenius norm and [[A|rs = Sup,crexa || p=1,vec(u)er(s) {4s #) F. The true parameter
space we consider now is

O ={6" : wi € (cw, 1 — cw), |[vec(Bi)llo < s, 1B5llF < My, for k = 1,2},

and the signal-to-noise ratio is re-defined as A = \/tr((85 — 57)T=(85 — B{)Sy)/g. Then
we define dp,s(M(61), M(62)) and dp (M (01), M(6)) as

ig%ﬂ%(@l) —wi(02) V [lpr(01) — pr(02)lFs V [1[(Xr(01) — Xk (02)) Bl s}
ﬁg{lwk(&) —wg(02) V [lpr(01) — pe(02) 1 V [[(Zk(01) — Bk (02)) Bill £
respectively, and the new constriction basin Beon (6%) as
Beon(07) = {0 : wi, € (co, 1 — co), |18k — Brllr < CvA, vec(Br — By) € T'(s), for k =1,2}.

We require the same technical conditions as the mixture linear regression with a modi-
fication to Condition (C3):

(C3’) The new signal-to-noise ratio A = /tr((85 — B7)T2(B85 — BY)Sy)/q > Ci(cp) for a
constant C(cg) only depends on ¢y, and Cp, < Ca(co, M2) for a constant Co(co, Ma)
only depends on ¢y, Ms.

The new signal-to-noise ratio reveals a fundamental difference of considering ¢ responses
together than ¢ mixture linear regressions separately. To see this, consider the case ¥, = I,
and define 3, ; as the j-th column of 3}, i.e, the regression coefficient of the j-th element of Y’
and X. Further define the individual signal-to-noise-ratio as Aj = \/(B1,; — B2,;)TE(B1,; — Ba,j)-
If we apply Algorithm 1 to the j-th element of Y and X, for j =1,...,q, then we need all
of Aj to be bounded below, as discussed in Section 3. In other words, when some A; are
small and the two mixtures are not well separated on this coordinate, Algorithm 1 may not
be able to estimate the corresponding coefficients. However, if we consider all the responses

. . . . . . . . _ q 2
simultaneously in multivariate mixture linear regression, we only require A = ,/ =1 A j /4,

the average of ¢ signal-to-noise ratios, to be greater than a constant. We can allow some
responses to have small signal-to-noise ratios without rendering Algorithm 2 inapplicable.
This is because all the response shares the common latent structure. The responses with
large signal-to-noise ratios can help enhance the identification of the mixtures for the re-
sponses with small signal-to-noise ratios.
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As a brief numerical illustration, we generated simulated datasets from (9) with K = 2,
n = 400, p = 100, s = 10, ¢ = 2, %, = I, and [Z];; = 0.377l. The first 5 rows of B,
k = 1,2, are set to be nonzero. More specifically, the nonzero coefficients of the first and
second columns of 31 are generated from N(0,1); and the nonzero coefficients of fy are
(B2)j1 = (B1)j1+2-sgn((B1);1) and (B2)j2 = (B1)j2+0-sgn((B1);2). The signal strength is 2
for the first response and § for the second one. We vary § from 0.5 to 2 with increments of 0.5.
From Figure 4, we can see that the coefficient estimation errors for Algorithm 2 remain at a

Coefficient Estimation Error versus Signal Strength Mixture Estimation Error versus Signal Strength
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Figure 4: The reported results for each signal strength are medians of 100 replicates. In the
left panel, §.;(M) represents the estimation error for the j-th column of 5 using Algorithm 2;
B.; represents the estimation error for the j-th column of 8 using Algorithm 1 separately for
each response. In the right panel, MMLR represents the estimation error for the mixtures
using Algorithm 2; MLR-Directionl and MLR-Direction2 represent the estimation error for
the mixtures using Algorithm 1 separately for the first and second element of the response,
respectively.

low level for all signal strengths and the mixture estimation error gains slightly improvement
when the signal strength of the second response increases. When the signal strength of the
second response is weak, the strong signal of the first response assists the recovery of the
mixtures and helps increase the coefficient estimation accuracy of the second coeflicient
substantially. As a comparison, when using Algorithm 1 separately for each response, the
estimation errors for the second coefficient and mixture increase quickly when the signal
strength decreases. In terms of the mixture estimation error, it even performs like random
guessing when the § is 0.5.

The following lemmas and theorem rigorously show the statistical convergence for Al-
gorithm 2.

Lemma 6 Under conditions (C1),(C3’), if ¢ = O(s) and 6 € Beon(0%), then
dp (M(0), M(07)) < ro(|wr(0) — wil VI8 = Billr V1|52 = B5lF)-
for some 0 < kg <

1
2V (64/70) "
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Lemma 7 Suppose that 0* € ©*. Under condition (C1), there exists a constant Ceop > 0,
such that with probability at least 1 — 4(pq)~*,

slog(n)2log(pq)
n

sup  dps(M(0),M,(0)) < Cwn\/
968601’1(9*)

Lemmas 6 & 7 can be interpreted similarly to Lemmas 1 and 2, respectively. However, since
we are now interested in multivariate response, we further assume condition ¢ = O(s) in
addition to the technical conditions (C1) to (C4). The assumption on ¢ results from the
signal-to-noise ratio. Note that A = O(s/q). In order for the condition A > C; to hold, we
need g = O(s). However, when this assumption holds, g, i.e, the dimensionality of Y, has a
relatively small effect on the estimation error, as we only have an additional factor of logg
in Lemma 7 in comparison to Lemma 3.
Combine Lemmas 6 & 7 and we have the following theorem.

Theorem 8 Under conditions (C1), (C2), (C3’), and(C4) and q = O(s), there exists a

constant 0 < k < 1/2, such that B\,(:H) obtained by Algorithm 2 satisfies, with probability

greater than 1 — 4(pq) !,

gt ’ o0 * 30 * 2(0 % slog(n)2log(pq
1B = Btlle = (s (2" = wil v IBL” = ille v 1135 — Bllr) +\/ A,
C tl t> {1 -1 5O _ #1v 11BO Z gl v 189 _ g

onsequently, for t > {—log(x)}~'log{n(|w; wi| V|13 BtllF v 1BY g1},

HB](:+1) — BZ”F — O(\/Slog(n)210g(pq) ) '

n

Again, the convergence rate for multivariate mixture linear regression model is similar to
that for the mixture linear regression model with an additional log(q) term. The convergence
rate grows slowly as a function of . However, theoretical requirement A > C; and practical
consideration about the estimation for X, restrict ¢ to grow linearly with s and slower than
n. It would be interesting to develop a method that allows ¢ to grow faster, which we leave
a challenging future topic.

6. Real data analysis

The cancer cell line encyclopedia (CCLE) dataset contains 8-point dose-response curves
for 24 chemical compounds across over 400 cell lines, which is a publicly available dataset
at www.broadinstitute.org/ccle and is also considered in Li et al. (2019). Because
the cell lines are not consistent for different chemical compounds, we consider chemical
compounds: Lapatinib, AZD6244, and PD-0325901, three popular chemical compounds for
cancer treatment. Analogous to Li et al. (2019), we use the area under the dose-response
curve, also known as the activity area, to measure the sensitivity of a drug for each cell
line. Besides the drug information, the data also contains the expression data of 18,926
genes for each cell line. Aiming to identify the genes sensitive to the chemical compounds,
we treat the active area as the response and the gene expressions as the predictor. After
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identifying cell lines treated using all three chemical compounds, we get the sample size
n = 490. We keep p = 500 genes that are highly correlated with three responses (for each
gene, we calculated the sum of its absolute correlations with the three responses). Due to
the complexity of cancer, we expect the data to be heterogeneous.

We consider K = 2,3,4,5,6, and 8 for the proposed algorithms and denote individual
mixture linear regression using Algorithm 1 as PEM and multivariate mixture linear re-
gression using Algorithm 2 as MPEM. In addition, we consider the methods used in the
simulation studies including HDEM, Initial method, and PSEM and LASSO regression as
competitors. We repeatedly split the whole data set into 1 : 4 ratios, and use 1/5 of the
data as the testing samples and the rest as the training samples. The process is repeated
100 times. We report the mean squared prediction errors. Please see Table 5 for the overall
prediction errors and Figures 5 and 6 for the boxplots. More detailed comparison results
for each response are presented in Section A of the appendix.

When K = 5, the overall mean squared prediction errors for MPEM is the smallest.
However, from Figure 5, we can see that MPEM is insensitive to K. When K = 4,5 and
6, the mean squared prediction errors are very close. As a comparison, PEM is more sensi-
tive to K and achieves the best prediction error when K = 4. Two possible reasons make
MPEM perform better than PEM. The first reason is that considering the three responses
together results in a larger signal-to-noise ratio, which facilitates the mixture identifica-
tion and coefficients estimation. The second reason is that, unlike MPEM, the estimated
mixtures are different for the three responses in PEM, which may reduce the estimation
accuracy. Although PEM performs slightly worse than MPEM, it still outperforms the
other competitors, especially the LASSO regression. It implies that the data set is quite
heterogeneous, the proposed mixture linear regression approach improves the performance
of a single linear regression significantly.

When K =4 and 6, we also consider the estimated label for each observation based on
the full data set. The number of observations in each estimated mixture is reported in Table
6. Based on this table, we recommend using K = 2, 3 and 3 for PEM to the three responses,
respectively, and using K = 5 for MPEM. Except from the first response, the recommended
K’s make PEM and MPEM achieve the lowest or among the lowest prediction error. For
the first response, PEM achieves the smallest prediction error when K = 6. However,
it only separates the observations into 2 mixtures. Note that the estimated label for the
ith observation is argmaxy_, ... x 7;x(f), it can happen that no observation is classified into
some mixtures. For the first response, the two mixtures are more balanced with the increase
of K, which may be one reason makes the prediction error smaller. Another reason is that
the relationship between the first response and the predictors may be complicated and
non-linear, which can not be captured by a mixture linear regression model. Hence, PEM
tends to use more mixtures to approximate the true relationship. Another phenomena
we observe is that MPEM uses more mixtures than PEM. This happens since the true
mixtures can be different for the three responses. By separating the samples into more
mixtures, MPEM becomes more accurate and robust. In addition, we considered using BIC
to determine the number of mixture regression components. We selected K using criterion
argming — 2€(§K) + log(n) K5k, where £(-) is the log-likelihood function of the mixture
linear regression model, 6 is the estimations from Algorithm 1 using K mixtures, and sg
is the number of selected predictors using K. The selected K’s for individual regression
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are 2, 3, and 3 for the three responses, respectively, and 5 for the multivariate mixture
regression. This result is consistent with the previously suggested values.

K PEM MPEM HDEM Initial PSEM

2 | 0.413 (0.005) 0.388 (0.004) 0.420 (0.004) 0.612 (0.009) 0.422 (0.005)
3 | 0.275 (0.004) 0.276 (0.004) 0.347 (0.004) 0.493 (0.010) 0.322 (0.004)
4 | 0.254 (0.005) 0.238 (0.004) 0.324 (0.004) 0.443 (0.008) 0.293 (0.005)
5 | 0.276 (0.007) 0.237 (0.004) 0.315 (0.005) 0.416 (0.008) 0.298 (0.005)
6 | 0.302 (0.007) 0.239 (0.004) 0.310 (0.004) 0.395 (0.007) 0.304 (0.005)
8 | 0.347 (0.006) 0.243 (0.004) 0.310 (0.005) 0.357 (0.006) 0.312 (0.005)

Table 5: Mean squared prediction errors based on 100 replicates (with standard errors

provided in parentheses). For LASSO, the result is 0.948 (0.026).
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K=4 K=6
PEM (Lapatinib) 0 0 147 343|0 0 O 0 162 328
PEM (AZD6244) 0 87 162 241 |0 O O &8 187 218
PEM (PD-0325901) | 0 105 170 215|0 0 0 101 180 209
MPEM 76 128 138 148 |0 48 73 104 114 151

Table 6: Numbers of samples in each estimated mixtures.
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Figure 6: Overall prediction error for PEM (red) and MPEM (blue).

7. Discussion

The paper studies a group lasso penalized EM algorithm for high-dimensional mixture lin-
ear regression. We obtained an encouraging non-asymptotic convergence rate without data
splitting and under a general model setting. Although our theory is for normally distributed
predictors and two-mixtures regression, the penalized EM algorithm is applicable to essen-
tially any predictors and to more than two mixtures. We then extended the mixture linear
regression model and the penalized EM algorithm to the multivariate response case and
established its non-asymptotic theory.

The theoretical study is currently for the model with two mixtures. It provides insights
and foundations to the theoretical studies for cases with K > 3. We leave it as a future
work. Besides, the error is assumed to follow a normal distribution, it is interesting to
considering more general error assumptions, such as the student t-distribution, to achieve
robustness. Finally, it is also meaningful future work to extend the studies to generalized
mixture linear regression models.
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Appendix

Appendix A contains additional results for the real data example. Appendix B contains
implementation details and the convergence of Algorithm 1. Appendix C contains additional
technical lemmas. Appendix D shows the proofs of Lemma 2 in the main paper. Appendix
E shows the proofs of Lemma 3 in the main paper. Appendix F contains the proofs for
Theorem 4. In Appendix G, we show the proof for Theorem 5. Appendix H contains the
proofs for lemmas and the theorem in Section 5 of the main paper.

Appendix A. Additional results for real data analysis

In the paper, we only report the overall prediction error for all the three responses. The
prediction error for each response is given in Table A.1.

K=2 K=3
MLR MMLR HDEM Initial PSEM | MLR MMLR HDEM Initial PSEM
Lapatinih | 0325 0337 0265 0318 0302 | 0276 0353 0234 0242 0266
(0.006) (0.007) (0.004) (0.006) (0.005) | (0.005) (0.007) (0.004) (0.006) (0.005)
AzDeoaq | 0416 0347 0474 0650 1331 | 0254 0197 0406 0515 1212
(0.006) (0.006) (0.008) (0.013) (0.029) | (0.006) (0.004) (0.007) (0.013) (0.024)
PD.03oso0p | 0498 0478 0522 0.867 2749 | 0207 0277 0401 0722 2650
(0.008) (0.006) (0.008) (0.021) (0.037) | (0.008) (0.006) (0.009) (0.019) (0.045)
Overall 0413 0388 0420 0.612 1461 | 0275 0276 0347 0493  1.376
(0.005) (0.004) (0.004) (0.009) (0.020) | (0.004) (0.004) (0.005) (0.009) (0.021)
K=4 K=5
MLR MMLR HDEM Initial PSEM | MLR MMLR HDEM Initial PSEM
Lopatimh | 0234 0272 0224 0226 0243 | 0221 0269 0214 0216 0.247
(0.006) (0.006) (0.004) (0.007) (0.006) | (0.007) (0.006) (0.005) (0.006) (0.006)
AZDeoaq | 0228 0206 0377 0446 0.608 | 0292 0207 0371 0428 0455
(0.006) (0.005) (0.010) (0.012) (0.020) | (0.014) (0.005) (0.010) (0.011) (0.010)
PD.03os00l | 0299 0234 0372 0658 2385 | 0316 0233 0360  0.605 1006
(0.008) (0.005) (0.009) (0.016) (0.051) | (0.009) (0.005) (0.012) (0.018) (0.033)
Overall 0254 0238 0324 0443  1.079 | 0276 0237 0315 0416  0.569
(0.005) (0.004) (0.005) (0.008) (0.020) | (0.007) (0.004) (0.006) (0.008) (0.012)
K=6 K=38
MLR MMLR HDEM Initial PSEM | MLR MMLR HDEM Initial PSEM
Lapatinp | 0219 0273 0205 0200 0246 | 0248 0277 0200 0201 0263
(0.009) (0.006) (0.005) (0.006) (0.005) | (0.012) (0.006) (0.005) (0.006) (0.005)
AzDeoas | 0351 0209 0361 0411 0433 | 0447 0215 0356  0.364 0429
(0.014)  (0.005) (0.010) (0.010) (0.009) | (0.009) (0.005) (0.009) (0.011) (0.009)
PDozsooy | 0337 0235 0365 0565 0558 | 0.345 0238 0374 0506 0431
(0.009) (0.006) (0.011) (0.015) (0.013) | (0.011) (0.006) (0.010) (0.013) (0.010)
Overall 0302 0239 0310 0395 0412 | 0347 0243 0310 0357  0.375
(0.007)  (0.004) (0.006) (0.007) (0.08) | (0.006) (0.004) (0.005) (0.006) (0.006)

Table A.1: Mean squared prediction errors for each response and the overall mean squared
prediction errors based on 100 replicates (Standard errors are given in parenthesis).
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Appendix B. Implementation details and convergence of Algorithm 1
B.1 The groupwise majorization descent algorithm

Recall that in Algorithm 1 of the main paper, we update B e ,k=1,---, K, by minimizing

K

S BSE B - Z (B )T B+ AL+

k=1

(A.1)

In this section, we elaborate on the application of the groupwise-majorization-descent algo-
rithm (Yang and Zou, 2015) for solving this optimization.

