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Abstract

We study the Extended Kalman Filter in constant dynamics, offering a bayesian perspective
of stochastic optimization. For generalized linear models, we obtain high probability bounds
on the cumulative excess risk in an unconstrained setting, under the assumption that the
algorithm reaches a local phase. In order to avoid any projection step we propose a two-
phase analysis. First, for linear and logistic regressions, we prove that the algorithm enters
a local phase where the estimate stays in a small region around the optimum. We provide
explicit bounds with high probability on this convergence time, slightly modifying the
Extended Kalman Filter in the logistic setting. Second, for generalized linear regressions,
we provide a martingale analysis of the excess risk in the local phase, improving existing
ones in bounded stochastic optimization. The algorithm appears as a parameter-free online
procedure that optimally solves some unconstrained optimization problems.

Keywords: extended kalman filter, online learning, stochastic optimization

1. Introduction

The optimization of convex functions is a long-standing problem with many applications. In
supervised machine learning it frequently arises in the form of the prediction of an observa-
tion y; € R given explanatory variables X; € R?. The aim is to minimize a cost depending
on the prediction and the observation. We focus in this article on linear predictors, hence
the loss function is of the form £(y;, 0" X;).

Two important settings have emerged in order to analyse learning algorithms. In the
online setting (Xy,y:) may be set by an adversary. The assumption required is bound-
edness and the goal is to upper estimate the regret (cumulative excess loss compared to
the optimum). In the stochastic setting with independent identically distributed (i.i.d.)
(X, 1), we define the risk L(0) = E[{(y,0" X)]. We focus on the cumulative excess risk
SO, L(0;) — L(6*) where §* minimizes the risk. We obtain bounds holding with high prob-
ability simultaneously for any horizon, that is, we control the whole trajectory of the risk.
Furthermore, our bounds on the cumulative risk all lead to similar ones on the excess risk
at any step for the averaged version of the algorithm.

Due to its low computational cost the Stochastic Gradient Descent (SGD) of Robbins
and Monro (1951) has been widely used, along with its equivalent in the online setting,
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the online gradient descent (Zinkevich, 2003) and a simple variant where the iterates are
averaged (Ruppert, 1988; Polyak and Juditsky, 1992). More recently Bach and Moulines
(2013) provided a sharp bound in expectation on the excess risk for a two-step procedure
that has been extended to the average of SGD with a constant step size (Bach, 2014).
Second-order methods based on stochastic versions of Newton-Raphson algorithm have been
developed in order to converge faster in iterations, although with a bigger computational
cost per iteration (Hazan et al., 2007).

In order to obtain a parameter-free second-order algorithm we apply a bayesian perspec-
tive, seeing the loss as a negative log-likelihood and approximating the maximum-likelihood
estimator at each step. We get a state-space model interpretation of the optimization prob-
lem: in a well-specified setting the space equation is y; ~ pg,(- | Xi) o< exp(—£(-, 0] X))
with 6, € R% and the state equation defines the dynamics of the state 6;. The stochastic con-
vex optimization setting corresponds to a degenerate constant state-space model 6, = 6,1
called static. As usual in State-Space models, the optimization is realized with the Kalman
recursion (Kalman and Bucy, 1961) for the quadratic loss and the Extended Kalman Filter
(EKF) (Fahrmeir, 1992) in a more general case. A correspondence has recently been made
by Ollivier (2018) between the static EKF and the online natural gradient (Amari, 1998).
This motivates a risk analysis in order to enrich the link between Kalman filtering and
the optimization community. We may see the static EKF as the online approximation of
bayesian model averaging, and similarly to its analysis derived by Kakade and Ng (2005)
our analysis is robust to misspecification, that is we don’t assume the data to be generated
by the probabilistic model.

The static EKF is very close to the Online Newton Step (ONS) introduced by Hazan
et al. (2007) as both are second-order online algorithms and our results are of the same
flavor as those obtained on the ONS (Mahdavi et al., 2015). However the ONS requires the
knowledge of the region in which the optimization is realized. It is involved in the choice of
the gradient step size and a projection step is done to ensure that the search stays in the
chosen region. On the other hand the static EKF yields two advantages at the cost of being
less generic.

First, there is no costly projection step and each recursive update runs in O(d?) op-
erations, where d is the dimension of the features X;. Therefore, our comparison of the
static EKF with the ONS provides a lead to the open question of Koren (2013). Indeed, the
problem of the ONS pointed out by Koren (2013) is to control the cost of the projection step
and the question is whether it is possible to perform better than the ONS in the stochastic
exp-concave setting. We don’t answer the open question in the general setting. However,
we suggest a general way to get rid of the projection by dividing the analysis between a
convergence proof of the algorithm to the optimum and a second phase where the estimate
stays in a small region around the optimum where no projection is required.

Second, the algorithm is (nearly) parameter-free. We believe that bayesian statistics is
the reasonable approach in order to obtain parameter-free online algorithms in the uncon-
strained setting. Parameter-free is not exactly correct as there are initialization parameters,
which we see as a smoothed version of the hard constraint imposed by bounded algorithm,
but they have no impact on the leading terms of our bounds. Static Kalman filter co-
incides with the ridge forecaster and similarly the static EKF may be seen as the online
approximation of a regularized empirical risk minimizer.
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1.1 Related Work

Theoretical guarantees for online and stochastic algorithms are multi-criteria and of various
natures. The comparison of upper-bounds or computational complexity highly depends on
the values of d the dimension of the explanatory vectors and n the time horizon, leading to
different views on whether the dependence to d or n is the most important. The nature of
the guarantee obviously depends on the objective pursued.

In the advesarial setting, the learner suffers a loss Et(ét) depending on its estimate ét at
each time step . It is natural to minimize the cumulative loss, or equivalently the regret

S 00 - S 40,
t=1 t=1

where 6* reaches the minimum value of the cumulative loss and thus highly depends on
(4t)1<t<n. Under an assumption of bounded gradients, Zinkevich (2003) proved that a first-
order online gradient descent yields a regret bound in O(y/n). The Online Newton Step
(ONS) is a second-order online gradient descent that has been designed to obtain a regret
bound in O(Inn) (Hazan et al., 2007) under the assumption that the losses are exp-concave.
The improved guarantee comes at a cost of O(d?) operations per step instead of O(d), along
with a projection at each step whose cost depends on the data.

In the stochastic setting where the losses (¢;) are assumed i.i.d., the aim is to minimize
the risk L(0) = E[¢(0)]. A natural candidate is the Empirical Risk Minimizer (ERM), whose
asymptotics are well understood (see for example Murata and Amari (1999)). Assuming the

existence of §* minimizing the risk and that the Hessian matrix H* = g—;L(Q*) is positive

definite, the ERM 6, satisfies

* Irx—1
E[L(f,)] - L(6*) = ”(szz) to(l/n), G"=FE %ﬁ(y, e*TX)%E(y,e*TX)T] |
Although in the well-specified setting the identity tr(G*H*~!') = d holds, in the misspec-
ified case there is no general estimate for tr(G*H*~!). Recently a non-asymptotic bound
L(0,) — L(6*) = O(tr(G*H* 1) In 6~ /n) holding with probability 1 — & has been shown
by Ostrovskii and Bach (2021) on the ERM. However the ERM is defined only implicitly
and may have important computational cost, hence recursive algorithms based on gradient

descent have been studied under different sets of assumptions to bound tr(G*H*~1).

The most simple is Stochastic Gradient Descent (SGD), where each step is in the op-
posite direction of the gradient. This algorithm has been widely used with various step
sizes. Sharp results have been obtained by Bach (2014) for a constant gradient step size
C/y/n with fixed horizon n. Under the assumption that gradients are bounded by R
we have tr(G*H*71) < R?/u where u is the minimal eigenvalue of H*. The fast rate
E[L(0,)] — L(0*) = O(R?/(un)) is obtained by Bach (2014) for the averaged estimate 6,, of
SGD. In the same article the author also derives a bound with high probability but with a
slower rate: it degrades into L(f,,) — L(0*) = O(log 6! /\/n) with probability 1—4§. Finally,
in the quadratic setting a fast rate L(0,) — L(0*) = O(1/(nd®)) is achieved with probability
1 — 6 for a defined a > 0 (Bach and Moulines, 2013).

To obtain fast rates with high probability beyond the quadratic setting, it seems nec-
essary to use second-order information as in the ONS (Mahdavi et al., 2015). Under the
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ERM Averaged SGD ONS This article
Regret O(Inn)
Excess risk in expectation O(%) O(%)
Excess risk w.h.p. O(%) O(ln\%l)
Cumulative excess risk w.h.p. O(nn+mé 1) | Onn+Iné~ !+ 5(5))
Cost per iteration Implicit O(d) O(d?) + Tproj O(d?)

Table 1: Summary of existing results along with the static EKF for which we prove the
bound for the cumulative excess risk. We focus on the dependence on n, and § for
the bounds holding with probability 1 — ¢ (w.h.p.). S(§) is the cumulative excess
risk of the convergence phase.

assumption that the loss is a-exp-concave, tr(G*H *~1) < d/a and for the averaged version
of the ONS the rate L(6,) — L(6*) = O(d(Inn + Ind~1)/(an)) with probability 1 — & is
obtained. From our perspective, the result is stronger than what is claimed by Mahdavi

et al. (2015): the bound obtained is

n

> L(0) — L(6*) = O(lnn+1nd 1), (1)
t=1
holding simultaneously for any n with probability 1 — d. Note that although averaging this
bound with Jensen’s inequality leads to a sub-optimal bound on the excess risk of the last
averaged estimate, it is conversely not possible to obtain Equation (1) from

L(6,) — L(0*) = O(In 6~ /n),
holding with probability 1 — §.

1.2 Contributions

Our first contribution is a local analysis of the static EKF under assumptions defined in
Section 2, and provided that consecutive steps stay in a small ball around the optimum
6*. We derive local bounds on the cumulative risk with high probability from a martingale
analysis. Our analysis of Section 3 is similar to the one of Mahdavi et al. (2015) and we
slightly refine their constants as a by-product.

We then show that the convergence property crucial in our analysis is reachable. To that
end we focus on linear regression and logistic regression as these two well-known problems
are challenging in the unconstrained setting. In linear regression, the gradient of the loss is
not bounded globally. In logistic regression, the loss is strictly convex, but neither strongly
convex nor exp-concave in the unconstrained setting. In Section 4, we develop a global
bound in the logistic setting on a slight modification of the algorithm introduced by Bercu
et al. (2020). We prove that this modified algorithm converges and stays into a local region
around 6* after a finite number of steps. Moreover we show that it coincides with the static
EKF and thus our local analysis applies. In Section 5, we apply our local analysis to the
quadratic setting. We rely on Hsu et al. (2012) to obtain the convergence of the algorithm
after exhibiting the correspondence between Kalman filter in constant dynamics and the
ridge forecaster, and we therefore obtain similarly a global bound.
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Finally, we demonstrate numerically the competitiveness of the static EKF for logistic
regression in Section 6.

2. Definitions and Assumptions

We consider loss functions that may be written as the negative log-likelihood of a generalized
linear model (McCullagh and Nelder, 1989). Formally, the loss is defined as £(y,0" X) =
—logpe(y | X) where € RY (X,y) € X x ) for some X C R? and Y C R and py is of the
form

T . T
y0TX — b0 X)> | )

a

po(y | X) = h(y) exp (

where a is a constant and h and b are one-dimensional functions on which a few assumptions
are required (Assumption 3). This includes logistic and quadratic regressions, see Sections
4 and 5. We display the static EKF in Algorithm 1 in this setting (see Appendix A for a
derivation relying on Durbin and Koopman, 2012). In the quadratic setting, noting that the
EKF estimate 6; does not depend on the (unknown) variance o2, we consider the quadratic
loss (y,9) = (y — 9)?/2 by convention.

Algorithm 1: Static Extended Kalman Filter for Generalized Linear Model

1. Initialization: P; is any positive definite matrix, 0; is any initial parameter in R%.
2. Iteration: at each time step t =1,2,...
_ p»  PXeX[ P . _ V(0] Xe)
(a) Update Py; = P X P X with o = L=,
(ye=b' (8] X)) X+

a

(b) Update ét+1 = ét + ]Dt+1

Due to matrix-vector and vector-vector multiplications, Algorithm 1 has a running-time
complexity of O(d?) at each iteration and thus O(nd?) for n iterations.

Note that although we need the loss function to be derived from a likelihood of the form
(2), we do not need the data to be generated under this process. We need two standard
hypotheses on the data. The first one is the i.i.d. assumption and bounded random design
(all along the paper [|.|| is the Euclidean norm):

Assumption 1 The observations (X, y)¢ are i.i.d. copies of the pair (X,y) € X x Y and
there exists Dx such that | X;|| < Dx almost surely (a.s.).

Working under Assumption 1, we define the risk function L(6) = E [¢(y,6" X)]. Note that
in Section 3 we don’t need E[X X ] invertible, but we will make such an assumption in
Sections 4 and 5 to prove the convergence of the algorithm in the logistic and quadratic
settings, respectively. In order to work on a well-defined optimization problem we assume
there exists a minimum:

Assumption 2 There exists 0* € R? such that L(6*) = Ginde(H).
€R
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We treat two different settings requiring different assumptions, summarized in Assump-
tion 3 and 4 respectively. First, motivated by logistic regression we define:

Assumption 3 There ezists (ke)e>0, (he)e>0 and pe m 1 such that for any ¢ > 0 and
any 0,00 € R? satisfying max(||0 — 6|, |60 — 0*|)) < e, we have

o I'(y,0" X)2 <k A"(y, 0" X) a.s.

o !"(y,0"X) < h. a.s.

o !"(y, 0" X) > ptl"(y,04 X) a.s.

