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Abstract

Deep neural networks (DNNs) trained with the logistic loss (also known as the cross entropy
loss) have made impressive advancements in various binary classification tasks. Despite the
considerable success in practice, generalization analysis for binary classification with deep
neural networks and the logistic loss remains scarce. The unboundedness of the target
function for the logistic loss in binary classification is the main obstacle to deriving sat-
isfactory generalization bounds. In this paper, we aim to fill this gap by developing a
novel theoretical analysis and using it to establish tight generalization bounds for training
fully connected ReLU DNNs with logistic loss in binary classification. Our generalization
analysis is based on an elegant oracle-type inequality which enables us to deal with the
boundedness restriction of the target function. Using this oracle-type inequality, we es-
tablish generalization bounds for fully connected ReLU DNN classifiers fFNN trained by
empirical logistic risk minimization with respect to i.i.d. samples of size n, which lead to
sharp rates of convergence as n — oo. In particular, we obtain optimal convergence rates
for f,]f NN (up to some logarithmic factor) only requiring the Holder smoothness of the con-
ditional class probability n of data. Moreover, we consider a compositional assumption that
requires 17 to be the composition of several vector-valued multivariate functions of which
each component function is either a maximum value function or a Hélder smooth function
only depending on a small number of its input variables. Under this assumption, we can
even derive optimal convergence rates for f}; NN (up to some logarithmic factor) which are
independent of the input dimension of data. This result explains why in practice DNN
classifiers can overcome the curse of dimensionality and perform well in high-dimensional
classification problems. Furthermore, we establish dimension-free rates of convergence un-
der other circumstances such as when the decision boundary is piecewise smooth and the
input data are bounded away from it. Besides the novel oracle-type inequality, the sharp
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convergence rates presented in our paper also owe to a tight error bound for approximating
the natural logarithm function near zero (where it is unbounded) by ReLU DNNs. In ad-
dition, we justify our claims for the optimality of rates by proving corresponding minimax
lower bounds. All these results are new in the literature and will deepen our theoretical
understanding of classification with deep neural networks.

Keywords: deep learning; deep neural networks; binary classification; logistic loss; gen-
eralization analysis

1. Introduction

In this paper, we study the binary classification problem using deep neural networks (DNNs)
with the rectified linear unit (ReLU) activation function. Deep learning based on DNNs
has recently achieved remarkable success in a wide range of classification tasks including
text categorization (Iyyer et al., 2015), image classification (Krizhevsky et al., 2012), and
speech recognition (Hinton et al., 2012), which has become a cutting-edge learning method.
ReLU is one of the most popular activation functions, as scalable computing and stochastic
optimization techniques can facilitate the training of ReLU DNNs (Han et al., 2015; Kingma
and Ba, 2015). Given a positive integer d, consider the binary classification problem where
we regard [0,1]¢ as the input space and {—1,1} as the output space representing the two
labels of input data. Let P be a Borel probability measure on [0,1]? x {—1,1}, regarded as
the data distribution (i.e., the joint distribution of the input and output data). The goal
of classification is to learn a real-valued function from a hypothesis space F (i.e., a set of
candidate functions) based on the sample of the distribution P. The predictive performance
of any (deterministic) real-valued function f which has a Borel measurable restriction to
[0,1]¢ (i.e., the domain of f contains [0, 1], and [0,1]¢ > z + f(x) € R is Borel measurable)
is measured by the misclassification error of f with respect to P, given by

Re(f) =P ({ (@) € 0,17 x {~1,1}]y # sen(f(@)) } ) (1.1)
or equivalently, the excess misclassification error
Ep(f) =Rp(f) —inf {Rp(g) ’g :[0,1]¢ — R is Borel measurable} . (1.2)

Here sgn(+) denotes the sign function which is defined as sgn(t) = 1if t > 0 and sgn(¢) = —1
otherwise. The misclassification error Rp(f) characterizes the probability that the binary
classifier sgn o f makes a wrong prediction, where o means function composition, and by a
binary classifier (or classifier for short) we mean a {—1, 1}-valued function whose domain
contains the input space [0, 1]9. Since any real-valued function f with its domain containing
[0,1]¢ determines a classifier sgno f, we in this paper may call such a function f a classifier
as well.

Note that the function we learn in a classification problem is based on the sample,
meaning that it is not deterministic but a random function. Thus we take the expectation
to measure its efficiency using the (excess) misclassification error. More specifically, let
{(Xi,Y5)} be an independent and identically distributed (i.i.d.) sample of the distribution
P and the hypothesis space F be a set of real-valued functions which have a Borel measurable
restriction to [0,1]9. We desire to construct an F-valued statistic fn from the sample
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{(X;,Y:) ", and the classification performance of fn can be characterized by upper bounds
for the expectation of the excess misclassification error E [Ep( fn)] One possible way to

produce fn is the empirical risk minimization with some loss function ¢ : R — [0, 00),
which is given by

fo € argmin = 3" ¢ (Vif(X,). (1.3)

n
feF i1

If f, satisfies (1.3), then we will call fr an empirical ¢-risk minimizer (ERM with respect
to ¢, or ¢-ERM) over F. For any real-valued function f which has a Borel measurable
restriction to [0, 1]¢, the ¢-risk and excess ¢-risk of f with respect to P, denoted by R‘f;(f)

and 5}5.( f) respectively, are defined as

¢ = T T
RpN = [ @)y (14)

and
5?;(]”) = Rﬁ(f) — inf{R?;(g)’ g:10,1] — R is Borel measurable} . (1.5)

To derive upper bounds for E [5 p( fn)} , we can first establish upper bounds for E [5?( fn)} ,
which are typically controlled by two parts, namely the sample error and the approximation
error (e.g., cf. Chapter 2 of Cucker and Zhou (2007)). Then we are able to bound E {Sp(fn)]

by E [Sf,( fn)] through the so-called calibration inequality (also known as Comparison The-
orem, see, e.g., Theorem 10.5 of Cucker and Zhou (2007) and Theorem 3.22 of Steinwart
and Christmann (2008)). In this paper, we will call any upper bound for E [Ep(fn)} or

E [Eﬁ(fn)} a generalization bound.
Note that li_)m LS o (Yif(Xh) = 7?,‘1@( f) almost surely for all measurable f. There-

fore, the empirical ¢-risk minimizer fn defined in (1.3) can be regarded as an estimation
of the so-called target function which minimizes the ¢-risk R}Z over all Borel measurable
functions f. The target function can be defined pointwise. Rigorously, we say a measurable
function f* : [0,1]¢ — [—o0, 00| is a target function of the ¢-risk under the distribution P
if for Px-almost all 2 € [0,1]? the value of f* at x minimizes f{—1,1} &(yz)dP(y|z) over all
z € [—00, ], i.e.,

f*(x) € argmin / ¢(yz)dP(y|z) for Px-almost all z € [0, 1]¢, (1.6)
z€[—o00,00] J{—-1,1}
where ¢(yz) := tﬁ o(t) if z € {00, 0}, Py is the marginal distribution of P on [0, 1]¢,
—yz

and P(-|x) is the reqular conditional distribution of P on {—1,1} given x (cf. Lemma A.3.16
in Steinwart and Christmann (2008)). In this paper, we will use f:;’ p to denote the target
function of the ¢-risk under P. Note that f; p may take values in {—o00,00}, and f; p

3
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minimizes R?; in the sense that

RE(F2 p) = . dP(z,
UTE B L) .

= inf {R?;(g)‘ g:[0,1]* = R is Borel measurable} ,

where ¢(yf} p(z)) = lim  o(t) if yfs p(x) € {—00,00} (cf. Lemma C.1).
’ t—=yf p(2) ’

In practice, the choice of the loss function ¢ varies, depending on the classification
method used. For neural network classification, although other loss functions have been
investigated, the logistic loss ¢(t) = log(1 + e "), also known as the cross entropy loss,
is most commonly used (see, e.g., Janocha and Czarnecki (2016); Hui and Belkin (2021);
Hu et al. (2022b)). We now explain why the logistic loss is related to cross entropy. Let
X be an arbitrary nonempty countable set equipped with the sigma algebra consisting of
all its subsets. For any two probability measures Qg and @ on X, the cross entropy of Q
relative to Qg is defined as H(Qo, Q) := — > _.cx Qo({2})-log Q({z}), where log 0 := —oc and
0-(—00) := 0 (cf. (2.112) of Murphy (2012)). One can show that H(Qo, @) > H(Qo, Qo) > 0

and

{Qo} = argénin H(Qo, Q) if H(Qo, Qo) < oc.

Therefore, roughly speaking, the cross entropy H(Qo, Q) characterizes how close @ is to Q.
For any a € [0, 1], let .#, denote the probability measure on {—1,1} with .#,({1}) = a and
Mo({—1}) = 1 —a. Recall that any real-valued Borel measurable function f defined on the
input space [0,1]? can induce a classifier sgn o f. We can interpret the construction of the
classifier sgn o f from f as follows. Consider the logistic function

[:R—(0,1), z+> (1.8)

1+e?’
which is strictly increasing. For each z € [0,1]%, f induces a probability measure ///[( F(z)) O
{—1,1} via [, which we regard as a prediction made by f of the distribution of the output
data (i.e., the two labels +1 and —1) given the input data z. Observe that the larger f(z)
is, the closer the number I(f(x)) gets to 1, and the more likely the event {1} occurs under
appear given the input data x and we thereby think of f as classifying the input x as class
+1. Otherwise, when . ;(,))({+1}) < A1) ({—1}), z is classified as —1. In this way,
f induces a classifier given by

e {H, i A5 (1) 2 M) (1)),
=1, i Ay ({1}) < Mgy ({—1}).

Indeed, the classifier in (1.9) is exactly sgn o f. Thus we can also measure the predic-
tive performance of f in terms of .#j () (instead of sgno f). To this end, one natural
way is to compute the average “extent” of how close j/l-( f(z)) 18 tO the true conditional
distribution of the output given the input x. If we use the cross entropy to characterize
this “extent”, then its average, which measures the classification performance of f, will be

(1.9)
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f[o 1 H(%, %(f(x)))d%(x), where 2 is the distribution of the input data, and %, is the
conditional distribution of the output data given the input x. However, one can show that
this quantity is just the logistic risk of f. Indeed,

/ H(Yy, M f(2))) A2 (2)
[0,2]¢

/Md (—%({1}) l0g (A () ({1})) = Ze({—1}) log (M 1)) ({ }))> 2 ()

/[Ol]d( 2, ({1}) -log(I(f(2))) — Z({—1}) log(1 — I(f(x)))) A2 (z)

/[ () g1 477 4 (1) g1 + /) 02 @)

0,1]4

= [ B 6@ + Zl o) 4 @

~[ [ srenasmmar @ - [ Syf (@)AP(x,y) = R ()
[0,1]¢ J{-1,1} [0,1]x {—1,1}

where ¢ is the logistic loss and P is the joint distribution of the input and output data, i.e.,
dP(z,y) = d%;(y)dZ (z). Therefore, the average cross entropy of the distribution .,
induced by f to the true conditional distribution of the output data given the input data x
is equal to the logistic risk of f with respect to the joint distribution of the input and output
data, which explains why the logistic loss is also called the cross entropy loss. Compared
with the misclassification error Rp(f) which measures the performance of the classifier f(x)
in correctly generating the class label sgn(f(x)) that equals the most probable class label
of the input data x (i.e., the label y, € {—1,+1} such that #,({y.}) > #:.({—yz})), the
logistic risk R?Q( f) measures how close the induced distribution AMi(f(z)) is to the true con-
ditional distribution #,. Consequently, in comparison with the (excess) misclassification
error, the (excess) logistic risk is also a reasonable quantity for characterizing the perfor-
mance of classifiers but from a different angle. When classifying with the logistic loss, we
are essentially learning the conditional distribution %, through the cross entropy and the
logistic function I. Moreover, for any classifier fn :[0,1] — R trained with logistic loss,
the composite function I o f,,(z) = My, (@ ({1}) yields an estimation of the conditional
class probability function n(x) := P({1}|z) = #,({1}). Therefore, classifiers trained with
logistic loss essentially capture more information about the exact value of the conditional
class probability function n(z) than we actually need to minimize the misclassification error
Rp(+), since the knowledge of the sign of 2n(x) —1 is already sufficient for minimizing Rp(-)
(see (2.49)). In addition, we point out that the excess logistic risk Eﬁ( f) is actually the
average Kullback-Leibler divergence (KL divergence) from ///l (f(x)) tO %,.. Here for any two
probability measures Qg and ) on some countable set X, the KL divergence from Q to Qo

is defined as KL(Qo[|Q) = Y .cx Qo({z}) - log LD | where Qo({z}) - log L= = 0 if
Qo({z}) = 0and Qo({z}) -log %)({{ZZ}})) =o00if Qo({z}) > 0=Q({z}) (cf. (2.111) of Murphy
(2012) or Definition 2.5 of Tsybakov (2009)).

In this work, we focus on the generalization analysis of binary classification with em-
pirical risk minimization over ReLU DNNs. That is, the classifiers under consideration
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are produced by algorithm (1.3) in which the hypothesis space F is generated by deep
ReLU networks. Based on recent studies in complexity and approximation theory of DNNs
(e.g., Bartlett et al. (2019); Petersen and Voigtlaender (2018); Yarotsky (2017)), several re-
searchers have derived generalization bounds for ¢-ERMs over DNNs in binary classification
problems (Farrell et al., 2021; Kim et al., 2021; Shen et al., 2021). However, to the best of
our knowledge, the existing literature fails to establish satisfactory generalization analysis
if the target function f;’ p is unbounded. In particular, take ¢ to be the logistic loss, i.e.,

o(t) = log(1 + e %). The target function is then explicitly given by fop Pxas log %

with n(z) := P({1}|z) (z € [0,1]%) being the conditional class probability function of P
(cf. Lemma C.2), where recall that P(-|z) denotes the conditional probability of P on
{—1,1} given x. Hence [ p is unbounded if 1 can be arbitrarily close to 0 or 1, which
happens in many practical problems (see Section 3 for more details). For instance, we have
n(z) = 0 or n(z) = 1 for a noise-free distribution P, implying f} p(z) = oo for Px-almost

all x € [0,1]%, where Py is the marginal distribution of P on [0,1]. DNNs trained with
the logistic loss perform efficiently in various image recognition applications as the smooth-
ness of the loss function can further simplify the optimization procedure (Goodfellow et al.,
2016; Krizhevsky et al., 2012; Simonyan and Zisserman, 2015). However, due to the un-
boundedness of f(;f p» the existing generalization analysis for classification with DNNs and
the logistic loss either results in slow rates of convergence (e.g., the logarithmic rate in Shen
et al. (2021)) or can only be conducted under very restrictive conditions (e.g., Kim et al.
(2021); Farrell et al. (2021)) (cf. the discussions in Section 3). The unboundedness of the
target function brings several technical difficulties to the generalization analysis. Indeed, if
[ p is unbounded, it cannot be approximated uniformly by continuous functions on [0, 1]¢,
which poses extra challenges for bounding the approximation error. Besides, previous sam-
ple error estimates based on concentration techniques are no longer valid because these
estimates usually require involved random variables to be bounded or to satisfy strong tail
conditions (cf. Chapter 2 of Wainwright (2019)). Therefore, in contrast to empirical stud-
ies, the previous strategies for generalization analysis could not demonstrate the efficiency
of classification with DNNs and the logistic loss.

To fill this gap, in this paper we develop a novel theoretical analysis to establish tight
generalization bounds for training DNNs with ReLLU activation function and logistic loss in
binary classification. Our main contributions are summarized as follows.

e For ¢ being the logistic loss, we establish an oracle-type inequality to bound the
excess ¢-risk without using the explicit form of the target function f;j p- Through
constructing a suitable bivariate function ¢ : [0,1]¢ x {—1,1} — R, generalization
analysis based on this oracle-type inequality can remove the boundedness restriction
of the target function. Similar results hold even for the more general case when ¢ is
merely Lipschitz continuous (see Theorem 2.1 and related discussions in Section 2.1).

e By using our oracle-type inequality, we establish tight generalization bounds for fully
connected ReLU DNN classifiers fFNN trained by empirical logistic risk minimization
(see (2.14)) and obtain sharp convergence rates in various settings:

o We establish optimal convergence rates for the excess logistic risk of f}; NN only
requiring the Hoélder smoothness of the conditional probability function 7 of
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the data distribution. Specifically, for Holder-5 smooth 7, we show that the

8
A 5\ 3o
convergence rates of the excess logistic risk of fFNN can achieve O( (%) prd ),

58
which is optimal up to the logarithmic term (logn)?#+4. From this we obtain the

B
(logn)®\ 25+2d )

convergence rate O( <7 fa N

- of the excess misclassification error of

which is very close to the optimal rate, by using the calibration inequality (see
Theorem 2.2). As a by-product, we also derive a new tight error bound for the
approximation of the natural logarithm function (which is unbounded near zero)
by ReLU DNNs (see Theorem 2.4). This bound plays a key role in establishing

the aforementioned optimal rates of convergence.

o We consider a compositional assumption which requires the conditional probabil-
ity function 1 to be the composition hgohy_10---0hjohg of several vector-valued
multivariate functions h;, satisfying that each component function of h; is either
a Holder-S smooth function only depending on (a small number) d, of its input
variables or the maximum value function among some of its input variables. We
show that under this compositional assumption the convergence rate of the excess

o _B-(1AB)1
logistic risk of fFNN can achieve O( (@) B Ao ), which is optimal up to
58-(1nB)7
the logarithmic term (logn)+5-(A8)7. We then use the calibration inequality to
B-(AnB)?

5\ 90.193.(1~A80
obtain the convergence rate O((M) BB ANDT

> of the excess misclassifica-
FNN

tion error of f

" (see Theorem 2.3). Note that the derived convergence rates

8-(178)1 B-(1nB)1
O((M AT UADTY and Of M 22NNy are independent of the in-
put dimension d, thereby circumventing the well-known curse of dimensionality.
It can be shown that the above compositional assumption is likely to be satis-
fied in practice (see comments before Theorem 2.3). Thus this result helps to
explain the huge success of DNNs in practical classification problems, especially

high-dimensional ones.

o We derive convergence rates of the excess misclassification error of ff NN under
the piecewise smooth decision boundary condition combining with the noise and
margin conditions (see Theorem 2.5). As a special case of this result, we show
that when the input data are bounded away from the decision boundary almost
surely, the derived rates can also be dimension-free.

e We demonstrate the optimality of the convergence rates stated above by presenting
corresponding minimax lower bounds (see Theorem 2.6 and Corollary 2.1).

The rest of this paper is organized as follows. In the remainder of this section, we first
introduce some conventions and notations that will be used in this paper. Then we describe
the mathematical modeling of fully connected ReLU neural networks which defines the hy-
pothesis spaces in our setting. At the end of this section, we provide a symbol glossary for
the convenience of readers. In Section 2, we present our main results in this paper, including
the oracle-type inequality, several generalization bounds for classifiers obtained from em-
pirical logistic risk minimization over fully connected ReLU DNNs, and two minimax lower
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bounds. Section 3 provides discussions and comparisons with related works and Section 4
concludes the paper. In Appendix A and Appendix B, we present covering number bounds
and some approximation bounds for the space of fully connected ReLLU DNNSs respectively.
Finally, in Appendix C, we give detailed proofs of results in the main body of this paper.

1.1 Conventions and Notations

Throughout this paper, we follow the conventions that 00 := 1, 1% := 1, 5 = 00 =: 0,
log(oo) := 00, log0 := —00, 0-w := 0 = w-0and & := 0 =: b>* for any a € R,b €
[0,1),¢ € (0,00), z € [0,00], w € [—00, 0] where we denote by log the natural logarithm
function (i.e. the base-e logarithm function). The terminology “measurable” means “Borel
measurable” unless otherwise specified. Any Borel subset of some Euclidean space R™ is
equipped with the Borel sigma algebra by default. Let G be an arbitrary measurable space
and n be a positive integer. We call any sequence of G-valued random variables {Z;}"" | a
sample in G of size n. Furthermore, for any measurable space F and any sample {Z;};"
in G, an F-valued statistic on G" from the sample {Z;}" | is a random variable 6 together
with a measurable map 7 : G" — F such that § = T(Z1,...,2Zy,), where T is called the
map associated with the statistic 6. Let 6 be an arbitrary F-valued statistic from some
sample {Z;};" ; and T is the map associated with 6. Then for any measurable space D and
any measurable map To : F — D, To(0) = To(T(Z1, ..., Zy)) is a D-valued statistic from
the sample {Z;}"" |, and Ty o T is the map associated with 75(6).

Next we will introduce some notations used in this paper. We denote by N the set of
all positive integers {1,2,3,4,...}. For d € N, we use Fy to denote the set of all Borel
measurable functions from [0, 1]¢ to (—o0,00), and use H¢ to denote the set of all Borel
probability measures on [0, 1]% x {—1,1}. For any set A, the indicator function of A is given
by

0, ifxé¢ A,
1a(z) = 1.10
A@) {1, if € A, (1.10)

and the number of elements of A is denoted by #(A). For any finite dimensional vector v
and any positive integer [ less than or equal to the dimension of v, we denote by (v); the I-th
component of v. More generally, for any nonempty subset I = {i1,42,...,%,} of N with 1 <
i1 < i < -+ < ip < the dimension of v, we denote (v); := ((v)i, (V)igs - - -, (v)s,, ), Which
is a #(I)-dimensional vector. For any function f, we use dom(f) to denote the domain of
f, and use ran(f) to denote the range of f, that is, ran(f) := { f(z)|z € dom(f)}. If f is
a [—00, 00]™-valued function for some m € N with dom(f) containing a nonempty set £,
then the uniform norm of f on € is given by

1flla == sup{‘(f(:c))i‘ ‘a: €0, ie{l,2,. .,m}} . (1.11)

For integer m > 2 and real numbers ay, - - - , am,, define a1 VagV- - -Va,, = max{a, az, - am}
and a; Aag A -+ Aay = min{ay,az, - - ap}. Given a real matrix A = (aj;)i=1,...m,j=1,..1
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and t € [0, 00, the £:-norm of A is defined by

m 1
ZZ (0,00) (|@i 51), if t =0,
i=1 j=1

Al o= 4 | m_ v (1.12)

ZZ““JV , if 0 <t < oo,
i=1 j=1

Sup{|ai,j|}ie{17"' 7m}7j6{17"' ,l}}, ift =00

Note that a vector is exactly a matrix with only one column or one row. Consequently,
(1.12) with [ = 1 or m = 1 actually defines the f!-norm of a real vector A. Let G be a
measurable space, {Z;}! | be a sample in G of size n, P, be a probability measure on G",

and 0 be a [—o0, oc]-valued statistic on G from the sample {Z;}7_,. Then we denote

Ep, [0] := / TAP, (1.13)

provided that the integral [ 7dP, exists, where T is the map associated with 6. Therefore,
Ep,[0) =E[T(Z1,...,Z,)] = E[f]

if the joint distribution of (Z1,...,Z,) is exactly P,. Let P be a Borel probability mea-
sure on [0,1]% x {~1,1} and = € [0,1]¢. We use P(-|z) to denote the regular conditional
distribution of P on {—1,1} given z, and Px to denote the marginal distribution of P on
[0,1]¢. For short, we will call the function [0,1]? > z ~ P({1} |z) € [0,1] the conditional
probability function (instead of the conditional class probability function) of P. For any
probability measure 2 defined on some measurable space (2, F) and any n € N, we use
29" to denote the product measure 2 x 2 x ---2 defined on the product measurable
n

space (X QA x--Q FRQFR---F).

n n

1.2 Spaces of Fully Connected Neural Networks

In this paper, we restrict ourselves to neural networks with the ReLU activation function.
Consequently, hereinafter, for simplicity, we sometimes omit the word “ReLU” and the
terminology “neural networks” will always refer to “ReLLU neural networks”.

The ReLU function is given by o : R — [0,00), ¢ +— max {t,0}. For any vector v € R™
with m being some positive integer, the v-shifted ReL U function is defined as o, : R™ —
[0,00)™, x +— o(xz — v), where the function o is applied componentwise.

Neural networks considered in this paper can be expressed as a family of real-valued
functions which take the form

f:RES R,z Wioy, Wi_10,, , - Wi, Wz, (1.14)

where the depth L denotes the number of hidden layers, my, is the width of k-th layer, Wy
is an my,1 X my weight matrix with mg = d and my4; = 1, and the shift vector v, € R™*
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is called a bias. The architecture of a neural network is parameterized by weight matrices
{W}.}£_, and biases {vg}~_, which will be estimated from data. Throughout the paper,
whenever we talk about a neural network, we will explicitly associate it with a function f
of the form (1.14) generated by {Wj}£_, and {v,}£_,.

The space of fully connected neural networks is characterized by their depth and width,
as well as the number of nonzero parameters in weight matrices and bias vectors. In
addition, the complexity of this space is also determined by the || - ||co-bounds of neural
network parameters and || -|[jo 1a-bounds of associated functions in form (1.14). Concretely,
let (G,N) € [0,00)? and (S, B, F) € [0,00]3, the space of fully connected neural networks
is defined as

f is defined in (1.14) satisfying that
L<G mVmgV---Vmy <N,

L L
FENN(GON,S, B, F):={ f R 5 R (Z||Wk’0> + (Z”“k”()) =S b (115)
k=0 k=1

sup  [[Wi|le VvV sup . vk |loo < B,

=Yty [

and ||f||[o,1}d <F

In this definition, the freedom in choosing the position of nonzero entries of Wy, reflects the
fully connected nature between consecutive layers of the neural network f. It should be
noticed that B and F in the definition (1.15) above can be oo, meaning that there is no re-
striction on the upper bounds of ||[Wk||s and [[vkec, or || f|[p,1¢- The parameter S in (1.15)
can also be 0o, leading to a structure without sparsity. The space .7-"; NN(G N, S,B, F) in-
corporates all the essential features of fully connected neural network architectures and
has been adopted to study the generalization properties of fully connected neural network
models in regression and classification (Kim et al., 2021; Schmidt-Hieber, 2020).

1.3 Glossary

At the end of this section, we provide a glossary of frequently used symbols in this paper
for the convenience of readers.

Symbol Meaning Definition
4 The set of integers.
N The set of positive integers.
‘R The set of real numbers.
v Taking the maximum, e.g., a1 Vag VazVay isequal
to the maximum of aq, ... a4.
A Taking the minimum, e.g., a; Aag Aag Aag is equal
to the minimum of a4, ...a4.
o Function composition, e.g., for f: R - Randg:
R — R, gof denotes themap R 3 = — g(f(z)) € R.
“dom(f) The domain of a function f.  Below Eq. (1.10)
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ran(f) The range of a function f. Below Eq. (1.10)
AT The transpose of a matrix A.
CH#A) The number of elements of a set A.
o The floor function, which is defined as |z] =

sup{z € Z| z < z}.
T The ceiling function, which is defined as [z] ==
inf{z € Z|z> x}.
BV The indicator function of aset A.  Eq. (1.10)
() The I-th component of a vectorv. ~ Below Eq. (1.10)
(v The #(I)-dimensional vector whose components Below Eq. (1.10)
are exactly {(v)i};c;-

RIS The uniform norm on a set . Eq. (1.11)
e The f-noom. ~ Eq (1.12)
Mellerry The Holder norm. ~ Eq. (212)

sgn The sign function. Below Eq. (1.2)
o The ReLU function, that is, R > ¢ ~ max{0,t} € Above Eq. (1.14)

[0, 00).
o The v-shifted ReLU function. =~ Above Eq. (1.14)
My The probability measure on {—1,1} with Above Eq. (1.8)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Ma(LY) =0

Px The marginal distribution of P on [0, 1]%. Below Eq. (1.6)
CP(lz)y The regular conditional distribution of P on {—1,1} Below Eq. (1.6)

given z € [0, 1]%.
" Po The probability on [0,1]% x {—1,1} of which the Eq. (2.57)

marginal distribution on [0, 1]¢ is 2 and the condi-

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, tional probability function is p.
marginal distribution on [0, 1]% is the Lebesgue mea-
sure and the conditional probability function is 7.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Ep (6] The expectation of a statistic § when the joint dis- Eq. (1.13)
tribution of the sample on which 6 depends is P,,.
Sgen The product measure 2 x 2 x ---2.  Below Eq. (1.13)
n
“Rp(f) The misclassification error of f with respect to P.  Eq. (1.1)
“Ep(f) The excess misclassification error of f with respect Eq. (1.2)
to P.
Rf—,(f) The ¢-risk of f with respect to P. Eq. (1.4)
Sg( f) The excess ¢-risk of f with respect to P. Eq. (1.5
e The target function of the ¢-risk under some distri- Eq. (1.6)
bution P.
N(Fy) The covering number of a class of real-valued func- Eq. (2.1)

tions JF with radius ~ in the uniform norm.

11
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B? (Q) The closed ball of radius r centered at the origin in Eq. (2.13)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, the Holder space of order fon .
GM(d,) The set of all functions from [0, 1) to R which com- Eq. (2.27)

pute the maximum value of up to d, components of
their input vectors.

values depend on exactly d, components of their
input vectors.

G(d) G (de) =UiiGa"(dw) .. AboveEq. (2.30)
Gaelds Br)  Goe(de Byr) = Uty Gl (dey Byr)  Above Eq. (2.30)
gC?H( gdCH(q, K,d,,,r) consists of compositional func- Eq. (2.31)

tions hgy o --- o hg satisfying that each component
function of h; belongs to GX(d,, 3, 7).
functions hyo- - -ohg satisfying that each component
function of h; belongs to GX(d., 8,7) U GM(d,).
ScaBnLe T The set of binary classifiers C : [0,1]Y — {—1,+1} Eq. (2.46)
such that {z € [0,1]¢|C(z) = +1} is the union of
some disjoint closed regions with piecewise Holder
smooth boundary.

CAc(z) The distance from some point z € [0,1]¢ to the Eq. (2.48)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, decision boundary of some classifier ¢ € C*2710.
Fdq The set of all Borel measurable functions from Above Eq. (1.10)

[0,1]% to (—o0, 00).

HE The set of all Borel probability measures on [0,1]¢x  Above Eq. (1.10)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, L S,
7—[[11’6 " The set of all probability measures P € HI Eq. (2.15)

whose conditional probability function coincides
with some function in BY ([0,1]%) Px-a.s..