Let 8 = (B, BE)T. L(B) = Sroy TS Be — 250, 5y ™) Br, S+ be
a block-wise diagonal matrix with the k-th diagonal block to be f],(fﬂ), and ptth =
((ﬁ(1t+1))T,--~ ,(ﬁ(;rl))T)T. The function L(5) can be equivalently written as L(3) =
BTSN E — 2675+ Let groups Gj = {j,j +p, -+~ ,j+ (K —1)p}, j = 1,--- ,p. Define
37 as the coefficient of B in group Gj, and H J as the sub-matrix of H corresponding to
group G;j. Let E be the current solution of 5. By Taylor expansion, we have

L(B) < L(B)+ (B —B)'U + 5 (5 BYTH(B - B),

where U(3) = —VL(3) and H = 250+ Following the Algorithm 1 of Yang and Zou
(2015), the groupwise-majorization-descent algorithm for solving objective function (A.1)
is summarized in Algorithm A.1.

Algorithm A.1  The groupwise-majorization-descent algorithm for solving

(B‘Y—‘rl)’ o "24—1))

e For j =1,---,p, compute r;, which is the largest eigenvalue of H 7.
e Initialize B

e Repeat the following cyclic groupwise updates until convergence:
For j=1,---,p, do the following steps:

— Compute U(B) = =VL(B).
— Compute

- Lo 5 A
B (new) = E(U] ) (- 109 +r;Bills”*

— Set 7 = 7 (new).

e Output ( (tH), e ,A%H)) = 5

As is shown in Yang and Zou (2015), in the groupwise-majorization-descent algorithm,
the objective function is strictly decreased after updating all groups in a cycle, unless
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the solution does not change after each groupwise update. Thus, the objective function
converges monotonically.

B.2 Proof of Lemma 1

The Algorithm 1 in the main paper includes two iterations: EM iteration and iteration
for solving B\,(:H), k = 1,---,K. We have shown the convergence of the groupwise-
majorization-descent algorithm used in second iteration. Thus, we only need to prove
the convergence of the EM iteration.

Recall that the conditional log-likelihood function of Y; | X; is given by

(Yi — X" B)?
00;Y,X) ;log Zr T}]

Consider the following regularized log-likelihood function of Y; | X; with penalty \/2 Z?:l > ,Ile B2 i

p K
00;Y, X) =00V, X) = A2 | B
=1 k=1

(Y — X[ B)?
202

1 n K
= 2 log Z

=1 k=1

Ccxp -

Because the Q-function

n K
QO 18Y) = ZZMWY)mﬂﬁZZM%mm

i=1 k=1 i=1 k=1

is a Minorization function of ¢(0;Y, X) (See e.g. Hunter and Lange (2004) for more details
about the definition of a Minorization function), we know that Q(€ | g(t))—)\ /2 Z§:1 /Do ,lle B2 ’

is a Minorization function of £1(6; Y, X). The maximization of Q(6 | §)—\/2 Py /SR 8%

can be found by the following two steps:

K

4 K
(BY—H), e ,B%—H)) = argmin { Z B Z(tH -2 Z(ﬁgﬂ))Tﬁk + A Z 25133}7
j=1 \ k=1

B, BrePP =1

A(t+1) ka@\( k=1, ,K.

Those two updates are exactly those we use in the t-th EM iteration in Algorithm 1.
Thus, the update (ﬂtﬂ), e ,A%H),Q?H), e ,ZJ%H)) makes the value of ¢1(6;Y, X)

increase in each EM iteration of Algorithm 1. So the function value of ¢1(6;Y, X) converges

monotonically. Combine this result with the convergence of the groupwise-majorization-

(t+1)

descent algorithm, we know that, when Ay "~ = A for all £, Algorithm 1 converges.
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Appendix C. Ancillary Lemmas

We first review the notations in the paper and introduce more notations that will be used
in the Appendix. For numbers a and b, a V b means max{a,b}. For n € N, [n] denotes
the set {1,---,n}. For numbers a and b, a V b means max{a,b}. For n € N, [n] denotes
the set {1,--- ,n}. For a vector x = (z1,--- ,2p), ||z]|o is the number of non-zero elements

inz, |zl = 35 |zl |zll2 = />, 22, and ||z|sc = mawi=1... p|z;]. The Frobenius

norm of a matrix A = (aj;) is defined as [|Al|p = />, ; a?j. The ¢; and ¢y norms of a
matrix A are defined as [|All1 = sup,, =1 [[Az|1 and [|All2 = supjg|,—1 || Az||2, respectively.
For a symmetric matrix A, we denote A\p,in(A) and A\pq:(A) as the smallest and largest
eigenvalues of A, respectively. For a set A, A° denotes its complement. For two sequences
of positive numbers a,, and by, a, = O(b,) means a,, < cb,, for some constant ¢ > 0 for all
n, a, = o(b,) means that a,/b, — 0 as n — oo, and b, > a, means that a,, = o(b,). Let
BY and SP~1 be the unit Euclidean ball and the unit sphere, respectively. For a positive
integer s < p/2, let set I'g,(25) = {p € R? : |jusell1 < 5v/2s||us|l2 + 2v/2s||p||2 for some
S C [2p] with |S| = 4s} and I'(s) = I'yp(25)1, where I'op(25)1 = {p1p : p € T'op(29)}.
For a vector X and a symmetric matrix A, we define || X|[2,s = supj,|,=1,uer(s) (X, 1), and
[All2,s = Sup|uo=1,uer(s) \uT Ap|. To emphasize 1;x(6) is a random objects, we write it
equivalently as 7y ¢(X;, Y;) in the proofs.

We first show some technical lemmas about the covering for I'(s). Because I'(s) =
I'2,(25)1:p. It suffices to find the covering for I'y,(2s).

Lemma A.1 (Rudelson and Zhou (2012),Lemma 11) Let py, -+ ,up € RP and y €
conv(p, -, purr). There exists a set L C [M], such that

Amax e ), 12
2 b

L] <m =
ee

and a vector y' € conv(p; : j € L), such that

Iy =yl <e.
Lemma A.2 (Rudelson and Zhou (2012),Lemma 21) Let i, 0,2 € R? be vectors such
that ||0||2 = 1, (z,0) # 0, and p is not parallel to x. Define ¢ : R — R by:

(z + Au, 0)
A)=—— "1,
oY = el

Assume ¢(N) has a local mazimum at 0, then

w0l
o = el

Lemma A.3 Let 0 < s < p/2 and d = cqs for some constant cq, then

T,(s)NnSPt ¢ 2conv (U s1<qaEs(p) N SPTh, (A.2)

where conv denotes the convex hull and Ej(p) = span(e; : j € J).
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Proof The proof is analogous to that for Lemma 13 of Rudelson and Zhou (2012) with
some modifications. For completeness, we present the proof here. We assume that d < p,
otherwise the lemma is trivially true. For each € R, let Ty denote the locations of the s
largest coefficients of u in the absolute values. Decompose a vector u € I'y(s) N SP™1 as

p=pr, + prg € pry + (5v/sllpmy ll2 + 25|l 2) - absconv(e; : j € Tp),
where absconv denotes the absolutely convex hull. Since

[y

s = Ollemllz +2uliz)ll ez ll2,

lnzgll3 < llpggllillerglloso < (5vsllumllz + 25 ul2)

we have

= ull3 = ez 13 + ez |3 < 6llumy 13 + 2llpllzlliz, N2,

which implies ||up, |2 > 3.

Define V' = {1, + (5v/lum||2 + 2/5lull2) - absconv(e; : j € Tg) | i € Tp(s) N SP~1}
We have I'(s) N SP~™1 c V C T'y(s) and V is compact. Therefore, V contains a base of
I',(s), that is, for any y € T'p(s)/{0}, there exists A > 0 such that Ay € V. For any nonzero

v € RP, we define
v

vl

Fv)
The function F' is continuous on I',(s)/{0}, and in particular, on V. Hence,
Tp(s) NS~ = F(Iy(s)/{0}) = F(V).

By duality, inclusion (A.2) can be derived form the fact that the supremum of any linear
functional over the left side of (A.2) does not exceed the supremum over the right side of it.
By I'p(s) NSP~t = F(T'y(s)/{0}) = F(V), it is enough to show that for any § € SP~1, there
exists 2/ € RP/{0} such that supp(z’) < d and F(2’) is well defined, which satisfies that

max(F(v),0)) < 2(F()),9)). (A.3)

For a given 6, we construct a d-sparse vector z’, which satisfies (A.3). Let

z = argmax(F(v),0)).
veV

By definition of V, there exists I € [p] such that |I| = s, and for some 7; € {1, -1},
2=z + (5v/s|zrll2 + 2v5sllz)l2) D eymjes,
jele

where a; € [0,1], > oy <1, and 1> ||z7[]2 > 1/4.
Note that of a; = 1 for some ¢ € I¢, then z is a sparse vector, and we can set 2’ = z
in order for (A.3) to hold. We proceed by assuming «; € [0,1) for all i € I¢. We will
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construct a required sparse vector 2z’ via Lemma A.1. To satisfy the assumption of Lemma
A.1, denote ep41 = 0, 7p41 = 1, and set

Qpt1 = 1- Zaj)

jele

which makes api1 € [0,1]. Let y = zpe, M ={j € I°Up+1:a; >0}, and € > 0 that will
be specified later. Applying Lemma A.3 with vector p; = (5v/s||zr||2 + 2v/s|z||2)nje; for
j € M, construct a set J' C M satisfying

_ Amaxjere(5v/s)zrll2 + 25 12l12)*lesl3 _ 1965

J| < :
I <m 62 =,

and a vector
Y = (5vsllzrlla + 2V5l|z]l2) D Bimjes,
jeJ’
where B € [0,1] and 3. 8 = 1, such that [ly — y/[l» < e.
Set 2’ = zre + /. By construction, 2’ € E;, where J = (IUJ")N[p] and |J| < s+ m.
Furthermore, we have
Iz =22 =lly—yll2 <e
For {; : j € J'} as above, we extend it to {3; : j € I°U {p + 1}} by setting 3; = 0 if
jeIcU{p+1}/J and write

d =z (Vslallz +2Vsll2ll) Y Bimges,

Jelcu{p+1}

where 8; € [0,1] and 3~ ;e peygpi1y B = 1.
If 2/ = 2, the conclusion holds. Otherwise, for some ) to br specified, consider the vector

A = 2) =2+ (5Vsllarllz +2V50l2) D [(1 = Ny + ABjlnge;.
jercu{p+1}
We have [(1-A)a;+AB;] = 1 and (1-A)a;+AB; € [0,1]. Therefore, 3, jc[(1—A)a;+AB;] <
land z + A(2' — 2) € V.

Now we consider the following function ¢,

6N = (F(z + Az’ - 2)),0) = jiAA((:)) Hefj '

Since z is the maximizer of (F(v),0) for all v, ¢()\) attains the local maximum at 0. Then
by Lemma A.2, we have

(.0) _(z+('=2).0) | [~z

(2,0) (<,0) - [12]]2
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It follows that

(F(z),0) _ /200 _ Nzl (<,0) 12112 lzllz = 112" = =l
(F(2),0)  G/l202:.0)  1Zll2 (20) ~ [lzlla + 12 = 2[l2 12112
_ e =l =2l o, 2
I2llz + 112" = zlla = lzllz €

Note that ||z]|2 > ||zr]l2 > 1/4, setting e = 1/12. we have

(F(<),0)

.0 =

We have constructed a sparse z’ such that (A.3) holds. Let ¢g = s + 312265, we get the
conclusion in Lemma A.3.
|

Lemma A.4 The restrictive eigenvalue condition inf,,cp(g)nsr—1 > XaX T u/n| > 7o
holds with high probability when n > slog(p).

Proof Recall that X; ~ N(0,%). Let Cop(2s) = conv(U|jj<2¢F(2p) N S*71), and C(s) =
C2p(25)1:p. By Lemma A.3, I'(s) C C(s). We will show a stronger conclusion that

n
inf VTZXZ-XiTV/nle.
veC(s)nSp—1 1

Note that, for any v € C(s)NSP~L, vT X; ~ N(0,v7Sv) and E? S0, X; X v/n) = vTsw.
By Bernstein’s inequality, we have

n
]P’(\VTZXiXi:FV/n — ISy > t) < 2exp(—cnmin{t?/L? t/L}),
i=1
where L = ||(vT X;)?||y, = 20T Sv < My. When t < My, we have
n
P(|p? Z X XTv/n — TS| > t) < 2exp(—cynt?),
i=1
where ¢; = ¢/ L2,
Suppose that vq,--- , vy is an e-net of C(s) N SP~!, by union bound
n
]P’(]VjTZXZ-XiTVj/n—VfZVﬂ >t j=1,---,J) < 2|J|exp(—c1nt?) < 2exp(caslog(p)—cint?).
i=1
Let U =15 X, XT. We have

My —t < ||U05)3 < My + ¢
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with probability at least 1 — 2exp(caslog(p) — cint?), for all j = 1,--- , J. It follows that

VM —t < H\Ifl/2yj||2 < /My +t.
Not that for any v € C(s) N SP~!, we can find a j such that ||v — vj[|2 < € and
19120l — 02 (v = )2 < 920 la < 9200l + |92 (0 = v)]2-

The right hind side is upper bounded by v Mz +t + €sup,cc(s)nsr—1 | w1205 By taking
supremum over all v for [|[W/2y||y | we have

VM +t
sup w2y < Y2
veC(s)nNSp—1 — ¢
Meanwhile, the left hind side is lower bounded by /M; — 1 — esup,cc(s)nsr—1 [T1/20.
Thus
VMo +t
inf (U2 > A —f— Y22

veC(s)nSp—1 1—c¢
Let t = $M; and € = (1 — 71)/M1/2/(/Ms + M1 /2 + (1 — 71)\/M1/2), we have

inf || UY20)y > 7,
velC(s)nSp—1

with probability at least 1 — 2exp(coslog(p) — cinM? /4).

|
The following several lemmas are used for the proof of Lemma 3 in the main paper.
Lemma A.5 Let X;(t), it =1,--- ,n, be independent mean zero random processes indexed
by pointst € T, €;, i =1,--- ,n, be independent Rademacher random variables and ¢ be a
non-decreasing convex function. We have
n n
E{p(sup > Xi(1))} < E{¢(|2sup Y e X;(t)])}
teT = teT =
If we remove the mean zero assumption, then
n n
E{g(sup ) (Xi(t) — EX;(t)))} < E{s(12sup Y e Xi(t)])}.
teT i1 teT o
Proof Let Z;(t) be an independent copy of X;(t), for i = 1,--- ,n. For the mean zero case,
we have . .
sup » Xi(t) =sup » {Xi(t) —Ez(Z(1))}
sup 2 Xilt) = sup ) A%,
n
=supEyz Z{Xz(t) - Zz(t)}
teT o
n n
<Ezsup{>_ Xi(t) - > Zi(t)}
teT =1 =1
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Without mean zero assumption, we have

sup > {Xi(t) — EX;(t)} = sup Y {X;(t) — Ez(Zi(1))}

teT ] teT =]
n

=supEz » {Xi(t) — Zi(t)}
teT 1

=

< Ezsup{)_Xi(t) - > Zi(t)}
i=1 =1

teT =

We can see that the term on the right hind side are the same for both cases. Thus, we
only show the proof for the mean zero case. The proof for the case without mean zero
assumption are exactly the same. We have

n n

¢(sup > Xi(t)) < ¢(Ezsup{d_ X;(t) - > _ Zi(1)})
=1

teT teT 5
n

< Ez{o( fug{z Xi(t) = > Zi(t)})},
€ =1 i=1

where the second inequality follows by Jensen’s inequality. Taking expectation with respect
to X; on both sides of last inequality, we have

Ex¢(sup > Xi(t)) < Ex z{¢( ?él};{z Xi(t) — Z Zi(t)})}

teT

=Ex z{o( fu;r){z ei(Xi(t) — Zi(t)})}
€l =1
< Exz{6(] g;eixia)l + Ingp e Zi(t)))}

1 - 1 =
< SExco(2 sup ; & Xi(D)]) + 5Eze5(2 sup Z ciZi(t)])

= Ex ¢ (2]sup Z i Xi(t)])

teT

where we have the first equality because €;(X;(t) — Z;(t)) has the same distribution as
Xi(t) — Z;(t) and the last inequality because exp is convex. [ ]

Lemma A.6 (Cai et al. (2019), Lemma C.1) Let X;(t), i = 1,--- ,n be independent
mean zero random processes indexed by points t € T, and €¢;, i = 1,--- ,n, be independent
Rademacher random variables. Consider the Lipschitz functions ¥;(-), for i = 1,--- ,n,

37



WANG, ZHANG AND MAI

with Lipschitz constant L that satisfies ¥(0) = 0. Then for any increasing convex function
¢(+) and a fized t1 € T, we have

E{s(] iquZeiwi(Xi(t))Xi(tl)D} < E{¢(|2Lsu$ZeiXi(t)Xi(tl))}.
€ i—1 te i—1

The next Lemma is about the tail inequality for supremum of unbounded random pro-

Cess.

