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Abstract

In statistical network analysis, we often assume either the full network is available or
multiple subgraphs can be sampled to estimate various global properties of the network.
However, in a real social network, people frequently make decisions based on their local
view of the network alone. Here, we consider a partial information framework that charac-
terizes the local network centered at a given individual by path length L and gives rise to
a partial adjacency matrix. Under L = 2, we focus on the problem of (global) community
detection using the popular stochastic block model (SBM) and its degree-corrected variant
(DCSBM). We derive theoretical properties of the eigenvalues and eigenvectors from the
signal term of the partial adjacency matrix and propose new spectral-based community
detection algorithms that achieve consistency under appropriate conditions. Our analy-
sis also allows us to propose a new centrality measure that assesses the importance of an
individual’s partial information in determining global community structure. Using simu-
lated and real networks, we demonstrate the performance of our algorithms and compare
our centrality measure with other popular alternatives to show it captures unique nodal
information. Our results illustrate that the partial information framework enables us to
compare the viewpoints of different individuals regarding the global structure.
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1. Introduction

Much of the statistical network literature is focused on estimating global properties of graphs
by either using the whole graphs or combining information across appropriately sampled
subgraphs. However, in social networks, despite the prevalence of social media tools, most
individuals still have limited understanding of the information that exists beyond their local
network, e.g., friends’ friends. In this way, one often needs to make important decisions,
such as whether or not to share sensitive information with friends belonging to different
social circles, based on their limited local view of the global network. In this paper, we
adopt such an individual-centered perspective to study global structures of social networks.

To formalize an individual’s local network structure, we consider an individual-centered
partial information framework that uses path length to characterize connections visible
(proximal) and hidden (distant) to the individual. Concretely, let G = (V, ) denote the
global network of interest, where V = {1,...,n} is the index set of all individuals (nodes)
and & is the set of edges, assumed to be unweighted and undirected for simplicity, between
individuals. We characterize an individual’s partial knowledge of the network by their
knowledge depth: an individual ¢ has knowledge depth L if all paths (starting from i) of
length up to L in the network are known to the individual. Figure 1 illustrates the knowledge
depth concept with a toy example, where the left panel is the full network. Taking individual
1 as the individual of interest, the left, middle and right panels correspond to their perceived
networks given knowledge depths L = 3,2, 1, respectively. In choosing the value of L for
our study, we first note that the case L = 1 leads to a too simplistic graph structure around
the individual. On the other hand, the “six degrees of separation” phenomenon (Watts and
Strogatz, 1998) in social networks suggests moderate values of L are likely to return the full
network already. Both L = 2 and L = 3 are more interesting cases to study and coincide
with most people’s experience in real social networks. We focus on L = 2 in this paper and
leave L = 3 for future studies.
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Figure 1: A toy network of 6 individuals. L = 3 or full (left); L = 2 (middle); L =1 (right).

The structure of the partial network considered in our work is related to popular sam-
pling schemes in social sciences, including egocentric sampling (Freeman, 1982; Wasserman
et al., 1994), snowball sampling and respondent-driven sampling (RDS) (Goodman, 1961;
Heckathorn, 1997; Salganik and Heckathorn, 2004), which all work by first selecting individ-
uals as “seeds”, then expanding into their neighborhoods according to certain criteria. In-
formation across the sampled subgraphs can be combined to estimate parameters in network
models and node covariates (Handcock and Gile, 2010; Rohe, 2019). Egocentric sampling
and other random sampling schemes have also been used to estimate community structure
(Mukherjee et al., 2021) and subgraph counts (Bhattacharyya and Bickel, 2015). Compared
to these works, a major conceptual difference in our framework is that we are interested in
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understanding the network structure visible to each node and how these structures differ for
different nodes. In addition, sampling multiple seeds may be infeasible in certain networks
with restricted access (e.g., a terrorist network). These observations motivate us to consider
how to infer global information using one local network only.

In this paper, we choose community memberships to be the global network feature we
aim to infer from an individual-centered partial network. Community detection is one of the
most studied statistical network problems, with the stochastic block model (SBM) (Holland
et al., 1983; Abbe, 2017) and its variants including the degree-corrected SBM (DCSBM)
(Karrer and Newman, 2011) and the mixed membership SBM (MMSBM) (Airoldi et al.,
2008) being popular generative models. There is a rich line of literature on community
detection under these models; many methods are based on likelihood or spectral approaches
(Bickel and Chen, 2009; Zhao et al., 2012; Rohe et al., 2011; Lei et al., 2015; Anandkumar
et al., 2014; Jin, 2015; Jin et al., 2017). Much attention has also been paid to other statistical
inference problems in this high-dimensional network setting, including inference for the
number of communities (e.g., Bickel and Sarkar 2016; Lei 2016; Wang et al. 2017; Saldana
et al. 2017; Han et al. 2023) and the membership profiles (e.g., Fan et al. 2019a). We adopt
the spectral approach in this paper. Since the adjacency matrix of the partial network is
significantly different from the global adjacency matrix, we first perform detailed theoretical
analysis of its spectral properties before proposing novel spectral algorithms for inferring
the global community memberships under the SBM and DCSBM models.

®

@ individual of interest H 2 3 A 20 32
® @ @ degrees 16 9 10 17 3 6
€El .
@ oalo) ® fraction of edges 654 513 705 .641 .526 .654
® ©® g fraction of individuals | .765 .676 .912 .706 .912 .971

) detection accuracy 029 706 941 .738 941 824
@
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Figure 2: The karate club network with nodes colored by ground truth community labels
in (a) and community detection results (using Algorithm 3) for chosen individuals in (b).

Our partial information framework and new clustering algorithms enable us gain in-
teresting insight into the relationship between global community detection and the local
features perceived by a given individual. As a motivating example, take the well-known
Zakary’s karate club data. Figure 2 shows the network colored by ground truth commu-
nity labels, and the results of community detection using our algorithm for a few chosen
individuals. The network has two obvious hubs as demonstrated by their degrees: the in-
structor “Mr. Hi” (node “H” ) and the administrator “John A.” (node “A” ). It turns out
surprisingly that these nodes perform less well than some nodes with significantly smaller
degrees (nodes 3, 20, 32), suggesting their partial networks are not the most informative
when it comes to understanding the affiliation structure of the whole network. In com-
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parison, node 20, despite their small degree and observing a smaller fraction of edges or
individuals through their L = 2 local network compared to nodes 3 and 32, achieves one of
the highest detection accuracy rates. Noting that two of the three connections of node 20
come from hubs “H” and “A”, the result implies that not just how many friends one knows,
but also whom one knows, matters in inferring global structure. We describe our algorithm
(Algorithm 3), theoretical analysis and interpretations in Section 3.3. More analysis of this
network can be found in Section 5.1.
Our paper makes the following main contributions:

e We propose an individual-centered partial information framework to study social net-
works from an individual’s perspective, where the person’s understanding of the whole
network is characterized by their knowledge depth L.

e We address the technical challenges brought about by the partial adjacency matrix,
deriving novel results on its spectral properties for L = 2. Different from the con-
ventional case, the signal term of this matrix is random itself. Under some generic
assumptions, we derive its rank, the explicit forms of its eigenvectors and the approx-
imate forms of its eigenvalues, which can be of independent theoretical interest.

e Adopting the SBM as the generative model, we propose a new spectral-based algo-
rithm for community detection and show that it achieves consistent recovery. The
algorithm and theoretical guarantee can be further extended to the DCSBM, which
allows us to interpret the convergence rate when individual (node) heterogeneity is
reflected by their degrees and whom they are connected to.

e As a by-product of our analysis, we also propose a new centrality measure for as-
sessing the importance of a node in determining global community structure. We
demonstrate this measure captures unique information by comparing it with other
popular centrality measures on simulated and real data.

Finally, we note that while this paper focuses on inferring community memberships for
all nodes in the network, a natural alternative is to consider only individuals reached by
the partial network of knowledge depth L (e.g., individuals 5 and 6 in Figure 1 would be
excluded under L = 1). However, in this case, the individuals included would be random,
adding another layer of complexity to the problem. We leave the theoretical analysis of this
case to future work, but still demonstrate empirically our current algorithms can be applied
in this situation to a real dataset in Section 5.3.

The rest of the paper is organized as follows. In Section 2, we introduce the setup of
our problem and Bg, the signal term of the partial adjacency matrix with knowledge depth
L = 2. We analyze the spectral properties of Br to motivate our detection algorithms
and propose a centrality measure for each node based on the magnitude of eigenvalues.
Section 3 describes our algorithms and consistency properties under the SBM and DCSBM.
We demonstrate the performance of the algorithms and centrality measure using a variety
of simulated and real data in Sections 4 and 5 respectively. Finally, we conclude with a
discussion section. All the proofs and additional simulation results can be found in the
Appendix.
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2. Setup and Preliminary Results
2.1 Notations

We first introduce some notations that will be used throughout the paper. For a matrix
M = (myj), in which m;; is the (i, j)-th entry, denote the ith row of M by M(i). Let
|[M||max = max; ;{|m;;|} and ||[M]| be the spectral norm of M, which is the square root
of the largest eigenvalue of MM '. Moreover, we denote the Frobenius norm of M by

IM||p = [tr(MMT")] Y2 For any random matrix (or vector) M, we use IEM to denote its

expectation. We use || - ||2 to denote the Ly norm of a vector. If two positive sequences a,,
and b, satisfy limsup,,_,.(a,/b,) < oo, we denote a,, < b, or by, 2 an. If a, < b, and

by < an, we write a, ~ b,. We write a, < b, or b, > a, if lim,_,(a,/b,) = 0. For two
symmetric matrices M,, and N, if there exists a positive constant ¢ independent of n, N,
and M,, such that N,, — cM,, is a semi-positive definite matrix, then we write M,, < Ny,;
specifically, if ¢ = 1, then we write M,, < N,,. If there exists a positive diverging sequence
¢n (ie., ¢, — o0) such that N, — ¢, M,, > 0 for all n large, we write M,, < N,,. We denote
the i-th largest eigenvalue and singular value of M by X;(M) and o;(M), respectively.
For any positive integer K, let [K] = {1,...,K}, [-K] = {-K,...,—1}, and [£K] =
{-K,...,—1,1,...,K}. Standard order notations such as O(-), o(-), Op(:), op(-) are also
used. We use | - | to denote the cardinality of a set. Throughout the paper, ¢ and C' denote
constants that may vary from line to line. Events with high probability (w.h.p.) are defined
as:

Definition 1 We say a sequence of events A, holds with high probability if for any positive
constant D, there exists an no(D) € N such that ¥ n > ng(D), P(A,) >1—-n"P.

2.2 The Partial Adjacency Matrix and Signal Term

Recall that A = (a;;) is the n x n adjacency matrix of G = (V, &), the full network, in
which a;; = 1 if (i,j) € € and 0 otherwise. Let K = rank(IEA) and assume that A = AT
and {ai;}1<i<j<n are independent Bernoulli random variables with expectation IEA. We
assume that K is a constant and denote the (reduced form) eigendecomposition of IEA by
IEA = VDV | where D = diag(dy,...,dx) with d; being the i-th largest eigenvalue (by
magnitude) of IEA and V = (vq,...,Vvk) being the corresponding eigenvector matrix®.

Without loss of generality, for convenience we assume that the partial network is always
centered around individual 1 in the network. Let B = (b;;) be individual 1’s perceived
adjacency matrix with knowledge depth L = 2. An example of A and B is illustrated
in the left and middle panels of Figure 1, respectively. More generally, b;; takes the form
bij = aij(1 — T(a1; = 0)M(a1; =0)), 4,5 € [n|, where I(-) is an indicator function. Then it
follows that

B=-SAS+ AS+SA, where S =diag(ai1,...,a1,). (1)

We further define
Br =-S(IEA)S + (IEA)S + S(EA). (2)

1. Strictly speaking, this model allows self-loops while real networks often do not. The inclusion of self-loops
does not change our conclusions, as explained in the Appendix.
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We will next show that B is a signal term of B and analyze its spectral properties.

Unlike the case of full information network, where IEA is the signal term of A, the
partial information network has a more subtle situation. As shown in the next lemma, the
obvious candidates IEB and —(IES)(IEA)(IES) + (IEA)(IES) + (IES)(IEA) are much smaller
than Bpg.

Lemma 1 In the simplest scenario that IP(a;; = 1) = py, = o(1), fori,j € [n], we have
| = ES(EA)ES + (EA)ES + ES(IEA)| + [[EB|| = o,(||Bgl|) - 3)

It is well known that spectral clustering relies on the leading eigenvectors. In view of Lemma
1, the leading eigenvalue of Bg is much larger than those of IEB and —(IES)(IEA)(ES) +
(IEA)(ES) + (IES)(IEA) when p,, = o(1), a typical asymptotic condition for large networks.
In other words, the latter two matrices do not contribute to the leading eigenvectors, and
neither can be a signal term. To see why this is the case, note that IEB is almost equal to
—(ES)(EA)(IES) + (IEA)(IES) + (IES)(IEA) (except for differences in the diagonal entries,
the first row and first column). Consider SAS and (IES)(IEA)(IES), the first terms in B
and IEB, respectively. Intuitively, the singular values of SAS are equivalent to those of
AS, given the fact that S2 = S. When p,, = o(1), we can see that (IES)? <« IES, indicating
multiplying IEA by IES twice would significantly deviate it from the target matrix SAS.
We refer to our proof of Lemma 1 for more details.

On the other hand, Lemma 3, to be introduced in the next section, shows that under
appropriate conditions, the spectral norm ||B — Bg|| < the smallest (in magnitude) non-
zero eigenvalue of Bg. Thus By, which is random itself, is a signal term of B from the
spectral point of view. Intuitively, Bg only differs from the conditional expectation IE[B|S]
in the first row and column, thus the latter can be considered as one way to interpret Bg.
As will be shown in the next section, Bg has an explicit low-rank structure, lending itself
to explicit spectral analysis.

2.3 Spectral Properties of the Signal Term Bp

In this section, we present a few key theoretical properties of Br and establish that Bg
is a signal term of B. In addition to showing the order of its eigenvalues, we derive the
exact forms of the eigenvectors and approximate forms of the eigenvalues. The results here
depend only on generic assumptions about invertibility and the eigendecomposition of IEA.

Recall S = diag(ai1,...,a1,) and IEA = VDV ", where V is of dimensions n x K. We
have the following theorem regarding the spectral properties of Bg.

Theorem 1 Suppose that V'SV and I — VTSV are invertible. Denote H(z) = I —
tDVTSV — 2?2D(I - V'SV)DV 'SV. Then the determinant equation

det (H(z)) = 0 (4)

has 2K non-zero real solutions; we denote them by v_f,...,x_1, x1,...,2x, with x; < x;
for all i < j. Moreover, for i € [£K], let qi; be an eigenvector of H(x;) corresponding to
the zero eigenvalue, and qo; = 2;DV T SVqu;. Then q; defined as

q; = SVaqi; + (I—-S)Vqy; (5)
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is an eigenvector of Bg corresponding to the eigenvalue .CL’Z-_I.