CHYUT L The set of all probability measures P in H{"" sat- Eq. (2.26)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, isfying the noise condition (2.24).
Hg,i,r The set of all probability measures P € H3 whose Eq. (2.58)

marginal distribution on [0, 1] is the Lebesgue mea-
sure and whose conditional probability function is
in BY ([0,1)%) and bounded away from % almost
Hi’f”;{’d*,d* The set of all probability measures P € HI Eq. (2.34)
whose conditional probability function coincides
with some function in QEHOM(q,K,d*,d*,ﬁ,T)

12
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5 ALK The set of all probability measures P € H3 whose Eq. (2.58)
marginal distribution on [0, 1]% is the Lebesgue mea-
sure and whose conditional probability function is
in gdCH (¢, K,d,, 3,7) and bounded away from % al-
most surely.

HLETTO5152 Tl get of all probability measures P € H¢ which  Eq. (2.52)
satisfy the piecewise smooth decision boundary con-
dition (2.50), the noise condition (2.24) and the
margin condition (2.51) for some C € CHA1.9,

H;"B The set of all probability measures P € H3 such Above Eq. (3.4)
that the target function of the logistic risk under P
belongs to B'f ([0, 1]%).
The DNN estimator obtained from empirical logis- Eq. (2.14)
tic risk minimization over the space of fully con-

nected ReLU DNNs.

Table 1: Glossary of frequently used symbols in this paper

2. Main Results

In this section, we give our main results, consisting of upper bounds presented in Subsection
2.1 and lower bounds presented in Subsection 2.2.

2.1 Main Upper Bounds

In this subsection, we state our main results about upper bounds for the (excess) logistic risk
or (excess) misclassification error of empirical logistic risk minimizers. The first result, given
in Theorem 2.1, is an oracle-type inequality which provides upper bounds for the logistic risk
of empirical logistic risk minimizers. Oracle-type inequalities have been extensively studied
in the literature of nonparametric statistics (see Johnstone (1998) and references therein).
As one of the main contributions in this paper, this inequality deserves special attention in
its own right, allowing us to establish a novel strategy for generalization analysis. Before
we state Theorem 2.1, we introduce some notations. For any pseudometric space (F, p) (cf.
Section 10.5 of Anthony and Bartlett (2009)) and v € (0, 00), the covering number of (F, p)
with radius ~y is defined as

N((F,p),7) izinf{#(«‘l)

A C F, and for any f € F there
exists g € A such that p(f,g) <~y

where we recall that # (A) denotes the number of elements of the set .A. When the pseu-
dometric p on F is clear and no confusion arises, we write N (F, ) instead of N ((F, p),7)

for simplicity. In particular, if F consists of real-valued functions which are bounded on
[0, 1]¢, we will use NV(F,7) to denote

N((ﬁpr(f?g)H sup !f(ﬂf)—g(w)l)m> (2.1)

z€[0,1]¢

13
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unless otherwise specified. Recall that the ¢-risk of a measurable function f : [0,1]¢ — R
with respect to a distribution P on [0,1]% x {—1,1} is denoted by ”R?;(f) and defined in
(1.4).

Theorem 2.1 Let {(X;,Y;)} be an i.i.d. sample of a probability distribution P on
[0,1]¢9 x {~1,1}, F be a nonempty class of uniformly bounded real-valued functions de-
fined on [0,1]%, and f, be an ERM with respect to the logistic loss ¢(t) = log(1 +e™*) over
F, i.e.,

o € argmin >0 (G1(X0). (22)

If there erists a measurable function v : [0,1]% x {~1,1} — R and a constant triple
(M,T,~) € (0,00)3 such that

dP inf dP
Loy eviPEp <l [ or@ape, @3
sup {¢<t> ] < sup |1}, } veup {[v(@, )l [(e,9) € 0,17 x {~1,1} } < M, (2.4)
fer
/ Gy ()) — ¥ (2,1))2AP(z,y)
[0,1]9x{—1,1}
(2.5)
<r-/ (6(yf () — (w,y)) dP(x,y), ¥ f € F,
[0,1]dx{~1,1}
and
W :=max {3, N (F,v)} < oc.
Then for any € € (0,1), there holds
E|R% (f.) — Ly)dP(z,
AR R
<80 (1+€€)2 : NOSW + (20 + 20e) - M + (20 + 208) - /7 - y (2.6)

o SF) —
Fay+ (4o it (Rpm /Wx{_l,l}W"”“”“"”)'

According to its proof in Appendix C.2, Theorem 2.1 remains true when the logistic loss
is replaced by any nonnegative function ¢ satisfying

o(t) —o(t")| < |t =], V.1 € [— sup | f[0,11¢, sup ||f”[0,1}d] :
feF feF

Then by rescaling, Theorem 2.1 can be further generalized to the case when ¢ is any
nonnegative locally Lipschitz continuous loss function such as the exponential loss or the

14
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LUM (large-margin unified machine) loss (cf. Liu et al. (2011)). Generalization analysis for
classification with these loss functions based on oracle-type inequalities similar to Theorem
2.1 has been studied in our coming work Zhang et al. (2024).

Let us give some comments on conditions (2.3) and (2.5) of Theorem 2.1. To our
knowledge, these two conditions are introduced for the first time in this paper, and will play
pivotal roles in our estimates. Let ¢ be the logistic loss and P be a probability measure on
[0,1]¢ x {~1,1}. Recall that [ p denotes the target function of the logistic risk. If

/ Y(z,y)dP(z,y) = inf {R?;(f)‘ f o, l]d —Ris measurable} , (2.7)
[0,1]9x {—1,1}

then condition (2.3) is satisfied and the left hand side of (2.6) is exactly E [5}’2 < fn”

Therefore, Theorem 2.1 can be used to establish excess ¢-risk bounds for the ¢-ERM fn
In particular, one can take 1 (z,y) to be ¢(yfj p(z)) to ensure the equality (2.7) (recalling
(1.7)). It should be pointed out that if ¥(x,y) = c;ﬁ(yfgvp(:r)), inequality (2.5) is of the same
form as the following inequality with 7 = 1, which asserts that there exist 7 € [0,1] and
I" > 0 such that

/[0 e (6wt @) — 6 (@) ) aPa.y) <T- (5(5) . ¥ re P (2g)

This inequality appears naturally when bounding the sample error by using concentration
inequalities, which is of great importance in previous generalization analysis for binary
classification (cf. condition (A4) in Kim et al. (2021) and Definition 10.15 in Cucker and
Zhou (2007)). In Farrell et al. (2021), the authors actually prove that if the target function
[ p is bounded and the functions in F are uniformly bounded by some F' > 0, the inequality

(2.5) holds with ¥(z,y) = ¢(yf; p(x)) and
fg’PH[o,l]d} }

Here ¢”(t) denotes the second order derivative of ¢(t) = log(1 + e~*) which is given by
o' (t) = ﬁ The boundedness of f;’ p is a key ingredient leading to the main results
in Farrell et al. (2021) (see Section 3 for more details). However, [ p is explicitly given
by log 1 with 7(z) = P({1} |x), which tends to infinity when 1 approaches to 0 or 1. In
some cases, the uniformly boundedness assumption on f; p is too restrictive. When f; P
is unbounded, i.e., ||f$,PH[0,1]d = 00, condition (2.5) will not be satisfied by simply taking
Y(z,y) = ¢(yf p(x)). Since in this case we have inf;c(_ oo 100) ¢”(t) = 0, one cannot find a
finite constant I' to guarantee the validity of (2.5), i.e., the inequality (2.8) cannot hold for
7 = 1, which means the previous strategy for generalization analysis in Farrell et al. (2021)
fails to work. In Theorem 2.1, the requirement for ¥ (x,y) is much more flexible, we don’t
require ¥(z,y) to be ¢(yf; p(x)) or even to satisfy (2.7). In this paper, by recurring to
Theorem 2.1, we carefully construct 1 to avoid using f; p directly in the following estimates.
Based on this strategy, under some mild regularity conditions on 7, we can develop a more

general analysis to demonstrate the performance of neural network classifiers trained with

2
F:

inf { ()

teR, |t Smax{F,‘
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the logistic loss regardless of the unboundedness of f7 p. The derived generalization bounds
and rates of convergence are stated in Theorem 2.2, Theorem 2.3, and Theorem 2.5, which
are new in the literature and constitute the main contributions of this paper. It is worth
noticing that in Theorem 2.2 and Theorem 2.3, we use Theorem 2.1 to obtain optimal rates
of convergence (up to some logarithmic factor), which demonstrates the tightness and power
of the inequality (2.6) in Theorem 2.1. To obtain these optimal rates from Theorem 2.1,
a delicate construction of ¢ which allows small constants M and I' in (2.4) and (2.5) is
necessary. One frequently used form of v in this paper is

¥ :0,1)¢ x {~1,1} = R,
n(x)
o (o 2475, (@) € 51,1 - 61,

2.9
(z,y) = 10, n(z) € {0, 1}, 29

n(z) 1ogn(1x) + (1 - 5(z))log n(x) € (0,61) U (1 - 61, 1),

1 —n(z)’

which can be regarded as a truncated version of ¢(yf} p(z)) = ¢ (y log 125;’2%), where 47 is
some suitable constant in (0,1/2]. However, in Theorem 2.5 we use a different form of 1,
which will be specified later.

The proof of Theorem 2.1 is based on the following error decomposition

B[R} (fa) = 9] < Teyn+ (14+e)- inf (RE(9)— W), Vee0,1), (2.10)

inf
geF

n
f[o 1dx{—1 1}¢(x,y)dP(x,y) (see (C.13)). Although (2.10) is true for ¢ = 0, it’s better to
take e > 0 in (2.10) to obtain sharp rates of convergence. This is because bounding the term
Tcpn with € € (0,1) is easier than bounding T ,. To see this, note that for € € (0,1) we
have

where T. ., = E [R}@ (fn> R R <¢ (Yifn(X,-)> - zp(XZ-,Yi)ﬂ and U =

Tein = (1+€) - Toyn—2-E RS (fa) = ] < (14+€) Ton,

meaning that we can always establish tighter upper bounds for T, 4, than for T, , (up
to the constant factor 1 4+ & < 2). Indeed, £ > 0 is necessary in establishing Theorem 2.1,
as indicated in its proof in Appendix C.2. We also point out that, setting e = 0 and ¢ =0
(hence ¥ = 0) in (2.10), and subtracting inf {Rﬁ(g)‘ g:[0,1]¢ =R measurable} from both

sides, we will obtain a simpler error decomposition

E [5}3 (fnﬂ <E|R% (fn) - izn: (cb (Yifn(Xz-))) + gig]ffﬁ(g)
§ = (2.11)
<E [swp RS (5) ~ 3 (0 mg(Xi)))‘ + inf £0(9)

=1

which is frequently used in the literature (see e.g., Lemma 2 in Kohler and Langer (2020) and
the proof of Proposition 4.1 in Mohri et al. (2018)). Note that (2.11) does not require the
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explicit form of f;; p» Which means that we can also use this error decomposition to establish

rates of convergence for E [Eﬁ( fn)} regardless of the unboundedness of ff ,. However, in

comparison with Theorem 2.1, using (2.11) may result in slow rates of convergence because
of the absence of the positive parameter € and a carefully constructed function ).

We now state Theorem 2.2 which establishes generalization bounds for empirical logistic
risk minimizers over DNNs. In order to present this result, we need the definition of Holder
spaces (Evans, 2010). The Hélder space C**(€), where Q C R? is a closed domain, k €
N U {0} and X € (0, 1], consists of all those functions from 2 to R which have continuous
derivatives up to order k and whose k-th partial derivatives are Holder-A continuous on §2.
Here we say a function g : 2 — R is Holder-\ continuous on 2, if

l9(@) — 9()| __

Qsatzeq ||z — z||)

fgfco,k(g) =

Then the Holder spaces C**(£2) can be assigned the norm

[fllcka) := max [[D™fllo+ max |[D™f|coxqy,
IO om <k fmlfy =k D (2.12)
where m = (my,--- ,mg) € (NU{0})? ranges over multi-indices (hence ||m/, = 25:1 m;)
and D™ f(z1,...,2q4) = %---% (x1,...,24). Given 8 € (0,00), we say a function
1 d

f: 9 — R is Holder-f smooth if f € CH*(Q) with k = [8] — 1 and A = 3 — [3] + 1, where
[B] denotes the smallest integer larger than or equal to 5. For any 5 € (0,00) and any
r € (0,00), let

B ._ . VS Ck’)\(ﬂ) and Hf” kA <r for}
B ()= {f 6 %R’k — 14 (8] and A= B (4] +1 (2.13)

denote the closed ball of radius r centered at the origin in the Holder space of order S on §2.
Recall that the space ffNN(G, N, S, B, F) generated by fully connected neural networks is
given in (1.15), which is parameterized by the depth and width of neural networks (bounded
by G and N), the number of nonzero entries in weight matrices and bias vectors (bounded
by S), and the upper bounds of neural network parameters and associated functions of form
(1.14) (denoted by B and F'). In the following theorem, we show that to ensure the rate
of convergence as the sample size n becomes large, all these parameters should be taken
within certain ranges scaling with n. For two positive sequences {A,}n>1 and {vy}n>1,
we say A, < vy, holds if there exist ng € N and a positive constant ¢ independent of n
such that A, < cv,,V n > ng. In addition, we write \, < v, if and only if A, < v, and
Un < An. Recall that the excess misclassification error of f : R? — R with respect to some

~

distribution P on [0,1]¢ x {—1,1} is defined as
Ep(f) =Rp(f) —inf {Rp(g) ‘g :[0,1]* — R is Borel measurable} ,

where Rp(f) denotes the misclassification error of f given by
Re(f) =P ({ (2,9) € 0,17 x {~1,1}|y # sen(f(2)) } ).
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Theorem 2.2 Let d € N, (8,7) € (0,00)%, n € N, v € [0,00), {(X;,Yi)}[=; be an i.i.d.
sample in [0,1]% x {~1,1} and fFNN be an ERM with respect to the logistic loss ¢(t) =
log (1 —I—e*t) over FFNN(G N, S, B, F), i.e.,

. ) 1 &
fENN ¢ arg min - Z ¢ (Yif(Xi)). (2.14)
FeFEFNN(G,N,5,B,F) " 12

Define

(2.15)

T Px({z € 0,11 P{1} |2) =i(2)}) = 1 3

for some ) € BY ([0, 1)%)

Then there exists a constant ¢ € (0,00) only depending on (d,B,1), such that the estimator
fENN defined by (2.14) with

—d —d
1 5\ a8 ] 5\ 718
clogn <G <logn, N =< <(mgn)> , S = ((mgn)) -logn,

n n (2.16)
1< B<n”, and dfﬂlognSFglogn
satisfies
_B_
. 1 5 B+d
sup FEpen [Sjﬁ <f5NN>} < Uogn)” (2.17)
PeHPT n
and
5\ 7757
sup  Epen [Ep (FINN)] < {loan)’ . (2.18)
PeHPT n

Theorem 2.2 will be proved in Appendix C.4. As far as we know, for classification
with neural networks and the logistic loss ¢, generalization bounds presented in (2.17) and
(2.18) establish fastest rates of convergence among the existing literature under the Holder
smoothness condition on the conditional probability function 7 of the data distribution P.
Note that to obtain such generalization bounds in (2.17) and (2.18) we do not require any
assumption on the marginal distribution Px of the distribution P. For example, we dot
not require that Py is absolutely continuous with respect to the Lebesgue measure. The

s
s\ B
rate O( (%) ﬁ+d) in (2.17) for the convergence of excess ¢-risk is indeed optimal (up to

some logarithmic factor) in the minimax sense (see Corollary 2.1 and comments therein).

However, the rate O( (%) *7*21) in (2.18) for the convergence of excess misclassification

error is not optimal. According to Theorem 4.1, Theorem 4.2, Theorem 4.3 and their proofs
in Audibert and Tsybakov (2007), there holds

. __8
inf sup  Epen [Sp(fn)} = 2, (2.19)
fn penPr

where the infimum is taken over all Fy-valued statistics from the sample {(X;,Y;)}: ;.

B
Therefore, the rate O((%) 7*21) in (2.18) does not match the minimax optimal rate
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_B 5\ 3357
O((1)271). Despite suboptimality, the rate (’)((%) 20 in (2.18) is fairly close to

n
B
the optimal rate O((%) 25+d) - especially when 8 >> d because the exponents satisfy

B 1 B

I ——— .
Botee 28 +2d 2 ot 28+d

5
sy B
In our proof of Theorem 2.2, the rate O((M) P20 in (2.18) is derived directly

n

_B_
from the rate (M) 1 in (2.17) via the so-called calibration inequality which takes the

form .

Ep(f) <ec- (Eﬁ(f))i for any f € Fy and any P € Hg (2.20)

with ¢ being a constant independent of P and f (see (C.98)). Indeed, it follows from
Theorem 8.29 of Steinwart and Christmann (2008) that

Ep(f) <2v2- (ef_i, (f))é for any f € F; and any P € Hg. (2.21)

In other words, (2.20) holds when ¢ = 21/2. Interestingly, we can use Theorem 2.2 to obtain
that the inequality (2.20) is optimal in the sense that the exponent % cannot be replaced
by a larger one. Specifically, by using (2.17) of our Theorem 2.2 together with (2.19), we
can prove that % is the largest number s such that there holds

Ep(f) < c- (gj_z,(f))s for any f € Fy and any P € HZ (2.22)

for some constant ¢ independent of P or f. We now demonstrate this by contradiction. Fix
d € N. Suppose there exists an s € (1/2,00) and a ¢ € (0,00) such that (2.22) holds. Since

(% As)- B 2 ]
im Ns>1/2 im ,

2 ng).
we can choose (8 large enough such that (3 d/f%ﬁ > 25’%. Besides, it follows from Ep(f) <1

and (2.22) that

2/\s

en) < e <o (e20) [T <avo- ()Y )

for any f € F4 and any P € ’Hg . Let r =3 and ffNN be the estimator in Theorem 2.2.
Then it follows from (2.17), (2.19), (2.23) and Hélder’s inequality that

5 R .
n 28+d < ipf sup FEpen |:5P(fn)] < sup Epsn [5P( ENN)}
fn penpr Pen AT
. (3ns)
< sup Epen [(1+c)~ <5f;(f5NN)> ’ }
PeHIPr
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<(1+¢c)- sup <Ep®n [gg(ffNN)D(gAs)

PeHPoT
(31s)
<(+0) | sup Epeu [EH(fINN)]
S

5\ (3ns) (3ns)-8
- (logn)5 B+d _ (logn)5 B+d
~ n n
5 . (3ns)-8 )

Hence n 27+d g (@) o , which contradicts the fact that (gd/f;ﬂ > %. This

proves the desired result. Due to the optimality of (2.20) and the minimax lower bound

__B_
O(n d+8) for rates of convergence of the excess ¢-risk stated in Corollary 2.1, we deduce
that rates of convergence of the excess misclassification error obtained directly from those
of the excess ¢-risk and the calibration inequality which takes the form of (2.22) can never

B
28+42d
) of the excess

__B 5
be faster than O(n" 24+28). Therefore, the convergence rate O((@)
55
misclassification error in (2.18) is the fastest one (up to the logarithmic term (logmn)26+2d)
among all those that are derived directly from the convergence rates of the excess ¢-risk
and the calibration inequality of the form (2.22), which justifies the tightness of (2.18).

B
It should be pointed out that the rate O((M) %21y in (2.18) can be further im-

proved if we assume the following noise condition (cf. Tsybakov (2004)) on P: there exist
¢1 >0, t; >0 and s1 € [0, 00] such that

Py ({x e [0, 1]d’ 2. P({1}|2) — 1] < t}) <ot YO<t<t. (2.24)

This condition measures the size of high-noisy points and reflects the noise level through the
exponent s; € [0,00]. Obviously, every distribution satisfies condition (2.24) with s; = 0
and ¢; = 1, whereas s; = oo implies that we have a low amount of noise in labeling x, i.e.,
the conditional probability function P({1} |x) is bounded away from 1/2 for Px-almost all
x € [0,1]%. Under the noise condition (2.24), the calibration inequality for logistic loss ¢

can be refined as
s1+1

er(f) e (£4()77 forall f e 7y, (2.25)

where ¢ € (0,00) is a constant only depending on (s1,c1,t1), and ziié = 11if 51 = ©

(cf. Theorem 8.29 in Steinwart and Christmann (2008) and Theorem 1.1 in Xiang (2011)).
Combining this calibration inequality (2.25) and (2.17), we can obtain an improved gener-
alization bound given by

(s1+1)B

R log n 5\ G1+2)(B+d)
sup Epen [EP(SNN)],s(( n) ,
d,B,r
PGHQ,fl,Cl,tl
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where

2,s51,¢1,t1

HCLB’T = {P E H‘fuB:T

P satisfies (2.24)} . (2.26)

One can refer to Section 3 for more discussions about comparisons between Theorem
2.2 and other related results.

sy B -
In our Theorem 2.2, the rates (@) 7 and (@) 724 hecome slow when the

dimension d is large. This phenomenon, known as the curse of dimensionality, arises in our
Theorem 2.2 because our assumption on the data distribution P is very mild and general.
Except for the Holder smoothness condition on the conditional probability function n of P,
we do not require any other assumptions in our Theorem 2.2. The curse of dimensionality
cannot be circumvented under such general assumption on P, as shown in Corollary 2.1
and (2.19). Therefore, to overcome the curse of dimensionality, we need other assumptions.
In our next theorem, we assume that 7 is the composition of several multivariate vector-
valued functions hgo---ohjohg such that each component function of h; is either a Holder
smooth function whose output values only depend on a small number of its input variables,
or the function computing the maximum value of some of its input variables (see (2.32)
and (2.34)). Under this assumption, the curse of dimensionality is circumvented because
each component function of h; is either essentially defined on a low-dimensional space or
a very simple maximum value function. Our hierarchical composition assumption on the
conditional probability function is convincing and likely to be met in practice because
many phenomena in natural sciences can be “described well by processes that take place
at a sequence of increasing scales and are local at each scale, in the sense that they can be
described well by neighbor-to-neighbor interactions” (Appendix 2 of Poggio et al. (2016)).
Similar compositional assumptions have been adopted in many works such as Schmidt-
Hieber (2020); Kohler and Langer (2020); Kohler et al. (2022). One may refer to Poggio
et al. (2015, 2016, 2017); Kohler et al. (2022) for more discussions about the reasonableness
of such compositional assumptions.

In our compositional assumption mentioned above, we allow the component function
of h; to be the maximum value function, which is not Holder-5 smooth when 8 > 1. The
maximum value function is incorporated because taking the maximum value is an important
operation to pass key information from lower scale levels to higher ones, which appears
naturally in the compositional structure of the conditional probability function 7 in practical
classification problems. To see this, let us consider the following example. Suppose the
classification problem is to determine whether an input image contains a cat. We assume the
data is perfectly classified, in the sense that the conditional probability function n is equal
to zero or one almost surely. It should be noted that the assumption “n = 0 or 1 almost
surely” does not conflict with the continuity of 1 because the support of the distribution of
the input data may be unconnected. This classification task can be done by human beings
through considering each subpart of the input image and determining whether each subpart
contains a cat. Mathematically, let V be a family of subset of {1,2,...,d} which consists
of all the index sets of those (considered) subparts of the input image 2 € [0,1]¢. V should
satisfy

Urs=1{L2....¢

Jey

21



ZHANG, SHI AND ZHOU

because the union of all the subparts should cover the input image itself. For each J € V,
let

1, if the subpart (x); of the input image = contains a cat,
ns((x)s) =

0, if the subpart (x); of the input image = doesn’t contains a cat.
Then we will have n(z) = max ey {ns((z)s)} a.s. because

n(x) = 1 <= x contains a cat < at least one of the subpart (2); contains a cat

< ny((z)s) =1 for at least one J € V < max {ns((x)s)} =1

Hence the maximum value function emerges naturally in the expression of 7.

We now give the specific mathematical definition of our compositional model. For any
(d,dy,ds, B,7) € N X N x N x (0,00) x (0,00), define

Ga' (d) = {f AR ‘jn{icjfi{:cl)’i.rﬁgxdg(i%:}\;t: T ve g[)oi]cfl*}’ (2.27)
and
Gi'(ds, B, 7)
= (s rfis L md e B I ey O

Thus GM(d,) consists of all functions from [0,1]¢ to R which compute the maximum value
of at most d, components of their input vectors, and GE(d,, 8,7) consists of all functions
from 0, 1}d to R which only depend on d, components of the input vector and are Holder-3
smooth with corresponding Hoélder-4 norm less than or equal to r. Obviously,

G (d,, B,r) = @, ¥ (d,dy, B,7) € N x N x (0,00) x (0,00) with d < d,. (2.29)

Next, for any (dy, ds, 3,7) € NxNx (0, 00) x (0, 00), define G2 (d,, B,7) := U, ggl(d*, B,r)
and GM(d,) := U3, GM(d,). Finally, for any ¢ € NU {0}, any (8,7) € (0,00)? and any
(d,dy,d., K) € N* with

dv <min{d, K + 11p1(q) - (d — K)}, (2.30)
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define

gdCH(Qa K? d*,ﬁ,’l“)
ho,hi, ..., hq—1,hq are functions satisfy-
ing the following conditions:

(i) dom(h;) = [0,1]% for 0 < i < g and
dom(hg) = [0,1]%

(ii) ran(h;) C [0,1]% for 0 <i < ¢ and (2.31)
.= hgo---ohyohg ran(h,) C R;

(iii) hq € gg(d*,ﬁﬂ");

(iv) For 0 <i < gand 1 <j < K, the
j-th coordinate function of h; given
by dom(h;) > = — (hi(x)); € R
. belongs to G (d,, 8,7) J

and

gCHOM(Q7 K7 d*? d*7 /87 7’)
ho,hi,...,hq—1,hq are functions satisfy-
ing the following conditions:

(i) dom(h;) = [0,1]¥ for 0 < i < g and
dom(ho) = [0, 1)%
(ii) ran(h;) C [O 1]¥ for 0 < i < ¢ and (2.32)
:=q hgo---ohjohg ran(h,) C
(iii) hq € GE(d *,57T)Ugol\é[(d*);

(iv) For 0 <i < gand 1 <j < K, the
j-th coordinate function of h; given
by dom(h;) > = — (hi(x)); € R
belongs to GE(d,, 3,r) U GM(d,)
Obviously, we always have that QSH(q, K,d., p,r) C QC?HOM(q, K,dy,dy, 3,r). The condi-
tion (2.30), which is equivalent to

d. < d, ifqg=0,
dNK, ifg>0,

is required in the above definitions because it follows from (2.29) that
G5 (q, K, dy, B,r) = @ if d > min {d, K + 11y (q) - (d — K)}.

Thus we impose the condition (2.30) simply to avoid the trivial empty set. The space
QC(EH (¢, K,d, B,r) consists of composite functions hy o - - - hy o hg satisfying that each com-
ponent function of h; only depends on d, components of its input vector and is Holder-3
smooth with corresponding Holder-5 norm less than or equal to r. For example, the function
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(ha(ha (ho(2))) P ((1)14(1)2 N <z>34<z>4) 44 @uiG) | GliG) _ 19%9(36)1, @), )
hi(ho(z)) 00 @iy | @yl @ @ith) Mtk g

ho(z) 0@): (z); —@toitan o (i) - (2)4 ! JOREON
@ € [0,1)* () o (x) o (7);3 o(z),y )

Figure 2.1: An illustration of the function [0,1]* 3>z > (z);- (2); € R,
1<i<j<4
which belongs to GEH(2,4,2,2,8).

0,1]*> 2 — qu (z); - (x); € R belongs to GCH(2,4,2,2,8) (cf. Figure 2.1). The defini-
EAWAS

tion of Q’dCHOM(q7 K, dy,dy, 3,r) is similar to that of QEH (¢, K,dy,B,7). The only difference
is that, in comparison to QEH(q, K,d,, ,r), we in the definition of gdCHOM (¢, K,dy,dy, B,7)
additionally allow the component function of h; to be the function which computes the
maximum value of at most d, components of its input vector. For example, the function

0,1 >z~ Jnax (z); - (z); € R belongs to GEHOM(2,6,3,2,2,2) (cf. Figure 2.2). From
AAWAS

the above description of the spaces QEH(q, K,d.,B,r) and QEHOM(q, K,d,,d.,B,r), we see
that the condition (2.30) is very natural because it merely requires the essential input di-
mension d, of the Holder-8 smooth component function of h; to be less than or equal to
its actual input dimension, which is d (if i = 0) or K (if ¢ > 0). At last, we point out that
the space QEH(q, K,d,, 3,r) reduces to the Holder ball Bf([o, 1)) when ¢ = 0 and d, = d.
Indeed, we have that

B2([0,1)%) = G&(d, B,r) = 6§ (0, K, d, B, )

2.33
c gPHOM (0 K d,.,d,B,r), VK eN, deN, d, €N, € (0,00),r € (0,00). (2.33)

4 R\

ha(hy(ho(x))) max {2§?§4(Jf)1 (#)g,, oax (2): - («’E)j} = Jnax (2)i - (2);

@ €[0,1)* ® () o (2): o (2)s3 ® ().

Figure 2.2: An illustration of the function [0,1]* > 2 = max (x);- (2); € R,
1<i<j<4

which belongs to GFHOM(2.6,3,2 2, 2).
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Now we are in a position to state our Theorem 2.3, where we establish sharp convergence
rates, which are free from the input dimension d, for fully connected DNN classifiers trained
with the logistic loss under the assumption that the conditional probability function n of
the data distribution belongs to QEHOM(q, K,d.,d.,B,r). In particular, it can be shown
the convergence rate of the excess logistic risk stated in (2.36) in Theorem 2.3 is optimal
(up to some logarithmic term). Since QEH(q, K,d., p,r) C QdCHOM(q, K,d.,d., B,r), the
same convergences rates as in Theorem 2.3 can also be achieved under the slightly narrower
assumption that n belongs to Q(?H(q, K,d.,B3,r). The results of Theorem 2.3 break the
curse of dimensionality and help explain why deep neural networks perform well, especially
in high-dimensional problems.

