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Abstract

Semi-supervised Laplacian regularization, a standard graph-based approach for learning
from both labelled and unlabelled data, was recently demonstrated to have an insignificant
high dimensional learning efficiency with respect to unlabelled data (Mai and Couillet,
2018), causing it to be outperformed by its unsupervised counterpart, spectral clustering,
given sufficient unlabelled data. Following a detailed discussion on the origin of this incon-
sistency problem, a novel regularization approach involving centering operation is proposed
as solution, supported by both theoretical analysis and empirical results.

Keywords: semi-supervised learning, graph-based methods, centered similarities, dis-
tance concentration, random matrix theory

1. Introduction

Machine learning methods aim to form a mapping from an input data space to an output
characterization space (classification labels, regression vectors) by optimally exploiting the
information contained in the collected data. Depending on whether the data fed into the
learning model are labelled or unlabelled, the machine learning algorithms are respectively
broadly categorized as supervised or unsupervised. Although the supervised approach has by
now occupied a dominant place in real world applications thanks to its high-level accuracy,
the cost of labelling process, overly high in comparison to the collection of data, continually
compels researchers to develop techniques using unlabelled data with growing interest, as
many popular learning tasks of these days, such as image classification, speech recognition
and language translation, require enormous training data sets to achieve satisfying results.

The idea of semi-supervised learning (SSL) comes from the expectation of maximiz-
ing the learning performance by combining labelled and unlabelled data (Chapelle et al.,
2010). It is of significant practical value when the cost of supervised learning is too high
and the performances of unsupervised approaches is too weak. Despite its natural idea,
semi-supervised learning has not reached broad recognition. As a matter of fact, many
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standard semi-supervised learning techniques were found to be unable to learn effectively
from unlabelled data (Shahshahani and Landgrebe, 1994; Cozman et al., 2002; Ben-David
et al., 2008), thereby hindering the interest for these methods.

A first key reason for the underperformance of semi-supervised learning methods lies
in the lack of understanding of such approaches, caused by the technical difficulty of a
theoretical analysis. Indeed, even the simplest problem formulations, the solutions of which
assume an explicit form, involve complicated-to-analyze mathematical objects (such as the
resolvent of kernel matrices).

A second important aspect has to do with dimensionality. As most semi-supervised
learning techniques are built upon low-dimensional reasonings, they suffer the transition to
large dimensional data sets. Indeed, it has been long noticed that learning from data of
intrinsically high dimensionality presents some unique problems, for which the term curse
of dimensionality was coined. One important phenomenon of the curse of dimensionality is
known as distance concentration, which is the tendency for distances between high dimen-
sional data vectors to become indistinguishable. This problem has been studied in many
works (Beyer et al., 1999; Aggarwal et al., 2001; Hinneburg et al., 2000; Francois et al.,
2007; Angiulli, 2018), providing mathematical characterization of distance concentration
under the conditions of intrinsically high dimensional data.

Since the strong agreement between geometric proximity and data affinity in low dimen-
sional spaces is the foundation of similarity-based learning techniques, it is then questionable
whether these traditional techniques will perform effectively on high dimensional data sets,
and many counterintuitive phenomena may occur.

The aforementioned tractability and dimensionality difficulties can be tackled at once
by exploiting recent advances in random matrix theory to analyze the performance of semi-
supervised algorithms. With their weakness understood, it is then possible to propose fun-
damental corrections for these algorithms. The present article focuses on semi-supervised
graph regularization approaches (Belkin and Niyogi, 2003; Zhu et al., 2003; Zhou et al.,
2004), a major subset of semi-supervised learning methods (Chapelle et al., 2010), often
referred to as Laplacian regularizations with their loss functions involving differently nor-
malized Laplacian matrices (Avrachenkov et al., 2012). These semi-supervised learning
algorithms of Laplacian regularization are presented in Section 2.1. It was made clear in a
recent work of Mai and Couillet (2018) that among existing Laplacian regularization algo-
rithms, only one (related to the PageRank algorithm) yields reasonable classification results,
yet with asymptotically negligible contribution from the unlabelled data set. This last obser-
vation of the inefficiency of Laplacian regularization methods to learn from unlabelled data
may cause them to be outperformed by a mere (unsupervised) spectral clustering approach
(Von Luxburg, 2007) in the same high dimensional settings (Couillet and Benaych-Georges,
2016). We refer to Section 2.2 for a summary of the key mathematical results in the previous
analysis of Mai and Couillet (2018), which motivate the present work.

The contributions of the present work start from Section 3: with the cause for the
unlabelled data learning inefficiency of Laplacian regularization identified in Section 3.1,
a new regularization approach with centered similarities is proposed in Section 3.2 as a
cure, followed by arguments of high-level justification. This new regularization method
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is simple to implement and its effectiveness supported by a rigorous analysis, in addition
to heuristic arguments and empirical results which justify its usage in more general data
settings. Specifically, the statistical analysis of Section 4, placed under a high dimensional
Gaussian mixture model (as employed in the previous analysis of Mai and Couillet 2018,
as well as that of Couillet and Benaych-Georges 2016 in the context of spectral clustering),
proves the consistency of our proposed high dimensional semi-supervised learning method,
with guaranteed performance gains over Laplacian regularization. The theoretical results
of Section 4 are validated by simulations in Section 5.1. Broadening the perspective, the
discussion in Section 3.1 suggests that the unlabelled data learning inefficiency of Laplacian
regularization is due to the universal distance concentration phenomenon of high dimen-
sional data. The advantage of our centered regularization, proposed as a countermeasure to
the problem of distance concentration, should extend beyond the analyzed Gaussian mix-
ture model. This claim is verified in Section 5.2 through experimentation on real-world data
sets, where we observe that the proposed method tends to produce larger performance gains
over the Laplacian approach under higher levels of distance concentration. The discussion
is extended in Section 6 to related graph-based SSL methods. Although not suffering from
the unlabelled data learning inefficiency problem like Laplacian regularization, these meth-
ods may still have a suboptimal semi-supervised learning performance on high dimensional
data as they do not possess the same performance guarantees as our proposed method.
This claim is verified in Section 6.2 thanks to a recent work of Lelarge and Miolane (2019)
characterizing the optimal performance on isotropic Gaussian data. A higher-order version
of centered regularization is proposed in Section 6.3.1, with a remarkable competitiveness
demonstrated in Section 6.3.2 through experiments on several benchmark data sets. The
subject of computational efficiency on sparse graphs is approached in Section 6.4.

Notations: 1, is the column vector of ones of size n, I, the n x n identity matrix. The
norm || - || is the Euclidean norm for vectors and the operator norm for matrices. We follow
the convention to use op(1) for a sequence of random variables that convergences to zero
in probability. For a random variable x = z,, and u, > 0, we write x = O(u,,) if for any
n>0and D > 0, we have n?P(z > n"u,) — 0.

2. Background

We will begin this section by recalling the basics of graph learning methods, before briefly
reviewing the main results of Mai and Couillet (2018), which motivate the proposition of
our centered regularization method in Section 3.

2.1 Laplacian Regularization Method

Consider a set {z1,...,z,} € RP of p-dimensional data vectors belonging to either one of
two affinity classes C1, Ca. In graph-based methods, data points x1,...,x, are represented
by vertices in a graph, upon which a weight matrix W is computed by

W = fui¥lyms = {n (Sl | 1)

i,j=1
for some decreasing non-negative function h, so that nearby data vectors x;, z; are connected
with a large weight w;;, also seen as a similarity measure between data vectors. A typical
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kernel function for defining w;; is the radial basis function kernel w;; = e~llzi=z;1%/t The
connectivity of data point x; is measured by its degree d; = Z’;:l wjj;, the diagonal matrix
D € R™™ having d; as its diagonal elements is called the degree matrix.

Graph learning approach assumes that data points belonging to the same affinity group
are “close” in a graph-proximity sense. In other words, if f € R™ is a class signal of data
points x1,...,Ty, it varies little from z; to z; when w;; has a large value. The graph
smoothness assumption translates into the minimization of a smoothness penalty term

n
5wy~ 1y = LS
i,j=1
where L = D — W is referred to as the Laplacian matrix. Notice that the above smoothness
penalty is minimized to zero for f = 1,,, a trivial solution containing no information about
the data class. According to this remark, the popular unsupervised graph learning method
of spectral clustering simply consists in finding a unit vector orthogonal to 1,, that minimizes
the smoothness penalty term, as formalized below

.
L
i 1L

st. Ifl=1 fT1,=0.

It is easily shown by the spectral properties of Hermitian matrices that the solution to
the above optimization is the eigenvector of L associated to the second smallest eigen-
value. There exist also other formulations of smoothness penalty involving differently nor-
malized Paplaci?n matrices, such as the symmetric normalized Laplacian matrix Ly =
I, — D72WD~2, and the random walk normalized Laplacian matrix L, = I,, — WD~
which is related to the PageRank algorithm.

In the semi-supervised setting, we dispose of ny; pairs of data vectors and their labels
{(z1,91), -+, Ty Yngy )} With y; € {—1,1} the class label of z;, and ny, unlabelled data
{‘/L'n[l]+1, ...,xp}. To incorporate the prior knowledge on the class of labelled data into
the class signal f, the semi-supervised graph regularization approach imposes deterministic
scores at the labelled points of f, e.g., by letting f; = y; for all x; labelled. The mathematical
formulation of the problem then becomes

T
i /LS
st fi=yi, 1<i<ny.

Denoting
] m] {L[u} Ly ]
= ) L = )
! [f ] Ly Lluy]
the above convex optimization problem with equality constrains on f; is realized by letting

the derivative of the loss function with respect to f,) equal zero, leading to the following
explicit solution

1
fr = =L L - (2)

4
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The typical decision step consists in classifying unlabelled sample x; by the sign of classifi-
cation score f;.

The aforementioned method is frequently referred to as Laplacian regularization, for it
finds the class scores of unlabelled data [}, by regularizing them over the Laplacian matrix
along with predefined class scores of labelled data fj. It is often observed in practice
that using other normalized Laplacian regularizers such as fTL,f or fTL,f lead to better
classification results. Similarly to the work of Avrachenkov et al. (2012), we define

L@ =1 p~l-ewpe

as the a-normalized Laplacian matrix in order to integrate different Laplacian regularization
algorithms into a common framework. Replacing L with L(® in (2) to get

_ @\ @
S = - <L[uu}) Ly fus 3)

we retrieve the solutions of standard Laplacian L, symmetric Laplacian Ls; and random
walk Laplacian L, respectively at a =0, a = —1/2 and a = —1.
Note additionally that the matrix LEZL] is invertible under the trivial condition that the

graph represented by W is fully connected (i.e., with no isolated subgraph). To show this,
note first that, under this condition, we have

n n [

UL]DEUTQGLEZEL]U[U] = Z wij(d?ui - d?Uj)Q + Z d?“u? Z Wiy, > 0

for any uyp, # Ony,; € R™ul | as the first term on the right-hand side is strictly positive unless
all d'u; have the same positive value, in which case the second term is strictly positive for
there is at least one w;,;, > 0. The matrix L[(Zi] is therefore positive definite. As will be
shown in the following though, the fully connected condition is not required for the new

algorithm proposed in this article to be well defined and to perform as expected.

Despite being a popular semi-supervised learning approach, Laplacian regularization
algorithms are shown by Mai and Couillet (2018) to learn inefficiently from high dimensional
unlabelled data, as a direct consequence of the distance concentration phenomenon briefly
discussed in the introduction. A deeper examination of the analysis by Mai and Couillet
(2018) allows us to discover that the unlabelled data learning inefficiency problem can in
fact be settled through the usage of centered similarities, a new approach defying the current
convention of non-negative similarities w;;. We will present now the main findings by Mai
and Couillet (2018), before the proposition of the novel corrective algorithm in Section 3,
along with some general remarks explaining the effectiveness of the proposed algorithm,
leaving the thorough performance analysis to Section 4.

2.2 High Dimensional Behaviour of Laplacian Regularization

Conforming to the settings employed by Mai and Couillet (2018), we adopt the following
high dimensional data model for the theoretical discussions in this paper.
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Assumption 1 Data samples x1,...,x, are i.i.d. observations from a generative model
such that, for k € {1,2}, P(x; € Cx) = pg, and

T; € Cp & x; NN(uk,Ck)

with |Ck|| = O(1), HC'k_lH = O0(1), [|p2 — pal| = O1), trCy — trCy = O(\/p) and tr(Cy —
C2)? = O(\/p).

The ratios ¢y = %, oy = % and ¢, = % are bounded away from zero for arbitrarily
large p.