Conversely, if qo # 0 is an eigenvector of Bg corresponding to a non-zero eigenvalue
xal, then xq satisfies (4). Moreover, qo can be decomposed (in the form of (5)) as qo =
SVaio + (I — S)Vaqa, where qio is an eigenvector of H(xg) corresponding to the zero
eigenvalue and qag = 20DV 'SVqyo.

Finally, we have rank (Bg) = 2K .

Remark 1 (i) Under our setting, the invertibility assumption on V'SV and I — V'SV
is not stringent. To see this, note that V'SV = Y"1 a;; V' (i)V(i). Since n is large and
VTSV is a matriz of small dimensionality K x K, the invertibility of V'SV should be
satisfied if individual 1 has enough neighbors. Similarly, the invertibility of 1 — VTSV can
be ensured if individual 1 does not directly connect to almost everyone else in the network,
which is sensible since most real networks are sparse.

(i) The rank of B and the form of eigenvectors play an important role in motivating our
community detection algorithms in Section 8. The two terms in Eq (5) naturally split the
individuals into two subsets: those who are neighbors of individual 1 (represented by S) and
those who are not (represented by I—S). As we will show later, our algorithm first performs
clustering on these two subsets separately, before merging them into K communities.

In what follows, we introduce a few conditions to perform further analysis of our partial
network. Denote p, = max; ; IP(a;; = 1).

Condition 1 min;>yP(a1; =1) ~ p, and 1 —c > p, > logn/n for some constant ¢ > 0.

Condition 2 ||V||max < C/+v/n for some constant C > 0.

Condition 3 |di| ~ |da| ~ ... ~ |dg| ~ npy,.

Conditions 1-2 are sufficient to ensure the invertibility of VTSV and I — VTSV with
high probability, as we will prove in Lemma 2. We note that Conditions 1-2 can be relaxed
but we adopt them in the paper for convenience and simplicity. Condition 3 is a strong
condition to assume that the magnitude of the smallest non-zero eigenvalue of IEA has the
same order as ||[IEA||r, which is to ensure a big enough gap between |dx| and ||A — IEA]|
for more straightforward analysis. This condition could also be relaxed by deeper analysis,
but we leave it for future studies. We have the following invertibility lemma.

Lemma 2 Under Conditions 1 and 2, there exists a positive constant ¢ such that w.h.p.,

we have
1 |
cpn<1—,4/m)lgVTsvgpn<1+{*/Og”>1<(1—c>1. (6)
npn npn 2

Therefore w.h.p., V'SV and I — VTSV are invertible.

Theorem 1 and Lemma 2 imply the following corollary.
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Corollary 1 Under Conditions 1 and 2, for suitably chosen qu, | € [£K], q;’s, as defined
in Theorem 1, satisfy w.h.p. that

a/q; =0, i#j, i,j€ K], (7)

and that dim(span{q;,! € [+K]}) = rank(Bpg) = 2K.

Corollary 1 specifies the form of orthogonal eigenvectors in the eigendecomposition of Bg.
Even though the eigenvalues in Theorem 1 may have cardinality greater than 1, this does
not change the eigenspace of By, which is equivalent to QQ”. As far as spectral clustering
is concerned, q; do not need to be uniquely defined, and separability of eigenvectors for
different nodes is typically identifiable up to an orthogonal transformation. As we develop
our community detection algorithm under the SBM and DCSBM in Section 3, we will use
the eigenvectors of the observed B and bound the deviation from their counterparts in Bg.

Theorem 2 Under Conditions 1-3, w.h.p., we have |z;|~! ~ np%ﬂ fori € [£K]. Further-

more, if p, — 0 and p;/piv1 > 1+ ¢ for some positive constant ¢, 1 < i < K — 1 where
p1 > ... > ux are the eigenvalues of VI (IES)VD(I — VT (IES)V)D, it holds w.h.p. that,

w7l = ()\i(D(I - VTSV)DVTSV))% (1+o(ypn)) , i € [K],

57" =~ (a1 (DA~ VISVIDVTSV))? (14 o) . i € [,

The first part of Theorem 2 shows the order of the non-zero eigenvalues of Bg. The
second part, with more stringent conditions, finds the approximate expressions for these
eigenvalues. We note in advance that our community detection results do not depend on
the additional conditions in Theorem 2, but the approximate expressions are of standalone
interest and can be useful to study other problems under the partial information framework
(e.g., in construction of centrality measure to be described in Section 3.4).

Finally, the next lemma bounds the spectral norm of B — Br and shows Bg is indeed
a signal term of B.

Lemma 3 It holds w.h.p. that |B—Bg| < /npn . Under Conditions 1, 2 and 3, assuming
pn > \/1/n, then we have w.h.p., |B — Bg|| < min;cpx) 04(BE) .

3. Community Detection under Partial Information

We propose new spectral-based algorithms for performing community detection in the par-
tial information framework, under the commonly used SBM and DCSBM settings. Using
the spectral properties derived in the previous section, we provide upper bounds on the
error rates and show that the recovery is almost exact under appropriate conditions. As an
application utilizing the theoretical properties of Br, community detection requires more
specialized model assumptions. Therefore the conditions we introduce in this section are
sufficient conditions implying the more general Conditions 1-3.
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3.1 Stochastic Block Model

In the SBM (Holland et al., 1983), each individual belongs to exactly one of K different com-
munities. The connection probability between two individuals depends on their community
memberships. Concretely, in the SBM with K communities, IEA is given by

[EA = TIPII', (8)

where P = (py;) is a symmetric K x K matrix in which py; is the connection probability
between communities k and [, IT = (my,...,7,)" € R™¥X is the matrix of community
membership vectors, with individual i’s membership vector m; € {ei1,...,ex}, e, € RX is
the standard basis vector with the k-th element being one and the other elements being zero.
If individuals 7, j belong to communities k and [ respectively, we have [Ea;; = ﬂ'iTPﬂ'j = Ppi-

Before we present our community detection algorithm, we first need some technical
results connecting the SBM with the low-rank model discussed in Section 2. Recall that
pn = max; j IP(a;; = 1). Without loss of generality, assume that individual 1 belongs to
community 1. The following condition, which is easier to interpret in the SBM setting,
implies Conditions 1, 2 and 3 in Section 2. Hence we will use this condition instead in our
theoretical analysis under the SBM.

Condition 4 mingc(x) pix ~ Pn- Mingeg) Zje[n] I(m; =e;) > con and o (P) > cipy, for

some positive constants ¢y and c1. Moreover, for some ¢ >0, 1 —c > p, > (1/n)1/2.

Remark 2 (i) Community detection on the entire graph typically requires np, 2 logn,
while our lower bound on the density py, is 1//n, which is more stringent due to significant
information loss incurred by observing only a partial network. Note that the order of the
largest singular value of IEA is essentially np,, while the signal strength in our case is
x;l ~ npi/Q, i € [£K], as shown in Theorem 2.

(ii) The above condition assumes balanced community sizes to ensure the signal size in
Bpg is sufficiently large. As an example of imbalanced community sizes, consider a simple
case with P = p,Ix and II = (m1,...,m,)". Here for the first K — 1 communities (1 <
E<K-1), m =e, i € {ni(k—1)+1,...,mk}; for the last community, ®; = eg,
i€ {n(K—-1)+1,...,n}. Let ng =n—ny(K —1) and assume na < n so that the last
community is much smaller than the others. As shown in Theorem 2, ZE;(l ~ ngp?«/Q. Since
Lemma 8 shows the order of |B—Bg|| is \/npn, for signal dominance over noise, one would

3/

require that nopy > /M n, OT Dp > %’ which is even more stringent than our current

lower bound 1/+/n.

Lemma 4 Under the SBM defined in (8), Condition 4 implies rank(IEA) = K and Con-
ditions 1, 2 and 3. Moreover, there exists a K x K matrixz D such that
V=1D and DD’ > 1 (9)
n

Thus under Condition 4, Corollary 1 allows us to write down an orthonormal eigenvec-

tor matrix Q = (qi,...,9qx,9-1,--.,9_x) such that Q'Q =T (||q;/l2 = 1). Let Q; =
(15 Qi K Di—1, - - -, di,— k) for i = 1,2, then by (5), we have

Q =SIIDQ; + (I - S)IIDQ,. (10)
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The next lemma bounds the distances between the rows of Q by grouping their row indices
according to (i) their community memberships and (ii) whether they are neighbors of node
1. This indicates that both information needs to be taken into account when constructing
a community detection algorithm.

Lemma 5 Under Condition 4, for any 2K x 2K orthogonal matriz O, it holds w.h.p. that
for alli,j € [n],

mi £ 75 = Q)0 — Q)OI > | —

con’
2
mi = mjan # a1y = [|Q()0 ~ Q)0 2/~ (12)
m =mj,a1; = a1; = [|Q(1)O — Q(j)Ol|, = 0. (13)

Here co is a positive constant defined in Lemma & in the Appendix.

In the case of SBM with the full network, it is well known that IEA, the population
version of A, has exactly K distinct rows in its eigenvector matrix, each corresponding to a
different community. Sufficient separations between these rows and appropriate concentra-
tion of A around IEA ensure that spectral clustering works by performing eigendecompo-
sition on A. However, such a simple approach does not work when it comes to B and Bg.
Indeed, (12) in Lemma 5 reveals that even if w; = 7;, Q(i) and Q(j) can be different; (12)
and (13) suggest that we should treat the nodes separately according to whether they are
direct neighbors of node 1. Motivated by Lemma 5, we next propose our new community
detection algorithm.

3.2 Community Detection Algorithm under the SBM

Let W = (wy,...,Wg,W_1,...,W_g) be the collection of orthonormal eigenvectors cor-
responding to the 2K largest eigenvalues (in magnitude) of B. Roughly speaking, our ap-
proach involves first clustering the non-zero rows of SW (neighbors of node 1) and (I-S)W
(non-neighbors) separately before merging them into X' communities. As W is the empirical
counterpart of Q, the next lemma bounds the difference between W and Q.

Lemma 6 Under Condition 4, w.h.p. we have

nw—qow:o(w;), (14)

where O = U1U2T, in which Uy and Uqy are from the singular value decomposition (Q)TW =
U12U;— such that ¥ is the diagonal matriz with singular values.

Remark 3 When there are repeated eigenvalues, the eigenvectors are not uniquely deter-
mined. The matrix O in Lemma 6 is created to handle such cases.

Recall in (10), SIIDQ; and (I — S)IID Qs each has at most K different non-zero rows,
and these rows partition the node index set [n] into two parts. Hence Q has at most 2K

10
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different rows. However, rank(Q) = 2K w.h.p. by Corollary 1, implying Q has exactly
2K different rows (each of the two parts in (10) getting K). Since W is the empirical
counterpart of Q, we will apply the k-means algorithm (with & = K) to the non-zero rows
of the matrices SW and (I — S)W, respectively. Here S and I — S separate the individuals
into two groups, each returning K clusters. We note that other clustering algorithms could
be used here, and we use k-means for ease of analysis. We summarize this procedure in
Algorithm 1.

Algorithm 1

1: Take matrices S and W as defined respectively in equation (1) and Lemma 6.

2: Apply the k-means algorithm to the rows {W (i) : i € [n],a;; = 1} and {W (i) : i €
[n],a1; = 0}, respectively, to separate each group into K clusters.

3: Return (i) the 2K clusters and (ii) the centroid matrix C = (c{,...,c,) )" in which the
length 2K row vector c; denotes the centroid associated with individual <.

In the theoretical analysis of Algorithm 1, for simplicity we assume C optimizes the
k-means objective for both » = 0 and r = 1, that is,

{ci c a1 = T} = argmin{xi:xi is 2K-dimensional row Vector} Z HW(Z) - Xl”% ’ (15)
=

with ap;=r and {X;}aq;=r|<K i€[n],a1i=r

and also assume |{c;,! € [n]}| = 2K. When ¢; = ¢; and ai; = ay;, Algorithm 1 assigns
individuals 7 and j to the same cluster. An error bound on the clustering can be obtained
by counting individuals with row in Q that are far (up to the permutation matrix O) from
their corresponding centroids. Similar to Rohe et al. (2011), we define M,

M= i€l - QWO > =1 (16)
where ¢ is the positive constant in Lemma 5. In Theorem 3, we will show that |M|/n
controls the misclustering rate in our final algorithm (Algorithm 2).

Algorithm 1 returns 2K clusters, and we denote them by {¢1,...,cx} and {91,...,0x},
for nodes in {W (i) : i € [n],a1; = 1} and {W (i) : i € [n],a1; = 0}, respectively. Noting
that the clustering results are only identifiable up to label permutation, our next step is
to merge them into K communities. To this end, we first construct two estimates of the
connection probability matrix P defined in (8). We then merge the clusters by finding the
correct label permutation that matches these two estimates. Since for 7,5 > 1 and i # j,
IP(bU = 1’0,11‘ = alj = 1) == IP(bl] == l\au =1- CLU = 1) == IP(CLij == 1), two natural
estimators of P, denoted by PSS and f’svl_s, are defined as

_ 1 a1 1
Pit=— > by and PR = 3 by, (17)
\ lc,l‘ (m)egg’; |Sk:,l| (i,j)egfj

where g,(gl,l) ={(i,j) ra1i=a1; =1,i € ¢4,j € ¢}, and /S\l(jl) ={(i,j): ai=1—-aj=1,i¢€
¢k,j € 0}, for k,1 € [K]. We aim to find a label permutation of the clusters {c1,...,cx}
such that the difference between PSS and PS1-S is minimized after permutation, which

11
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will allow us to merge the clusters. This is equivalent to finding a permutation function

f : [K] — [K] such that f’(sfsf) ~ 1?’(8]01*_)S , where the (i, j)-th entry of f’?fsf) and 1?’(8]01*_)S are

the (f(i), f(4))-th entry of PSS and the (f(3), ) entry of f’s’lfs, respectively. Algorithm 1
and this merging strategy together make up our final algorithm: Algorithm 2. As an
example of the merging Step 5, if fy returned by Step 4 gives fp(1) = 2, then ¢; and 05 are
merged into one community in Step 5.

Algorithm 2 Community detection under the SBM

1: Take matrices S and W as defined respectively in equation (1) and Lemma 6.
2: Apply Algorithm 1.
3: Calculate the connection probability matrix estimates PSS and PST~S defined in (17).
4: For all K! permutations f, find P?J;S}) and P(Sf *_)S by permuting the rows and columns
of PSS and PSI-S.
. A . BS.S pS.I-S
5. Find fy = argming HP(f,f) -Piy |- R
6: Merge the 2K clusters into K communities using the permutation fj.
7: Return the community memberships.

To establish the theoretical property of Algorithm 2, we need one more assumption.

Condition 5 There exists a positive constant ¢ such that for any iy # is € [K], there exists
J1 € [K] with ‘pi1j1 _pizj1| > CPn.

As estimators of P in (17) contain noise, Condition 5 ensures there are sufficient separations
between different elements of P to overcome the noise. Algorithm 2 essentially outputs an

estimated membership matrix = (R1,...,7,)"; we define its misclustering rate by
n
d(TI, TT) = min i (%Tz wT) n. 18
( ) {Z:Z is K x K permutation matrix} Z J 7 J / ( )

J=1

Theorem 3 Under Conditions 4-5 and p, > 1/y/n, with probability tending to 1, Algo-
rithm 2 gives,
~ M 1
d(IL, 1) < u =0 <2> .
n npz

That is, Algorithm 2 has the almost exact recovery property (c.f. Def 4 of Abbe (2017)).