Lemma A.7 (Adamczak (2008),Theorem 4) Let X1, --,X,, be independent random
variables with values in a measurable space (S,B) and let F be a countable class of mea-
surable functions f : S — R. Assume that for every f € F and every i, Ef(X;) =0, and
for all i, || sups [f(Xi)|[lp, < o0, where 0 < a <1 and |- ||y, is the Orlicz o norm. Let
Z = supper | Yoy f(Xy)| and 0 = suppcr >t Ef(X;)%. Then, for all 0 < 1 < 1 and
d > 0, there exists a constant C = C(n,d), such that for all t > 0,

P(Z>(1+n)EZ+t)<exp<—t2)+3exp(—( ! )”‘”‘)
- - 2(1+6)o? Cllmaxisup ez | f(Xo)] [l ’

t? t 1/a
P(Z>(1—-nEZ 1)< exp( e 5)02) + 3exp( . (CH T |f(Xm”%) )

The following Lemma shows some basic calculation results.

Lemma A.8
/ 67a2x2+bz+c — m eerc
a2
—a’z?+bx \Fb b2/4a o b 1
0 d 2a2{ 2a (= 2a)+ }
/OO 2 7a x +b:pd ﬁ(2a2 + bQ)eg
o 4a®
o V2r 1 b a
®(az)e V" 22dy = t S
/0 e 2\F[b3arc ()~ Pz 1)
b a
q) b2 2d - t s
/0 (ax)e ¥ x*dr = 2f[b3arc an( ) — b2(a2+b2)]
where ®(x fx 4z and ®(z) ffoo e dx.

Appendix D. Proof of Lemma 2

In this section, we aim to show that for 6 € B, (6*),
da (M (8), M(8%)) < ro(lwr(8) —wil V181 = Bill2 V1IB2 — B5lla)-

for some 0 < kg < Wi/m)'
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Before the proof, we first show what the parameters p; and ¥X* are. The parameters pj;
and X* are not defined in the model, but we can get them from wj and ;. We show the
explicit form of them here. By definition

* * 1 =
pr = pe(07) = E(ﬁ ;7716,9* (Xi, Y3) X;Y5)
1=

= E(re+ (Xi, Vi) XiYs) = By, x (Ewjyx (I(W; = k) X;Y;)
= EYX(EW‘YX(X‘YI(W' = k‘))) = EYX’W(XiY;I(WZ‘ = ]{))
=Ew{I(W; = B)Exjw=i(XiEy | x,w=1)} = w25
Similarly, we have
Y =3(0") = wiX.
Note that we have X*3; = p;.
We also have wg(0*) = E(% Yo ke (X3, Y5)) = E(% Y PW, =k | Y, Xy)) =
P(W; = k) = wi.
Contraction for w;(6)
Proof Recall that

n

wn(6) ~ w1(6%) = B D (m(X5, Y1) = muge (X2, ) = Bl o(X:, Y0) = m1ge (X3, 7).
=1

Let £ = (w1, B2 — B1, B1 + B2). With a little abuse of notations, we can write 7y ¢(X;, Y;) as
Me(Xi,Y:). Let Ag =& — & and &, = £ + uA¢. Then

E{ne(Xs,Y:) — e (X4, Yi) }

d771,§ X17Y
- E{ / fzgu’ £>du}
3771,5 Xz,Y 87715 (X,Y5)
_E{/ 9or e Ay, du}+E{/ 06— B e A52_51>du}
87]15 X“Y
E ,A d
+ {/ 52+51 ,32+ﬁ1> u}
a7715 XHY) * /1 87716(X17Y7,)
‘/ Ot )L:&Ldu(wl wy) +(< E(i(&_ﬁl) )]5_ udu,AﬂQ,Bl>
One(Xs,Ys)
E(—2—="~ du, A
* ‘</0 ( A(B2+ p1) )’52& U Bgatn)
Om (X3, Vi . Om ¢(X3,Y; . .
< sup (BRI s RO EET s+ gl
€€Beon (6%) w1 ¢Beon(0*)  O(B2—B1)
(@) (u‘)
o ¢(X,Y3) . .
+ su Ei — BF + B9 —
geBco}?(e* (Il 2051 T 5a) [2)I1B1 — B + B2 — B3l

(i)
(A.4)
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Thus, we only need to bound the three terms of last inequalities. By calculation, we
have

Ome(Xi,Ys) _ exp{(B2 — B1)T X;(Y; — (ﬂl;ri&))TXz)}
Dun (w1 + (1 —wi)exp{(B2 — BT Xi(Y; — (2422)TX,)})”
One(Xi,Y) _ (1 wl)exp{(ﬁz - B)TXi(Yi = (42T X)X (Y - (242)TX5)
(B2 — 1) (w1 + (1 —w)exp{(Bs — B1)TXi(Y; — (BE22)T X,)})?
Ome(Xi, Yi) _ (1—w) exp{(B2 — B)" Xa(V; — (252)7X;)} XX (B2 = B1)
0B +82) T (1 — wn)exp{ (B2 — Bu)TXi(Y; — (BEB)TX )} 2

Note that Y; ~g Z; + w X, where Z; ~ N(0,1) independent of X; and W;, and ; takes
two values with P(¢; = 7)) = P(W; = 1) = wj and P(¢; = 55) = P(W; = 2) = 1 — wyj.
Define 6;(8) = v; — (81 + B2)/2. We have Y; — (232 X; ~y Z; + 6:(8)" X;. Then

Ome(Xi, Vi) _ exp{(B2 — B1)" Xi(Zi + 6:(8)" Xi)}
O (w1 + (1 —wi)exp{(B2 — B1)TXi(Z: + (BT X,)})

Define event & = {|Z;| < 1/2|6:(8)T X;| | X;}. We have

) 2 x _ P1+B2\T 2
((8; = 2572)7 X))
<Y wiP(Zil 2 1/206:(8)" Xil | Wi = k, X;) < kZ_leXP{— s .

k=1

Note that on the event &, we have |(Ba—£1)T X;(Zi+6;(8)TX;)| > L|(Ba—51)T X3]|0:(B)T X4,
t

2
and the function fi(t) = (w1+(le—w1)et)2 < wl(ll_m) and supjy|s|q f1(t) < mexp( lal).
Then

Om (X5, Y;)
80)1

E( )

— E( exp{(B2 — B1)" Xi(Zi + 6:(8)" X)} )
(w1 + (1 — w)exp{(B2 — BT Xi(Zi +6,(8)TX)})°
e tE exp{ (B2 — BT Xi(Zi + 5:(8)T Xi)} £\
wx Z'X’W((wl + (1 — wi)exp{(Ba — )T Xi(Zi + 6:(8)T X)})? )P
exp{(B2 — BT Xs(Z; + 6:(B)T X;)} | S-C>IP’(€-C)}
(w1 4 (1 — wi)exp{(B2 — B1)T Xi(Zi + 51(5)TX1')})2 ' '
x  P14BoNT v .\2
+ 1 ) [exp{— ((BW 82 ) XZ) }]}
oy BB {exp {5 (92 = 87 X0%) + exp{— (i — P 5270

wl(l—wl
1
( * _M)TXZ,)Q
w 82 }]}

~ min{w?}, (1 —w
40
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Note that (B2 — B1)T X; | Wi =k ~ N(0, (B2 — B1)T2(B2 — B1)), by Lemma A.8, we have

1

T V1t (B B)TS(B— B)
1

: V(B2 = B)TE(B2 — 1)

Exjw=k (GXP{—%((ﬁz - B1)" X;)})

Similarly, we have

* P18 \T v .\2
EX‘W:’f(eXp{_((Bk 5 2 b < BitB : BitBay
V(6 - BTy — B
Then
E(am,gégi(li,yi))
_ E( exp{(B2 — A1) Xi(Zi + 5:(8)" Xi)} )
(w1 4+ (1 = wi)exp{ (B2 — B1)T Xi(Z; + 52’(5)TX1‘)})2
1 2, 1 1
= min{w?, (1 — w1)?} ;wk{ V(B2 — B1)TE(B2 — 1) i \/(ﬁ;; — BTy (gx — 514562)}
1 2 1
+ w1(1 — wl) ZWk(

1 \/4(5;2 _ 51-552 )TE(/BZ _ ﬁ1'5/32)

By the definition of the contraction basin B, (), we have

V(B2 = BTE(B2 — B1) = \J (85 — BOTS(B5 — BY) — \/ (B2 — B5 — B + B1)TS(B2 — B3 — B+ B)
> A —4C,AM,.

When C, < 1/(4Ms), /(B2 — £1)T2(B2 — f1) > cA. Similar conclusion also holds for
\/(ﬁ;; - 76142'52)7"2(,82 — 761—5[32). Hence,

5771,£(Xia }/l)

E( &ul

y< &
A

for some positive constant C;. Thus, when A > C /Ky, E(%ﬁ’m) < Ko.
To bound (i7), recall that

O e(Xi,Yi) _ —or(1 = wr) exp{(B2 — 1)" Xi(Z; + 6:,(8)" X;)}

(B2 — B1) (w1 + (1 — wy)exp{(B2 — B1)TXi(Zi + 6:(B)TX,)})

- Xi(Z; + 5i(ﬁ)TXi)a
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It follows that

i ot )

~P P (G <1eflzu{1(i2><p{/(3;iT—X ﬁ(fT;iz(ﬂl?(gTX)}) )

N o
o AT s o)

Let Hj, be an orthogonal matrix whose first row is (82 — 81)TSY2/|| (85 — W)TEI/QHQ.
Meanwhile, (5} — W)TEVQ is in the span of the first two rows of Hy. Given W; = k,
we write X; as ©Y/2H]['V;, where V; ~ N(0,1,). Then (82 — 81)TX; | (W; = k) = ||(B2 —
BOTEY2|9Vr, and (B — 252)TX, | (W; = k) = [[(8f — 252)TSY2 | (MVir + AoVio),
where A\? + \3 = 1. For notation simplicity, we write ||(32 — BTEY2|9Viy as T1(Vi1), and
1(8; — 2E82)TSV2 |5 (M Vir + AoVia) as To(Vi, Vio).

Then, given W; = k,

OmeX i) _ st pT UL V)% + Tallar, V)
(B2 — b1) (w1 + (1 — wi)exp{T1(Vi1)(Zi + T2(Vi1, Vi ))})2
Vi(Zi + T (Vix, Via)).

It follows that

1 Ime(Xi Y\ exp{T1 (Vir)(Zi + T2 (Vir, Vi))}
_ E = wiE E
o a5 ) ; v ZV’W((wl+(1_wl)exp{Tl(vﬂ)(zi+T2(m1,w ik
VilZi + T2(Vi1, V; )))}
(A.5)
Because Vji,-- -, Vj, are independent, for j = 3,--- ,p, we have
2
g (g exp{T} (Vir)(Zi + T2(Vi1, Vi2)) } Vi (Zs - To(Viy V.
gwk V‘W{ ZlV’W((w1+(1—wl)exp{T1(Vi1)(Zi+T2(Vi1,Vi ))})2 i+ TV )))}
2
. exp{T1(Vi1)(Z; +T2(Vi1, Vi2))}
= E Vi; B Zi +T2(Vi1, Vi
DB VB (0 o+ v v 2 )

Il
o -

where the last equality follows since w1 + w3po = 0. Hence, we only need to elements of
(A.5). When j =1,
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2
w*E E eXp{Tl(‘/Zl)(ZZ +T2(‘/il7‘/i ))} ‘/;_1 Zz b ‘/il;‘/i
; g VlW{ ZV’W((wl + (1 —wi)exp{T1(Vi1)(Zi + To(Vi1, Vi ))})2 Zir )))}

= ZWZEV|W{EZ|VW( eXP{Tl(%l)(Zi+T2(‘/il"/i ))}

k=1 ’ (un + (1 — wy)exp{Th(Vi1)(Z; + T=(V;1, V; ))})2
T4 (Vi)(Zi 4 To(Var, Via))) /(82 = 81722

N exp{T1(Vir)(Zi + To(Vir, Via))}
— ; kEVIW{EZIV,W((w1 (1 — w)explT1 (Via) (Zs + To Vi, Vi ))})2

Ty (Vir)(Zi + T2(Viy, Vi2)) | 51‘)[9(51‘)}/”(52 — B)TS?||;

2
'E E exp{T1(Vi1)(Zi + Ta(Via, Viz)) }
+,; v ZlV’W((ler(lw1)eXP{T1(V¢1)(Zi+T2(Vn,Vi D

TU(Vi)(Zs + oV, Via)) | €5)PUED) } /182 = B1)T=V2)

- 1
ol (B2 — Br)

2 3 3
TS|, ;WZEmw{exp{—Q((ﬁz - BT X)) + exp{—i((ﬁ,’; _ b —;'Bz)TXi)Q}}

1 N (B — 2452)7 X,)?
+ 403“(52 — /61)7“21/2”2 I;wkEXW{ [exp{* 3 }] }

In the last inequality, we transform V; back to X;, and then use the fact that fo(t) =

ey | <t e 2 s (1) < s (-1 %) By Lemma
A8,
Ewy {Ezvw ATy (V) (Zi + Ta(Via, Vin))) Vit (Zi + T>(Via, Via)) ) } < “
’ T\ (w1 + (1= w)exp{T1 (Vi) (Z: + Ta(Vir, Vo)) })? ’ ~ A
(A.6)

Thus, when A > C/ko, the last expectation is smaller that xg.

Note that on event &;, we also have |(Zi—|—||(5;—%?21/2||2(>\1V7;1+)\21/g2))| < 3(Bt—
BB\ TS 3172 | (A1 Vit +A2 Vo) |, namely |(Zi+Ta(Vir, Vio))| < 3|1(B1—21582) TS 12 1| (M Vir +
A2Via)|.

43



WANG, ZHANG AND MAI

exp{T1(Vi1)(Zi + To(Vi1, Vi2)) } . o
B (o T - anemp Vs + B ) 2+ T V)
<E exp{T1(Vi1)(Z; + T2 (Vi1, Vi2))} Via(Z: + Ty (Vir. Vi c
- Zlv’w((wl + (1 — wr)exp{T1 (Vi1 )(Z; + To(Vi1, Vi2))})2 i Tl 2| ) &)
N EZ|V,W( exp{T1(Vi1)(Z; + T2(Vi1, Vi2)) } VialZi + To(V, Vi) | gc> (€9

(wl + (1 — wr)exp{T1 (Vi1)(Z; + To(Via, VzQ))})

< 5o (=5 1682 = TS RVANVall 51 - 252

- 200
32 exp{— f||<5k BLt Bayrst /21200, iy + AgVia) 2 Vial (55
2¢ 2

)22 o] (Vi + AaVie) )

B1+ B2
2

+ SR (0 Vi + AeVia)])

P / Via(Zi + To(Vaa, Vie) Joxp(~ 22 /2)dZ
203ﬁ 31187 — B422) T2 o | (A Vi + Ao Vi)

3 1 . B+
< oo (D {51082 — BT BVANVall(5t — P 2T o Vi + AaVia))
0
(I)
3 1 N + . +
+ o (el D105 - PR30V + aaVie Vel 8 — BTl (0 Vi + eV
2c2 2 2 2
(I1)
_l’_
smep(= 56 = PR + AoV LV
(IT1)

+
08— PR v+ AaVia)] 1),

(I11)

where the last inequality is obtained by standard integration and the fact that ftoo exp(—22/2)dzx <
exp(—t2/2).

Since (III) = %(( )+ (II)), we only need to bound (I) and (/I). For the term (1),
we have

B{(D)} = 18— 2T 2792 by, fexp(— (8 — 1) S BVR) B, (IMViaVia + V)

i
<18~ PP o fexp(— 5 (B2 — )T 2RV By M Via Vil + By AV
,_Bit8B L
< (81 = =5 ) =2 By, {exp(— 5 [1(B2 = BT SV2BVD) M Vi)
. Pitp 1
+ (8% = =) S 2By, {exp(— 51 (B2 — BT SV 3V el
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By Lemma A.8, we have

1
Ev,y {exp(=5 (82 — BOTEY2 I3V M Vi |}
& 1 1
= 2[A1]/v 27T/ vexp(—5|[(B2 — 51)T21/2H%UQ)GXP(—QUQM’U
0

_ 2|\ |/V2m
1(B2 — B1)TEV2]3+1
Co
(B2 — B1)TX1/2|3

<
I

Also, we have

1
Em{exp(*gH(@ — B V23V A}

— Pal/ VR [ exp(= (82 — BTS2 BuPexp(~ 507

_ | Az

\/||(52 — f1)TE23 + 1
Cs| A2 < _GslM|
(B = B)TEV2|s T (1 —c)A
Thus
. Bt B2y & Cs| Az
E((I - )
(D) < 1(B; 5 ) H2(H(52 ETRTESIVETTE + G —51)T21/2||2)

02(1 +Cl)

< m +C3|/\2’.