Theorem 2.3 Let g € NU{0}, (d,d,, dy, K) € N* with d, < min {d, K + Lioy(q) - (d — K)},
(B,7) € (0,00)2, n € N, v € [0,00), {(X;,Y;)}; be an i.i.d. sample in [0,1]% x {—1,1}
and fENN be an ERM with respect to the logistic loss ¢(t) = log (1 + e_t) over the space
FINN(G, N, S, B, F), which is given by (2.14). Define

Px({z €[0,1]Y| P({1}]2) = i(2)}) = 1
fo):“ some 1) € G HOM(% K,d,,d,,f,r) } . (2.34)

d767r Py— d
IH4,q,K,d*,d* = {P € Hy

Then there exists a constant ¢ € (0,00) only depending on (dy,ds,B,7,q), such that the
estimator fFNN defined by (2.14) with

—dx —dx
log 15\ “FF(1ABT log 1)5\ TF5-GABIT
clogn <G <logn, N < <((ﬁgn)> , = ((ogn) > -logn,
( )” n (2.35)
5. 1A ﬁ q
1< B<nY and ‘logn < F <logn
satisfies
. q
o (log n)5 d*igl‘(Alﬁ/\)B)q
sup Epen [5}_—5, (f,I;NN)} < < ) (2.36)
PENY kv "
and .
FFNN (log ”)5 Qd*%%
dsgp Epen [Sp <fn )} < <n> . (2.37)

PEH Y 4 K du ds

The proof of Theorem 2.3 is given in Appendix C.4. Note that Theorem 2.3 directly
leads to Theorem 2.2 because it follows from (2.33) that

HPOT CHD L, ifq=0,d,=dand d, = K =1.

Consequently, Theorem 2.3 can be regarded as a generalization of Theorem 2.2. Note that
B-(1np)1

B-(1rB)1 -
both the rates O((M BRIy and O((M) EEUAITY 0 (2.36) and (2.37) are
independent of the input dimension d, thereby overcoming the curse of dimensionality.

B-(np)?

Moreover, according to Theorem 2.6 and the comments therein, the rate <%) derinns
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in (2.36) for the convergence of the excess logistic risk is even optimal (up to some logarith-
mic factor). This justifies the sharpness of Theorem 2.3.

Next, we would like to demonstrate the main idea of the proof of Theorem 2.3. The
strategy we adopted is to apply Theorem 2.1 with a suitable 1 satisfying (2.7). Let P be
an arbitrary probability in 7—[255”;(’ d d. and denote by 7 the conditional probability function
P({1}|-) of P. According to the previous discussions, we cannot simply take ¥ (x,y) =
¢(yf p(z)) as the target function f; p = log % is unbounded. Instead, we define 1) by
(2.9) for some carefully selected 01 € (0,1/2]. For such v, we prove

/ Y (z,y)dP(z,y) = inf { R?,(f)’ 10, 1]d — Ris measurable} (2.38)
0,1]¢x{—1,1}

in Lemma C.3, and establish a tight inequality of form (2.5) with I' = O((log %)2) in Lemma

C.10. We then calculate the covering numbers of F := ]-'Cf‘l\n\T(G7 N, S, B, F) by Corollary
A.1 and use Lemma C.15 to estimate the approximation error

n ¢ —
flef (Rp(f) /[o,l]dx{—l,uwa)dp(x,w)

which is essentially infc Sg( f). Substituting the above estimations into the right hand
side of (2.6) and taking supremum over P € HZ?;( d, d.» We obtain (2.36). We then derive
(2.37) from (2.36) through the calibration inequality (2.21).

We would like to point out that the above scheme for obtaining generalization bounds,
which is built on our novel oracle-type inequality in Theorem 2.1 with a carefully con-
structed 1, is very general. This scheme can be used to establish generalization bounds for
classification in other settings, provided that the estimation for the corresponding approx-
imation error is given. For example, one can expect to establish generalization bounds for
convolutional neural network (CNN) classification with the logistic loss by using Theorem
2.1 together with recent results about CNN approximation. CNNs perform convolutions
instead of matrix multiplications in at least one of their layers (cf. Chapter 9 of Goodfellow
et al. (2016)). Approximation properties of various CNN architectures have been inten-
sively studied recently. For instance, 1D CNN approximation is studied in Zhou (2020b,a);
Mao et al. (2021); Fang et al. (2020), and 2D CNN approximation is investigated in Kohler
et al. (2022); He et al. (2022). With the help of these CNN approximation results and
classical concentration techniques, generalization bounds for CNN classification have been
established in many works such as Kohler and Langer (2020); Kohler et al. (2022); Shen
et al. (2021); Feng et al. (2023). In our coming work Zhang et al. (2024), we will derive
generalization bounds for CNN classification with logistic loss on spheres under the Sobolev
smooth conditional probability assumption through the novel framework developed in our
paper.

In our proof of Theorem 2.2 and Theorem 2.3, a tight error bound for neural network
approximation of the logarithm function log(-) arises as a by-product. Indeed, for a given
data distribution P on [0,1]¢ x {—1,1}, to estimate the approximation error of FENN,
need to construct neural networks to approximate the target function f; p = log 1%777, where
7 denotes the conditional probability function of P. Due to the unboundedness of fq’; p, one

we
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cannot approximate f; p directly. To overcome this difficulty, we consider truncating f;f p

to obtain an efficient approximation. We design neural networks 77 and [ to approximate n
n [0,1]¢ and log(:) on [d,,1 — d,] respectively, where &, € (0,1/4] is a carefully selected
number which depends on the sample size n and tends to zero as n — oco. Let 1I;, denote
the clipping function given by Ils, : R — [0y, 1 — 8]t > argming¢s, 15,1 [t — t|. Then
L:tw (I, (t) — (1 — I, (t)) is a neural network which approximates the function

logl%t7 if t € [0y, 1 — &y,
Ls, it Qlog 5% if £ > 14, (2.39)
log 125, if t < dy,

meaning that the function L(7j(z)) = I (Is, (7(x))) — I (I5, (1 — 7(x))) is a neural network
which approximates the truncated f(;; p given by

% . " 1-94,
fo,p(2), if |f} p(x)| <log 5

Ls,on:a— L, (n(z)) =

1-4
sgn(fy p(z))log 5 " otherwise.

n

One can build 7 by applying some existing results on approximation theory of neural net-
works (see Appendix B). However, the construction of [ requires more effort. Since the
logarithm function log(-) is unbounded near 0, which leads to the blow-up of its Holder
norm on [d,, 1 —d,] when d,, is becoming small, existing conclusions, e.g., the results in Ap-
pendix B, cannot yield satisfactory error bounds for neural network approximation of log(-)
on [0, 1—0,]. To see this, let us consider using Theorem B.1 to estimate the approximation
error directly. Note that approximating log(+) on [d,, 1 — d,] is equivalent to approximating
ls,, (t) :=log((1 — 28,)t + ,) on [0,1]. For 31 > 0 with k = [8; — 1] and A = 81 — [B1 — 1],
denote by ll(;lz) the k-th derivative of ls,. Then there holds

FRORG)

s, llern(oap = sup

0<t<t'<1 |t — t’]’\
k k k+1
52 0) =15 <1_555n)‘ _ I (t)‘ : ‘0 - %5
X > inf X
‘O — 1_57%71 te [07175%] }0 — 1—55%
k! k+1 on
i ‘((1—26n)t+6n)k+1 S (1 —=20,)" - ’0 124, k! 5 YkHA 1
- DY = i1 (1~ 20n) SN
te [07‘1—%”] ‘0 — 1_55n n
Hence it follows from ¢, € (0,1/4] that
61— 1! s 1 _[B-1 1 3 1
16, llerx 0,17y 2 o (1—26,)"" - 5o Z BT 5o Z 198 s
By Theorem B.1, for any positive integers m and M’ with
3 1
M’ > max {(51 + 1), (Hl5 ”Ck A([0,1]) (51 + 1) } HlénHCk«\([o,l]) > @ : @7 (2.40)
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there exists a neural network
fe FENN (14m(2 +logy (1 V 1)), 6 (1 + [B1]) M',987(2 + B1)* M'm, 1, 0) (2.41)
such that

sup
z€[0,1]

L (T) — f(x)) < Hlén”ck,)\([o 1) -[B1] -3 35 M =B

+ (1 + 215, llekx o,y - Wﬂ) 6-(2+57) - M -27

To make this error less than or equal to a given error threshold &, (depending on n), there
must hold

— _ _ 3 1
En > ”l(SankA([O,l]) - [B1] L3P B > Hlén”cm([m]) MBS AP T 5%
n
This together with (2.40) gives
31 3 V5
M > et/ | 2 N 2.42
fax { 128 g0 128 o (242)

Consequently, the width and the number of nonzero parameters of f are greater than or
equal to the right hand side of (2.42), which may be too large when 4, is small (recall that
d, — 0 as m — 00). In this paper, we establish a new sharp error bound for approximating
the natural logarithm function log(-) on [d,,1 — d,], which indicates that one can achieve
the same approximation error by using a much smaller network. This refined error bound is
given in Theorem 2.4 which is critical in our proof of Theorem 2.2 and also deserves special
attention in its own right.

Theorem 2.4 Given a € (0,1/2], b € (a,1], a € (0,00) and ¢ € (0,1/2], there exists

1
1

~ 1
f e FFNN (A1 log + 139 log A2 -log —,
a

L 2

1| 1 1 1

As|—| - log‘-log+65440 log — ,1,oo>
€ € a a

such that 3
sup ‘logz—f( )’ <e and loga < f(t) <logh, Vt € R,
z€|a,b]

where (A1, Az, A3) € (0,00)3 are constants depending only on c.

In Theorem 2.4, we show that for each fixed a € (0,00) one can construct a neural
network to approximate the natural logarithm function log(-) on [a, b] with error €, where the
depth, width and number of nonzero parameters of this neural network are in the same order

1
of magnitude as log + log ( ) (log ) and (%) @ (log %) (log %) + (log %)2 respectively.
Recall that in our generahzatlon analysis we need to approximate log on [0,,1 — d,], which
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is equivalent to approximating ls, (t) = log((1—2d,)t+6,) on [0, 1]. Let &, € (0,1/2] denote
the desired accuracy of the approximation of /5, on [0, 1], which depends on the sample size
n and converges to zero as n — oo. Using Theorem 2.4 with o = 251, we deduce that for
any 1 > 0 one can approximate ls, on [0, 1] with error &, by a network of which the width

and the number of nonzero parameters are less than Cgs, e, o llog ep| - |log 6,|* with some

constant Cg, > 0 (dependmg only on f31). The complexity of this neural network is much
smaller than that of f defined in (2.41) with (2.42) as n — oo since [log 6,|*> = 0(1/d,) and

En 7 [logen| =0 (sn /61) as n — 0o. In particular, when

1
5 SepnANop <éepVop S o for some 05 > 61 > 0 independent of n or Sy, (2.43)
which occurs in our generalization analysis (e.g., in our proof of Theorem 2.3, we essentially

B-(1AB)1
@ A OADT  heaning that n@+8-(0A07 < g, = §, < n2d=+6-0A5)1 (cf.

(C.74), (C.78), (C.87) and (C.92)), we will have that the right hand side of (2.42) grows no
slower than n?1701/81 Hence, in this case, no matter what 8 is, the width and the number
of nonzero parameters of the network f, which approximates ls, on [0,1] with error &, and
is obtained by using Theorem B.1 directly (cf. (2.41)), will grow faster than n% as n — co.
However, it follows from Theorem 2.4 that there exists a network f of which the Wldth and

take €, = 9, <

the number of nonzero parameters are less than Cglfjn 2 llog en| - |log én 2 < n2ﬂ1 log n|?

such that it achieves the same approximation error as that of f. By taking ﬁl large enough
we can make the growth (as n — o) of the width and the number of nonzero parameters of
f slower than n? for arbitrary 6 € (0, ;]. Therefore, in the usual case when the complexity
of 7 is not too small in the sense that the width and the number of nonzero parameters
of 7j grow faster than n% as n — oo for some #3 € (0,00) independent of n or By, we
can use Theorem 2.4 with a large enough a = 281 to construct the desired network [ of
which the complexity is insignificant in comparison to that of L o 7. In other words, the
neural network approximation of logarithmic function based on Theorem 2.4 brings little
complexity in approximating the target function f; p- The above discussion demonstrates
the tightness of the inequality in Theorem 2.4 and the advantage of Theorem 2.4 over those
general results on approximation theory of neural networks such as Theorem B.1.

It is worth mentioning that an alternative way to approximate the function Ls, defined
in (2.39) is by simply using its piecewise linear interpolation. For example, in Kohler and
Langer (2020), the authors express the piecewise linear interpolation of L, at equidistant
points by a neural network L, and construct a CNN 1 to approximate 7, leading to an
approximation of the truncated target function of the logistic risk L o 7. It follows from
Proposition 3.2.4 of Atkinson and Han (2009) that

>

2
< I 2.44
(5n [6n,1*5n] ~ 57%7 ( )

where h,, denotes the step size of the interpolation. Therefore, to ensure the error bound
ey, for the approximation of Ls, by L, we must have h, < /,, implying that the number
of nonzero parameters of L will grow no slower than ﬁ e \/157 as n — oo. Consequently,
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in the case (2.43), we will have that the number of nonzero parameters of L will grow no
91/2  Therefore, in contrast to using Theorem 2.4, we cannot make the number
of nonzero parameters of the network L obtained from piecewise linear interpolation grow
slower than n? for arbitrarily small # > 0. As a result, using piecewise linear interpolation
to approximate Ls, may bring extra complexity in establishing the approximation of the
target function. However, the advantage of using piecewise linear interpolation is that one
can make the depth or width of the network L which expresses the desired interpolation
bounded as n — oo (cf. Lemma 7 in Kohler and Langer (2020) and its proof therein).

The proof of Theorem 2.4 is in Appendix C.3. The key observation in our proof is the
fact that for all k € N, the following holds true:

slower than n

logz = log(2¥ - ) — klog?2, Yz € (0,00). (2.45)

Then we can use the values of log(-) which are taken far away from zero (i.e., log(2* - z) in
the right hand side of (2.45)) to determine its values taken near zero, while approximating
the former is more efficient as the Holder norm of the natural logarithm function on domains
far away from zero can be well controlled.

In the next theorem, we show that if the data distribution has a piecewise smooth
decision boundary, then DNN classifiers trained by empirical logistic risk minimization can
also achieve dimension-free rates of convergence under the noise condition (2.24) and a
margin condition (see (2.51) below). Before stating this result, we need to introduce this
margin condition and relevant concepts.

We first define the set of (binary) classifiers which have a piecewise Holder smooth
decision boundary. We will adopt similar notations from Kim et al. (2021) to describe
this set. Specifically, let 5,7 € (0,00) and I,0 € N. For g € Bf ([O,l}dil) and j =
1,2,---,d, we define horizon function ¥, ; : [0, 119 — {0,1} as U, i(x) = L{(2);2g(x_;)}>
where z_; := ((x)1, -+, ()1, (2)j+1, -, (x)a) € [0,1]4"L. For each horizon function, the
corresponding basis piece Ay is defined as Ay := {z € [0,1]¢ }\I!g,j(:n) =1}. Note that
Agj = {z €[0,1% (2); > max{0,g(z_;)}}. Thus Ay is enclosed by the hypersurface
Sg.j = {x €[0,1)%] (x); = max {0, g(x_;)} } and (part of) the boundary of [0,1]. We then
define the set of pieces which are the intersection of I basis pieces as

AbBL . — {A

1
A= () Mg for some ji € {1,2,-- .d} and gy € B ([0.1""") } ,
k=1

and define C%71© to be a set of binary classifiers as

Cd7/87r717®

— disjoint sets in A%A™1
1=

©
= {c(;p) =2 1a(z)—1:[0,1]* - {-1,1}

Ay, A, As, - Ao are} (2.46)

Thus C*#71® consists of all binary classifiers which are equal to +1 on some disjoint
sets Ai,..., Ag in A%P"! and —1 otherwise. Let Ay = Ni_ Ay, ., (t =1,2,...,0) be
arbitrary disjoint sets in A%%"1 where ji ) € {1,2,...,d} and g, € B’ ([O, 1}d_1). Then
C:[0,1] = {-1,1}, 2 > 22?:1 14,(z)—1is a classifier in C%#"1©. Recall that Ay, , j, , is
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enclosed by Sy, , j, . and (part of) the boundary of [0, 1] for each t, k. Hence for each t, the
region A; is enclosed by hypersurfaces Sy, , ;. (k= 1,...,I) and (part of) the boundary
of [0,1]%. We say the piecewise Holder smooth hypersurface

e I
D} = U U (Sgo i N AL (2.47)
t=1k=1

is the decision boundary of the classifier C because intuitively, points on different sides of
D¢ are classified into different categories (i.e. +1 and —1) by C (cf. Figure 2.3). Denote by
Ac(z) the distance from x € [0, 1]¢ to the decision boundary Dj, i.e.,

Ac(x) ::inf{Haz—x/HZ‘x/ € D¢} (2.48)

(x)o-axis

| |
0 0.2 0.4 0.6 0.8 1

(z)1-axis

Figure 2.3: Illustration of the sets A1,... Ag whend =2, 0 =2, [ = 3,
Joq =J22 = Jji11 =Ji12 =2 and j1 3 = jo3 = 1. The classifier C(z) = 22?:1 Tg,(x)—1is
equal to +1 on A; U Ay and —1 otherwise. The decision boundary D¢ of C is marked red.

We then describe the margin condition mentioned above. Let P be a probability measure
on [0,1]% x {—1,1}, which we regard as the joint distribution of the input and output data,
and 7(-) = P({1}|-) is the conditional probability function of P. The corresponding Bayes

classifier is the sign of 27— 1 which minimizes the misclassification error over all measurable
functions, i.e.,

Rp(sgn(2n —1)) = Rp(2n — 1) = inf {Rp(f) ’f :[0,1]¢ = R is measurable} . (249)

We say the distribution P has a piecewise smooth decision boundary if

3ce Pl st sgn(2n —1) X C,

31



ZHANG, SHI AND ZHOU

that is,
Px <{:z: e o, 1]d‘ sgn(2 - P({1} z) — 1) = c@;)}) —1 (2.50)

for some C € CHA™1O . Suppose ¢ € C4P1O and (2.50) holds. We call D the decision
boundary of P, and for ¢y € (0,00), t2 € (0,00), s2 € [0, 00|, we use the following condition

Py ({az e o, 1]‘1‘ Ac(z) < t}) <ot VO <t <Ly, (2.51)

which we call the margin condition, to measure the concentration of the input distribution
Px near the decision boundary D¢ of P. In particular, when the input data are bounded
away from the decision boundary Df of P (Px-a.s.), (2.51) will hold for sy = oc.

Now we are ready to give our next main theorem.

Theorem 2.5 Let d € NN [2,00), (n,1,0) € N3, (B,m,t1,t2,c1,¢2) € (0, )8, (s1,82) €
[0,00)%, {(X;,Y:)}", be a sample in [0,1]¢ x {=1,1} and fFNN be an ERM with respect
to the logistic loss ¢(t) = log (1 + e_t) over FgNN(G, N, S, B, F) which is given by (2.14).
Define

Hd7ﬁ7,r7[79731a52 — {P c Hg

6,t1,c1,t2,c2

hold for some C € cdB:,1,0 (2.52)

(2.24), (2.50) and (2.51)}.

Then the following statements hold true:

(1) For sy € [0,00] and sy = oo, the ¢p-ERM fFNN wth

1 1\ 7 1\ 7 1
G:Gglogil, N:N() 1 y S:SO 1 log T |
t2/\§ tQ/\§ t2/\§ t2/\§
1
1 1 s1+2
B=By|——= ], and Fx(Ogn>1
t2/\§ n

satisfies

d,B,r,1,0,s1,s2
6,t1,c1,t,co

s1
2 logn \ s1+2
sup Epon [sp( SNNH < < > , (2.53)
n
PeH

where G, Ny, So, By are positive constants only depending on d, B3,7,1,0;

(2) For sy = oo and sy € [0,00), the ¢p-ERM fFNN with

d—1 d—1
G=1 N=<|— S=(—— 1
o8t <<log n>3> ’ <<1og n>3> o8t

1
T 1
B (o)t F=ning

logn 2
satisfies
1
- logn)® \ '+ %
sup Epsn [513 (f};NNﬂ < <( gn ) ) o2 ; (2.54)
d,B,r,I 81,8
PEH oy
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(3) For sy € [0,00) and sy € [0,00), the ¢-ERM fENN it

(d=1)(s1+1) (d=1)(s14+1)
n s2B+(s1+1)(s2B+d—1) n s2B+(s1+1)(sgB+d—1)
Gxlogn, N =< | ——=3 S = 3 log n,
(logn) (logn)
s1+1 3 s9 p—
d—1 —
B = n . 32+(s1+1)(s2+7) 7 and F = (10g n) 52+(51+1)(52+T)
(logn) n
satisfies
3\ T
. logn L (sp+1) (1+ %=1
sup Epon [513 (f,I:NN)} N (m (+52) . (2.55)
d,8,r,1,0,s1,s n
PeHG,tl,cl,tQ,(}Q 2

s
It is worth noting that the rate O((k’%) Sl+2) established in (2.53) does not depend on

the dimension d, and dependency of the rates in (2.54) and (2.55) on the dimension d
diminishes as sg increases, which demonstrates that the condition (2.51) with s3 = oo helps
circumvent the curse of dimensionality. In particular, (2.53) will give a fast dimension-free
rate of convergence (9(10%) if s1 = s2 = 00. One may refer to Section 3 for more discussions
about the result of Theorem 2.5.

The proof of Theorem 2.5 is in Appendix C.5. Our proof relies on Theorem 2.1 and
the fact that the ReLLU networks are good at approximating indicator functions of bounded
regions with piecewise smooth boundary (Imaizumi and Fukumizu, 2019; Petersen and
Voigtlaender, 2018). Let P be an arbitrary probability in Hgff;gi;s? and denote by 7
the condition probability function P({1}|-) of P. To apply Theorem 2.1 and make good use
of the noise condition (2.24) and the margin condition (2.51), we define another v (which
is different from that in (2.9)) as

¢ (yFosgn(2n(x) — 1)), if |2n(z) — 1] > no,

¢ <y log 1(7276(3:)> ) if 2n(z) —1[ <no

Y:[0,1)¢x {-1,1} = R, (z,9)—

3

for some suitable 79 € (0,1) and Fy € <O, log }fzg) For such v, Lemma C.17 guarantees
that inequality (2.3) holds as

/ Y (z,y)dP(z,y) < inf{R%(f)‘ f:00,1] > Ris rneasurable} ,
[0,1]4x{—1,1}

and (2.4), (2.5) of Theorem 2.1 are satisfied with M = ﬁ and I' = ﬁ. Moreover, we
0

use the noise condition (2.24) and the margin condition (2.51) to bound the approximation
error

feFTNN(G,N,S,B,F)

inf (R?é(f) - / w<x,y>dP<x,y>> (2.56)
[0,1]4%{—1,1}

(see (C.111), (C.112), (C.113)). Then, as in the proof of Theorem 2.2, we combine Theorem
2.1 with estimates for the covering number of ]-"C]; NN (G, N, S, B, F) and the approximation
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error (2.56) to obtain an upper bound for Epen {R?Q ( ASNN) — f¢dP], which, together

with the noise condition (2.24), yields an upper bound for Epen [Sp( AFNN)} (see (C.109)).

n
Finally taking the supremum over all P € ’Hg’ﬁ ’TC’II’Z) oo°? gives the desired result. The proof

of Theorem 2.5 along with that of Theorem 2.2 and Theorem 2.3 indicates that Theorem
2.1 is very flexible in the sense that it can be used in various settings with different choices

of 9.

2.2 Main Lower Bounds

In this subsection, we will give our main results on lower bounds for convergence rates of
the logistic risk, which will justify the optimality of our upper bounds established in the
last subsection. To state these results, we need some notations.

Recall that for any a € [0,1], .#, denotes the probability measure on {—1,1} with
Mo({1}) = a and #,({—1}) = 1 — a. For any measurable 7 : [0,1]¢ — [0,1] and any Borel
probability measure 2 on [0, 1]¢, we denote

P,o: {Borel subsets of [0,1]¢ x {1, 1}} — [0,1],

(2.57)
5 / / 1s(2,y)d My ) ()42 ).
[0’1}d {71’1}

Therefore, P, o is the (unique) probability measure on [0, 1]¢x {—1, 1} of which the marginal
distribution on [0, 1] is .2 and the conditional probability function is 7. If 2 is the Lebesgue
measure on [0, 1%, we will write P, for P, 5.

For any 3 € (0,00), r € (0,00), A € [0,1), ¢ € NU {0}, and (d,d., K) € N3 with
d. <min{d, K + Lioy(q) - (d - K)}, define

nggm = {Pn

a,B,r o
He' g Kode = {Pn

n € BE([0,1]%), ran(n)  [0,1], zmd}7

f[O,l]d 1[0,A}(|277(x) - 1’)d$ =0 (258)
ne gdCH(q, K,d.,,r), ran(n) C [0, 1],}

and f[o,ud 1o, 4)(|2n(z) — 1])dz = 0

Now we can state our Theorem 2.6. Recall that F; is the set of all measurable real-valued
functions defined on [0, 1]%.

Theorem 2.6 Let ¢ be the logistic loss, n € N, € (0,00), r € (0,00), A€ [0,1), g e NU
{0}, and (d,d., K) € N* with d, < min{d, K + 1y5y(q) - (d — K)}. Suppose {(X;,Yi)}i_,
is a sample in [0,1]% x {—1,1} of size n. Then there exists a constant co € (0,00) only
depending on (d, B,7,q), such that

ds+B-(1AB)Y

. b7 __B-0nrB)1 , 7 B-(IAB)T
inf sup Epsn {Ep(fn)} > con W FAOABT provided that n > 1 )
o PEHIET b

where the infimum is taken over all Fy-valued statistics on ([0,1]¢ x {—1,1})" from the
sample {(X;,Yi)}i ;.
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Taking ¢ =0, K =1, and d,x = d in Theorem 2.6, we immediately obtain the following
corollary:

Corollary 2.1 Let ¢ be the logistic loss, d € N, 5 € (0,00), r € (0,00), A € [0,1), and
n € N. Suppose {(X;,Yi)}, is a sample in [0,1]% x {~1,1} of size n. Then there ezists a
constant co € (0,00) only depending on (d, B,r), such that

d+p
B

)

a2 __B_
inf sup FEpsan {Ef,(fn)] > con 48 provided that n > ‘
fn Peng "

1-A

where the infimum is taken over all Fy-valued statistics on ([0,1]¢ x {—1,1})" from the
sample {(X;,Y;) Hie ;-

Theorem 2.6, together with Corollary 2.1, is proved in Appendix C.6.
Obviously, Hg’i’z xd. C HZ’?’}; d,.q.- Therefore, it follows from Theorem 2.6 that

) b7 . b7 __B-0anp)?
inf sup Epsn [Sp(fn)} > inf sup Epsn [Ep(fn)} 2 n &FEAART,

d,B,r 4,6,
o PEMTT R 4, a. In PEMSRT, K.

. B-(AnB)1
This justifies that the rate O( <@) G UADTY i1 (2.36) is optimal (up to the logarithmic
_58-(AAB)T L. X dB,r d,B,r
factor (logn)=+50A8)7). Similarly, it follows from H;";" C H{"™" and Corollary 2.1 that

~ N __B_
inf sup FEpsan [é’ﬁ(fn)} >inf sup Epen {Sf;(fn)] >mn a6
fn pentr Fn Peng T

(log n)® %
which justifies that the rate O((%) ) in (2.17) is optimal (up to the logarithmic

5B
factor (logn)#+d). Moreover, note that any probability P in Hg’ﬁ’r must satisfy the noise
condition (2.24) provided that s; € [0, 00], t; € (0, A], and ¢; € (0,00). In other words, for
any s1 € [0,00], t1 € (0, 4], and ¢; € (0,00), there holds Hg’ﬁ’r c HEO meaning that

2,51,C1,t1”

e Sinf sup Epen [51%(1211)] <inf  sup  Epen [5?’(1?")}

d,B,r d,B,r
Fr PEHS,A I PEHZxSIvCLtl

8
5\ B+d
< H}f sup EP@" [gﬁ(fnﬂ < sup EP®n [5? (anNN>:| S <(log n) ) 3
fn penPr PeHPPT "
where fFNN s the estimator defined in Theorem 2.2. From above inequalities we see that
the noise condition (2.24) does little to help improve the convergence rate of the excess
¢-risk in classification.

The proof of Theorem 2.6 and Corollary 2.1 is based on a general scheme for obtaining
lower bounds, which is given in Section 2 of Tsybakov (2009). However, the scheme in
Tsybakov (2009) is stated for a class of probabilities 7 that takes the form H = {Qy|0 € ©}
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with © being some pseudometric space. In our setting, we do not have such pseudometric
space. Instead, we introduce another quantity

inf |E5(f) + &

inf |e500)+ £5(0) (2.59)
to characterize the difference between any two probability measures P and @ (see (C.126)).
Estimating lower bounds for the quantity defined in (2.59) plays a key role in our proof of
Theorem 2.6 and Corollary 2.1.

3. Discussions on Related Work

In this section, we compare our results with some existing ones in the literature. We first
compare Theorem 2.2 and Theorem 2.5 with related results about binary classification
using fully connected DNNs and logistic loss in Kim et al. (2021) and Farrell et al. (2021)
respectively. Then we compare our work with Ji et al. (2021), in which the authors carry
out generalization analysis for estimators obtained from gradient descent algorithms.

Throughout this section, we will use ¢ to denote the logistic loss (i.e., ¢(t) = log(1+e7t))
and {(X;,Y;)}/—, to denote an ii.d. sample in [0,1]¢ x {~1,1}. The symbols d, 3, r, I,
©, t1, ¢1, ta, co and ¢ will denote arbitrary numbers in N, (0,00), (0,00), N, N, (0, 00),
(0,00), (0,00), (0,00) and [0,00), respectively. The symbol P will always denote some
probability measure on [0,1]% x {—1, 1}, regarded as the data distribution, and 7 will denote
the corresponding conditional probability function P({1}|-) of P.