Under some stronger conditions on the density p, and the eigenvalues of Bg, we can
extend the above result to achieve exact recovery. We refer to Section C.1 in the Appendix
for detailed statements and proofs.
3.3 Extension to the Degree-corrected Stochastic Block Model

In this section, we first consider extending Algorithm 2 and the upper bound on miscluster-
ing error to the more general DCSBM, followed by a more specific conditional probability
setting that enables us to interpret the convergence rate for different individuals in terms

12
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their connection patterns, as motivated by the Karate club network example in the Intro-
duction.

We consider the DCSBM defined as
[E(A|©) = OTIPII' O, (19)

where © = diag(fy, ..., 0,) is the set of degree parameters associated with the nodes. Given
O, the edges in A are still generated independently as Bernoulli random variables. Unlike
the SBM where individuals within the same community have the same connection pattern,
the inclusion of © allows for degree heterogeneity in the model and the presence of hubs
(i.e., nodes with significantly higher degrees than average nodes). For ease of modeling, we
assume 6; € (0,1], ¢ € [n] are i.i.d. random variables with a distribution function F'(-). Also
we assume the mean of the distribution satisfies:

Condition 6 E(6;) =6 ~ 1.

Similar to Lemma 4, we first show that the DCSBM (19) can be written as the low-rank
model in Section 2. The proof of Lemma 4 together with Lemma 4.1 of Lei and Rinaldo
(2015) gives us the following proposition.

Proposition 1 Under Conditions 4 and 6, rank(IEA) = K and Conditions 1, 2 and 3 hold
with high probability. Moreover, there exists a K x K orthogonal matriz D' such that

—-1/2

V(i) =6, Z 0]2- D'(k), i € Community k (20)

j€ Community k
for all i € [n].
Thus similar to (10), Theorem 1 allows us to write Q as
Q =SOeIIDY; + (I - S)0IIDY,, (21)

where D = diag(3_c community 1 0]2, e+ D jeCommunity K 93-)‘1/ 2D’. Under Conditions 4 and
6, it is easy to check the key results in Sections 3.1-3.2, namely Lemmas 2, 3, 6 and the first
part of Theorem 2 still hold using Proposition 1. We omit the proofs since they are almost
identical.

In Algorithm 2, following Lei and Rinaldo (2015), we replace the k-means algorithm
by the spherical k-median algorithm to cluster the non-zero rows of SW and (I — S)W,

returning centroids C = (c{,...,c,} )7 defined as
{Ci s a1 = T} = argmin x;:X; is 2K-dimensional row vector § : HW(Z)/”W(’L)H2 — X 9
with a1;=r and ‘{Xi}ali:r|SK ie[n},ali:r,W(i);ﬁO

(22)

for r = 0,1. Nodes 7 and j are assigned to the same cluster when ¢; = ¢; and a1; = aq;.
Similar to the SBM case, other clustering algorithms can be used here to return K clusters
in each group; we adopt the spherical k-median algorithm for ease of analysis.

13
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For the merging step in Algorithm 2, we use the same equations as (17). Roughly speak-
ing, the matrices PSS and PS1~S now estimate (up to label permutation) the quantities

X := diag(6F,...,0%)Pdiag(f},...,0%) and Y := diag(f7,...,0%)Pdiag(0]>,...,0%5),

respectively, where é,? is the average degree parameter for nodes i € Community k and
a1; = 1, and similarly for Hll;s. To simplify our notation, define a matrix function:

Definition 2 For any matrices X = (xi;)1<ij<kx and Y = (yij)1<i j<k, define

SR i YK %‘K>

i R ¢
> i1 Yil > i1 YiK

It is easy to see that if X and Y have matching community labels, Y = Xg(X Y). Based on

this observation, we aim to find a permutation f such that HP(Sfo) P(S = e g(P(SfS}) P(S = S) IFa

is minimized. This leads to the following algorithm for the DCSBM case.

9(X,Y) = diag (

Algorithm 3 Community detection under the DCSBM

1: Take matrices S and W as defined respectively in equation (1) and Lemma 6.

2: Apply the spherical k-median algorithm (22) to the non-zero rows of SW and (I—-S)W
respectively.

3: Calculate the matrix estimates f’s S and PSI-S (defined in (17).

4: For all K! permutations f, find pP5; f, f) and IAD(SfI*_)S by permuting the rows and columns
of PSS and PSI-S.

e T i, [PSS. — PSI-S, (PSS pSIs
5. Find fo—argmlanP(ﬁf) L (P(ff) Py )N E-

6: Merge the 2K clusters into K communities using the permutation ]%.
7: Return the community memberships.

Let f; = inf{z, F(z) > 0}. Using arguments similar to Theorem 3 for the SBM case
and Theorem 4.2 in Lei and Rinaldo (2015), we can show that Algorithm 3 returns a
misclustering rate (defined in (18)) with the following upper bound.

Theorem 4 Under Conditions 4—6 and p, > ﬁ, with probability tending to 1, Algorithm

3 gives
~ 1
dILI) =0 —— .
( ) (\/ﬁfspn)

The above theorem extends our result in Section 3.2 to DCSBM. However, since (within
the same community) the degree parameters for individuals and their edges are generated
identically under the full model, the unconditional probability setting still gives the same
upper bound on misclustering rate for all individuals.

In what follows, we consider a setting that sheds more light on how the structure around
a given individual affects their ability to discern global community memberships through
their partial network. More specifically, we consider i) the conditional probability given
a neighborhood S around individual 1, and ii) a two-component mixture distribution on
0;, where one component represents the “hub” nodes with denser connections than average
individuals.

14
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Condition 7 6;’s are i.i.d. random variables with CDF yFy(x) + (1 — y)Fa(z), y € (0,1).
E®;) =60 =ypu + (1 —y)uz ~ 1, where pg ~ 1 and py < po. The support of each Fj is
bounded, that is, 1 > sup{z, Fj(z) € (0,1)} > inf{z, Fj(z) € (0,1)} ~ p;, j = 1,2.

Remark 4 Fy and Fs represent degree distributions of the non-hub and hub nodes respec-
tively. When Fy = Fy (and py = pga), we recover the original DCSBM. Note that 1 < o
1s allowed as long as y is bounded away from 1. The component Fo with potentially a much
larger mean s captures the effect of hub nodes. We also note that although for the sake of
consistency, we have generated individual 1 and their edges following the same DCSBM, it
is possible to relax this constraint as our arguments are conditioned on fized S.

We next analyze the misclustering rate of Algorithm 3 conditioned on S and 6;’s coming
from high probability events. First, it is easy to see that by concentration (Lemma 17 in
the Appendix) [{0; ~ ua}| ~ n(1 —y) with high probability. Hence we always assume 0;’s
belong to this event in the following arguments. Next, for the non-zero entries of {aj;} in
S, let nji, = [{i : a1; = 1,0; generated from Fj, and ¢ € Community k}| for k =1,..., K
and j = 1,2. We assume nq; and noy satisfy the following condition.

Condition 8 miny, j¢(x] :22:, ~ 1, minger] 3 ey L = ex) = con and o (P) = cipn
for some positive constants co and c1. Moreover, for some c > 0, 1—c > p, ming¢(g (nog 3+

nigpi)/n > 1/n.

We note that the last condition, 1 — ¢ > p, mingex (nopu3 + nigud)/n > %, can be
reduced to p, > ﬁ in Condition 4 for SBM since miny¢(x (nopp3 + nipp?)/n ~ pp with
high probability.

The following lemma is analogous to Lemma 2 but for the conditional setting given S.

Lemma 7 Under Conditions 7 and 8, for any given S we have

2 2 2 2
L TakET + Mk < VTSV < max [AEH + M2kH3 ¢
1<k<K n ~ ~1<k<K n

The other key results in Sections 3.1-3.2 also can be checked in a similar way and adapted
to a given S, and we leave the details to the Appendix. Finally, we have the following bound
on misclustering rate which depends on the neighborhood features in S.
1

ming g (n2kp3+nikid)

on S and ©, with probability tending to 1, the misclustering rate of Algorithm 3 is

_ 1
d(ILI) = O | pit , .
( ) ( ! \/pn minge ) (noxp3 + nlkﬂ%))

Remark 5 In this conditional setting, the bound depends on the quantity minge(x) Nok i3 +
nigis which describes the neighborhood structure around individual 1. When the total num-
ber of neighbors the individual knows in each community is fized (i.e., nix + nok), a larger
mingc (g ok leads to a smaller bound on misclustering, suggesting knowing more powerful
neighbors across all communities enables the individual to have a better understanding of
the global community structure.

Theorem 5 Under Conditions 5, 7 and 8, for ul_z < pn , conditioned
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3.4 Centrality Measure

Our analysis above implies individuals may have different capacities for community detec-
tion in the full network using their local information. Hence a natural question is whether
we can quantify this capacity of each individual with a centrality measure. We note that
here, we need to switch the perspective from a local one to a global one that ranks all the in-
dividuals. As such, the centrality measure we propose below will depend on the full network
A, like many existing commonly used centrality measures such as eigenvector centrality and
betweenness centrality.

Recall the explicit form of eigenvalues in Theorem 2; together with the bounds in Lemma
2, it suggests that Apmin = Ax (V' SV) determines the gap between the smallest eigenvalue
(in magnitude) and 0, and consequently how easy it is to perform spectral clustering. There-
fore, Amin captures the amount of clustering information available through the centered
individual’s partial network, measuring their importance in the whole network in the clus-
tering context. In other words, Amin can be seen as a centrality measure for the centered
individual. Empirically, an estimate Xmin can be computed using the empirical version of
V from A. It is easy to check that both Apnin and Apin lie between 0 and 1.

Under the conditional setting discussed in Section 3.3, Amin behaves like ming¢ xj %
by Lemma 7. Hence the same interpretation as in Remark 5 applies to Apiy as a measure
of how “central” an individual is in the context of global community detection. That is,
knowing more powerful neighbors across all communities makes an individual more “impor-
tant”.

Finally, we note the connection between Ay, and the well-known eigenvector centrality.
It is easy to see that when K = 1, Apin = Zi:alizl Uiz, where v; is the eigenvector centrality
of node 7. In this sense, Ani, is related to both degree and eigenvector centrality. In the
following sections, as part of the numerical analysis, we compare A, with other commonly
used centrality measures and show that it correlates well with clustering accuracy.

4. Simulation Studies

In this section, we consider simulating a SBM and a DCSBM with the following parameters:

e Model 1 (SBM): P = ( 3qq 3qq ) and each group is of size n/2.

e Model 2 (DCSBM): the same P and group proportions as the above are used. We
simulate an i.i.d. uniform and a mixture distribution for 6;, to be specified below.

Additional results for a SBM with K = 3 are presented in Section E.3 of the Appendix.

4.1 Results for Model 1

For Model 1, we vary the number of individuals n € {300, 600,900, 1200, 1500, 1800, 2100}
and the edge density ¢ € {.1,\/logn/n, (logn/n)'/*/2,1/\/n}. For every combination of n
and ¢, we simulate 100 datasets; Algorithm 2 is applied to the partial network centered at
node 1 in each dataset.

We first check the number of individuals and the fraction of edges observed within the
partial network centered at individual 1. Tables 3 and 4 in the Appendix show that although
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partial network can reach almost everyone in the network, the fraction of missing edges is
quite significant (> 50% in most cases).

We calculate the mean misclustering rate for each parameter combination and report
the results in Figure 3(a). Except for ¢ = 1/4/n, all the other ¢’s lead to almost perfect
clustering. As a comparison, we apply spectral clustering to A, the full network, and
plot the results in Figure 3(b). Unsurprisingly, perfect clustering is achieved for all the
parameter settings since the ¢’s we consider lie in the exact recovery regime, which requires
edge density to be at least logn/n (Abbe, 2017).

Misclustering rate for L=2 with Algorithm 2 Misclustering rate for full network

. .
4 g=0.1 4 g=0.1
- ——%—- q=4log(n)/n < ——%—- q=4log(n)/n
: 2
B —a—gq=1/4n o —a—g=1/4m
£ g e Gl 2 £ g e Goale) )2
e —
P . P .
gy gy
2 2
s = T —————— ® S
300 600 900 1200 1500 1800 2100 300 600 900 1200 1500 1800 2100
(a) L=2 (b) full network

Figure 3: Misclustering rate for Model 1 (L = 2), (full network), averaged over 100 datasets
for each combination.

In Figures 8 and 9 of the Appendix, we provide visualizations of two eigenvectors of
an exemplary B matrix corresponding to the two positive eigenvalues (recall that Bp has
two positive and two negative eigenvalues for K = 2). The nodes are separated into four
clusters, based on their community memberships and whether they are neighbors of node
1, hence justifying our overall approach of clustering.

4.2 Results for Model 2

First generating 6; from an i.i.d. Unif(.5, 1.5) distribution, we check how the clustering
accuracy varies with respect to the edge density ¢ and the number of nodes n, using the
same ranges of values as in Model 1. Applying Algorithm 3 to node 1 in 100 simulated
networks for each combination of ¢ and n, Figure 4a shows the overall trends are consistent
with Figure 3a, although the convergence rates are slower as expected.

Next considering the mixture setting, we take F;, F» as the Unif(0.5,0.75), Unif(0.8,1.05)
distribution respectively, with proportions (0.85,0.15). Taking ¢ = 0.2, n = 600, we gener-
ate one instance of A under Model 2 and apply Algorithm 3 to all the nodes in the network.
Figure 4b reports the Pearson and Spearman correlations between the clustering accuracy
and various centrality measures for all the nodes. For comparison with the empirical version
of Amin (defined in Section 3.4), we choose degree centrality, fraction of edges and individ-
uals observed in the partial network, eigenvector and betweenness centrality as alternative
measures. Xmin exhibits the highest correlations with accuracy. Furthermore, Xmin is less
correlated with the other four measures than those measures among themselves (Figure 11
in the Appendix), which suggests it offers unique information about node importance. We
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note here that same as Model 1, Model 2 produces networks dense enough that all partial
networks can reach almost every node in the full network. For this reason, fraction of in-
dividuals observed is not a meaningful centrality measure in this case and has almost zero
correlation with all the other centrality measures.

27 q-0.1 Pearson Spearman

= |77 g=qlog(n)/n
g e q-1/m degree 0.602 0.679
o g 1 a=(ogm)/n)/2
£ S N fraction of edges | 0.624 0.696
g ° eigen centrality 0.607 0.684

° e betweenness 0.581 0.700

0 Amin 0.742  0.822
n
(a) (b)

Figure 4: (a) Misclustering rate for Model 2 (L = 2), averaged over 100 datasets for each
combination, §; following an i.i.d. uniform distribution. (b) Correlations between clustering
accuracy and various centrality measures, ¢; following a mixture distribution.