For the term (I7), letting v1 = A1V;1 + A2Vj2 and ve = Vjo, we have

H(ﬁ* _ BitBe )T21/2||2 00 1
B((11) = " | loalesp(—guddes
> Lo Pit+P 1
[ olexs(=5 18t - P TS desp(— S

Call (B = 252)S 2 _ Gl + 1)
(B = B)TEVZZ T (1 —ca)?A

EWV{EZVI/I/(‘ exp{T1(Vi1)(Z; + To(Vi1, Vi2))}
VAW G + (1= w)exp{ Ty (Via) (Zi + Ta(Vir, Via))})

2
o 3C2(1+ 1) 3C5| )\ 3C4(1+¢1)
< .
- Zwk(élcg(l —c1)A 2¢3 2c3(1 —01)2A)

sVl Zi + Ta(Vir, Va))| ) }

45



WANG, ZHANG AND MAI

Note that

18 = )"l _ Con/TTy
(8; — Btlyrsii2), = 1—cr

el =g

902(1+Cl) 904(1+Cl) 2/{06(2)(1701)
hen A 0(2)(1 Cl)RO V 26%(1 61)2 o and Cb 903\/—2 , We nave

exp{T1(Vi1)(Z; + To(Vi1, Vi2)) }
(w1 + (1 — w)exp{T1(Vi1)(Zi + Ta(Vir, Vi2))})

EW,V{EZ\V,W( 5Vie(Zi + To(Vir, Vi )))} < Ko.

Combined with the bounded shown in (A.6), we have HE%HQ < Ko.

Finally, we bound the term (#i7), recall that

exp{(B2 — B1)T Xi(Z; + 6:(B)T X;)}
(w1 + (1 —w)exp{(B2 — B1)TXi(Z; + 6:(8)TX:)})?

O e (X, Vi)

B 0(B2 + 1)

=wq(l —wl)E( 'XiXiT(BQ —51))

Recall that Hy, is an orthogonal matrix whose first row is (ﬁg—ﬁl)TEl/Q/H(6;—%?21/2”2.
Meanwhile, (5} — %)TZI/Q is in the span of the first two rows of H. Given W; =
k, we write X; as XY2HTV,, where V; ~ N(HX 2, I,). We have (Ba — B1)7X; |
Wi =k = [[(B2 — BTS2V = Tu(Var), and (B — 252)7X; | Wy = k = [|(B; —
%)TEVZHQ(AJQ + )\2‘/;2) = TQ(‘/Z‘l, %2), where )\% + )\% = 1. Then

1 Om ¢(Xi, Ys)
wi(l—wi) (B2 + p1)
2
_ “1/2 TR exp{T1(Vi1)(Zi + T2(Vi1, Vi2)) }
kzzlw’“ * Z’VW((M + (1 — wi)exp{[|(B2 — B1)TSV2Vis (Zi + Ta(Vir, Vio))})

Vill(B2 = BTS2V )

As we discussed before, because wj 1 +wsp2 = 0 and V;; are independent with each other
for all j, the 3 to p elements of the last vector are exactly zero. Thus, we only need to
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bound the first two elements of the last vector. When j =1,

EVW{EZ< exp{T1(Vi1)(Zi + T2(Vi1, Vi2))}
| (@1 + (1— wn)expl[[(B2 — B)TEV2Via(Z: + To(Vir, Via))})?

1182 = BTS2 V) }

e

exp{T1 (Vi )(Zi + Ta(Vi1, Vi) }
(w1 + (1 = wi)exp{[|(B2 — B1)TZV2Vi1 (Z; + To(Vir, Vi))})
1182 = BTS2 2VA | &) P(E) |
C E exp{T1(Vi1)(Zi + T2(Vi1, Vi2)) }
i V‘W{ Z((wl + (1 — wy)exp{[|(B2 — B1)TEY2Vir(Z; + T2(Vir, Vi2))})

(82 = B)TEV 2V | € )B(ED }

<1182~ B2 By {exp{—5 182 — ) V2 BVAIVA )

2

182 = BTS2 By {expl— 15 — PP TS B0V + xaVir R
< Cs +
= (8 = BTSVR
B+ B2

1
182 = B =2 By {exp{—5 185 - P2 TSV B00 Vi + AaVia) PV |

2

Let v1 = A\ Vi1 + A2Vjo and v = V9, by Lemma A.8, we have

1
By {exp{—3 (5 — 22

1 Y Lo o Bi+D52 1
2 /oo /oo {50 - T)Tzl/Z“gvf}(vl = Agv2) exp(—5v7)

YTSY2|2(M Vir + AaVin) 2} V2)

1
: exp(—ivg)dvldvg

< Cs n Cy N CS)\%
e e I (G e R I (€ S
06 C7 CschQ

< + + .
(8 — B2=)TSV2)3 (85 — 25E)TEVE (1 - ea)?(Bf — 252)TEV2,
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When j =2,
B {E ( exp{T1(Vi1)(Zi + T2(Vi1, Vi2)) }
viwiEz
(w1 + (1 — wi)exp{||(B2 — B1) TSV 2V (Z; + To(Vir, Viz))})
1B = BT ol Var V) }
exp{T1(Vi1)(Zi + To(Vi1, Vi2)) }
(w1 + (1 — wi)exp{||(B2 — B1)TSV2Vi1 (Z; + To(Vir, Vi) })
1182 = B EV2 oV Vial | € ) B(ED |
{EZ( exp{T1(Vi1)(Z; + T2(Vi1, Vi2)) }
(w1 + (1 — wi)exp{||(B2 — B1)TSY2Vi1 (Z; + To(Vir, Vi) })
1182 = B)TEV2 o Vi Vial | € ) B(ED |
< (B2 — Bl)Tzl/Z|’2||2EV|W{GXP{—%H(ﬂz - ﬁl)Tzl/QHgvﬁ}Wile\}

1, . n
1082 — BTS2 aBy e {expt 3 155 — 2T TSIB0 Vi + AoVia)H Vi Vel
Cs
(B2 = B1)TEV2|3

L, +
+[1(82 — 51)T21/2||2EV|W{exp{—§H(ﬂk ~ w)szug(AlVﬂ + AaVi2)} Vi Viel }

2

= EV|W{EZ< 5

+ Eyiw 3

<
I

Again, letting v1 = A\ Vi1 + A2Vie and v = Vjo, when W; = k, we have

1 N +
By {exp{ 5 (5% — P E P2 TRY2 B 00V + Vi) Vi Vil

2
<o [ et 0 = PP TR B uaton — Aavlexp(— o) - expl— o3 o
- Cy Cs |
G e EA == B
Cy Cr0Co/ My

< + .
I(8; = 252)T21 205 (1= e)ll(B; — B522) TSl
Thus,

B

exp{T1(Vi1)(Z; + To(Vi1, Vi2))}

(w1 + (1 — wi)exp{|(B2 — B1)TSY2Vit (Z; + To(Vir, Via))})”
Vill(B2 = BO)TSloVar )
2
; Ce Cr7 4 Cy (Cs + C10)CEMs
< wi( +
; 1085, — B2)Ts172)3 |85, — 422y T512), (1—c1)?
< 2 w*( Cs n Cr + Oy CgCgMQ CoCpv/ MQ)
TR —apar l-a)d T (1-a)? (I-a)
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V4Cs 4(C7+CH+9) ko(l—c1)? ro(l—c1)
When A > e = and O < (jlchlQ A 46(),10@,

EZ:WZEZVWO exp{T1(Vi1)(Z; + T2(Vi1, Vi2)) }
Vv (w1 + (1 = wi)exp{[|(B2 — B1)TSV2Vir (Zi + To(Via, V%Q))})z

Vil (B2 — &)szuml\) < ko

e (XY
for j =1,2. It follows that HE%HQ < Ko.

Plug the bounds for (i), (ii), and (i7i) back into (A.4), we have

|lwr(0) — wi| < ko(lwr — WiV IBT = Billz V (183 — Bz2ll2),

for sufficient large A and small Cj,.

Contraction for p;(0)

We aim to show that ||p1(0) — p1(0%)|l2 < rollwr — wil V(181 — Bill2 V 185 — Ball2)-
Proof Recall that

1 n
p(0) = E(~ D mo(Xi, Vi) XiY5) = E(m (X5, i) XiYi),
i=1

and £ = (w1, B2 — B1, 01 + B2). Similar as what we do for wi(6), we have

p1(0) — p1(0%)
Lrdm (X, Y3) X0V,
:E{/ ( e = )

gzéu)TAgdu}

=E{ /1 8771,5();;?))(1'1/% o ) Auydu) +E{/ 87715 ;Z},_Yﬁ)l))(Y Ezgu)TA@_gldu}
—l—E{/ 37715 ;?;_YB)S(Y £:£u> A52+51du}
Ome(Xi, i) Xi¥s )\ T Ome(Xi Y)XiYi|  \T
:feBScljﬁeﬂE( " O ) 5=§u) Aw1+§ezss;ljf(e*>E< mg((ﬁa—ﬁ)l) 5=5u> Aoty
O ¢(Xi, Y3) X35 T
+£elﬁsc1:§(9*)E( nlg((ﬁ2+ﬁ)1) 5:@) Bpattn

It follows that

% 877 9X27Y
lon®) —pille < sup ECPATETD oy
E€Beon (0%) w1
a ’La}/;, * *
v s BRI 8 5 - 8y + Bl
£E€Beon (6%) I(B2 — b1)
0 X;,Y; X %
v s eCOBAT T v s — i+ 8 - B3l

£E€Beon (6%) I(B1 + Po)
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Note that
One(X;,Y;
”E(m"’a(wl)Xm)Hz
_aNTx.(7. (BT X,
< p— (B AT GO o st

(wi + (1 = wi)exp{(B2 — B1)T Xi(Z; + 6:(8)T X:)})
(iv)
exp{(B2 — B1)" Xi(Zi + 6:(8)" Xi)} X, xT 51+ B2 Is
(w1 + (1 —wi)exp{(B2 — B1)T X;(Z; + 5i(5)TXi)})2 b2
(v)
The bound for term (iv) is exactly with that for term (é¢). For sufficient large A and small

Cy, (iv) < Kko/2.
Then note that

(A7)

+||E

(v) = [SV2HTE exp{|(B2 — 1) SV 2|2 Vir (Z; + To(Via, Via)) } VT i st/2 0t o B1 + B2 s
(wi + (1 — w)exp{(Bs — B1)TXi(Zi + To(Vir, Via))})” 2
< HEH ||/Bl + BQ H || E eXp{Tl(‘/Zl)(ZZ +T2(‘/113 ‘/7,2))} 2‘/1‘/17‘ ||2

(w1 + (1 —wi)exp{(B2 — f1)T Xi(Zi + T2(Vi1, Viz))})
(I)

Because V;; are independent with each other for all j and wjp1 + w32 = 0, we know that
except from the diagonal elements and the first 2 x 2 sub-matrix, matrix (/) is exactly zero.
Thus, to bound the 2-norm of (I), we only need to considering the first 2 x 2 sub-matrix
and the diagonal elements. Note that, for any 7, ¢,

exp{T1(Vi1)(Z; + To(Vi1, Vi2)) } T
(w1 + (1 — wr)exp{T1(Vi1)(Z; + To(Vi1, Vz‘2))})2 v
2
JE exp{T1(Vi1)(Zi + To(Vi1, Vi2)) }
= ; i Z’V‘W‘ (w1 4 (1 — wi)expexp{T1(Vi1)(Z; + T2(Vi1, Vi2))})
exp{T1 (Vi) (Zi + 1|67 = 252)[l2(\ Vit + A2Vi2))}
k=1 7 (w1 + (1 — wr)exp{T1(Vi1)(Zi + T>(Viu, ‘/22))})

E|

i|P(€1))

2”

ViiVig | &

P(£7))

2
< Z (wWiEy w {exp(—1/2[|(82 — B1)TEV2|3V2)

51+B2

+exp(—1/2[|(8x - MEA Vit + AaVia)?) }Vi; Vigl)

2
+ Z (szww{exp(—l/gH(ﬁz b1 + B

k=1

B Vi1 + A2 Viz) )}M]qu\)

By Lemma A.8 and the same calculation procedure used before, we have

2
exp{T1(Vi1)(Zi + T2(Vi1, Vi * *
{11 (Vir)( 2(Vi1, Vi2))} QVijViﬂ SCHZ(wk/A—i—wk/AQ).

E
| (w1 + (1 = wi)exp{(B2 — B1)T Xi(Zi + To(Vir, Via) }) k=1
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Thus, for large enough A, we have (v) < ko/2. It follows that HE(WXZYZ)HQ < Ko
for sufficient large A and small Cj,.

Next, recall that

Omo(Xi,Y:) p
95— i Y =ell—w) <

exp{ (B2 — B1)T X;(Z; + 6;(8)T X;)}
(w1 4+ (1 — wi)exp{(B2 — B1)T Xi(Z; + 51(5)TX¢)})2
- Xi(Zi+ 8T X)) XT (2 + 0T X))

E(

Let Hj, be an orthogonal matrix whose first row is (82— 81)73Y2/||(B2— B1)T /2|5 and sat-
isfies that (ﬁ,’;—@)TEl/Q C span{fj[kT’l:7 H,ZQ:} and (B1+82) 7812 C span{H,zl:7 HZQ:, H;Z:s:},
where Hj, ;. represents the j-th row of Hy. Let X; | W; =k = El/zHgVi, where V; | W; =

k ~ N(SY2HI g, I,). Then given W; = k, we have (82— B1)TX; = ||(B2— 81)TEY2|2Vi =

T (Vi), (Bf — 252)TX; = (B — 2E2)TEY2)5(M Vit + AaViz) = Ta(Vi1, Via), and (B +

k 2 k 2

Bo)TX; = ||(B1 + B2)TSV2|2(A3Vir + MViz + AsVis) = T5(Vin, Via, Vis), where A2 + A2 = 1,
M+ + XA =1and

185 = Br)TE2]l2 _ G/

Aol < .
’ 2\ = ||(/BZ B B1-§52)Tzl/2”2 — 11—

Then we decompose E(%XT -Y;) as

K3
Omo(Xi, Vi) 7 %)

0B —p1
— won(1 — w)E exp{(B2 — B1)" Xi(Zi + 6:(8)" X;)}
(w1 + (1 —wi)exp{(B2 — B1)T Xi(Zi + 6:(8) 7 X,)})
- Xi(Zi+ 6:(8) X)X (Zi + 6:(8)" X))
exp{(B2 — B1)" Xi(Z; + 6:(8)" Xi)}
(w1 + (1 — wi)exp{(B2 — B1)T X;(Z; + 51(5)TX1)})2

E(

2

+ (wi (1 —w1)/2)E(

- Xi(Zi+ 6:(8)" X)X (B1 + B2)" X)) (A.8)
2
o1 — o) S W Eo exp{T1(Vi1)(Z + T2(Vir, Vi2))}
1 i (w1 + (1= w)exp{T1(Via) (Z: + T5(Via, Vi) )})

SYVRHIVVI (25 4 To(Vin, Via) i3

2
(1 — w B exp{Ty (Vi1)(Zi + T(Vi1, Vi2)) }
el 2 ; ‘ VlWZ_k{ (w1 + (1 — wi)exp{T1(Vi1)(Z; + T2(Vi, V; ))})2

SVPHTVVT (2 4 To(Vir, Vie) Ty (Vir, Vi, Vi) Hy X2

Firstly, we bound the first term of (A.8). Because wjui +wspo = 0, and V;; are independent
for all j, for 7,1 not in the first 2 x 2 block and the diagonal elements, we have

2

S exp{Ty (Vi) (Z; + To(Vir, Vi
WkEV|Wi:k{ p{ 1( 1)( 2( 1 ))} 2‘/:”‘/2?(22_’_112(%17‘/; ))2} =0.

k=1

(w1 + (1 = wi)exp{T1(Vi1)(Zi + To(Vi1, Vi2))})
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For 4,1 in the first 2 x 2 block and the diagonal elements, we have

exp{T1(Vi1)(Z; + To(Vi1, Vi2))}

(w1 + (1 — wi)exp{T1(Vi1)(Zi + T2(Vi1, Vi2))})
exp{T1 (Vi1 )(Z; + T2 (Vi1, Vi2)) }

(w1 4 (1 = wi)exp{T1(Vi1)(Z; + T2(Vi1, Vi2))})
exp{T1(Vi1)(Z; + T2(Vi1, Vi2))}

(w1 + (1 = wy)exp{T1(Vi1)(Z; + To(Vi1, Vi2))})

3 B+
< o (exp{=5 1% = BT IBVEIVVall(3; — PP TRV + 2aVe)?)

EV‘Wizk{‘ QWsz(Zi+T2(‘/i1,‘/}2))2’}

< Byjwisf| s VisVaa(Zi + TaVin, Vio) 2| | & JP(E:)

+ Eviwi=s{| 3V Va(Zi + To(Via, Vi) | | ¢ JP(E7)

s ) +
+ o (expt =g 1055 — PSRV + Vi) ViV
c 2 2

_|_
05— PRS00V + AoV )?)