Here are some remarks to interpret the conditions imposed on the data means uj; and
covariance matrices C) in Assumption 1. Firstly, as the discussion is placed under a large
dimensional context, we need to ensure that the data vectors do not lie in a low dimensional
manifold; the fact that ||Cx|| = O(1) along with ||C; '|| = O(1) guarantees non-negligible
variations in p linearly independent directions. Other conditions controlling the differences
between the class statistics [|puo — pu1]| = O(1), trCy — trCy = O(/p), and tr(Cy — Cp)? =
O(y/p) are made for the consideration of establishing non-trivial classification scenarios
where the classification of unlabelled data does not become impossible or overly easy at
extremely large values of p.

The first result concerns the distance concentration of high dimension data. This result
is fundamentally responsible for the failure of semi-supervised Laplacian regularization on
large dimensional data.

Proposition 1 Define 7 = tr(Cy + Co2)/p. Under Assumption 1, we have that, for all
i,7 €4{1,...,n},

i~ agll? =7+ O3,

p

The above proposition indicates that in large dimensional spaces, all pairwise distances

of data vectors converge to the same value, thereby implying that the presumed relation
between prozimity and data affinity is completely disrupted. In such situations, the per-
formance of Laplacian regularization (and also most distance-based classification methods)
may be severely affected. Indeed, under some mild smooth conditions on the weight func-
tion h, the analysis of Mai and Couillet (2018) reveals several surprising and critical aspects
of the high dimensional behavior of Laplacian regularization. The first conclusion is that
all unlabelled data scores f; for n +1 < ¢ < n tend to have the same signs in the case of
unequal class priors (i.e., p1 # p2), causing a meaningless classification of unlabelled data
by the sign of their score, unless one normalizes the deterministic scores at labelled points
so that they are balanced for each class. In accordance with this message, we shall use in
the remainder of the article a class-balanced f;) defined as below

1 T
fu = (I"[ll - nTl]ln[” 1’ﬂm) Y (4)

where yj; € R is the label vector composed of y; for 1 <4 < ny.
Nevertheless, even with balanced f|; as per (4), the work of Mai and Couillet (2018)
shows that the aforementioned “all data affected to the same class” problem still persists
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for all Laplacian regularization algorithms under the framework of a-normalized Laplacian
(i.e., for L(®) = I — D=1=9/ D%) except for a ~ —1. This indicates that among the existing
Laplacian regularization algorithms in the literature, only the random walk normalized
Laplacian regularization yields non-trivial classification results for large dimensional data.
We recall now the exact statistical characterization of f},; produced by the random walk
normalized Laplacian regularization, firstly presented by Mai and Couillet (2018).

Theorem 2 Let Assumption 1 hold, the function h of (1) be three-times continuously dif-
ferentiable in a neighborhood of T, and the solution f,) be given by (3) for a = —1. Then,
fornpy +1<i<n (ie, z; unlabelled) and x; € Cy,

p(co/2p1p2e) fi = fi + op(1), where fi ~ N (my, o7)
with

m—emuww[ﬁwwlﬂw

(trC} — trCy)?
2 p

(5)

/T2
ﬁ—%&lku ) Colus — i) +

W) R(r)?\? 260 (t1C) — t1Cy)°
(i)~ 09) ? | ©

Theorem 2 states that the classification score f; for an unlabelled z; follows approx-
imately a Gaussian distribution at large values of p, with the mean and variance being
explicitly dependent of the data statistics pg, Ck, the class proportions pg, and the ratio of
labelled data over dimensionality cj;. The asymptotic probability of correct classification
for unlabelled data is then a direct result of Theorem 2, and reads

P(x; = Cklx; € Ck,i > n[l]) = (wm%/ci) +0p(1)

2
where ®(u) = 217r Y e~ dt is the cumulative distribution function of the standard Gaus-
sian distribution.

Of utmost importance here is the observation that, while mi / oz is an increasing func-
tion of ¢y, suggesting an effective learning from the labelled set, it is independent of the
unlabelled data ratio cf,), meaning that in the case of high dimensional data, the addition of
unlabelled data, even in significant numbers with respect to the dimensionality p, produces
negligible performance gains. Motivated by this crucial remark, we propose in this paper a
simple and fundamental update to the classical Laplacian regularization approach, for the
purpose of boosting high dimensional learning performance through an enhanced utilization
of unlabelled data. The proposed algorithm will be presented and intuitively justified in

the next section.

z ( )1trC Ci
C[l

3. Proposed Regularization with Centered Similarities

As will be put forward in Section 3.1, we find that the unlabelled data learning inefficiency
problem of Laplacian regularization, revealed by Mai and Couillet (2018), is rooted in the
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concentration of pairwise distances between data vectors of high dimensionality. To counter
the disastrous effect of the distance concentration problem, a new regularization method
with centered similarities is proposed in Section 3.2. Some high-level interpretations of
the proposed method from the perspective of label propagation and spectral information
are given in Section 3.3, justifying its usage in general scenarios beyond the analyzed high
dimensional regime.

3.1 Problem Identification

To gain perspective on the cause of inefficient learning from unlabelled data, we will start
with a discussion linking the issue to the data high dimensionality.
Developing (3), we get

L @-1p-1-a “
il = Liga) D]~ Wt Dfy fy

where

_ W Wiy _ Py O
W = |:W[ul] W[uu] and D = 0 D[u} .

From a graph-signal processing perspective (Shuman et al., 2013), since L(ZZ)4 is the
Laplacian matrix on the subgraph of unlabelled data, and a smooth signal sp,; on the
unlabelled data subgraph typically induces large values for the inverse smoothness penalty
SL}L[(Si_ls[u], we may consider the operator Py(sp,)) = Lfsi}_ls[u} as a “smoothness filter”
strengthening smooth signals on the unlabelled data subgraph. The unlabelled scores f,]
can be therefore seen as obtained by a two-step procedure:

1. propagating the predetermined labelled scores fj; through the graph with the a-
normalized weight matrix D[Z]l_“W[u”Dﬁ] through the label propagation operator

Pi(fin) = Dy~ Wi Dy fins

2. passing the received scores at unlabelled points through the smoothness filter Py (sp,)) =

LEZi]_ls[u} to finally get fj,) = Pu (Pul f[l])).

It is easy to see that the first step is essentially a supervised learning process, whereas the
second one capitalizes on the unlabelled data information. However, as a consequence of
the distance concentration “curse” stated in Proposition 1, the similarities (weights) w;;
between high dimensional data vectors have essentially a constant value h(7) plus some
small fluctuations, which results in the collapse of the smoothness filter:

-1
_p@-1 1 T _ LT
Pu(s(u) = Liy) 1) = <In[u] - nln[u]ln[u]) Sfu) = S[u] + nfm@n[uﬂu])ln[uw
meaning that, at large values of p, only the constant signal direction L, is amplified by
the smoothness filter P,,.
To understand such behavior of the smoothness filter P,,, we recall that, as mentioned
in Section 2.1, constant signals with the same value at all points are always considered to
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be the most smooth on the graph. This comes from the fact that all weights w;; have non-
negative value, so the smoothness penalty term Q(s) = >~ ; wyj)(si — s;)? is minimized at
the value of zero when all elements of the signal s have the same value. Notice also that in
perfect situations where all data points in different classes are connected with zero weights
w;j = 0, class indicators (with non-zero equal values at all data points of a certain class)
are just as smooth as constant signals for they also minimize the smoothness penalty term
to zero. Even though such scenarios almost never happen in real life, it is hoped that the
inter-class similarities are sufficiently weak so that the smoothness filter P, is still effective.
What is problematic in high dimensional learning is that as the similarities w;; tend to be
indistinguishable due to the distance concentration issue of high dimensional data vectors,
constant signals have overwhelming advantages to the point that they become the only
direction privileged by the smoothness filter P,, with almost no discrimination between
all other directions. In consequence, there is nearly no utilization of the unlabelled data
information through Laplacian regularization.

In view of the above discussion, we shall try to eliminate the dominant advantage of con-
stant signals, in an attempt to render detectable the discrimination between class-structured
signals and other noisy directions. As constant signals always have a smoothness penalty
of zero, a straightforward way to break their optimal smoothness is to introduce nega-
tive weights in the graph so that the values of smoothness regularizers can go below zero.
More specifically, in the cases where the intra-class similarities are averagely positive and
the inter-class similarities averagely negative, class-structured signals are bound to have
a lower smoothness penalty than constant signals. However, implementing such idea is
hindered by the fact that the positivity of the data points degrees d; = Z?:l wj; 18 no
longer ensured, and having negative degrees can lead to severely unstable results. Take for
instance the label propagation step P;(fy) = D[*]P“W[MZ]D[“;} fy> at an unlabelled point x;,
the sum of the received scores after that step equals to d; '~ Z?i]l (wi;d$) f;, the sign of
which obviously alters with the sign of the degree at that point, leading thus to extremely
unstable classification results.

3.2 Approach of Centered Similarities

To cope with the problem identified above, we propose here to use centered similarities w0,
for which the positive and negative weights are balanced out at any data point, i.e., for all
1e{l,...,n}, d; = Z?Zl w;; = 0. Given any similarity matrix W, its centered version 144
is easily obtained by applying a projection matrix P = (In — %17112) on both sides:

W = PWP. (7)
As a first advantage, the centering approach allows one to remove the degree matrix alto-

gether (for the degrees are exactly zero now) from the updated smoothness penalty

n

Q(s) = Z Wij(si — sj)2 = —s"Ws,
i,j=1
securing thus a stable behavior of graph regularization with both positive and negative
weights.
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Another problematic consequence of regularization procedures employing positive and
negative weights is that the optimization problem is no longer convex and may have an
infinite solution. To deal with this issue, we add a constraint on the norm of the solution.
Letting f; be given by (4), the new optimization problem is now posed as follows:

min —fTWf
fu)€R"4
st | frull? = npe? (8)

for some e > 0.
The optimization can be solved by introducing a Lagrange multiplier A = A(e) to the
norm constraint || fi,[|* = ny e? and the solution reads

. 1.
frg = </\In[u] - W[uu]> Wiy fi 9)

with A > HW[W] || uniquely given by

To see that (9) is the unique solution to the optimization problem (8), it is useful to
remark that, by the properties of convex optimization, (9) is the unique solution to the
unconstrained convex optimization problem miny Al fiy 12— fTW f for some A > ||W[uu] (B
When Equation (10) is satisfied, we get (through a proof by contradiction) that (9) is the
only solution that minimizes — fTW f in the subspace defined by £ |2 = n[u]eQ.

In practice, A can be used directly as a hyperparameter for a more convenient imple-
mentation. We summarize the method in Algorithm 1 where, for the sake of normalization,
we consider a change of variable o = A/ HW[W] || = 1, which is allowed to take any positive
value.

2

A -1 . 9
(Mnm - W[uu]) Wi || = e’ (10)

Algorithm 1 Graph-Based Centered Regularization

1: Input: np pairs of labelled points and labels {(z;, yz)}?:[”l, np, unlabelled data
{zi}iiy,,,» parameter a € R*.

2: Output: Classification score vector of unlabelled data f],; € R™

3: Define the similarity matrix W = {w; ;}7',_; with w;; reflecting the closeness between
x; and x;.

4: Compute the centered similarity matrix W by (7) and the balanced labels fj; by (4).

5: Set A = (o + 1)||[Wyy || and compute ff, by (9).

The proposed algorithm induces almost no extra cost to the classical Laplacian approach,
except the addition of the hyperparameter o controlling the norm of fj,;. The performance
analysis in Section 4 will help demonstrate that the existence of this hyperparameter, aside
from making the regularization with centered similarities a well-posed problem, allows one
to adjust the combination of labelled and unlabelled information in search for an optimal
semi-supervised learning performance. Roughly speaking, with small «, the algorithm puts
a greater weight on the unlabelled data information; conversely, large values of « correspond
to a stressed impact of the labelled data.

10
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3.3 Interpretation

Before the performance analysis of Section 4, which establishes the effectiveness of the pro-
posed method for a consistent high dimensional semi-supervised learning, we provide here
some high-level arguments that help understand the proposed method and its applicability
in a more general context.

3.3.1 VIEWPOINT OF LABEL PROPAGATION

Similarly to Laplacian regularization, the centered regularization method can also be in-
terpreted from the perspective of label propagation (Zhu and Ghahramani, 2002). Setting

f[(uo}) — )\_IWM Jy> we retrieve the solution (9) of centered regularization at the stationary
point f[(uo]o) of the following iterative procedure:

f[(tH) A Ongyxngy gy ] PWP

u]

i
5

Denoting f) = [ Ty f[(i]) ]T, the above process can be seen as propagating the centered score

vector f( = Pf® through the weight matrix W, then recentering the received scores
n® =W f(t) before outputting f[(if U as the subset of f/(t) = Pn(t) corresponding to the
unlabelled points.