5. Real Data Analysis
5.1 Zachary’s Karate Club Data

The karate club network (Zachary, 1977) mentioned in the Introduction is a well-known
dataset in network analysis. The network consists of 34 individuals, 78 edges, and two
ground truth communities which formed after conflicts between the instructor (node “H”)
and the administrator (node “A”). As shown in Figure 2b, individual 20, despite their small
degree and low fraction of observed edges, outperforms the two hub nodes in detection
accuracy. This trend is consistent with the empirical Ay, values, which are .276,.117,.120
for node 20, “H” and “A” respectively. We have also applied Algorithm 2 to the same set
of individuals, and the results are presented in Table 7 in the Appendix. We note that even
though the accuracy rates are different for some individuals if we assume the underlying
model is SBM instead of DCSBM, the qualitative conclusions about node 20 and the two
hub nodes still hold. We continue the rest of our discussion using DCSBM and Algorithm
3, since the presence of two clear hubs is indicative of degree heterogeneity.

We conjecture that the high accuracy of individual 20 is due to their direct connections
to “H” and “A”. In other words, knowing powerful neighbors in both communities enables
this individual to have a better understanding of the global community structure. As further
evidence, we delete the edge between node 20 and “A” and apply Algorithm 3 again to the
same set of individuals. There is a noticeable drop in accuracy for individual 20, while the
other individuals change by a small margin or are unaffected.
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individual of interest | H 2 3 A 20 32
detection accuracy .b29 706 941 706 .676 .824

Table 1: Results for chosen individuals after deleting the edge between “A” and 20.

5.2 Microfinance in Indian Villages

This dataset contains information about the social interactions and the diffusion of informa-
tion about a microfinance program in 43 Indian villages (Banerjee et al., 2013; Cheng et al.,
2021). These villages are far apart from each other and can be regarded as independent so-
cial networks. Following Banerjee et al. (2013), in each village, we take households as nodes;
each edge is undirected and binary representing any of the 12 relationships collected in the
survey (e.g., borrowing / lending money or material goods). We use the caste information
available in the survey for households as the ground truth community labels. As shown in
Figure 14 of the Appendix, many of the networks exhibit assortative structure with respect
to these community labels. After a simple filtering step (described in Section F.2 of the
Appendix), we analyze 39 villages, with the number of households varying between 24-155
and K between 2-4.

We apply Algorithm 3 to each household in all the villages. Each village also has
several predefined leaders expected to be well-connected within the village, who served as
the “injection” points for information about the microfinance program. To compare the
awareness of global community structure among leaders vs. non-leaders, we compute the
mean clustering accuracy among these two groups for each village. In most villages, the
mean accuracy of leaders is higher than that of the non-leaders (Figure 5a), thus to an
extent justifying the choice of these leaders as the injection point for spreading information.

Next we examine the usefulness of Xmin as a centrality measure in this dataset. Banerjee
et al. (2013) proposed two centrality measures for assessing the efficiency of information
spread from a node: the first is derived from their full structural model, while the second
is a simpler diffusion centrality computed using only network topology. The two measures
were shown to be highly correlated at village level; we include the diffusion centrality for
comparison since it is much easier to compute. In Figure 5b, we calculate the correlations
at village level between the mean clustering accuracy and mean centrality measures among
the leaders and non-leaders. Apjy is the most correlated measure in most cases, although
betweenness centrality performs better for leaders using the Spearman correlation.

Finally, in Figure 6, we show that Xmin is correlated with the village-level participation
rate in the program. Here, the centrality measures are computed for all leaders in each
village, who were responsible for spreading the information about the program, before an
average is taken for each village. The correlation suggests the information A, captures
extends beyond community detection and is related to information diffusion. Although
unsurprisingly, the correlation is weaker than that of the diffusion centrality, which was
designed to explain the participation rates in the original paper. The correlations with
other centrality measures are shown in Figure 15 in the Appendix. While some of the
other centrality measures also exhibit a positive correlation with the participation rate,
Amin remains one of the best fitting under a linear model.
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Figure 5: (a) Mean clustering accuracy among leaders vs. mnon-leaders for all villages.
(b) Correlations (Pearson and Spearman) across all villages between the mean clustering
accuracy and mean centrality measures for leaders and non-leaders.
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Figure 6: Program participation rate as a function of (a) Apnin, fitted slope 0.621 with p-value
0.022; (b) diffusion centrality, fitted slope 0.022 with p-value 0.003. The centrality measures
are calculated for leaders in each village and an average is taken across each village.
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node of interest 1073 1074 1075 1076 1077 1078
the ratio of the edges observed | .1145 .1295 .3362 .1553 .2761 .4116
# of the nodes observed 476 485 880 715 808 793
clustering accuracy D798 5505 .9261 9021 .8936 9177

Table 2: The network information and detection results for chosen individuals (blogs) in
the political blog data using Algorithm 3.

5.3 Political Blog Data

The political blog network (Adamic and Glance, 2005) records hyperlinks between web
blogs observed in the run-up to the 2004 U.S. presidential election. Each blog was labeled
as democratic or republican based on their political outlooks. Following most previous
community detection studies using this dataset, we take the largest (weakly) connected
component consisting of 1222 nodes and treat the hyperlinks as undirected.

Similar to the karate club data, we pick six individuals (blogs) and examine their network
information and clustering performance in detail. Because this is a large network with
relatively sparse edges, most of the partial networks with L = 2 can only reach a fraction
of all the nodes. Therefore we apply Algorithms 2 and 3 to nodes reached by each partial
network only. That is, for a given partial network, the nodes with no observed edges are
removed. Table 2 summarizes the performance of Algorithm 3. The results from Algorithm
2 are similar and presented in Table 8 of the Appendix. In this setting, the accuracy rate
is calculated using only nodes included in each partial network; similarly the ratio of edges
is calculated out of the subnetwork after removing isolated nodes in the partial network.
These observations again demonstrate the importance of identifying which nodes contain
the most powerful partial information about community structure. Moreover, it shows our
algorithms can be successfully applied to recover local community structure by restricting
attention to nodes reached by the partial network only, even though our theoretical analysis
has focused on global community memberships.

6. Discussion

Each individual in a social network only has a local understanding of the full network, which
has motivated us to study the problem of inferring global community memberships using
such a local view. In contrast to the popular line of works that performs statistical inference
of global network properties by patching together a large number of local subnetworks, we
focus on what is attainable using one subnetwork only. This perspective has also allowed us
to propose a new centrality measure that assesses the importance of an individual’s partial
information in determining global community structure. As shown in our analysis of simu-
lated and real networks, this measure is capable of identifying information complementary
to other commonly used centrality measures.

We have considered three different types of recovery overall. On the theoretical front, we
have analyzed weak recovery and exact recovery of community memberships for all nodes,
both can be considered as a form of global recovery. In practice, when the network is sparse,
we can apply our algorithms to only individuals reached by the partial network and compute
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the accuracy rate on this subset of nodes, as we have done in the political blog data analysis
in Section 5.3. This is a form of local recovery, which is more challenging to analyze since the
partial network contains random individuals. A meaningful future direction is to extend our
theoretical analysis and recovery guarantees to this setting. It is also plausible to consider
a hierarchical form of recovery, which becomes weaker for layers of individuals further away
from the center. This would be relevant if we believe the connectivity probability decreases
as L increases.

Another more specific question is, can the individual of interest correctly identify their
own membership? From a practical point of view, after one assigns everyone else into K
communities, they can decide on their own affiliation based on side information. Alterna-
tively, we could analyze the asymptotic properties of the eigenvectors of B and design a
correction step accordingly. This is a point that we would like to pursue in future studies.

There are many interesting topics under the individual-centered partial information
framework. We end our paper with five open problems to inspire further work. (1) A
data-driven way of choosing the number of communities K: one possible solution is to
study the differences between spiked eigenvalues and non-spiked eigenvalues (e.g., Fan et al.
(2019b); Cai et al. (2020)), but other approaches are also possible. (2) It is possible that
the individual of interest knows their edges exactly but can only identify their neighbors’
edges with a high probability, then the community detection algorithm should account for
the noise in these edges. (3) Extend our analysis to the more expansive L = 3 partial
information networks. (4) In addition to community detection, we can also study other
problems, such as link prediction, mixed membership profile inference, subgraph counts,
under the current framework. (5) How to combine multiple, but possibly finite, individuals’
partial information and collectively gain a better understanding of the full network is also
an interesting problem to explore.
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Appendix

The appendix contains the proofs of main results and some established results we cited in
the proofs for readers’ convenience. Additional results from simulation and real data are
also presented.

Appendix A. Proofs of the results in Section 2
A.1 Proof of Lemma 1

To show (3), it suffices to prove
| = ES(EA)ES + (EA)ES + ES(IEA)[| = op(|IBzl), [EB|| =op([Bgl).  (23)
By the definition of S, a;; is independent of S for i > 2 and j > 2. By (2.2),
Eb;; = Eaij(1 — (1 —Eay;)(1 — Eayy)), 2<i#j<n.

Therefore IEB is equal to —(IES)(IEA)(IES) + (IEA)(IES) + (IES)(IEA) except for the di-
agonal entries, the first row and first column. Then we have

IIEB—(—(ES)(IEA)(IES) + (EA)(IES) + (ES)(EA)) | S (3 (Ea1;)*)*+p, < (Vat+1)p,.
j=1
Therefore, it suffices to prove the first inequality of (23).
First of all, we look at the matrix

(ES)(EA)(ES).

Since (IES)(IEA)(IES) = (IES)VDV ' (IES), (IES)(IEA)(IES) has the same non-zero eigen-
values as DV (IES)2V. The counterpart of (IES)(IEA)(IES) in Bg is S(IEA)S, whose
non-zero eigenvalues are the same as DVTS?V. 1In this case V' (IES)?V = p2I and
E(VTS2V) = p,I, which means that we cannot replace S by IES for DV 'S?V. Simi-
larly, we can show that IE||(IEA)S||% = tr(IEAIE(S?)[EA) = n?p3 > ||[(IEA)ES||%2 = n?p?.
These insights combined with Condition p,, = o(1) imply that

| —IES(IEA)IES + (IEA)IES + IES(IEA)|| = o,(||BE]||) -

A.2 Proof of Theorem 1

Note that det(y*I-yDVTSV-D(I-V'SV)DV 'SV) is a polynomial of y with degree 2K.
Hence the equation det(y?*I—yDV 'SV —-D(I-VT'SV)DV'SV) = 0 has 2K solutions in
y € C. Moreover, as V'SV and I~V TSV are invertible, det(D(I-V'SV)DVTSV) = 0;
hence y = 0is NOT a solution. Let z = 1, then 272X xdet(H(z)) = det(y*I-yDV SV —
D(I - V'SV)DV'SV). Hence there are 2K non-zero solutions to det (H(z)) = 0 (i.e.,
(4)). Denote these solutions by x_g,...,z_1,21,...,TK.
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Then it remains to prove that for each i € [+ K], q; is an eigenvector of Bg corresponding
to the eigenvalue xi_l, q; # 0, and z; € R. By the definitions of qi; and q9;, we have

( — S(EA)S + (EA)S + S(IEA)) (SVay; + (I—S)Vay)
=VDV'SVqy; +#,SVD(I -V 'SV)DV'SVqy,
= ;' (Vazi + SV(qui — q2i)) = z; ' (SVau + (I - S)Vay), (24)

where the second equation follows from
qii — DV 'SVqy; — 2?D(I-V'SV)DV'SVqy; = 0. (25)

Therefore q; = SVqi; + (I — S)Vqy; is the eigenvector of —S(IEA)S + (IEA)S + S(IEA)
corresponding to the eigenvalue x;” Lif q; # 0. We prove q; # 0 by contradiction. Actually,
if gq; = 0, by the definition of q;, we have

0= a3 >af;V'SVai =0.
Then (VTSV)!/2qy; = 0 and by (25), we have
qii = ,DVTSVqy; +2?D(I - V'SV)DVTSVqy;; =0,

which contradicts with ||qy;]|]2 = 1! Finally, since —S(IEA)S 4 (IEA)S + S(IEA) is a real
symmetric matrix, its eigenvalues r_g,...,x_1,21,...,Tx are real numbers. Without loss
of generality, we can take x; < z; for all i < j.

Recalling that IEA = VDV " we have

EA — (I-S)EA(I—S) = (V,(I—S)V)diag(D,-D)(V,(I-S)V)T .  (26)

By simple algebra, the non-zero eigenvalues of (V, (I — S)V)diag(D,—D) (V,(I—S)V)"
are equal to the non-zero eigenvalues of

T —
diag(D, ~D) (V,(I-8)V)" (V,(I-S)V) = ( ]3 _23 ) < VT(II— S)V ng = 35 ) '

Since VISV and V' (I — S)V are invertible , we have

det << VT(II— SV xig B ng )) =det(VI(I-S)V— (VI (I-8)V)?)
= det(VISVVI(I-S)V)#0.
Combining this with (26), we have
rank( — S(IEA)S + (EA)S + S(]EA)) — 2K .
We will show that there exists qi9 and qog such that

qo =SVaio+ (I-S)Vay. (27)
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Indeed, we have
v qo = Bpqo = (—SVDVTS L VDV'S ¢+ SVDVT) Q.- (28)
Multiplying both sides of (28) by S, we have
x5 '8qo = SV(DV "qp) . (29)
Similarly, multiplying both sides of (28) by (I — S), we have
75 (I—S)qy = (I-S)V(DV ' Sq). (30)

Notice that qo = Sqo + (I —S)qg, by (29) and (30), (27) holds by defining q19 = 20DV " qq
and qop = 20DV 'Sqp. Now it is ready for us to show the statement below (5) hold.
Substituting qo = SVqio + (I — S)Vag and IEA = VDV T into the eigenvalue definition

Bpqo = ;5 'qo,
we have the following equality
VDV 'SVqyo+SVD(I — V'SV)qa = 25 [SVaio + (I - S)Vay) - (31)
Multiplying VT (I — S) to both sides of (31), we have
V'(I-S)VDV'SVqy =,V ' (I-S)Vag.

This means that qog = 20DV 'SV qo if VT (I-S)V = I-V TSV is invertible. Substituting
q20 = oDV SVqyq into (31) and multiply both sides of (31) by V'S, we see that qig
is should be an eigenvector of H(z) corresponding to the zero eigenvalue if VISV is
invertible, therefore det(H(zp)) = 0. Summarizing the arguments above, we finish our
proof.

A.3 Proof of Lemma 2

By Condition 1, for sufficiently large n, there exists a positive constant ¢ such that
VI(ES)V <p,I and 2ep,I < V' (ES+ (p, — Eaji)ere] )V,
in which e; = (1,0,...,0)" € IR™. Condition 2 implies that

KC?
VT (9 — Eayy))ere] V|p < 22 .

Combining the three above inequalities together, we have
epp ] < VIIES)V < p,I. (32)

Then we study the relation between V' (IES)V and V'SV. By Lemma 17, we have for
any t > 0,
P

t2/2

.

v, S—]ESv»lzt <exp | — , 33
( Vi ) < Z?:l v?lv?lvar(511)+ Iéf) 33)
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in which L = € by Condition 2. It follows from Conditions 1 and 2 that,

- C%pn
Z vzlvjlvar (Su) < pn Z Vle .