TN / ViiVa(Z; + Ta(Via, Via))Pexpl(— 22 /2)dZ
2C%ﬁ %H(ﬁ;7@)7‘21/2”3()\1%14’)\2%2)2 R ! ! v

3 1 . Bi+B
< ooz (ep{=5 (82 = BT 2BVHV Vall(87 — ST 2 B (Vi + 2aVio)?)
0
(@)
3 1., +
+ ﬁ(eXp{_*H(ﬁk - M)TEWH%(MVM + X2 Vi2) 2 }H Vi, Vi
2c2 2 2
(@2))]
. PrL+B
18 = TSV 2IB Vi + AaVia)?)
(Ir
+
s mexp{— 18 — DTS B Vi + daVia) PV Vil
f 2
(I11)
+ 8
208 - 12 DL P2NTS1/2)1 (M Vg + AoVia)| + 1),

(IT1)

where the last inequality is obtained by standard integration and the fact that ftoo exp(—x2/2)dx <
exp(—t2/2)/t.

Let v1 = M\ Vi1 + AoVio and v = Vjo. By Lemma A.8, we have terms (I), (I1) and (IIT)
are all smaller than kg, for sufficient large A.

Then we bound the second term of (A.8). Because wjui + wipus = 0, and Vj; are
independent for all j, for 7,1 not in the first 3 x 3 block and the diagonal elements, we have

S exp{T1 (Vi1)(Z: + Ta(Vir, Via))}
Z kv k{ (OJ1 + (1 —wr)exp{T1(Vi1)(Z; + To(Vi1, Vi2))})2

‘/ijx/il(T2<‘/il7 WQ))(ZZ + TB(‘/;17 ‘/;‘27 ‘/Z?)))} =0
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For j,1 in the first 3 x 3 block and the diagonal elements, using the same techniques used
before, for sufficient large A and small Cj, we have

L exp{T1 (Vi) (Zi + To(Vir, Vie) )}
ZwszV\Wi:k{‘ 5
k=1

(w1 + (1 — wi)exp{T1(V;1)(Z; + To(Vi1, Vi2))})
VigVa(Ta(Via, Via))(Zi + T3 (Vir, Via, Vis) |} < o

Thus O o(X0. Y2
Mo\ Ni, Xi)
— XY <
08— g ¢ Tl o
for sufficient large A and small Cj,.
Finally, recall that

[[EC

1 om o(X;,Y;

B 733,52(-1- B :

exp{(B2 — B1)T Xi(Zi + 6:(B)T X;)}

(w1 + (1 = w)exp{(B2 — B1)TXi(Z: + 6:(8)TX.)})?
exp{(B2 — BT Xi(Z; + 6:(B)T X,)}

(wi + (1 —w)exp{(B2 — BT Xi(Zi + 8:(B)TX,)})°

(al)

exp{(B2 — B1)" Xi(Z; + 6:(8)T X,)}

(wi + (1 — wi)exp{ (B2 — B1)T Xi(Zi + 6:(B)T X,)})”

(a2)

XT .y
w1(1 — wl) ¢ 1)

= B( S Xi X[ (B2 = BO)X] (Zi + 4 Xi))

= E( X X[ (B2 = BO)XT (Zi + 5:(B)T Xa))

pr + T

X X (B2 — B1) X ( B

+ E(

Xi))

For term (al), we have

n

al) — B exp{T1(Va)(Zi + T2(Vi1, Vi2))}
b ;( (1 nexp{Tu (V) s + Ta(Vi, V) }

SVHIVVE ST (Vi) (Z: + TV, Vio)) )

Because wipu1 + wspuz = 0, and Vj; are independent for all j, for j,/ not in the first 2 x 2
block and the diagonal elements, we have (al) = 0. For j, not in the first 2 x 2 block and
the diagonal elements, we have

S (e oxp{T1(Vi1) (Zi + To(Vir, Viz))}
kzl SRR (w1 + (1 — wn)exp{Ti (Vi) (Zi + To(Vir, Via)) })

VgV (Vi) (Zi + To(Vin, Vi) | }) < o

2

for sufficient large A and small Cj. The bounds for terms (al) and (a2) implies that

om.e(Xi,Ys) r
082 + b1 ! )l 0

for sufficient large A and small Cj,.

I[EC
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To sum up, we have

1p1(6) = pr(0%)]l2 < wollwr —wil V[[B1 = Bill2 V(152 = Ball2)-

Contraction for X (6)
We aim to show that ||(31(6) — ¥1(0%))B7 |2 < ko(lw1 — wi| V(181 = Bill2 V (|82 — B3|2)-
Recall that

* 1 - * *
21(0)81 = E(ﬁ Zm,e(Xi,Yz’)XiXiTﬁﬂ = E(m0(X:,Y) Xi X[ 87).
i=1

Similar as what we do for p;(6), we have

21(0)81 — X1(67) 57

‘m/lmwxiwﬁﬂiﬁf%%}
A e W D N O e s WD)
+E{ / 87715 Xg;j—)ﬁl')XiTBT 5:5) Apytpyduf
:E<5771,§( Z’;Zi XiX{ By 5&L)Tdqu1 +/01E(8n1,§g§52m;?;(fpﬁf gsu)TdUAﬁ2_Bl
1 vy Y x T g
—i—/o E(anl’gg((;Q?;(;;(” b _ u>TduA52+61

It follows that

anl,@(Xia }/;,)

1Z1(0)81 — X0 (0%)B7l2 < sup  [E( XiXi A7) l2lwr — i

£€Beon (0%) w1
0 X;,Y; . .
v s AR gy, ot Bl
£€Beon (6%) (P2 — B1)
0 X5, Y, X ¥
+sup  eCICTD) gy 81— 81+ 62— 5

£€Beon (6%) (b1 + B2)

Bounding these three terms is a simplified case of that for the contraction of p;(6). We
omit the details here.

Appendix E. Proof of Lemma 3

We first prove that supgeg,, o+ {I1P1(0) — p1(0)l|2,s} = O %210%(@)

bility at least 1 —p~!

with proba-
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For suppeg,,.(0)11P1(0) — p1(0)[l2,s}, directly applying Lemma A.6 will convert the
problem into bounding the product of 4 sub-Gaussian variables. To avoid this problem and
get a sharper bound, we use the tail bound for unbounded random process given in Lemma
AT
Proof Recall that

. IS
Pr(0) = pr(0) = — D S mo(Xi, i) XY — E(no(Xs, i) XiY7).
=1

Let WP = SUPgeB,,, (0+) 1P1(0) — p1(0)]l2,s. By definition, we have

— 1 &
WP = sup sup (= > me(Xi, V) XY; — E(ne(Yi, Xi) XY3), )
HET($)NSP=L 0€Beon (0%) T ]

Let

1 n
W= sup (=Y no(Xi, YD) X,Y; — E(nie(Vi, Xi) X:Y5), ).
0€Beon (0%) T 5

Because I'(s) N SP~1 C C(s) N SP~L, we will bound

1 n
WP=  sup W= sup sup (=) mo(Xi, Y) XY; — E(nuo(Yi, Xi) XY5), ),
peC(s)NSr—1 HEC(s)NSP—L 0EBeon (%) T 5]

instead. Let v1,--- ,vyy,., denote a 1/2-net of C(s) N SP~!, we have

WP <W[ + Wi =W/l < max Wi+ WP|v—plls < max
J€ [ Mnet

J net]

Wk, /20

Thus W* < 2maxc(pr,.,] W,fj. So, instead of directly bounding the tail of W, we can first
get the tail probability for W[[j for a fixed j, then using the union bound to get the tail
probability for W7,
Note that
| sup  mo(Xe, Yi)u) XiYs —E sup (mo(Xi, Yo)u] XiYi)lly, <l sup  muo(Xi, Vi) XiYilly,
J J J
QEBcon(g*) 0€Beon 0€Bcon(9*)

< CHM?XZ’YZ'H% < 09,

where we use the fact that 0 < 7 4(X;,Y;) <1 and ujTXi)/; is sub-exponential.

We use Lemma A.7 to get the tail probability for W[Zj. We first bound E(W,fj) us-
ing similar procedure used in Adamczak (2008). Let f(X;,Y;) = nl,g(Xi,K)u?XiE —
E(n1,6(Xi, Yi)u] X;Y;) for simplicity. We have Wi, < & supgeg,,. 0+ | Yoiet f(Xi, Yi)l.

Define truncated function and the remaining part of f(X;,Y;) as

fr=F(X, V) I(Jp) XaYi| < p) — E[f(Xs, Yo I(|i X:Yi| < p)],
fo = f(Xi, Y)I(|u] X:Yi| > p) — E[f(Xs, ) I(|u] XYi] > p)],
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where p = 8E max; SUppeg,,, () uer(s)nsr-1 |f (X3, Vi)l
Let Q = max; |,u;[XZYZ| We have

EQ = /00 P(Q > x)dz. (A.9)

Note that Hu XYy, < C we have P(|u? X;Y;| > zlogn) < exp(—crlogn). By union bound
we have
n
P(Q > xlogn) < Z exp(—czlogn) = exp(—xclogn + logn).
i=1
When logn > 2 and = > 2/¢, we have P(Q > zlogn) < exp(—cz). By (A.9) and P(Q >
x) < 1, we have EQ < clogn. It follows that p < Clog(n).
Note that

sup |Zf X, V)| < sup \Zﬁ Xi,Y:) - Efi(X,,Y))]
0€Beon (0%) 51 0€Beon (0

+ sup !ZfQXz,Yz — Efo(X;,Y3)l,
0EBeon (0%)

where we use the fact that E(f1(X;,Y;) + f2( X, Y)) = 0. It follows that

E sup |Y f(X,Y)I<E sup |Zf1 Xi,Y:) — BA(X:, Y5)
0€Beon (0*) i=1 0€Beon (0*) i=1
(A.10)

+2E  sup | f2( X5, Y7)|.
eeBcon(e ) Z ’ '

By Markov inequality and the definition of fo(Xj, Y) we have

P(max  sup \Zb(xi,m)\ > 0) < P(max |p! X;Y| > p) < 1/8.
k<n 0EBeon (0%) pa 7

Then by Hoffmann-Jgrgensen inequality (see e.g Ledoux and Talagrand (1991), Proposition
6.8)
n
E sup ‘ZfQ(X“)/Z)| <8Emax sup |f(X;,Y;)|<p. (A.11)
0€Beon (0%) 1 U 0€Beon (6%)
Thus, we have
Clogn

E sup |— fo(X;, Y0)| <
9€Bcon(9) n ;

Next we go back to bound Esupgeg,,. (9+) 1LY, A(X, YY) —Efi(X;,Y:))]. By Lemme
A.5 and Lemma A.6, we have

(A.12)

E sup |f [ (X, ;) — Efi(X;,Y5))]
0€Bcon (0%) n ; )
T
<CB s 12 a(m-amxm - BBy iy
GeBcon(e ) =1
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where ]u]TXZ}Q\ < p for all i. Under the condition ]u]TXZE\ < p, €(Ba — BT Xi(Y; —
MX,-)MJTXZ-YZ- is sub-exponential for any 31 and ;. Define set T = {v; : v{ =
(BT, BF) € Beon}. We have D = diam(T) < cCyA.

By Corollary 5.2 of Dirksen (2015), we have

1 + Bo)T
B s L3 a@ - s x - DA
0€Beon(07) ™ 12 (A.13)
1 1 1 1
<Cp (WW(T’ d) + g’h(Ta d)) + Cz(ﬁ + %),

where 71 (7,d) and ~2(7,d) are Talagrand ~; and 2 functional (See Dirksen (2015) for
details), and d is the fy-norm.

By Lemma A.3, T € Cconv(U)jj<ac,sE.(2p) N ng). From the volumetric argument
in Rudelson and Zhou (2012)[Section H.1], we know that the covering number N (T, d, €)
satisfies that

log(NV (T, d,€)) < Cy(slog(ep/s) + slog(1 + 2/e)). (A.14)

Then note that b
Ya(T,d) < Cp / (logN (T, d, e))”“de,
0

we have
D D ep 1/2

Y2(T,d) = Cp/ V1og(N (T, d,e))de = Cp/ ﬁ(log(;) + log(1 + 2/6)) de < C1p+/slogp,
0 0

and

D D ep
(T,d) = C’p/ log(N (T, d, €))de = Cp/ s(log(?) +log(1 + 2/e)>de < Cypslogp.
0 0

By (A.13), we know that

1 & + T slo
B osp |53 el - 807 xn - PP v < Clogn T8,

9€Bcon(9*) i=1

Combine this result and (A.12), we have

11 s(logn)2lo logn
EW,) <E swp |23 Lrix vy < o /2l lose logny)
J GEBcon(e*) n i1 n n n

Note that || max; supgep,,, (g-) J (Xi, Yi) gy < || max; |uf XY [y, and || max; [ XiYillly, <
C’lognHu;‘FXiYinl (Pisier’s inequality (Pisier, 1983) ), we have || max; supgep,.,,, 9=y f (Xi, Yi)[lyy <
Clogn. Then by Lemma A.7, we have

1 2] 1 ¢
>0 s(logn)?logp n Ogn) + ) < 4max {exp(_c5nt2),3exp(—cﬁn
- " n logn

)}
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By union bound, we have

1 2] 1
BV > O s(logn)?logp + ogn) 1) < MyedB(W,0)
n n J
Cent
< 4max {exp(cqslogp — Csnt?), 3exp(cyslogp — ] 6n )}
ogn
Lett =c w for large enough generic constant ¢, when n > slogp,
2
we = oy 2Ueen)losp,
n

with probability at least 1 — p~1.

|

We then prove that supyes,,, (o) {|(S1(6) — Z1(0))5fll2,s} = O(y/ B8]y with
probability at least 1 — p—!.
Proof Recall that

~ T . .

(21(0) — £1(0))81 = - Z(m,e(Xi%)XiX;fﬁl — E(n1o(X;, Vi) X X[ B7)

i=1

Similar to the bound for supyeg,, (9+)111P1(6) —p1(0)
¥1(0))55 2,5}, which can be written as

2.6}, we define W> = SupeeBwn(e*){H(il(Q)—

1 & *
0E€Beon (0%),uel(S)NSP—1 T

By the same proof procedure for supyeg.,. (o+) 1P1(6) — p1(0)|]2,s, we have

sup  {[[(S1(8) — T1(8))B: s} = Oy 8 0e(P))
0E€Beon (0%) -

with probability at least 1 — p~1.
|
Finally, we prove that supycg,, o+ {[@1(0) — w1 (0)]} = O(y/ 2%®)) with probability

n
at least 1 —2p~ 1.
Proof Recall that

n

l w1(9)
n i=1 UJ1(9) +w2(9)exp{(ﬁ2 _ ﬁl)TXZ(}/Z . W)}

wi(0) =

Ty . ~ o~
Let Cy(X:,Y:) = (B2 — 1) Xi(V; — @250 and 2, = supgeg,, (g {1@1(6) —wi(6)[}. We

want to bound E(e**). Note that z,, < max{supgep,, . (0+)(@1(0)—w1(0)), supgep,,,, o+) (w1 (0)—
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w1(61))}, thus we first show the bound for z, = supgep,,, 9=)1@1(0) — w1()}. The bound
for supgeg.,, 0=y {w1(0) — ©1(0)} can be obtained similarly.

Let ¢;,7=1,--- ,n be i.i.d Rademacher random variables, by Lemma A.5, we have
> 2\ w1(0)
E(e) < Elexp(|== su € — w1 (0 ’ .
(7)< [ p( " eB o) ; (wl(ﬂ) @)oo X, )} M ) )}

Note that ¢(z) = wi/(w1 + (1 — w1)e®) — wy is Lipschitz with constant (1 — ¢p)/co and
1(0) = 0. By the Talagrand comparison inequality A.6, we have

2w . wi(6) »
n GEBCOEL)(G*); Z(w1(«9) + wo(0)exp{Cy(X;,Y;)} 1(0))‘)}

2\ " 1—¢
—  sup Co(Yr)
n GEBcon(e*) Zz_: c

221 — ¢ T % oxT % T
— sup € (P2 — P1)" Xi(V; —wiB1" Xi — w385 X
e QEBM(G*); (B2 — A1) Xi(Yi — wi B 3857 x) )|

E(eM) < E _exp

/N

< E|exp

7N\

< Elexp

/N

(@)
— n Ty,
< Blo(|21T0 Sl - B Xl 57X s - PN ]

n €o 0€Beon (0*) i=1

(i2)
We first bound the term (). Let 1/2,(T'(s) NSP~1) be a 1/2 —net of I'(s)NSP~! and M,
be its covering numbers. Note that for any v; € SP~1, (V]TXZ')2 and Y;? are sub-exponential.