Recall from the discussion in Section 3.1 that the extremely amplified constant signal
ln, in the outcome fj,) of Laplacian regularization is closely related to the ineffective
unlabelled data learning problem. In the proposed approach, the constant signal is cancelled
thanks to the recentering operations before and after the label propagation over W. The
existence of the multiplier A~! allows us to magnify the score vector, after its norm was
significantly reduced due to the recentering operations.

3.3.2 SPECTRAL INFORMATION OF REGULARIZERS

As explained in Section 3.1, the motivation behind centered regularization is to propose a
smoothness regularizer that penalizes the constant score vector 1,,. With centered similar-
ities, we exchange the Laplacian regularizer f'Lf with — fTW f, so that the smoothness
penalty is no longer minimized at 1,. It is easy to see that under the setting of constant
degrees d; = Z?Zl w;; = d, such as in the case of directed KNN graphs where d equals the
number of neighbors of each node, the Laplacian matrix L = D — W has the same ordering
of eigenvalue-eigenvector pairs as -W except for the constant direction 1,.

One may argue that the spectral information of L is kept intact in centered regulariza-
tion, while the potentially counterproductive tendency to favor constant vectors is removed.
However, in practice, we often deal with heterogeneous degrees. The observed performance
gains by using differently normalized Laplacian matrices suggests the importance of taking
into account the effect of heterogeneous degrees on the spectral information. It is thus hard
to predict how the centered regularization method may behave in comparison, without a
deep understanding on the impact of heterogeneous degrees. As the analysis in Section 4
establishes the superiority of centered regularization in the limit of very high dimensional
data learning, the benefit of our proposed method is expected to manifest itself when the

11
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advantage of effective high dimensional data learning outweighs the impact of heterogeneous
degrees (which may work against the algorithm of centered regularization). Future studies
are envisioned to propose normalized versions of centered regularization better adapted to
heterogeneous degrees.

4. Theoretical Guarantees

The main purpose of this section is to provide mathematical support for an effective high
dimensional learning of the centered regularization algorithm from not only labelled data
but also from unlabelled data, allowing for a theoretically guaranteed performance gain
over the classical Laplacian approach (through an enhanced utilization of unlabelled data).
The theoretical results also point out that the proposed method has an unlabelled data
learning efficiency that is at least as good as spectral clustering, as opposed to Laplacian
regularization.

4.1 Precise Performance Analysis

We provide here the statistical characterization of unlabelled data scores fj, obtained by
the proposed algorithm. As the new algorithm will be shown to draw on both labelled
and unlabelled data, the complex interactions between these two types of data generate
more intricate outcomes than in the analysis of Mai and Couillet (2018). To facilitate
the interpretation of the theoretical results without cumbersome notations, we present the
theorem here under the data homoscedasticity, i.e., Ch1 = Cy = C, without affecting the
generality of the conclusions given subsequently. We refer interested readers to the appendix
for the generalized theorem along with its proof.

We introduce first two positive functions m(¢) and o2(¢) which are crucial for describing
the statistical distribution of unlabelled scores:

) = 2c0(8)
(&) = (1 —0(0) (11)

_ pp2(2e + m(&)ep)?s(€) + prp2(de +m(€)2ep)w(€)

0,2
) cfu) (c) — w(§))

where

0(€) = p1paé(pr — p2) " (I, — €C) 7 (1 — pa)
w(€) = Ep (1, — €)' ¢ ?
s(€) = p1pa&?(pn — o) (I, — €C) 7 C (I, — €)1 (11 — pa).

Here the positive functions m(¢) and o2(€) are defined respectively on the domains (0, &,,)
and (0,&,2) with &m, s> > 0 uniquely given by 0(&m) = 1 and w(,2) = ¢},). Additionally,
we define

Esup = min{&,,, &2} (13)
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These definitions may at first glance seem complicated, but it suffices to keep in mind
a few key messages to understand the theoretical results and their implications:

e (&), w(€) and s(&) are all positive and strictly increasing functions for £ € (0, &sup):
consequently so are m(§) and o2 (€).

e &, does not depend on ¢ or cp); as for &2, it is constant with ¢ but increases as
C[y) Increases.

o p1pom?(€) + 0?(€) monotonously increases from zero to infinity as ¢ increases from
zero to Egup.

The above remarks are derived directly from the definitions of the involved mathematical
objects.

Theorem 3 Let Assumption 1 hold with C1 = Cy = C, the function h of (1) be three-
times continuously differentiable in a neighborhood of T, fi,) be the solution of (8) with
fized norm n[u]GQ and with the notations of m(€), o%(€), &up given in (11), (12), (13).
Then, for np+1<i<n (i.e., x; unlabelled) and x; € Cy,

fi=fi+ op(1), where fi ~ N((fl)k(l — pi)in, 62)
with
m=m(&), &°=o0"&)

for & € (0, &up) uniquely given by p1pam(&e)® + o*(&) = €.

4.2 Consistent Learning from Labelled and Unlabelled Data

Theorem 3 implies that the performance of the proposed method is controlled by both ¢y
and ¢}, (the number of labelled and unlabelled samples per dimension), as m(§), o*(§)
(given by (11), (12)) are dependent of cj and cf,). It is however hard to see directly a
consistently increasing performance with both ¢ and ¢y, from these results. As a first
objective of this section, we translate the theorem into more interpretable results.

First, it should be pointed out that, with the approach of centered similarities, the norm
of the unlabelled data score vector f,) is adjustable via the hyperparameter e, as opposed
to the Laplacian regularization methods. As will be demonstrated later in this section, the
norm of fj,), or more precisely the norm of its deterministic part E{f},}, directly affects
how much the learning process relies on the unlabelled (versus labelled) data. With E{ fj,}
given by Theorem 3 for high dimensional data, we indeed note that

Bl e
gl + NE{fg o 2ep + cpy

=+ op(1) = 0(&) + op(1)

as it can be obtained from (11) that

cum(§)

0(&) = QC[Z] + C[u}m(f)'
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In the following discussion, we shall use the variance over square mean ratio
Tetr = 02 /10?2 (14)

as the inverse performance measure for the method of centered regularization (i.e., smaller
values of 7, imply better classification results for high dimensional data). A reorganization
of the results in Theorem 3 leads to the corollary below.

Corollary 4 Under the conditions and notations of Theorem 3, and with r defined in
(14), we have

retr _ S(&e) w(ée) |0%(&) Tctr (1_9<§e>)2
pip2  0%(&) " 0% (&) [ Clu] <1+ mpz) " ) ] 19)

_ cm(§)
where we recall (&) = e Fegm(® © (0,1).
Equation (15) suggests a growing performance with more labelled or unlabelled data, as
the last two terms on the right-hand side have respectively ¢, and ¢y in their denominators.

These two terms are actually quite similar, except for the pair of §2(&.) and [1 — 0(&,)]?
each associated to one of them, and a factor of 1 + r¢,/p1p2 > 1 in the term with Clu)-
As said earlier, the quantity 0() = cpm/(2¢y + cpyri) € (0,1) reflects how much the
learning relies on unlabelled data. Indeed, it can be observed from (15) that rq, tends to
be only dependent of cpj (resp., cf,)) in the limit 6(£.) — 0 (resp., 6(&) — 1). The factor
1+ reer/p1p2 > 1 translates into the fact that unlabelled data are less informative than
the labelled ones. According to the definition of r¢;, this factor goes to 1 when the scores
of unlabelled data tend to deterministic values, indicating an equivalence between labelled
and unlabelled data in this extreme scenario. In a way, the factor of 1+ re,/p1p2 quantifies
how much labelled samples are more helpful than unlabelled data to the learning process.

To demonstrate an effective learning from labelled and unlabelled data, we now show
that, for a well-chosen e, ¢, decreases with ¢, and cpj. Recall that the expressions of 6(¢),
w(€) and s(&) do not involve ¢y, or cpj. It is then easy to see that, at some fixed &, rety > 0
is a strictly decreasing function of both cf,; and cj. Adding to this argument the fact
that the attainable range (0, &up) of & over e > 0 is independent of ¢y and only enlarges
with greater ¢, (as can be derived from the definition (13) of &sup), we conclude that
the performance of the proposed method consistently benefits from the addition of input
data, whether labelled or unlabelled, as formally stated in Proposition 5. These remarks are
illustrated in Figure 1, where we plot the probability of correct classification as 0(&.) varies
from 0 to 1.

Proposition 5 Under the conditions and notations of Corollary 4, we have that, for any
e > 0, there exists an ¢’ > 0 such that rew (), ¢y, €) > rétr(c’[l], c’[u],e’) ifc’m > cq, c’[u] > Cpy]

and Clm + C/[ >yt Cy-

u]

Not only is the proposed method of centered regularization able to achieve an effective
semi-supervised learning on high dimensional data, it does so with a labelled data learning
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Figure 1: Asymptotic probability of correct classification as 0(&.) varies, for p; = p2, p =
100, gy = —pg = [—1,0,...,0]7, {C};; = .11l Left: various cpy) with ¢ = 1.
Right: various cpj with ¢,) = 8. Optimal values marked in circle.

efficiency lower bounded by that of Laplacian reqularization (which is reduced to supervised
learning in high dimensions), and an unlabelled data learning efficiency lower bounded by
that of spectral clustering, a standard unsupervised learning algorithm on graphs. The focus
of the following discussion is to establish this second remark, which implies the superiority of
centered regularization over the methods of Laplacian regularization and spectral clustering.

Observe from Theorem 2 that under the homoscedasticity assumption, the random
walk normalized Laplacian algorithm (the only one ensuring non-trivial high dimensional
classification among existing Laplacian algorithms) gives (similarly to the centered regu-
larization method) fi ~ N ((=1)%(1 — pg)m/,0"?) for m’ = (2p1p2cp/pco) (ma — my), 0" =
(2p1p2¢ /o)1 = (2p1pacyy/peo)os With my, oy, k € {1,2} given in Theorem 2. Similarly
to the definition of r¢,, we denote

TLap = o /m”. (16)

Since 6(&.) — 0 as ¢ — 0 and & — 0 as e — 0, we obtain the following proposition
from the results of Theorem 2 and Corollary 4.

Proposition 6 Under the conditions and notations of Theorem 2 and Corollary 4, letting
TLap e defined by (16), we have that

— ) TC (1 — trC?
lim 7e, = TLap = (Hl ,LLQ) (N14 'LLQ) + T .
=0 1 — pall pllin — p2l*prp2eqy

We thus remark that the performance of Laplacian reqularization is retrieved by the proposed
method in the limit e — 0.

After ensuring the superiority of the new regularization method over the original Lapla-
cian approach, we now proceed to provide further guarantee on its unlabelled data learning
efficiency by comparing it to the unsupervised method of spectral clustering.
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Recall that the regular graph smoothness penalty term Q(s) of a signal s can be written
as Q(s) = s"Ls. In an unsupervised learning setting, we shall seek the unit-norm vector
that minimizes the smoothness penalty, which is the eigenvector of L associated with the
smallest eigenvalue. However, as @Q(s) reaches its minimum at the clearly non-informative
flat vector s = 1,,, the sought-for solution is provided instead by the eigenvector associated
with the second smallest eigenvalue. In contrast, the updated smoothness penalty term
Q(s) = —sTWs with centered similarities does not achieves its minimum for “fat” signals,
and thus the eigenvector associated with the smallest eigenvalue is here a valid solution.
Another important aspect is that spectral clustering based on the unnormalized Laplacian
matrix L = D — W has long been known to behave unstably (Von Luxburg et al., 2008), as
opposed to the symmetric normalized Laplacian Ly = I, — D_%WD_%, so here we compare
against Ls rather than L.

Let us define dipter(v) as the inter-cluster distance operator that takes as input a real-
valued vector v of dimension n, then returns the distance between the centroids of the
clusters formed by the set of points in the same class {v;|1 < i < n,z; € Ci}, for k € {1,2};
and diptra(v) be the intra-cluster distance operator that returns the standard deviation
within clusters. Namely,

dinter(v) = |]1I_'U/n1 - ];—U/TL2|
dingra(v) = [|v — (jv/n1)j1 — (j3 v/n2)joll /v/n

where jp € R™ with k € {1,2} is the indicator vector of class k with [jx]; = 1 if z; € Cy,
otherwise [jx|; = 0; and nj the number of ones in the vector ji. As the purpose of clustering
analysis is to produce clusters conforming to the intrinsic classes of data points, with low
variance within each cluster and large distance between clusters, the following proposition
(see the proof in Appendix B) shows that the spectral clustering algorithm based on the
normalized Laplacian matrix Lg, which has been studied by Couillet and Benaych-Georges
(2016) under the high dimensional setting, has practically the same performance as the one
with the centered similarity matrix w.