Here ¢’ and ¢” are the first and second derivatives of ¢ with respect to the second variable.

Assumption 3 requires local exp-concavity (around 6*) along with some regularity on ¢
(¢" continuous and £’ (y,0*T X) >~ > 0 a.s. is sufficient). That setting implies ) bounded,
because ¢ depends on y whereas ¢ doesn’t. In logistic regression, Y = {—1,+1} and
Assumption 3 is satisfied for k. = ePxI0%I+2) b = %, pe = e~ePx,

Second, we consider the quadratic loss, corresponding to a gaussian model. In order to
include the well-specified setting and to bound G* = E[(y — 6*" X)2X X ], we assume y
sub-gaussian conditionally to X and not too far away from the model:

Assumption 4 The distribution of (X,y) € X x Y satisfies

o242

o There exists o2 > 0 such that for any s € R, E [es(y_EMXD | X] <eT as.,

e There exists Dapp > 0 such that |Ely | X] — 0*T X| < Dapp a.s.

Both conditions of Assumption 4 hold with Y = R and D,p, = 0 for the well-specified
gaussian linear model with random bounded design. The second condition of Assumption
4 is satisfied for D,p, > 0 in misspecified sub-gaussian linear model with a.s. bounded
approximation error.

3. The Algorithm Around the Optimum

In this section, we analyse the cumulative risk under a strong convergence assumption.
Precisely we define

7(e) =min{k € N |Vt > k, ||6; — 0*|| < e},

where (ét)t are the estimates of the static EKF, and with the convention min () = +o00. We
assume a bound on 7(¢g) holding with high probability:

Assumption 5 For any d,e > 0, there exists T'(e,d) € N such that
P(r(e) <T(e,6)) >1—94.

Assumption 5 states that with high probability there exists a convergence time after which
the algorithm stays trapped in a local region around the optimum. Sections 4 and 5 are
devoted to define explicitly such a convergence time for a modified EKF in the logistic
setting and for the true EKF in the quadratic setting.
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We present our result in the bounded and sub-gaussian settings. The results and their
proofs are very similar, but two crucial steps are different. First, Assumption 3 yields a
bound on the gradient holding almost surely. We relax the boundedness condition for the
quadratic loss with a sub-gaussian hypothesis, requiring a specific analysis. Second, our
analysis is based on a second-order expansion. The quadratic loss is equal to its second-
order Taylor expansion but we need Assumption 5 along with the third point of Assumption
3 otherwise.

The following theorem is our result in the bounded setting.

Theorem 1 Starting the static EKF from any 6, € R Py > 0, if Assumptions 1, 2, 3, 5
are satisfied and if p. > 0.95, for any d > 0, it holds for any n > 1 simultaneously

T(e,0)+n
A N ) heAmax (P1) D? _
> L) - LK) < SdheIn (1 + n%){ + 5Amax (PT(;(;)H) g2
t=T(e,6)+1
+30 (2Kc 4+ hee®D% ) Ins ",
with probability at least 1 — 36.

The constant 0.95 may be chosen arbitrarily close to 0.5 with growing constants in the bound
on the cumulative risk. There is a hidden trade-off in &: on the one hand, the smaller
the better our upper-bound, but on the other hand T'(e, §) increases when e decreases, and
thus our bound applies after a bigger convergence time.

For the quadratic loss, we obtain the following result under the sub-gaussian hypothesis.

Theorem 2 In the quadratic setting, starting the static EKF from any 6, e R%, P - 0, if
Assumptions 1, 2, 4 and 5 are satisfied, for any d > 0 and any e > 0, it holds for anyn > 1
stmultaneously

X o 15 Amax (P1) D3
> LBy - L(9*) < 5 d (80% + D2, +e*D%) In <1 + n%x
t=T(e,6)+1

- Am X(Pl)D2
1 2 2 a X 2
+ 5Amax (PT(5,6)+1> e”+115 (U (4 + 7> + D2,

1 + 2521)3() Inét,

with probability at least 1 — 50.

We observe a similar trade-off in £ as in Theorem 1. Up to numerical constants, the tight
constant d(o? +D§pp) (see for instance Hsu et al., 2012) is achieved by choosing ¢ arbitrarily
small, at the cost of a loose control of the T'(g,0) first steps.

Both results follow from a regret analysis close to the one on the ONS (see Section 3.1),

and on a control on the martingales stated below:

Lemma 3 Let k > 0 and (ANy)i=k be any martingale difference adapted to the filtration
(Fi)i>k such that for any t > k, E[AN? | Fi—1] < oo. For any 6, > 0, we have the
stmultaneous property

s A In !
> <ANt - 5((ANt)2 +E[(AN)? | }'t_l])> <—— nzl
t=k-+1

with probability at least 1 — 4.
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Algorithm 2: Recursive updates of the ONS and the static EKF

Online Newton Step Static Extended Kalman Filter
PRy = PN+ (g, 0] X0)? X X, P =P+ 0y, 0] X)X X[,
Vi =y, w] X)Xy, Ve =0y, 0] X)Xy,
P
1 R .
Wi+1 = H <wt - Pt+1vt> ) Ot11 =0t — P11 Ve,
K Y
Ph
where [] is the projection on K for the norm ||.HP_11.
K o

This result proved in Appendix B.1 is a corollary of a martingale inequality from Bercu and
Touati (2008) and a stopping time construction (Freedman, 1975).

We detail the key ideas of the proofs in the rest of the Section, and we defer to Appendix
B the proof of the intermediate results along with the detailed proof of Theorems 1 and 2.
Specifically, we display in Section 3.1 the parallel with the ONS, where we compare with
the existing result on the cumulative risk, and a similar analysis yields an adversarial bound
on a second-order expansion of the loss. In Section 3.2 we compare the excess risk with
its second-order expansion thanks to Assumption 5, and we use a martingale analysis to
obtain a bound on the cumulative excess risk.

3.1 Comparison with Online Newton Step and Adversarial Analysis

We display the parallel between the ONS and the static EKF in Algorithm 2 through their
recursive updates. We observe that the square of the first derivative of ¢ is replaced with
the second derivative. Thus tP; ! in the static EKF is an estimate of the Hessian H* which
is the optimal preconditioning matrix as shown in Corollary 3 of Murata and Amari (1999).
Then the recursion on the parameter (w; and ét) has two differences: there is a gradient
step size 1/ in the ONS absent in the static EKF, and after the gradient step the ONS
applies a projection. Lemma 3 yields the following refinement on the bound of Mahdavi
et al. (2015) obtained on the cumulative excess risk of the ONS:

Corollary 4 Assume the search region K has diameter D and the gradients are bounded
by R. Let (wy); be the ONS estimates starting from wy € K, P, = A and using a step-size
v = %min(ﬁ,a) with o the exp-concavity constant of £ on K. Then for any § > 0, it
holds for any n > 1 simultaneously

- 3 nR? Ny 12 4yR%D? _
Lw) — L") < —dln (14— |+ =2 D?’+ [ =4+ - |Ins!
;(wt) ()—2v n<+)\d>+6 +<7+ 3 >n ,

with probability at least 1 — 20.

For the sake of consistency, we display Corollary 4 as a bound on the cumulative excess risk,
whereas Theorem 3 of Mahdavi et al. (2015) is a bound on the excess risk of the averaged
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ONS. The latter follows directly from an application of Jensen’s inequality. The proof of
Corollary 4 consists in replacing Theorem 4 of Mahdavi et al. (2015) with Lemma 3. We
obtain similar constants in Theorem 1 and in Corollary 4, as k. is the inverse of the exp-
concavity constant «. The use of second-order methods with well-tuned preconditioning is
crucial in order to replace the leading constant R?/u obtained for first-order methods by
d/a (p is the minimum eigenvalue of the hessian H*).

Our results on the static EKF are less general than the ones obtained on the ONS as
a control of the convergence time 7(¢) < T'(g,¢) is required with high probability. On the
other hand the results obtained on the ONS require the knowledge of the exp-concavity
constant « whereas the static EKF is parameter-free. That is why we argue that the static
EKF provides an optimal way to tune the step size and the preconditioning matrix. Indeed,
as € is a parameter of the EKF analysis but not of the algorithm, we can improve the
leading constant k. on a local region arbitrarily small around 6*, at a cost of a loose control
of the T'(e, d) first steps. In the ONS the choice of a diameter D > ||6*|| makes the gradient
step-size sub-optimal and impacts the leading constant.

Once the parallel between the ONS and the static EKF has been displayed (Algorithm 2),
it is natural to adopt an approach similar to the one in Hazan et al. (2007). The cornerstone
of our local analysis is the derivation of an adversarial bound on the second-order Taylor
expansion of £, from the recursive update formulae.

Lemma 5 For any sequence (Xy,yt)t, starting from any 0, € R Py = 0, it holds for any
0* € R? and n € N that

n . T 1. . .
S ( (v x0x0) T = 0) = 50— 00 (#0007 X0 X0XT ) (61 01))
t=1
LSS g iy 10 02
S QtZIXt Pt—&—lXtE (ytvet Xt) + m .

We cannot compare the excess loss with the second-order Taylor expansion in general,
and it is natural to use a step size parameter. In Hazan et al. (2007), the regret analysis of
the ONS is based on a very similar bound on

.
(el X0X0) (o= 6%) = (wr = 697 (€] X0)?XeX[T) (w6,

where v is a step size parameter. Then the regret bound follows from the exp-concavity
property, bounding the excess loss £(y:, w;' X;) — £(ys, 0* " X;) with the previous quantity
for a specific v. The dependence of « on the exp-concavity constant and the bound on the
gradients require that the algorithm stays in a bounded region around the optimum 6*, and
a projection on this region is used, potentially at each step.

We follow a very different approach, to stay parameter-free, unconstrained and to avoid
any additional cost in the leading constant. In the stochastic setting, we observe that we can
upper-bound the excess risk with a second-order expansion, up to a multiplicative factor.

3.2 From Adversarial to Stochastic: the Cumulative Risk

In order to compare the excess risk with a second-order expansion, we compare the first-
order term with the second-order one.
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Proposition 6 If Assumptions 1, 2 and 3 are satisfied, for any 6 € R?, it holds

oL T 0’L
——| (0 —0%) > plo_ge (0 — 0%)T | (60— 0%).
50 9( ) > plo—o~( ) 502 0( )
This result leads immediately to the following proposition, using the first-order convexity

property of L.

Proposition 7 If Assumptions 1, 2 and 3 are satisfied, for any € R, 0 < ¢ < Pllo—6%|
it holds

L(0) — L(6%) <

Pllo—0-| <<9L T T0°L
 Plle—or| €

S, 0 =07 — (00 392‘9(9—"*)> .

Lemma 5 motivates the use of ¢ > %, thus we need at least pjg_g«| > % In the quadratic
setting, it holds as an equality with p = 1 because the second derivative of the quadratic
loss is constant. In the bounded setting we need to control the second derivative in a small
range, and we can achieve that only locally, therefore we separate the condition pjg_g«| > %
between the third point of Assumption 3 and Assumption 5.

Then we are left to obtain a bound on the cumulative risk from Lemma 5. In order
to compare the derivatives of the risk and the losses, we need to control the martingale
difference adapted to the natural filtration (F;) and defined as

oL

-
2 Vt) (ét -0, where V; = ¢/ (yq, é;rXt)Xt )

an = (

-
We thus apply Lemma 3 to this martingale difference.

Lemma 8 Starting the static EKF from any 6, € RY, P, = 0, if Assumptions 1 and 2 are
satisfied, for any k >0 and §, A > 0, it holds simultaneously

k+n

R 3 R
> (AMt — X0, — 9*)T(vtvj + 5E[vtvj y ]-“t_l]>(0t — 9*)) <
t=k+1

Iné—t
A M

n>1,

with probability at least 1 — §.

The proof of Theorems 1 and 2 deferred to Appendix B builds on the above results.
Summing Lemma 5 and 8, we obtain for any §, A > 0 the simultaneous bound

T(g,0)+n

OL|T » o o ool 3 -
3 (ae (0= 0") = (6, =0 (VI AV, + DBV, | Fia] ) (0 — 0 ))
t=T(e,8)+1 0
T(e,0)+n N * |2 —1
1 - 0, -0 Iné
< 5 X[ P Xl (yi, 0] X0)? + 3 ” éP | ] t n>1,
t=T(e,8)+1 min\+T(e,6)+1

with probability at least 1 — &, where we define V%) = " (y, 0] X)X, X, for any t. In the
last equation, we control (see Appendix B.4 and B.5) the quadratic term in 0, — 6* on the
left hand-side in terms of (6, —9*)T%27§ |6, (6;—6*) in order to lower-bound the left expression
proportionally to the cumulative excess risk using Proposition 7 for well chosen A.

10
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Algorithm 3: Truncated Extended Kalman Filter for Logistic Regression

1. Initialization: Pp is any positive definite matrix, 0, is any initial parameter in R%.

2. Iteration: at each time step t =1,2,...

_p_ XX P : — 1 1
(a) Update Py1 = P TEXT P X O with a; = max | 7, e e )

(b) Update 0,1 =6, + Pt+11yt7Xt

+eyt9;rXt ’

4. Logistic Setting

Logistic regression is a widely used statistical model in classification. The prediction of a
binary random variable y € J) = {—1,1} consists in modelling L(y | X) with

1 <yeTX —(2In(1 + & X) — 9TX)>
= exp .

Pe(y’X):W 9

In the GLM notations, it yields @ = 2 and b(6" X) = 2In(1 + eaTX) - 0T X.