Let Y; = Y; — (wifF + wifs)TX;. We have

. I 201 —¢ =
(i)=E exp< — O sup Z(Ez(ﬁg —- )T X;Y5) ﬂ

L n Co GEBcon(G*) i1
r 201 —c¢

<E exp(— O sup || —Bollz  sup ]ZezYy X ])}
L €0 9eBeon(6*) vel(s)nsr—t .
r 421 —c =

<E exp(— 0 sup 181 — B2l|2 sup |Z I/JTXZGZYZD]
- €0 9cBeon(0*) Vj€1/2net(D(s)NSP—1)

Since || 61— Pell2 < |61 = Bill2+ 182 = B3ll2 + |57 — B3 |l2- We have supyeg,,,, (o = Ball2 <
(2CyA + 2M,). Since both X;; and Y are i.i.d Gaussian, XZJY- is sub- exponentlal Hence,
for sufficient small A (A\/n — 0),

. 401 — Co
< -
(1) < E{exp( — (2CbA+2Mb)y-el/2n:8“I() - E v, XeZYD}

401 —
< My tE [exp (
n

D (20,A + 204))| Z VX, €1Y|):|

16A2(2C,A + 2Mb) (1 —¢o)?
nc%

< eXp{ Ci + Cdslog(P)}-
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Then we consider the term (i7). Note that for any v; € SP~1, (Z/JTXZ')Q is sub-exponential,
for sufficient small A (A/n — 0), we have
2)\(1 — Co)

i) < _ * *
(i) <Blexp(|== 7 sup 12— Ailla_sup ({5

B1 + P2
2

)l2})

GBCOTL
n

sup Z ‘lllXiHl/gXi’
V1,V26F(S)QSP71 i=1

2A(1 — ¢ v P1tDB
<Blep(|20 gy - gl s (maui(s - 2B
COM 9eBeon(6*) Beon(0%) 2
sup (yXi)QD}
vel(s)nsr—1 ;
8A1 — ¢ ¥/ o +
<Blo(|209 gy - gl s (maui(s - 2B L)
COM 9eBeon (6*) 0€Beon(0%) F 2
- )|
Vjel/%fﬁl@(}i)msw);(y’ )
4N2(1 — cp)tc3(2 2My)?
< Mnetexp<6 ( CO) 02( Cb+ b) Cl)
C%’I’l
64X2(1 — c9)*c3(2C) + 2My,)?
< exp( (1= co) 022( b+ 2My) C1+ 2cdslog(p)).
COTL
Thus, we have
. 1602(2C, + 2My)%(1 — ¢o)? 64N2(1 — o) c2(2C), + 2Mp)?
B(e**) < eXp{ = nczb) L=, Hog(p)}exp{ ( 60)6022;1( : Lo, + caslog(p)}
0 0

)\2
= exp{er—— + caslog(p)}.
By the Chernoff bound, letting A = y/nslog(p)/c1 and t = (c2 + 1)/c1slog(p)/n, we have
> 1
P( sup  @1(0) —wi(0) >t) <P(Z, > t) < e ME(eMw) < emslosl) <« Z
0€Beon (6%) p
Similarly, we can show that P(supgep,,,, =) w1(0) —@1(0) > t) < 1/p.
To sum up, we have supgep,,, o= {1@1(0) — w1 (0)[} = O( 51%@) with probability at
least 1 —2/p.
|

Appendix F. Proof of Theorem 4
F.1 Concentration of the estimator B,(:H)

In this section, we will show the proof of the following Lemma.
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Lemma A.9 Suppose that 0* € ©* and 3,20) € Boon. Let ATV > 4Ceon (1/1og(n)2log(p) /n+
8ko (’w(t) w1| \ Hﬁl = Bill2 Vv ||ﬁ(t) Bill2)/v/s) for ko defined before and some constant
Ceon and ﬂk D solved by

2 2 P 2
(B, BEDY = argmin { ZIBTZ (t+1) 5 2Z(ﬁ§€t+l))T6k + A\ Z Zﬂﬁj},

B1,B2 k=1 k=1 j=1 \ k=1
where p A(Hl) =23, ﬁik(g(t“)Y,}XiT)T and f]l(fﬂ) =3, ﬁik(é\(tH)XiXiT). We have

B _ g e T(s),

and
1B = Billa < —da o (Ma(B1), M(6)) + = V52D,
70 70
Proof Because (3 () A(Hl)) is the minimizer of
1 ' Pk
2 ( 2 A( P 2
t+1 t+1) T (t+1) 2
DBST B =2 () B AT D D B
k=1 k=1 j=1 \ k=1
we have

J=1 k=l j=1 \ k=1
2
< 22{( Z—5£t+1))Tz(t+1 B85 — (8 — Bkt-i-l )TE (t+1) (5k 5t+1))/ (ﬁﬁ“))T(ﬁk 5t+1))}
k=1
2
<9 {( - ](:+1))T2(t+1 B - (ﬁgfﬂ ) (8 — t+1))}
k=1
2
-2 {( s _ ,8,(:“)) [E](Ct-i-l)ﬁ;; B ﬁgﬂ)]}
k=1
2
=2 {( - A](Ct—l—l))T[(ilgt—l—l) t+1 )Bk I E (t4+1) Bk t+1) (A’(;H) B P;(fﬂ))]}
k=1
2
=2 {(51@ BktJrl )7 [( ](€t+1) E}(:H))ﬂz _ (b\fﬁﬂrl) B p](€t+1))]}
k=1
2
9 Z {(5Z _ ](Ct-i-l))T[El(ct-&-l)Bz B pl(€t+1)]}
k=1

61



WANG, ZHANG AND MAI

2
22{ t+1 [(E;(fﬂ) _ ESH))BZ _ (ﬁg-i-l) _ pl(f+1))]}
k=1

+2 Z {8 = BT = 08 — wishi — i — (ol = )] }

2

_ 22 {(/Bk t+1)) [(il(ctﬂ) _ 2/I(€t+1))5Z _ (ﬁgﬂ) _ pl(€t+1))]}
k=1

+ 22{ 5k (t—l—l [( ](Ct—l-l) Ek)ﬁk _ ( (t4+1) _ p;’;)]}

2
Z{ t+1 T[@l(fﬂ) _ Elgt+1))6z _ (ﬁktﬂ) _ p](€t+1))]}
k=1

ﬁ

(t+1) (t+1)
Let u, (¢+1) ,8 +1) — B}, we have

p 2 p 2 P 2 P 2
1 * 1 *
PRI EED DNDIC LD BN DIC IR LED DNDIC
j=1 \ k=1 j=1 \ k=1 j=1 \ k=1 =1 \ k=1
2 2 2
* t+1 t+1 *
= D[ 2o ST D Do = 3 (6
jeSs k=1 jese k=1 JjeS k=1
2 2
t+1 t+1
=D DI DD DN DI
jeSe \ k=1 jeS \ k=1

Let S be a set of size 2s, which contains S and the largest s coefficients of ﬁgﬂ) — p,(fﬂ).

We have

(85 — t*”) (P = pl )

— o sl B = B gl + 1YY = o) s ool 81 = BY )5l
scconmogn?log( ) /i3 (85 — BYT) gll2 + Ceon/log(n)log(p) /2l (85 — BE ) gl

t+1
<|Ip

where in the last inequality, we use Lemma 2 and the fact that H(A(Hl) P;(:H)) Gelloo <

||(A(tJr1 — p,(fﬂ )5ll2/v/'s < \|ﬁ§:+1) (tH ll2,s/+/s. We have the same results for the term
3% - BT ED - 5
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t+1 t+1 t+1
Also, note that >7_; /S0 (uf )2 < S0 lu ™V <2570 (/S0 ()2, we
have

T S -

jese k=1

2

257 D )y

jes \ k=1

2
1
Wi § gl = DVl )3l
k=1 k=1

| \/
=
Ny
M
%

v

Then

2 2
1
SR (s A Z\/§||(M§f+l))§||2}
k=1

2

< Ceon/log(n)?log(p) /nv/s ZH (1) 3ll2 + Ceonr/Iog(m)2log(p)/n Y (™) g

k=1

B — wyl v 1B

N

-5
+xg 2 o)),

) 3() _ g«
Let AT > 4Ccon+/1og(n)2log(p) /n + 8k 12 wkl\\//“gﬁk’ /BkHZ, we have

2
Szl <52ﬂ! e r\2+2f2uu”1 2.

k=1

Let u” = (uf', 37T, and Sy = {g, §+p}, where S + p means the collection of the index in
S adds p. We have

1@ D)selli < 5v28] (D)5, [l2 + 2928V,

Next, we prove the second conclusion. Note that

2
< 22 {(5}2 - l(ct“))TEff“)BZ — (B — lit+1))TE(t+1)(6k l(€t+1))/2 _ (ﬁ,f“))T(B;; -~ l(€t+1))}
k=1
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It follows that
2 2

Z(Bk (tH))Tz(tH)(ﬁk (Hl) Z{ (t+1) TE (E+) 5k (Agctﬂ ) (Br — (tH))}’

k=1 =1

Z J 22: t+1) )2

j=1 k=1

2
<2 Z {(ﬁk ﬁ(tﬂ )TZ (t+1) 5k; (Agﬂ))T(ﬁk ﬁ(tﬂ )}’

Aé ZHﬁ i

el

Recall that
B = ane o (Vi X0) XX

By Lemma 1, we know that

123 0 (Vi X0) — BG)| = ol /5log(p) /).

=1

It follows that * DD/ 7o y(Yi, X;) > 71 for some positive constant 1. Define set N' =
{i : nko(t)(YZ,X) > 7'1/2} We have |N|/n > 71/(2 — 71). By Lemma A.4, we have

HEI(:H) ||l2,s > 1o for some positive constant 7.
Then

2 2
Z 18; — Bl(cH_l)H%TO <2 Z {(52 _ Bl(fﬂ))TE](gtH)/BZ _ (ﬁ§€t+1))T(ﬁZ _ 5;(:“))}‘
k=1
+) t“vZ 1B~ Bl

k=1

Hence,

Znﬂk B 9)2 - 70/2 < 2ds (M, (071), M(67)) Zuﬂk B,

+ A /5 Z 1B — Bl
It follows that

2
S UBUY < Billa < 4/7oda,s (Mo (871), M(67)) + 2/707/sALHY.
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F.2 Proof of the main Theorem

The proof for the theorem is analogous to that in Section A.2 of Cai et al. (2019), we

show it here for completeness. In the algorithm, we update )\Sf) by /\S) = mAiLH) +
—~(0) _, = 200) o 200)  ox

C’A\/log(n)Qlog(p)/n and )\%0) _ Cl(|w1 wiVIIBy \/§1H2V||52 B3 ll2) + C,\\/log(n)zlog(p)/n,

with C = 19/4. Thus

—~(0) * 2(0) * 72(0) * t+1
o\ —wil v — v — 1—k
R A \/551 2 V1B~ = B3ll2) T C/log(n)2log(p) /n.

Let k = (1V 32/79) - ko. Because ko < m, we have k € (0,1/2). Let

)\7(1t) = Ktcl (

2k2 — 4k +2 4 8 1—k
Y= - V con
¢ {(21€2—5I€+2(T0+7’0(1—I€))) 1—2/1}(;
8
Oy = 4C,0n + 200,
11—k

We have (1):x > kg, C1k > 8kg, and ko/79 + 2C15/70 < K; (2): kKeC*/(1 — K) + Ceon < C*,
and 4Ccon/7'0 + 20)\/((1 — K)To) < C*
Next, we use induction to show the following conclusions.

log(n)?log(p) , o (181" — wil V18 ~ Bill2 v 155" ~ B3]l2)
0
n Vs

B — Wt v 18I = Byla v 1B = Byl

A * R ) R . 1— &2 [slog(n)?log(p
< K00 — iV IBO — Bl VB — B5ll) + Ty [T Toe()

Firstly, note that

AT > 4C,,

(M ), M(07)) < o (M), M%) + Cogy| L0

~ . N i} . . slog(n)2log(p

< ro(B — i V 1B — Bl V1B — B3lla) + Coomy | 2BPI10BE)
~ R . . . 1— k%, [slog(n)2log(p

< sl —wi| V1B = Bill2 VIIBY = Blle) + ———C (31()

since ko < K, and Ceop < 72-C* 4 Ceon < C* < (14 k)C*. 1t follows that

AD 2O 4 ¢ 1%("):%@
_ 18 VIR = Billa VI = Blla) o [108 00 08(0)
NE n
> ac, J1o80Plog) o (2" — il VB = Billa VIIBY — Bll2)
n NE
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since (k + 1)Cy\ > 4Ceon, and C1k > 8kp. Moreover, by Lemma A.9, we have

1LY — Billa < 4/70da,s (M (81V), M (6%)) + 2/m0/5AD

~ . ~ . slog(n)2lo
< 4/mo(mo(3” — i V1B = Bl V B = 551l + Comyf TE LB,
~(0) % " 2(0) * 2
- — - 1 1
+2/myacan WiV IBO — il v |15 53ll2) | (o, 4 ), /0B 08(0),
\/g n
= (4/7ok0 + 2/1C18) (101" — il V 1B — Bill2 VIIBS” — B5l2)
1 2]
+ (4/76Coom + 2/70(1 + £)C) W

~(0 * (0 * (0 * 1_’%2 * SlognZIng
< R(1Rf” — iV IB® — Billo v 1B — B5ll) + oy TR oe),

since 4/7oko + 2/170C1k < Kk and 4/79Con + 2/70(1 + £)Cy\ < (1 + £)C*. Hence,

B — wi v IIBY = Bt v 1B = Billa < k(121 — wil V1B — BElla v 1B — Billa)

L—r? . [slog(n)*log(p)

11—k n

Next we assume the conclusions hold at the ¢-th step, namely

2 ~(t—1) * 2(t—1) * 2(t—-1) *
A0 > acy, e log®) o (@ = wil VIBTY = Bl v I = B3l
n NG
~ * 2l ~(0 * (0 * (0 X 1— k!t [slog(n)2log(p
B0 — wil VI8 — Bullo < (B0 — i VIO ~ Billo v 1B — B5ll) + Lty | RoB S Lo8®),
Then
log(n)?log (p) B — @t VIBY = Billa v IIBY - Balla
4Ccon +8I<c()
n NG
~(0 « (0 % (0 % _kttl ~y /[ slog(n)?lo
log(n)?log(p) R0 = wi| V1B = Billa v 1B = B o) + L5E O/ Slosn)los(e)
< 4Ccon + 8kKo
n Vs
< gt P =t VIB” = Billo VB = Blla , o flog(n)2log(p)
\/g con n
g LA . flog(n)Plog(p)
0 11—k n
~(0 * (0 * (0 *
i1 180 = VB = By v IIBY = B3lla 1= 2 [log(n)?log(p)
<K 01 + C)\ _
NG 1—k n
— )\(t-i-l)
Since L CA > 4C,, + 8Koi= - 0% and Cik > 2ko.
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Then note that
da. o (M, (8D M (6*))

< dz’s(M(g(t)7M(9*)) +Con M

N ~ slog(n)?log(
< ro(|@ —wi| V1B = Bull2 V1B — Ball2) m\/ 8(n)*log(p

N . ~ slog(n)?log(p slog(n)2log(p
< ro(k (B0 — WiV B = Bulla v 1B — Balla) + sloglnlos(r) slog(n)*log(p)

n

C )+ Ceon
— KR

- nt+2 slog(n)glog( )

< R — i VB Balls V IBS) — Bl + T 0y | T CED),
since ko < Kk and ko=t — o + Copn < 1= "‘ 20
Then by Lemma A 9
1B = Billz
S 4/T0d275(Mn(§(t+1), M(a*)) + 2/7’0\/5)\55+1)
. ~ ~ slog(n)?log(p slog(
< 4/mo{ro(r (12 — wi| V1B ~ Bulla v 1B — Ball2) + og(n)Noe®) ) | g,/ 2oE2)y
01— wi | VB — ill2 v 155" — Bsll2 , 1 - "2, [log(p)
+27‘0\/g{lﬁt+101 L L \/g 2 1_/{ Cy " }
<4 9 /r Cr i) (15 5(0) 50 _
< (4/7ok0 + 2/10C1K)K" (|0; wllvllﬁ = Bill2 V1B — Bzll2)
1— t+1 o t42 1 21
—|—(,‘io K C*+4/7-Occon+2/7-0 R C)\) SOg(n) Og(p)
11—k 11—k n

~ ~ 1—kt*2 __ [slog(n)2log(p
< KB — i VB — Bl VIBY) — Balle) + L g [ 2OB0BD),

n

We complete the induction and have

~ K lo1D . D . ~ . 1— w1t [slog(n)Zlog(p
1t IVIBY Bl < KB -t MIBL 5 v B 5 o)+ Ty B EE)

n

Appendix G. Proof of Theorem 5

In general, using 0 # o2 makes the algorithm return a biased estimation. We consider how
large the bias is. When o # o2, the bias of the estimation is caused by p(0*) # X(6*) ;.
Thus, in the proof, we will give a upper bound for ||px(60*) — X% (60%)5*||2. Let f( | XI'Br,02)
be the probability density function for N (X, T/Bk, 2). We first treat X;, i =1,--- ,n as fixed,
and will take expecation for the conditional upper bound with respect to X; in the end of
the proof. Recall that

*\ > wff(Y; | XzTﬁikvo-z) * - T T
o= [ TV XTBE %) + g (Y, | XTB5, o) T (0 1 X0 BL o) b S | X7 B3, 00)) XiYod,

o) *f(Yi ‘ )(l 6’*, ).2)
>1(0™) = 1 i Pl T wy Yi | X; /3* o2 +ws 1 Y | X; /3* o2 X; X dY;.
1( ) /Oowff(Y;|XZ ,BikaOQ) w;f(YZ‘X, ﬁSaOQ)( 1f( | P *) ? ( ’ P *)) '
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We consider the following term

(wif (Y | X[ 87, 02) + w3 f(Yi | X B3, 02))

I /°° wi f(Yi | X7 B}, 0?)
oo Wi (Yi | X[B7,0%) +wi (Vi | X85, 0%)
(Vi = X[ B1)aY;

_ [ wif(Vi| XTB5,0%) . i
_/_Oowi:f(Y;’X?6T702)+w§f(}/7,|X?,8§,0' )W1f(Y ‘X /317 )(Y X 61)

wi J ()i|;<' /éikvoz) 1 2 1
—|—/ Tl L T wif(Yi | X; B3, 0)(Y; — X[ 57)dY;
*OOLLT]()i|;(‘Bik>O2) ("’;f()1|‘<6>2.<702) ? ( 1| . )( ' ‘ 1) '

- /°° (Y| XTBE 02 (Y — XTB)AY;

—00

o0 * - Tpx -2
- | e fﬁ(ﬁ X7 0 | XL D) (Y= XTBa,
+/—waf<m|X;;§,(Z>|fi§§l;j)\xfﬁ;,a> w3 [(Yi | X]'85,02)(Yi = X[ B})ay;
B /Z A ngf( :2; fZ@&ﬁ Ty s (| XE 85 2) (% - X ay,
o0 * : Tox 2
/—oowi‘f(Y-IX%?,(}/;)'fﬁj"(;)mfﬁs,a) Wi F(Y | X] B 0?) (Vi = X B,
BVXTOE e (% SZ1 0,001 6,0D) — (2] 0,001 (%] 5,0%)

- ZdZ
wlf(Z |0,02) +wsf(Z]0,02)
tetisre / H | ~8/2 012 | 6/2.0%) — (2|~ (| 8)20%)
B 1 wif(Zi| =6/2,02) + w5 f(Zi | §/2,0%)

where 6 = XI'(85 — B7). Without loss of generality, we assume that § > 0. We decompose
I as follows.