Proposition 7 Under the conditions of Theorem 3, let vpap be the eigenvector of Ls as-
sociated with the second smallest eigenvalue, and vety the eigenvector of W associated with
the largest eigenvalue. Then,

dinter (ULap) dinter (Uctr)

= +op(1
dintra(vLap) dintra(vctr) P( )

for non-trivial clustering with dinter(VLap)/dintra(VLap); dinter (Vetr )/ dintra (Vetr) = O(1) .

As explained before, the solution f},) of the centered similarities regularization can be
expressed as fj,) = ()\In[u] - W[W])‘lvif[ul] fiy for some A > ||W[uu]|| (dependent of e as
indicated in (10)). Clearly, as A | HW[W] |, fu) tends to align with the eigenvector of W[uu]

associated with the largest eigenvalue. Therefore, the performance of spectral clustering on
the unlabelled data subgraph is retrieved at e — +oc.

In view of the above discussion, we conclude that the proposed regularization method
with centered similarities
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e recovers the high dimensional performance of Laplacian regularization at e — 0;
e recovers the high dimensional performance of spectral clustering at e — +o0;

e accomplishes a consistent high dimensional semi-supervised learning for e appropri-
ately set between the two extremes, thus leading to an increasing performance gain
over Laplacian regularization with greater amounts of unlabelled data.

5. Numerical Evidence

The main objective of this section is to provide empirical evidence for the superiority of the
proposed regularization method on high dimensional data, in addition to the theoretical
guarantees provided in Section 4. Firstly, we check the validity of our asymptotic results on
moderately large data sets. The figures of Section 5.1 show that our performance prediction
matches the empirical value with great precision on data sets of n,p ~ 100. Beyond our
theoretical model, we provide an empirical study in Section 5.2 of how Laplacian and
centered regularizations behave under different levels of distance concentration through
simulations on real-world data. The numerical results confirm a positive correlation between
the severity of distance concentration and the advantage of centered regularization over
Laplacian regularization, as we observe a consistently effective unlabelled data learning of
the former while the latter fails under strong influence of distance concentration.

5.1 Validation of Precise Performance Analysis on Finite-Size Systems

We first validate the asymptotic results of Section 4 on finite data sets of only moder-
ately large sizes (n,p ~ 100). Recall from Section 4 that the asymptotic performance of
Laplacian regularization and spectral clustering are recovered by centered regularization at
extreme values of the parameter 6, respectively in the limit § = 0 and § = 1 (when spectral
clustering yields non-trivial solutions); this is how the theoretical values of both methods
are computed in Figure 2. The finite-sample results are given for the best (oracle) choice
of the hyperparameter a in the generalized Laplacian matrix L(® = I — D=1=9W D% for
Laplacian regularization and spectral clustering, and for the optimal (oracle) choice of the
hyperparameter « for centered regularization.

Under a non-trivial Gaussian mixture model setting (see caption) with p = 100, Figure 2
demonstrates a sharp prediction of the average empirical performance by the asymptotic
analysis. As revealed by the theoretical results, the Laplacian regularization method fails
to learn effectively from unlabelled data, causing it to be outperformed by the purely unsu-
pervised spectral clustering approach (for which the labelled data are treated as unlabelled
ones) for sufficiently numerous unlabelled data. The performance curve of the proposed
centered regularization algorithm, on the other hand, is consistently above that of spec-
tral clustering, with a growing advantage over Laplacian regularization as the number of
unlabelled data increases.

Figure 2 also interestingly shows that the unsupervised performance of spectral clus-
tering is noticeably reduced when the covariance matrix of the data distribution changes
from the identity matrix to a slightly disrupted model (here for {C};; = .177). On the
contrary, the Laplacian regularization, the high dimensional performance of which relies
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Figure 2: Empirical and theoretical accuracy as a function of ¢, with ¢ = 2, p1 = po,
p =100, —puy = p2 = [~1,0,...,0]7, C = I, (left) or {C};; = .1"7II (right).
Graph constructed with w;; = e llwi=ail*/p, Averaged over 50000/ np,| iterations.

essentially on labelled data, is barely affected. This is explained by the different impacts
labelled and unlabelled data have on the learning process, which can be understood from
the theoretical results in Section 4.

5.2 Effect of Distance Concentration Beyond Model Assumptions

While our technical derivation relies on the Gaussianity of data vectors, we expect the ad-
vantage of an effective semi-supervised learning by the proposed method to hold in a broader
context of high dimensional learning, as the distance concentration phenomenon (which, as
we recall from Section 3.1, is responsible for the unlabelled data learning inefficiency of
Laplacian regularization) is essentially irrespective of the data Gaussianity. Proposition 1
can indeed be generalized to a wider statistical model by a mere law of large numbers; Ehis

is the case for instance of all high dimensional data vectors x; of the form z; = uy + C ,f Zi,
for k € {1,2}, where pu, € RP, C; € RP*P are means and covariance matrices as specified
in Assumption 1 and z; € RP any random vector of independent elements with zero mean,
unit variance and bounded fourth order moment. Beyond this model of z; with independent
entries, the recent work by Louart and Couillet (2018) strongly suggests that Proposition 1
remains valid for the wider class of concentrated vectors x; (Ledoux, 2005), including in
particular generative models of the type z; = F(z;) for z; ~ N(0,I,) and F : R — RP
any 1-Lipschitz mapping (for instance, artificial images produced by generative adversarial
networks, Goodfellow et al., 2014).

The main objective of this section is to provide an actual sense of how the Laplacian
regularization approach and the proposed method behave under different levels of distance
concentration. We focus here, as a real-life example, on the MNIST data of handwritten
digits (LeCun, 1998).

For a fair comparison of Laplacian and centered regularizations, the results displayed
here are obtained on their respective best performing graphs, selected among the k—nearest
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Figure 3: Top: distribution of normalized pairwise distances ||x; —x;||?/d (i # j) with & the
average of |lz; — x;||* for MNIST data. Bottom: average accuracy as a function
of ny, with ny = 15 (left) or ny = 10 (right), computed over 1000 random
realizations with 99% confidence intervals represented by shaded regions.

neighbors graphs (which were observed to yield very competitive performance on MNIST
data) with various numbers of neighbors & = {2! ... 29}, for ¢ the largest integer such
that 29 < n. The hyperparameters of Laplacian and centered regularizations are set opti-
mally within the admissible range.! It worth pointing out that the popular KNN graphs,
constructed by letting w;; = 1 if data points x; or x; is among the k nearest (k being
the parameter to be set beforehand) to the other data point, and w;; = 0 if not, are not
covered by the present analytic framework. Our study only deals with graphs where w;;
is exclusively determined by the distance between x; and x;, while in the KNN graphs,
wj; is dependent of all pairwise distances in the whole data set. Nonetheless, KNN graphs
evidently suffer the same problem of distance concentration, for they are still based on the
distances between data points. It is thus natural to expect the proposed centering procedure
to be also advantageous on KNN graphs.

1. Specifically, the hyperparameter a of Laplacian regularization is searched from —2 to 0 with a step of
0.02, and the hyperparameter o of centered regularization within the grid a = 10{=3-2:9::2:9.3} " Tpe
results outside these ranges are observed to be non-competitive.
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Figure 4: Top: distribution of normalized pairwise distances ||z; —x;(|?/6 (i # j) with § the
average of ||z; — z;||* for noisy MNIST data (7,8,9). Bottom: average accuracy
as a function of np,) with nj = 15, computed over 1000 random realizations with
99% confidence intervals represented by shaded regions.

Figure 3 shows that high classification accuracy is easily obtained on MNIST data, even
with the classical Laplacian approach. However, it exhibits an lower learning efficiency
compared to the proposed method. We also find that the benefit of the proposed algorithm
is more perceptible on the binary classification task displayed on the left side of Figure 3
than the multiclassification task on the right side, for which the difference between inter-
class and intra-class distances is more apparent. This suggests that the advantage of the
proposed method is more related to a subtle distinction between inter-class and intra-class
distances than to the number of classes.

Figure 4 presents situations where the learning problem becomes more challenging in
the presence of additive noise. Understandably, the distance concentration phenomenon is
more acute in this noise-corrupted setting, causing more subtle distinction between inter-
class and intra-class distances. As a result, the performance gain generated by the proposed
method should be more significant for being robust to the negative influence of distance
concentration. This is corroborated by Figure 4, where larger performance gains are ob-
served on noised data from the same task on the right side of Figure 3. Moreover, on the
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right display of Figure 4, where the similarity information is seriously disrupted by the ad-
ditive noise, we observe the anticipated saturation effect when increasing ny, for Laplacian
regularization, in contrast to the growing performance of the proposed approach. This sug-
gests, in conclusion, that regularization with centered similarities has a competitive, if not
superior, performance in various situations, and yields particularly significant performance
gains when the distinction between intra-class and inter-class similarities is quite subtle.

6. Further Discussion and Support

We start this section by presenting other graph-based semi-supervised learning methods and
discussing them in relation to the regularization approaches investigated in this article. To
evaluate the ability of these SSL methods to optimally exploit the information in partially
labelled data sets, we use the recent results of Lelarge and Miolane (2019) as a reference
point, where the best achievable semi-supervised learning performance on high dimensional
Gaussian mixture data with identity covariance matrices was characterized. For a broader
discussion on the applicability of the centering approach, we propose in Section 6.3.1 a
higher-order version of centered regularization adapted from the iterated Laplacian method
(Zhou and Belkin, 2011), which serves as an example for applying centered similarities be-
yond the standard Laplacian regularization. Our experiments in Section 6.3.2 demonstrate
the practical interest of centered similarities on various benchmark data sets, and show in
particular that the algorithm combining centered simliarities with the iterated technique
of higher-order regularization helps substantially increase the competitiveness of graph reg-
ularization as an SSL approach on challenging data sets. We conclude by remarking in
Section 6.4 that the sparsity of the weight matrix can also be exploited for improving the
computational efficiency of centered regularization with the help of Woodbury’s inversion
formula.

6.1 Related Methods

We review first some competitive variants of Laplacian regularization before presenting
another major approach of graph-based semi-supervised learning which relies explicitly on
the spectral decomposition of Laplacian matrices.

6.1.1 VARIANTS OF LAPLACIAN REGULARIZATION

The method of Laplacian regularization has been found by Nadler et al. (2009) to suffer
from the “score flatness” problem where unlabelled data scores f; concentrate around the
same value (i.e., f; = ¢+ o(1) for some constant ¢) when the number of unlabelled samples
is exceedingly large compared to that of labelled ones (i.e., [y / np — 00). Following this
discovery, several regularization techniques have been proposed to adapt the original method
to ensure well-behaved scores, which will be presented in this section. On a related note,
the analysis of Mai and Couillet (2018) (which motivated the present study) pointed out
that, in high dimensions, the phenomenon of flat unlabelled data scores occurs even when
the number of unlabelled samples is comparable to that of labelled ones. As can be easily
deduced from our study, the problem of flat unlabelled scores is addressed by the centered
regularization method in the more challenging setting of high dimensional learning.

21



MA1 AND COUILLET

Higher Order Regularization. A well-studied approach to address the problem of flat
unlabelled scores revealed by Nadler et al. (2009) is higher-order regularization. There exist
mainly two types of higher-order regularization: iterated Laplacian and ¢,-based Laplacian.
The method of iterated Laplacian regularization consists in using the powers of Laplacian
matrices for constructing high-order regularizers fTL?f of graph smoothness. It was shown
by Zhou and Belkin (2011) to yield non-flat unlabelled scores. The ¢)-based Laplacian regu-
larization achieves this by forcing a stronger constrain EZL =1 Wij | fi— f;]¢ on the smoothness
(Zhou and Scholkopf, 2005; El Alaoui et al., 2016). Another method in the same vein is
game-theoretic p-Laplacian (Rios et al., 2019), which does not arise through an optimiza-
tion problem and tends to be numerically better conditioned. In comparison, the iterated
approach is more computationally efficient as it assumes an explicit solution, whereas the
method of /,-based Laplacian regularization calls for practical algorithms to solve more ef-
ficiently the implicit optimization (Rios et al., 2019). Also, the iterated Laplacian is found
to outperform p-voltages Laplacian regularization (Bridle and Zhu, 2013), a dual version of
¢p-based Laplacian in the context of electrical networks. In addition to avoiding the score
‘flatness’ issue, high-order regularizers fTL4f and their extensions f'g(L)f (Smola and
Kondor, 2003) obviously benefit from more degrees of freedom to improve the classification
performance.