4.1 Results for the Truncated Algorithm

In order to prove the convergence of the algorithm needed in the local phase, we follow a trick
introduced by Bercu et al. (2020) consisting in changing slightly the update on P;. Indeed,
when the authors tried to prove the asymptotic convergence of the static EKF (which
they named stochastic Newton step) using Robbins-Siegmund Theorem, they needed the
convergence of ), Amax(P;)?. This seems very likely to hold as we have intuitively P; o< 1/t.
However, in order to obtain Amax(P:) = O(1/t), one needs to lower-bound a4, that is, to
upper-bound |é;|' X¢|, and that is impossible in the global logistic setting. Therefore, the
idea is to force a lower-bound on ¢ in its definition. We thus define, for some 0 < 5 < 1/2,

; = max %7 — L — , t>1.
t (1+ e Xe)(1+ e—Y: Xt)

This modification yields Algorithm 3, where we keep the notations 6y, P;, () with some
abuse in the rest of this section. We impose a decreasing threshold on a; (8 > 0) and we
prove that the recursion coincides with Algorithm 1 after some steps. The sensitivity of
the algorithm to 3 is discussed at the end of Section 4.2. Also, note that the threshold
could be ¢/t?, ¢ > 0, as in Bercu et al. (2020). We consider 1/t for clarity. We control the
convergence time 7(¢) of this version of the EKF:

Proposition 9 Starting Algorithm 3 from 61 =0 and any Py = 0, if Assumptions 1 and 2
are satisfied and B[X X "] is invertible, for any ,6 > 0, it holds 7(¢) < T(e,6) along with
1

vt > T(e,6), oy = - ~ ,
( ) t (1+€6;Xt)(1+6—6j)(t)

11
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with probability at least 1 — &, where T'(g,0) € N is defined in Corollary 13.

Besides the convergence of the truncated EKF, the proposition states that the truncated
recursions coincide with the static EKF ones after the first T'(e, d) steps. Thus we can apply
our analysis of Section 3. We state the global result for ¢ = 1/(20Dx):

Theorem 10 Under the assumptions of Proposition 9, for any § > 0, it holds for any
n > 1 simultaneously

+ 64ePx1071 1 51

> L(0y) — L(6*) < 3dePx 1971 1m (1 +n
t=1

T (g 8) (g + Dl 1) + 7o) s IOD

Amax(P)DX Y | Amax(PL)
4d 75D%

with probability at least 1 — 40, where T'(1/(20Dx),d) is defined in Corollary 15.

4.2 Explicit Definition of T'(¢,0) in Proposition 9

It is proved that ||6,, — 6*||> = O (Inn/n) almost surely (Bercu et al., 2020, Theorem 4.2).
We don’t obtain a non-asymptotic version of this rate of convergence, but the aim of this
paragraph is to prove Proposition 9 for an explicit value of T'(¢,d) for any d,e > 0.

The objective of the truncation introduced in the algorithm is to improve the control
on P;. We state that fact formally with a concentration result relying on Tropp (2012). We
define A,y the smallest eigenvalue of E[X X T].

Proposition 11 Under the assumptions of Proposition 9, for any § > 0, it holds simulta-

neously
20D%  /625dD8 \\ /P 1
Vt><A2 1n< X , )\maX(Pt)va

min

min
with probability at least 1 — §.
This proposition justifies the choice 5 < 1/2 in the introduction of the truncated algo-

rithm to satisfy the condition >, Amax(P;)? < 400 with high probability. Motivated by
Proposition 11, we define, for C' > 0, the event

Aci= () (P < -55).
t=1

To obtain a control on P; holding for any ¢, we use the relation Apax(FP;) < Amax(P1) holding
almost surely. We thus define

_ 4 20D%  /625dD%
C6 = max <AH1H1’ )\max(Pl) < A2 In ( A4 5 > s

min min

and we obtain P (A¢g;) > 1 — 6. We obtain the following theorem under that condition.

12
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Theorem 12 Under the assumptions of Proposition 9, we have for any d,e > 0 and t >

28D§(C(52(1+5DX(“9*H+6))3
CeXp A3 (1-2p)3/2e2 ,

A8, (1—2p)et

min

B 2
216 DI2C2(1 4 eDx (1671+2))6 In(t) )
2 — 4
A2 (1—2p)e i 1)126) |

P(||6; — 6" > e | Ac,) < (VE+1)exp (

min

21 DA C2(1 + Dx(6°]+9))

—l—texp(

The beginning of our convergence proof starts similarly as the analysis of Bercu et al.
(2020): we obtain a recursive inequality ensuring that (L(6;)); is decreasing in expectation.
However, in order to obtain a non-asymptotic result we cannot apply Robbins-Siegmund
Theorem. Instead we use the fact that the variations of the algorithm 6, are slow thanks
to the control on P;. Thus, if the algorithm was far from the optimum, the last estimates
were far too which contradicts the decrease in expectation of the risk. Consequently, we
look at the last k < t such that ||0), — 0*|| < &/2, if it exists. We decompose the probability
of being outside the local region in two scenarii, yielding the two terms in Theorem 12. If
k < /t, the recursive decrease in expectation makes it unlikely that the estimate stays far
from the optimum for a long period. If k& > /%, the control on P; allows a control on the
probability that the algorithm moves fast, in t — k steps, away from the optimum.

The following corollary explicitly defines a guarantee for the convergence time.

Corollary 13 Proposition 9 holds with for any e,6 > 0

/B

o

) 3.9215D1202 (1 4 ¢Dx(([6*]+2))6
T(e,d) = max ((2(1 + ePx (19 “+€))> = 5/2( | ’65_1> '

AS. (1 —2p3)3/2e4

This definition of T'(¢, ¢) allows a discussion on the dependence of the bound Theorem 10
to the different parameters. Note that the choice e = 1/(20Dx) in Theorem 10 is artificially
made for simplifying constants since the bound actually holds for any € > 0 simultaneously.
The truncation has introduced an extra parameter 0 < 5 < 1/2 that does not impact the
leading term in Theorem 10. However, it impacts the first step control in an intricate way.
On the one hand, when § is close to 0, the algorithm is slow to coincide with the true EKF
as T(g,6) = ¢?W/B. On the other hand, the larger 3, the larger our control on Apmax(P:)
and thus we get T'(g,0) = eO)/(1=28)*  Practical considerations show that the truncation
is artificial and can even deteriorate the performence of the EKF, see Section 6. Thus Bercu
et al. (2020) suggest to choose 5 = 0.49.

The dependence on § is even more complex. The third constraint on T'(g,d) is O(5~1)
which should not be sharp. To improve this lousy dependence in the bound, one needs a
better control of P;. It would follow from a specific analysis of the O(In §~1) first recursions
in order to ”initialize” the control on P;. However the objective of Corollary 13 was to prove
Proposition 9 and not to get an optimal value of T'(¢,d). A refinement of our convergence
analysis following from a tighter control on P; of the EKF than the one provided by Tropp
(2012) is a very important and challenging open question.

13
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5. Quadratic Setting

We obtain a global result for the quadratic loss where Algorithm 1 becomes the standard
Kalman filter (recall that we take 02 = 1, that is £(y,9) = (y—§)?/2 and a = 1,/ (8] X;) =
é;rXt, ap = 1)

The parallel with the ridge forecaster was evoked by Diderrich (1985), and it is crucial
that the static Kalman filter is the ridge regression estimator for a decaying regularization
parameter. It highlights that the static EKF may be seen as an approximation of the
regularized ERM:

Proposition 14 In the quadratic setting, for any sequence (X, yt), starting from any 6, €
R? and P; = 0, the static EKF satisfies the optimisation problem

t—1
5o (1 Tya2, L AT p—1 5
et_argég[l@ (2 SEZI(yS—G Xs) +§(9—91) Pr(0—61) |, t>1.

Note that the static Kalman filter provides automatically a right choice of the ridge
regularization parameter. This equivalence yields a logarithmic regret bound for the Kalman
filter (Theorem 11.7 of Cesa-Bianchi and Lugosi, 2006). It follows from Lemma 5 as the
quadratic loss coincides with its second-order Taylor expansion. The leading term of the
bound is d1nnmax;(y; — é:Xt)2, thus y; — étTXt needs to be bounded.

As the static Kalman filter estimator is exactly the ridge forecaster, we can also use
the regularized empirical risk minimization properties to control T'(¢,¢). In particular, we
apply the ridge analysis of Hsu et al. (2012), and we check Assumption 5:

Proposition 15 Starting from any 6, € R and P, + 0, if Assumptions 1, 2 and 4 hold and
if E[XX "] is invertible then Assumption 5 holds for T(e,§) defined explicitly in Appendiz
D, Corollary 26.

Up to universal constants, defining Ay, as the smallest eigenvalue of E[X X '], we get

-1 N, ox||2 D2
T(5,5)5h<€ (”01 ll + X (14 D2 )VIné—1 +o%d

Amin P1 Amin app
Dy 16, — 6% 2) 1
(== (Do + Dx o)+ 22 L 52 s :
(rmm< o+ Dl + 12

with h(x) = zlnz. We obtain a much less dramatic dependence in ¢ than in the logistic
setting. However we could not avoid a A;ﬁln factor in the definition of T'(e,d). It is not
surprising since the convergence phase relies deeply on the behavior of P;.

As for the logistic setting, we split the cumulative risk into two sums. The sum of the
first terms is roughly bounded by a worst case analysis, and the sum of the last terms is
estimated thanks to our local analysis (Theorem 2). However, as the loss and its gradient
are not bounded we cannot obtain a similar almost sure upper-bound on the convergence
phase. The sub-gaussian assumption provides a high probability bound instead.

14
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Theorem 16 Under the assumptions of Proposition 15, for any €,6 > 0, it holds simulta-
neously

)\max(Pl)Dg(

=\ A w15
Z L(@t) — L(9 ) < ?d (802 + Dgpp + 52D§() In (1 +n d
t=1

) + B5Amax (P 1)e?
)\max(Pl)Dg(
4
+ D% (552 +2(]|61 — 0*)% + 3Amax(P1)Dxo In 5*1)2) T(e, 8)

+ 2)\max(P1)2D§((30 + Dapp)2
3

+ 115 <02(4 + )+ D, + 252D§(> Ing?

T(€7 5)3a n=>1,
with probability at least 1 — 66.

Note that the dependence of the cumulative excess risk of the convergence phase in
terms of 4 is O(log(671)3).

6. Experiments

We experiment the static EKF for logistic regression. Precisely, we compare the following
sequential algorithms that we all initialize at O:

e The static EKF and the truncated version (Algorithm 3). We take the default value
P = I; along with the value 5 = 0.49 suggested by Bercu et al. (2020). Note that a
threshold 10719 /t949 as recommended by Bercu et al. (2020) would coincide with the
static EKF'.

e The ONS and the averaged version. The convex region of search is a ball centered
in 0 and of radius Dy = 1.1||#*||, a setting where we have good knowledge of 6*.
We consider two choices of the exp-concavity constant on which the ONS crucially
relies to define the gradient step size. First, we use the only available bound e~ P¢Px
Second, in the settings where the step size is so small that the ONS doesn’t move, we
use the exp-concavity constant kg at 8*. This yields a bigger step size, though the
exp-concavity is not satisfied on the region of search.

e Two Averaged Stochastic Gradient Descent as described by Bach (2014). First we
test the choice of the gradient step size v = 1/(2D%+v/'N) denoted by ASGD and a
second version with v = [|0*||/(DxV/N) denoted by ASGD oracle. Note that these
algorithms are with fixed horizon, thus at each step ¢, we have to re-run the whole
procedure.

6.1 Synthetic Data

We first consider well-specified data generated by the process of Bercu et al. (2020). The
explanatory variables X = (1,Z")7 are of dimension d = 11 where Z is a random vector
composed of 10 independent components uniformly generated in [0, 1], thus Dx = V.
With this distribution for X we define three synthetic settings that we evaluate:

15
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Synthetic well-specified 1 Synthetic well-specified 2 Synthetic misspecified

1000~ 3-

density
density

0- 00-

050 075 035 050 ors o2 050
Bemoull parameter Bernoulli parameter Bemoulli parameter

Figure 1: Density of the Bernoulli parameter on 107 samples: on the left and on the middle
density of (1 + =0T X )=t for the two well-specified settings (left, the ordinate is
in log scale), and on the right density of (1 +e_9JTXi)_1 with j € {1,2} uniformly
at random for the misspecified setting. On the right we observe the two modes
E[(1 4 e X)~1] ~ 0.28 and E[(1 + ¢~% X1)~1] ~ 0.79.

e Well-specified 1: we define 6* = (—9,0,3,-9,4,-9,15,0,—7,1,0) T, and at each it-
eration ¢, the variable y; € {—1, 1} is a Bernoulli variable of parameter (1+e_9*TXt)_l.

e Well-specified 2: in the first well-specified setting the Bernoulli parameter is mostly
distributed around 0 and 1 (see Figure 1), thus we try a less discriminated setting
with 0* = 75(-9,0,3,-9,4,-9,15,0,—7,1,0) .

e Misspecified: In order to demonstrate the robustness of the EKF we test the algo-
rithms in a misspecified setting switching randomly between two well-specified logistic
processes. We define 6; = 1—10(—9, 0,3,-9,4,-9,15,0,—7,1,0) " and 5 where we have
only changed the first coefficient from —9/10 to 15/10. Then y; is a Bernoulli random
variable whose parameter is either (1 + e_elTXf)_l or (1+ e 02 X6)=1 uniformly at
random. We checked that Assumption 2 is still satisfied.

We evaluate the different algorithms with the mean squared error E[[|6; — 6*?] that we
approximate by its empirical version on 100 samples. We display the results in Figure 2.