F(Zi | —8/2,0%)f(Z: | 6/2.0%) — F(Z: | ~5/2.02)f(Z: | 6/2.0%)
“iw 2/ G f(Zi ]| ~0/2.0%) + wif(Z: | 8/2,0%) 7t
/ [(Z:] ~8/2.09)[(Z: | 8/2,0%) — (2| =3/2.0)f(Z:|8/2.0%) , .
WT (Zi ’ _5/2702) + w;f(Zi ’ 6/27 02) ’ ’
/ H(] =8/2.0) /(20| 3/2.0%) = F(2,] ~5/2. 012 |8/2.6%) Ly
wff(Zi ‘ —5/2, 02) + w;f(Zi ‘ 5/27 02) ’
Y (| —0)2, 0% (2| 82,0%) — [(Zi | 02, 02)f(Z: | 6/2,0%)
i) / i f(Zi] —6)2,0%) + w3 (Z: | 6/2,0%) o/2dZ;

=11+ 1+ I3 + 14.

Note that the signs for I;, I» and I3 are the same, and the sign for Iy are different from
them. We have

|| < |y + Io + I3| + |14].
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Next, we consider I to I separately. For I, we have

oo [ F(Zi] =6/2,0%)(Zi | 0/2,0%) — f(Zi | =6/2,09)f(Zi]d/2,0°)
|Il| < w1w2|/0 wi"f(Zz | 5/2’0_2) szZZ|

_ /00 {eXp< (& +4/2)? (- 5/2) 4 (Zi — 5/2)2> —exp(— W)}Zidzi
0

270, 202 202 202 202
wi >  (Zi— As)2)* (1A P (Zi+6/2)?
- 2o, /0 {exp( 202 ) exp( 802 >}ZZdZZ 0 exp< 202 )‘
w* B 0o 72 52(1 — A2
= \/T;U A6/2 / Aif2 exp(—202)d$ ~exp( — (802))
B 00 72 52(1 _ Az) 00 72 00 72
+ A6/2 /AJ/2 exp(—2az )adz - exp( — Tc%) — /5/2 exp(—2az Jadx +0/2 /6/2 exp(—2az )dx‘
* o0 2 2 A2 o0 2
wi % x (1 — A®) / x
— AS/2 _ . _ol=a7) 9 _
v UL B R e = e RUEY I =

where A =1 — 202 /0. Similarly, we have

] < whe /0 f(Zi‘—5/2,0'2)f(Zi|5/2,O’3)—f(zi|—5/2,03)f(Z¢|5/2,O‘2)ZidZi

wif(Zi| —0/2,07)

*
Wo

_ o) 1:2 52(1 . AQ) ) 1}2
S0, Ad/2 /Aé/2 exp(—20£)dx ~exp( — Tc%> +4/2 /5/2 exp(—2gz)d$‘

and

w5 ol [ TZi] =0/2,0%)[(Z:]6/2,02) — [(Zi] =§/2,02)f(Zi|§/2,0°)
[I5] < W1W25/2‘/0 w3 f(Zi 16/2,0?) “

/OO exp(— «” )dx - exp( - M) — /600 exp(— «” )dw’

T2 2mos ' J-As/2 202 802 /2 202

*
)

and

. © f(Zi| =6/2,0*)f(Zi | 6/2,02) — f(Zi | =0/2,02)f(Zi | 6/2,0%) ,
|14 §w1w25/2‘/0 AT iz;

) /°° 22 62(1 — A?) /00 e
- - I e exp(— 2y 4 o )de|
9 271'0‘* —A(S/Z exp( 20_3 ) x exp( 80’3 ) 5/2 eXp( 20_3 ) L
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Recall that the signs for I, Is and I3 are the same, and the sign for I, are different from
them, we have

o0 2 201 _ A2 o0 2
17| < ‘ ! (A(S/ _exp(— m )dx - exp( — M) +6 exp(— * )d:v)
~A§/2 20

) o] 2 52(1 _ AQ) 00 22
" 2van? (/—Am exp(—ggp)dr - exp( - —g ) - /5/2 eXp(*TcE)dx)‘
1 A * z? 52(1 — A2
= ‘2\/%02 1+ A)é/Aa/Q exp(—202)dq: ~exp( — (802))‘
S N Fa- 5
- E\l -5 '/_A(s exp(—t?/2)dt - exp( — TZ)

20 %

Using the inequality that [ exp(—2?/2)dx < texp(—t?/2) when ¢ > 0, when o2 < 202,
we have

20 o? 52
Il < - |1 — = - exp(—
< V271 (202 /0% — 1) | 02‘ p( 803)

Let H be an orthogonal matrix whose first row is (85 — 57)2Y2/|(85 — B1)XY2||]2. We
write X; as XY/2HTV;, where V; ~ N(0,1,). Then & = (8581 X; = ||(85—B1)XY?||2Vir =
AV;1. Note that

lp1(07) = £1(67)B1 ll2 = 1Ex, (1X3) ]2
< |SV2HT 2|y, (1V;)]l2
= 1= 2HT |2 Bv;, (IVin) Iz
We have the last equality because when j > 2, Ey;; (IVj;) = 0.

Then we have

1Ev;, (IVir)ll2 < E([1]|Vial)

20°* o? 0 A2V2
< sy 11l ) e S e Vi 2Vt
* 2 2
SL.“_&|.4U*
m(o2/02 —1) o2 AZ

_ S(Bo) ) o
-~ 7m(202/02 — 1) o2l
It follows that

8[=/2||204(A/0.) 2
m(202/0% — 1)

Miias = [|p1(87) — X1(07) 572 <

To give a complete version of the proof, we first go back to the definitions of M (#)
and M, (f). When using o2 in the algorithm, the formula of 7; x(#) is changed. Thus, we

redefine terms
0i,1(0) =1 —;2(0) = 1/[1 + (wa/wi)exp{(B2 — 1) X; - (Vi — (B1 + B2)" X;/2) /0?}],
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and

I~ N 1SN
= > Tiw(0), pr(0) = - > Tiw(0) XY,
i=1 i=1
Ry 1 <
0) = n ;m,k(@XiXiT, wi(0) = E{ﬁ ;mk(e)
IRy 1 <
= B{ D a0 X:Yi} (60) = B> wis(0) XX}
=1 i=1

where the expectation is with respect to X; and Y;, i = 1,...,n. Then we let M(G) =
{wi(0), px(0),Xx(0),k = 1,2}, M,(0) = {@k(0), pr(0),Xx(0),k = 1,2}. For M and M, we

have two similar Lemmas as Lemmas 2 and 3:
Lemma A.10 Under conditions (C1) and (C3), if 0 € Beon(0*), then

da (M (9), M(6")) < o (Jen(6) =il V1|81 = Billa V 12 = B3 ]2)-
for some 0 < Ky < m.

Lemma A.11 Suppose that 0* € ©*. Under condition (C1), there exist a constant Ceop >
0, such that with probability at least 1 — 4p~!,

Ar r 2
S day(VE(0), Mo (0)) < Copnorsy 28 108W)
0EBeon (0*) n

The proofs of those two Lemmas are almost identical to those for Lemmas 2 and 3. We
omit the details here. We remark that M (6*) is no longer (w7}, wiXf;,wiX) because of the
bias caused by using 0. We have the following concentration results.

Lemma A.12 Suppose that 0* € ©* and E,go) € Beon. Let )\gfﬂ) > 4Ccan(\/log(n)210g(p)/n+
sro(1@y) — wil V1B = Billa)/v/5) + 4Miias/ /5 and BV be solved by

K

K P
(ﬁ§t+1)’ o ](€t+1 _ argmln{ZBTing)B Z A(t+1) TB i )\ (t+1) Z
7=1

BBk~ 4

=

St

k=1

where pi) = (L S iy xTT, E,‘:“) (A, iy VX XT), and il Y =67/ +
wé”exp(( 30— BOVX,(Y; — XTYED + BV /2) o). We have

BT — gr e T(s),

and
1B — Bl < L (A (MTa(1), NE(67)) + Mias) + —v/5ALHD,
7'0 7'0
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Proof Because (§£t+1)7 e ~1(:+1)) is the minimizer of
LS K P | K
S ATSI B - 23 G B+ AT ST S 2
= k=1 j=1 \ k=1
we have
p 2 3
t 1) t+1
(3 T -3 S 6?)
A j=1 \ k=1
2
= 22{ B — BUTINTSH D g (g UFINTS (D (g L)y jp _ (GUFD)T (g ](ct+1))}
k=1
2
<23 {5 - BOTEL B - GO 6 - )
k=1
2 Do 1
=2 { (Br — t+ [ngr )BZ . ,5§€t+ )]}
k=1
2
=2 { B; — BT (S _ plttDyge | st ge  plt+D) (54D pl(fﬂ))]}
k=1
2
=23 {8 - BT EY - - U - o]
k=1
2
1 1) ox 1
{(5k (t+ )) [ ](€t+ )Bk _p](€t+ )]}
k=1
2
= 22 {(5k /3 (t+1) ) [( I(€t+1) El(cﬁ_l))ﬂz . (ﬁg—i—l) B p](ct-i,-]_))]}
k=1
* 22{ Bi = B[S = 50787 + (076 — or(07) — (7 — (0]}
2
<23 {8 BT - S - G )
0 |W1 — Wl‘ v Hﬁl bzas

+ 4k

— Bill2 v 115" 52”2\[2 1B — By + 2t

NE xfz 1B — Br .

NG

k=1
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(t+1) S(t+1)

Let u,, B — B§, we have
P 2 P 2 P 2 P 2
t+1 " t+1 N
DA DB =D DB = D DB =D DB
j=1 \ k=1 j=1 \ k=1 j=1 \ k=1 j=1 \ k=1
2 2 2
t+1 t+1 y
DI DIC IR SN DI LR SN DI C/HE
jes \ k=1 jese \ k=1 jes \ k=1

(a2 =32\ Do 2

1 jeSs k=1

M

<.
m
n
[
X
Il

Let S be a set of size 2s, which contains S and the largest s coeflicients of ﬁffﬂ) — p,(fﬂ).
We have

(8 — BT <*t“> — |

k
< ||~(t+1 p](c S8 — t+1 )~”2 n H@{ktﬂ) . pl(€t+1 )SCHOOH(ﬁk _ (t+1))5c||1

< Coon/log( n)?log( >/nf|r<6k B ) gl + Ceonn/log(n)2log(p) /nl| (85 — BY )zl

where in the last inequality, we use Lemma 2 and the fact that H([){ktﬂ) — p,(gtﬂ)
13 = o glla/ v < 7 -

(85 — (HU) (= 55*” sy gx).

t 1 t+1 t 1
Also, note that 37, /S8 (w2 < S8 uf ™ < 2378 /30 ()2, we
have

)gelloo <
p,(gt+1)\\275/\/§. We have the same results for the term

)\%t-s-l){z 22: (t+1) Z Z t+1) }

jese \ k=1 jes \ k=1
2
AT | S0 - X Sl
]ESC k=1 jES k=1
>

2
1
5 S IG5l - 3 VA gl
k=1 k=1

Then

2 2
1
AL gl - Zﬁ||<u$+”>§||z}
k=1

2
< Ceon\/0g(n)?log(p) /nv/5 Zn ()3 l2 + Ceon /108 (m)log(p) /1 > [l (1) 5.
k=1
|U~J( —wk|\/‘|5k Bk||2 t+1 Mpias (t+1)
+ 4ko Vs Hop, +2—="/s Koy,
NG ZH 2 + 272 ZH
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NON 2(t) _ gx 3(t) _ gx )
Let AU > AC.oon+/Tog(n)Zlog(p) /1 + 8ko |0 " —wi|V[I5y \/[;1”2\/”52 Bl 4 41\11/1,537 we have

2

P [ FAH <5Z\/H - H2+4f2\|uf+

k=1

Let pu” = (uf, 113)
S adds p. We have

1) sgll < 5v/2s]| () s, |2 + 4v/2s] |1V 2.

Next, we prove the second conclusion. Note that

2

t+1<§ il t+1 Z Zﬁk])

k= 7=1
2

<2 Z{ (Br — ,Bkt+1 )Tz(tﬂ Bt — (B — B(t+1 )TE (t+1) (5k Bktﬂ))/

k=1

It follows that

2

(B — Bkt+1))T2 (t+1) (5k 5 t+1) Z{

k=1 k=1

(t+1 Tz(tﬂ)ﬁz

Mw

ZJi ) _

j=1 k=1

g|iﬁm

(t+1 )TE t+1 B

k
k=1
+ AT ZW“ ~ Bill
Recall that
Ei(ctH Z”k@t) (Y, X)) X, X
=1
By Lemma 1, we know that
1< .
=3 g (Vi X) = E@)| = o(V/slog(p)/m).

i=1

T and S; = {g, §+p}, where S + p means the collection of the index in

— B - BT}

— - B )

Y8 B

It follows that 1 ZZ 1 "My, o) (Y;, X;) > 71 for some positive constant 71. Define set N' =

{i : nkﬂ(t)(Yl,X) > 7'1/2} We have |[N|/n > 71/(2 — 7).

S(t+1 s
HZ},(CJr )”273 > 1 for some positive constant 7.
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Then
ZM 5;“)H20<2Z{ — BT g D) (8 - BT
+FATOVE S IBY = Bl
k=1
Hence,

2
Z 18y, — ,B 1502 - 79/2 < 2(da,s (M, (6°71), M(6%)) + Mpias) Z 185 — g;(:H)Hz
k=1

/s Z\Iﬁ G _ x|l

It follows that
Z 18U = Billa < 4/70 (da,s (M (8°71), M(6%)) + Mbias) + 2/70v/sSALHD.

Theorem 5 then follows directly by Lemmas A.11, A.11, A.12, and analogous argument in
Section F.2.

Appendix H. Proofs for Section 5

Note that ¥, is known, the multivariate mixture linear regression model is equivalently to
P(W; =k) =wk, Y| (X;,Wi=k)~N(BiX, 1),

where Y; = El/QYi and B, = 5k21/2 Since 3, is positive definite, |[(Bx — BE)||F = ||(Bx —
Br)% 1/2||F = ||(Br. — B;)|lF- In addition, since %, is positive definite, the sparse pattern of
By, is the same as S (The location of non-zero rows are the same for them). Thus, building
the upper bound for f; is equivalent to building that for 3;. When we considering the
equivalent model, the covariance matrix for Y; is simplified to I,. In the following part of
this section, with a little abuse of notation, we write f;, as 8 and Y; as Y; for simplicity.