Weighted Nonlocal Laplacian. Other than the methods of high-order regularization,
the approach of weighted nonlocal Laplacian (Shi et al., 2017) has also been observed to be
effective in combating the score flatness problem. By changing the optimization to

n n

)
min Z Z wij(fi—fj)z—l—g[bl]zwz‘j(fi—ij ;
=1

n
f[u]ER [u] i=np+1 [j=np+1

it places a higher weight of n/np; on the smoothness penalty between unlabelled data scores
and fixed non-flat ones on labelled points.

6.1.2 EIGENVECTOR-BASED METHODS

Aside from graph regularization methods, another popular graph-based semi-supervised
approach exists which takes advantage of the spectral information of Laplacian matrices
(Belkin and Niyogi, 2003). Rather than regularizing f over the graph, this method computes
first the eigenmap of Laplacian matrices, then uses a certain number s of eigenvectors
E = [ey,...,es] associated with the smallest eigenvalues to build a linear subspace and
search within this space for an f which minimizes [|fj; — yjyll. By the method of least
squares, f = Fa with a = (E[-{]E[l])_lE[}—]y[l].

As an advantage of using the spectral information, this eigenvector-based method is
guaranteed to achieve at least the performance of spectral clustering, as opposed to the
Laplacian regularization approach. On the other hand, the regularization approach does
not have a performance which depends crucially on how well the class signal is captured by a
small number of eigenvectors, as it uses the graph matrix as a whole. Another benefit of the
graph regularization approach is that it can be easily incorporated into other algorithms
as an additional term in the loss function (e.g., Laplacian SVMs). With our proposed
algorithm of centered regularization, a consistent learning of unlabelled data, related to
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the performance of spectral clustering, can also be achieved by the graph regularization
approach. Moreover, the proposed method has a theoretically-proven efficient usage of
labelled data which is absent in the eigenvector-based method.

6.2 Optimal Performance on Isotropic Gaussian Data of High Dimensionality

A very recent work of Lelarge and Miolane (2019) has established the optimal performance
of semi-supervised learning on a high dimensional Gaussian mixture data model N'(£pu, I,,),
with identity covariance matrices.? In this work, a method of Bayesian estimation is identi-
fied as the one achieving the optimal performance. However, as pointed out by the authors,
this method is computationally expensive except on fully labelled data sets and approxi-
mations are needed for practical usage.

By comparing the results of Lelarge and Miolane (2019) with our performance analysis
in Section 4, we find that the method of centered regularization achieves an optimal per-
formance on fully labelled data sets and a nearly optimal one on partially labelled sets.?
Numerical results are given in Figure 5, where the classification accuracy of the centered
regularization method, computed from Theorem 3 and maximized over the hyperparameter
e, is observed to be extremely close to the optimal performance provided by Lelarge and Mi-
olane (2019). Hence, the centered regularization method can be used as a computationally
efficient alternative to the Bayesian approach which yields the best achievable performance.
In contrast, other graph-based semi-supervised learning algorithms are much less effective
in reaching the optimal performance, as can be observed from Figure 6.

We remark also that the iterated Laplacian regularization method appears to be less
efficient in exploiting unlabelled data and so is the eigenvector-based method in learning
from labelled data. As can be observed in Figure 6, the iterated Laplacian regularization
method falls notably short of approaching the optimal performance when the value of m
yielding the highest accuracy is further away from 1 (scenarios depicted by the blue curves
in the figure). Since we retrieve the standard Laplacian regularization at m = 1, which gives
the optimal performance in the absence of unlabelled data, the performance gain yielded by
the iterated Laplacian regularization technique over the Laplacian method is mainly brought
by the utilization of unlabelled data at higher m. However, as demonstrated in Figure 6, the
utilization of unlabelled data at higher m is unsatisfactory in allowing the method to reach
the optimal semi-supervised learning performance. Since the eigenvector-based approach is
reduced to the purely unsupervised method of spectral clustering at s = 1, the same remark
can be made with respect to its labelled data learning efficiency.

6.3 Applicability of Centered Similarities and High-Order Regularization

The focus of this article is to promote the usage of centered similarities in graph regular-
ization for semi-supervised learning. This fundamental idea can also be applied together
with other regularization techniques. In this section, we start by presenting a higher-order
version of centered regularization that borrows from iterated Laplacian. To investigate the
practical potential of centered similarities, we test the proposed method of centered regu-

2. To the authors’ knowledge, more general results (e.g., with arbitrary covariance matrices) are currently
out-of-reach.
3. We refer to Appendix D for some theoretical details.
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Figure 5: Asymptotic accuracy on isotropic Gaussian mixture data. Performance curves as
a function of ¢f,) with ¢y = 1/2, for (from top to bottom) ||u||* = 2,4/3,0r 1.
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Figure 6: Empirical accuracy of graph-based SSL algorithms at different values of hyperpa-
rameters for isotropic Gaussian mixture data with p = 60, n = 360 and ||u||*> = 1
(bottom) or ||ul|? = 2 (top). Averaged over 1000 realizations. Best empirical
value marked in circle and the asymptotic optimum in cross.
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larization and its higher-order variant on several benchmark data sets. Our experiments
support the benefit of centered similarities, especially on challenging data sets. We find im-
portantly that the proposed higher-order centered regularization, which combines the ideas
of centered similarities and iterated regularization, yields a very competitive performance
when compared to not only related graph-based methods but also a wide range of popular
SSL approaches.

6.3.1 HIGHER-ORDER CENTERED REGULARIZATION

It is easy to check that all exponents of a centered simliarity matrix 1474 enjoy the same prop-
erty of being orthogonal to the constant vector 1,. It is thus possible to apply polynomial
functions of T in the search of a better centered regularizer. Finding the right parametriza-
tion for the polynomial function can be challenging. Comparing (2) and (9), we notice that
the matrix L = A\, — W plays the same role in centered regularization as the Laplacian
matrix L in Laplacian regularization. We then borrow the idea from iterated Laplacian to
propose a higher-order centered regularization method, which consists in simply replacing
L =\, — W in (9) with its exponents L(@) = ()\I — W)4, leading to

fr) = =Ly Lfgl]f[z] (17)

The method of iterated centered regularization is formalized in Algorithm 2.

Algorithm 2 Graph-Based Iterated Centered Regularization

1: Input: np; pairs of labelled points and labels {(:):i,yz-)}m”l, np, unlabelled data

i=
{zi}iiy,,,» parameters a € R*, ¢ € NT.

2: Output: Classification score vector of unlabelled data f],; € R™

3: Define the similarity matrix W = {w; ;}7',_; with w;; reflecting the closeness between
x; and x;.

4: Compute the centered similarity matrix W by (7) and the balanced labels fj by (4).

5: Set A = (o + 1)|W]|, L9 = (AL, — W), and compute fi, by (17).

6.3.2 EXPERIMENTAL RESULTS AND COMPARISON TO OTHER METHODS

To investigate the practical potential of centered similarities, we test in this section the pro-
posed methods of standard and higher-order centered regularization on several benchmark
data. We first focus on the comparison with the related graph-based SSL methods presented
in Section 6.1, before moving on to a wider range of competitors. Our results attest to the
general interest of centered similarities for improving over the classical Laplacian approach.
Remarkably, the algorithm of iterated centered regularization, which inherits the strengths
of both iterated and centered approaches, is identified as a powerful competitor not only
against other graph-based algorithms but also against a wide range of SSL methods sur-
veyed by Chapelle et al. (2010), with an advantage which tends to be more observable on
challenging data sets.

Firstly, to compare graph-based SSL methods, we conduct experiments on the MINST
data of handwritten digits and the RCV1 data of categorized newswire stories. For MNIST
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n N/6 N/2 N
MNIST
Laplacian 53.9+11.2 44.7+10.6 33.5+14.0
Centered 81.4+ 2.6 85.3+2.5 86.3 +3.9

Iterated Laplacian 81.7£3.5 83.7+£3.6 86.4£5.5
Iterated Centered 83.2+2.7 86.8 + 3.7 88.4+3.2
¢,-based Laplacian 72.7+3.5 75.9+4.0 76.0 £ 2.7

WN Laplacian 78.0+ 3.2 79.0£4.3 79.1+4.1

Eigenvector-based 79.9 +£ 3.7 85.4+4.2 86.6 + 3.8
RCV1

Laplacian 36.8 +12.9 34.24+9.7 33.4+£9.6

Centered 78.7+ 2.7 79.0 £ 3.2 79.1+23

Iterated Laplacian 81.0+ 2.1 81.4+3.2 80.8 + 5.6
Iterated Centered 83.8+24 845+ 2.1 84.8+27

WN Laplacian 70.1+3.4 71.7+£4.9 71.8+48
Eigenvector-based 81.8+5.4 82.1+4.5 82.8+ 3.0

Table 1: Classification accuracy (%) of graph-based SSL algorithms averaged over 10 ran-
dom splits, for nj = 5K with K the number of classes (K = 10 for MNIST, K = 4
for RCV1) and n = {N/6, N/2, N} with N the total sample number (N = 60000
for MNIST, N = 19000 for RCV1).

data, we use, as in the experiments of Section 5.2, the raw version* of vectorized pixels
(LeCun, 1998), and for RCV1 data, we retrieve from the paper of Cai and He (2011) a
preprocessed four-class version® of tf-idf feature vectors. As suggested in the previous studies
(Belkin and Niyogi, 2003; Zhou and Belkin, 2011; Johnson and Zhang, 2007), satisfying
performance can be observed on MNIST data for KNN graphs with £ ~ 10 and on RCV1
data for k ~ 100; we will test with k over 10 x 2{01--6}  To judge the potential of graph-
based methods, we report the best model performance for each method. We test the three
common versions of Laplacian matrices L, Lg, L, presented in Section 2.1 for Laplacian
methods. The hyperparameter ¢ of higher-order regularization algorithms is tried on 2{1:2:3}
the hyperparameter s of the eigenvector-based method is searched among all possible values
(i.e., all integers from 1 to npy), and the hyperparameter a of centered regularization takes
its values in 10{=3=2-10}  The results are displayed in Table 1%, where the advantage of
centered similarities is supported by performance gains over the Laplacian methods. We
also find that the iterated technique is powerful for improving the performance of centering
regularization, which alone can be insufficient for producing superior results.

To evaluate the competitiveness of centered regularization beyond the family of graph-
based methods, we report its performance on SSL benchmark data sets’ established by

4. Available for download at http://yann.lecun.com/exdb/mnist/ .

5. Available for download at http://www.cad.zju.edu.cn/home/dengcai/Data/TextData.html .

6. The performance of the ¢,-based Laplacian is not reported on RCV1 data due to the unsatisfying
performance at small k£ and the very slow computation at large k.

7. Available for download at http://olivier.chapelle.cc/ssl-book/benchmarks.html .
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g241c g241d Digit1 USPS BCI Text

Laplacian+CMN
(Chapelle et al., 2010)

77.95 71.80 96.85 93.64 53.78 74.29

Rest aver 12 Algo
(Chapelle et al., 2010)

86.51 95.05 97.56 95.32 68.64 76.91

[terated Lanlacian
(Zhou and Belkin, 2011)

Iterated Centered 87.18 86.31 97.50 94.40 70.78 76.96

85.18 89.45 97.78 96.04 56.22 74.23

Table 2: Classification accuracy (%) on SSL benchmarks with ny = 100 and n = 1500,
averaged over 12 random splits.

Chapelle et al. (2010) and tested for an extensive variety of SSL. methods including Lapla-
cian regularization (with a class mass normalization technique (CMN) for performance
improvement). The same trials were also carried out by Zhou and Belkin (2011) for the
method of iterated Laplacian regularization.

To produce our results, we simply use a KNN graph with £ = 10 on the “Digitl” and
“USPS”® tasks of image data; for the rest, we switch to fully connected graphs w;; =
exp(—||z; — x;||?/20?) as in the experiments of Chapelle et al. (2010); Zhou and Belkin
(2011). Also following the settings for the Laplacian and iterated Laplacian methods, the
hyperparameters are determined by a (10-fold) cross-validation on the first split of each
data set, searched over the grid o = {d/3,3d} for d the average pairwise distance, ¢ =
{2124 27 2101 " and with « set to 1073. Our results are reported in Table 2, along with
the performances of the iterated Laplacian and Laplacian regularization methods obtained
by Chapelle et al. (2010); Zhou and Belkin (2011), as well as the best performance over 13
algorithms tested by Chapelle et al. (2010).

As can be observed in Table 2, the combined approach of iterated and centering tech-
niques has a remarkable competitiveness overall. We note in particular its superiority on
the three most difficult tasks “g241¢”, “BCI” and “Text” with lowest best accuracy, where
the iterated technique alone fails to approach the best performance over 13 algorithms. The
task on which the proposed method yields comparably worst results is “g241d”, observed
to be quite unstable with huge gaps between the best performing algorithm and the rest
(Chapelle et al., 2010).