6.2 Real Data Sets

To illustrate better the robustness to misspecification, we run the same procedures on real
data sets:

e Forest cover-type (Blackard and Dean, 1999): the feature vector is of dimension
d = 54, and as it is a multi-class task (7 classes) we focus on classifying 2 versus
all others. There are n = 581012 instances and we randomly split in two halves for
training and testing.

e Adult income (Kohavi, 1996): the objective is to predict whether a person’s annual
income is smaller or bigger than 50K. There are 14 explanatory variables, and we

16
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Synthetic well-specified 1 Synthetic well-specified 2 Synthetic misspecified

Mean Squared Error
Mean Squared Error

tev01t tet03 16405 tes07 tev01 1e+03 1405 tes07 tev0t 1e403 1105 1007
Iteration Iteration Iteration

— AseD  — EKF — ons — Ao — ek — ons —ase0  — — ons
Agorithms Algorithms Algorithms
— ASGDoracls — EKF truncated — ONS averaged — ASGD oracle — EKF truncated — ONS averaged — ASGD oracle — EKF truncated — ONS averaged

Figure 2: Mean squared error in log-log scale for the three synthetic settings. For the first
well-specified setting (left) the ONS is applied using the exp-concavity constant
ko ~ 1.7-1071° instead of e~ DoV ¢4 accelerate the algorithm, and both the ONS
and its averaged version still don’t move. In the other two (middle and right)
we use e~ 2oV for the ONS. We observe that the EKF and the truncated version
coincide in the two last settings.

obtain d = 98 once categorical variables are transformed into binary variables. We use
the canonical split between training (32561 instances) and testing (16281 instances).

For each data set, we standardize X such that each feature ranges from 0 to 1. At each step
we sample within the training set (with replacement). We evaluate through an empirical

version of E[L(6,,)] — L(6*) estimated on 100 samples and where L is estimated on the test
set, see Figure 3.

6.3 Summary

Our experiments show the superiority of the EKF for logistic regression compared to the
ONS or to averaged SGD in all the settings we tested. We display in Table 2 a few indicators
of the data sets. In particular, it is interesting that the static EKF works well even in a
setting where the Hessian matrix H* is singular.

It appears clear that low exp-concavity constants are responsible of the poor perfor-
mances of the ONS. One may tune the gradient step size at the cost of losing the exp-
concavity property and thus the regret guarantee of (Hazan et al., 2007) or its analogous
for the cumulative risk (Mahdavi et al., 2015). Averaging is crucial for the ONS, whereas it
is useless for the static EKF. Indeed we chose not to plot the averaged version of the EKF
for clarity, but the EKF performs better than its averaged version.

It is important to note that in the first synthetic setting the truncation deteriorates
the performance of the EKF, as well as in the adult income data set to a lesser extent,
whereas the results are the same in the other settings. Bercu et al. (2020) argue that the
truncation is artificially introduced for the convergence property, thus they use the threshold
10719 /¢049 instead of 1/t%4 and the truncated version almost coincides with the true EKF.
We confirm here that the truncation may be damaging if the threshold is set too high and
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Forest cover type Adult income

1.000-

0.100-

Excess test risk
Excess testrisk

0.010-
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0.01-

1e+01 1e+03 1e+05 1e+07 1e+01

1e+03 1e+05 1e+07
lteration

Iteration

) — ASGD — EKF — ONS
Algorithms

—— ASGD oracle —— EKF truncated —— ONS averaged

i — ASGD — EKF — ONS
Algorithms
—— ASGD oracle —— EKF truncated —— ONS averaged

Figure 3: Excess test risk for forest cover type (left) and adult income (right). As the
ONS doesn’t move when applied with the exp-concavity constant e~ ?¢Px we use
instead the exp-concavity constant at 6*: kg ~ 1.4 - 1073 for forest cover type
and kg ~ 5.5-1070 for adult income. The EKF and the truncated version almost
coincide for both data sets.

Setting d  Amax(H*)/u tr(G*H*Y)  R2/u dePoPx dro
Synthetic well-specified 1 11 6.9 - 10 1.7-10> 1.0-10° 9.2-10°" 6.4-10"
Synthetic well-specified 2 11 1.5 - 102 7.1-108 25-10° 5.4-10* 3.3-10°
Synthetic misspecified 3 11 1.5-10? 7.1-100  2.0-10% 3.6-10> 7.4-10"

Forest cover type o4 00 00 00 9.2-10% 3.8-10%
Adult income 98  2.5-107 72-10° 5.3-10° 1.8-10% 1.8-107

Table 2: For the different experimental settings we display the dimension d and the condi-
tion number of the Hessian at 0* (Apax(H*) and p are the maximal and minimal
eigenvalues of H*). We present the value of tr(G* H*~!) which is bounded either
by R%/u, or by deP?Px because e~P¢Px bounds the exp-concavity constant on
the centered ball of radius Dy. We add to the table dkg < deP?PX where kg is the
inverse of the exp-concavity constant of the loss at 6*.
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we recommend to use the EKF' in practice, or equivalently the truncated version with the
low threshold suggested by Bercu et al. (2020).

7. Conclusion

We studied an efficient way to tackle some unconstrained optimization problems, in which we
get rid of the projection step of bounded algorithm such as the ONS. We presented a bayesian
approach where we transformed the loss into a negative log-likelihood. We used the Kalman
recursion to provide a parameter free approximation of the maximum-likelihood estimator.
We demonstrated the optimality of the local phase for locally exp-concave losses which can
be expressed as GLM log-likelihoods. We proved the finiteness of the convergence phase
in logistic and quadratic regressions. We illustrated our theoretical results with numerical
experiments for logistic regression. It would be interesting to generalize our results to a
larger class of optimization problems.

Finally, this article aimed at strengthening the bridge between Kalman recursion and
the optimization community. Therefore we made the i.i.d. assumption, standard in the
stochastic optimization literature and we focus on the static EKF. It may lead the way to
a risk analysis of the general EKF in non i.i.d. state-space models.
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The Appendix follows the structure of the article:
e Appendix A presents the EKF for generalized linear models.
e Appendix B contains the proofs of Section 3. Precisely, Lemma 3 is proved in Section

B.1, the intermediate results of Sections 3.1 and 3.2 are proved in Sections B.2 and
B.3, then Theorem 1 is proved in Section B.4 and Theorem 2 in Section B.5.

e Appendix C contains the proofs of Section 4. We derive the global bound (Theorem
10) in Section C.1, then we obtain the concentration result on P; in Section C.2, and
finally we prove the convergence of the truncated algorithm in Section C.3.

e Appendix D contains the proofs of Section 5. We prove Theorem 16 in Section D.1
and then in Section D.2 we prove the convergence of the algorithm, and we define an
explicit value of T'(g, ) satisfying Assumption 5.

Appendix A. Derivation of the Static EKF for Generalized Linear Models

As in Section 10.2 of Durbin and Koopman (2012) we consider the following state-space
model:

yr = Z(0r) + €4,
Orr1 = Ty (0r) + 1 .

where &, and 7, are independent with mean zero and variances h;(6;), Q.(6;). The state-
space version of equation (2) is

y0 Xy — b(etTXt)>

plon | X3) = ) exp (P

The preceding equation matches the space equation form with Z;(6;) = (6] X;) and
hi(6;) = ab" (0] X;). Thus we can write the EKF as follows (see Equation 10.4 of Durbin
and Koopman, 2012): denoting by 7} the derivative of T3,

UVt = Yt — b/(é;rXt) s Ft = XtTPtth//(étTXt)z + ab/'(étTXt) s
Oy = 0, + PXY" (0] X0)F, Moy Py, = P — PX.F X PV (0] X0)?,
~ ~ s . T A
Ory1 = Te(Oe) 5 Prp1 =TiPy Ty + Qi(Oy) -

We focus on the static setting where the state equation becomes 6,11 = 6;, thus we have
041 = 0y and Pryq = Py We rewrite the update on P; as follows:

_ PX X PY'(6] Xy)/a
X PX0 (0] X)) Ja+1"

P =PF

Moreover we have P11 Xy = PtXtFt_lab”(étTXt) thus we can rewrite the update on ét as
follows:
A Pt+1Xt(Z/t - b,(étTXt)

ét+1 =0, + .
a

This yields Algorithm 1.
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Appendix B. Proofs of Section 3
B.1 Proof of Lemma 3

We prove the following Lemma inspired by the stopping time technique of Freedman (1975)
from which we derive Lemma 3. We give a general form useful in several proofs.

Lemma 17 Let (F,,) be a filtration, and we consider a sequence of events (A,) that is
adapted to (Fp). Let (V,) be a sequence of random variables adapted to (Fy,) satisfying
Vo =1, V,, > 0 almost surely for any n, and

E[Vn | *Fn—lvAn—l] < Vn—l, n > 1.
Then for any § > 0, it holds
P((Uvn>51>u(UAn>> §5+IP’<UAn> ,
n=1 n=0 n=0

An important particular case is when (V},) is a super-martingale adapted to the filtration
(Fn) satisfying Vo = 1 and V;, > 0 almost surely: then we have simultaneously V;, < 6!
for n > 1 with probability larger than 1 — 4.

Proof We define

k
E;, = U (Vn >6tu Anfl) .
n=1

As (Ey) is increasing, we have, for any k£ > 1,
k [
P(E;) = Z P(E,NE,_1)

n=1
k k
=Y P(A,0NnE, 1)+ P(Vu>0"'nE,1NA, ).

n=1 n=1

First, we have

S riing <r(Un).

n=1

Second, we apply Markov’s inequality:

k k
Vi
E P (Vn >6'NE,_1N Anfl) < E E |:5_1]1EnﬁEn_1ﬂAn_1:|
n=1 n=1

=9 iE {Vn(]lmﬂf\nfl o ﬂﬁ)}
n=1

k
= 521 (B [Valgmoa,,| —E Valz]) -
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The second line is obtained since E,, C (En_l N An_l). According to the tower property
and the super-martingale assumption,

E [Vallg—oa, | =E [EVa | Fact, Ancillg—oa, ]

IN

[E[Vn | Fu_, An—l]ﬂf}

n—1

E
<E[Voalg—] .

Therefore, a telescopic argument along with V) = 1 and Vk]lETC > 0 yields

k
Z]P) (Vn > 5N E, 4 ﬂAnfl) <.

n=1

Finally, for any & > 1, we obtain

k—1
P (Ey) gP(U An> +0

and the desired result follows by letting k — oo. |

Proof of Lemma 3. Let A > 0. For any n > 1, we define

k+n )\2
Vi, = exp ( > (AANt — ?((AN& + E[(AN;)? | }"tl}))> .

t=k+1

Lemma B.1 of Bercu and Touati (2008) states that (V;,) is a super-martingale adapted to
the filtration (Fj,). Moreover V = 1 and for any n, it holds V,, > 0 almost surely. There-
fore we can apply Lemma 17. |

B.2 Proof of Lemma 5

Proof of Lemma 5. We start from the update formula ét+1 = ét + PtHW

yielding

. X A - — V(6] X)X,
(Brsr — 09 Pt (B — 0%) = (6, — 6T Py (6, — ) + 2 W = VO XO)Xs

A 2
Yt — b’(H;rXt)>

(6: — 6%)

a

+ X, P Xy <
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With a summation argument, re-arranging terms, we obtain:

n 1aT T )
Z( (V'O Xe) —y) X, (91;—«9*)—%((% 6) " (P31 — t_l)(et_e*)>

t=1

A 2
1 " yt—b’(GTXt)
== x'p..x, | Zt—"\t 2t

+ %Z <(ét - 0*)TPt*1(ét — 0" ) (0t+1 — 0 ) t+1(0t+1 —o* ))
t=1

We bound the telescopic sum: as Pn 11 = 0, we have

Z ((ét — )T P (0 — 0%) — (1 — 0%) T PR (Brsn — 9*))
t=1

< (0, — 6P (6, —0) < w.
o ! )\mln(Pl)

The result follows from the identities

V(0] Xy) — yo) X,

. =y, 0 X)X, PRy = BT =y 0 X)X X,

B.3 Proofs of Section 3.2
Proof of Proposition 6. The first-order condition satisfied by 6* is

JEE b'w*TX))X} .

a

yielding E [yX] = E[0/(6*T X)X]. Therefore

, T
E [(b T y)X] 0 —6%) = 2(9 —0)E [XW(07X) - (6T X))] .

a

Considering the function f: A — (6 — 6*)"E [XV/ (0T X 4+ A(0 — 6*) " X))], we know there
exists A € [0, 1] such that f/(\) = f(1) — f(0). This translates into
aL T *\ 1 *\ T /1 T * T *\ T
S, @0 = -0 E[Xb (9 X + \(0* - 0) X) (0 — 0% X} .
Then we use Assumption 3:
V(OTX+X0—0)TX) " (y,0" X +X0*—0)TX
V(0T X) = 0 (ys, QTX) Z Pllo—6+| »
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yielding
OL|T . .
70 (60— 0%) > pjg_g+ (0 —0*)TE [z”(y, eTX)XXT] (0 —6%)
0L
_ _ T *
= plo—o+ (0 — 0%) 692‘ (0 —07).

Proof of Proposition 7. We first recall that L(0)—L(6*) < a—L‘ (0—6%), then Proposition
6 yields

oL T 0L c
—| (0—0")—c(0—0")"==]| (0 —06%) > 6 —6*
89 [ ( ) C( ) 8(92 9( ) - p”g 0+|| 89 ‘ )
and the result follows. [ |

Proof of Lemma 8. We first develop (AM;)%:
(MY = (B9 | Fis) = V)T (B~ %)
= (6, — 69T (E[Vt | F B[V | Fia] T + VoV
—~VE[V, | Fi]T —E[V, | ft_l]vj) (6, — 6%
< 2(6, — 0)7 (E[Vt | Fo 1BV, | Fooa] T + Vtvj) (6, — 0%
<26, — 6)7 (I[-z,[v,fvtT | Fooa] + vtvj) (6, — 6%).