We choose t = 2¢1+/logn - 4/ pn%g for some constant ¢; > 1. With this choice of ¢, under
Condition 1, it holds for sufficiently large n that

t2/2
3 Lt > c1logn.
POy 1szij"31"( u) +

4 logn

It follows from Condition 1 that p, > t. Moreover, since ¢; can any positive

constant, by (33), with high probability we have

—Cpn<4 log")lgvT(s—ES)Vgpn <4 bg”)I. (34)

nPn Npn

This combined with (32) implies that with high probability,

41 1
epn [ 1= 222 1< VTSV <p, [1+ ¢28" I<<1—5)I.
Npn npn 2
A.4 Proof of Corollary 1

By Lemma 2, with high probability, both VTSV and I — VTSV are invertible and the
inequalities (6) hold. In the rest, we restrict ourselves to this high probability event A;.

We will show that for suitably chosen q;, dim(span{q;,! € [£K]}) = 2K. Concretely,
for any given pair ig # jo, we consider two scenarios (I) and (II).

(I) zi, # xj,. Note that —S(IEA)S + (IEA)S + SIEA is a real symmetric matrix and
q;, and qj, are eigenvectors corresponding to distinct eigenvalues, then q;(—)qjo =0.

(IT) z;, = zj,. In this scenario, the argument above does not directly apply. However,
we can perturb the entries of A and S and replicate the argument, and then make the
perturbation vanish in the limit. Concretely, we replace a;; by @;; = a;; + e~ ¢g;j, where
m > n, gi; = gji and g;; follows i.i.d. standard guassian distribution for i < j. Then the
entries of A = (@;;) are absolute continuous random variables. Then the entries of the
matrix —S(IEA)S + (IEA)S + SIEA, where S = diag(d11, .. ., d1n), are absolute continuous
random variables, and its nonzero eigenvalues are not equal almost surely (c.f. Knowles
and Yin (2013)). Similar to EA, we write EA = EA = VDV . By the tail probability

of standard guassian distribution, max;|a; — a1 < lg’g"n with high probability. This

combined with with Lemma 2 implies that VTSV and I — VTSV are invertible with
high probability. Denote this high probability event by As. In the following, we restrict
ourselves to A; N Ay. Note that with a;; replaced by (@;;), counterparts of Theorem 1
holds by following exact the same proof, and we use notations qi;, qo;, and q; accordingly.
By Theorem 1, ||qii|l2 # 0, i € [£K]. Without loss of generality, we assume ||qy;|j2 = 1,
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i € [£K]. We denote the non-zero eigenvalues of —S(IEA)S + (IEA)S + SIEA by T_j,
je{£l,...,£K} and fz:\z-_1 < :/1:71 for ¢ < j. Moreover, as almost surely, the non-zero real
eigenvalues of —S(IEA)S + (IEA)S + SIEA are not equal, we can just ignore the measure
zero set and take T < 5?;1 for i < j. For the particular indexes ig and jo, we have
a;gajo =0.

By Weyl’s inequality, limy,, o0 Tiy = @i, and lim,, o Tj, = x;j,. Without loss of gen-
erality, assume that the limits limy,, oo 15, and limy,, o qij, exist. Otherwise, because
ld1ioll2 = ld1jll2 = 1 < 00, we can always find a subsequence of {m, m + 1,...} and take
the limits on this subsequence. Denote by qii, = limy, 00 14, and qij, = limy, o0 Gujo- It
can be shown easily that q;, and qj, are unit eigenvectors of H(x;,) and H(z},), respec-
tively. Let q;, = SVqui, + (I—S)Vay;, and qj, = SVqyj, + (I-S)Vqaj,. By the definition
of q;,, we have R o

[-S(EA)S + (EA)S + SEEA]G;, = ;' G, -
Then

o~ A~ o~ o~ o~

[~S(EA)S + (EA)S + SEA]q;, = lim [-S(EA)S + (EA)S + SIEAJG;,
= lim [.56\;01&20} = I‘;quio .

m—0o0

Combining this with Lemma 2, q;, (qj,) is not equal to 0 and it is the eigenvector of
—S(IEA)S + (IEA)S + S(IEA) corresponding to xi_ol (95]_01) Moreover,
T . ~ \T/ 1 ~ . AT ~
Qo Qjo = ( lim Qo) ( lim qjo) = lim G;,qj, =0, a.s.

In the above, one should note that the limit is taken on m while n is fixed.
Therefore we can finish our proof of the first statement (7). The second statement
follows from (7) directly.

A.5 Proof of Theorem 2
Because det(I — AB) = det(I — BA), det(H(z)) =0 (i.e., (4)) is equivalent to
det(I— z(VTSV)2D(VTSV)/2 — 22(VTSV)/2D(I1 - VTSV)D(V'SV)/2) = 0. (35)

Let Ay = (VTSV)I/QD(VTSV)1/2, Ay = (VTSV)1/2D(I _ VTSV)D(VTSV)1/2 and
y = 1/z. Then (35) becomes

det(y*T — yA; — As) = 0. (36)

By Lemma 2 and Condition 3, with high probability we have

logn
|AL] < || [VTSVI| < [di] - ps <1+4 o )ﬁnpi- (37)

n

Also by Lemma 2 and Condition 3, it holds with high probability that
3T <A (VISV)AR(DHI < Ay < M (VISV)A (D) < npil. (38)
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Combining (37) and (38), we have with high probability,
1
A Sppl S —As. (39)
npn

Similarly, we also have
Ay 2 npll. (40)

For y to be a solution for (36), it must hold that
M (yA1 + AT < o°T < A (yA; + Ag)T.
Combining this with (38) and (39), we have
—lylnpr I+ 0*ppl S y?1 S Jylnppl + n*pp 1.
Therefore we have

—|y¢|npi +n%pd < yz2 < |yl|np,% + ”21931’ 1==41,..., K. (41)

n ~

For the right inequality that y? < |yi|np? +n?p3, by the solutions to quadratic equation in
one unknown, we imply that

lyi| S np? + /n2pd + An2pd < npd/? .

Similarly considering the left inequality of (41), we have
[yil 2 —np;, + \/n2ph + 4np} 2 npl/? .

It follows from the two above inequalities that |z;|~! = || ~ npi/ ®. This conclude the
proof of the first claim.
When p, — 0, by (39), we have |y;]A; < pi/ A5 < Ay. Then to approximately solve

for y in (36), we solve z in the following determinant equation
det(2*T — Ap) = 0. (42)

The left hand side of (42) is a 2K polynomial of z; therefore (42) has 2K solutions in z.
A straightforward calculation shows that (42) has 2K solutions £4/A;(A2), i € [K]. By
Lemma 2 and an intermediate step (34) in its proof, it holds with high probability that

IAi(VT(ES)VD(I - V' (ES)V)D) — \;(Ay)]

1
= IN(VT(ES)VD(I - VT (ES)V)D) — Ai(VTSVD(I - VTSV)D)| < n?pd < s Zif) .

Combining this with eigenvalue separation condition pu;, we have

Ai—1(Az)

1 < -
+Cl_ )\/L(A_Q) )

i=2,... K, (43)
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for some positive constant ¢;. For i = 1,..., K, let y1; = /\i(A2) + po/Snl/2,/ lA1]] and
y2i = /Ai(Ag) — 5/6 n'/2\/||A1]), by (38), (39), (40), (43) and Weyl’s inequality, it can be
shown that with hlgh probability

N1 (A1 + Az) > Ni1(As) — [yl A1l > (1 + c1)Ni(Ag) — n2pl/271/100 5 2
~ Xi(Ag) — (=1)'n?p/3 (44)

N1 (UiA1 + Az) < Niy1(Az) + |yl | ALl < (1+ c1) 7 N(Ag) + n2pl/271/100 < 2
~ Ai(Ag) — (=1)n2pl3 1 =1,2. (45)

By Weyl’s inequality and (44)-(45), we have

Ni(y1iAs + Az) < Ni(Ag) + [yl |A1] < v%i,  Ni(y2iAq + Az) > N(Az) — |yaill| A1 > v3; -

(46)
It follows from (44)-(46) that
det(y,I — y1:A1 — Ag) - det(ygil —y2iA1 — Ag)
K
H vt — Aj(y1iA1 + Asg)) H Y3 — Aj(y2iA1 + Ag)) < 0. (47)

Since det(y*I — yA; — Ay) is a continuous function of y, there exists one y; € [yo;, y1i]
satisfying (35), or equivalently (36). Moreover, by (38),(39), (40) and (43), the intervals
[y2i,y1:] are non overlapping for different ¢. Hence the second claim of Theorem 2 holds
for i € [K]. Similarly, the second claim of Theorem 2 holds for ¢ < 0 by almost the same

proof if we define y1; = —v/Axyit1(A2) +p/on V2 /A1) and y2; = —/Ax1it1(A2) —
pol 02 /T,

A.6 Proof of Lemma 3
By Theorem 5.2 of Lei and Rinaldo (2015), with high probability we have

A —TEA| S vapn - (48)
Combining this with the fact that ||S|| < 1, it holds with high probability that

1B =Bgl S vipn -

(3) and Theorem 2 (first part) imply the second part of this Lemma, whose proof we omit.
Therefore we complete the proof of this lemma.
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A.7 The matrix A and no-self loop

In network analysis, if there is no self-loop, then the diagonal entries of the adjacency
matrix are 0’s. In this case we should analyze A=A— dlag(an, Y aml mS‘cead of A
and therefore individual 1’s perceived adjacency matrix is B = —SAS + AS + SA where
S=S- diag(a11,0,...,0). In this case, EA may not be a low-rank matrix, while IEA is.
For instance, we look at a simple SBM with n = 4, where the corresponding 4 x 4 expected
adjacency matrix with self-loop can be expressed as

b11 P11 P12 P12
EA — p11 P11 P12 P12
P21 P21 P22 P22
P21 P21 D22 P22

in which pi2 = p21 < p11 = p22, and p;; € (0,1). Clearly rank(IEA) = 2. In contrast, the
expectation of the matrix A is

0 pi1 pi2 P12

EA — | Pu 0 pi2 pi2
p21 p21 0 p2o

P21 p21 p2 O

It is easy to show that rank(IEA) = 4, so IEA has the full rank.

There is a rich line of network literature that assumes a low-rank structure of A, includ-
ing Zhao et al. (2012), Abbe (2017), Abbe et al. (2017), and Zhang et al. (2020). Moreover,
in this paper we consider the case that ||A —IEA| — oo, which is a common assumption in
network models. Loosely, this assumption is to avoid extremely sparse networks (e.g., we
do not deal with the case that the largest degree of the nodes is bounded). By the equation
A=A+ (A-IEA) and [[A - EA| ~ [[A —IEA|| — oo, A —IEA can be regarded as the
“noise matrix” of the model. Hence the noise level (measured by spectral norm) of A is not
changed compared to A. In other words, the signal matrix of A is essentially [EA. Therefore
a major term of B is also a major term of B, and Theorems 1-2 can be applied too. On the
other hand, by the definition of Bernoulli random variables, ||diag(a11,a22,...,an)|| < 1.
By checking the proofs carefully, the community detection results from Theorem 3 to The-
orem 5 mainly rely on the order of the gap between |B — Bg|| and the smallest non-zero
eigenvalue (in magnitude) of Bp. It is essentially the same as the gap between |B — Bg||
and the smallest non-zero eigenvalue (in magnitude) of B, where the difference between
S and S can be shown to have a negligible effect on this gap. Therefore Theorems 3-5 hold
for the stochastic block model without self-loop. Given the above arguments, throughout
this paper, we only consider A (instead of A) for convenience.

Appendix B. Proofs of the results in Section 3
B.1 Proof of Lemma 4

As we have assumed that individual 1 belongs to community 1, P(ay; = 1) = = TP =
e/ P, for [ € [n]. Then in view of the definition of p, and MiNgc(f] P1k ~ Pn, it follows
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that ming>y IP(ay; = 1) ~ p,. Moreover, 1 — ¢ > p, > (1/n)/? > logn/n. Therefore
Condition 1 is validated.
By mingcx) 2?21 1(m; = eg) > con, ok (P) > cipp, we have

rank(IEA) = rank(IIPII") = K .

Recall the eigen decomposition IEA = VDV, in which V = (vi,...,vg). By the
structure of the stochastic block model and rank(IEA) = K, there are K different rows in
V corresponding to the communities and hence there are K? different values in V at most.
Indeed, let vi(l) be the I-th entry of v, by the definition of eigenvector, we have

(]EA)Vk =dpvy, for k € [K] ,

and therefore

n

Z (’n‘l—rP’n‘jvk(j)) =dpvi(l), forke[K]andlE€ [n].

j=1
For any [y # ly with m;, = m;,, we have ﬂ'l—l;Pﬂ'j = 7rl—£P7rj, j=1,...,n and therefore
n n
> (wlPrvi()) = D (whPmve(G) ) = dvic(la) = dyvi(la)
j=1 j=1

Notice that m; € {e1,...,ex}, i € [n]. Then we conclude that V has at most K different
rows and {v.(l),k € [K],l € [n]} only has at most K? distinct values. Moreover, as
), # T, means that [ and [y belong to different communities, the rows of V with distinct
values are corresponding to different communities. Since rank(IEA) = rank(VDV ") = K,
rank(V) = K and therefore V contains exactly K different rows.

Without loss of generality, assume that the first K rows of V are different and we
denote this K x K matrix by V(&) Since distinct row values are corresponding to different
communities, the first K rows of IT are different. Noticing that 7; € {e1,...,ex}, i € [n];
without loss of generality, we assume the first K rows of IT equal to I. Let D = V) Then
it follows that

V =IID. (49)

Because D' IT'TID = V'V =1, we have DD > +1I, where P = maxpe(x) -1 1(7;
e;). Therefore, (9) is proved. Moreover, by the condition that minge(x) Y27, 1(m; = ey)
con, we have

DD < LI.
con

Therefore we have
D max <

1
Jeon
Combining this with (49), Condition 2 holds. Now we prove Condition 3. Notice that
M1 = 7r1ﬂ'1T + ..., +m,m) is a K x K diagonal matrix whose diagonal elements are
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> j—1 1(mj = ex), k € [K]. By Condition 4, we have

dﬁ( =02 (EA) = 0% (IIPII") = A\ (IIPII ' TIPII")
(PHTHPHTH) > Ag (T I\ (PTI' TIP)
%( Ak (P?) = 0% (M I)o% (P) Z n*wy, .
This, combined with
N n 1/2

H]EAHF = az] = 1 < npy,
j=1 1= 1

implies that |dy| ~ ...~ |dk| ~ np,, which is Condition 3.

B.2 Proof of Lemma 5

First note that (10) can be equivalently expressed as

Q= (\S/;,(I— S)H> O, where Q= < \/%3291 > . (50)

We have the following lower bounds.