6.4 Computational Cost on Sparse Graphs

Sparse graphs such as KNN graphs are commonly used in graph-based learning. As our
proposed algorithm involves a centering operation on the weight matrix W, it disrupts the
sparsity of W and may cause increased computational cost in comparison to the original
Laplacian approach. We would like to point out that, even though the centered weight
matrix W is not sparse, it can be written as a sum of W and a matrix of rank two:

8. The KNN graph is kept directed for USPS data to cope with the effect of imbalanced classes. And for
the same reason we conduct a k-means clustering of the classification scores in order to decide the affinity
group of unlabelled data.
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. 1)
W=w+[1, U]A|:U-|—:|

(LW 1n)/n?
—1/n
can then decompose the inverse of )\In[u] — W[uu} as the inverse of )\In[u] — Wiy plus a matrix

of rank two as:
-1
1; 1y
U[ﬁ]] Q [ln[u] U[Uﬂ) [UEIM] Q

u]

where v = W1,, and A = [ _t/ n] . Using Woodbury’s inversion formula, we

o -1
()\I”[u] B W[u“}) =Q-Q[lny Vu] <A_1 +

where Q) = ()\In[u] — W[uu])*l. Therefore, the complexity of computing the solution of
centered regularization can be reduced to that of computing QW1 f, which benefits from
the sparsity of W. Similar reasoning can also be made for the iterated regularization
algorithm presented in section 6.3.1.

7. Concluding Remarks

The key to the proposed semi-supervised learning method lies in the replacement of con-
ventional Laplacian regularizers by a new graph smoothness regularizer with centered simi-
larities. The motivation is rooted in the failure of the Laplacian regularization approach to
learn effectively from unlabelled data due to the concentration of pairwise distances between
high dimensional data vectors. As anticipated by our theoretical results, the proposed cen-
tered regularization method produced large performance gains over the standard Laplacian
regularization method when the aforementioned distance concentration problem is severe,
thanks to an effective learning from both labelled and unlabelled data learning. Moreover, it
was observed that the proposed algorithm can further improve the performance even on data
sets with weak distance concentration, for which the standard Laplacian approach exhibits
a clear performance growth with respect to unlabelled data. Other than improving upon
the Laplacian regularization method, the proposed algorithm is also theoretically proven to
enjoy a near-optimal performance of semi-supervised learning on isotropic Gaussian mixture
data. From a general perspective, the extended advantage of centered regularization beyond
the initial motivation suggests that placing oneself under the challenging setting of high di-
mensional learning can help identify and address some underlying issues compromising the
performance of popular learning heuristics.

As the usage of centered similarities constitutes a fundamental update to the classi-
cal Laplacian regularization approach, it would be interesting to investigate whether other
algorithms involving Laplacian regularizers benefit from the same update. In this article
we proposed additionally a higher-order version of centered regularization based on the
iterated Laplacian method (Zhou and Belkin, 2011). The empirical analysis on various
real-world data sets showed that adopting centered similarities can improve substantially
the performance on difficult tasks where the Laplacian methods are observed to underper-
form. Future studies can be devoted to analysing and adapting more involved methods like
Laplacian support vector machines (Belkin et al., 2006), which combines the optimization
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of SVMs with the Laplacian regularization approach. The absence of explicit solutions in
the method of Laplacian SVMs calls for additional technical tools to conduct similar precise
performance analyses to the present one, such as the leave-one-out procedure devised in the
work of El Karoui et al. (2013) to deal with implicit optimization solutions.

8. Acknowledgements

Couillet’s work is partially supported by the ANR-MIAI Large-DATA chair at University
Grenoble-Alpes, and the HUAWEI LarDist project.

Appendix A. Generalization of Theorem 3 and Proof
A.1 Generalized Theorem

We first present an extended version of Theorem 3 for the general setting where C1 may differ
from Cy. The functions m(€), 02(¢) defined in (11) and (12) for describing the statistical
distribution of unlabelled scores in the case of C; = C5 need be adapted as follows:

_ 2epf(§)
e (1= 0(6))
_ pp2(2¢p + m(&)ep)?s(€) + prpa(der + m(€)2epy)w(€)

02 9
© cfu) () — w(8))

ke{l,2)  (19)

where

0(€) = prpot (v —10)T (I, — €2) 7" (11 — 12)

)= i (1,975

$(&) = p1p2€2(v1 — 1) T (I, — 52)_1 (I, - 52)_1 (11 — o), (20)
with

v = [\/=20 (T)pf  /W'(7) ter/\/T?]T

E _ _2h/(T)Ck 0p><1
P O 20() G/

and ¥ = p121 + padia.

Notice that the adaptation is made here through the redefinitions of (), w(§ and s(§);
the expressions of m(&) and o2(€) are kept identical. As in the case of C; = Cs, the positive
functions m(¢) and o2(¢) are defined respectively on the domains (0,&,,) and (0, ,2) with
&m» o2 > 0 uniquely given by (&) = 1 and w(§,2) = cf,). We define gy, as

fsup = min{fmv 502} (21)

With these adapted notations, we present the generalized results in the theorem below.
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Theorem 8 Let Assumption 1 hold, the function h of (1) be three-times continuously dif-
ferentiable in a neighborhood of T, fi,) be the solution of (8) with fized norm n[u]GQ, and
with the notations of m(€), o%(€), &up given in (18), (19), (21). Then, for np+1<i<n
(i.e., x; unlabelled) and x; € Cy,

fi 5 N (151 = pryrin, o)
where

m = m(ge)

6% = 0[21201,02 [(2ep) + m(&e)epw)) sk (Ee) + (da +m(€e)epy + 02 (Ee) e )w(&e)]
with
sa(&e) = ool — )T (I, — &5) 7 Sy (I, — £5) 7 (i — ), a € {1,2},
and &, € (0, &oup) uniquely given by
prpem(&e)? +0(&e) = €.

A.2 Proof of Generalized Theorem

The proof of Theorem 8 relies on a leave-one-out approach, in the spirit of El Karoui et al.
(2013), along with arguments from previous related analyses (Couillet and Benaych-Georges,
2016; Mai and Couillet, 2018) based on random matrix theory .

A.2.1 MAIN IDEA
The main idea of the proof is to first demonstrate that for unlabelled data scores f; (i.e.,

with ¢ > n[l]),

fi = 89T ¢o(z) + 0p(1) (22)

where 7 is a finite constant, ¢. a certain mapping from the data space that we shall define,
and 8 a random vector independent of ¢c(x;). Additionally, we shall show that

B0 = 157 fipe(as) + e (23)
P

with [[e]| /| 8P| = op(1).

As a consequence of (22), the statistical behavior of the unlabelled data scores can
be understood through that of (), which itself depends on the unlabelled data scores as
described by (23). By combining (22) and (23), we thus establish the equations ruling the
asymptotic statistical behavior (i.e., mean and variance) of the unlabelled data scores f;.
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A.2.2 DETAILED ARGUMENTS

In addition to the notations given in the end of the introduction (Section 1), we specify
that when multidimensional objects are concerned, O(uy,) is understood entry-wise. The
notation O is understood as follows: for a vector v, v = Oj.|(u,) means its Euclidean
norm is O(u,) and for a square matrix M, M = Oy (u,) means that the operator norm of
M is O(uy,).

First note that, as w;; = h(||z; —;|*/p) = h(r )+O0(~ %) Taylor-expanding w;; around
h(7) gives (see Appendix C for a detailed proof) W = Oy (1) and

W = =3Td + [1(0) — h(r) + 7h'(7)] P + O} (p™2) (24)

where P, = I, — 11,17 and ® = [¢(21), ..., d(zn)] = [p(21), .. ., d(xn)| Py with

o(e:) = [=2W (el W D|il2/v/B)

Define v, = E{¢(zi)}, X = cov{p(z;)} for z; € C, k € {1,2}, and let Z = [z1,..., 2]
with z; = ¢(x;) — vy (i.e., E{z;} = 0). We also write the labelled versus unlabelled divisions
=[Oy ), Z=[Zy Zu) and &= |by by,

Recall that fj,) = ()\In[u] — W[uu}) W[u” fi- To proceed, we need to show that
T J) = O(p_%). Applying (24), we can express f[,) as

n o)

Lot 2 T - -1
fu) = < ] ZZ(I)[u](I)[U] T 1%1 Ly, > < q>[ }q)[l] —lnpy m) f +0@72)
where A = A — h(0) + h(r) — 7R/ (1), r = h(0) — h(7) + Th/(7). Since 1Fl—]f[l} = 0 from its
definition given in (4)
3 1 2T & T 1 T —1

Write @) = E{®p,} + Z) — (Z1, /n)1y,, - Evidently, E{®,} = (v1 —12)s' where s € R
with s; = (=1)¥(n—ny)/n for z; € Cx, k € {1,2}. By the large number law, s = (+O(p %)
where ¢ € R™4 with ¢; = (=1)¥(1 — pg) for x; € Cp, therefore

A

B = { 10 = vlP6CT + 212 + ATZT 20,18, + (200 = )T

D=

_1
+ (20 =) = (Zgy Z1a/n) e, — 1n[u](Z[TL]Z1n/n)T} + O (p72).
Invoking Woodbury’s identity (Woodbury, 1950) expressed as
-1
(R - UNUT) — R+ RUN"' —UTRU)"'UTR,
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5 Lot & r T - 5 1 1 T - -1
(”nm R nln[UJln[u]) = (”nm = 5% ~UNUT )+ Oy (p2)

=R+ RUN"'~UTRU) TR+ O (p"2) (26)

- -1
by letting R = ()\In[u] - 17T ZM) and
1
U= [g 20 =) Ay, Z0Z1a/n
||I/1 — 1/2”2 1 0 0
1 0 0 0
N= 0 0 (1NZTZ1,/n%) - & —1 (27)
0 0 —1 0
Note also that
(2 — 1) TS @ fin
1. 2 1 _1
Ijq)[Tu]q)[l]f[l] = U 0[1]6)102 + EZ[L}Z[Z]f[l] +O(p~2). (28)
0
Now we want to prove that UTRU is of the form
UTRU = [ A OM} +0(p2), (29)
O2x2 B

for some matrices A, B € R?*2 with elements of O(1). First it should be pointed out that
z; is a Gaussian vector if the last element is ignored. Since ignoring the last element of z;
will not change the concentration results given subsequently to prove the form of UTRU,
we shall treat z; as Gaussian vectors for simplicity. As there exists a deterministic matrix
R of the form cIn[u] such that

a"Rb—a"Rb = O(p_%)

for any a,b = O) (1) independent of R (Benaych-Georges and Couillet, 2016, Proposition
5), we get immediately that

1 1 1+
UIRU; = ];(TRln[u] = ECTRln[u] +O(p2)=0(p 2).
In order to prove the rest, we begin by showing that
1 T _1
—a Z[U]Rb = O(p 2) (30)

VP
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for any a,b = O (1) independent of Zj,). First let us set a’ = Cov{zi}%a and denote by
P, the projection matrix orthogonal to a’. We write then

1 1 1aa 1
zi = Cov{z;}2 PyCov{z;} 2z; + Cov{z}2 WCov{zi} 22
a
T,
=Z+ %Cov{zi}a
a

where Z; = Cov{zi}%Pa/Cov{zi}_%zi. Note that in this decomposition of z;, the two terms
are independent. Indeed, since

Cov{Z,a" 2} = E{Cov{zi}%Pa/Cov{zi}_%ziziTa} = Cov{zi}%Pa/Cov{zi}%a = 0p,
a'z and Z; are uncorrelated, and thus independent by the property that uncorrelated jointly
Qaussian variables are independent. Applying this decomposition of z;, we have, by letting
Z =[%,...,%,] and ¢ = [a" z1||Cov{z1}a||/||d’||?, ..., a" z4||Cov{z, }al/||@'||?] , that
T _ 5T 5 T
Then with the help of Sherman-Morrison’s formula (Sherman and Morrison, 1950), we get
_ Rqq"R/p
1+q"Rq/p

Similarly to R, we have also for R a deterministic equivalent R = EIHM with some constant
¢ such that

uTRv—uTRv = O(p_%)
for any u,v = O (1) independent of R (Benaych-Georges and Couillet, 2016, Proposition
5). Since Z[L]a and ¢ are independent of R, we prove LaTZ[u]Rb = O(p_%) with

VP
- LavZ, quTRb
LT zyre = LTz Ry -
VP VP 14+¢"Rq
L 26T Zqq™b
= Léa Z[u]b— vp - [ ]2 O(pié)
VP 1+ ¢f|q
1
=O0(p2)

This leads directly to
1 1
T . . — 2
U.QRU-3 - 7\/13(1/1 — I/Q)Z[U}Rln[u]/\/ﬁ = O(p 2).
With the same argument, we have also

T 1 T T T
U'IRU_4 = ];C R (Z[ Z[u]ln[u] /TL + Z[U]Z[l}]-n[l] /’I’L)

ul

- 1 _1
= (T(AR — Iy ) g/ + ;CTRZ[L] (Zmlnm /n) —O(p3);
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and

== (1 — 1) Zy R (Z[L] Ly /114 27y Zg Ly /n>

=Xt — 1) Zy Rl /10— (1 — 12)T Zpy Ly, /1
(i — )T (pZMRZ[ZO ( Ly /n) =0(p ).