Recall that C4#71.©  defined in (2.46), is the space consisting of classifiers which are
equal to +1 on the union of some disjoint regions with piecewise Hélder smooth boundary
and —1 otherwise. In Theorem 4.1 of Kim et al. (2021), the authors conduct generalization
analysis when the data distribution P satisfies the piecewise smooth decision boundary
condition (2.50), the noise condition (2.24), and the margin condition (2.51) with s; =
s9 = oo for some C € C%%"1.©  They show that there exist constants G, Ny, S, Bo, Fy not
depending on the sample size n such that the ¢-ERM

. ) 1
ERRNES arg min —> o (Yif(X))
FEFENN(Go,No,S0,Bo,Fo) " 721

satisfies
1+€

A logn
sup Bpo & ()] <l @ gn) (3.1)
PEHﬁ,’tl’,c’l’,tQ’,CQ’

for any € > 0. Indeed, the noise conditions (2.24) and the margin condition (2.51) with
s1 = sy = oo are equivalent to the following two conditions: there exist 19 € (0,1) and
A > 0 such that

Py ({;1: e [0, 1]d‘ 2n(z) — 1] < no}) ~0
and

Py <{x € (0,1 | Ac(z) < Z}) =0

(cf. conditions (N’) and (M’) in Kim et al. (2021)). Under the two conditions above,

combining with the assumption sgn(2n—1) Ix2s e A0 TLemma A.7 of Kim et al.
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(2021) asserts that there exists f§ € ffNN(GO, No, So, Bo, Fo) such that

fs € arg min R?;(f)
FEFENN(Go,No,50,Bo,Fo)

and
Rp(fy) = Rp(2n —1) = inf {Rp(f) ‘f 0,114 - Ris measurable} .

The excess misclassification error of f : [0,1]% — R is then given by Ep(f) = Rp(f) —
Rp(f;). Since f§ is bounded by Fp, the authors in Kim et al. (2021) can apply classical
concentration techniques developed for bounded random variables (cf. Appendix A.2 of
Kim et al. (2021)) to deal with f (instead of the target function fJ ), leading to the
generalization bound (3.1). In this paper, employing Theorem 2.1, we extend Theorem
4.1 of Kim et al. (2021) to much less restrictive cases in which the noise exponent s; and
the margin exponent sy are allowed to be taken from [0,00]. The derived generalization
bounds are presented in Theorem 2.5. In particular, when s; = s9 = oo (i.e., let 57 = 00
in statement (1) of Theorem 2.5), we obtain a refined generalization bound under the same
conditions as those of Theorem 4.1 in Kim et al. (2021), which asserts that the ¢-ERM
fENN over FgNN(GO, No, So, Bo, Fo) satisfies

A logn
FNN
sup Epsn [5P< n )] S — (3.2)
PepbB1,8,0,00 n
6,t1,c1,t9,co

removing the e in their bound (3.1). The above discussion indicates that Theorem 2.1
can lead to sharper estimates in comparison with classical concentration techniques, and
can be applied in very general settings. However, we would like to point out that if

s1 < oo and sy < 0o, then the convergence rate obtained in Theorem 2.5 (that is, the
S1

3 . d—1
rate (9( (@) 1 1+1)(1+ 532) ) in (2.55)) is suboptimal. Indeed, Theorem 3.1 and The-

orem 3.4 of Kim et al. (2021) show that DNN classifier fg NN trained with empirical hinge
risk minimization can achieve a convergence rate

s1+1

sup_ Bpen [Ep (FFNV)] < ((log ”)3> ven(tatts) (g

d,8,r,1,0,s1,s9 n

PeHG,tl ,¢1,t9,co

51
3 s d—1
which is strictly faster than the rate (’)( <w> e 1+1>(1+ 352) ) in (2.55). Moreover, as

mentioned below Theorem 3.1 in Kim et al. (2021), even the rate in (3.3) is suboptimal
in general. In Hu et al. (2022a), the authors propose a new DNN classifier which are
constructed in a divide-and-conquer manner: DNN classifiers are trained with empirical 0-1
risk minimization on each local region and then “aggregated to a global one”. Hu et al.
(2022a) provides minimax optimal convergence rates for this new DNN classifier under the
assumption that the data distribution P € Hgfl ,771,7116,217,10,0 (that is, the decision boundary of
P is assumed to be Holder-8 smooth (rather than just piecewise smooth), but the noise

condition (2.24) and the margin condition (2.51) are not required) along with a “localized
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version” of the noise condition (2.24) (see assumptions (M1) and (M2) in Hu et al. (2022a)).
It is interesting to further study whether we can apply Theorem 2.1 to establish optimal
convergence rates for the new DNN classifiers proposed in Hu et al. (2022a) which are locally
trained with some surrogate loss (as we have already pointed out, Theorem 2.1 remains true
for any locally Lipschitz continuous loss function ¢, see the discussion on page 14) such as
logistic loss instead of 0-1 loss.

The recent work Farrell et al. (2021) considers estimation and inference using fully
connected DNNs and the logistic loss in which their setting can cover both regression and

classification. For any probability measure P on [0,1]% x {—1,1} and any measurable
1

function f : 0,11 — [~o0,c0], define [|f||p = (f[o 1]d|f(x)|2dPX(:L‘)>§. Recall that
X 9

BY () is defined in (2.13). Let ’H?’B be the set of all probability measures P on [0, 1]¢ x
{—1,1} such that the target function f; p belongs to Bf ([0,1)%). In Corollary 1 of Farrell

et al. (2021), the authors claimed that if P € H?’ﬁ and 8 € N, then with probability at
least 1 — e~ there holds

where the estimator ff;NN € ffNN(G, N, S, 00, F) is defined by (2.14) with

< n_% log*n + loglogn +v v, (3.4)
n

N

2
2
3

_d__ _d__
G =<logn, N xndt28, § < ndt28 logn, and F = 2. (3.5)

Note that f] p € Blﬁ (10,1]¢) implies 1£5 pllcc < 1. From Lemma 8 of Farrell et al. (2021),

. 2
bounding the quantity H fENN _ I3 PH@ on the left hand side of (3.4) is equivalent to
Px
bounding Si-’,( FNN) " since
exel
2(e+e 1 +2)

< &Y

. 2 . 110 2
FNN FNN FNN

NN = op|ly S €N < AN s,
X

2
L Py

(3.6)

Hence (3.4) actually establishes the same upper bound (up to a constant independent of n
and P) for the excess ¢-risk of f}; NN leading to upper bounds for the excess misclassification
error Ep(fFNN) through the calibration inequality. The authors in Farrell et al. (2021) apply
concentration techniques based on (empirical) Rademacher complexity (cf. Section A.2 of
Farrell et al. (2021) or Bartlett et al. (2005); Koltchinskii (2006)) to derive the bound (3.4),
which allows for removing the restriction of uniformly boundedness on the weights and biases
in the neural network models, i.e., the hypothesis space generated by neural networks in their
analysis can be of the form ffNN (G,N,S,00, F). In our paper, we employ the covering
number to measure the complexity of hypothesis space. Due to the lack of compactness, the
covering numbers of }"fNN (G,N, S, 00, F) are in general equal to infinity. Consequently,
in our convergence analysis, we require the neural networks to possess bounded weights
and biases. The assumption of bounded parameters may lead to additional optimization
constraints in the training process. However, it has been found that the weights and biases
of a trained neural network are typically around their initial values (cf. Goodfellow et al.
(2016)). Thus the boundedness assumption matches what is observed in practice and has
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been adopted by most of the literature (see, e,g., Kim et al. (2021); Schmidt-Hieber (2020)).
In particular, the work Schmidt-Hieber (2020) considers nonparametric regression using
neural networks with all parameters bounded by one (i.e., B = 1). This assumption can
be realized by projecting the parameters of the neural network onto [—1,1] after each
updating. Though the framework developed in this paper would not deliver generalization
bounds without restriction of uniformly bounded parameters, we weaken this constraint in
Theorem 2.2 by allowing the upper bound B to grow polynomially with the sample size
n, which simply requires 1 < B < n” for any v > 0. It is worth mentioning that in our
coming work Zhang et al. (2024), we actually establish oracle-type inequalities analogous
to Theorem 2.1, with the covering number N (F,~v) replaced by the supremum of some
empirical Lj-covering numbers. These enable us to derive generalization bounds for the
empirical ¢-risk minimizer fFNN over FENN (@, N, S, 00, F) because empirical L;-covering
numbers of .FgNN (G,N, S,00, F) can be well-controlled, as indicated by Lemma 4 and
Lemma 6 of Farrell et al. (2021) (see also Theorem 9.4 of Gyorfi et al. (2002) and Theorem
7 of Bartlett et al. (2019)). In addition, note that (3.4) can lead to probability bounds
(i.e., confidence bounds) for the excess ¢-risk and misclassification error of ff NN while
the generalization bounds presented in this paper are only in expectation. Nonetheless, in
Zhang et al. (2024), we obtain both probability bounds and expectation bounds for the
empirical ¢-risk minimizer.

As discussed in Section 1, the boundedness assumptions on the target function f; p

and its derivatives, i.e., fj p € Bf ([0, 1]d), are too restrictive. This assumption actually
requires that there exists some § € (0,1/2) such that the conditional class probability
n(x) = P({1}|z) satisfies § < n(x) < 1 —§ for Px-almost all = € [0, 1]¢, which rules out the
case when 7 takes values in 0 or 1 with positive probabilities. However, it is believed that the
conditional class probability should be determined by the patterns that make the two classes
mutually exclusive, implying that n(x) should be closed to either 0 or 1. This is also observed
in many benchmark datasets for image recognition. For example, it is reported in Kim et al.
(2021), the conditional class probabilities of CIFAR10 data set estimated by neural networks
with the logistic loss almost solely concentrate on 0 or 1 and very few are around 0.5 (see
Fig.2 in Kim et al. (2021)). Overall, the boundedness restriction on [} p is not expected to
hold in binary classification as it would exclude the well classified data. We further point out
that the techniques used in Farrell et al. (2021) cannot deal with the case when f(;;, p 1s un-
bounded, or equivalently, when n can take values close to 0 or 1. Indeed, the authors apply
approximation theory of neural networks developed in Yarotsky (2017) to construct uniform
approximations of f p, which requires fJ p € B’f ([0, l]d) with 8 € N. However, if f} p is
unbounded, uniformly approximating f(’; p by neural networks on [0, 1]¢ is impossible, which
brings the essential difficulty in estimating the approximation error. Besides, the authors

use Bernstein’s inequality to bound the quantity % Py (gb(Yiff (X3)) — qb(Yif;;,P(Xi))) ap-

. 2

NN g
b LPX

where f{ € arg minfe]_—gNN(G,N7S7oo72) If— f;7p||[071}d. We can see that the unboundedness of

[ p will lead to the unboundedness of the random variable (¢(Yff(X)) — ¢(Yf;7P(X))>,

which makes Bernstein’s inequality invalid to bound its empirical mean by the expectation.

pearing in the error decomposition for (see (A.1) in Farrell et al. (2021)),
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In addition, the boundedness assumption on f$ p ensures the inequality (3.6) on which the
entire framework of convergence estimates in Farrell et al. (2021) is built (cf. Appendix
A1 and A.2 of Farrell et al. (2021)). Without this assumption, most of the theoretical

Px-a.s.

arguments in Farrell et al. (2021) are not feasible. In contrast, we require 7 7 for
some 7 € BY ([0,1]) and r € (0,00) in Theorem 2.2. This Hélder smoothness condition
on 7 is well adopted in the study of binary classifiers (see Audibert and Tsybakov (2007)

-a.s.

and references therein). Note that ff p € Bf ([0,1)%) indeed implies 7 £

nE BP ([0, 1]d) and r € (0,00) which only depends on (d,3). Therefore, the setting con-

sidered in Theorem 2.2 is more general than that of Farrell et al. (2021). Moreover, the
Px—a.S.

7 for some

condition 7 N E BE ([O, 1}‘[) is more nature, allowing 1 to take values close to 0 and
1 with positive probabilities. We finally point out that, under the same assumption (i.e.,
P e H?’ﬁ ), one can use Theorem 2.1 to establish a convergence rate which is slightly im-
proved compared with (3.4). Actually, we can show that there exists a constant ¢ € (0, 00)
only depending on (d, 3), such that for any u € [1,00), and v € [0, 00), there holds

23
3 2B+d
2 ] < ((lmgn)> 7 (3.7)
2 | n
X

where the estimator fFNN ¢ FINN(G, N, S, B, F) is defined by (2.14) with

clogn <G x<logn, N < 3 , = 3 -logn,
log®n log”n

1<B<n’,and1 < F <p.

gl

sup FEpaon [
Pen;?

(3.8)

Though we restrict the weights and biases to be bounded by B, both the convergence rate
and the network complexities in the result above refine the previous estimates established
in (3.4) and (3.5). In particular, since 22% < 3 < 4, the convergence rate in (3.7) is
indeed faster than that in (3.4) due to a smaller power exponent of the term logn. The
proof of this claim is in Appendix C.7. We also remark that the convergence rate in (3.7)
achieves the minimax optimal rate established in Stone (1982) up to log factors (so does the
rate in (3.4)), which confirms that generalization analysis developed in this paper is also
rate-optimal for bounded f;, p-

In our work, we have established generalization bounds for ERMs over hypothesis spaces
consisting of neural networks. However, such ERMs cannot be obtained in practice because
the correspoding optimization problems (e.g., (2.2)) cannot be solved explicitly. Instead,
practical neural network estimators are obtained from algorithms which numerically solve
the empirical risk minimization problem. Therefore, it is better to conduct generalization
analysis for estimators obtained from such algorithms. One typical work in this direction
is Ji et al. (2021).

In Ji et al. (2021), for classification tasks, the authors establish excess ¢-risk bounds
to show that classifiers obtained from solving empirical risk minimization with respect to
the logistic loss over shallow neural networks using gradient descent with (or without) early
stopping are consistent. Note that the setting of Ji et al. (2021) is quite different from ours:
We consider deep neural network models in our work, while Ji et al. (2021) considers shallow
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ones. Besides, we use the smoothness of the conditional probability function n(-) = P({1}|)
to characterize the regularity (or complexity) of the data distribution P. Instead, in Ji et al.
(2021), for each Uy, : R — R? the authors construct a function

1 B[
xp(— 5

fl3Us): RY 5 R,z — :L‘TUOO(U) . 11[0700)(1)1—3:) .

y )2 ‘e )dv

called infinite-width random feature model. Then they use the norm of U, which makes
5}?( f(-;Us)) small to characterize the regularity of data: the data distribution is regarded

as simple if there is a Us with Ep(f( - ;Us)) ~ 0 and moreover has a low norm. More
rigorously, the slower the quantity

inf {[[Tsc

ERF(-:Ux)) << (3.9)

grows as € — 0, the more regular (simpler) the data distribution P is. In Ji et al. (2021),
the established excess ¢-risk bounds depend on the quantity 5;3( f(+;Us)) and the norm
HUOOHW. Hence by assuming certain growth rates of the quantity in (3.9) as € — 0, we can
obtain specific rates of convergence from the excess ¢-risk bounds in Ji et al. (2021). It is
natural to ask is there any relation between these two characterizations of data regularity,
that is, the smoothness of conditional probability function, and the rate of growth of the
quantity in (3.9) as e — 0. For example, will Holder smoothness of the conditional proba-
bility function imply certain growth rates of the quantity in (3.9) as ¢ — 0?7 This question
is worth considering because once we prove the equivalence of these two characterizations,
then the generalization analysis in Ji et al. (2021) will be able to be used in other settings
requiring smoothness of the conditional probability function and vice versa. In addition, it
is also interesting to study how can we use our new techniques developed in this paper to
establish generalization bounds for deep neural network estimators obtained from learning
algorithms (e.g., gradient descent) within the settings in this paper.

4. Conclusion

In this paper, we develop a novel generalization analysis for binary classification with
DNNs and logistic loss. The unboundedness of the target function in logistic classification
poses challenges for the estimates of sample error and approximation error when deriving
generalization bounds. To overcome these difficulties, we introduce a bivariate function
¥ 1 [0,1]¢ x {~1,1} — R to establish an elegant oracle-type inequality, aiming to bound
the excess risk with respect to the logistic loss. This inequality incorporates the estimation
of sample error and enables us to propose a framework for generalization analysis, which
avoids using the explicit form of the target function. By properly choosing ¢ under this
framework, we can eliminate the boundedness restriction of the target function and estab-
lish sharp rates of convergence. In particular, for fully connected DNN classifiers trained by
minimizing the empirical logistic risk, we obtain an optimal (up to some logarithmic factor)
rate of convergence of the excess logistic risk (which further yields a rate of convergence
of the excess misclassification error via the calibration inequality) merely under the Holder
smoothness assumption on the conditional probability function. If we instead assume that
the conditional probability function is the composition of several vector-valued multivariate
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functions of which each component function is either a maximum value function of some of
its input variables or a Holder smooth function only depending on a small number of its
input variables, we can even establish dimension-free optimal (up to some logarithmic fac-
tor) convergence rates for the excess logistic risk of fully connected DNN classifiers, further
leading to dimension-free rates of convergence of their excess misclassification error through
the calibration inequality. This result serves to elucidate the remarkable achievements of
DNNs in high-dimensional real-world classification tasks. In other circumstances such as
when the data distribution has a piecewise smooth decision boundary and the input data
are bounded away from it (i.e., s = oo in (2.51)), dimension-free rates of convergence can
also be derived. Besides the novel oracle-type inequality, the sharp estimates presented in
our paper also owe to a tight error bound for approximating the natural logarithm function
(which is unbounded near zero) by fully connected DNNs. All the claims for the optimal-
ity of rates in our paper are justified by corresponding minimax lower bounds. As far as
we know, all these results are new to the literature, which further enrich the theoretical
understanding of classification using deep neural networks. At last, we would like to em-
phasize that our framework of generalization analysis is very general and can be extended
to many other settings (e.g., when the loss function, the hypothesis space, or the assump-
tion on the data distribution is different from that in this current paper). In particular,
in our forthcoming research Zhang et al. (2024), we have investigated generalization anal-
ysis for CNN classifiers trained with the logistic loss, exponential loss, or LUM loss on
spheres under the Sobolev smooth conditional probability assumption. Motivated by recent
work Guo et al. (2020, 2017); Lin and Zhou (2018); Zhou (2018), we will also study more
efficient implementations of deep logistic classification for dealing with big data.
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Appendix A. Covering Numbers of Spaces of Fully Connected DNNs

In this appendix, we provide upper bounds for the covering numbers of spaces of fully con-
nected DNNs. Recall that if F consists of bounded real-valued functions defined on a domain
containing [0,1]%, the covering number of F with respect to the radius v and the metric
F X F 3 (f,9) = supyepqye |f(x) — g(z)| € [0,00) is denoted by N(F,v). For the space
FINN (G, N, S, B, F) defined by (1.15), the covering number N/ (]-“gNN (G,N,S,B,F) ,fy)
can be bounded from above in terms of G, N, S, B, and the radius of covering . The related
results are stated below.
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Theorem A.1 For G € [1,00), (N, S, B) € [0,00)3, and v € (0,1), there holds

log (N (FFNN (G N, S, B, 50) ,7) )

< (54 Gd+1)(2G +5) - log XN A} ¥ 3<Bv DR

Theorem A.1 can be proved in the same manner as in the proof of Lemma 5 in Schmidt-
Hieber (2020). Therefore, we omit the proof here. Similar results are also presented in
Proposition A.1 of Kim et al. (2021) and Lemma 3 of Suzuki (2019). Corollary A.1 follows
immediately from Theorem A.1 and Lemma 10.6 of Anthony and Bartlett (2009).

Corollary A.1 For G € [1,00), (N, S, B) € [0,00)3, F € [0,00] and v € (0,1), there holds

log (N (FENN (G, N, S, B, F) 7))

< (S+Gd+1)(2G +5) - log (max {N,d} + 1?y(B V1)(2G +2)

Appendix B. Approximation Theory of Fully Connected DNNs

Theorem B.1 below gives error bounds for approximating Hélder continuous functions by
fully connected DNNs. Since it can be derived straightforwardly from Theorem 5 of Schmidt-
Hieber (2020), we omit its proof.

Theorem B.1 Suppose that f € Bf ([0, l]d) with some (B,7) € (0,00)2. Then for any
positive integers m and M’ with M’ > max {(ﬁ +1)4, (r\/g {md + 1) ed}, there exists

f € FINN (14m(2 + logy (4 8)),6 (d + [8]) M', 987(2d + 8)* M'm, 1,0
such that

sup
z€[0,1]4

<rVd[p]*- 3PP 4 (1 +2rVd [md) 6% (14d>+6%)-M' - 27™,

f@) - f(@)

Corollary B.1 follows directly from Theorem B.1.

Corollary B.1 Suppose that f € B’ ([, 1]d) with some (B,7) € (0,00)2. Then for any
e € (0,1/2], there exists

7 1 _d _d 1
feF;-“NN <D110g7D2€ 57D35 Blog,l,oo)
€ €
such that

sup
x€[0,1]¢

f@) —f@)| <e.
where (D1, Do, D3) € (0,00)3 are constants depending only on d, 3 and r.
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Proof Let

—d/B
ElmaX{(5+1)d’ (T\/;”V,B}d'i‘l)edv <217,36\/El|1'ﬁ‘|d> }7

J log <4E1 : (1 +2rVd (md) (1+d?+ B2 6d>
FEy=3max<{ 1+ —, )
154 log 2

and

Dy =14-(2+1ogy (dV B)) - (B2 + 2),

Dy =6-(d+[B])- (E1+1),

D3 =987 - (2d + )" - (Ey + 1) - (B3 + 2).
Then D1, Do, D3 are constants only depending on d, 3, .

For f € BY ([0,1]%) and e € (0,1/2], choose M’ = [E; -5_‘1/'8} and m = [Ezlog(1/e)].
Then m and M’ are positive integers satisfying that

1< max {(8+ 1), (rVa[B1 +1) e} < By < By -

(B.1)
<M <14E - <(By+1) %5,
—-B/d 1 1
1=B/d .o—d/B <g.—.3B._-
M < (B P) T < 337 Jara (B.2)
and
m < Eslog(1/e) +2log2 < Eslog(1l/e) + 2log(1/e) = (2 + E») - log(1/e). (B.3)
Moreover, we have that
1
2. (1+2r\/8(md) 60 (L d? 4 )M
<2. (1 +2rvd Wd) 60 (L4 d?+ B%) - (By +1). e~ 1=4/8
<2. (1 +2rvd [md> 6L (14 d2+ B%) 2B e 1YP (B-4)

1 1 1 1 1
93F2  —1-d/B < 95B2 . 3B < 5B —3E2

IN

g~ P2log2 _ 9Fzlog(1/e) < om

IA

Therefore, from (B.1), (B.2), (B.3), (B.4), and Theorem B.1, we conclude that there exists

f e FENN(14m(2 + logy (d V B)), 6 (d + [8]) M’,987(2d + B)*M'm, 1, 00)

D D D
FNN 1 2 / 3 /
= -m, - M, -M'm,1,00
! <E2+2 By +1 (B1+1)-(E2+2) >

1 _d _d 1
C FCII?NN <D1 log E,Dgs 8. Dse” B log = l,oo)
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such that
sup | f(2) = f ()]
z€[0,1]¢
<V [B)4- 388 (1+27~\/&[md) 6l (1 +d®+ B2 M 2™ < g+g:g.
Thus we complete the proof. |

Appendix C. Proofs of Results in the Main Body

The proofs in this appendix will be organized in logical order in the sense that each result
in this appendix is proved without relying on results that are presented after it.
Throughout this appendix, we use

C’Para.meterl ,Parameters,--- ,Parameter,,

to denote a positive constant only depending on Parameter;, Parameters, - - -, Parameter,,.
For example, we may use Cg 3 to denote a positive constant only depending on (d, 3). The
values of such constants appearing in the proofs may be different from line to line or even
in the same line. Besides, we may use the same symbol with different meanings in different
proofs. For example, the symbol I may denote a number in one proof, and denote a set in
another proof. To avoid confusion, we will explicitly redefine these symbols in each proof.

C.1 Proofs of Some Properties of the Target Function

The following lemma justifies our claim in (1.7).

Lemma C.1 Letd € N, P be a probability measure on [0,1] x {—1,1}, and ¢ : R — [0, 00)
be a measurable function. Define

lim ¢(t>7 if z =00,

t—+o00
¢ [—00,00] = [0,00], 2 — < ¢(2), if z € R,
Jimg(t), if 2 = —oo,

which is an extension of ¢ to [—o00,00]. Suppose f* : [0,1]¢ — [~o0, 0] is a measurable
function satisfying that

f*(x) € argmin / &(yz)dP(y|z) for Px-almost all z € [0,1]%. (C.1)
z2€[—o00,00] J/{—1,1}

Then there holds

/ o(yf*(z))dP(z,y) = inf {Rdjg(g)‘ g:00,1]% - R is measumble} .
[0,1]4x{-1,1}
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Proof Let Qo := {z € [0,1]¢| f*(z) e R} x {-1,1}

. Then for any m € N and any (7,5) €
{—1,1}2, define

m, if f*(x )_
fm + 10, l]d =R, v < f*(x), if f*(x)e€
—m, if f*(x) = —o0,

and Q;; = {z € [0,1] f*(z) =i - 00} x {j}. Obviously, yf*(z) = ij- 0o and y fn(x) = ijm
for any (i,j) € {—1, 1}2, any m € N, and any (z,y) € €; ;. Therefore,

JEL [ osn@are.y)

= m@w /QZ | o(ijm)dP(z,y) = P( ;) - lim  ¢(ijm)

m——+00

(C.2)
< P(@,) - Tm_o(t) = P(Q%,) i -00) = [ (i -)dP(z.)

/ Byt ()P, ), ¥ (i) € {~1,1}2.

Besides, it is easy to verify that yf,,(x) = yf*(z) € R for any (z,y) € Qo and any m € N
which means that

; Py fm(2))dP(z,y) = ; o(yf*(2))dP(z,y), ¥m € N. (C.3)

Combining (C.2) and (C.3), we obtain
inf {R‘Ig(g)‘ g:10, 1]d — Ris measurable}

< Tim R% m) = lim m(x))dP(x,
<SR = T [ )P

ml_jgrloo(/¢yfm JAP(z,y)+ > > / Oy fm(x dP(ary)>

ie{-1,1} je{-1,1}

(C.4)
<[ owh@Pey Y Y hm/ Oy fmn(@))dP(z.y)

e{-1,1} je{-1,1}

< Qa(yf*( YAP(z,y) + Z Z / oy f*(x))dP(z,y)

ie{-1,1} je{-1,1}

- / By s (2))dP(z, y).
[O,I]dx{—l,l}

On the other hand, for any measurable g : [0,1]¢ — R, it follows from (C.1) that

/ Syf*(@)dP(ylzr) = inf / By=)dP(ylz) < / Blyg(x))dP(la)
{-11} {-11} {-1,1}

2€[—00,00]
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= / b(yg(x))dP(y|x) for Px-almost all z € [0,1]%
{7171}
Integrating both sides, we obtain
/ S @) = [ [ G @)dPridPy()
[0,1]9x{—1,1} [0,1]¢ J{-1,1}
<[ ] etw@nrelorse@ - [ S(yg())dP(z,y) = R (a).
[0,1]¢ J{-1,1} [0,1]¢x {—1,1}
Since g is arbitrary, we deduce that
/ o(yf*(x))dP(z,y) < inf{R‘fD(g)‘ g:10,1]% - Ris measurable} )
[0,1]x {—1,1}
which, together with (C.4), proves the desired result. |
The next lemma gives the explicit form of the target function of the logistic risk.

Lemma C.2 Let ¢(t) = log(1+e™!) be the logistic loss, d € N, P be a probability measure
on [0,1]¢ x {~1,1}, and n be the conditional probability function P({1}|-) of P. Define

oo, if n(x) =1,
f*:[0,1]% = [—00,00], =+ { log 1257%), if n(z) € (0,1), (C.5)
which is a natural extension of the map
n(z)

{zENHﬂM@E@J&BmHk@ ER

1 —n(z)

to all of [0,1]%. Then f* is a target function of the ¢-risk under P, i.e., (1.6) holds. In
addition, the target function of the ¢-risk under P is unique up to a Px-null set. In other
words, for any target function f* of the ¢-risk under P, we must have

Px ({w € 0,09 f(2) # (@) }) =0,

Proof Define

0, if z = o0,
53 [—OO, OO] — [O’ OO]? zZ = ¢(Z)7 if z € Rv (06)
0, if z = —o0,

which is a natural extension of the logistic loss ¢ to [—00, 00|, and define
Va : [—OO, OO] — [07 OO]? Z = aa(z) + (1 - a)a(_z)
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for any a € [0, 1]. Then we have that

t/ d(yz)dP(ylz) = n(@)d(2) + (1 — n(z))d(—=)
{11}

=V (2), Yz €0, 1]d, z € [—00,00].

(C.7)

For any a € [0, 1], we have that V, is smooth on R, and an elementary calculation gives

1
V'(t)= ————— >0, VteR.
W) =5 arer >0 VEE
Therefore, V, is strictly convex on R and

arger]gin Va(z) = {z € R|V)(2) =0} = {z € R|a¢/(2) — (1 —a)¢'(—2) =0}

:{ZE]R’_H ¢ :0}:{{loglia}, itae(0,1), (C.8)

I +e? @, if a € {0,1}.

Besides, it is easy to verify that
Va(z) =00, Vae (0,1), Vz € {o0, —00},

which, together with (C.8), yields

argmin V,(z) = argmin V,(z) = {log 1 a } , Vae(0,1). (C.9)

z€[—00,00] z€R -

In addition, it follows from

d(2) > 0= p(c0), ¥ 2z € [~00,00)

that o
argmin V)(z) = argmin ¢(z) = {oo} (C.10)
z€[—00,00] z2€[—00,00]
and o
argmin Vj(z) = argmin ¢(—z) = {—oo}. (C.11)
z2€[—00,00] z€[—00,00]

Combining (C.7), (C.10) and (C.11), we obtain

arg min / P(yz)dP(y|z) = argmin V,,)(z) = {log 12571()1,)} , if n(x) € (0,1),
z€[—o0,00] J{—1,1} z€[—00,00] {—oo} o n(w) _0

={f*(x)}, Ve e0,1],

which implies (1.6). Therefore, f* is a target function of the ¢-risk under the distribution P.
Moreover, the uniqueness of the target function of the ¢-risk under P follows immediately
from the fact that for all € [0,1]? the set

argmin / Sy2)dP(ylz) = {f*(2)}
{-1,1}

z2€[—00,00]
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contains exactly one point and the uniqueness (up to some Px-null set) of the conditional
distribution P(:|-) of P. This completes the proof. [ ]

The Lemma C.3 below provides a formula for computing the infimum of the logistic risk
over all real-valued measurable functions.