The third line holds because if U,V € R?, it holds —UV T —VUT x UUT +VV . The last
one comes from E[(Vt —E[V: | Feea]) (Ve = E[Ve | Feea]) T | .7-}_1} =0
Also, we have the relation

E[(AM;)? | Fia] < (6: = 0%)TE[V:V, | Froal(6: — 67).
It yields
(AM)? + E[(AM,)? | Fia] < (6, — 67)7 (3E[vtvj | Fooa] +2V,9] ) (6, — 6%,

and the result follows from Lemma 3. [ |

We derive the following Lemma in order to control the right-hand side of Lemma 5, in
both settings.

Lemma 18 Assume the second point of Assumption § holds. For any k,n > 1, if Hét —
0*||2 < e for any k <t < k+n then we have

k+n 2

P Amax(Pi41)D
Y Tr(P(PRy - P7Y) <dln (l—l—n = (d’““) X> :
t=k+1
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Proof We apply Lemma 11.11 of Cesa-Bianchi and Lugosi (2006):

k+n k+n e -1
> (PP - D) = X (“W)

—1
t=k+1 t=k+1 et(Lryn
< ’gf 1 (det(Pt+11)>

= el B

t=k+1 det(F, )

o det(Pk_JrnJrl)
det(PkH)

k+n
< Indet <I+ > (g, 0 X)( ;iﬁXt)(PklﬁXt)T)
t=k+1

d
Z (1+X\)

k+n
where A1, ..., A are the eigenvalues of > #/(y;, 0] X;)( ;_{_%Xz«/)(]-’l/2 X;)T. Therefore we

k+1
t=k+1
have
k+n 1 d
t;Tr(Pm(P;l Pﬂ))édln( gZ )

1
<dln (1 + dnha)\max(PkH)Dg() .

B.4 Bounded Setting (Assumption 3)

Proof of Theorem 1. Let § > 0. On the one hand, we sum Lemma 5 and 8. We obtain,
for any A > 0,

T(e,0)+n

~ 1
> (BIV: | Fed] (0= 0%) - 5@
t=T(e,0)+1
N *\ T T 3 T N *
“ b, — 0 (vtvt + SE[VaV] | fH])(et —9 ))
T(e,0)+n N * |2 —1
1 X b, — 9 In§
<o Y X PaXel (w00 X0)? + 1% ~ &7, In ;o on=1, (3)
2 1=T(2,0)+1 )\miH(PT(E,5)+1) A

with probability at least 1—4, where we define Q; = (6,—0*)T (€”(yt, étTXt)XtXtT> (0,—6%)
for any t.
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On the other hand, thanks to Assumption 3, we can apply Proposition 7 with ¢ = 0.75
to obtain, for any ¢t > 1,

16; — 6% < &
N * Pe oL\ T * * TOQL 2 *
:>L(9t)*L(9)§m< (915*9)*075('% %) @ét(@*e)),
— L(6) - L(6") < 5(E[V: | ft,m(ét —6%) = 0.TSE[Q: | Fia]) (4)

because p; > 0.95.

In order to bridge the gap between Equations (3) and (4), we need to control the
quadratic terms of Equation (3) with E[Q, | Fi_1]. First, for any ¢, if ||§, — 6*| < e, we
have Q¢ € [0, h.e?D%], and we apply Lemma A.3 of Cesa-Bianchi and Lugosi (2006) to the
random variable ﬁ@f € [0,1]: for any s > 0,

es—1 R .
B |exp (7 pr @~ apr BQ | Al ) | Fecn 0= <] <1,

We fix s = 0.1 and we define

T(,6)+n

Vh = exp Z <h012Qt (e —1)E[}L6€21D%<Qt|ft—1}>

t=T(e,0)+1

The sequence (V},) is adapted to (F7(e,5)4n), almost surely we have Vp = 1 and V,, > 0.
Finally,

E {Vn | Frie.s)rn—1: 107 5)1n — 07| < 6} < Vo1,

and (HQAT(E,(;)JFn — 0*|| <€) belongs to Fr(. 5)4n—1- We apply Lemma 17:

((U V> ) (U(Héﬂa,w—e*u >s>)> 36+P<U<||ém,5)+n—e*u >e>> |

n=1 n=1

oo A~
We define A5 = 0, — 0*]| <¢e) for any k. The last inequality is equivalent to
k

n=k+1
0 T(e,0)+n T(g,0)+n
< Ui > Qt >0 =1) Y E[Q] Fia] +10h=2D3 g ) 0 A;(6,5)>
n=1 t=T(e,6)+ t=T(e,6)+1
<§. (5)

We then bound the two quadratic terms coming from Lemma &8: using Assumption 3
we have the implications

16, —0*]| <e = (0, —6")TV, V] (8, — 0*) < Qs
10 — 0*|| < e = (6, — 0*)"E[V,V] | Foua] (0 — 6%) < 6.E[Qr | Fer] -
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Therefore, we get from (5)

00 T(e,0)+n 1
1@( U ( > (iQt + A0, — 01TV, V[ (6, — 6%)
n=1 “t=T(s,0)+1
3 ~ ~
+ A0 — 0 TE[V,V] | Fioa] (6 - 9*)) >
T(g,6)+n

1 3
(10(60'1 — 1)(5 + Ake) + 5)\/%) Z E[Q: | Fi-1]
t=T(g,6)+1

1
+10(5 + Ake)hee” D% In 51) n A;(E’5)> <.

_ 0.75-5(e%1-1)
We set A = 0@ -1+ D) so that

1 3

10(e%! — (5 + Ae) + 5ARe = 0.75,

1 1 0.75—5(% —1)

ST P ~0.59 < 0.6,
g PR =35t 10(e%t — 1)+ 2 -

and consequently

(9) T(g,0)+n
IP( U < Z (E[Vt | ft—l]T(Gt —0%) — 0.75E[Q: | .7:15_1]) > 6h5€2D§( Iné!
n=1 \t=T(e,§)+1

T(e,0)+n

. 1
+ <E[Vt | Fioa] T (0, — 6%) — int
t=T(g,0)+1

N * 3 ) * €
— X0 — 0 )T(vtvj + §E[VtVtT y ]—"t_l]>(6t —0 ))) n AT(&J)) <34,

We plug Equation (4) in the last inequality:

0 T(g,0)+n
P( U ( > (L(6y) — L(6%)) > 30h.e> D3 In 6"

n=1 \¢t=T(g,0)+1
T(e,0)+n

£50 S (B AT -0 - S0

t=T(e,6)+1
_— 3 5, — o
NG -7 (vtvf + 5E[ViV] | ft—l}) (6 — 0 )>> “AET(sﬁ)) <90.
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(10(e% 1 —1)+3 ) ke
0.75—5(e0-1—1)

00 T(g,0)+n X
(U3 -

n=1 \t=T(e,5)+1

We then use Equation (3) with % = ~ 114k < 12k.. It yields

X P Xol (ye, 0] X:)?

DO Ot

T(g,0)+n
t=T(e,0)+1
51161 — 6%

+30(2ke + hee?D2)Ind~ ! | N AS <24,
/\min(PT(s,é)-i-l) ( ) : X) T(ed)

Thanks to Assumption 3, we have
X Py Xel (y, 0) X2)? < ke Tr (P (PR = B7Y), 6> T(e,0),

therefore we apply Lemma 18: for any n, it holds

T(e,0)+n 2
. he Amax (P D
E X, P Xol (yr, 0] X1)* < dcIn (1 +n ( Z(E’E)H) X> )
t=T(e,0)+1

As Pr( s)+1 = P1, we obtain

o0 T(€75)+n )
) ) 5 2 heAmax(P1) D
P( U ( (L(6:) = L(67)) > Sdren (1 4 nsc(ll)X>
t

5//6, — 6|

+ 30(2ke + hee?D%)Ind ™t | N AS <26.
)‘min(PT(a,d)—f—l) ( x) T'(e,9)

To conclude, we use Assumption 5. |

B.5 Quadratic Setting (Assumption 4)
We recall two definitions introduced in the previous subsection:

A= () (=0 <e), k=1,
n=k+1
Q=0 —0)" X, X (0, —0%), t>1.

The sub-gaussian hypothesis requires a different treatment of several steps in the proof. In
the following proofs, we use a consequence of the first points of Assumption 4. We apply
Lemma 1.4 of Rigollet and Hiitter (2015): for any X € R?,

El(y — Ely | X))? | X] < 2i(202)T() = 220914, i€ N*. (6)

First, we control the quadratic terms in V; = —(y; — OA; X¢)X¢ in the following lemma.
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Lemma 19 1. For any k € N and § > 0, we have

) k+n
IP( U < i 0, — 0"V, V] (0, — 0%

n=1 \t=k+1

k+n
> 3 (802 + D2+ 2D Qi +12e2D% 0’ Inéd | nAs | <96.
app X X k
t=k+1

2. For any t, it holds almost surely

(0, — 09 TE[V,V] | Fooa](6, — 0%) < 3 (02 + D2

app

+ 10: = 0*12D% ) E[Q: | Fir].
Proof
1. We recall that for any a, b, ¢, we have (a + b+ ¢)? < 3(a? + b? + ¢?). Thus
(0: = 0%) ViV (6 — 6%) = Quly — 0] X:)?
< 30 (v — Bl | X002+ (Elys | X =0T X0)2 + ((0° = ) X?)
< 3Q1 (s — Elyn | Xu))? + Dy + 16, — 6*7D5% ) - (7)

To obtain the last inequality, we use the second point of Assumption 4 to bound the
middle term. Then we use Taylor series for the exponential, and we apply Equation

(6). For any t and any pu satisfying 0 < p < —

W’ we have

[(yr — E [ye | Xe])* | X4

7 z']E
E [exp (1#Qu(ye — Elys | Xi)%) | Fon X)) =14+ 38 4 il

i>1

% i'!2 21
SHQZW

i>1

<1+2) (2uQi0?)’

i>1

DN | =

<148uQo’®,  2uQo” <
< exp (8,th02) .

Therefore, for any t,

1 2 *

We define the random variable

k+4+n
V, = exp <41 Z Q: ((yt — Ely: | Xt])2 — 802)> , n e N.

212 2
e*D5o
X7 t=k+1
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(Vi)n is adapted to the filtration (o(X1,y1, -, Xktns Yktns Xk-tnt1)n, moreover Vo = 1
and V,, > 0 almost surely, and

E Vi | X191 o Xkt Ykt Xtns |Opn — 0% < 6] < Vpo1.

Therefore we apply Lemma 17: for any é > 0,
P (U(Vn > 671 mA;) <4,
n=1

which is equivalent to

0o k+n k+n
1@( U ( > Quly —Elye | Xi])? > 80% > Qi +4e*Di0” ln51> mA;) <94.

n=1 \t=k+1 t=k+1

Substituting in Equation (7), we obtain the desired result.

2. We apply the same decomposition as for Equation (7): for any t,
(6 — 09)TE[V, V] | Fi1](0; — 6%)

<306, - )T | XX (00— Bl | X7+ D2

app

+ 6% — étHzD%() | ft_l} (6, —0%).

Assumption 4 implies that for any Xy, E[(y; —E[y; | X:])? | X;] < 0%. Thus, the tower
property yields

(6 — 09)TE[V, V] | Fi1](0: — 6%)
<3 (0% + Dy + 100 = 0*17D% ) (0 — 0) TELX X[ | Fioa](0r — 0.

app

Second, we bound the right-hand side of Lemma 5, that is the objective of the following
lemma.

Lemma 20 Let k € N. For any é > 0, we have

o) k+n
]P’( U ( > X[ P Xi(y — 0/ X1)? > 12Xmax (P1) D30 In 6!

n=1 \t=k+1

+3(80° + D},

app

Amax (Pe+1) D3
+¢?D%) dn <1 +n(§“)X>> ﬂAi) <94.

Proof We apply a similar analysis as in the proof of Lemma 19 in order to use the sub-
gaussian assumption, and then we apply the telescopic argument as in the bounded setting.
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We decompose y; — 0, X;:

X, P Xo(ye — 0] X,)?
< 3XtTPt+1Xt((yt —Ely: | Xi))* + (Elye | Xi] = V' (6*7 X0))* + (6" — ét)TXt)2>

<3X, P Xy ((yt —Ely: | X4))* + D}

app

+ 116, - 6°I*D% ) (8)

To control (y; — Ely; | X¢])?X, Piy1X:, we use its positivity along with Equation (6).

Precisely, for any ¢t and any p > 0 satisfying 0 < p < m, we have

E [GXP (u(yt —Ely: | Xt])QXtTPt+1Xt) \ ft—laXt}

1 (X Pry1 Xa)'E [(ye — Elye | Xe])?' | Xo]
=1+ il

WX, Py X)) (202)
§1+2zﬂ( t t+1i't)z(0)
i>1 )

[
—142)° <2MXJP,5+1XN2)
i>1

< 1+8uX, P Xe0?, 0 < 2uX, Piy1 X0? <

N |

< exp <8uXtT Pt+1Xt02> .

We apply the previous bound with a uniform p = As Amax(Pi+1) < Amax(Pr)

1
max(P1)DZ 0%

for any t, we get p < m. Thus, we define
k+n
Vi, =ex X)) —80%) X, P Xy |, n € N.
n p <4)\max 2 D§<02t2k;1 Ely | t]) ) t Lt4+1 t)

(Vy) is a super-martingale adapted to the filtration (o(X1,y1, ..., Xgptn—1, Yktn—1, Xk+n))n
satisfying almost surely Vp = 1,V,, > 0, thus we apply Lemma 17:

(UV>6 )ga,

or equivalently

0 k+n
( U ( > X P Xo(ye — Elye | X4))?