Lemma 8 Under Condition 4, with high probability, there exists some positive constant co
such that

Q0" > (ean)™ M, DQ,Q D" > (eon) I, and p,DO1Q DT > (cgn)~'I.  (51)

Proof Substituting (50) into Q" Q = I we have,

I=Q'Q= Q' diag (HTSH, ' (I— sm) Q. (52)

n

By Lemma 2 and (9) in Lemma 4, there exists a positive constant ¢y such that with high
probability,

diag (HTSH, 13 G - S)H> = diag(D",D") " ldiag <VTSV, viI- S)V> diag(D, D)~ !
< conl. (53)
By (52) and (53), with high prbability we have
QQ" > (c2n)™'T.
Then by the definition of Q in (50), we have

DQQQ;—DT > (czn)_ll and p, DO, QIDT > (CQn)_ll.
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Proof [Proof of Lemma 5| By (10) and Corollary 1, SIT and (I — S)II contain K different
non-zero rows in each matrix; without loss of generality, these rows can be rearranged as
2K x 2K identity matrix Iox = diag(Ix, Ik ), where the two Ix’s correspond to the different
non-zero rows of SIT and (I — S)II respectively. For (11), without loss of generality, assume
that m; = e; and 7; = ey, a;; = a1; = 1. The other cases a1; # a1; and a1; = a1; = 0 can
be proved similarly.

By (51) in Lemma 8, with high probability, uniformly for j we have

1Q()0 — Q()Oll, = | (e — el (SH (- s>n) 00

‘ ! N )
(2K) _ _(2K)
(2K) _ (2K) leg” —ey Tl /2
> — > = —_—
> |I(ey ey )2 x 02k (QO) > on o

For (12), without loss of generality, assume that w; = 7; = e1, a;; = 1 — ay; = 1. Similar
to the inequality above, we have

1Q(1)0 — Q()Oll; =

o =) (S - sym) oo

vV Pn 9
(2K)  (2K)
2K 2K le;™ —epille 5
> (%) — )|y x oaxc (QO) > = Vo

The implication (13) follows from the expression of Q in (10) and the fact that ||Q(7)O —
Q)02 = |1Q(>7) — Q(4)]|2 for an orthogonal matrix O. [ |

B.3 Proof of Lemma 6
By Lemma 3, with high probability we have

B =Bzl S vnpn -

Note that Q consists of unit eigenvectors of Bg and Lemma 4 validates the first statement
in Theorem 2. Then by Davis-Kahan theorem in Davis and Kahan (1970) (c.f. Theorem
10 in Cai et al. (2013)), with high probability we have

T aqTe—o (Y _ o
IWW™ - QQ ||F—o<npi/2>_o(ﬁpn>.

Moreover, it follows from the definition of O that

W - QO|J3 = & [(W - QUIUJ) (W - QU,UJ)|

— tr (WTW +U,UTQTQU U] — 2U2U1TQTW>

= 4K —2tr(UU{ QTW) < 4K — 2tr(Q"WW ' Q)

= [WW' -QQ'[, (54)
where the inequality follows from [|X| = |QTW| < 1 and tr(UsU{ QW) = tr(X) >
tr(2?) = tr(QTWW Q). Therefore (14) is proved.
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B.4 Proof of Theorem 3
To prove Theorem 3, we need a few more auxilliary results. The next lemma gives some

theoretical properties of Algorithm 1.

Lemma 9 Under Condition 4, for any 1 x 2K row vector ¢ and i € [n], if ||c — Q(#)O||2 <
1/4/2¢can, where co is the same as in Lemma 8 and O is defined in Lemma 6, then with high

probability, ||c — Q(j)Oll2 > 1/v/2can for all j € [n] such that w; # ;.
Proof In view of Lemma 5, we have

le = Q()Oll> > [Q(H)O — Q()Oll> — [le — Q(HO|> > \/Tn - ¢217 B ¢21*n

Next we bound the set M, which in turn will be used to give an upper bound on the
final misclustering rate.

Lemma 10 Under Condition 4, let {c;,i € [n|} be the centroids returned by (15), then for
M defined in (16), it holds with high probability that |M| = O (1/p%) .

Proof First, we show that SII has K different nonzero rows with high probability. Con-
cretely, we will show that

IP(3k € [K] : aj; = 0 for all i € [n] such that m; = e) = O(n"P), (55)

for sufficiently large n, where D is some positive constant. In fact, by Condition 4, for
sufficiently large n depending on D, (55) follows from the inequality that

L.H.S of (55) < Z IP (a1; = 0 for all ¢ € [n] such that w; = ey)
ke[K]

2= W(Ti=ey,) SR (T =ey)
< Z |:1 — minIP(au = 1):| =0 <e NG ) = O(’I’L_D) .
ke[K) '

By the decomposition equation (10) of Q, we have SQ = SIIDQ;. In view of Lemma 8§,
DQ(DQ;)" is a K x K positive definite matrix, and so SQ has K different non-zero rows
with high probability. Then, as O is an orthogonal matrix, SQO has the same property.
Similarly, we can show that (I—S)QO has K different non-zero rows with high probability.

Then, as {c;,i € [n]} are the centroids returned by (15), we have with high probability,

[SW — SCJ|r < |SW —SQO||F,

and
[(I=S)W — (I-S)Cllr < [[I-8)W — (I-8)QO||F.

Then it follows

ISC ~ SQO|r < [[SW — SC||r + [SW — SQO| » < 2[SW — SQO|r,
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and

|(1-S)C - (1-8)QO||r < [[(L—S)W — (I - S)C||r + (L - S)W — (I S)QO| |
<2|(I- )W - (I 5)QO||r.

Combining this with Lemma 6, we conclude that with high probability
(M| =D 1<2¢n ) flei — Q)O3 < 2¢con Y _ [le; — Q(i)Ol3
ieEM 1EM i€[n]
= 2¢on (||SC — SQO|% + [|I - S)C — (I - S)QO|%)
< 8con (|SW - SQO|[% + (I - S)W — (1 - 5)QO| %)
=0 (n(|SW —SQO[[% + (I - $)W — (I - 8)QO|7))
=0 (n|W - QO|%)

=0 (33) 0

Finally, we need the following guarantee for our merging strategy in Algorithm 2.

Proposition 2 Let € = {c1,...,cx} and © = {01,...,0x} be two ordered sets of size
K and let fo : [K] — [K] be the unique permutation such that cg; = 0; for all i €
[K]. Suppose that the K elements in these ordered sets have been endowed with pairwise
connection probabilities. Let C = (¢;;) be a K x K matriz such that the (i, j)-th entry c;;
is the connection probability between ¢; and ¢, and D = (d;;) be a K x K matriz such that
the (i, j)-th entry d;; is the connection probability between ¢; and d;. If rank(C) = K, then
for a permutation function f : K] — [K],

f="Jo= C,p) =Ds)

where the (i, j)-th entries of C(r.p) and Dy .y are cpiyp) and dy)j, respectively.

Y

Proof As ¢y ;) = 0; for i € [K], the matrix D is formed by a column permutation of C.
Therefore, we have
rank(D) = rank(C) = K,

which implies that columns of D are distinct. By the definition of fy, clearly we have
f=1o= C(o.f0) = D(fo,) -
On the other hand, if f # fo, there exists a jo € [K] such that
f(do) # foldo) -

This, combined with the fact the columns of D are all distinct, implies

T T
(Cr)fGoy: - -+ €N fGo)) 7 (dp1yjos -5 dp(rc)jo)
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Hence there exists ig € [K| such that

Cf(i0)f(Go) 7 Lf(io)io -
In other words, Cy r) # Dy .. |

Combining the results above, we now prove Theorem 3.
Proof [Proof of Theorem 3]
For 4,5 € M€, by Lemma 9, with high probability we have

C; # Cj,a1; = a1; & W £ T, a1 = aij, (57)

which means that in Step 2, for 7, j € M€, with high probability i and j are assigned to the
same cluster if and only if a1; = a1; and m; = ;. By (10), Q has 2K different rows

R ={e|DQi,e[DQ,,...,exDQ,e;DQs}.

Notice that, for [ = 1,2, respectively, e, reflects the membership of individual ¢ if 7; = ey;

hence {e]DQ,...,e;DQ;} C R can be regarded as the “membership” vectors for the

individuals {i € [n] : a1;; = 2 — }. By (57), with high probability, in step 2 of Algorithm 2,

i€ MeN{i€n:ay,=2—1}is assigned to the cluster associated with e] DQ; if m; = e
Therefore, with high probability we have

li € [n] : {In step 2,1 is not assigned to the cluster associated with e] DQ; or el DQy}| < |M|.

By Lemma 10, under Condition 4, we have

M| =0 <p12> . (58)

n
We say the 1st group is {i € [n] : a1; = 1} and the 2nd group is {i € [n] : a1; = 0}. Let S;(k)
be the collection of individuals belonging to k-th community in the I-th group, and S;(k) be
the k-th cluster of the [-th group returned by step 2. Let ﬁéll)kz and ﬁﬁ)kz be the (kq, ko)-th
entry of PSS and PSI-S (defined by equation (17)) respectively. Let PSS = (ngll)kg) and
PSI-S — (p,(fl)b) be the corresponding population versions. Note that there exists a unique
permutation function fy such that

S,S S,1-S
Pf07fo - Pfo,* ‘ (59)
Without loss of generality, we assume PS1-S = P,
1
Pk~ s, = [S1(k0)lISu (k)| | > (bij — pi,)
PRI e 81 (k)81 (k1 ) €81 (k2) NSy (ko)
!
+ Z (bij — p;(ﬁ);w)
i€S1(k1)\S1(k1), j€S1(k2)NS;(k2)
!
+ Z (bij — P;(ﬂ)b)
i€S1(k1)NS1 (k1), j€Si(k2)\S1(k2)
!
- > (b — pi,)| (60)

i€S1(k1)\S1(k1), 5€Si(k2)\S(k2)
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and
1 0)
= = (bij — Prik )
[S1(k1)|[S1(k2)] 1€81(k1),5€S;(k2) -
1 l
el 2 i
BMUNIRRR2T 68, (k1)n81 (k1) 5 €8 (k2)S) (k2)
!
+ > (bij = Piyy)
i€81(k1)\S1(k1), j€Si(k2)NS;(k2)
!
- > (bij = Piy)
i€81(k1)NS1(k1), 5€81(k2)\S;(k2)
l
+ > (b — Py, - (61)

i€S1(k1)\S1(k1), 5€Si(k2)\S; (k2)

By Lemma 17, with high probability, we have

SiB)l= > au~ Y. Eay~npyke (K], (62)
1€[n]: T i=ey, 1€[n]: T ;=ey,
and
S:(B)l = > (Q-aw)~ Y, E(l-ay) ~nkel[K], (63)
iG[n]:ﬂ'i:ek ie[n]:ﬂ'i:ek

Moreover, by (58), with high probability we have

B0 IS0k < [8uk) \ Su0) + 1810\ 8] < ) =0 ) 1= 1.2 ke K],

Pr
(64)
It follows from (62)—(64) that with high probability,

1 1 1
1S1(k1)|Si(k2)|  IS1(E1)[[Si(ke)] o <n%;’1> ' (60)

By the condition p, > (%)1/ 2 and (65), with probability tending to 1, the first term in
(60) is bounded from above by

1 S (by—piy) =0 (1) < P - (66)

S1(RDIS1(R2)] s, 1ty 7€ (ko) "Pn

By (56), we have
> 1=0(IsC-SQO|}).

a1;=1,i€S1

Therefore, we can see that

E > 1:0(i). (67)

a1;=1,4€M Pn
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First of all, we have

1 l
(k) [8102) 2 b =i
BMUTPRR2I 8, (ki )\S1 (K1), €81 (k)
1
" Bulk) [8i(ke) 2 1=kl =1
LM €8) (k)\S1 (K1), €S (K2)
1 @
4 _ o\ I(bi; =0). (68)
1S1(k1)||S (k)| 2 e

i€S1(k1)\S1(k1), j€Si(k2)
For the first term of the right hand side of (68), we have
E > 1= P, (b = 1) < > (EI(bi;j = 1)) = O(|Si(k2)|)-

€81 (k1)\S1(k1), j€Si(k2) ari=1eM, jeS;(k2)
(69)

Moreover, considering the second term of the right hand side of (68), by (67) we have

E 3 P, I(bij = 0) = O(pn 3 (I (bij = 0)))

€81 (k1)\S1(k1), 7€S;(k2) ari=1,ieM, j€S;(k2)
= O(|Si(k2)|)- (70)

Therefore, we imply that

1 0 ( 1 )
= = —-p = — | L P 71
1S1(k1)[[Si (k)| 2 b =Pl = O {5 =

i€S1(k1)\S1(k1), jESi(k2) !

Similar to (71), we have

1 1

e ~— Z |bij _pk‘lk2| = Op < > < Pn, (72)
= npn

[S1(k)[[Su(k2)| i€S1(k1), j€S1(ka)\S; (k2) P

L 1
Si(k)|IS bij = Prake| = Op | —— | <pu, (73
IS1(k1)|[Si(k2)| . 4 Z R 1bij = Drike| P (npn) D (73)
i€S1(k1)\S1(k1), j€S1(k2)\S:(k2)
and
! l
]§1(1€)H§(k:)][ ) > by |
PIPRE2I 81 ()\81 (k1) 5€81 (k2) 81 (k2)
O] 0
! Z |bZ] _pk1k2| * Z |bZJ _pk1k2|
i€81 (k1)NS1(k1), 5E€S1(k2)\Si(k2) 1€S1(k1)\81(k1), j€S1(k2)\S;(k2)
1
= Oy ) < 74
? (npn> <P ( )
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By (61) and (74), we have

1 @
= — > (bij = Dyy) | < P - (75)
[S1(k1)[[Si(k2)] €81 (k1)NS1 (k1),5€S: (k2)NS; (k2)

Therefore, by (60), (66)—(73) and (75), we have max; je(x) ‘pklkz —pk1k2| & pp. In view
of this result, if fo fo, it follows from (59) that

5S,I-S
HP (fo,f0) P ||F < Pn -

Otherwise if ﬁ) % fo, by Condition 5 and Proposition 2, we have

H"S,S . "S,I—S”

R

Recall that fo is defined by fo = argminy HP PS r £.) ||F Hence, with probability

(f.f)
tending to 1, we have fo = fo. Therefore, by Algorithm 2 with probability tending to 1,
the set R can be merged into

= {{eIDQl, eIDQQ}, N {e};DQl, E%DQQ}} .

Notice that the 2K clusters are merged into K communities According to R. Then it
follows from (57) that with probability tending to 1, for i,j € M€,

Individuals 7 and j are assigned to the same community < m; = ;.

Furthermore, it holds with probability tending to 1 that

[{i € M€ : i is assigned to group k such that w; = ey }|
n

1 — Misclustering rate >
MM

n n

in which the first equality follows from Lemma 3. By Lemma 10, we have with probability
tending to 1, M| = O(1/p2). Then p, > (1/n)"/? implies that |M|/n = o(1).
|

B.5 Proof of Proposition 1

Actually, (20) follows from Lemma 4.1 of Lei and Rinaldo (2015) directly. Therefore we
only need to prove the first statement of Proposition 1. Conditions 4 and 6, together with
Lemma 17 imply that

nI STTEQML S v, |[IT (0% — EO?) H|| = o(n), (76)

holds with high probability. By (76), the remaining proof of Proposition 1 is almost the
same as the proof of Lemma 4 and thus we omit it.
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B.6 Proof of Theorem 4

Similar to the way we prove Theorem 3, we first need some auxilliary results regarding the
theoretical properties of the clustering step. The next lemma is analogous to Lemma 8.