Lemma C.3 Let ¢(t) = lo
probability measure on [0, 1]¢
of P, f* be defined by (C.5),

g(1 + e7t) be the logistic loss, § € (0,1/2], d € N, P be a
x {=1,1}, n be the conditional probability function P({1}|)
¢ be defined by (C.6), H be defined by

H :10,1] = [0,00),t tlogC)Hlt)log(lit)’ ifte 1),

0, if t € {0, 1},
and ¢ be defined by
¥ :0,1]% x {~1,1} — [0, 00),
n(x)
(b(legln(x))’ if n(z) € 6,1 4],
(@,y) = 40, if n(x) € {0,1},
1 1 .
n(z)log (@) + (1 —n(x)) log T (x) if n(x) € (0,6) U (1—4,1).
Then there holds
inf{R?ﬁ,(g)‘ g:0,1]? = R is measumble} = / o(yf*(x))dP(z,y)
[0,1]4x {—1,1}
— [ ‘@) = [ U, 9)AP ().
[0,1]¢ [0,1]9x{—1,1}

Proof According to Lemma C.2, f* is a target function of the ¢-risk under the distribution
P, meaning that

f*(x) € argmin / &(yz)dP(y|z) for Px-almost all z € [0,1]<.
{-11}

z2€[—00,00]

Then it follows from Lemma C.1 that

inf {R‘Ig(g)‘ g:[0,1] = R is measurable} = / o(yf*(z))dP(z,y)
[0,1]9x {—1,1}

/ / 2))dP(y|z)dPy () (C.12)
[0,1] J{ 11}
-/ (n(fv)cb(f*( )+ (L= (@)~ (x)) ) AP ().

[0,1]¢

For any z € [0,1]%, if n(x) = 1, then we have
n(@)o(f*(@)) + (1 = n(@))d(~f"(2)) = 6(f"(2)) = d(+00) = 0= H(n(z)) = 0
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=1-0+(1-1)-0=n(@)Y(z, 1) + (1 = n(z))Y(r,-1) = /{1 y Y(x,y)dP(ylz);

If n(z) = 0, then we have
N(@)p(f*(2)) + (1 = n(@))p(—f(x)) = ¢(— " (x)) = ¢(+00) = 0= H(n(x)) =

=0-04+(1-0)-0=n(x)d(, 1)+ (1 -n@)(, 1) = /{_1 5 P(z,y)dP(ylz);

If n(z) € (0,0) U (1 —46,1), then we have
(@) (f*(x)) + (1 = n(x)d(~f*(x))
= n(x)e <1og i) > + (1 - (@) (— log %) )

1—n(x) 1—n(z)
R 1 —n(z) CleN o n(z)
=ntog (142050 ) -t (147 2505)
= 1) log 25 + (1= n(a)) loz {—

1 1
=) = [ (o ion g+ (1 o) o s  aPGe)
— [ o))

{-1,1}
If n(z) € [6,1 — §], then we have that
16 (£ (@) + (1~ n())o(—* (@)
— (6 (1oe 1) e o @)
=1( )cb(l gl—n(:v)>+(1 n( ))cb( lgl_n(x)>
e (1 @Y («)
= oo (1+ 25850+ 1 oo (142505 )
= 1) log o5 + (1= n(a)) log {—
- N = (o0 (100 1) ol Clog @)
= H(n(w) = n(o)o (1o 100 ) (1= o (1o 100 )

= @)oo ) + (=)o -1 = [ lnp)Ple)
{-1.1}
In conclusion, we always have that
n(2)(f*(2)) + (1 = n(@))d(—f*(x)) = H(n(z)) = /{_1 g ¥(z, y)dP(ylz).
Since z is arbitrary, we deduce that

| ()t @) + @ - n(a)
[0,1]¢

X
|
~

*
8
N
SN—
S
b
S
I
T
—
=
E
g
b
—
&
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- / / (e, y)AP(yla)dPy (x) = / (e, y)dP(z, y),
(0,14 J{-1,1} 0,1)4x{—1,1}

which, together with (C.12), proves the desired result. [ |

C.2 Proof of Theorem 2.1

Appendix C.2 is devoted to the proof of Theorem 2.1.
Proof [Proof of Theorem 2.1] Throughout this proof, we denote

14 :=/ Y(x,y)dP(z,y).
[0,1]dx{—1,1}

Then it follows from (2.3) and (2.4) that 0 < R‘}; (fn) — U <2M < oo. Let {(X.,Y))}7_,

be an ii.d. sample from distribution P which is independent of {(X},Y%)},_;. By inde-
pendence, we have

E[RE (f.) -] = ZE[ (Y FaxD) = (x0,7)]

with its empirical counterpart given by

ZE |6 (Yefal(X0) = w0, 7))

Then we have

R- <R¢ ) ZE [ (an )) - ¢(Yig(Xi))}
=E [n ¢ (Vifa(X0) — -+ Z} ¢ (m(xz))] <0,VgeF,

i=1

where the last inequality follows from the fact that fn is an empirical ¢-risk minimizer which
minimizes 2 3% | ¢ (Y;g(X;)) over all g € F. Hence R< infger (R?’D(g) - \IJ), which means
that

E[Rﬁ(fn)—q/] - (E[R}*;(fn)—\p] —(1+a).R)+(1+e).R

< (E [Rdfv (fn) - \If} —(1+¢) -R) +(1+¢)- inf (Rf;(g) _ W) vee). (C.13)
We then establish an upper bound for E {R% (fn) — \I/} —(1+¢)- R by using a similar

argument to that in the proof of Lemma 4 of Schmidt-Hieber (2020). The desired inequality
(2.6) will follow from this bound and (C.13). Recall that W = max {3, N (F,v)}. From
the definition of W, there exist f1,---, fyy € F such that for any f € F, there exists some
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jeA{l,---, W}, such that || f — fj|lcc <. Therefore, there holds fo — fj* 0.1 < v where
Jj*isa {1,---,W}-valued statistic from the sample {(X;,Y;)};" ;. Denote 7
A Moy eV (C.14)
I'n
And for j =1,2,--- W, let
hipi=Rp(f;) - ¥,
hiai= | (b(uf;(@) — ¥(x,v) AP(a,y),
[0,1]9x{—1,1}
n (C.15)
Vii= |3 (6 (Yif3(X0) — v (X0, Ya) — & (Y f5(XD) + ¢ (X1, YY) |,
i=1
Tji= AV 4/ hj,l-
Then define
T := max E
J=1 W Ty

Denote by E [-| (X;,Y:);- ] the conditional expectation with respect to {(X;,Y;)}" ;. Then
we have that

T = AV \/hj*71
<A+ Vi1

= A+ JE[B (V' f;+(X7) — (X Y| (X3, Yoy

<Aty fy+E [ (vh(0) - pxnv)
:A+\/7+R;‘; (fn) —

<A+ F+4/RS (fn> —,

where (X',Y”) is an i.i.d. copy of (X;,Y;) (1 < i < n) and the second inequality follows
from

(X, Yi)?:l]

|p(t1) — ¢(ta)| < [t1 —t2|, Vi1, t2 €R (C.16)
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and ny* - fH < «. Consequently,

[0,1)4
CIOR|

E[R;’;(fn)—\p}—fzg

- E[Z (6 (¥idn(x0) = 9(X0, Y0 = 6 (Y FaXD)) +w(XLY)) |
=1
<SE || (6 (Vifi (X)) — (X3, i) — 6 (Y] £ (XD)) +w<X{,YJ>)‘ +2y
Lli=1
— %E [Vie] + 2y < %]E [T 7]+ 2y (C.17)
< %E T\ RS (fa) - +A+n‘ﬁ "E[T] + 2y

IN

ix/W-\/E R% (fn) ~ 9] +A2ﬁ-E[T]+2w

¢k {R}‘i (fn) - ‘I’} (1+eE[T?] A+.7
= 24 2¢ 2¢ - n? + n

E[T]+ 2y, Ve € (0,1),

where the last inequality follows from 2v/ab < b< ta+ 1+6b Va > 0,b > 0. We then bound
E[T] and E [TQ] by Bernstein’s inequality (see e. g Chapter 3.1 of Cucker and Zhou (2007)
and Chapter 6.2 of Steinwart and Christmann (2008)). Indeed, it follows from (2.5) and
(C.15) that

hjg SF'hj}l SF'(TJ')Q, V] S {1,-" ,W}.

For any j € {1,--- ,W} and ¢t > 0, we apply Bernstein’s inequality to the zero mean i.i.d.
random variables

{0 (Yifi (X)) = (X3, Vi) — & (V] [5(XD) + 0(XLY)},

)

and obtain

> (0 (Vifi(X) = (X0, Vo) = & (V] £5(XD)) + (X0, YY)

—t2/2
Mt -+ E (6 (Vif5(X0) — (X, Y0) — 6 (Y £5(XD) + (X5 Y)))?] )

—t2/2
< 2ex
b (Mt + 2500 E (6 (Vi (X)) = 0(X0, Y0)? + (6 (Y f5(XD) = 0(XL, Y)Y )
—2/2 B 42 - 12
(Mt +4>37" hj,2> e (2Mt + 8nhj,2> < Zexp ( 2Mt + 8nT - (rj)2> '
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Hence
w w
P(T > 1) <Y P(Vi/rj > 1) =Y PB(V; > try)
=1 =1

<23 (tr;) 23 £
€ex — = X T E—
ST Camtry sl 2 ) T T TP T 2M 4 8am

w 2 2

t t
<2 ) =2 ) Vte0,00)
= ZeXp< 2Mt/A+8nF> WexP( 2Mt/A+8nI‘>’ € 10,00)

Therefore, for any 6 € {1,2}, by taking
0

M M 2 0 9/2
B := Z-logW+ Z'logW +8nT'logW | =47 (nllogW)” =,

we derive

E[T‘)] :/OOOIP’(TZtl/e)dt§B~|—/BOOIP<T2t1/9)dt

00 t2/9
<B oW . dt
=5t /B < P ( 2MI/OJA + 8nF>>

00 Bl/9 . tl/@
<B oW . dt
=P /B P\ ToMBYI /At 8aT

=B+ 2WB6 - (logW) ™’ / e "u du
log W

< B+2WBI-(logW)™?.0.c7198W (log )71
<50B <50 -4% . (n['logW)?/2.

Plugging the inequality above and (C.14) into (C.17), we obtain
o[ (1) -] - = 5 e (1) -

CER) ] ararie) av s,

T+ 2
- 2+ 2¢ 2¢ - n? T +2y
9 o (7 FlogW
< _ e
- 1+5E [RP (fn) W}+20 ﬁ n
logW FlogW 1
+20M - 2 450 T 9y Vee (0,1).
mn

Multiplying the above inequality by (1 4 €) and then rearranging, we obtain that

) . T log W
E[R;fg(m—\p}—(1+e)-Rg2o-(1+s)-ﬁ- % s
/ .
+20-(1—|—5)-M~loiW+80-FIO§W-(1—28) +(242¢) -7, Ve e (0,1).
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Combining (C.18) and (C.13), we deduce that

T'logW

E[R}’é(fn)—\lf}é(ljte)- (R‘f;(g)—\p)+2o-(1+5).\ﬁ. -

inf
geF

log W LlogW (1+¢)?
+20.(1+s)-M-°gn +80- Oj EE (420, We e (0,1).
This proves the desired inequality (2.6) and completes the proof of Theorem 2.1. |

C.3 Proof of Theorem 2.4

To prove Theorem 2.4, we need the following Lemma C.4 and Lemma C.5.

Lemma C.4, which describes neural networks that approximate the multiplication op-
erator, can be derived directly from Lemma A.2 of Schmidt-Hieber (2020). Thus we omit
its proof. One can also find a similar result to Lemma C.4 in the earlier paper Yarotsky
(2017) (cf. Proposition 3 therein).

Lemma C.4 For any € € (0,1/2], there exists a neural network
FNN 1 1
M€f2 1510gg76790010gg,1,1

such that for any t,t' € [0,1], there hold M(t,t") € [0,1], M(t,0) = M(0,¢') =0 and
IM(t, ') —t-t'| <e.

In Lemma C.5, we construct a neural network which performs the operation of multi-
plying the inputs by 2*.

Lemma C.5 Let k be a positive integer and [ be a univariate function given by f(x) =
2k . max {x,0}. Then
fe FINN (1 2 4k 1,00).

Proof Forany 1<i<k—1,let v; =(0,0)" and
11
Wi (i)

Wy = (1,1)", W}, = (1,1), and v = (0,0) .

In addition, take

Then we have
f=x2— Wyo, Wi_10y, - Wioy,, Wox € ]:1FNN (k,2,4k,1,00),

which proves this lemma. |

Now we are in the position to prove Theorem 2.4.
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Proof [Proof of Theorem 2.4] Given a € (0,1/2], let I := [—logya] and Ji := [3#, o
for k =0,1,2,---. Then1 < I <1—-1logya < 4log%. The idea of proof is to construct
neural networks {Bk}k which satisfy that 0 < hy (t) < 1 and (8loga) - hy approximates the

natural logarithm function on Jg. Then the function
— (8loga) - > M (hi(), fil))
k

is the desired neural network in Theorem 2.4, where M is the neural network that ap-
proximates multiplication operators given in Lemma C.4 and { fk}k are neural networks
representing piecewise linear function supported on Ji which constitutes a partition of
unity.

Specifically, given a € (0, 00), there exists some r,, > 0 only depending on « such that

> log (2;” + ;) € B2 (0,1)).

Hence it follows from Corollary B.1 that there exists
9 9 1/a 9 1/a 9
e FINN (C log , Oy () ,Cly (5> logg, 1,00
1/a 1/a 1
]-"FNN Ca log ( > <> log o 1,00
2
a1 (z log( v >’<5/2

3

such that

sup
z€[0,1]

Recall that the ReLU function is given by o(t) = max{t,0}. Let

G2 R—=>R, z+— —0c(—0(gi(x)+log3)+log3).

S .FlFNN Ca log g’ Ca <€> 7Ca <€> 1Og gv 1’ oo, (019)

and for x € R, there holds

Then

—log3, if gi(x) < —log3,
—log3 < ga(z) = ¢ 91(2), if —log3 < gi(z) <0,
0, if gl(ib) > 0.

Moreover, since —log 3 < log (2% + %) < 0 whenever z € [0, 1], we have

- 2¢ 1
g2(x) —log | — + = || < sup
3 3 z€[0,1]

g1(x)  log (if ' ;)\ )

sup
z€[0,1]
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Let z = mTt_l in the above inequality, we obtain

(3.2t -1
SUp (G2 | ———5——

teJy

For any 0 < k < I, define

>—klog2—logt'§5/2, Vk=0,1,2,---. (C.20)

W RSR e o (U(_§2 (0(4_2‘?’7,c 2T o (t) — %))) N k10g2> |

8log% 8log +

a

Then we have

- 3 1
0 < hg(t) < o (=ga (o (4.21—k 2o (t) = 3)))  klog2
= = SIOg% Slogi
< ~2 (0 (4-2?1)*’@ 2o (t) - %)) klog2 (C.21)
= 8log 1 8log
< SUPser |92(2)| I <10g3+410g% <1,VteR
- 8log 1 8log; =  8logg -

Therefore, it follows from (C.19), the definition of hy, and Lemma C.5 that (cf. Figure C.1)

1 1
. 1 1\ = N\=. 1
hy, € FFNN (Ca log = +1,C, <> ,Ca <> log — +41,1,1>
g 3 13 13
1 1 1 1 1 1 1 ) (C.22)
c FFNN (Ca10g+4log,0a <) ,Ca () 10g—|—1610g,1,1>
g a (3 13 13 a

for all 0 < k < I. Besides, according to (C.20), it is easy to verify that for 0 < k < I, there
holds

((SIOga)%k(t) —logt‘ -

Go (S.Qk-t—1/2) —klogQ—logt‘ <ef2, Vite

2
Define
0, if x € (—00,1/3),
- 1
fo:R—=1[0,1], z— 6'<x—3>, if x €[1/3,1/2],
1, if x € (1/2,00),
and for k € N,
0, if 2 € R\ Jg,
1 1 1
k .
62 (“m) “G[m’zm)’
fi :R=[0,1], 2w ‘ 1 1
1, if x € W,W 5
1 1 1
—3'2k'<x—>, ifxe(,].
\ ok 3.2k 1" 2F
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Output
hi (t)
J("(—572("(4.2?8—1;2‘11’“”“)—%))) fos
o (=32 (o (g5i= - 2" 1o(t) — 3)))

3
4.2T=F

2 g (1) — %)

o (

2“‘10(15)

teR
Input

)

Figure C.1: Networks representing functions hy.

D=

fo(®) = Sros

1T T T 1 T T T ~‘
‘ — JoH
—h
— 2|
— 3
— 1
S N R i i i !
111 1 1 1 1 1 2
241612 8 6 4 3 2 3
Figure C.2: Graphs of functions f.
Then it is easy to show that for any x € R and k € N, there hold
6 I+3 1 6 I+3 1
-2 -0 .’17—32k _2I—k+3'2 -0 :L‘_W
6 I+3 1 6 I+3 1
torma 2 o\ v ) w2 o\ Ty )
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and

. 6 6
f()(l‘) = ﬁ -2“’3-0(91:—1/3)—ﬁ-21+3-a(m—1/2).

Hence it follows from Lemma C.5 that (cf. Figure C.3)

fr € FENN(1 45 8,161 4 60,1, 00)

1 1 C.23
Cc FENN (1210g—,8,15210g—,1,oo), VO<k<I. (0.23)
a a
Output
o./1(T)
reR
Input
Figure C.3: Networks representing functions fj.
Next, we show that
I
1 - -
sup |log(t) + 8log (-) > () fi(t)| < /2. (C.24)
t€la,1] a k=0
Indeed, we have the following inequalities:
1\ <~ - ~ ~ ~
log(t) + 8log (5) > hi(t) fu(t)| = |logt + 8log ( ) ho(t)fo(t)‘
k=0 (C.25)
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hie(t) fio(t)

]~

log () + 8log Cl)

log () + 8log (i) ﬁml(t)‘ <2,

B
Il

0 (C.26)

1 1 .
Vi e [27”’32’"2} N[a,1] with 2 <m < I

and

1
o) + 81og () S iw()fu(0
k=0

10g (8) (Fon(8) + Jon-1.(t)) = 8108 (@) (Fon () on (8) + o1 () fn1 (1)) |

Fn(8) [log(t) — 8108 (a) P (6] + o1 (2) [Log(t) — 8108 (@) 1 (1)
€ 1 1

Ty VIS [3-2m1’2m

(C.27)

IN

IN

fm(t)'§+fm—1(t)' } N[a,1] with 1 <m < 1.

| ™

Note that
I I
1 1 1 1
la,1] C [1/2,1]U (U [32m_1»2m}> U <U [21%’327”_2}> .
m=1 m=2
Consequently, (C.24) follows immediately from (C.25), (C.26) and (C.27).
From Lemma C.4 we know that there exists

96 (log a)? 96 (log a)?
M ¢ FENN <15log (Zg“), 6,900 log (Zga), 1, 1) (C.28)

such that for any ¢,¢ € [0,1], there hold M(¢t,t) € [0, 1], M(¢,0) = M(0,t') = 0 and

3

Mt t)—t-t| < ——.
M) | 96 (log a)?

(C.29)

Define
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Figure C.4: The network representing the function gs.

Then it follows from (C.21),(C.29), (C.24), the definitions of fi and g5 that

log t — 8log(a) - gs(t)]|

I I
< stog (1) - i) o n0ito) + fowt -+ 810g (1) Y A fute)
k=0 k=0
I
< 8log (2) ~1g3(t) — 2 ha,(8) fi(t)| + /2 (C.30)
=0

£
5 <& Vitela,l].

0
1) —
) 96 (log a)

k
<e/2+ [8logal - (I

However, for any ¢t € R, by the definition of f, we have

8log(a) - g3(t), if 8log(a) - gs(t) € [loga, logd],
f(t) =< loga, if 8log(a) - g3(t) < loga,

log b, if 8log(a) - g3(t) > logb,
satisfying loga < f(t) <logb < 0.

(C.31)
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Then by (C.30), (C.31) and the fact that logt € [loga,logb], V t € [a,b], we obtain

‘logt — f(t)‘ <|logt — 8log(a) - g3(t)| <e, Vt € [a,b].

That is,
sup ‘logt— f(t)‘ <e.
t€la,b]
Vs N
Output }
Foon 8] f(z)
o f(z)= k=1 % ‘ 8102(1
f(@)
slga (8] neurons)
) —olol@n@) - ) + g5 ) =
a(o(gs
7(0- (35(2)) + 1) = s
zeR
L Input )

Figure C.5: The network representing the function f.

(C.32)

On the other hand, it follows from (C.22), (C.23), (C.28), the definition of g3, and

1 <1 <4log?l that

1
1 1\ @
g3 € FFNN (Ca log — + 1+ 15log (96 (log a)2> ,Cy <> I,
€ €

1
N 1
(I+1)- (20[ rC, (€> +log - + 900 1log (96 (log a)2)> 1, oo>

1
1 1 1\e. 1
Cc FENN <ca log — +1391og —, Ca <6> log

)
a

1
1\« 1 1
C, <> . <log > . <log ) + 65440 (loga)2 , 1,oo> .
€ € a
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Then by the definition of f we obtain (cf. Figure C.5)

1
. 1 1 1\ =
f e FENN (ca log = + 1391og —, Cy, (> log —,
g a I3 a

C, <1) . (10g 1> . <log 1> + 65440 (log a)2 , 1,00) .
€ € a

This, together with (C.31) and (C.32), completes the proof of Theorem 2.4. |

1

RI=

C.4 Proof of Theorem 2.2 and Theorem 2.3

Appendix C.4 is devoted to the proof of Theorem 2.2 and Theorem 2.3. We will first
establish several lemmas. We then use these lemmas to prove Theorem 2.3. Finally, we
derive Theorem 2.2 by applying Theorem 2.3 with ¢ =0, d, =d and d, = K = 1.

Lemma C.6 Let ¢(t) = log(1 + e~ ") be the logistic loss. Suppose real numbers a, f, A, B
satisfy that 0 < a < 1 and A < min {f, log ﬁ} < max {f, log ﬁ} < B. Then there holds

2

1 1
: A
mm{4—|—2eA—|—2e—A’4+2eB—|—2e—B} ‘f ®1 4

< ag(f) + (1= a)g(~f) — alog > — (1~ a)log

2

|
SS"f_IOg

z € [A,B]}-'f—log

1
< - @ @ OO
_Sup{4+262—|—2€_z 1-a l1—-a

Proof Consider the map G : R — [0,00), z — a¢(z) + (1 — a)p(—z). Obviously G is twice

continuously differentiable on R with G’ (log ﬁ) =0and G"(z) = for any real

1
2teite =
number z. Then it follows from Taylor’s theorem that there exists a real number & between
log %~ and f, such that

— l1—a

() + (1= @)o(=f) = alog ;= (1~ a)log - = G() - G (tog )

2

_ a / a G" (&)
_<f—log1_a>'G<log1_a>+ 5 'f—logl_ (C.33)
2
" 2 f—log %
GO [, g [N ert]
2 1— 4+ 2ef + 2e~¢
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Since A < min{f,log ﬁ} < max{f, log ﬁ} < B, we must have £ € [A, B|, which,
together with (C.33), yields

2

. 1 1 Fol a
min . —
4+ 24 + 204" 44208 +2¢ B 1 4
2

2 ’f—logﬁ
<

1 a
—( inf — ). |f—1
<tel[2,B}4+2et—|—et> ‘f 1 4

~ 4+ 2ef +2e ¢ 2 (C.34)
| 1| -oers
= ag(f) + (1~ @)(—f) — alog - — (1 a)log = = 1l
1 21 2
<SUP{WZ6[A’B]}"J“1°€1_@ <8"f‘1°g1_a
This completes the proof. |

Lemma C.7 Let ¢(t) = log (1 + e*t) be the logistic loss, f be a real number, d € N, and
P be a Borel probability measure on [0,1]¢ x {—1,1} of which the conditional probability
function [0,1] > z — P({1}|2) € [0,1] is denoted by n. Then for x € [0,1]? such that
n(x) ¢ {0,1}, there holds

: 1 ‘ n(z)
inf —_— . | f — log
te [ niog 2821 g 2] 22+ ¢+ e7) L= ()
n(x)
< o (yf —¢<y10g)>dPyx
/{171} ( /) 1 —n(z) )
1 nz) |°_1 n(z) |?
< sup U -‘f—log < < |f —log R
b€ [ fAlog 72215 fuiog 2oL ] 22+et+e) 1 —n(z) 4 1 —n(x)

Proof Given x € [0,1]? such that n(z) ¢ {0, 1}, define

Ve :R—=(0,00), t=n(x)o(t) + (1 —n(x))o(-t).
Then it is easy to verify that

/{1 5 ¢ (yt)dP(y|z) = p()P(Y =1|X =2) + ¢(—t)P(Y = —1|X =z) = V,(t)

for all t € R. Consequently,

/{_171} (qﬁ (f)—¢ (y log %)) dP(y|z) = Va(f) = Va <log %)

= n(@)p(f) + (1 = n(@))p(—f) — n(z)log 77(13:) — (1 —n(z))log 1_1?7@)

The desired inequalities then follow immediately by applying Lemma C.6. |
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Lemma C.8 Let ¢(t) = log (1 —I—e*t) be the logistic loss, d € N, f : [0,1]* — R be a
measurable function, and P be a Borel probability measure on [0,1]% x {—1,1} of which the
conditional probability function [0,1]? 3 z +— P({1} |2) € [0,1] is denoted by 1. Assume that
there exist constants (a,b) € R, § € (0,1/2), and a measurable function 7 : [0,1] — R,
such that 1 =7, Px-a.s.,

< f(z) < —a, Yz € [0,1]¢ satisfying 0 < i(x) = n(z) < 6,

1
15

and

b< f(x) <log 1%5, Yz e [0,1)¢ satisfying 1 — 6 < fi(x) = n(z) < 1.
Then
Ep (/) = $(a)Px(Q2) — $(5) Px ()

= 2
< /Q s ‘f;;j;gi(ﬁi; te [ () A log - ﬁ(;’;()x) f(z) Vlog - ﬁ(;:()x)] Py (z)
<l¥f@%%%lTﬁm2M&®%
where
01 = {2 € 0,16 < (@) = nx) < 1- 6},
0= {ze, 1]d‘ 0 < i(z) = () < 6}, (C.35)
0y = {m € {o,1]d‘ 1-6 < i(z) =n(z) < 1}

Proof Define

¥ :[0,1]% x {—1,1} = [0, 00),
n(z) . B
o (voe 207 5). it n(a) € 5,1 4),
(x,y) — <0, if n(x) € {0,1},

1 1 .
n(x)log @) + (1 —n(x))log ()’ if n(z) € (0,0) U(1—-46,1).

Since 7§ = n € [0, 1], Px-a.s., we have that Px([0,1]%\ (21 U Q2 U3)) = 0. Then it follows
from lemma C.3 that

8?,(]”) = R‘;(f) — inf{R?}(g)’ g:[0,1]9 = Ris measurable}
(C.36)
-/ Sl (@)dP(ey) - [ Ul y)dP(,y) = T+ B+ I
[0,1]4x{-1,1}

[0,1]x{—1,1}

where

fp:i/ (6 (Wf(2)) — ¥(z,9) dP(z,), i =1,2,3
Q;x{-1,1}
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According to Lemma C.7, we have

n=[ /{ 11}( b (uf( (ylog (2)>)dP<yrw>dPx<x>

’f(x logln(())) te {f( /\log , 00 (C.37)
dP
S/leup 202 +ef +e ) ( Oof()\/log n(x) ] X (
—n(x)

Then it remains to bound I> and Is.
Indeed, for any z € Qo, if n(x) = 0, then

|, (S ~ vl ) 4Pl = o) < (e

Otherwise, we have

/ (6(uf(2)) — ¥l y)) dP(y|z)
{-1,1}

= (07 108 Y )+ o-s1a) ~ o

~ (6@ -6 (1og 7225 Y utw) + (o1 =6 (—1oe 29 ) ) (1= o)

< (o (tow 25 ) = (1o 2905 ) ) o) + (- @)1 = (o)
<GS~ n(w) < (1)) < 6(a).

Therefore, no matter whether n(z) = 0 or n(z) # 0, there always holds

/ (D(uf (@) — ¥z, y)) dP(y]z) < b(a),
{-1,1}

which means that

L— / / (6 (x)) — (. y)) AP(ylx)d Py (x)
Q2 J{-1,1}

(C.38)
< A ¢(a)dPx (z) = ¢(a)Px(2).

Similarly, for any x € Qg, if n(z) = 1, then

/{_1 5 (p(yf(x)) —(z,y)) dP(y|z) = ¢(f(z)) < H(b).

Otherwise, we have

/ (D(uf(x)) — ¥l y)) dP(y|)
{-1,1}
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@

NCEOR (?g O nto) + (070 - 6 (~ 10 20 ) (1= o)
< oltaNnte) + (o (10w 125 ) = (o " 17 ) ) (1 - i)

< 6(f()n(a) < 6(F()) < B(B).

&(

Therefore, no matter whether n(z) = 1 or n(z) # 1, we have
|, ) — 6 ) apl) < 60),

which means that

f= [ ] 6SE) ~ v ) APl )
<, ¢(b)dPx (x) = ¢(b)Px (23).

(C.39)

The desired inequality then follows immediately from (C.37), (C.38), (C.39) and (C.36).
Thus we complete the proof. |

Lemma C.9 Letd € (0,1/2), a € [6,1-0], f € [~ log 1Tf‘s,log 1%5], and ¢(t) = log(1+e™?)
be the logistic loss. Then there hold

H(avf)SF'G(aaf>

with T' = 5000 |log 6]?,

a- ¢(f)—¢(1og1fa>

H(a, f) :=

+<1—a>~]¢<—f>—¢(—1og “)

1—a

aa>—(1—®¢<—bglfa>

= ag(f) + (1~ a)é(~f) — alog > — (1~ a)log

_a.