=1 t=k+1
k+n
> 8072 Z X, P 1 Xy + AAmax(P1) D% 6% In 5—1>> <9.
t=k+1

31



DE VILMAREST AND WINTENBERGER

Combining it with Equation (8), we get

o0 k+n k+n
IP’( U < > X PaXi(y — 0] X1)? > 3(80° + D3y, +€°D%) > X/ P Xy

n=1 \t=k+1 t=k+1

+ 12)\maX(P1)D§(O'2 ln5_1> N Ai) <9.

Then we apply Lemma 18: the second point of Assumption 3 holds with h. = 1, thus

k4+n 2
Amax (Pr+1)D
Z Tt (Pe1 (P — P7Y)) < dln <1+n(z+1)x> ; n > 1.
t=k+1
We conclude with X," P11 X, = Tr(P1 (P — P7Y)). m

We sum up our findings and we prove the result for the quadratic loss. The structure
of the proof is the same as the one of Theorem 1.
Proof of Theorem 2. On the one hand, we sum Lemma 5 and Lemma 8: for any A,é > 0

T(e,0)+n

~ 1 ~ 3 A *
> (E[vtm1]T(9t_9*)_2Qt_A(9t_9*)T(vtvj+2E[vtvj\ft1])(@—9 ))
t=T(e,0)+1

T(e,0)+n A <112 _
1 A 107641 — 07 Ino!
< 3 E X, P Xo(ye — 0] X0)? + /\TG’(};I ) T n>1, (9)
t=T(e,8)+1 min{+7(e,6)+1

with probability at least 1 — §. On the other hand, we have

T(g,0)+n
> (B Fal (6 - 67) — 08EQ | Fia])
t=T(s,6)+1

(10)

We aim to relate Equations (9) and (10) as in the proof of Theorem 1. To that end, we
apply Lemma 19:

0 T(e,0)+n
IP( U ( > (;Qt + A0 — 647 (VN: + ;E[vtvj | ]:t—l]) (6 — 9*)>
t

n=1 \t=T(e,6)+1
1 T(g,0)+n
> (5 +3AB0% + DL, +27D%)) Y @
t=T(e,0)+1
9 T(e,0)+n
+ §>\<02 + D2, + gzDgc) > E[Q:| Fia] +12X’ D30’ In 5—1>
t=T(e,6)+1

N AET(&(;)) <.
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As in the proof of Theorem 1 we apply Lemma A.3 of (Cesa-Bianchi and Lugosi, 2006)
and Lemma 17: for any § > 0,

00 T(e,0)+n T(e,0)+n
P( U < Z Qt >10(e™ —1) Z E[Q: | Fi—1] + 102D% ln6_1>
t=T(e,0)+ t=T(e,0)+1
N A, 5)> <.

We combine the last two inequalities:

0o T(e,0)+n
1 A . 3 R .
t=T(e,0)+

n=1 =T 7)
> (10(e0-1 )( +3\(80” + D2, + 52D§()) + )\(o— + D2, + 52D§()>

T(g,6)+n

> E[Q] Fil

t=T(g,0)+1

- <1052D§<< +3\(80” + DZ,, + 52D§()) + 12)\52D§<02> In 5—1>
N A;(5’5)> <25. (11)
We set
9 —1
A= (0.8 —5(" —1)) (30(60 1)(80% + D3, +€°D%) + 2( + D, + 52D§()>

in order to obtain

1 9
10(e%t — )(2 +3A(80% + D2, +2DX) ) + A0+ D2y, + DY) = 08,

1 1
<A< ,
10902 4 28D2,, + 28¢2D% 10802 4 27D2,, + 272D%

10521)%(( +3\(80% + D2, + 52D§<)) +120D% %02 < 822D%

< 28(40% 4+ D2 +£2D%).

app

>~\v—‘
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Combining Equations (9), (10) and (11), we obtain

0 T(g,0)+n )
IP( U (0.2 > (L(b) - L(6Y))

n=1 t=T(e,6)+1
1 T(e,0)+n 2
=) Z X P Xo(ye — 0] Xo)? + S S
t=T(2,6)+1 min (Pr(c,6)+1)

+ 28(40% + D?

approx

+e’D%)Iné ! + 8’ D% In 5—1> N A;(E,5)> <36.

Finally, we apply Lemma 20 with Pr.s,1 < P and we use Assumption 5: it holds
simultaneously

T(e,0)+n ;
R 3 >\max P D
S L) - LY < 5<2 (80 + D2, +£°D%) din (1 + n(dl)X)
t=T(e,6)+1

 Amax (Prt sy ) €2 + 28(40% + D2 + 2D In 6!
+822D% In 67 + 6Amax(P1) D% 0% In 5—1), n>1,

with probability at least 1 — 54. To conclude, we write
28(40% 4 D3 prox + €2 D% ) + 822 D% + 6Amax(P1) DX 0
)\max(Pl)Dg(

D2
4 )+

<28 <02(4 + 20 T 2521)%() :

Appendix C. Proofs of Section 4

C.1 Proof of Theorem 10

Proof of Theorem 10. We check Assumption 3 with k. = eDX(He*”’La),hS = % and
p- = e °Px > 0.95. We can thus apply Theorem 1 with

T(e,0)
_ _ 1
)\max(PT(1575)+1) § Amax(Pl 1) + Z Z ||Xt||2a
t=1
212
% < 3eDxl*l], 30(2;% + 5 fX) < 64ePxI0°Il 52D <175,

We then control the first terms. To that end, we use a rough bound at any time ¢ > 1:

~ yX ~ T ~
LO) —LO)<E|—F——10 0, — 0"
60— 107 < B[ 18] -0
< D, — 07|

< DX(Hél - 9*” + (t - 1)>‘max(P1)DX) s
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because for any s > 1, we have P; < P; and therefore Hés+1 —éSH < Amax(P1)Dx. Summing
from 1 to T(ﬁ, 9) yields the result. [ ]

C.2 Concentration of P;

We prove a concentration result based on Tropp (2012), which will be used on the inverse
of Pt.

Lemma 21 If Assumption 1 is satisfied, then for any 0 < 8 < 1 and t > 4Y(=P) it holds

=1 T 1-8 2
X, X Anint Az
P )\min s g min <d _tlfﬁ min .
( @:5ﬁ><QPm>—em< m&)

s=1

Proof We wish to center the matrices X X ST by subtracting their (common) expected
value. We use that if A and B are symmetric, Apin(A — B) < Amin(A) — Amin(B). Indeed,

denoting by v any eigenvector of A associated with its smallest eigenvalue,

"(A-B
)\min(A - B) = min x(HHQ)x
T T

v (A— B
lv]|?

-
B
— )\min (A) Y v

We obtain:
t—1 t—1 t—1 t—1
X, X X, X[ X, X X, X[
oo s s<*s . S<*s _ . s<*s
i (Z : ZE[ ; D < Amm< - ) Amm< E {Sﬁ ]
s=1 s=1 s=1 s=1
t—1 t—1
X, x) 1
- )\mll’l (Z Sﬂ ) Al’l’lll’l B
s=1 s=1
=t T 1-5 _
S )\rnin XSXS mint !
— sP 1-8
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Therefore, we obtain

XX Apin (1178 = 2)
P (e (5557 < 252

s=1

-1 T T 1— 1—
X, X X, X Amin (1177 = 2) t=F —1
< min 5 - 5 —_Amlni
= (Z< 5 E[ 5 D>< 2(1— 5) -5

1
i X.XI1 X.xT At =P
- (o (3 (= [255] - 255 ) - ).

We check the assumptions of Theorem 1.4 of Tropp (2012):

. X XJ XX, -
e Obviously E [ e } — =25 Is centered,

S
T T T
© M (B | 255 | = 254 ) < he (B | X531

S

2
AsO<E [(E (X | - X2 } <E {(XS‘Z(ST
S S

D < D%{ almost surely.

S

< {XSX;] T ) 2]
E - <
5B G

Therefore we can apply Theorem 1.4 of Tropp (2012):

= XX X.xT Apint'—?
P(“"(Z(E{ -5 >>>2<1—5>>

2 4 4
D D
} < ol < -1, we get

J,
/\\—/
M1
w | T
O
~
~
J,
7N
T
ST
Ll IFSTS
LT
EE
~
~

s=1
<d A?nintz(l_ﬁ)/(g(l - ﬂ)2)
=P T DL (- B) + D At P/ (6(1— 5))
_ A2 1/(1 - B)?
= dow <‘t1 "SD% 1A= 5) + A/ (GDA (1= /3)))

AZ, Amin(1 =8\ *
—d = Y (I B S :
eXp( sDY < P+ —6pz )

Using Amin/D% < 1 and B > 0, we obtain 8(1 — 3 + 2=inll=f)y < 8(1 4 1/6) = 28/3 < 10,

6D%
therefore
=1 T 1-8 2
Xs X Amin(t —2) 1-8 Az
- ominvy V) <« _ ““min |
P (Amm (Z e > ST 1-p) < dexp | 10D%
s=1
The result follows from %tl_ﬁ — 92> 0 for t > 41/(1-6), [ |

We can now do a union bound to obtain Proposition 11.
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Proof of Proposition 11. We first move our problem to the setting of Lemma 21:

t—1 -1
)\max(Pt) = )\min <P11 + ZXSXJQS>

s=1
—1
X, XxJ
mm <P + Z ) )

because ag > 1/8’8. Therefore, for t > 8 > 41/(1=8)

—1
4 XXT 4
P (o> 5 5) < o (Pl o ) > o

X )(—r Amintl_ﬁ
P | Amin | P
XSXT Amintl_ﬁ
<P min =

s=1

1-8 Bmin Az
< d t min
= eXp( 10D% ) ’
where we applied Lemma 21 to obtain the last line. We take a union bound to obtain, for
any k> 17,

A2
1—8 “*min
P (Ht > k, AmaX(Pt) Amln ) ZdeXp < t 10D4 >

t>k
A2
1-8
<dZexp( |t JIOHl;Z)
t>k
_dZexp( 10%2)2]1“’3
m>1

We bound ) 1|4)—p,: for any m
t>k

1P =m = m"/0P) <t < (m+1)/0-H)
then using e” <1+ 2z for any 0 < 2 <1, we have
(m + 1)V O=8) = /=81 4 1 /) 1/ (=5)
=m"""P exp(ln(1 +1/m)/(1 - B))
<m"/ 0 exp(1/(m(1 - 5)))
<m0 142/ (m(1 - 9))),
as long as m > 2 > 1/(1 — ). Therefore

(m+ DYO=B) _ /(=P L 1 <oV O=A=1/(1 — B)+1<4m+1<4(m+1),
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and that is true for m = 1 too. Hence
2

4 A
o < _ min
P (Elt >k, Amax(Pr) > Amintlﬁ) <4d Z (m+1)exp ( mlOD‘j{)
m>| k=]

A2
exp (_ 10%12 )

A2 . Lk176J
exp (_ 10%% )

= 4d AZ (Lklﬁj e A2, >
1 —exp <_ 10‘5‘%) 1 —exp <_ 10%2)
A2 : 1-8
exp (fmt ) ! A2\
<ar——— (0 e (o)
1 —exp (— 10%%;) 1 —exp (—710%%;) X
1-8
where the second line is obtained deriving both sides of Y.  r™+l = % with
m>|k1-8]
respect to r. Also, as 1 —e™® > ze™ " for any = € R, we get
P(3t>k A P, 1
>k, Amax () > ——
k=8

10D4 A2, 10D% AZ. A2,
< 4d X 9 min k,l—ﬁ min _ *“*min
=2 eXp< 10D§<>( Taz P\ qopt )P T1opt

min min
Furthermore, as xe™® < e~! for any x > 0, we get for any k > 7:

10D4 A2 A2
kl—ﬁ X min k?l B “*min
( Tz P (10D§(>> P ( 20D%

min
- 20D% e~ 10D% A2\ A2
— —— €X X
= Az Paz P llopt ) 2004

min min

20D%e™1 1 A2
= ——5—exp| -ex .
A2 P 2P 10Dt

min

Combining the last two inequalities, we obtain

4
P (Ehf > If,)\maX(B) > _)

1Xrnint1 B
800D3% ¢~ 1 A2, 1 A2, AZ.
<d X 9 min - min _k,l—ﬁ min
=T eXp( 10p4 2P <1OD§(>> P ( 20D%
- d625D§( a8 M
- AL 20D% )’

and the result follows. The last line comes from A, < Dg( and consequently

800e~ 1 9 Ar2n1n 1 AIQnin < 800 —1+0.24+0.5e%1 624.7 < 625
e~ exp 10D4 + = 10D§{ < e ~ a7 < .
The condition k& > 7 is not necessary because

92 D4 92 D8 1/(1-8)
( 22 In <6A54d 5 )) > 201n(6250 "),

min min
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and either § > 1 and the result is trivial, either § < 1 and 201n(6255~1) > 128. |

C.3 Convergence of the Truncated Algorithm

In order to prove Theorem 12, we state and prove an intermediate lemma.
Lemma 22 Let 0 € R?.

1. For any n > 0, we have

L)~ LO%) > 1 — H

Amin\/ﬁ
V3D (14X 16 1++/81/D% )

where D, =

2. For any € > 0, we have

* * Amin 2
061> — LO) = L) > 17 oontmay® -

Proof Both points derive from a second-order identity, turned in an upper-bound in the
one case and in a lower-bound in the other. Using 3 9L 7(0%) = 0, there exists 0 < A < 1 such
that

1
(1 4 e(A9+(1—)\)9*)TX)(1 4 e—(A9+(1—/\)9*)TX)

L(0) = L(0*) + %(9 —)TE XXT} (0 —6%).