We conclude thus that UT RU is of the form (29).

Substituting (26) and (28) into (25) and using the fact that p_%||UTRZ[TJ]Z[l]me =

O(pfé) derived by similar reasoning to the above, we obtain

(v2 — 1) TS @ fiy

1 _ 2¢ _1
L fu=6t0 01 0K Wé’”’? +0(p2) (31)
0

with
=UTRU+U"RUN' —UTRU)"'UTRU.

Since UTRU is of the form (29), we find from classical algebraic arguments that K is also
of the same diagonal block matrix form. We thus finally get from (31) that

Wf O(p~3),

Now that we have shown that 1 n[ i = O(p~ ), multiplying both sides of (25) with

S\In[u] — %@)[Tu](i)[u] + 5l 11[14 from the left gives
3 1 5T & 1 2T & _1
M = 2P P fu + 2 8 @i fin + O072)-

Decomposing this equation for any ¢ > nj (i.e., z; unlabelled) leads to

d(a))Tdf +O(p~7) (32)
‘I’[{uz]} i) fi + ‘D{l}T‘pfuff{l}+ ‘P QI’[z]f[z]ﬂLO( 7) (33)

with f[{qj]} standing for the vector obtained by removing f; from f Q)[{]} for the matrix
obtained by removing ¢(z;) from @[u].

Our objective is to compare the behavior of the vector f},; decomposed as {f;, f[g]} } to

the “leave- xi -out” version f[(zj]) to be introduced next. To this end, define the leave-one-out

data set X0 = {x1, ... @i 1, zit1, ..., 2z} € ROV for any ¢ > np (i-e., z; unlabelled),
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and W® ¢ Rn=Dx(n=1) the corresponding centered similarity matrix, for which we have,
similarly to W,

140 :;@(i)ﬂi)(i)+[h(0) h(r) + 7h' (7)]|Paci + Oy (0 %) (34)

where q) [¢(Z (.%'1) . 7(5 (.’L‘Z 1) ¢( (xl—‘rl) e 7@3(2) (xn)] = [Qb(.%'l), R ¢(:L'i—1)a ¢($i+1),
.oy @(xp)]Pr—1. Denote by f the solution of the centered similarities regularization on
the “leave-one-out” data set X( )s Le.,

(i) _ 26\ 0
fog = ()‘In[url - W[uu}) W fu- (35)
Substituting (34) into (35) leads to

1 DT 2 1
Al *‘I’ful i+ S0 Pufu+002) (36)

where () = [@)[(;]) [( )]] From the definitions of q)[( )} and <I>[{ ]} , which essentially differ by

the addition of the O(1/,/p)-norm term ¢(x;)/n to every column, we easily have
Lgo 1 40 -1
N @ %% = Oy(p™);
which entails
()T &) {3 T g it _ -1
*‘I’[ul )~ ];‘I’[u] ;=01 (r7), (37)
Thus, subtracting (36) from (33) gives
M (50 = 5) = e o) g + O ) (38)
fl Tl ) T T PF ST AP

with

MO = 5\1( D — 7(1)() (I)(i)

Mu]

Set g = %é)f = O).(1), the unlabelled data “regression vector” which gives unlabelled
data scores by f; = S\_IBTQAS(@), and its “leave-one-out” version /() = %@(i)f(i) with

@ = [f[l} f[(uﬂ. Applying (37) and (38), we get that
i i -1 . i 1 ~ _ _1
g — g — <Ip + o) (MD) @fﬂ) S19@) + 0 (™) = Oy (p72)- - (39)
By the above result, Equation (32) can be expanded as

i 0r0) "o

M =80T o(0:) + 1" (1,4 180 T)étesi+07H. o)

1
p
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we first need to evaluate the quadratic form

To go further in the development of (40),
1~ A
i = —9(w:) TV ()
p
where
(@) — (4) (i) @7
0 = I, + @[u] (M ) 00T,
Since 1<I>[(u)} Eu)] = Oy (1), it is easy to see that 7 Oy (1). As é(x;) is independent of
T it unfolds from the “trace lemma” (Couillet and Debbah, 2011, Theorem 3.4) that
Ki — }tr EkT(l)ﬂm
p
Notice that
N[ X I ? ? - N[ X —
T =\ <)‘Ip E(I)Eu)](pfu)] ) =A (AIP (I)f ]}(I)i{u]}-r> - O||'||(p 1)
A7) () (i) TTD
S — [ 1m —|—OH||(p )
P A
where
~ ~ “ -1 ;T(z) 4 xI; 5 Z; TT(Z)
T—A()\Ip 1<I>[u]<1>[u]> —7@ L P (bi )Qfﬁz )
Y

1
—tr ST+ O(p™"),

by Sherman-Morrison’s formula (Sherman and Morrison, 1950). We get consequently
(i) —

1
—tr X, T
p
ki converges thus to a deterministic limit x independent of ¢ at large n,p
Equation (40) then becomes
2). (41)

fi =897 d(a;) + O(p™

where v = (A — k)L,
We focus now on the term BT ¢(x;) in (41). To discard the “weak” dependence between

BT and (;AS(CCZ), let us define
de(xi) = (=1)* (1 = pr) (v2 — 1) + 2
1¥{(n — i) ] (2 —

As ni/n = pi + O(Tfé)7 by the law of large numbers, E{¢(z;)} = (
v1) = E{¢c(z:)} + O)(n”2). Remark that, unlike d(xi), ¢c(x;) is independent of all z;

with j # 4, and therefore independent of (). We thus now have
= , 1
) = 89T 6e(xi) + —pTZ1n + O(p"2)

1ZZ

BOTo(a:) = 0T (E(Ga} + -
m=1
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We get from (39) that %B(i)TZln = %BTZln + O(p_%), leading to

i =269 gulai) + 5T 71+ O ). (42)

Since ¢.(z;) is independent of S, according to the central limit theorem, S®7T . (x;)
asymptotically follows a Gaussian distribution.

To demonstrate that % BT 71, is negligibly small, notice fist that, by summing (42) for
all ¢ > ny,), we have

n

ST BT (i) + ey (BOTZ1,/n) + O(p~2).

i:n[l]+1

1 1
ﬁl Ny Jru) = n
Since %Qw]f[“] = O(p_%), it suffices to prove 721 ng HB Toe(w;) = O(p_%) to con-

sequently show that %ﬁTZ 1, = O(pfﬁ) from the above equation. To this end, we shall
examine the correlation between ST ¢ (x;) and B 'Tgbc(ajj) for i # j > npj. Consider

B9 & f”]) M) obtained in the same way as ﬁ(i), E )], M® . but this time by leaving out

the two unlabelled samples z;, x;. Similarly to (39), we have

- 1 _ _1
Y — B = < + ‘I’f g () & ) = i) + Opy (™) = O (72). (43)
It follows from the above equation that, for i # j > ny,

Cov{ BT pe(as), BT be(5)}
= E{BYT¢e(2:) 8D T pe()} — E{BYT (i) }E{BY T ()}
= E{B T ¢(2:) 3T po(5)} — B{BDT (i) E{BD T e ()} + O(p~ ")
= E{BT pc(ai) JE{BDT e (a5)} — B{BYT pels) JE{BD T pe(a;)} + O(p~")
=0(p ), (44)

leading to the conclusion that m S 1 BOTpo(x;) = ﬁ Z?_nmﬂ E{BOTpe(x;)} +
O(p_%) =0(p~ ) Hence, 18721, = O(p~ ) Finally, we have that, for i > nj,

fi = 18T po(wi) + O(p~2), (45)

indicating that, up to the constant v, f; asymptotically follows the same Gaussian distri-
bution as ST pe(z;).
Moreover, taking the expectation and the variance of the both sides of (45) for z; € Cy
yields
. i _1
E{fili > ny,x € Ck} = vE{BVTH=1)1 — o) (2 —11) + O(p™2)
var{fili > ny,x € G} = 7t [cov{BOVIE,] + E{BOYTRE(BD} + O(p2).
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Since 8 — B = OH.”(p_%) as per (39), we obtain

E{fili > ny, x € Cu} = YE{BTH-1)"(1 — py)(v2 — 11) + O(p~2) (46)
var{ fili > ny,z € Cr} = v*tr[cov{B}Ti] + v’E{B} T S E{B} + O(p~2). (47)

[NIES

After linking the distribution parameters of unlabelled scores to those of § with Equa-
tion (46) and Equation (47), we now turn our attention to the statistical behaviour of S.
Substituting (45) into 8 = I%cb f yields

”[l]

Zfz ;) Z VBT pe(:)(:) + Oy (p2)

’L np+1
n[l]

*Zfzszﬁc w3 S BT gy elan) + Opy (). (48)

=ny+1

For i > ny and z; € Ci, we decompose ¢.(z;) as

280
de(xi) = E{de(zi)} + B(]Z)ﬁTzz + Z; (49)
where
P DINCIO)
i — < 6(1)1—2

By substituting the expression (49) of ¢.(z;) into (48) and using the fact that § — ) =
O”.H(p*%), we obtain

2
(zp ey Y paza) Z FiE{ge(ai)} + Z; Z VBT pe(wi)E{pe(w:)}
a=1 []+1

+ S it > ez O (0)
=1

i:n[l]—i-l

Recall that fj) is a deterministic vector (given in (4)) and note that

E{89Tgc(2:)%:} = B{BW T zifz — Zp8Y /(89T 2)]} = E{8WT 22} — SE{5Y} = 0.
Taking the expectation of both sides of (50) thus gives

(Ip — e 22: pa2a> E{5}

n[l n
= Z FB{¢e(zi)} + ]3 ST AE{BOYTE{ge (i) YE{de ()} + Oy (p2)
=nq+1
”[l n
— Z [ilB{pe(i)} + ; > AE{BYE{¢e(wi) }E{de(z:)} + 0||~H(p_%)- (51)
1=np+1
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Let Q = I, — fyc[u}f} with 3 = p131 + p2¥s and denote 1 = v(vg — ul)TE{B}. With these
notations, we get directly from the above equation that

= yp1p2(2eq) + mep) (va — 1) TQ ™ (va — 11) + op(1). (52)
With the notation m, (46) notably becomes
E{fili > ny.2 € G} = (~1)*(1 — p)in + O(p~ 7).
In addition, we get from (51) that
VE{B} SkE{B} = [vp1p2(2cy + mC[u])]2 (v — 1) T Q'S Q (2 — 111). (53)

Furthermore, we have from (50) and (51)

trleov{B}Si] = E{ (8 — E{8})TSk(8 — E{8}) }

i n
1 _ _ 1 ; T 1
=5 Y FE{HQTSQ 1z + 5 Y YE{(BV ¢e(w)?H QTISRQ 5}
) L ———
+O0(p3).