H.1 Proof of Lemma 6

The proof strategy is analogous to that for the mixture linear regression. However, due
to the multi-dimensionality of the response, the proof is a little more complex. Since the
proof for the contraction property of wi(0), pr(0) and Xk (0) are similar to each other, we
elaborate on the proof for py (@), which is the most complex one, as an illustration. We aim
to show that ||p1(6) — p1(6*)||F < Ko(lwe — wi| V|81 — BillF V [|B5 — B2l ). Recall that

1 n
p(0) =E( > mo(Xi, V) XiVih) = E(ne(X:, Vi) XiY7),
=1
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€ = (w1, vec(Ba — Pr),vec(B1 + f2)), Ag =& — &%, and &, = £* + ul¢. Note that

vec! (p1(0) — p1(67))

dvec (n.e(X;, Vi) X; Vi) T
— K| / ) Acdu)
dvec(§) E=tu
N 8VGC(’I71£(X¢,E)X¢Y;T) avec 7715 Xl,Y)X Y ) T
N E{/ Ouy ‘5 3 ) Audu} +E{ / dvec(By — B1) ‘6:&) B du}

avec (m.e(X;, Y3) X Y)
E A d
! {/ dvec(fa + 1) ‘s:f) e i)

= sup E<8vec(7717§(Xi, LOROAY ‘ )TA +  sup E(avec(m»&(Xi,Yi)XiYiT) ’ )T 5
£ Beon(0°) O et/ " eeBuon(0%) dvec(By — f1)  le=e,) TP
ovec(ny ¢ (X, Yi) X;Y5) T
4+ su E : A
gegcof(e*) ( Ovec(B2 + 1) €=£u> Pathr
It follows that
. O p(Xi,Yi .
In®) =il < s (T e (5Tl — o
e con *
a771 O(Xla YVZ) * *
+ o B e X Dl = 5 = B+ Bl
e con *
877 0 X Y * *
b o[BG e X Il = B+ 52 il
€Bcon (0%
Wi on1,e(Xi,Y) T * *
e show the bound for sup¢cp,,,, (9+) |E(m vec( XY )2l B1 — BF — B2+ B3 || as an
illustration. The implementation of the bounds for the first and third terms on the right
hand side of last inequality is similar. Recall that
I ,p(Xi, Vi) vee(X;¥T) = wy (1 — Wl)( exp{X] (B2 — B1)(Zi + 6:(8)" Xi)}
dvecT (B — f1) ' (w1 + (1 = wi)exp{X] (B2 — B1)(Zi + 51‘(5)TX1')})2
- veo(Xi(Z; + 0(8)T Xi))vee (Xi(Zi + vT X.)) )
— - exp{ X (B2 — $1)(Zi + 0:(B)" Xi)}
(w1 + (1 — w)exp{XT (B — B1)(Z: + 0:(3)T X;)})?
(g ® Xi)(Zi + 6(8); Xi)(Zi + ] X)T (I, ® X[)
o (1— wl)< exp{X] (B2 — B1)(Zi + 6:(8)" Xi)}
(w1 + (1= wi)exp{ X7 (B2 = B1)(Zi + ()T X.)})*
T
Ly © X)(Z + 88 X0z + 0@ X~ PP T, 0 xT),

where P(3(8); = Bf — 250) = P(y = Bf) = P(W; = k) = wj. Let Hj € RP® be

. . . (ZV2(B2—p1))a 1/2 _
an othorgonal matrix satisfies that the first row is TORECEERS (XY2(By — p1))2 €

span(Hy, 1., He2.), -+, (SY2(B2 — B1)):g € span(Hy1., -+ Hyq), (5285 — 2324)), €
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Span(Hk,l:a te aHk,(‘H-l):): ) (21/2(62_%))@ € Span(Hk,lza o 7Hk,(2q):)a and (21/2(62“"
,81));1 S span(Hk,lz, s 7Hk,(2q+1):)7 Ty (21/2(B2 + 51));,1 S Span(Hk,l;, ce 7Hk,(3q):)7 where
A.;, A are the j-th column and [-th row of matrix A, respectively. We can write X; =
Zl/QHEVi, where V; ~ N(0,1,). By definition, we have

vecl (By — 1) (I, @ Xi) = VEHISY2(By — 1) = [|2(B2 — 1) FVE A,

q
= |IZY2(By — B1)||lr(M1Vit, MaVin + AaVig, - - - 72 NigVij),
=1

T
Tl

B + B Bt B

2

12,06 P2t b1 L. 2 «
= [|XY=(8 — T)HF(Z A Vigs -+ vz/\quz‘j)a
P =1

vec! (B — )Ly © X;) = VT HSV2(5;

) = 15725 - s,

~~
T
T2

vec! (By + B1)(Iy ® X;) = VEHESY2(By + Br) = |SY2(B2 + B1) | rViT As

2q 3q
= [=2(Ba+ B e AaVigs -+ 2 Y AigVij),
j=1 j=1
Ty

where Ay, Ay and Az are p x ¢ matrices and \jy, )‘;'l and 5\3‘1 are the (j,0)-th element of Ay,
Ao and Ags, respec’Eively. More specifically, when j > I, A\;; = 0, when j > ¢+, )\;'fl = 0, and
when j > 2q + l_’ Aji = 0. Also, we have Z§=1 A?l <1, Z?Zl(A;l)Z <1 and Z?:l A <L
Then we can write
1 On,e(Xy,Y:)
wl(l — wl) 8V€CT(62 — 61)
exp{TL (Z; + Tz)}
(wl + (1 — wl)exp{TlT(Zi + TQ)})

vec(X,;Y;)

~ (1, o ]

s(I, @ Vi) (Zi + T (Zi + TS =TT /2)T (I, @ ViT) Hyi (I, ® 1/2).

It follows that

One(X3,Ys)
OvecT (Bs — P1)
< %EH exp{T{ (Zi + T»)}
T A (wy 4 (1 — w))exp{TT(Z; + T)})

Ef vee(X;Y;T) |2

(g @V (Zi + Ty NZi + T = T3 /2)" (I @ Vi)' ||2

Note that the expectation of L € RPI*P? ig a block-wise diagonal matrix with block size
p X p. Also, only the first 3¢ x 3¢ sub-matrix and the diagonal elements of each block
matrix is non-zero. Thus, to bound the expectation of the 2-norm of the matrix, we only
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need to consider those non-zero elements. For index (j,[) in the first 3¢ x 3¢ sub-matrix

and diagonal elements of the first p x p block matrix,
exp{T{ (Z; + Ty)}

(w1 + (1 — wi)exp{T{ (Z; + T»)})

Eviw,=k(|Ljl) = Eviw,=r{ 51 Vii(Zij + To ) (Zi + Toy — T3,0/2)" Vil }-

Define events - - -
&1 =1{Z; Ty Zi| < |Ti Tz| — Ty Th|/4}

Eo ={Zij | Zi5] < | Tall2}
Es ={Ziy : |Zu| < |T2||2},
and £ = & NE N E3. We have
(|T{ To| — |T{ Ty |/4)?
2|TI T |

P(£F) < 2exp( — ), P(ES) < 2exp(~ [T Tol/8),  B(E5) < 2exp(~|T] T3I/8),

and on &, |T{(Z; + Ty)| > |T{ Ty|/4. Note that when || Ty — T1/2||]2 (Controlled by C3) is
sufficient small,

(1T To| — | TV Ty | /4)* = (1T T /2 — | T (Th — Ty /2)| — [T T | /4)?
= (|77 T1|/4 = | Tu|l2l| Pry (T2 — T1/2) 12)?

1
= TG”Tng(”Tl”Q — 4)|Pry (T2 — T1/2)2)?,
where Pr, is the projection matrix on to the space spanned by 77. Then we have
Eviw,=k(ILjl) < Eviwi=x([Ls| | E)P(E) + Evyw,=x(|Lj| | £)P(E)

9
< EV|Wi:k{ST(%GXP(—T1TT1/4)|WJ'V%|T2TT2}

+ Evyw,=i{2exp(~ (| T1ll2 — 4| Pr, (T2 — T1/2)]|2)*/32) + dexp(~T; T2/2) }

By the definition of the contraction basin B, (#), we have

11282 = Bu)lle 2 15Y2(85 = BD)lle = 12Y2(82 — 85 — Bu+ BD) | p > A — 4Gy M,

When Cy, < 1/(4My), | =Y2(82 — B1)||F > cA. Similar conclusion also holds for ||S1/2(8; —

BodPiy| o, Then recall that Ty = X;(B2 — £1), To = X;(Bf — 22524, and X; ~ N(0,%). By

Lemma A.8, we have
Eyiw,—k {4exp(=T5 T2/2)} < C1/A.

for a generic constant C;. Also note that ||Pr (T2 — 11/2)||2 < CypMy||T1||, when Cp <
1/(4M2)?
Evjw,={2exp(= (I T1ll2 — 4| Pr, (T2 — T1/2)[|2)*/32)} < Ca/A.

Then, using Lemma A.8 again, we have

Evw, =i {exp(=T{ T1/4)| Vi Va| T3 To }
< By, =k {2exp(=T7 T1 /4)|VijVal (T{ Ty + (To — T1/2)" (T2 — T1/2)) } = C3/A.
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H.2 Proof of Lemma 7

We prove that supgep,,, o+){P1(0) — p1(0)|[Fs} = O( %ﬂog(’») with probability at
least 1 — 4p~!. The proof is similar to that for Lemma 3 with some modifications.
Recall that

" RS
pL(0) = p1(0) = D mo(Xi, Y)XiViT = E(mo(X, Vi) X;VT).
i=1

Let WP = SUPgeB,,, (0+) 1P1(0) — p1(0) | F,s. By definition, we have

_ 1 ¢
WP = sup sup (=Y ma(Xi, Vi) XV — E(me(Yi, Xi) XiY,), 1) e
vec(p) €T (s)NSPI~1 0€Beon (6) T 525

and

1 n
We=sup (= mo(Xi, V) X;V; = B(nio(Yi, X)) Xi Vi), ) -
0€Beon (0%) n i=1

Because I'(s) N SP4~1 C C(s) N SPI~L, we will bound

1 n
WP= " sup W)= sup sup (= > m10( X3, Vo) XY — Bn1 (Y, X)) XaY,T), ) p,
peC(s)NSpa—1 HEC(s)NSPI=L 0€Beon (0%) T 1]
instead. Let vec(vy),- -+ ,vec(vay,,,) denote a 1/2-net of C(s) N SPI~L, we have

p p P _ WP p Plly — 11 p P
Wy < Wi + Wi — W[ < x| Wi+ WPy — plle < x| Wi +1/2WP.
Thus W? < 2max;c(as,,..] W[fj. So, instead of directly bounding the tail of W, we can first
get the tail probability for W}, ; for a fixed j, then using the union bound to get the tail
probability for W¥.

Note that
I, 5w mo(X V)XY ) =B sup {mo(Xe, YOXYT 1)l
<cl sup  (o(X:, V)XY i) rluy
06880’)1(9*)

< C||<Xin'T’:uj>F||¢1 < o0,

where we use the fact that 0 < 7 9(X;,Y;) < 1 and <Xl-YiT7 i) F is sub-exponential.

We use Lemma A.7 to get the tail probability for W},. We first bound E(W,) using
similar procedure given in Adamczak (2008). Let f(X;,Y;) = 77179(XZ‘,Y;)<XZ‘Y;T,,U,J‘>F —
E(n1,6(Xi, Yi)(X;Y;', pj) ) for simplicity. We have Wi, < L supgep,, . o+ | 2oimy f(Xi, Vi)l

Define truncated function and the remaining part of f(X;,Y;) as

fi=FX, Y)I((XY;T, w)pl < p) = BIF (X, YOI((XYSE ) el < )],
fo = F(Xa, Y)I((XYT, i) pl > p) = BIF (Xa, Y)I((XY:T, ) el > p)),
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where p = 8E max; SUppeg,,, () uer(s)nsr-1 |f (X3, Vi)l
Let @ = max; [(X;Y;", p;) p|. We have

[e.e]
EQ = / P(Q > x)dz. (A.15)
0
Note that |[(X; YT, pj)plly, < C we have P((X;Y;T, uj)p| > zlogn) < exp(—czlogn). By

union bound we have

n
P(Q > zlogn) < Z exp(—czlogn) = exp(—xclogn + logn).
i=1
When logn > 2 and = > 2/c¢, we have P(Q > zlogn) < exp(—cz). By (A.15) and P(Q >
x) < 1, we have EQ < clogn. It follows that p < Clog(n).

Note that
sup Z F(X5,Y7)| sup | Zﬁ Xi,Y;) = Efi(X;, Y5))|
0€Beon (0%),puel(s)NSP~1 eeBcon( *),uel(s)NSP—1

+  sup \ZfQXZ,YZ ~Ef(X:, Y],
HEBCOTL

where we use the fact that E(f1(X;,Y:) + fa( X, Y)) = 0. It follows that

E  sup erXz,Y>|<E sup erlxz,Yz — Ef(X;,Y5)]
GeBcon(a) =1 GeBcon(a =1
(A.16)

+2E sup | f2(X7Y)|
0EBeon (0%) ; o

By Markov inequality and the definition of f2(X;,Y;), we have

k
P(max sup | fo(X;,Y)| > 0) < P(max [(X,Y]", pj)e| > p) < 1/8.
k<n 0EBeon (0%) i1 7
Then by Hoffmann-Jgrgensen inequality (see e.g Ledoux and Talagrand (1991), Proposition
6.8)
E  sup \Zfz X;,Y))| <8Emax  sup [f(X;, V)| < p. (A.17)
QEE—"con((9 ) i=1 i eeBcon(e*)
Thus, we have
Clogn

E sup |f f2(Xi,Y3)| <
L Z :

Next we go back to bound Esupgeg,,,. (9+) 1L(3r, A(X, YY) —Efi(X;,Y:))|. By Lemme
A.5 and Lemma A.6, we have

(A.18)

E sup ‘%(Zfl(X@',)/i) — Efl(Xi7Yi))|

QEBcon(e*)
1 — + Bo)T
<CE swp 23 axT( - pi - PP 0y e,
0€Beon(07) T 2
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where |[(X;Y;T ,,uj>F\ < p for all .. Under the condition |[(X;Y, pj)r| < p, € XF (B2 —
Bl)( ; 51+62) X)) {(X;YE, ;) is sub-exponential for any 1 and 2. Define set T = {v; :
= (pF ,/82 ) € Beon}. We have D = diam(T) < cChA.
By Corollary 5.2 of Dirksen (2015), we have

n T
B s |2 axT (6 - i — D v gl
0€Beon (6%) T i=1 2 (A~19)
1 1 1
< C(Gon(Tod) + 10 (T2d) + Caly, + =),

where v1(7,d) and v2(7T,d) are Talagrand ~; and 72 functional (See Dirksen (2015) for
details), and d is the fy-norm.

By Lemma A.3, T € Cconv(U)jj<ac,s £ (2pg) N B;pq). From the volumetric argument
in Rudelson and Zhou (2012)[Section H.1], we know that the covering number N (7, d, €)
satisfies that

log(N (T, d,€)) < Cy(slog(epg/s) + slog(1 + 2/e)). (A.20)

Then note that D
Ya(T,d) < Cp / (logN (T, d, e))l/ade,
0

we have
D D 1/2
(Tod) = Cp | iogNT d,de = Cp |5 (lon(Ph) + 1og(1 +2/0)) " de < Cupy/sloglpa),
0 0
and

D

D
mr@=m/1@N%¢m&ﬂ%/ 5 (108( %) + log(1 +2/6)) de < Cpslos(pa).
0 0
y (A.19), we know that

(B1+ B2)T slog(pq)
2 n

E SuP |* Z €iX 62 — B)(Y; — Xz)<XzYZT, 1) r| < Clogn

HGBLOTL

Combine this result and (A.18), we have

E(W,)<E swp |~ Enj %f(Xi,YM < c<\/3(10g”>210g(pq) N 10gn>'
=1

o
J GGBcon(e*) n <= n n

Note that || max; supgep,,,, 9+) f(Xi, Y) iy, < [l max (XY, 1) pl [l and | max; (X3V;, py)pllly, <
Clogn|[(X; YT, 1uj) plly, (Pisier’s inequality (Pisier, 1983) ), we have || max; SUPgeB,,, (0%)  (Xis Yi) [y <
Clogn. Then by Lemma A.7, we have

)}

1 2] 1 t
P(W, > C(\/S( ogn)n 08(pg) + osn) +t) < 4max {exp(—C’5nt2), 3exp(—1006gT;
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By union bound, we have

2
[[D(Wp Z C( S(logn) log(pQ) + ]"Ogn) + t) S MnetP(W F?)
n n Hj

Cﬁnt
logn

< 4max {exp(cdslog(pq) — Csnt?), 3exp(cqslogp —

)}
for large enough generic constant ¢, when n > slog(pq),

W ::()(V/slog<na2log<pq>)

n

_ slog(n)2log(pq)
Let t = ¢y/ 2ol 1os(pd)

with probability at least 1 — (pg)~'. We have proved supyep,,, @o+){1(0) — p1(0)llrs} =

O( %M(pq)) with probability at least 1—(pg) ~!. The proofs for supyes,, . (o) {l (31(0)—

slog(n)2lo ~ slog(n)2lo
pLONB (7.} = O(y/ SRR ) and supyep,,, 9 {101(0) — wi(0)]} = O(y/ = es(ealy

are similar. We omit the details.
The proof for Theorem 8 is analogous to that for 4 by replacing 2-norm by Frobenius
norm regarding py, X /3; and Sj.
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