1. We first have )

D
L(O) ~ L") < =50 - 07

Assume L(0) — L(6*) > n. Then ||0 — 6*|| > ,/8n/D3%. Also, using the Taylor
expansion of #* around some 6y € R?, we get

oL|T

L(6%) > L(6yg)+— (0*—90)+ !

4(1 + ePx (10" [I+1160—6*[1))

(6o—6")E [XXT} (G0—6%),

and that yields

Amin
4(1 + eDx (0" T+T06=6°TD)

ajT

, (o —0%) > L(0o) — L(6%) + 160 — 671
0

Therefore, as L(6y) — L(6*) >

Amin
1+ eDx (0% [I+l160—61))

||90 - etrueH .
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Finally, as L is convex of minimum 6*,

oL oL
00 lg

> -
00

> min
160—6*||=+/8n/D%

Ao
> min 3 D2
T 4(1 4 DX 0 1+/80/ D)) \/TX
> Amin
T V2D (1 + ePx (10 I+y/Bn/D%)y

)

NG

2. On the other hand we have

Amin

L6) 2 LE) + Jr T enxtoTrio-oy

[CE b

Thus, as L is convex of minimum 6*, if ||§ — 6*|| > ¢ it holds

A .
. * . . * min 2
L(6) — L(0%) > ||90I—11913\=5L(00) L(o") > (1L + Dx ()

Proof of Theorem 12. We prove the convergence of (L(0;)); to L(6*) and then the
convergence of (6;); to 8* follows. The convergence of (L(f;)); comes from the first point of
Lemma 22. The link between the two convergences is stated in the second point.

To study the evolution of L(ét) we first apply a second-order Taylor expansion: for any
t > 1 there exists 0 < oy < 1 such that

T 4 ~

~ oL 1 4 .
(Op11 — 6;) + 5(9t+1 — 01)

. O%L
L =L - T
(O141) (0¢) + By

- 0,01 —6,). (12
962 ét+at(ét+1—6})( w1 =00 (12)

0
We have 2% < %E[X X T], therefore, using the update formula on 0, the second-order

002
term is bounded with

) . 92 X X 1 EXXT]
Opq — 0" —= 01 —0)< —— x'pT P X
( H—l t) 392 étJrOlt(éH—l*ét)( o t) B (1 —l—eytetTXt)z Lo 4 e
1 1
< ZD&AW(BH)? < ZD;*(AW(W

The first-order term is controlled using the definition of the algorithm:

PtXtXtTPt ) tht

01— 0, =P, —
t+1 t < t 1+XtTPtXtatat

14 eu0f Xe

and as oy <1,

” PX: X, P, ¢ < D3 A (P)?
= max .

—Q =
tl =+ XtTPtXtCYt 1 + eytetTXt
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Also, H%H < Dx. Substituting our findings in Equation (12), we obtain

~ ~ 8[/ T tht 4 2
L8 < L(O —| P—"—— +2D% A\pax (P)” . 13
(Be1) < L(0) + &5 N t1+eytejxt+ X Amax (P%) (13)
We define
oL|7 Y Xy oL |7 Y Xy
M; = — _— — — | X vy X _
t ae ét t1+eyt9;rXt 80 ét t1+eyt9;rXt | 1, Y1, y Nt—1,Yt—1
oL T Y Xy oL|T 0L
=—| bP—————+ —| P—| .
00 14, 1_|_€yt9tTXt a0 lg, ~ 00 14,
Hence we have
oL|T X oL| |? 1 ||oL) |
| P <My = AP ||| | <M= 5]
6(9 0+ 1+eyt6t Xt 89 0+ t.DX 80 0+

I
ngf ’
obtain, for any k < t,

because Ps = Combining it with Equation (13) and summing consecutive terms, we

1 2

t—1
L(0) — L(0r) < <Ms - o7
s=k X

We recall that there exists Cs such that P(Ac;) > 1 — ¢ where

oL
00

A +2D§(/\maX(Ps)2> ) (14)
0s

~ C
Acy = ()\maX(Pt) < t%ﬁ) .

t=1

On the previous inequality, we see that the right-hand side is the sum of a martingale and
a term which is negative for s large enough, under the event Ac;.

We are then interested in P((L(6;) — L(6*) > 1) | Ac;,) for some 5 > 0. For 0 < k < t,
we define By the event (Vk < s < t,L(0s) — L(6*) > 1/2). Then we use the law of total
probability:

P(L(0;) — L(0*) > n | Acy) (1)
< P ((L(B) — L(#*) > m) N By | Ac, )

N3

iy p (@) = L") > n) 0 (L) = L") < ) N Bry | Acy) (16
k=1

< P ((L(0) ~ L(6*) > m) " By | Ac, )

t—1
+ ;P (L) = LB) > ) N Bie | Acy) -

Lemma 22 yields

L(és)—L(H*)>g = Hgé’ > Dy

0
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We combine the last equation, along with Equation (14) and the definition of A¢; to
get, for any 1 < k < ¢,

t—1
P <(L(ét) — L(6) > n/2) N By | A06> <P ((ZMS > f(k,t)) N B | Acé)

s=k
t—1
<P (ZMS > f(k,t) | Ac,5> ,
s=k
n D2 t—1 1 4 2t—1 1
where f(k,t) = 2 + ﬁ Zkg —2D5C5 Z:km for any 1 <k < t.
s= s=

Similarly, we get

t—1
P <(L(ét) — L(6*) > 1) N Boy | AC) <P (Z M, > fo(t) | AC) :

s=1
) . D2 t—1 t—1
with fo(t) =n — (L(61) — L(6*)) + ﬁ Zl 1_2D4C? Z:l 52(1%@ for any t > 1.
s= s=

We have E[M; | X1,v1,..., Xs—1,¥s—1] = 0, and almogt surely | M| < 2D§()\max(Ps). We
can therefore apply Azuma-Hoeffding inequality: for ¢, k such that f(k,t) > 0,

t—1 1 —28)max (1 2’ k‘—ll—?ﬁ
P <§ Ms > f(k,t) | Aq;) < exp <—f(k,t)2( B) 8é§fcg( ) )> |

+oo
because zk s2<11*5) < =T max(11/2,(k—1)1*25)' Similarly, for ¢ such that fo(¢) > 0,

P HM )] Ac, | < p2 1=
; s > fo(t) | Ac; _eXP<—f0()16D§(C§>~

We need to control f(k,t), fo(t). We see that for ¢ large enough, when k is small

2

52" In(t) and when k ~ t, f(k,t) is driven by n/2. The
X

following Lemma formally states these approximations as lower-bounds. We prove it right

after the end of this proof.

compared to t, f(k,t) is driven by

160§ 2 Di 02\ 55 2
Lemma 23 Fort > max (eD%“‘Qﬁ), (1 + (§(1f2§)> 126) ): it holds
D2
k) > 5 In(®), 1<k <V,
X
OOEST Vi<k<t.
2p% (Lé _L(e* +4D§(c§>
Similarly, fort > e P OO+ 5 , we have

2

folt) > 21 1),
2D%
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401
Then, defining C; = % and Cy = I’;é;fg;, we finally get for ¢ large enough:
X5 X5

]P’(( (6;) — LG*)>n)ﬂBOt]Acé> < exp (—4Cy In(t)?) ,
P ((L0h) ~ L) > ) 0 (L(By) — L(67) < 1) 1 By | Acy)

(

(
{ex( C1In(t) ) if 1 <k<t,
exp (— Co(k—1)17%) if VE<k<t.
Substituting in Equation (16) yields:

P(L(6:) — L(#*) > 1 | Ac)

[Vtl-1
< exp (—4C1 In(t)?) + Z exp (—C1 In(¢ Z exp <—02 )172’8)
k=1 k=[VA]

< (Vi+ 1) exp (—Crn(t)?) +texp (~Co(vE— 1)) .

A 11152

Finally, Point 2 of Lemma 22 allows to obtain the result: defining n = W,

we obtain
P(||6; — 0% > & | Ag,) <P(L(0:) — L(6*) > n | Ac,)
< (VE+ 1) exp (~Cyn(t)?) + texp (~Ca(VE—1)1727) .

In order to obtain the constants involved in the Theorem, we write

Amin
Do Aminy / g0 ooy N Amin 32 ¢
T 2 = \1+eDx(01+9) ) 4Dy’
2Dx (1 + exp <DX(HH*H + \/Dg((lﬁg}?fo*wa))))
o Ain (1 —28)*
= 216171202(1 + eDx (16°]+2))6
22 giipt 02(1 n Dl )2

and the conditions of Lemma 23 become

98 D8 (02(] 4 ePx([10%]+2))3
tzGXp( 8C2(1+e ) |

A3 (1 —28)e?

min

1 2
e T I
i> 14 32D5C5(1+e ) ’
(1 - 26) mmg

32D4 (1 + eDPx((10%[|+2))3 A . 4D4.C2
tZexp( x( AT o2 ) (L(Ql)—L(G)—{—l_XQ;) .

mln
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We would like to obtain a single condition on ¢, thus we write

1 32D%CE(1 + er(||e*||+e)) 28
! (1 - 2/6) min€?

1
32D4 02 Dx (16" [l4+€)y | 1-28
=exp|2In |1+ ( (1+e )

(1 - 25) mln6

2 32D% CZ(1 + ePxl0%[+e))
<
< exp (1 ~ 93 In (1 + (1 — 25) Ao

2 32D% CZ(1 + ePx(ll0*[1+e))
1- 25 (1 - 25) m1n6

28D8 2(1 Dx (]|6*||4+€))3
SeXp( C2(1+4e ) |

< exp

A3 (1 —2B)3/2¢2

min

The third line is obtained with the inequality In(1 + x) < y/z for any z > 0. Obviously, as
0 <1-—20 <1, the first threshold on ¢ is bounded by:

(28D8 02( + er(0*+a))3> <28D8 02( + er(|9*||+a))3>
exp < exp

A3, (1 —2B)e? A3 (1 —283)3/2¢2

min min

To handle the third one, we use Dg(C’(; > i’i > 4 and as §; = 0 we obtain L(él) —L(0") <

In2 < 4? 2%‘ , hence

3204 (1 + ePx eI+ /. 4D%,C?
exp < x( B o ) (L(@l) — L(0") + T 323 _X266>

28 8 02(1 + eDX(H9*H+5))3
< exp A2 (1 2p)3/2c2

min

Proof of Lemma 23. We recall that for any k& > 1,

t—1 1 t—1 1 1 1
~“>Int—1Ink < .
Szk g = b TR, szk s20-8) = 1 — 2 max(1/2, (k — 1)1-28)
Therefore:
D; 2D%.C? 1
77 n XY
Et)> L4+ Z2(lnt—Ink
Jkt) 25 Dg(.(n K) = T708 max(1/2, (k= )72
R D2 4D 2
>n— (L(61) — L(6") + —Z 1 X
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e For any 1 < k < /%, it holds Ink < 1 Int, and we have

D2 4D%C?
k 1 - X0
16DX05 2
Taking ¢t > eP7~2% yields f(k,t) > 4D2 In(t).
e For t > 2 and any k > v/t, we have
4 4 12
f(k‘,t)Zﬂ 2D C? >Q_ 2D Cs '
2 (2B~ D% =2 (1= 28)(Vi- 1)

1 2
. 8D%C2 \ T-28
Then if ¢ > <1+ (77(1)_(2’36))1 26) we get f(k,t) > 1.

2 A~
e Last point comes from fy(t) > g—g Int — (L(61) — L(0%) — =55
X

28D, C2, (1+ePx (107 11+9))3
Proof of Corollary 13. We apply Theorem 12: for any t > exp AS/_Q (1-2p)7/22 ,

P(|6, — 0]l > | Acy,) < (VE+ 1) exp (~Crn(t)?) + texp (~Ca(Vi—1)'7%) |

where
o = AS (1 —2B)e! c A2 (1—2B)&t
b 216D}(20§/2(1 + eDx (16*]I+¢))6” 2= onpd Cg/ (1 + eDx(107[+9))2

28D§c§/2<1+er<|e*+e>>3>
)

We use a union bound: for any 7' > exp < N5 (1-05)3/2e2

P ( U 16—l >e) | Acm> <> (VE+1)exp (—CiIn(t)?)

t=T+1 t>T

+Ztexp( V-1 25)

t>T

3
o If T'> e2¢1, we have

Z(\/Z—F 1 exp (—CyIn(t)?) < Z(\[—F 1)—= 5/2 <2/T.

t>T t>T
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)

4/(1-28)
o Fort>4,1—1/vf>1/2, then for t > (ﬁ)

t% exp (—02(\/Z — 1)1‘25> < exp <3 In(t) — C;t“—w)/?)

oo 550 ) -2 ()

<1

)

because for any x > 0, we have Inz < x/2.