Lemma 11 Under Conditions 4 and 6, with high probability, there exists some positive
constant co such that

QQ" > (cen)'I, DQ; DT > (con) ™I, and p,DQ1Q{D' > (can) ' (77)

Proof By checking the proof of Lemma 8 carefully, we can see that the order of the matri-
ces in (77) mainly depends on the order of V' SV. Actually, by almost the same proof as
Lemma 2, the conclusion of Lemma 2 holds by Proposition 1 and Condition 6. Therefore
our proof is finished. [ |

Let
= min ||ISTIIE — STI||o,
Ec{K x K permutation matrices}

Ei_g = min |(I— S)IIE — (I — S)II||
Ec{K x K permutation matrices}
and M = {i,a;; = 1,TI(i))Bg # (i)} U {i,a1; = 0,IL(i)Ey_g # II(3)}. Similar to Theorem
4.2 of Lei and Rinaldo (2015) we have the following result.

Lemma 12 Under Conditions 4 and 6, if p, > ———, with probability tending to 1 we have

Vnfs’
M) < Y2

~ fspn .
Proof Let Q' be the row normalized version of Q and Q7 be the sub matrix of Q'

corresponding to the non zero rows of W. Then by the inequality in front of the proof of
Theorem 4.2 in Lei and Rinaldo (2015), with high probability we have

i) = Qz (1)O|
1Qz ()]

" W
W'~ Q4,0 <23 IV
=1

n

<2, IW(@i) - Q)OI Y 1Qz, ()| 2

i=1 i=1
SnfIHIW - QOllF. (78)
Similar to the proof of Lemma 10, the misclustered nodes can be bounded by considering
SW and (I — S)W separately. The rest of the proof is essentially the same as the proof of

Theorem 4.2 in Lei and Rinaldo (2015); the key points are (78), Lemma 11 and Lemma 6
in this setting. Therefore we omit the proof. |

The next result justifies our merging strategy in Algorithm 3.
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Proposition 3 Let € = {c1,...,cx} and © = {01,...,0x} be two ordered sets of size
K and let fo : [K] — [K] be the unique permutation such that cg; = 0; for all i €
[K]. Suppose that the K elements in these ordered sets have been endowed with pairwise
connection probabilities. Let C = (c;5) be a K x K matriz such that the (i,j)-th entry
cij s the connection probability between ¢; and c;, and D= (dij/ei) be a K x K matriz
such that the (i,j)-th entry d;; is the connection probability between ¢; and 0;. Let X =
diag(xi,...,zx) be a K x K diagonal matriz, where the entries of X are bounded below
and above. If rank(C) = K, then for a permutation function f : [K] — [K],

f = fO»xi = ef(i),i = 1, e ,K < C(f,f) = f)(f’*)X,
where the (i, j)-th entries of C(y 5y and f)(ﬁ*) are cgiy¢(j) and dyeyi/efq), respectively.

Proof By similar argument as the proof of Proposition 2, we can also imply the columns
(rows) of D (D) are distinct. Therefore, by the definition of D, if

C.p) # Dis)-

It is not hard to see that there does not exist a diagonal matrix X such that

Cir.p =DynX.
Hence, our proof is reduced to the proof of Proposition 2 and thus we omit the remaining
part. |
Now to prove Theorem 4, it suffices for us to prove the following result.

Theorem 6 Under Conditions 4—6 and p, >
uniformly for i, j € M€, that

ﬁ, it holds with probability tending to 1,

individuals 1 and j are assigned to the same community by Algorithm 3 < m; = ;.

Proof By Lemma 12, we have

|M|:O<\/ﬁ>. (79)

fsPn

Similar to the proof of Theorem 3, we say the 1st group is {i € [n] : a;; = 1} and the 2nd
group is {i € [n] : a1; = 0}. Let S;(k) be the collection of individuals belonging to k-th
community in the I-th group, and §l(k:) be the k-th cluster of the I-th group returned by
step 2. Let 13211),{2 and joﬁ)l@ be the (k1, ks)-th entry of PSS and PSI-S (defined by equation

(17)) respectively. Let PSS = (p,(cll)kQ) and PS1-S = (p,(j)lm) be the corresponding population
versions. Note that there exists an unique permutation function fy and the corresponding
diagonal matrix g such that

SS _ SI-S /5SS SI-S
PvafO _Pfoy* g(P(foJo)’P(fo,*))' (80)
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Without loss of generality, we assume PS1-S = P,

z !
]/554:1)19 _pl(€1)k2 |S k‘ |S k | [ Z (bij _pl(ﬂ)kZ)
PRI e 81 (k)81 (k1) €81 (k2) NSy (k2)
1
+ > (bij — Piy,)
i€S1(k1)\S1(k1), 5€Si(k2)NS; (k2)
!
+ > (bij — Pik,)
1€81 (k1)NS1 (K1), j€8;(ka)\S;(k2)
!
+ > (bis = P, (81)
i€S1(k1)\S1(k1), 5€Si(k2)\S:(k2)
and
1 (1)
— = (bij = Ppyiy)
S1EDIISIR2)] ses, (65780 (ko) o
1 { Z U]
== (bij — pklkg)
‘Sl(kl)HSl(kQ)’ i€S1(k1)NS1(k1),5€S; (k2)NS, (k2)
!
i€81(k1)\S1(k1), j€SI(k2)NS; (k2)
!
+ > (biy — Pik,)
i€81(k1)NS1(k1), 5€81(k2)\Sy(k2)
!
+ > (bis — Pihy)] - (82)

i€81(k1)\S1(k1), j€Si(k2)\Si (k2)

By Lemma 17, with high probability, we have

|Sl(k)| = Z al; ~ Z IECLU ~ NPn, ke [K] , (83)
ie[n}:ﬂi:ek iE[n]:ﬂ'i:ek
and
So(B) = Y. (I-aw)~ Y EBQ1-ay)~nke[K], (84)

ie[n]:ﬂ'i:ek ie[n]ﬂn:ek

Moreover, by (79), with high probability we have

|§z<k>\—sz<k>r\S|§l<k>\sl<k:>+rsl<k>\§l<k>|s\M|:o<pr;> I=12, ke K],
(55)

It follows from (83)—(85) that with high probability,

1 B 1 Vn
1S1(k1)||Si(ks)]  1S1(k)[[Si(2)] 9 (fsn?*p%) ' (86)
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By pn, > 1/(/nfs) and (86) with probability tending to 1, we have

1 ! 1
> Gyl =o(;

S1(RDIS1(F2)] s, 1ty 7€ (ko)

) < pn - (87)

Similar to (69)—(70), By (79), the condition that p, > 1/(y/nfs), we have

! O]
S S Z 1ij = Pha, |
[S1(k1)|[Si(k2)] 181 (k)\Ss (k). G€Sy (ko)
1
-9 ) <P 88
g <\/ﬁfs (88)
Similar to (88), with probability tending to 1 we have
Q Q i — Pki1ko| = n
n S
[S1(k1)[[Su(k2)| ESa (k). 7B (ba)\Su(ka) NGT;
i S memo()en
Q Q i — Pkiko| = n -
. R ot
[S1(k1)|[Si(k2)| B (b \Sa (e, 1B b\ Suka) NGT;
and
! !
SEEEl X bl
i€81(k1)\S1(k1), j€S;(k2)NS;i(k2)
: !
+ Z |bij — p,ﬁfbl + Z [ pl(cgk2|
i€Su (k)81 k), 78 (k2)\Si(k2) €81 (k)\81 (k). 781 (h2)\S1(k2)
1
B o 91
() o

By (82) and (91), we have

1
|§ (k )||§ (ko) Z (bij _pgl)kQ) < Pn- (92)
PAIPRE2IT |ies: (k1)081 (k1) €81 (ka)Sy (k)

Considering the estimation of g, by Lemma 17, with probability tending to 1 we have

Viogn

npPn

5S.S BHBSI-S S, S,I-S
lg(P P ) —g(P P

G P G E Ml =0( ). (93)

Therefore, by almost the same arguments as the proof of Theorem 3, our conclusion
holds. |
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B.7 Proof of Lemma 7
By Lemma 4.1 of Lei and Rinaldo (2015) and Condition 7, V(i) ~ \Q/LH;C, i belongs to

n

community k, where {Hy, k = 1,..., K} are orthonormal vectors. Therefore, we imply that
. . 6?
VISV = 3" V(i) V(i) ~ > g’Hng.
S;i=1 Si;=1,7 belongs to community k

Combining this with the assumption that there are ny; 6;’s generated from F} and noy 6;’s
from Fy, it is easy to see that our conclusion holds.

B.8 Proof of of Theorem 5

To prove Theorem 5, we first need to show results analogous to the unconditional case hold
for the conditonal setting. First note that by Lemma 17, we have that

= O(npy,), 94
]ilel%?](nlk-i-n%) (npn) (94)

with high probability. Using this result and by almost the same proof as the first part of
Theorem 2 and the concentration inequality (94), the non-zero eigenvalues of By satisfy
the following.

Theorem 7 Under Conditions 7 and 8, for a given S, we have
-1 . nzk,u% + nlkﬂ%
|xi|”" ~ np, min |/ —=——
ke[K] n

By Theorem 7, we can conclude that Lemma 3 holds for a given S under Conditions 7
and 8, in the following sense.

fori € [£K].

Lemma 13 Under Conditions 7 and 8. For fized S, it holds with high probability that
B —Bg|| = O(y/npn) -
Moreover, with high probability we have |B — Bg| < min;cpx) 0i(Br) -

Proof The first statement of Lemma 13 follows the same argument as the proof of Lemma
3 by noticing that ||S|| < 1 for fixed S. The second statement follows from Theorem 7
directly and thus we omit the proof. |

Furthermore, Theorem 7 and almost the same arguments as in Lemma 6 give another
analogous result below (and we omit the proof).

Lemma 14 Under Conditions 7 and 8, conditioned on S, w.h.p. we have

1
IW—-QO|r=0

, (95)

\/minke[l(] (nokp3 + n1epd)pn

where O is the same as defined in Lemma 6.
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The next lemma is analogous to Lemma 11. We omit the proof as it is almost identical.

Lemma 15 Under Conditions 7 and 8, for fized S, with high probability, there exists some
positive constant co such that

ming noy

DQzQ;DT > (czn)fle and DO, QIDT > (czn)flI. (96)

Then corresponding to Lemma 12, we also have the following result, whose proof we
again omit due to its similarity.

1 .
. then conditioned
ming g (nakp3+nippd)pt’

Lemma 16 Under Conditions 7 and 8, if p, >
on S and ©, with high probability we have

1
M| < piln , .
M ! \/pn MNge (K] (nokp3 + nippd)

Now to prove Theorem 5, it suffices to prove the following, the proof of which is omitted
due to its similarity to Theorem 6.

Theorem 8 Under Conditions 5, 7 and 8, the same conclusion as Theorem 6 holds, con-
ditioned on S and O, if

2 1

minge () (Nokis + nikpi)

L Pn-

B.9 Concentration inequalities

The following two concentration inequalities are used throughout the paper.

Lemma 17 (Bernstein inequality) Suppose that {y;}}-, are independent bernoulli ran-
dom variables, then for any non-random series {a;}1'_, such that |a;| < L for some positive
constant L, we have

IP( >t> < exp (— /2 >, t>0. (97)
) S (a2 (y; — Ey;)?) + &

Lemma 18 (Matrix Bernstein inequality, Theorem 6.2 of Tropp (2012)) Consider
a finite sequence { X} of independent, random, self-adjoint d x d matrices. Assume that

n

> ailyi — By

i=1

|
EX,=0 and E(Xg)g%-RﬂAi forp=2,34,...

Compute the variance parameter

o=

DAL
k

Then the following chain of inequalities holds for all t > 0
—2/2 d-exp (—t*/40%) fort <o?/R
> <d- — | < = )
o {)\max (Zk: Xk) - t} < d-exp <02 + Rt) - { d-exp(—t/4R) fort>o?/R.
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Appendix C. Extensions of theoretical results

C.1 Exact Recovery

We prove the exact recovery result for stochastic block model under stronger condition by
applying similar approach as Su et al. (2019). By checking the proof of Theorem 2.3 in Su
et al. (2019), the crucial step is to prove the almost sure convergence for the entries of spiked
eigenvectors. By Wu (2021) and the Borel-Cantelli Lemma, noticing that the eigenvector
bound Op(z% /npy) is calculated by second moment of the small order terms, we have the
following Lemma.

Condition 9 Condition 4 holds. Moreover, we assume that p, > (n/logn)~%'7 and |z;/x;—
1| > ¢ for some positive constant c.
Lemma 19 Under Condition 9, we have the following expansion:
T T 1
e, W =e;, q; + Oa.s.(m% (98)

uniformly for all 1 < i <n.

Proof The proof of Lemma 19 is essentially a modification of Theorem 2.2.1 of Wu (2021).
Noticing that the proof of Theorem 2.2.1 in Wu (2021) essentially rely on the upper bound
of Var(x" (B —Bg)'y), where x and y are unit vectors(maybe depending on S). Following
almost the same steps as Theorem 2.2.1 of Wu (2021), we calculate the fourth moment of
e/ (B—Bg)? — IE(B — Bg)%q; and have the following result

e (B—Bg)’ —E(B - Bg)*) qr = Or,(v/npn).

Therefore, we have an improved version of Theorem 2.2.1 in Wu (2021) such that
T T T 2 3 1
e; W = e; ay, + zie; (B —Br)ax + O, (|zx|"vpn) + O, (Jek["1pn) + Oas. (), (99)

where X, = Op,, (sn) means that IEX2* = O(s2¥), k € N, the last term Oq (1) holds uni-
formly for all 1 < i < n. By Theorem 2, we have |x;|~! ~ npz/ 2 By the condition that p,, >
(n/logn)~2/7, we have |z;|>\/npn = o(n=/?=1/4=1/36) and |z;|*np, = O(n= Y2~/ log ™1 n).
Combining this with the Borel-Cantelli Lemma, we imply that (99) holds uniformly for i
and k, such that

1
e/ wp =e; qp +zre] (B —Bg)ay + 045 (—=). (100)

vn

Recalling that qx = SVaqix + (I — S)VQqag, by Corollary 2.6.1 of Wu (2021) we have

qik = Oa.s.(l/\/pT”b)v Q2 = Oa.s.(\/]Tn)-

It follows from Lemma 17 that
1
P(e] (B — Bg)SVquy > 4y/pnlogn) < -
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Similarly we have

1
P(e; (B —Bg)(I—S)Vqa, > 4,/p, logn) < =

Therefore we imply that xkeiT(B — BEg)qr = 04.5.(1/4/n) uniformly for all 1 <14 <mn. [ ]

According to Lemma 19, the deviation (ejwk — eiqu) can be bounded by controlling the

order of xkeiT (B —Bpg)qg. In fact, given S, qy is a non-random vector, and it is not hard
to see that xkeiT(B —Bge)q, = oa.s.(#) by Lemma 17. Combining this with Lemma 5 in
the main paper, we immediately obtain the following result bounding the distances between

different types of rows in Q.