Since %ziTQ_lEkQ_lzi = %tr(Q‘li)z + O(p_%) and %ZiTQ_lEkQ_léi = %tr(Q‘li)z +
O(pfé), by the trace lemma (Couillet and Debbah, 2011, Theorem 3.4) and Assumption 1,

2
N . 1 =
Ytr[cov{B}Ek] =7 [p1p2(dey + ) + ¢y Z pavar{fili > nyj, z € Co}] ];tf(Q '5)?

a=1

+O(p2). (54)

Using the shortcut notation 67 = var{f;|i > ny,z € C;} for k € {1,2}, we get by substi-
tuting (53) and (54) into (47) that

6% = [yp1p2(2cy + 1iegy)]” (2 — 1) TQTIELQ ™ (v — 1)

2
. io7 1 e
+ 42 [p1p2(4c[l] + mQC[u]) + ] E paag] ;)tr(Q 12)2 +op(1). (55)

a=1

Letting § = ¢y, we get by multiplying the both sides of (52) with ¢, that

Cly) = fppo(QC[l] + mc[u])(ljg — I/1)T (Ip - 'yc[u]i)_l (va —v1) +op(1).
And multiplying the both sides of (55) with c[2u] leads to
C[QU]&,% = |:p1p2(26[l] + mc[u])f 52(1/2 — I/l)TQ_IEkQ_I(VQ — 1)

2
+ [,01p2(4c[l] + mQC[u]) + Cpy Z paﬁg]pr_ltr(Q_li)Q +op(1). (56)

a=1
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~ 2 ~ .
Set 6% = > 2 _, pa62, we obtain

16 = [prpa(2cy; + inep)] € — 1) TQTIEQ ™ (e — 1)
+ [prpa(dey + iPery) + co?]€7p 1 tr(QTIE)? + op(1).
It is derived from the above equations that there exists a ¢ € R such that (1,62) =
(m(€),0%(€)) with m(€),0%(€) as given in (18) and (19). Let us denote by & the value of &
that allows us to access 7,62 at some given value of the hyperparameter e > 0 (which, as

we recall, was introduced in (8)). Notice that, as a direct consequence of (44) and (45), we
have

Cov{fi, fi} = 0(p™")

for 7,5 > np. With the same arguments, we get easily

Cov{f?, f{} =00,

which entails
1 - 1 " 1 _1
m”f[u]HQ: W Z ffz — Z E{fz2}+O(P 2) = prpam” + 0” + O(p~2).

u ’izn[l]-i-l n[u] izn[l]-‘rl

Therefore, the value & should satisfy, up to some asymptotically negligible terms, the
equation

plPQm(fe)Z + 02(66) = 62'

Note that the above equation does not give an unique & if & is allowed to take any value
in R. We need thus to further specify the admissible range of &, as e goes from zero to
infinity. We start by showing that m has always a positive value. With small adjustment
to (31), we have

(2 — 1) TS @ fin

_ 2 1
(Tfu=c'[L 0 0 0] K C[ll(’)“/’? +O0(p2)

0

1
n

with

K=U'RU+UTRUN'-UTRU)'UTRU.
We recall UTRU is of the form (29), and further remark that the matrix A in (29) is
of the form A = [all 0 ] as we have U] RU., by applying (30). As indicated in Sec-

0 a2
tion 3.2, for any e > 0, A has a value greater than which is determined by (10). The matrix

. -1
(x\InM — W[uu]> is thus definite positive. Since

3 Lot - r T -
- <)‘In[u1 - ]j(b[u]@[“] T nln[u]lnm>

=R+ RU(N™' = UTRU)"'UTR+ Oy (p™2),

()‘In[uJ - W[uu})
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K is definite positive with high probability. Notice also that
-1

-1
K=UTRU +UTRUN"' —UTRU)"'UTRU = {(UTRU) _ N} ,

meaning that

N12 1

te = {(UTRU)*1 - N} " det {(UTRU)*1 - N}'

We get thus Ki2 > 0 since det {(UTRU)_1 — N} = det {K‘l} > 0 due to the definite
positiveness of K, which implies that all the eigenvalues of K are positive. The fact that K

is definite positive implies also K11 > 0, otherwise we would have [1 O] K [(1)] =K <0.

Since
L7 —1 Tl 1
-6 =< Ki1(v2 — 1) ];q)[z]fm + Ki92¢pp1p2 | +O(p™2)
= 2p1p2(K11lve — v1||* + Kualngy /n) + O(p~2),

we get %(Tf[u] > 0 at large p. As

Ty = - CE{fu} + O ) = prpgn + O )

as a result of Cov{fi, f;} = O(p~'). We remark thus that 77 > 0 holds asymptotically for
any e > 0. Since 02 > 0 by definition, we have necessarily &, € (0,&up) for any e, as at
least one of m(&.),0?(&.) is negative (or not well defined) outside this range. It can also
be observed from the expressions (18)—(19) of m(&.) and o%(&.) that pipam?(€) + o2(€)
monotonously increases from zero to infinity as § increases from zero to &s.,. Therefore,
& € (0,&up) is uniquely given by

p1p2m(€e>2 —+ UQ(ﬁe) = 62'

In summary, for any e € (0,+0c0), we have that m = m(&.), 62 = 02(&) with functions
m(€),02(€) as defined in (18)—(19) and & € (0, &sup) the unique solution of pypam(&.)? +
02(&) = €% we get also from (56) the value of 67 as

6% =ci [prpe(2ey +m(€)e)]” € (e —11)TQT'BQT (v — 1)

2
+ ¢t [prpa(depy + m(Ee) ) + ey Y pac®(E)a] €207 tr(QTS)?
a=1

The proof of theorem 8 is thus concluded.
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Appendix B. Proof of Proposition 7
As the eigenvector of L associated with the smallest eigenvalue is Déln, we consider

D31,17D3

I =nD iWD"% —n
s 1TD1,

Note that ||LL| = O(1) according to (Couillet and Benaych-Georges, 2016, Theorem 1), and
if v is an eigenvector of Ly associated with the eigenvalue u, then it is also an eigenvector
of L/ associated with the eigenvalue —u + 1, except for the eigenvalue-eigenvector pair
(n, Déln) of Ly turned into (0, Déln) for LY. The second smallest eigenvector vy, of Ly
is the same as the largest eigenvector of L.

From the random matrix equivalent of L’ given by Couillet and Benaych-Georges (2016,
Theorem 1) and that of W expressed in (24), we have

/ 2
W = h(r)L, + WWT +0(p?)

where ¢ = [¢1,...,¢n] " with ¢ = ||z — E[||i]]?].
Recall that

dinter(v) = |]1F,U/n1 - ];—U/n2|
dingra(v) = [[v — (j{ v/n1)j1 — (43 v/n2)joll /v

for some v € R, and j; € R™ with k& € {1,2} the indicator vector of class k with [ji]; =1
if z; € C, otherwise [jx]; = 0.

Denote by Arap the eigenvalue of h(7)L’, associated with ULap, and Acr the eigenvalue
of W associated with Uetr- Under the condition of non-trivial clustering upon vy, with
dinter (VLap) /dintra(VLap) = O(1), we have j] vrap/+/nk = O(1) from the above expressions of
dinter (V) and dingra(v). The fact that j,IvLap /" = O(1) implies that the eigenvalue Apap
of h(7)L}, remains at a non vanishing distance from other eigenvalues of h(7)L! (Couillet
and Benaych-Georges, 2016, Theorem 4). The same can be said about W and its eigenvalue
)\ctr-

Let v be a positively oriented complex closed path circling only around Apap and Acgr.
Since there can be only one eigenvector of L, (W, resp.) whose limiting scalar product with
Jjr for k € {1,2} is bounded away from zero (Couillet and Benaych-Georges, 2016, Theorem
4), which is vrap (resp., vetr), we have, by Cauchy’s formula (Walter, 1987, Theorem 10.15),

I 7 2 1 ?{ 1 5 / -1,

- =—— ¢ — i (WL, — zI, d 1
nk(]kvLap) s q/nkjk( (T)Ls — 21n) " jrdz +op(1)
JL(ijt)2::._417 J;jT(ﬁ/-zI ) Ljkdz + 0p(1)

ng ke etr 211 Vnk k "

for k € {1,2}. Since W is a low-rank perturbation of L, invoking Sherman-Morrison’s
formula (Sherman and Morrison, 1950), we further have

BH ()29 (F (h(r) L, = 21,) ')
1+ (50 (r)2 /)T (h(r) L, — 2I,,) 1)

N W = 2L,) Yk = 5F (h(r) L, — zL,) ", + op(np).
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As ﬁjg(h(T)L; — 2I,) "% = op(1) (Couillet and Benaych-Georges, 2016, Equation 7.6),

we get

1 +,.- 1. 1 . 1.
— (W = 2I,) Yy = ;kjg(h(T)L; — 21,) Yk + op(1),

and thus

1. 1.
7(]]1’0[,%,)2 = 7(]]1Uctr)2 + Op(l),
ng ng

which concludes the proof of Proposition 7.

Appendix C. Asymptotic Matrix Equivalent for W

The objective of this section is to prove the asymptotic matrix equivalent for W expressed
n (24). Some additional notations that will be useful in the proof:

o for z; € Cp, k € {1,2}, 0, = x; — pp,, and 0 = [0y, --- ,0,]";
® [y = g — %Zi/ﬂ N g Ui = (U"Ck - %Zi/:l nk’trck’) /\/P
e ji € R™ is the canonical vector of Cg, i.e., [ji]; = 1 if x; € Ck and [ji]; = 0 otherwise;
o ¢ = (10:[1” = E[0:]%) / /P, ¢ = [¥1, - ¢ and ()7 = [(¥1)*, -+, (¥n)?] "
As wi; = h(]|x; — xjHQ/p = h(1) + O(p_%) for all i # j, we can Taylor-expand w;; =

h(||z; — z||*/p around h(7) to obtain the following expansion for W, which can be found
in the paper of Couillet and Benaych-Georges (2016):

LA
W = h(r)1,17 + 7

[ S — g %Zuaﬂ 423" ding(iorT

a,b=1 b=1

Pl + 1an+thyb1 +1, Ztaya]

-2 Z]b,uOTGT + 21, Z M°T9Td1ag (Ja) — 2901

h'(7) 24T
+2p|:(1/1) 1n+1 +thjbl +1 Zta]a

+2 Z tatbibda + 2 Z diag(jp)tstl), + 2 Z thpt) " + 2 Z 1,9 diag(ja)ta

a,b=1 b=1 a=1

+ 2¢Ztaj;r + 2¢wT:| + (h(O) B h(’T) +7'h,(7'))1n i O”H(p_%)

a=1
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Applying P, = (In — %lnll) on both sides of the above equation, we get
W =P,WP,

_ 2w(r . . .
[ > (g 1) dvja + Puf Z uSil + Z GO P, + P00 B,
a,b=1 a=1 b=1

h// 2
+ [ Z t tb]b.]a + th]bw P +Pn¢zta]a +Pn¢'¢TP

p a,b=1 b=1 a=1

+ (h(0) — I () + TR (1)) P + O(p~ %)
BT + (h(0) — h(r) + TH (7)) Pu + O (p7)

where the last equality is justified by

e 2] & o 2
TP = [ > (we up)ieda + P GZuaJa + ) deny 07 P+ P00 Py
a,b=1 b=1

h//
+ [ > tatejeda + thbw P, + inZtaya + Py T By |

p a,b=1 a=1

Equation (24) is thus proved.

Appendix D. Guarantee for approaching the optimal performance on
isotropic Gaussian data

The purpose of this section is to provide some general guarantee for the proposed centered
regularization method to approach the best achievable performance on isotropic high dimen-
sional Gaussian data, which was characterized in the recent work of Lelarge and Miolane
(2019). In this work, the considered isotropic data model is a special case of our analytical
framework, in which —p1 = s = pu, C1 = Co = I, and p; = p2. Reorganizing the results of
Lelarge and Miolane (2019), the optimally achievable classification accuracy in the limit of
large p is equal to

1-Q(Va)
with g, > 0 satisfying the fixed point equation

pllpl
pH11pl? (ng) + Eaon(ge g {tanh(2) }ng)

¢x = ||ull* - (57)

It is easy to see that the optimal accuracy is higher with greater ¢.. In parallel, reformulating
the results of Corollary 4 for some value of the hyperparameter e > 0 such that

m(ge)Q
m(&e)? + (&) ’

m(&e) = (58)
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Figure 7: Values of g(q) at various q.

the high dimensional classification accuracy achieved by the centered regularization method
is asymptotically equal to

1-Q(Vae)
with g. > 0 satisfying the fixed point equation

plu)?
p+ lul? (nn + 75170

g = |lpl* - (59)

Obviously, the fixed-point equations (57)-(59) are identical at n|,; = 0, meaning that
the centered regularization method achieves the optimal performance on fully labelled sets.
For partially labelled sets, the difference between (57) and (59) resides in the multiplying
factors before ny,). This means that, for a best achievable accuracy of 1 — Q(,/gx) at some
nyy and np,), the centered regularization method achieves, with the hyperparameter e set
to satisfy (58), the same level of accuracy with the same amount of labelled samples and
9(g«)np,) unlabelled ones where g(g«) = E.ar(q,,q.)1tanh(2) } (g« +1)/g«. The ratio function

Ezw]\/’(q,q) {tanh(z>}(q + 1)
q

is plotted in Figure 7. We remark also that lim, o+ g(¢) = 1 and limy ;. g(q) = 0.
Although the value of g(g) can get up to 1.168, the number of unlabelled samples required to
reach the optimal performance can be reduced with an optimally chosen e (which generally
does not satisfy (58)). In fact, even with the same numbers of labelled and unlabelled data,
the performance of centered regularization method at an optimally set e is often very close
to the best achievable one, as shown in Figures 5-6.

9(q) =
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