)

and

Gla, f) = ad(f) + (1 - a)p(—f) — ad (1og

Proof In this proof, we will frequently use elementary inequalities

1 1
xlog; Smin{l—a} (1—xz)- log m}’ Vazoell/2,1), (C.40)
and 1 3—3 1
—log1 —2<—log7§—log<exp< — $log1 >—1>
— 7 . v -7 (C.41)
x
1 1 1/2,1).
< Ogl—x<2+ ogl_x,Vare[/Z )
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We first show that

Gla ) = A0
1 3—3a 1 (C42)
provided = <a<1-—¢ and f < —log | exp log —-1].
2 a 1—a
Indeed, if 1/2<a<1-4§and f < —log (exp (%log ﬁ) — 1), then
2 2 3—3a 1
- > - _ _ _
3 ap(f) > 3 a¢< log <exp( - 10g1—a> 1>> (2 — 2a) - log
>alo l—i—(l—a)lo !
g a g 1 )
which means that
1 1 a¢(f)
G > —alog— —(1—a)log—— > .
(a,f) 2 ag(f) —alog — — (1 —a)log ;T — > —
This proves (C.42).
We next show that
a |2
Gla, f) > =0 ‘f ~log —
a (C.43)

1 1
provided§Sagl—éand—Q—logl §f§2—|—log1
_a —_

Indeed, if 1/2 < a <1—0 and —2 —log - 7 < f<2+]log ﬁ, then it follows from Lemma
C.6 that

2
‘f—logﬁ

4+ 2exp <2+logﬁ> + 2exp (—2—logﬁ>
2

G(a, f) >

2 2
‘f 1og1 i (-a)|f-10gye (0|7 —logrt;
5+ 15- o 5 —5a+ 15 - 18 ’

which proves (C.43).
We then show

1- (C.44)

1
H(a,f) <T-G(a, f) provided 1/2 <a <1 -0 and — log 0 < f <log

by considering the following four cases.
CaseI.1/2<a<1-—¢and?2 +logf1a < f<log 1%5. In this case we have

log;:qﬁ(logl 5) 2(Z>(—f):10g(1+ef)Zf22+10g11

a 1
>¢<—log1_a>zlog1_

(C.45)

1
> log — > 0,
a a
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which, together with (C.40), yields

1 1 1 1+ log -1
alogf—k(l—a)log1 §(1—a)-<1+10g1 )S(l—a)-glza-gb(—f).
a — —a

Consequently,

Gla,f) 2 (1= ) 6(~) — alog = — (1~ a) log =

1+ log ——
> (1=0) (=) = (1= ) 5o - o(=) (C.46)
1—a
(- 6-f)  (1-a) - d(-])
24log = 4log } .

On the other hand, it follows from f > 2 + log —— = > log %= that

a> ’
which, together with (C.40) and (C.45), yields

2
) o)
—a 1—a

§(1—a)-10g2§(1—0)‘¢(—f)-

0<¢ <log . - a) o(f) < ¢ <log

2

a -

1)~ o (1og

2 (C.47)

1

=q - log —

a

Besides, it follows from (C.46) that 0 < ¢(—f) — & (— log ﬁ) < ¢(—f). Consequently,

=

Combining (C.46), (C.47) and (C.48), we deduce that

2

(1—-a)- ’sﬁ(—f) —¢ <—log 1 <(l—a)-p(—f)*<(A—a) ¢(—f)- log%. (C.48)

1 r
H(a,[) < (1=a)-¢(=f)-|L+log<| <(L—a) ¢(=f) 7—5 <T'-Glaf),

which proves the desired inequality.

Case II. 1/2<a<1-0 and —log (exp (%ﬁ’“logﬁ) — 1) <f< 2+logﬁ. In
this case, we have —2 — log ﬁ < f<2+log lfla, where we have used (C.41). Therefore,

2

it follows from (C.43) that G(a, f) > % — log ﬁ‘ . On the other hand, it follow from
(C.41) and Taylor’s Theorem that there exists

— 1
—log7 < —log <exp (3 3CLlogl > —1>
a —a

<§<f\/log1

1
<f/\log1 §2+10g1_
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such that

a- ‘qb(f)—qb(log “ )

l1—a

2

2

2
_ L a —2¢
—a- = <a- -
a-|¢'(€)] yf log 7—| <a-e V log +—
_ 1 2
< a-exp(log7)-exp | log | exp 3~ da log —1))-|f—log a
a 1—-a 1—-a
= g 2, 2
:7a-/ etdt~'f—log1_
0 “ , (C.49)
— 1 - 1
<T7a- 3 3alog - exp 3 3alog -|f —log
a 1—-a a 1—a 1—-a
3 —3a 1 2
<Ta- 1 -(1 1 - f =1
<7022 o ] (1 e (o) | w2
1 2
<168-|(1—a)-1 S f =1
< 168 M a) Ogl_a”f g
1 2
<168-|(1—a)-log<|-|f—1
< 1681 a) o g | - tou
Besides, we have
a 2
(=) Jo-n) =0 (<tog 2, )
LP ) (C.50)
<=l [l | —tou o) < -l -t

2
Combining (C.49), (C.50) and the fact that G(a, f) > 1=2 , we deduce that

s [ —log 12y

2 2

H(a, f) <168 - ‘(l—a)-log;’-’f—log

—Hl—a\-‘f—log

1—a
2 1

1—a
2

© | <TG f),

1—a

<
— - 1

1
§17O-’(1—@)-log5"'f—log1a

;awf—bg

which proves the desired inequality.
Case III. 1/2<a <1-¢and —log %, < f < —log (exp (%log ﬁ) — 1). In this

case, we still have (C.50). Besides, it follows from (C.42) that G(a, f) > %(f) Moreover,
by (C.41) we obtain —2 — loglfla < f < 24 log =, which, together with (C.43), yields

T—a
2
Gla, f) > 52 |f —log %

In addition, since f < —log (exp (%bg ﬁ) — 1) <
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log 12—, we have that 0 < ¢(f) — ¢ (log ﬁ) < ¢(f), which means that

2

<a-|¢(f)f

a-’qb(f)—cb(loglfa)

(C.51)

< ad(f) log 5

“) =)o L

Combining all these inequalities, we obtain

2

H(a, f) < ag(f) -

1
log6‘+]1—a\~‘f—log1

2

< Looll) ,p. 2 a.‘f
SFGQ(a,f)"i_F G2(a7f):F'G(aaf)7

which proves the desired inequality.
Case IV. —log 190 << mm{ log %, —log <exp (3713‘1 logﬁ) — 1>} and 1/2 <

a < 1—4. In this case, we still have G(a, f) > @ according to (C.42). Besides, it follows

from
f<min{—log1aa,—log<exp<3_a3alog11a>—l>}§—log1aaglog1
that

0< mm{¢ <_1og 1ia> —o(=f)0(f) ~ (log lfa>}

< max{o (~log ) - o1 000) - ¢(log1ﬁa)} (©52)

Smax{¢< log ),qﬁ

Combining (C.52) and the fact that G(a, f) >

, we deduce that

Hlof) < a- R + (- 0)- P < (7)o (~1og )

— o(f)1og § < 22

which proves the desired inequality.
Combining all these four cases, we conclude that (C.44) has been proved. Furthermore,
(C.44) yields that

H(aaf):H(l_aa_f)SF'G(l_aa_f):F'G(amf)

provided 6 < a < 1/2 and —log %}5 < f <log 1%5, which, together with (C.44), proves this
lemma. |

SF'G(amf)’
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Lemma C.10 Let ¢(t) = log (1+ ™) be the logistic loss, by € (0,1/3), d € N and P be a
Borel probability measure on [0,1]% x {—1,1} of which the conditional probability function
[0,1]9 3 2z +— P({1} |2) € [0,1] is denoted by n. Then there exists a measurable function

101log(1 /50)]

¥ [0,1]% x {~1,1} — [O,log 5
0

such that

/ Y (z,y)dP(z,y) = inf {R}@(g)‘ g: [0, 1]d — R s measumble} (C.53)
[0,1]9x{—1,1}

and

/ (6 (Wf () — ¥(z,9))2dP(z,y)
[O,l]dx{—l,l}

(C.54)
< 125000 |log 6o / (¢ (yf(x)) —P(z,y)) dP(z,y)
[0,1]¢x{-1,1}

for any measurable f : [0,1]¢ — [log 15050 ,log 15060] .
Proof Let

tlo <1>—|—(1—t)10 (1 ) if €(0,1)

H:[0,1] = [0,00), ¢34 °\4 #\1-t) T
0, if t € {0,1}.

Then it is easy to show that H <57°) < %log (ﬁ) <H (bgtsio)_ Thus there

101og(1/80) = (1/d0)
exists 1 € (0, %) such that

4 1
<7
H) < 5log<1_50>

and
5o 5o
! Tolog (173 =" = Togt1/a) =0 <Y
Take
n(x) :
6011 x {—1,1} 5 R, (,5) = ¢ <ylog 1 —n(fv)> , ifn(z) € [61,1 — 1],
H(n(x))v if 77(33) ¢ [517 1- 51}7

which can be further expressed as
Y :[0,1)¢ x {~1,1} = R,

(z,y) = {0, if n(z) € {0,1},

1 1 .
n(z) 10gm + (1 —n(x))log (@) if n(z) € (0,01) U (1 —01,1).
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Obviously, ¥ is a measurable function such that

1 101log(1/4
ng(iU,y) Slog? <10g0g5(/0)7 V(x,y) = [07 1]d>< {_171}7
1 0
and it follows immediately from Lemma C.3 that (C.53) holds. We next show (C.54).

For any measurable function f : [0,1]¢ — [log 1i%o,log 13060 and any x € [0,1]¢, if

n(z) ¢ [01,1 — 1], then we have

1—4do

Hence 0 < 56(yf(2)) < ¢(yf(2)) — ¢(z,y) < d(yf(x)), ¥y € {~1,1}, which means that

(@(F () = 0o 0)* < 60 (@) < Dl )6 (~ 105 - )

— S0l (@) -Slog 5 < (DS (x)) ~ ¥(w.v)) - 5000 flog i, ¥y € {11},

Integrating both sides with respect to y, we obtain
| @) - vl dP)
=11} (C.55)
<5000[log - [ (6(us(e) ~ vla,y) dP(yla).
{7171}

If n(x) € [61,1 — &1], then it follows from Lemma C.9 that
|, s — vt aPiy

o7~ o (log 150 )

< 5000 log ;| - (n(fﬂ)qﬁ(f(w)) + (1= n(z))o(-f(2))

2
+ (1 =n(x))

= n(x)

¢(—f(:r))—¢<—log 7(@) >

n(z) n(z)
- n(x)¢<log = n(:v)> —(1- n(w))¢< —log— n(w))>
= 5000 [log & | (@(yf(2)) = ¢(z,y)) dP(y|z),

{7171}

which means that (C.55) still holds. Therefore, (C.55) holds for all z € [0,1]?. We then
integrate both sides of (C.55) with respect to 2 and obtain

/ (6 f (@) — d(z,y))*dP(z,y)
[O,I]dx{—l,l}
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< 5000 [log 6, | (p(yf(2)) — Y(z,y)) dP(z,y)
[0,1]x {—1,1}

< 125000 |log 8| (d(yf(z)) — ¥(z,y)) dP(z,y),
[0,1]d><{71,1}

which yields (C.54). In conclusion, the function 1 defined above has all the desired prop-
erties. Thus we complete the proof. |

The following Lemma C.11 is similar to Lemma 3 of Schmidt-Hieber (2020).

Lemma C.11 Let (d,ds,ds, K) € N4, B € (0,00), r € [1,00), and ¢ € NU {0}. Suppose
ho,h1,...,hg, ho, h1,..., hg are functions satisfying that

(i) dom(h;) = dom(fzi) = [0,1]% for 0 < i < q and
dom(hg) = dom(hg) = [0, 1]¢;

(i) ran(h;) U ran(h;) C [0, 1K for 0 < i < q and
ran(h,) Uran(h,) C R;

(iv) For 0 < i < q and 1 < j < K, the j-th coordinate
function of h; given by dom(h;) >  — (hi(x)); € R
belongs to G (d., B,7) U GM(d,).

Then there holds

thohWJo.uohloho—thhrio'”Ohlomwmud

(l/\ﬁ)q_k (056)

dom(hy)

SITeang)* Ly~
< [T S
k=

Proof We will prove this lemma by induction on ¢q. The case ¢ = 0 is trivial. Now assume
that ¢ > 0 and that the desired result holds for ¢ — 1. Consider the case q. For each
0<i<gqgand 1l <j <K, denote

Bi,j : dom(ﬁl) — R, T +— (ill(l‘))f
and

hz‘,j : dom(hl) — R, T +— (h,(x))]

Obviously, ran(h; ;) Uran(h; ;) C [0,1]. By induction hypothesis (that is, the case ¢ — 1 of
this lemma), we have that

th—ld ohg_gohg30---0hg— l~1q_17j o ilq_Q o i~1q_3 o0 hg
O eV I L T
o ' (Hqu—l,j — hg-1,5
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$I2(1ap)k 12 (1AB)a—1-F

< )r . diAﬂ‘ . hi, — h
- kZO K K dom(hy)

, VjeZn(0,K].

Therefore,

thﬂ ohggohg go--ohy—hg10ohg0hg 300 BOH[O 1)

= sup th,l,j 0hg20hg-30--0hg—hg10hg20hg50:0 BOH

FEZN(0,K] [0,1]  (C.57)
SIZ2anr 1 (1ng)a=1*
< ‘r-diw‘ k=0 .ZHh,ﬁhk .
dom(hy)
k=0
We next show that
|hg(z) — he(a")] <7 dis . |z — .T}/Hig\ﬁ, Vo e0,1)% (C.58)

by considering three cases.

Case I: h, € GH(d.,3,7) and 8 > 1. In this case, we must have that h, € G (d., 8,7)
since dom(h,) = [0,1]%. Therefore, there exist I C {1,2,...,K} and g € B’ (10,1]4) such
that #(I) = d, and hy(z) = g((z);) for all x € [0,1]%. Denote A := 8+ 1 — [3]. We then
use Taylor’s formula to deduce that

J¢el0,1]4+

| (@) = ho(2)] = [9((2)1) — 9((2)1)] V(&) - (@)1 — (2)1)]
<IV9(©)lls - [|@)r = @)l < Vgl e - du - | @)1 — (@)1
< HQHCB*N/\([O,I]"Z) “dy H(l’)l - (xl)IHOO <7edy H(x)l - (37/)1H

<r-dV. Hx —w’Higﬁ, Va2 e[0,1)%,

o0

which yields (C.58).

Case II: h, € GH(d,, 8,7) and 8 < 1. In this case, we still have that h, € GE(d., B, 7).
Therefore, there exist I C {1,2,...,K} and g € B? ([0,1]%) such that #(I) = d, and
he(x) = g((x)) for all x € [0,1]%. Consequently,

ha(@) = b)) = la(@)0) = o(@D)] < @ = @y} swp D Z9E)

0,1]d=3z£27€[0,1]d« ||z — 2|5
< [[@)r = @ll; - Nglensqon < @) = @lly v <7+ [V - o - x’Hoo\ﬁ
<r-dM. Hx - :c'“igﬂ, Y, e[0,1]%,

which yields (C.58).
Case IIL: h, € GM(d,). In this case, we have that there exists I C {1,2,..., K} such
that 1 < #(I) < d, and he(z) = max {(z);|i € I} for all € [0,1]*. Consequently,
|hg(z) — he(a")| = [max {();]i € I} — max {(2);]i € I}| < ||(z)1 — (2")s1]|
<r-dV. Hx — x’HOO <r-dV. Hx — x’H;\ﬂ, Vo, e[0,1)%,

[e.9]
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which yields (C.58).
Combining the above three cases, we deduce that (C.58) always holds true. From (C.58)
and (C.57) we obtain that

‘hqohqflO"'Oho(ﬂf)—quﬁqflo"'o%(x)‘
S‘hqohq_lO-~-Oh0(.%')—hqohq—lo"'oBO(x)‘

+‘hqoﬁq,lo---oho(x)—ﬁqohq,lo---oﬁg(ﬂs)‘

~ ~ INB ~
ST'di/\ﬁ. ’hq_lo---oho(x)—hq_lo---oho(x)H +th—hq‘d (ho)
0o om(hg
- ~ 1A ~
<re a7 hg o ohg—hyronohg ﬁ—i—th—hq
[0,1]¢ dom(hg)
_ InB
TSIt TN (1AB)a—1-k .
<r.d8. ‘ -dMﬂ‘ : Hh —h‘ Hh —h
=1 "l ZO k k dom(hy) + " e dom(hg)
q—2 k+1 |91 “1-k A8
—o(1AB) ~ (1nB)1
=r-dM | dlP T : P — hug +Hh _h‘
dom(hy) dom(hg)
k=0
q—2 k1 91 11—k N8
—o(1nB) ~ (AnB)? -
g dP | dB T . ‘hk_hkd +th_hq‘
om(hy,) dom(hg)
k=0
_ InB
SIS (1Ag)e=1H -
R A T G : Hhk_hk +th_hq
o dom(hy) dom(hg)
Sisoansr (1AB)yT=*
:‘r dlw‘ ol ZH k—hk‘ Ve 0,1
=0 dom(hy)

Therefore,

thohq,lo~--ohloh0—ﬁqoﬁq,1o--~oﬁlofL0H

[0,1]¢
= supd hqohq_lo~~ohloh0(x)—ﬁqoﬁq_lo---oﬁloﬁo(a:)
z€(0,1]
DD V) L BTN (1nB)—*
S’Tdi/\ﬁ =0 ZHhk_hk )
=0 dom(hyg)

meaning that the desired result holds for q.
In conclusion, according to mathematical induction, we have that the desired result
holds for all ¢ € NU{0}. This completes the proof. [ |

Lemma C.12 Let k be an positive integer. Then there exists a neural network

B log k
fe FFNN (1o |logk ,21{,26-21"%2]—20—2- log k1 44
log 2 log 2
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such that 3
f@)=z], ¥z eR"

Proof We argue by induction.
Firstly, consider the case k = 1. Define

fi: R=>Rz—o(x)+o(—x).
Obviously,
f~1 € leNN(LQ:67 17 1)
log1

log 1 8 log1
C]:lFNN <1_|_2. "10g2-‘ ,2-1,26-2 1g2—| —-20—2- "10g2-‘ 7171>
og 0g

and f(z) = o(z) + o(—x) = || = ||z, for all x € R = R'. This proves the k = 1 case.
Now assume that the desired result holds for k = 1,2,3,...,m—1 (m > 2), and consider
the case k = m. Define

L7)

gltRm%R s
X — ((x)lv(x)%"' 7(x)L%J*17 Cr)L%J) ,
G2 :R™ SR

2 (@) g @) g+ @t @)

and N
fm :R™ -5 R,

O CR{GPCTE RN CRCTED)
w0 (50 (T o)) = § 07y @)
b5 0(F g @) + 50 (o @ale):

It follows from the induction hypothesis that

P oa e 7ENN (g o los Tl rmy o Jloﬂgw 20_o|lslzl| |,
f[%1092€ m + log2 |’ {5—" . T log2 |77

(C.59)

logm
— FENN (—1 42 Fogmw 2 @] 13- 1Tl gy Pzggm 1, 1>

log 2 2 log 2
and
log| % ]
r 1 m Tog 2 1 m
frmi ogr e FENN (142 o8| 7] ’Q{mJ’Q(;.Q[ ¢ w_20_2 og [ 7] 11
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logm m [Te% | logm

FNN g

142 ,2{—J,1 2 _18—2 1.1),
< Fm < * [logZ-‘ 2 3 8 log 2

which, together with (C.59), yield

- logm
FNN (o
fn € FE (2 1+2{ 2} QJ,
139 5 ]—18 o |logm il g (losm) 46y (C.60)
log 2 log 2 i ’
logm
= FENN (g (o8 o g gl Bl gy g lo8T )
log 2 log 2
(cf. Figure C.6). Besides, it is easy to verify that
Output
fm(x)
(@) =o(7 4 ) @) 7(f) )
o P o 20(f %J(w')) 20(f|_m](w"

33// x/

%] (71

and 2"’ € R

Input: = = (2/,2") with 2/ € R

Figure C.6: The network f,,.
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max{a(H«xl_.. :)( g @) ]
R P AR

:max{ max |(z);|, max |(a:)1]} = max [(z);| = ||z]|, V2 € R™.

1<i<| 2| |2 |+1<i<m 1<i<m

Jon() = max {a(fm( 1() . )}
(C.61)
(

Combining (C.60) and (C.61), we deduce that the desired result holds for & = m. Therefore,
according to mathematical induction, we have that the desired result hold for all positive
integer k. This completes the proof. |

Lemma C.13 Let (e,d,d,,ds,3,7) € (0,1/2] x N x N x N x (0,00) x (0,00) and f be a
function from [0,1]? to R. Suppose f € GH(d., B,rVv1)UGM(d,). Then there exist constants
Ey, Ey, E5 € (0,00) only depending on (ds«, 8,7) and a neural network

~ 1 _ds _ds 1
f e FINN (310gd* + Frlog =, 2d, + Fse i ,52d, + Fse 7 10g,1,oo>
€ €

such that

f(@) = flw)] < 2.

sup
z€[0,1)4

Proof According to Corollary B.1, there exist constants F, Es, F5 € (6, 00) only depending
n (d,B,r), such that

1
inf{ sup |g(z) — g(z)] 'g S ]:CENN <E1 log , Eqt™ & ,Est™ G log ~ ,1,oo> }

z€[0,1)dx (C.62)
<t,VgeBl, ([0,1]%), Vte(0,1/2].

We next consider two cases.
Case I: f € GM(d,). In this case, we must have f € G} (d,), since dom(f) = [0, 1]%.
Therefore, there exists I C {1,2,...,d}, such that 1 < #(I) < d, and

f(z) = max{(z);|i € I}, Vz €[0,1]%

According to Lemma C.12, there exists

log #(1)
]_—i%\[r%\l <1+2. Fog#(lw ,2-#([),26-2( o8 W —920—2- [blg;:élw ,1,1)

log 2
1 d 10§d*
cFF?}N< +2. “)g 2*} ,2d*,26-2[1g21,1,1)
og

.F:;‘?IIN (3 + 3log dy, 2dy, 52d,, 1, 1)
(C.63)
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such that
§(z) = ||z|, ¥ 2 € R¥D.

Define f : R? - R, z g((x)r). Then it follows from (C.63) that
f e FENN (3 4 3log d,, 2d,,52d,, 1, 1)

1 _dx Lae 1
C F¥NN <3logd*+E1 log 2, + Epe F,52d, + By logg,ljoo)

and
sup [ f(2) — (@) = sup_|max {(2)ili € I} = 3((2)1)]
€0,1]d €0,1)d
= sup |max{|(z);||i €I} — ||(z)/]l| =0 < 2,
z€l0,1]4

which yield the desired result.

Case II: f € GH(d,, 3,7V 1). In this case, we must have f € GH(d,, 8,7 V 1), since
dom(f) = [0,1]?. By definition, there exist I C {1,2,...,d} and g € B°, ([0,1]%) such
that #(I) = d. and f(z) = g((z);) for all € [0,1]¢. Then it follows from (C.62) that

dx dx
there exists g € .FiNN (El log %, FEoe” B Esze B log é, 1, oo) such that

swp lg() - 5()] < 2.
z€[0,1]%*
Define f : R* - R, z — §((2);). Then we have that
x 1 _dx _de 1
e ]:;‘NN <E1 log E7E2E df’ , Ese dB logg7 1,00>

1 _ds b 1
C _/T'.gNN <3 log d* + El 10g g, 2d* + EQE B 752d* + E3€ s log g’ 17 OO)

and

sup
x€[0,1]4

f(z) = f(w)‘ = sup |g((z)r) —g((z)r)| = sup |g(x) —g(z)] < 2e.
z€[0,1)4 z€l0,1]4+
These yield the desired result again.
In conclusion, the desired result always holds. Thus we completes the proof of this
lemma. |

Lemma C.14 Let 3 € (0,00), 7 € (0,00), ¢ € NU{0}, and (d,ds,d., K) € N* with d, <
min {d,K+ Ti03(q) - (d — K)} Suppose f € GEHOM(¢ K d,,d.,B,r) and ¢ € (0,1/2].
Then there exist E7 € (0,00) only depending on (ds«, B,7,q) and

~ 1 ___dx
f e FENN <(q+ 1)- ‘i%logcl*+E7log8 ,2Kd, + K FEre B-OABT

, (C.64)
(Kg+1)- ‘63d* + Ere BUABT Jog —
€

| )
71700
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such that

sup
x€[0,1]4

f(@) = J(@)| < (C.65)

| ™

Proof By the definition of GFHOM(q, K, d,, d.,3,7), there exist functions hg, b1, ..., hy,
such that

(i) dom(h;) = [0,1]% for 0 < i < g and dom(hg) = [0, 1]¢;
(ii) ran(h;) C [0,1]% for 0 <i < ¢ and ran(h,) C R;
(iii) hg € GiX(dw, B, 7V 1) U G (dy);

)

(iv) For 0 <i < gand 1 < j < K, the j-th coordinate function of h; given
by dom(h;) 3 x + (hi(z)); € R belongs to G2 (d.., 8,7v1)UGM(d,);

(V) f:hqohq—lo"'OhQOhloho.

Define Q := {(4, j) €Z2‘0<z<q,1<]<K 13 (i) < 1g13(j) }. For each (i,5) € Q, de-
note d; j := K + 1y03(i) - (d — K) and

h,}j : dom(hz) — ]R, T +— (hz((b))]

Then it is easy to verify that,
dom(h; ;) = [0,1]% and h,; € GE(d., 3,7 v 1)UGM(d,), ¥ (i,5) € Q, (C.66)

and
ran (h;;) C [0,1], V (i,5) € 2\ {(¢,1)}. (C.67)
Fix € € (0,1/2]. Take

W< g/2 €
SRV AT (q+ 1) 8= 16°

—_

€

0= —-
2 ’8'!(1V7")'d*|q'(q+1)

According to (C.66) and Lemma C.13, there exists a constant F € (6,00) only depending

n (d.,3,r) and a set of functions {g;; : R4 — R}(i,j)eﬂ, such that

Gij € ]-"C];NN <310gd + B log 5 s 2d, +E15 ,
) . (C.68)
52d, + E16 F log =, 1,oo> V(i j) € Q

and
sup {[Gi;(x) — hij(x)| | € [0,1]%9 } <26, V (4, 4) € Q. (C.69)

Define

Ey:=8-|(Lvr)-d?-(¢+1),
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1 2log E4

+
(LAB)  (1AB)
E;:= E\FEs + E1E5 + 2E EsEg + 6,

FEg = + 2log 2,

Obviously, Ey, Es, Eg, E7 are constants only depending on (ds, 3,7, q). Next, define

ﬁi,j ‘R 5 R, 0(0 (f]w(x))) — O'(O' (Gij(x)) — 1)
for each (i,7) € Q\ {(g,1)}, and define hy 1 := G,.1. It follows from the fact
o(o(z))—o(o(z)—1) €0,1], VzeR

and (C.68) that

ran(h; ;) C [0,1], V (4,7) € @\ (¢, 1) (C.70)

and

= 1 _dx
hij € fcz?N (2 + 3logd, + F4 log 5 2d, + E16 7,

) L (C.71)
58d, + E16 7 log 51 oo> (i, §) € Q.
Besides, it follows from the fact that
lo(o(2)) —o(0(2) —1) —w| < |Jw—2|, Vz€R, Vw € [0,1]
and (C.69) that
su ﬁi-x—hi-x T e O,ldm'
p{ By @) = hij(@)| o € [0.1)% } )
< sup {[Gij(x) — hij(2)| |z € [0,1)%3 } < 26.
We then define
- - - - T
hi : Rdi’l — RK,m —> <hi71(.%'), hi’g(x), . ,h%K<$)>
for each i € {0,1,...,q— 1}, and fzq = l~1q71. From (C.70) we obtain
ran(h;) C [0,1)% ¢ dom(h;yy), Vie {0,1,...,¢—1}. (C.73)

Thus we can well deﬁn~e the function f = Bq o iLq_l o---o0hyo ﬁo, which is from R? to R.
Since all the functions h; ; ((7, j) € §2) are neural networks satisfying (C.71), we deduce that

[ is also a neural network, which is comprised of all those networks h; j through series and
parallel connection. Obviously, the depth of f is less than or equal to

Z (1 + m]ax (the depth of BZJ)) ,

7
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the width of f is less than or equal to
max ) (the width of h;),
J

the number of nonzero parameters of f is less than or equal to

Z <(the number of nonzero parameters iNL”> + max (the depth of ﬁlk>> ,
]

and the parameters of f is bounded by 1 in absolute value. Thus we have that

~ 1 .

f e FFNN <(q—|— 1)- '3+3logd*+E1 1og5' 2Kd, + KE§ 7,

; )
71700

dx
(Kg+1)- ‘63d* +2B:5 7 log
E.
log = )

3+ 3logd, + E, - <log2—|— Y

63d, + 2, Ene FOART (1 2 4 log%)
* 1£5€ og (1/\5)51

dx
,2Kd, + KE 1 Ese B-0ABT
(Kg+1)-
d

717w>

1 _ *
c NN <<q +1) ’3 +3logd, + By Eglog 5' 2Kd, + K EyBye 7087,

___dx 1
(Kq+1)-|63d, + 2E Ese 30287 Eglog ' .1, oo)
€
dy
,2Kd, + KEre BOrBT

| )
71700 )

de
(Kq+1)-163d, + Eze B-0rABT Jog —
£

1
C FFNN <(q+ 1)- ’3logd* + By log -

leading to (C.64). Moreover, it follows from (C.72) and Lemma C.11 that

fNqu-uohO(x)—hqo-uoho(x)‘

sup | F(z) ~ f(@)| = sup
z€[0,1]¢ z€(0,1]¢
q—1 i d (lAﬁ)q_i
<|(1vr)- d}kw\z":o(lw) | sup () - hz(x)H
i=0 |wef0,1)%1 -

g ) q
<) -t Y20 < v dt- Y (280 =
=0 i=0

which yields (C.65). )
In conclusion, the constant E7 and the neural network f have all the desired properties.

The proof of this lemma is then completed.
|

The next lemma aims to estimate the approximation error.
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Lemma C.15 Let ¢(t) = log (1 +e~!) be the logistic loss, ¢ € NU {0}, (8,7) € (0,00)2,
(d,dy,ds, K) € N* with d, < min{d, K + 1;0y(q) - (d — K)}, and P be a Borel probability
measure on [0,1]¢x {—1,1}. Suppose that there exists an ) € GFHOM(q, K, d,, d., B,7) such
that Px({z € [0,1]| f(z) = P({1} |z))} = 1. Then there exist constants D, Ds, D3 only
depending on (dy,d., 3,r,q) such that for any § € (0,1/3),

‘ 1 —d« /B —d« /B 1 1-9§
inf {573 (f) ‘f c FFNN <D1 10g57KD26(1A[3)‘17KD35(1A[3)‘1 -log 3’ 1, log B ) } (C.74)

< 86.