Lemma 20 Under Condition 9, we imply the following results:
e There exists a positive constant C' such that v/nle] qi| < C.

e There exists deterministic sequences ca, = o(1) and c1, ~ 1 such that v/nle/ (wy —
ar)| < can, a.s. V/nlle] Q —e;Q > cin, mi # w5 or a1; # ay;.

The validity of Assumption 4 in Su et al. (2019) is implied by Lemma 20 above. Combining
this with Condition 9, it is easy to check that Lemma 2.2 in Su et al. (2019) holds. Following
the same argument as in the proof of Theorem 2.3 in Su et al. (2019), we establish the exact
recovery result for clustering the two groups of nodes {i € [n],a1; = 1} and {i € [n],a1; = 0}
using Algorithm 1. Finally, we can apply the rest of arguments in the proof of Theorem 3
together with the exact recovery result and show that
B2 1~ PO Sl = ons o),
and
PSS _psSI-s
(fo,fo) (fo,*)
Therefore Theorem 3 holds almost surely and the proof of exact recovery is completed.
Finally, we make the following remarks about the exact recovery result above. (i) Since
Condition 19 is significantly more stringent than Condition 4 in the main paper, we have
chosen to extend our theoretical results to the SBM setting only for illustrative purposes.
(ii) While the lower bound on p, in Condition 19 may not be optimal, we note that the
arguments already involve novel theoretical results from Wu (2021), which is work currently
in submission by the authors. We will leave refining this bound as one possible direction
for future work. (iii) The distinct eigenvalue assumption in Condition 19 is made in our
proof of Lemma 19, as we refer to Wu (2021) for establishing exact recovery, where this
assumption is required. In other words, if the eigenvector expansion can be extended to allow
eigenvalue multiplicity, exact recovery without this assumption can be proved. Moreover,
considering the treatment of eigenvalue multiplicity in establishing asymptotic expansions
of eigenvectors in Han et al. (2023), we believe that both the results in Wu (2021) and
our Lemma 19 still hold without assuming distinct eigenvalues. We plan to adopt a similar
approach as presented in the proof of Han et al. (2023) to improve the eigenvector expansion
of Wu (2021). Investigating this extension would require a significant amount of work and
thus we will leave it for future research.

|lF ~ pn, a.s.
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C.2 Extension to K growing with n

It is possible to extend our results to the case of K — oo using the current approaches.
However, as mentioned earlier, observing only a partial network has already resulted in a
significant amount of signal loss, and an increasing K would only make the conditions more
stringent. For clarity reasons, we choose to focus on K = O(1) as this paper is the first
attempt at investigating the proposed partial information framework. To get a sense of how
conditions on K and p, change for the main theorems, we give the following outline of key
points.

e Theorem 1, which describes the eigenvalues and eigenvectors of Bg, only requires
VTSV and I — VTSV to be invertible. Since Theorem 2 further establishes the
order of the eigenvalues and thus requires a stronger condition on K, we will first
consider Theorem 2 for K — oco. Theorem 2 relies on Lemma 2; inspecting the proof
of this lemma, a crucial step involves establishing the entrywise inequality |v, (S —

ES)v,| < Cpy losn with high probability, for some positive constant C. It follows

npn

then [VT(S —IES)V|r < KCp, 12%:, and requiring K <, /{222 would lead to the

key result in Eq (34) for proving the lemma.

e In Condition 3, given that Zfi 1 d% < n?p?, the condition should be revised as
|di| ~ |da| ~ ... ~ |dx| ~ np,/VVK. Consequently, the order of |2;|~' now becomes
np:;’/ 2 / VK in Theorem 2.

e For community detection, now we have oox (Bg) = O("%Q) for the signal part. The
order of the noise |B — Bg|| remains O,(,/np,). Thus for the signal to dominate over
noise, we would further require p, > VK /vV/n.

Appendix D. Additional algorithm

Both Algorithms 2 and 3 use combinatorial optimization to resolve the label permutation
problem arising from matching the 2K clusters from Algorithm 1, which scales exponen-
tially in K. we propose the following heuristic algorithm as a faster alternative to exact

combinatorial optimization. With a slight abuse of notation, we use ﬁs to denote the sub-
matrix of ﬁ, consisting of row 7 with {i : ay; = 1}; similarly ﬁI_S consists of row ¢ with
{i:ay; = 0}. B5S is similarly defined as a submatrix of B.

We note that on the population submatrix, (IEB)S1-S = IISP(IT'=5)”. Plugging in
the estimated f[s (from Algorithm 1) and f’s’s, and replacing IEB by B, we can estimate
I1'S using the least squares equation,

~— ~ A~ A~ -1 A~
I, =B SST° ((HS)THS> (PSS)~L, (101)

T

~1-S
Taking argmax IT., (4,:) for each row i gives one version of estimated labels for the non-

~S
neighbor nodes, which are consistent with IT  in terms of group labeling. Recalling that
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~1-S
Algorithm 1 gives another version of estimated labels IT; ', we resolve the label permuta-

tion between ﬁiis and ﬁ:;gs through a majority vote. Any remaining unresolved labels
will go through the same combinatorial optimization as in the original Algorithm 2 (in a
significantly reduced space). The details of this heuristic algorithm are presented in Al-
gorithm 4. For DCSBM, the same algorithm can be used as a faster alternative to exact
combinatorial optimization for the label matching step.

Empirically, we observe that combining this algorithm with Algorithm 1 gives almost
identical accuracy rates on all simulated and real data. Figure 7 compares the running time
of Algorithm 1 and Algorithm 4, the two main components of our community detection
algorithm, as K increases. For each datapoint, 10 networks are generated under Model 1
with 200 nodes in each block. The running time of Algorithm 4 (the matching step) is
negligible compared to Algorithm 1 (the main spectral clustering part).

Finally, we make two remarks about Algorithm 4. (i) Eq (101) itself in general is not
a good estimate of IT'™S because, as shown in Lemma 3, IEB is not the signal term of B.
Thus, we only use this estimate to guide the search for the optimal label permutation. (ii)

~S ~1-S
We have used IT  as the “reference” set in Eq (101) instead of IT; , since the neighbor
nodes have more observed edges than the non-neighbor nodes and should contain more
information.

Algorithm 4 Community detection under the SBM (faster alternative for matching)

~S ~IS ~
Input: II, II; ~ and its corresponding clusters {d1,...,0x} (from Algorithm 1); PSS
and PSI-S from (17). R
Output: optimal permutation fj.
Initialize: f = 01xx; 7 =0, k € [K].
~I-S ~1-S
1: Compute II,., defined in (101). Define estimated membership matrix IT, — as
~1-S ~1-S
Iy, (i,argmax I, (i,:)) =1

2: fork=1,...,K do

—~I

—-S
3: T % > determine label mapping from ﬁi_s to ﬁ;_s by majority
vote
4: T max 7y(:)
5: if 7/* > 7 then
6: T T
7: f(k) < argmax 73(:)
8: end if
9: end for
10: if number of zero elements in f=0 then
11: return fo — f;
12: else > any unresolved labels go through combinatorial optimization
13: extract K <— {k € [K]: f(k) =0}
14: for all permutations Sk of the labels in K, fo argmin e g, Hf'?jic) — lg(sjz’IQSHF
15: end if
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Figure 7: Running time of Algorithm 1 and Algorithm 4 (the two main components of our
community detection algorithm) under SBM as K increases.

g\ n | 300 | 600 | 900 | 1200 | 1500 | 1800 | 2100

1 3590 | .3560 | .3587 | .3567 | .3560 | .3575 | .3559
Viegn/n | 4696 | .3645 | .3147 | .2836 | .2613 | .2402 | .2237
(logn/n)'/4/2 | .5890 | .5280 | .4902 | .4693 | .4511 | .4368 | .4266
1/v/n 2226 | .1580 | .1290 | .1117 | .1002 | .0925 | .0839

Table 3: The ratio of the edges observed by individual 1 out of the full networks for Model
1, averaged over 100 datasets for each (n,q) combination.

Appendix E. Additional results from simulation
E.1 Additional tables and figures for Model 1

We plot Figure 4a to provide some visualization support of Algorithm 2. This is a scatter
plot in which the axes are the two eigenvectors corresponding to the positive eigenvalues
of B. Recall that we have shown in previous sections that B for K = 2 has two positive

g\n | 300 | 600 | 900 | 1200 | 1500 | 1800 | 2100
1 1 1 1 1 1 1 1
1ogn/n 1 1 1 1 1 1 1
(logn/n)t/4/2 | 1 1 1 1 1 1 1
1/vn 9766 | .9732 | 9726 | .9724 | .9726 | .9726 | .9711

Table 4: The fraction of the individuals within individual 1’s knowledge depth for Model
1, averaged over 100 datasets for each (n,q) combination.
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eigenvalues and two negative ones. The outlier point (a blue point) close to the vertical
axis between .01 and .02 represents individual 1. The blue points are the individuals not
adjacent to individual 1, while the red points represent those who are adjacent to 1. Then
on the same dataset, we color the points by their true community memberships in Figure
9. Comparing Figure 8 with Figure 9, one can see that it makes sense to develop a strategy
to first apply k-means respectively to the two groups of individuals separated by whether
they are adjacent to individual 1 and then merge the corresponding clusters across groups.

In addition, to demonstrate the need for our algorithms, we apply spectral clustering
to B directly and plot the misclustering rates in Figure 10. For all choices of n and ¢, this
approach fails to produce satisfactory clustering accuracy.

2nd

0
-0.06 005 0,04 -0.03 -0.02 001 0
1st eigenvector

Figure 8: Scatter plot of the two eigenvectors corresponding to the positive eigenvalues of
B for one dataset from Model 1 when ¢ = (logn/n)*/*/2 and n = 2100. The blue points
are not adjacent to individual 1, while the red points are adjacent to individual 1.

E.2 Additional figure for Model 2

Figure 11 computes the Pearson and Spearman correlations between five types of centrality
measures using a randomly generated network from Model 2. Ay, is less correlated with
the other four measures than those measures among themselves.

E.3 Additional model for SBM

3¢ 1bq q
Model 3 (K =3): P=| 1.5¢ 3q 1.5¢ | and each group is of size n/3.
q 15¢ 3q
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Figure 9: Scatter plot of the first two eigenvectors corresponding to positive eigenvalues of
B for one dataset from Model 1 when ¢ = (logn/n)*/*/2 and n = 2100. The blue points
belong to community 1 and the red points belong to community 2.
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Figure 10: Misclustering rate for Model 1 (L = 2) obtained by applying spectral clustering
directly to B, averaged over 100 datasets for each combination.
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Figure 11: Pearson (a) and Spearman (b) correlations between centrality measures under
Model 2.

Similar to their counterparts for Model 1, Tables 5 and 6 show that in Model 3 (K = 3),
although individual 1 can observe at least one edge of (almost) every other individual in the
network, the proportion of total missing edges in her perspective is large. The visualization
of Model 3 data in 3-D, similar to that of Model 1 in 2-D, to support Algorithm 2 is attached
in Section E.3 of the Appendix. We report the misclustering results in Figure 12. This figure
indicates that K = 3 is a more challenging situation compared to K = 2. Algorithm 2 for
q = 1/4/n with Model 3 works worse than with Model 1. Also note that ¢ = \/logn/n
in Model 1 delivers almost perfect clustering results, but the trend in Figure 12 suggests
that even as n goes to infinity, the misclustering rate does not seem to go down to zero.
The rate p, ~ g = y/logn/n is smaller than the rate in the theoretic Condition 5; but at
this rate, Algorithm 2 works well for Model 1 while its performance is acceptable for Model
3. As a comparison, we report in Figure 13 the simulation results based on the adjacency
matrix A with the usual spectral clustering algorithm. For larger n in each combination,
the misclustering rate is very close to 0, which is theoretically guaranteed by a few works
in the literature (c.f. Abbe (2017)). Although we did not work on the boundary condition,
we conjecture that the boundary condition under the new partial information framework
for almost exact recovery is at least of order y/logn/n.

Appendix F. Additional results from real data analysis

F.1 Karate club data

Table 7 shows the community detection accuracy for selected individuals in the karate club
network, using Algorithm 2 and plain spectral clustering. The latter in general performs
worse than our algorithm.
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g\m | 300 | 600 | 900 | 1200 | 1500 | 1800 | 2100

1 13208 | .3302 | .3309 | .3314 | .3286 | .3308 | .3294
Viegn/n | 4387 | 3407 | 2932 | 2619 | .2361 | .2221 | .2069
(logn/n)Y/4/2 | 5531 | 4941 | 4623 | 4413 | 4199 | .4064 | .3948
1/\/n 2018 | .1441 | .1204 | .1047 | .0930 | .0849 | .0797

Table 5: The ratio of the edges observed by individual 1 out of the full networks for Model
3, averaged over 100 datasets for each (n,q) combination.

g\ n | 300 | 600 | 900 | 1200 | 1500 | 1800 | 2100
1 9999 | 1 1 1 1 1 1
logn/n 1 1 1 1 1 1 1
(logn/n)/4/2 | 1 1 1 1 1 1 1
1/y/n 9653 | .9632 | .9619 | .9642 | .9632 | .9656 | .9648

Table 6: The fraction of the individuals within individual 1’s knowledge depth for Model
3, averaged over 100 datasets for each (n,q) combination.

Misclustering rate for L=2 with Algorithm 2
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Figure 12: Misclustering rate for Model 3 (L = 2), averaged over 100 datasets for each
combination.

individual of interest H 2 3 A 20 32
accuracy (Algorithm 2) 676 .559 .676 .706 971 1
accuracy (spectral clustering) | .706 .529 .529 529 .559 .500

Table 7: The network information and detection results for chosen individuals using Algo-
rithm 2 and plain spectral clustering.
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Misclustering rate for full network
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Figure 13: Misclustering rate for Model 3 (full network), averaged over 100 datasets for
each combination.

F.2 Indian villages

Figure 14 shows two examples of social networks from the dataset, with nodes (households)
colored by their caste.
Data preprocessing. For each of the 43 villages, the dataset contains households sampled
for individual surveys, which contain their meta information such as caste, religion, language
and occupation. Within each village, we first remove households whose caste information
is “NA” or inconsistent among the surveyed household members (both constituting only
a small number of the total). To avoid imbalanced cluster sizes, in each village we also
remove castes with fewer than 10 households. After filtering out these households, we
include villages with K > 2. The process results in 39 villages to be included in the
analysis.

Both the eigenvector and betweenness centrality are normalized to make them compa-
rable across different villages.

F.3 Political blogs

node of interest 1073 1074 1075 1076 1077 1078
the ratio of the edges observed | .1145 .1295 .3362 .1553 .2761 .4116
# of the nodes observed 476 485 880 715 808 793
clustering accuracy 5819 5505 9090 .9035 9331 .8601

Table 8: The network information and detection results for individuals (blogs) in the
political blog data using Algorithm 2.

55



HaN, WANG, YANG, TONG

© General

© General ® gcﬂeguleg _cl_:agte
)

® Scheduled Caste cheduled Iribe

(a) (b)

Figure 14: Social networks in villages 2 (a) and 49 (b), colored by caste information.
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