4/(1-2p)
Thus for T > <ﬁ>

S texp (—CQ(\/i - 1)1—25> <1T.

t>T

Finally, for T satisfying the previous conditions as well as T > 66!, we obtain

P( ) (1| >s>|Aca/2> <3/T <3/2.

t=T+1

We now compare the constants involved. As long as eDx < 1, we have

o 2°DXC3 (1 + eDx (16%]1+2))3 e 3-21°DRC3 (1 + eDx (16%]|+2)6
p A3 (1 25)3/22 = &xXp AS (1 25)3/2

min min

Furthermore, as 1 — 28 < 1, we have

ex i — ex 3 215D}(20§/2(1 + eDX(He*H—&-s))G
’ o A8 (1—2B)et

3. 215D¥C§/2(1 + eDX(He*H-Q-E))G
S exXp ( A6 (1 _ 2/8)3/264 >

min
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Finally,

< 19 >4/(1—25)
- = ex
Ca(1—2B) P

4 12
n
1—-28 " Cy(1—2p)
4 122" D5 C5 (1 + er(||9*||+e>)2>

1-283 A2 (1 —2B3)%t

min

1-28 A2 (1—2pB)et

min

8 122" D5 CF 5 (1 + er<||6*||+a))2>

A2 (1 —283)et

min

\/(‘5291)%(05/2(1 + er(||9*||+€))
Amin(1 — 23)3/2¢2

3. 215 DRC2, (1 + eLx (107 1+2))0
A6 . (1 _ Qﬁ)3/254 )

min

] 3.213p4 C’g/ (1 + eDx(l6*]+2))2
= 1-283

Appendix D. Proofs of Section 5

Proof of Proposition 14. The first order condition of the optimum yields

t—1 t—1
1 . - X X X
arggrelﬁg}i 1(ys — 67TXS)2 + 5(0 — 91)TP1 Lo - 01) =0, + P, gl(ys — HIXS)X

Therefore we prove recursively that 0, — 6, = P, ZS 1(ys élTX s)Xs. It is clearly true at
t = 1. Assuming it is true for some ¢ > 1, we use the update formula

Or41 — 01 = (I — P1 Xi X, )(0; — él) + Py Xy — Py Xo X, 03

= (I - P11 XX, Ptz — 0] X)X+ P (g — 0] X)X

We conclude with the following identity:

PX X PX X' P, PX,X'P,
X PX;+1 ' X PXx,+1 Y

(I - P XX )P, =P, — PX, X P +
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D.1 Proof of Theorem 16
We first prove a result controlling the first estimates of the algorithm.

Lemma 24 Provided that Assumptions 1, 2 and 4 are satisfied, starting from any 6, € R?
and Py = 0, for any § > 0, it holds simultaneously

16 — 6% < |01 — 0*|] + Amax(P1)Dx ((30 + Dapprox)(t —1) + 30 Iné~1), ¢ >1,
with probability at least 1 — §.

Proof From Proposition 14, we obtain, for any t > 1, 6, — 6, = P, 22;11 (ys — 0] X)X,
Consequently,

t—1
Ptz — 0] X)X, — Pt<P +ZXXT>(9*—é1)

s=1

_Ptz — 0T X)X, + P,P7L(6, — 0%),

and using P,P;! < I, we obtain
t—1
16 — %[ < 161 — "] + Amax(P)Dx Y |ys — 0*T X
s=1
t—1

< Hél — 0[] + Amax(P1) Dx Z (lys — Elys | Xs]| + Dapp) . (17)
s=1
We apply Lemma 1.4 of Rigollet and Hiitter (2015) in the second line of the following:
for any p such that 0 < p < ﬁ,

E [exp(ulye — Elye | XDl =1+ 1E[ly: — Ii[yt | X

i>1

<143 HE T
k>1 ’

<1+ Z (\/i,ua)l, because I'(i/2) < T'(i) = (i — 1)!
i>1

<1+ 2V2pu0, because 0 < V2puo <
< exp (2\/§ua> .

N | =

t
Therefore (exp (2\/150 > (Jlys — Elys | Xs]| — 2\@0))) is a super-martingale to which we
s=1 t
can apply Lemma 17. We obtain, for any § > 0,

Z|yt Ely, | X)]| < 2V2(t — 1)o + 2V20 6", > 1,

48



STOCHASTIC ONLINE OPTIMIZATION USING KALMAN RECURSION

with probability at least 1 — §. The result follows from Equation (17) and 2v/2 < 3. |

Proof of Theorem 16. We first apply Theorem 2: with probability at least 1 — 54, it
holds simultaneously for all n > T'(¢, 9)

= N max P D2
> L) - L(9*) < 125d (80 + D2,, +°D%) In (1 +(n— T, 5))Hd1)X)

t=T(g,0)+1
- 2
+ 5Amax (PT(e 6)+1> €
Amax(Pl)Dgf

+ 115 <02(4+ 1

)+ D2, + 252D§(> Inst.

Moreover, Amax (PT_(IE 5)+1) < Amax(Pp ) + T(e, 5)D2
Then we derive a bound on the first T'(¢, §) terms. For any ¢ > 1, we have L(6)—L(6*) <
D%|0; — 0|2, thus, using (a + b)? < 2(a? + b?) and applying Lemma 24 we obtain the
simultaneous property
L(6;) — L(6%) < 2D%(||61 — 6*|| + 3BA\max(P1)Dxoln o)
+ 2 max(P1)? D% (30 + Dapp)2(t — 1)%, ¢t >1,

with probability at least 1 — §. A summation argument yields, for any ¢ > 0,

T (e,0)
L 9*) < 2DX(H91 - H*H + 3/\max(P1)DXO'IIl(5 ) (5,5)
t=1
T(e,6) — 1)T'(,0)(2T(e,6) — 1
+)\maX(P1)2D§((3U+Dapp)2( (57 ) ) (gé )( (8) ) ),
with probability at least 1 — §. |

D.2 Definition of T'(e, )

We now focus on the definition of T'(¢,d). We first transcript the result of Hsu et al. (2012)
to our notations in the following lemma.

Lemma 25 Provided that Assumptions 1, 2 and 4 are satisfied, startzng from any 6, € R4
and Py = piI,p1 > 0, we have, for any 0 < 6 < e 26 and t > 6 (lnd—i—ln5 )

16 o2 <3 161 — 9*\\2 D% D2 4(14 V8Ins-1) +30 2(d/0.035 4 In 1)
e 2191 Amln app 0072 0.07
12 (|16, —6*|* D%
1+v8Ins!
+0.O72t2< n A (V8o

+ (DX(Da + Dy||6*]]) + Hél_m>2(1n5—1)2 :
\/Amin PP \/2p1

with probability at least 1 — 49.
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Proof We first observe that

t t

1 Ty )2 5112 1 AT Ty \2 2
- —w'X Alw — = z -6, Xg—w' X A
argﬁﬁgt;l(ys w' Xs)® + A||w — B argzﬁ%gt;l(ys 1 Xs —w Xg)" + AMw|7,

therefore we apply the ridge analysis of Hsu et al. (2012) to (X, ys — 51 s). We note that
(ys — BlT X,) has the same variance proxy and the same approximation error, therefore it
only amounts to translate the optimal w, that is denoted by S.

For any A > 0, we observe that

Dx

V dl,/\Amin ’

Therefore we can apply Theorem 16 of Hsu et al. (2012): for 0 < 0 < e 26 and t >
62 (In(d)+1n6-1), it holds that, [|Bs1,0 — Bl = 3(|8—BlI3 +ebs +evr) with probability
1 — 49, with

D% 5T _
e, < 4 <AminE[(E[y|X] BTX)? + (1+A )Hﬁ/\ /BHZ( +m)

doy <dyy<d, pr < bx < pa(Dapp + Dx|IB — B1l]) -

0.072 t

DX _(Dapp + Dx ||B = B1ll) + [18x — BlIs)?
(73— (Dapp XHi2 Aill) + 118y — Blls) (1n51)2>7

D4
1Mzl

1 DX Amin _
5 < 1+V8Ind— —71 51
IV vt A A

o2d(1 +0f) 202\/d +0f)Indt 202In 1
Evr S .
0.072t 0.073/2¢ 0.07t

+

Moreover E[(E[y | X]—-8TX)?] < Dgpp and Amin < D%, hence, using ||8x—B|/s < A||8—

BIH we transfer the result in our KF notations, that is, §; = Bt prl/2(t-1) B = 61,8 = 6"
We obtain, for any 0 < § < e 2 and t > 622 (In(d) 4+ In 6~ 1),

VAmin
4 D% 12 D% [61—0%||2

€bs S 0 072 (Amin app tAmin pit (1 + 1/811’1 6—1)

Dx * 161 —6*|] \2

n (\/m(Dapp"i_Dt);He H) + 2pit ) (ln5_1)2>,
D4
L Dx . e 1y az,a

0 < — 1 Ino—1 le 6t
< \/Z\/m( +Vv8Ind~—1) + n 3 n ,

o< o?d(1+387)  20%/d(1+6,)Iné T  20%Ins!
T 0.07% 0.073/2¢ 0.07t

A ep2 161 — 6*]?
Het—i-l 0 HZ} <3 2prt +€Ebs +Evr |
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with probability at least 1 —46. For t > i 1n6 LasIné=t > 1, we get

1+V8Ins- )+—— 1+1 L+ V8 i~19<2
d V6

(5f<

1
T V6Ind— 1

Thus, as vab < “TH’ for any a,b > 0, we have

o2 3d 3dIns—1!
P B e N
=007t (o.07 + 007 T2no

o? 6d
< — 4+3Iné"
= 0.07t (0 o7 "o )
- 302(d/0.035 +Ind 1)
- 0.07t '
It yields the result. [ |

Lemma 25 allows the definition of an explicit value for T'(e,d), as displayed in the
following Corollary.

Corollary 26 Assumption 5 is satisfied for T(e,0) = max(T1(9), Ta(g,9), T3(e,9)) where
we define

D3 48D2  24D?2
T1(6) = max <12Am)i(n (Ind +1né 1), /in'mX In AminX> ,
24e”! ) — 6%|2 D3 4(1 Ind—1 2 ] Ins-!
Ty(e.s) = 2 (10 =02 | D%, 4(1+VBIndh) | 30%(d/0.035 + nd~)
Amin 2p1 Amin PP 0.072 0.07

In

Ammin 21 Apmin 2P 0.072 0.07

961 6, — 6*||2 D2 —
Tae0) =y 0.072Amm<H P ’Am)fn(H 8lnd™1)

. 1/2
D 01— 0%\
+ (S (D + Dxl07l) + 1222 <1n5—1>2>

12e71 (|é1—9*||2 L D% 40+ VBT 302(d/0.035+ln5_1)>

V Amin \% 2p1
961 [ |16 — 6| D%
1 1 1+ +v8Ins—!
N O-072Amin ( 2]01 ( * Amin)( Vsl )

+ &(Da +DXH0*H)+M 2(11[15*1)2 .
VAmin bp V2p1

We recall that for any n < 1, we have lnt < nfort>2n~tIn(n~'), and we use it in the
following proof.

Proof of Corollary 26. We define 5t = §/t? for any t > 1. In order to apply Lemma
25 with a union bound, we need t > 6 (lnd +1Ing;h). Ift > 12 —(Ind +Ind~ 1) and
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t> Zlffj In 24fX we obtain
t> = + i\f
12D%
> 6 X(lnd—i—lné*l)—i—ixlnt, as Int </t
Amin Amin
D% L
=6 (Ind+1Ind, 7).

min

24 D2

48D% Amif)’ and we apply

Therefore, we define 71(J) = max (12 ~(Ind +Ind~ D, 5
Lemma 25. We get the simultaneous property

R 2 4(14 4/81n4; ! 2 1
02 g% 102 =61 | DX 1o (1+4/8Ind, )+30 (d/0.035 +1n6; 1)

+In

0.1 —
101 2 Amin PP 0.072 0.07
12 (6 —6%)* D [t s—1
1 Ind
0028 ( o A LTV
Dx 16, — 9*||>2 —142
+| —=—=(Dapp + Dx||0*||) + ——=—— (Iné
(e Dug + 1071 + 12220 )
for all t > T} (), with probability at least 1 —45 Y. 72 > 1 — § because Ty (8) > 4.

t>T1(9)
Thus, as Int > 1 for ¢ > T1(8) and [|fy41 — 0% > Amin||0:1 — 0%]]2, we obtain

16 1_9*H<61nt 16, — 9*”2 XDZ 4(1+v8Ind—1)  302(d/0.035+In5 1)
b = Amint oy A P 0.072 0.07

48(Int)? [ ||6: — 0*|> D% T
0-072Amint2< p1 Amm( - 8ino™ )

D 0, — 6%\ 2
+<X<Dapp T Dxllorl) + ””) <1n5—1>2)

\ Amin Vv 2]01
for all ¢ > T1(9, with probability at least 1 — 4. Finally, both terms of the last inequality
are bounded by /2. [ |

From Corollary 26, we obtain the asymptotic rate by comparing T5(J) and 73(5). We
write T5(0) = 2A42(0) In A2(9), T3(6) = 2A43(5) In A3() with

Ay (9)

>m

_ pxl|2
(”01 il DXD2 VIné—1+o*(d+1Iné~ ))

a
b1 Amln PP

e! |91 —0*|* D% X (Dapp + Dx [|0%[]) | 1[61 — 6%[\?
X VIn + Ins—1)2].
Amln P1 Amln ( V Amin v/ P1 ) ( )
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where the symbol < means less than up to universal constants. As v/a + b < v/a + v/b and
Vab < a+ b, we obtain

1 _*QD
o [ (BT P

Dx « 161 — 6% 1
+ | —==—=(Dapp + Dx||0"]|) + ———=— ) Ind

\/Amin \/]Tl
-1 N, px||2 2
< & (uel Gl B v =1

b1 Amin

+ <DX(Dapp + Dx||6*]) + Hel_e*”) Inét).
VAmin \/171

é P D2
I~ 0, D%
D1 Amin

Dx 161 — 6| 2) -1
+ ( —=—=—=(Dapp + Dx||0*||) + ——=——+ 0" ) Ino .
<¢Amm( owp + DX+ =05

14 D2 )VIné—1 + o?d

app

o1
42(6), 45(0) S +—
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