Proof Denote by 7 the conditional probability function [0,1]¢ > z — P({1}|z) € [0, 1].
Fix 0 € (0,1/3). Then it follows from Lemma C.14 that there exists

~ 1 o dx
i€ FyN <Cd*,d*,6n“,q log 5 KCa, d,prqd FOM7,

, ) (C.75)
K(Jd*,d*,g,r,qé_ 3'(1:3“1 log 5, 1, OO>
such that
sup |7j(z) — ()| < 6/8. (C.76)
z€[0,1]4
Also, by Theorem 2.4 witha=e=9,b=1—9 and o = %, there exists
1
_ 1 1 1\ 27/dx 1
le FfNN (Cd*,ﬁ log =+ 1391og =, Ca. g - <5) log
1
1\ 28/d~ 1 1
Cos (= (log < ) - (log = | + 65440 (log 8)*, 1, 00
’ ) 0 0 (C.77)
FNN 1 —L —d 1
CF Cd*ﬁ log S,Cd*ﬁ& B ,Cd*ﬁé B log g,l,oo
1 __ ds ___ds 1
C FiN (Cd*,,é’ log =, Ca. g0 POMT, Cy, g 70797 log <, 1, OO)
such that
sup [i(t) —logt| <4 (C.78)
te(s,1-4]
and
logd < I(t) <log(l1—48) <0, VteR. (C.79)

Recall that the clipping function Il is given by

1—96, ift>1-9,
IIy: R —[0,1—06], t— <0, if t <6,

t, otherwise.
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Define f : R — R,z +— I (II; (7(x))) —1 (1 — s (7(x))). Consequently, we know from (C.75),
(C.77) and (C.79) that (cf. Figure C.7)

N 1 4
feFinN (Cd*,d*,ﬁ,nq log =, K Cay s Brgd PO,

___dx 1 1-90
ch*7d*7ﬂ7rvq6 B‘(l/\ﬁ)q log g’ 17 log (S > ‘

Let €4, Q5,3 be defined in (C.35). Then it follows from (C.76) that

= [s(7(x)) — s (7(x))| < [7(z) — 7(2)|

which means that

i { I (77(2)) 1 =115 (7j(x))
n(z)  1—n(x)

Combining (C.78) and (C.80), we obtain that

n(x) ‘
1—n(z)

< |15 (ii(2))) — 1og (n(a))| + |1 (1 = 115 ((2))) — log (1 = n(x)
7115 (7(2))) — Tog (s (ij(x))) | + llog (115 (i(2))) — log (n(x))

+ |1 =105 (i(2))) — log (1 = 115 (ii(2)))| + llog (1 = T3 (ii())) — log (1 = n(x))
<6+  sup |log'(t)] - 15 (77()) — ()|
te[lls (7i(z))An(),00)
+6+  swp log/(8)] - 115 (7(x)) = ()|
t€[min{1-II5(7(z)),1—n(z)},00)
<o+ sup [log/(t)] - Ty (7(x)) = ()]
te[Tn(x)/8,00)
+o+ . [log/ (1) - 115 (7 () — (=)

} >7/8, Ve . (C.80)

f(z) —log

8 0 8 0
<26 .= i 0
- +777(x) 8+7—717(x) 8,Vm€ b
meaning that
x (x) 8 8 4]
f(z) —log <26+ -+ C =
) = loe T2 @) 8T i@ s s
=20+ 0 <2+2<1 Vel .
@)1 —n(x) =3 T '
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Figure C.7: The network representing the function f

Besides, note that

z € Oy = ij(z) € [-&1,0 + & = 15 (71(2)) € [6,0 + &1
= [ (Ils (7(z))) € [logd,8 + log (6 + &1)]

as well as [ (1 — II; (7(x))) € [-0 + log(1 — 6 — &), log(1 — 6)]
&S+ 20 46

<log2 + log =lo

o < 4
= f(z) 25+log1—§1 1-20 ®1-2

Therefore, by (C.79) and the definition of f, we have

0 ~ 1—-26
< < =— Q C.82
logl_é_f(a:)_logl_% log ——— 5 ,Vae. ( )
Similarly, we can show that
_ _ 11—
log 1 0 < f(z) < log 5, Ve Qs (C.83)

Then it follows from (C.81), (C.82), (C.83) and Lemma C.8 that

feri™™ (Cd* da 5rq10g yKCa, d, p.rq0 7 ‘“B"’
inf ¢ £%(f)

___dx 1 1-9
ch*,d*,,@,r,q(s p-(nrp) log 57 1710g 1) )
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~ 1-25 1-25
Sfjﬁ(f)ﬁqf)(log 5 >PX(QQ)+¢<log 5 )PX(Qg)

|F(2) — tog 2225
+ <
/Ql SUp 2(24et +e7t)

te [f(a:) Alog 7 f(f;()x), HONME ﬁ(z()x)] dPx (z)

|F() — log 7242 -
g/ sup o) te 71+loglni,l+log n(x) } dPx (x)
(951 L -

22 +et +et) n(z) 1 —n(z)
+PX(Q2UQ?’)IOgii_;§
7 (@) |*
< [ F@=tos 2512 (1 - @)@y (@) + 65
5 2
< /Q %+ posr s | 2+ (L= n(a)n(e)dPx (z) + 65
52 52
< /Ql mdPx(x)+66§ 50 =3) + 66 < 80,
which proves this lemma. |

Now we are in the position to prove Theorem 2.2 and Theorem 2.3.

Proof [Proof of Theorem 2.2 and Theorem 2.3] We first prove Theorem 2.3. According to
Lemma C.15, there exist (D;, Do, D3) € (0, 00)? only depending on (dy, dx, 3,7, q) such that
(C.74) holds for any 6 € (0,1/3) and any P € /HZ:Z’;(,d*,d*' Take Ey = 1+ Dy, then E; > 0
only depends on (dy, d, 3,7, q). We next show that for any constants a := (as, a3) € (0, 00)?
and b := (by, by, b3, by, bs) € (0,00)°, there exist constants Ey € (3,00) only depends on
(a,dy,dy,B,7,q, K) and E3 € (0,00) only depending on (a,b,v,d,d,,d.,3,r,q, K) such
that when n > Fs, the ¢-ERM fFNN defined by (2.14) with

Ey-logn <G < by -logn,

—ds —dx
1 5\ dutB-(1AB)T 1 5\ @ tB-(1ABT
oo (L) SEme s |

n n
_—dx _—dx 084)
1 5\ dFB-(1AB)T 1 5\ &+5-(1AB)T (
ag‘((ogn) > -10gn§5§b3-<(0gn) ) -logn,
n n
B i (1 A B)q v
NN ‘logn < F <bsglogn, and 1 < B<bs-n
must satisfy
(log 1)’ TR
sup Epgn [5}? (fTIL?NN)} < FEj- ( osn )
PEHZ:Z’;J*,GI* "
1 5 % (0'85>
and sup Epen |:€p (fSNN)} < FEj3- (( ogn) ) ,
B, n

PEH 4K dy du
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which will lead to the results of Theorem 2.3.
Let a := (az,a3) € (0,00)% and b := (by, b, b3, bs, b5) € (0,00)° be arbitrary and fixed.
Take
B-(anp)d B-(1np)d

Dy K dx y DsE K dx

a9 l)1a3 ’
then Dy > 0 only depends on (a,dy,d., 3,r,q, K). Hence there exists Ey € (3,00) only
depending on (a, d,,d., 3,r,q, K) such that

pi=1v

B-(np)?

log t)° log ¢)?\ &=+8-GABT
O<(Og;)<D4~<(Ogt)> <1/4

<1<logt, ¥Vt e [Ey, 00).

(C.86)

From now on we assume that n > Fs, and (C.84) holds. We have to show that there exists
E5 € (0,00) only depending on (a, b, v,d,d,,dy, 3,7,q, K) such that (C.85) holds.

Let P be an arbitrary probability in ’HZ{;; d, d,- Denote by 7 the conditional probability
function z — P({1}|z) of P. Then there exists an 7 € GFHOM (¢, K, d,,d., 3,r) such that
N =, Px-a.s.. Define

Bq

B-(1AB)
Ci=Dy- ((log n)5) BEBADT (C.87)
n

—B-(17B)4
By (C.86), 0 < nd=+A0A0T < (¢ < i and there hold inequalities

log 2 < log

1-— 1 B-(1nB)1
c ¢ < logg < log (nd*+ﬁ‘(1Aﬁ)q> <F, (C.88)

1 _B-0anB)T
D, logz < Dy log (nd*+ﬁ'(1AB>‘1>

(C.89)

< Dilogn <max{l,D;logn} < Eylogn < G,

and
5 5 GAmT
—dx —dx dx«+B-(INB
KDy( T = KDy - DGR . <(1“3?7‘)>
n
—d« /B
P e (logn)? TTF A
<KD, ( 2 ) : <g> (C.90)
az n

n =

—dx
1 5\ dutB-(1AB)T
:a2-<(°g”>> <N
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Consequently,

(log n)5) AT 1

KDgC( ) log C = KD3 D4( )
n

—dx /B
B-(nB)Y | TAB)T

_d*
D-E- K s 1 5\ dutB-(1AB)T 1
<KDj- ( 371 ) '<(0gn) ) -log = (C.91)
D1a3 n C
—dx —dx
logn)5\ &TFdAmT Dy - log logn)3\ @+5- (A8
:a3.<((fgn)> 'E<§a3_<(ogn)> -logn < S.
n 1 n

Then it follows from (C.74), (C.87), (C.89), (C.88), (C.90), and (C.91) that

inf {7 (/) |f € FINN (G, N, S, B,F) }

1 KDy KDy 1 1-¢
fe FFNN Dilog=, ———,———— -log—, 1,log
‘ ¢ i i€ ¢ (C.92)

(log n)5 %
<8C=8D;- () |
n

Besides, from (C.88) we know ef” > 2. Hence by taking &y = ﬁ in Lemma C.10, we
obtain immediately that there exists

< inf {Eﬁ ()

¥ [0,1]% x {~1,1} — [0,log ((10e" 4 10) - log (e" +1))], (C.93)

such that
/ Y (z,y)dP(z,y) = inf {R}é(f) | f:[0,1]* = R is measurable} ) (C.94)
0,1]dx{—1,1}
and for any measurable f : [0,1]¢ — [-F, F],

/ (6 (wf(2)) — ¥(z.y))*dP(z,y)
[0,1]9x{—1,1}

< 125000 log (1-+¢") " (6 (v (2)) — () dP(z. ) (C.95)
[0,1]9x{~1,1}
< 500000 - [ (6 (uf(2)) — ¥(e,9)) dP(z,y).
[0,1}d><{—1,1}

Moreover, it follows from Corollary A.1 with v = % that

logW < (S 4 Gd + 1)(2G + 5) log ((max {N,d} + 1)(2nG + 2n)B)

(log 1)’ T T
n

< Cpg - (logn)? - < -log ((max {N,d} + 1)(2nG + 2n)bsn")

—dy 4
log 1)\ #=TF-GAmT log 1)5\ TF-QABT
< Cpa - (logn)® - <(0gn)> = E; - (logn)®- <(°g”)>

(C.96)

n n
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for some constant F4 € (0,00) only depending on(b, d, v), where

1
W_?)\/N({f[o,l}d‘f engN(Gan‘S?B?F)}?n) °
Also, note that

sup ¢(t) = log (1 + eF) < log ((1OeF +10) - log (eF + 1)) <TF. (C.97)
te[—F,F) '

Therefore, by taking € = 3, v = 1, ' = 500000F?, M = 7F, and
F= {f’[O,l}d‘ f € ngN(G7N757B7F)}
in Theorem 2.1 and combining (C.93), (C.94), (C.95), (C.96), (C.92), we obtain

Bren [£5 ()] = Boon [RE(7) = [ (el

TlogW 4  30MlogW T log W
<360 —o " 4 = T OB 430, /= 8 +2inf<R¢1;(f)—/de>
n n n n feF

360'logW  TlogW TlogW T'logW
< + - -
n n n n

2 inf £
+2 inf £p(f)
2.10° F* logW o ( (logn)’ AR
n + 4 n

—dy
10% - [bylogn|® - Ey - (logn)? - <7(10g")5> dx+B-(INB)T

n

6D ((10g n)5> TSR
+ 16D, - ( ——

n n

A

(]Og n)5 % (log n)5 %
= (16D4 +10°- |b4\2-E4) : <> < Fj - ()
n n
with
Eyi=4- (16D4 +10° - by - E4) +4

only depending on (a,b,v,d,d,,d.,3,r,q, K). We then apply the calibration inequality
(2.21) and conclude that

B e (6)] < 202 Bpen |5 (57 < 4 e e (7))
B-(1n8)9

log 1)\ T Fa-ABT
<4. <16D4+ 109 - yb4|2-E4> : <(Og") ) : (C.98)

n

q

(logn)> 2 g

ogn *+28-(1A

< By ( & > .
n

Since P is arbitrary, the desired bound (C.85) follows. Setting ¢ = F; completes the proof
of Theorem 2.3.
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Now it remains to show Theorem 2.2. Indeed, it follows from (2.33) that

d,B,r d,B,r
HY™ CHyoh 0
Then by taking ¢ = 0, d» = d and d, = K =1 in Theorem 2.3, we obtain that there exists
a constant ¢ € (0,00) only depending on (d, 3,7) such that the estimator fFNN defined by
(2.14) with

—d —d
5\ a4A-(AB)0 5\ a+8
clogn < G < logn, N = <(lmgn)> HECREY _ <(logn) > ’

n n
—d —d
1 5 - )0 1 5\ d+8
5= <<0gn>> EEOY g = <<Ogn>> Jogn,
n n
v ﬁ B 1/\/30
1§B§n,and Mlogn:d_i_ﬁ((l/\)ﬁ)ologngFglogn

must satisfy

sup Epen [Sg (ffNNﬂ < sup  FEpen [f,’f; (fTP;NNﬂ

Penitr Perity,
5y S21ns) s L

< (logn)>\ ¢+6s-0m°  ((logn) 47

~ n N n
and

sup FEpen [gp (f}:NNﬂ < sup FEpen [Ep ( A,]SNN>]
penis S
8-178)° 8

o ((logn)®\ 2a+25:0037 _ ( (logn)® 2+28

~ n N n ’
This completes the proof of Theorem 2.2. |

C.5 Proof of Theorem 2.5

Appendix C.5 is devoted to the proof of Theorem 2.5. To this end, we need the following
lemmas. Note that the logistic loss is given by ¢(t) = log(1 + e™*) with ¢/(t) = _HLet €

(=1,0) and ¢"(t) = (1j2t)2 = L5 €0, forallt R,

Lemma C.16 Let ny € (0,1), Fy € (O,log }fgg), a € [—Fy, Fyl, ¢(t) =log(1 +e™t) be the

logistic loss, d € N, and P be a Borel probability measure on [0,1]% x {—1,1} of which the
conditional probability function [0,1]¢ > z — P({1}|2) € [0,1] is denoted by . Then for
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any x € [0,1]? such that |2n(x) — 1| > no, there holds

0% fa = Fosgn@n(o) - |- (500 R) - P
<o~ Fs(ate) - ] (15 MR - o) )
- 1 la — Fusen(2n(x) — 1) (G99

2 (e~ Fo + efo 4 2)
< / (6(ya) — dlyFosen(2n(x) — 1)) dP(y|)
{-1,1}

< |a — Fosgn(2n(z) — 1)| + FZ.

Proof Given x € [0,1]%, recall the function V, defined in the proof of Lemma C.7. By
Taylor expansion, there exists £ between a and Fysgn(2n(z) — 1) such that

/{_1 1 (p(ya) — d(yFosgn(2n(z) — 1)) dP(y|x)
= Vz(a) — Vi (Fosgn(2n(x) — 1))
= (a — Fysgn(2n(z) — 1)) - V] (Fosgn(2n(z) — 1)) + % la — Fosgn(2n(z) — 1)|* - V' (€).

(C.100)
Since £ € [—Fy, Fy], we have
< eFo+1eFo+2 = inf {¢"(t) | t € [-Fb, Fo]}
< VI(E) = n(@)é"(€) + (1 — n(a)é"(~) < |
and then
0< 1 la — Fosgn(2n(z) — 1)|* - _
— 2 e fo 4 efo + 2
< 3 la— Fysan(2n(z) ~ DI - V/(€) (C.101)
<3 (al+ R 5 < 5P
On the other hand, if 2n(x) — 1 > 7o, then
(@ — Fosgn(2n(z) — 1)) - Vi (Fosgn(2n(z) — 1))
= (a — Fp) (n(2)¢'(Fo) — (1 = n(x))¢'(—Fp))
= la — K| (1 = n(z))¢'(—Fo) — n(z)¢' (1))

)
> |a — Fp <<1— 12”0) ¢'(—Fp) — Hnoqb( )>

~lo - Fosen2a(e) - D] (F5 20 (-F) - 25005 )
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Similarly, if 2n(z) — 1 < —np, then

(a — Fosgn(2n(z) — 1)) - V; (Fosgn(2n(z) — 1))

= (a+ Fy) (n(z)¢'(—Fo) — (1 — n(x))¢' (Fy))

= |a+ Fo| (n(z)¢'(—Fy) — (1 — n(x))¢' (Fy)))
1

)
> ot Rl (520 R - (1-15™) 6
-

— |a — Fusgn(2n(a) — 1) - ( # (R - My >).

Therefore, for given z € [0, 1]¢ satisfying |2n(z) — 1| > 1, there always holds

(a — Fosgn(2n(z) — 1)) - V;(Fosgn(2n(z) — 1))
1+no

_ C.
> o~ Fosgnl20(o) - D] (520 (-F) - 25005 ) (€102

We next show that 1‘%¢’(—Fg) — H%(b’(FO) > 0. Indeed, let g(t) = 1—%&(_75) _
H%ﬁb'(t). Then ¢'(t) = —1_%(;5”(—@ — 1+%gf)”(iﬁ) < 0, i.e., g is strictly decreasing, and thus

1479
2

L —mno

5 ¢'(—Fo) —

&' (Fo) = g(Fo) > g <log 1 i_ ZZ) =0. (C.103)

Moreover, we also have

(a — Fosgn(2n(z) — 1)) - V;(Fosgn(2n(z) — 1))
< |a — Fosgn(2n(z) — 1)| - [V (Fosgn(2n(z) — 1))
— |a — Fosgn(2n(z) — 1)| - [5(x)¢! (Fosgn(2n(z) — 1)) — (1 — 1(2))¢/(— Fysgn(2n(z) — 1)|
< la — Fosgn(2n(x) — D] In(z) + (1 = n(x))| = |a — Fosgn(2n(z) —1)|.
(C.104)
Then the first inequality of (C.99) is from (C.103), the third inequality of (C.99) is due

o (C.100), (C.101) and (C.102), and the last inequality of (C.99) is from (C.100), (C.101)
and (C.104). Thus we complete the proof. [ |

Lemma C.17 Let n9 € (0,1), Fy € (O log 1+770) d € N, and P be a Borel probability

measure on [0,1]% x {—=1,1} of which the conditional probability function [0,1] > z
P({1} |z) € [0,1] is denoted by n. Define

¢ (0,14 x {-1,1} = R,

s qﬁ(yFosgn(??(?g) = 1)), if [2n(z) =1 > o, (C.105)
P e (vee E) ) - m
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Then there hold

/ (6 (wf (@) — d(z,y))*dP(z,y)
0,1]dx{~1,1}

; (C.106)
: — dpP
St o W) ) apey
for any measurable f :[0,1]¢ — [—Fy, Fy], and
0< Vlay) <log =, Vie,y) €[0.1]" x {~1.1}. (C.107)
— o

Proof Recall that given = € [0,1]%, V,(t) = n(z)p(t) + (1 — n(x))p(—t),Vt € R. Due to
inequality (C.99) and Lemma C.7, for any measurable f : [0,1]¢ — [~ Fp, Fy], we have

/[0 Jxiot) (¢ (yf(2)) — ¥(z,y)) dP(z,y)

—[ [ ) - 6 (Fse(zn(e) - D) dP(l)dPx ()
2n(z)—1[>no J/{-1,1}

) — 6 (y10g 1T AP (o
i /|277(I)—1|<770 /{—1,1} ¢Wf@)=¢ <yl & 1-— n(:p)) dP(y|z)dPx (z)

1 2
2 — Fysgn(2 —1)]*dP
B /|27I(:v)1>710 2 (efo 4 e=Fo +2) #() bsgn(2n(2) ) x(@)
+/ inf # ‘f logﬂ ZdPX(x)
[2n(@)=1]<no | t€log 1722 Jog 110 2(e! +e7' +2) 1—n(z)
1 1 / ,
> 5 |6 (yf(z)) — ¢ (yFosgn(2n(z) — 1))|" dP(z,y)
2 Hm + hgg + 2 J{j2n(@)-1>n0}x{-1,1}
1 1 / @) \[
byl (@) — 6 <y tog "\ ap(a,y)
2 1+Zg + L:’,ﬁ + 2 Jl2n(@)-11<no} < {-1.1} 1 —n(x)

- 1_770' ) -y 2 T
=3 /[o,wx{l,l} (¢ (yf(x)) = P(x,y))” dP(z,y),

where the second inequality is from (C.16) and the fact that Fy € (0 log H”O) Thus we
have proved the inequality (C.106).
On the other hand, from the definition of ¢ as well as Fy € (0 log i+

1—no

0 < (a,y) < max{¢(—Fo),¢ (—logif%)} <¢ (—bgifZE) —log —

70 1—no’

) we also have

which gives the inequality (C.107). The proof is completed. |

Now we are in the position to prove Theorem 2.5.
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Proof [Proof of Theorem 2.5] Let 19 € (0,1)N[0,¢1], Fo € (0, log %)H[O, 1], &€ (0,1 A1)

and P € ngrcfgi;” be arbitrary. Denote by n the conditional probability function
P({1}|-) of P. By definition, there exists a classifier C € C%#"1:© guch that (2.24), (2.50)
and (2.51) hold. According to Proposition A.4 and the proof of Theorem 3.4 in Kim
et al. (2021), there exist positive constants Gy, Ny, Sg, By only depending on d, 5,7, 1,0
and fo € FENN(Ge, N¢, Se, Be, 1) such that fo(z) = C(x) for = € [0,1]¢ with Ag(z) > &,
where

1 1N\ 7 N /1 B
Ge = Go 10gga Ne¢ = No <§> , Se =50 <€> log <§> , Be = (;) . (C.108)

Define 9 : [0,1]¢ x {~1,1} — R by (C.105). Then for any measurable function f :
[0,1]¢ — [~ Fy, Fo), there holds

En(f) = Ep (;f) < /[ .

f(? — sgn(2n(x) — 1)‘ 2n(z) — 1] dPx (x)

<op-t<m+ [ I s - nfapc
n(z)—1|>n0
1
< 2cimp + o oo 11om |f(z) — Fosgn(2n(z) — 1)| dPx () (C.109)

s J(@(yf(x)) — ¢(yFosgn(2n(z) — 1)) dP(y|z)
< 2am” + /2n(r)—1|>no Fy- (5Re/ (- Fy) — ¢/ (1)) 4
f[O,l]dx{fl,l} (qb(yf(x)) - 1/}(337 y)) dP(xa y)

Fo- (5 e/ (—Fy) — P ¢/ (Fy)) ’

PX(x)

<2yt +

where the first inequality is from Theorem 2.31 of Steinwart and Christmann (2008), the
third inequality is due to the noise condition (2.24), and the fourth inequality is from (C.99)
in Lemma C.16.

Let F = ngN(Gg, Ne, Sg,Bg,Fo) with (Gg, N¢, Se, Bg) given by (C.108), ' = lfng and

0

M = ﬁ in Theorem 2.1. Then we will use this theorem to derive the desired generalization
bounds for the ¢-ERM f, := fFNN gyer FINN(Ge, N¢, Se, Be, Fp). Indeed, Lemma C.17
guarantees that the conditions (2.3), (2.4) and (2.5) of Theorem 2.1 are satisfied. Moreover,
take v = 1. Then W = max {3, N (F,7)} satisfies

a1 1\? 1
log W < Cagrref 7 (log §> <log§ + log n) :

95



ZHANG, SHI AND ZHOU

Thus the expectation of f[o s {11} (gi)(yfn(x)) fw(a:,y)> dP(z,y) can be bounded by
inequality (2.6) in Theorem 2.1 as

Bron | [ (0d(o) — v(o.0) 4Pt )

d—1 2

—gz2 1 1
<40000d,5,r,1,@£ 5 (log 5) (log 5+10gn) (C.110)
= n(1—n3)

+2inf (R‘};(f) —/ ¢(m,y)dP(fv,y)> :
[0,1]¢x {—1,1}

feF

We next estimate the approximation error, i.e., the second term on the right hand side
of (C.110). Take fo = Fyfo € F where fo € FYNN(Ge, N¢, Se, B, 1) satisfying fo(z) = C(x)
for x € [0,1]¢ with A¢(z) > & Then one can bound the approximation error as

feF

in ¢ - x T
(R0 [ senartn) o

< RY(fo) - / O, y)dPa,y) = I + I + I,
[O,l]’ix{—l,l}

where

o(yfo(x)) — d(yFosgn(2n(x) — 1))dP(x,y),
{120(z)~1[>m0,Ac(z)>E} x {~1,1}

o(ufa(e)) = 6 (1w 15 ) aPa,)

Il .

Ig . /
{12n(z)—1|<mo}x{-1,1}

b= [ Sy o)) — oy Fosen(2n(z) — 1)AP(z, ).

{I2n(2)~1[>no,Ac(z)<E}x{~1,1}

Note that fo(x) = Fyfo(z) = FoC(z) = Fysgn(2n(z) — 1) for Px-almost all 2 € [0, 1]% with

Ac(z) > &. Thus it follows that I; = 0. On the other hand, from Lemma C.7 and the noise

condition (2.24), we see that

2

x
b o)~ tog | ap(a )
{12n(@)—11<no}x {~1,1} — (@) (C.112)
1+ 1+m0\° '
< / <F0 + log ) dP(z,y) <4 <10g ) c1 .778'1.
{|2n(@)—1|<no} x{~1,1} L —mno L =m0

Moreover, due to Lemma C.16 and the margin condition (2.51), we have

I < / (2Fy + F?) dPy ()
{20(0)~1>70,Ac(z) <6} (C.113)

<3F, - Px({z €[0,1)%| Ac(z) < €}) < 3Fp-ca- £™.
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The estimates above together with (C.109) and (C.110) give
Epen [5P(fn)}

1 Epon [fogoorn (60F@) ~ () dPG.y)]
R0 (Fy) — B () (©.114)

_a—1 2
2 4000Cy 5., 1.06 P (log 1) <10g 1 41og n)
51 s2 Bor T, € €
ciny' + 6Fpcaé? + =)

By (510 (= F) = ¢/ (Fy))

Since P is arbitrary, we can take the supremum over all P € Hg fl rcfg o2"% to obtain from
(C.114) that

1+770

‘10g

<2cimyt +

sup Epsn [Sp(fFNN)}
d,B,r,1,0,51,s9

P€H6,t1 ,¢1,t9,co

—1

—d=1 2 (C.115)
2 4000C4 51,06 P (logi) (logi+logn
gt + 6Fpeaé® + n(1<770)£) ( : )

Fo- (51 (—Fy) — 157 ¢/ (Fy))
(C.115) holds for all ny € (0,1) N[0,t], Fy € (0,log 1+”0) N[0,1] , € € (0,3 Ats]. We then

take suitable 79, Fpy, and £ in (C.115) to derive the convergence rates stated in Theorem
2.5.

1+770

‘log

< 2cimyt +

FFNN
sup Epsan [Ep(fn )}
d,B8,r,1,0,s1,s9

PEHG,tl ,¢1,t2,¢9

FEPY C.116)
2 s 4000Cq 8, 1,0& P log 1 log L +logn (
c1 - Myt + 6Fpcé™ + Lot n(l(_ng)g) ( : )

Fo- (520 (—Fy) — 257/ (Fy))

Case I. When sy = s9 = 00, taking ng = Fyp = t1 A % and £ =ty A % in (C.115) yields
- 1

sup Epzn [Sp (ffNN)} < oen

d,8,r,1,0,s1,s9 n
6,t1,c1,t9,co

1+770

’log

< 2cimp!

PeH

= i — [ = 1 ~ [ (logn)3 52+1d;1
Case II. When s; = 0o and sp < 00, taking g = Fy =11 A 5 and § < ( =~ B
n (C.115) yields

S
; logn)®\ +55
sup Epon [5]3 (ngN)} < (m) =
d,8,r,1,0,s1,s9 n

PGHG,tl,cl,tz,cg

1
Case ITI. When s1 < oo and sy = 00, take g = Fy < (k’ﬁ) 12 and E=1ty A % in

n

(C.115). From the fact that % < I_%QS’(—T)O) — UOTHqﬁ’(nO) < Mo, V0 < mp < 1, the item in
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the denominator of the second term on the right hand side of (C.115) is larger than ing.

Then we have .
N 1 =
sup Epan [é'p (fENNﬂ < < ogn) o

d,8,r,1,0,s1,s9 n
6,t1,c1,t9,co

PcH

Case IV. When s; < 0o and sy < 00, taking

s1+1

52
=Fy = <(10gn)3) 82+<81+1>(S2+%) and & = <(logn)3> 52+(51+1)(52+d‘%1)
— O —~ — = [ —
n

n

n (C.115) yields

)
sup Epen [5}3 <f;f‘NN>} 5 ((logn)3> 1+<sl+1>(1+%;21) ‘

d,8,r,1,0,s1,s9 n

PEHG,tl ,¢1,t9,co

Combining above cases, we obtain the desired results. The proof of Theorem 2.5 is com-
pleted. |

C.6 Proof of Theorem 2.6 and Corollary 2.1

In Appendix C.6, we provide the proof of Theorem 2.6 and Corollary 2.1. Hereinafter, for
a € R? and R € R, we define %(a, R) := {w IS Rd‘ |z —all, < R}.

Lemma C.18 Letd € N, g € (0,00), r € (0,00), @ € NN (1,00),

k1 kq 1
Gogq:= { — .
Q, ST Q)
and T : Gga — {—1,1} be a map. Then there exist a constant c1 € (0, go55) only depending

n (d,B,7), and an f € BP ([O, 1]d) depending on (d,B,r,Q,T), such that ||f||[0’1 = %,
and

ki,...,kq are odd z'ntegers} n[o,1]%,

1
F(@) = If e - T(a) = % : 59N 01"

Proof Let

T(a), VaeGga, x € ABla

S exp (=1/(z = 1/9)) - exp (=1/(1/8 = @)) - L1 j9,1/8) (z)dz
[ exp (—1/(z = 1/9)) - exp (—1/(1/8 — z)) d

be a well defined infinitely differentiable decreasing function on R with «(¢) =1 for t < 1/9
and k(t) = 0 for ¢t > 1/8. Then define b := [3] — 1, A := § — b,

w:RY = [0,1],2 — ”(Hﬂfug)a

k:R —[0,1],¢ —

and ¢y = Hu|[,2 9)d Obviously, u only depends on d, and cy only depends on

ch A( ) 2]d °
(d,B). Since u is 1nﬁn1tely differentiable and supported in %(0, \[ ), we have 0 < cy < o0.

Take ¢1 := == A Then c; only depends on (d ,B, r), and 0 < ¢; < 9999 Define

S u(Q- (v - a)).

4 10000

F:00,1 >R > T(a

CLEGQ,d

Q
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We then show that these ¢y and f defined above have the desired properties.
For any m € (N U {0})¢, we write u,, for D™u, i.e., the partial derivative of u with
respect to the multi-index m. An elementary calculation yields

D™f(x)= Y Tl(a Q5 IImH1 U (Q - (z —a)), Vm e (NU{0}), z € [0,1]"

aGGQ d
(C.117)

Note that the supports of the functions T'(a)- W U (Q-(z—a)) (a € Ggq) in (C.117)
are disjoint. Indeed, we have

d C1
{oert|T0) o5 um(@ - a) 20
NGYE { -1 1 d}
C %a, a+v|veE
@Y c g+ 25
1) d
\{z—i—v veE] 2Q ZQ] },Vme (NU{0})* a € Gga, z € Gga\{a},
(C.118)
and sets #(a, 612/8) (a € Gg,q4) are disjoint. Therefore,
C1
D™l = sup s [T(0) - s G (@ 0= )
ot = Sup s QI
c
= w70 (@ (=)
a€GQa . 1/8
Q dxeﬁ(a,T) (Cllg>
= Ssup sup o : um(l‘) S Sup 5Cﬁm” um(ﬂj)
1€GQ.d ze%(0,1/1/8) 224 | Q@ !
< sup o1 um(®)] < cic, Vm € (NU{0})? with ||m]|, <.
z€[—2,2]¢
In particular, we have that
Il sip swp | obu(@)| = o
0.1 — ‘A3 = A3 C.120
o1 GEGdeeJ(O V/1/8) Q7 Q° ( )

Besides, for any a € Gg 4, any x € %(a, %) N[0,1)%, and any z € Gga \ {a}, we have
1
Q- (z = 2)ll; 2 Qlla—zll; = Qllz —all, 21 = = > V1/8 > V1/9>[|Q - (z — a)l,,
which means that u(Q (x—2))=0and u(Q - (r —a)) =1. Thus
f@)=T(@) g5-u@ @—a)+ > T() g5 u@(z2))

Qﬁ ZGGQ d\{a} Qﬁ
=T(@) g5 1+ > TE) G50 (C.121)
2€Gqg q\{a}
:T(a) Q’67 VGEGQd, xe%’( 5Q) [O,l]d.
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Now it remains to show that f € BY ([0,1]%). Let m € (NU{0})? be an arbitrary multi-
index with |[m||; = b, and x,y be arbitrary points in UaeGde {a—i—v ONS (_i’ i)d}.

Then there exist a,,a, € Gg 4, such that x —a, € (—%, i)d and y — ay € (—55, 55)%. If
ay = ay, then it follows from (C.118) that

um(Q - (z = 2)) = um(Q - (y = 2)) =0, V2 € Goa \ {az},
which, together with the fact that {Q - (z — a,),Q - (y — ay)} C (—3,3)%, yields

D™ f(x) = D™ f(y)]

C1 C1

= |70 S (@ @ = ) = T S wn(@ (- )
Q- =) Q- =2

:Cl-

o>
c1 Um (2) — U (2]
<A@ -a)-Q e}  swp |tmE)Zum(E)
Q Zlee _%7%)d7'2¢2,7 HZ -z ||2
C1 A A
< @'HQ'(JJ—%)—Q-(Z/—%)HQ ey =cicz - flz =yl
If, otherwise, a, # a,, then it is easy to show that
a0 ylte DN {atolve [om oo\ (~55.55)" | #2
T —t)- ap +v v € [—=—, — - —
y b €X 2@7 2Q 2Q7 2Q )

1

{t-o+(1—1)-ylte [0,1]}ﬂ{ay+v “6[‘222’2Q]d\(‘21¢g’21¢g)d} 4o

In other words, the line segment joining points  and y intersects boundaries of rectangles
{aac +v ’v € (—%, %)d} and {ay +v ’v € (—i, i)d}. Take

1 1., , 1 1.
—%ymﬂ\“anQ>}

x’e{t-x—I—(l—t)-y]te[0,1]}ﬁ{ax+v vE |

and

1

y’E{t-J}—F(l—t)-y‘tE [O,l]}ﬂ{ay+v 21627262]d\(_21Q,2162)d}

ve |-

(cf. Figure C.8).
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(0,0) (1,0)
Figure C.8: Illustration of the points z, y, as, ay, =, ¥’ when @ = 3 and d = 2.

Obviously, we have that

11
{Q ' ($ - am):Q : (JZ‘, - az)a Q ' (y - ay)a Q ' (y/ - ay)} C [_57 §]d
By (C.118), we have that

um(Q - (z = 2)) - (1 = 14g,3(2)) = um(Q - (2’ = 2))
= um(Q- (¥ = 2)) = um(Q- (y = 2)) - (1 = 1,3 (2)) = 0, V 2 € G-

Consequently,

ID™f(z) —D™f(y)| < [D™f(z)| + D™ f(y)|

::T@@-QJLM~mAme—%»wﬂme-@£;%-WA@«y—%»
=£%WWMQ-@ )N+QAIWMQ~@—GQH
QAI%MQ-@—GHW—WAQ%f—awM
5&wmagwy—%»—um«x@/—%»
<O ) -Q @ —a)f  sp | UmE)TtmE)
zze—— —]dzyéz’ HZ_ZHQ
C1 / um(z) - um(z’)
+ﬁ~HQ~(y—ay)—Q-(y—ay)||2 sup 5
2,2 E[—f ]d,ziz’, HZ -z ”2
<o |0 @) -Q @ - @l 1R -a) - @ ~a)l] e

A A
=cies- Il =23 + ly — /13| < 215+ o =yl
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Therefore, no matter whether a, = a, or not, we always have that

D™ f(x) = D™ f(y)| < 2ercz - [l =yl
Since m, x, y are arbitrary, we deduce that
D™ f(x) = D™ f(y)] < 2e1¢2 - — yll
for any m € (NU {0})¢ with |jm]|, = b and any z,y € UaeGQ,d {a+v ‘v € (—%, %)d}.
Note that UaeGQ’d {a +v ‘v € (—%’ %)d} is dense in [0,1]?. Hence, by taking limit, we
obtain
D™ f(x) = D™ f(y)]

N . . (C.122)
< 2e1¢o- [l — I}, ¥m € (NU{O})* with [[ml|, = b, ¥ 2,y € [0, 1]

Combining (C.119) and (C.122), we conclude that Hf”cb,%([o,ud) < c1¢9 + 2¢1co < 1. Thus
f € BZ([0,1]%). Then the proof of this lemma is completed. [ |

Let &2 and 2 be two arbitrary probability measures which have the same domain. We
write & << 2 if & is absolutely continuous with respect to 2. The Kullback-Leibler
divergence (KL divergence) from 2 to & is given by

log (42 .
KL(Z2||2) := {i og (9§7)d2, if ¥ << 2,

0, otherwise,

where % is the Radon-Nikodym derivative of & with respect to 2 (cf. Definition 2.5 of

Tsybakov (2009)).

Lemma C.19 Suppose n; : [0,1]% — [0,1] and 0y : [0,1]¢ — (0,1) are two Borel measurable
functions, and 2 is a Borel probability measure on [0,1]%. Then P, 9 << P, 2, and

n () YR
ly.0 (z,y) = {n;(w)’ ify=1

dPy, o }:Z;Ei%, if y=—1.
m(z) ify=1
Proof Let f:[0,1]% x {~1,1} — [0,00), (x,y) 7172_(7“7”1)(;) " ’1 Then we have
Top(@ Y= 7h

that f is well defined and measurable. For any Borel subset S of [0,1]% x {—1,1}, let
S1 = {z€[0,1)% (x,1) € S}, and Sy := {z € [0,1]% (z,—1) € S}. Obvioulsy, S x {1}
and Sy x {—1} are measurable and disjoint. Besides, it is easy to verify that S = (S; X
{1}) U (S2 x {—1}). Therefore,

[ £ (w0

- / £ (0, 9) Aty ) ()A.2() + / £ (. 9) Aty ) ()d 2()
S1 J{1} So J{-1}
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_ / (@) f (2, 1)d.2(x) + / (1 - m(2))f (2, ~1)d2(a)
S1 Sa
:/ ()4 2() + /(1—m< )d2(z)

] [ consrs || et
S1 J{1} Sy J{-1}

= Py 2(S1 X {1}) + Py 2(S2 x {=1}) = Py, 2(5).

. . . dp, .
Since S is arbitrary, we deduce that P, o << P, 2, and dej = f. This completes the
n2,
proof. |

Lemma C.20 Let € € (0,1], 2 be a Borel probability on [0,1]¢, and n; : [0,1]* — [e, 3¢],
:10,1]% — [g, 3¢] be two measumble functions. Then

KL(Pm,fZHP??z,Q) < 9e.
Proof By Lemma C.19,

KL(PULQHPW,Q)

e (o8 (555) 1 = momion (3=3255) a2
< 0 )
< /Md (35 log (‘f) +log (11—_32)) 12(z)

2
= log (1+5> +3e-log3 <

1-3 1-—

Lemma C.21 Let m € NN (1,00), Q be a set with #(Q) = m, and {0,1} be the set of
all functions mapping from Q to {0,1}. Then there ezists a subset E of {0, l}Q, such that
#(E)>1+2™8, and

m

# (e e Qf(x) #9(2)}) 2 ¢, VfEE Vge E\{f}.

Proof If m < 8, then E = {0, 1}Q have the desired properties. The proof for the case
m > 8 can be found in Lemma 2.9 of Tsybakov (2009). [ |
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Lemma C.22 Let ¢ be the logistic loss,

J:(0,1)? >R

2
(#.9) = (e +y)log —— + (2 -z —y)log g— — (C.123)

1 1 1 1
- <:rlogx—i—(l—x)logl_x—i—ylogy—i—(l—y)logl_y),

2 be a Borel probability measure on [0,1]%, and n; : [0,1]% — (0,1), 7o : [0,1]¢ — (0,1) be
two measurable functions. Then there hold

J(x,y) =T(y,x) >0, Vz e (0,1), y €(0,1), (C.124)
i < J(e35) = T (3e,2) <=, Ve € (0, ] (C.125)

and
oy T @) (@)A2() < p L+ (). (C.126)

Proof Let g : (0,1) = (0,00),z + zlog 1 + (1 — z)log t--. Then it is easy to verify that
g is concave (i.e., —g is convex), and

r+y

J(@,y) = 29(—

) —g(z) —g(y), Vo e (0,1), y € (0,1).

This yields (C.124).
An elementary calculation gives

J(e,3e) = T (3e,¢)

27 1—2¢)?
=clog — — log <(1£€)> + 4elog(l — 2e) — elog(1l —¢) — 3elog(1l — 3¢)

16 )(1 = 3¢)
aylor expansion 3k 1 —2- 2
_Teylor expansion +Z + ek Ve (0,1/3).
Therefore,
o 14 (§)k—2)-2’“ X ak . k
27 2 27 3 +1 2.2
bl log — < elog — -ef =clog ——7
4<50g16 sog +k§:2 k- (k=1 € 80g16+k:2 k- (k=1 €
27 =3F41-2.28 27 & -7
= 3 = 3 = 1 - - /7 -~ < 1 s T (1)
J(g,3e) = T (3e,¢) 50g16+kz:2 = 1) € _€0g16+k232k-(k—1) €

27 S 27 = 3k I
—clog 2L 2 T kel o 2L B A
= clog 6+€ +e- Zk =) ‘€ _sog16+£/6+€ ;3.(3_1) <6>

1 1 27
log — | - 1
<6+4+0g16> e<e, Yee(0,1/6],
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which proves (C.125).

Define f; : [0,1] — R,z > log 131,7(@) and f5 : [0,1]7 = R,z — log 1237(;(13). Then it is

easy to verify that

RY,

N>

)= [ o2 € 0,00, Vi (1,2),

and
inf {ag(t) + (1 — a)p(—t)|t € R} = g(a), YVa € (0,1).

Consequently, for any measurable function f : [0,1]¢ — R, there holds

& L(N+E L(HZRY (H-Ry () +RE (RS (f)
_ /[0 @)+ DO @) + (= m) — mle)ol-1 () 12(2)
~Rp, L) =Re, ()

i { )+ () m(x) + ()
> /[071]d2-1nf{2¢(t) +(1- 2)¢(—t)’t c R} d.2(z)

~Rp, () =RE, L (f2)

1 n

= [ MO 00 —RY, (5= R, L ()
[0,1)4 1, 2,

— /[01]d <2g(171(x)—;—172(1‘)) —g(m(z)) — 9(772(:6))> d2(z)

= J (m(x), m2(r))d2(x).
[0,1)¢

This proves (C.126). [

Proof [Proof of Theorem 2.6 and Corollary 2.1] We first prove Theorem 2.6. Let n be

dx+B-(1nB)1

Tl T Take b= [B] =1, A= B+ 1—[8],

T
Q= MWJ Y1, M= [2@@@7
|k ka,

and J to be the function defined in (C.123). Note that # (Gg.4.) = Q%. Thus it follows
from Lemma C.21 that there exist functions T} : Ggq, — {—1,1}, j = 0,1,2,...,M, such

that
Qd*
#({a € Goa.|Ti(a) # Ti(a)}) = =

According to Lemma C.18, for each j € {0,1,...,M}, there exists an f; € B2, ([0, 1)),

T
such that

an arbitrary integer greater than

k1,...,kq, are odd integers} n o, 1]%,

,V0<i<j<M (C.127)

C1 1AT
@ = ”fj”[()J]@ S ”fjHCb»‘([O,l]d*) S W’ (C.128)
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and
Cl ]‘ *
filz) = il Tj(a), ¥V a € Gga., v € B(a, @) n[o,1]*, (C.129)
where ¢; € (0, g555) only depends on (d., 3,7). Define

C
g [0, = R,z — — + f;(x).

QB
It follows from (C.128) that
2C1 1AT
ran(g;) C [O, Qﬁ] C [0, 2. o ] C [0,1] (C.130)
and
C1 2cq I1Ar 1APr
@ + ng”cb,x([o’l]d*) < @ + Hfj”cb,k([oJ]d*) <2 Kicd + Eood <, (C.131)
meaning that
¢
9; € B7 ([0,1]") and g; + 5 € B ([0.1]"). (C.132)
We then define
ho; : 0, 1% = [0,1], (z1,...,24)" — gi(z1,...,zq,)

if ¢ =0, and define
hoj ¢ [0,1]% — [0,1]%, (z1,...,2a)" = (g;j(x1,...,24.),0,0,...,0)"

if ¢ > 0. Note that hg ; is well defined because d, < d and ran(g;) C [0,1]. Take

1 |1 A7 [ Zho@AdF g0 (an8)
"2 ‘ 77 Q8
From (C.128) we see that
1ATr
0<e< . C.133
== (0-133)
For all real number ¢, define the function
1A
w s [0,1)% R, (@1, wa)T o b4 o o)
7
Then it follows from (C.133) and the elementary inequality
[|21]" — |22 < |21 — 22|", V21 € R, 20 € R,w € (0,1]
that
max { el o ol 0. < max { ute s o e lwollen oy }
< [luo| e AT A AT .
u — : — <r
= H0llev 2 ((o,1)) = = g7y = 777 77 ’
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which means that

ran(up) Uran(u.) C [0,1], (C.135)

and
{uo,u-} € BY (0,1]%). (C.136)

Next, for each ¢ € N, define

hi:[0,1]% = R,

(xla e 7xK)T = ’U’O(xla o 7xd*>
if i = ¢ > 0, and define
h; : [O, 1]K — RK, (1'1, R ,xK)T — (uo(xl, R ,a:d*),0,0, R ,O)T

otherwise. It follows from (C.135) that ran(h;) C [0,1] if i = ¢ > 0, and ran(h;) C [0, 1]¥
otherwise. Thus, for each j € {0,1,...,M}, we can well define

n;:[0,1]* > R, x+> e+ hgohy 10---0hzohyohyohg;(z).
We then deduce from (C.132) and (C.136) that
nj € 69 (q, K, d., B,7), ¥V j €{0,1,...,M}. (C.137)
Moreover, an elementary calculation gives

S o(Ap)*
gi(x1, ... q,)

g,

7T
:77]'<(E1,...,{L'd), V(l’l,...,.%'d) € [0,1]d7 V] € {0717-~-7M}7

‘1/\7“

(C.138)

which, together with (C.130), yields

S (IAB)E

(1AB)4

1A 2
! il +e=2+c¢

7 QP
ey 1 1 _1-4 _1-4

3C1 < < <
Q QFUNT = e~ T 2

<1,V (x1,...,24) € [0,1]%, Vj€{0,1,...,M}.

0<£§77j(x1,...,xd)§‘

=3 <

Consequently,
ran(n;) C [e,3¢] € (0,1), Vj € {0,1,...,M}, (C.139)

and
{z€10,1]Y|2n;(z) — 1| < A} =2, Vj € {0,1,...,M}. (C.140)

Combining (C.137), (C.139), and (C.140), we obtain

Pyi=P, € HYO! 0, Vi€{0,1,2,... M} (C.141)
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By (C.129) and (C.138), for any 0 < i < j <M, any a € G4, with T;(a) # Tj(a), and any
x € [0,1]¢ with ()12,..,4.y € Ha, %), there holds

1A 7 | Zimo(n8) (17B)7
=J ‘ 7T

+¢€,
¢y (A9
@ +e

S (IAB)E
h=0 . |0‘(1/\5)q +€>

C1

Qr

s T T

S (IAB)E

7
S (IAB)E

’1/\7“

C1
(1nB)? 1ATr
T

1Ar
:‘7<' 77 ©
=J(2e+e¢e,e) = T(e 3e).

Thus it follows from Lemma C.22 and (C.127) that

2C1
Qe

inf (£5,(N+ELWN) > [ Tln(a)mila))ds

feta [0,1)

> Y[ Tm@m@) L g (@)

a€Gg.a.: Tj(@)#Ti(a) * 01

= Z \7(57 36) ’ lﬂ(a,%)((‘f){l ----- d*})dx
acG 1 Ti(a)#T;(a) [0,1)¢ OQ
Q,dx J g

g
> > 7 Wta ) (@), ) de (C.142)
a€Cq,q,: Tj(@)#T;(a) ” [0
€ Goa.|T; T;
_ #{e€Goa. dg(a)# (a)}) / Edzydzs - - - dag,
Q4 #(0,1) 4

1 1 €
> / dardas - dag, > = - S dryday - dy,
8 2(0,1) 4 8 [——-L L 1dy 4 *
'5 V254 ' V2hds
dx
9

-3—2::S,V0§i<j§M.

2
V/25d,

Let f, be an arbitrary Fy-valued statistic on ([0,1]? x {—1,1})" from the sample
{(X:,Y:)}y, and let T : ([0,1]% x {—1,1})" — F4 be the map associated with f,, i.e.,

~

fo=T(X1,Y1,...,X,,Y,). Take

2 ’

To: Fa—{0,1,...,M}, f — inf argmin 57;_(]8),
je{o,1,.mp 7

ie., To(f) is the smallest integer j € {0,...,M} such that E?,j(f) < Sl‘ﬁi(f) for any i €
{0,...,M}. Define g, = Ty o T. Note that, for any j € {0,1,...,M} and any f € Fy there
holds

. (C.142

To(f) £ = &8

PTo(f)(f)—{—g?’j(f) =z Sjgﬁj(f)Jrggj(f) > 8=>5f>j(f) >

S
27
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which, together with the fact that the range of T is contained in Fy, yields
L 53 (9:(2)) = ER\{J’}(%( (=)
114

¢ . (C.143)
Consequently,
sup EP®” [gﬁ(fn)} Z sup EP@" [5;% (fn)]
Pe%;iz K,dy ]6{07177M} J
1is o (E5 (T (2))

=  sup /5¢ dP®"( ) > sup / 201 5 ( )dPJ®”(z)

j€{0,1,... M} j€{0,1,... M} 2/s (C.144)
> sup / ®\(5} (9+(2)) APy = sup (9= # J)

je{0,1,...M} 2/s je{0,1,...M} 2/s

S | g is a measurable function from
> — - inf su pen n
=2 {je{oyl}f’m} i (97 3) ([0,1)¢x {=1,1})" to {0,1,...,M}

where the first inequality follows from (C.141) and the third inequality follows from (C.143).
We then use Proposition 2.3 of Tsybakov (2009) to bound the right hand side of (C.144).
By Lemma C.20, we have that

M
) CKL(PE PP = ZKLPHPO <— 295—9115
j=1

==

which, together with Proposition 2.3 of Tsybakov (2009), yields

inf{ sup  PE" (g # j)

g is a measurable function from}

([0,1]¢x {—~1,1})" to {0,1,...,M}

je{0,1,....M}
M Ine + 4/ 2= N Ine + |/ 2
> sup . —1-7 > 1 . R
re) \ 1 +7M log 7 1+ VM logw
VT A, Ine + 4/ 25 - VM o Ine + 15 + 12ne
T 1+VM logﬁ T 14+M log vM
- VM - 21ne ~1/10
T 14+ vM 1 log (2@ /8) log v/2
VI (] 88en 1 [iar A0 o (/10
B _Qd*log2'2"777 "Qﬂ " log V2
o _VH . 336n 1 1 | 1["" 1/10
14+ VM Q% log2 2 777 |QF logv/2
> Vi .(1_ 336.1.1_1/10>> Vi AL
1+ VM log2 2 777 logv/2 +VM 376
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Combining this with (C.144), we obtain that

2 s 1
sup Epsn [Sﬁ(fn)} > 56
PEHE Y ok
2 [% |20y DT |1 g [ Ti0DE | g )
__’\/25d* 768 " 777 ‘cgﬁ
. 9 |d |201’(1/\/3)‘1 LA 9 (NG 1 1
~ 1v/25d, 768 T 28-(1AB)1 nafggfgg%ﬁ
Since fn is arbitrary, we deduce that
. b7 __B-anB)9
inf sup Epsn [Ep(fn)} > con_ d+B-0ABYT
Fn PEHTRT «a,

—1
with ¢cg := | —=2 = 120D A ‘Zzzo(lw)k
0= | V25d. 768 T

we complete the proof of Theorem 2.6.
Now it remains to prove Corollary 2.1. Indeed, it follows from (2.33) that

W only depending on (dy, 3,7, q). Thus

d.B,r _ 44dp,
Hy'y" = Hs /w010
Taking ¢ = 0, K =1 and d, = d in Theorem 2.6, we obtain that there exists an constant
¢ € (0,00) only depending on (d, 3,7), such that

. . __B-anB)°
inf sup FEpsn [Eﬁ(fn)] =inf sup Epsn [Eg(fn)] > con 4HA-AB)°
fn PE’HSI):Z’T fn Pe'}.‘d’ﬁﬁ‘

5,4,0,1,d
d+8-(1n8)0 d+p
I ided that n > 7 B-(1nB)D 7 s
=con rovide at n =|—
0 P 1-A4 1— A
This proves Corollary 2.1. |

C.7 Proof of (3.7)

Appendix C.7 is devoted to the proof of the bound (3.7).

Proof [Proof of (3.7)]Fix v € [0,00) and p € [1,00). Let P be an arbitrary probability in
H®P. Denote by 7 the conditional probability function P({1}|-) of P. According to Lemma
C.2 and the definition of 7—[?’5, there exists a function f* € Blﬁ ([0,1]%) such that

n Px-a.s.

log T—n I (C.145)

Px-a.s.

fo.p

Thus there exists a measurable set § contained in [0, 1]¢ such that Px(2) = 1 and

log ) = f*(z), Vo €. (C.146)
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Let 6 be an arbitrary number in (0,1/3). Then it follows from Corollary B.1 that there
exists

€ FINN <C’d510g6 Cypd~YP Cypo=UP log5,1,00> (C.147)
such that sup,co 1) [f*(z) — g(z)| < 6. Let T: R — [-1,1], 2 = min {max {z, —1},1} and
— 1, if gla) < —1,
fiR=[-11], 2= T(§(x) = { §(z), if —1<g(x) <1,
1, ifgla) > L
Obviously, |T'(z) — T'(w)| < |z — w| for any real numbers z and w, and

o Il st

sup |f*(x) = f(z)| === sup |T(f"(2)) = T(g(z))|
z€[0,1) z€[0,1]7 (C.148)
< sup [f*(z) = g(x)] < 0.

z€[0,1]4

Besides, it is easy to verify that
fl@)=0o(4() +1) = o(g(z) —1) =1, Ve e R,
which, together with (C.147), yields

1

1
1+ Capd~ P 4+ Cyp6~Plog -, 1, 1)

J

c FyNN (Cdglog ,Capd~ P Cy 56~ d/ﬁlogf 1 1>

5’ 5’

In addition, it follows from Lemma C.7 that

1 * 2 *
STy M@ @S [ 6wfe) - ot @) dPll

) (C.149)
< 1 |f(x) — f*(x)|2, V¥ measurable f: [0,1]% = [—p, u], V z € Q.

Take C := 2(et + e™# + 2). Integrating both side with respect to x in (C.149) and using
(C.148), we obtain

/ (b(yf(2)) — d(y.f*(x)))*dP(z,y)
[0,1]dx{—1,1}

x—*$2dPx, _ x—*xzdng
<[, @ FEPAPE = [ 1) @l

Lﬂﬂ/ (e/‘—i-f/‘—i-?) |f(2) = f*(2)[PdPx(x) (C.150)
< C//{ . P(yf(x)) — o(yf*(x))) dP(y|lz)dPx (x)

Px(Q) 1 =~

yf(x)) — o(yf*(z))) dP(z,y)
0.14x{~1,1}

Dy lemme O3 CES(f), ¥ measurale f:[0,1)% = [—pu, ],
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and
inf{eji(f)
<ep(pytemels [ [ (o) - o(ur (@))) dP(ul)dPx (2)
0,1]¢ J{-1,1}

r e 7PN ((Cagton 5, Capd 4. CaatFlog 3,11} |

(C.151)
P (Q)=1 : *
—xXC= /Q/{_m} (@f)(yf(x)) —o(yf (a:))) dP(y|z)dPx ()

< /Q i HOE f*@)’zdPX(x) : /[o,ud

Take ¢ to be the maximum of the three constants Cy g in (C.151). Hence ¢ € (0, 00) only
depends on (d, ). Now suppose (3.8) holds. Then it follows that there exists [ € (0, 00)

d
. (logSn)d+2ﬁ > [ for

n

fa)— @) ape(e) < &

_d
not depending on n and P such that N - (@) S 1 and

log n

8 : 3\ 37478
any n > 1/l We then take § = 4, := ($)7 - <M> a7 = (M> “H%  Thus

l n n

lim,, oo n5 = 0 = lim,,_,o 05, which means that <4, < 1/3 for n > Cjcqp. We then

deduce from (C.151) that
—d
28+d
logn,B,F) }
_d  _d
= inf {Sfﬁ(f) f e FinN (clogn cén ”,copn” logn,B,F>}

d
w2 con g log5 B F)}
: ¢ FFNN % B 1

2
<0,, Vn>Cicap,

inf {5;&2(f) |f € FENN (@, N, S,B,F)}

3

(logn) ’
n

/| ogn)
n

—d_
26+4d

)

< inf {Eﬁ(f) fe FiNN (clogn,l

< inf {Sf;(f) f e FFNN <clog 5

(C.152)
where we use the fact the infimum taken over a larger set is smaller. Define W = 3 Vv
N (FFNN(G,N,S8,B,F),L). Then by taking F = { flgye|f € Fo"~(G,N,S,B,F)},
V(x,y) = o(yf*(x)), T = C, M =2, v = % in Theorem 2.1, and using (C.145), (C.150),

(C.152), we deduce that
FFNN < |1
FENN — f3] o | =B
X

by Lemma C.3 o
by Lemma 3 ~p [Rf, ( f;fNN) _ /
0,1]

~12
500-)0’ dogW ,
< + 2C inf (R —/ Y(x,y)dP(z, )
- jnf. p(f) o) (z,y)dP(z,y)

a 2
FNN *
fn - f r2

Px

W,y)dp(x,y)}

Eper [ < CBpon [E4(/F)]

dx{-1,1}
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~12 ~12
500"0‘ log W 500 - ‘c‘ Nog W

by Lemma C.3 =~ . ¢ =~ 2
+2C inf. p(f) < n + 209,
for n > Cj 4. Taking the supremum, we obtain,
~2
) ) 500 - ’C’ JogW
sup Epen ||| fFNN — f;P’ < +2082, V> Creqs.  (C153)
Pe%i’ﬂ ’ E% n

Moreover, it follows from (3.8) and Corollary A.1 that

logW < (S84 Gd+1)(2G 4+ 5)log ((max {N,d} + 1) - B- (2nG +2n)) < (G + S)Glogn
d 28
B 3\ d+28
< (( n >d+2 logn+logn> - (logn) - (logn) <n - <(logn) > .

log®n n

Plugging this into (C.153), we obtain

. 2 logW
sup Bpon | [N = p55[, | 522+ a2
PE’H‘;’B EPX n
_28 12 28
< |Qogn)* |7 |/ (logn)*\ FF47F | _ | (log n)? | 727
~ n n ~ n ’
which proves the desired result. |
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