
An introduction to moduli spaces of curves
and their intersection theory

Dimitri Zvonkine

November 2, 2014

Abstract

This paper is an introduction to moduli spaces of Riemann sur-
faces, their Deligne-Mumford compactifications, natural cohomology
classes that they carry, and the intersection numbers between these
classes.

The paper is meant to be accessible, but reasonably short, with
an emphasis on examples, exercises, and methods of computations.
The foundations of the theory of moduli spaces on the other hand are
replaced by informal explanations.
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Introduction

This paper is an introduction to intersection theory on moduli spaces of
curves. It is meant to be as elementary as possible, but still reasonably
short.

The intersection theory of an algebraic variety M looks for answers to the
following questions: What are the interesting cycles (algebraic subvarieties)
of M and what cohomology classes do they represent? What are the inter-
esting vector bundles over M and what are their characteristic classes? Can
we describe the full cohomology ring of M and identify the above classes
in this ring? Can we compute their intersection numbers? In the case of
moduli space, the full cohomology ring is still unknown. We are going to
study its subring called the “tautological ring” which contains the classes
of most interesting cycles and the characteristic classes of most interesting
vector bundles.

Although it is known that for large g and n the rank of the tautological
ring is much smaller than that of the full cohomology ring of Mg,n, most
natural geometrically defined cohomology classes happen to be tautological
and it is actually not so simple to construct examples of nontautological
cohomology classes, see [15]. Tautological rings were conjectured to possess
an interesting structure by C. Faber and R. Pandharipande in [9], [10]. Some
of these conjectures are proved [26], [14], [16], while others are still open.
Another motivation to study the tautological rings is that they are sufficient
for all applications related to the Gromov–Witten theory.

To give a sense of purpose to the reader, we assume the following goal:
after reading this chapter, one should be able to write a computer program
evaluating all intersection numbers between the tautological classes on the
moduli space of stable curves, and to understand the foundation of every step
of these computations. A program like that was first written by C. Faber [8],
but our approach is a little different.

Other good introductions to moduli spaces include [18] and [33].
Section 1 is an informal introduction to moduli spaces of smooth and sta-

ble curves. It contains many definitions and theorems and lots of examples,
but no proofs.

In Section 2 we define the tautological cohomology classes on moduli
spaces. Simplest computations of intersection numbers are carried out.

In Section 3 we explain how to reduce the computations of all intersection
numbers of all tautological classes to those involving only the so-called ψ-
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classes. This involves a variety of useful techniques from algebraic geometry,
in particular the Grothendieck–Riemann–Roch formula.

Finally, in Section 4 we formulate Witten’s conjecture (Kontsevich’s the-
orem) that allows one to compute all intersection numbers among the ψ-
classes. Explaining the proof of Witten’s conjecture is beyond the scope of
this exposition.

Acknowledgement. The paper is based on a series of three lectures for
graduate students that the author gave at the Journées mathématiques de
Glanon in July 2006. I am deeply grateful to the organizers for the invitation.
I would also like to thank M. Kazarian whose unpublished notes on moduli
spaces largely inspired the third section of the paper. This work was partially
supported by the NSF grant 0905809 “String topology, field theories, and the
topology of moduli spaces”.
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1 From Riemann surfaces to moduli spaces

1.1 Riemann surfaces

Terminology. The main objects of our study are the smooth compact com-
plex curves also called Riemann surfaces with n marked numbered pairwise
distinct points. Unless otherwise specified they are assumed to be connected.

Every compact complex curve has an underlying structure of a 2-dimensional
oriented smooth compact surface, that is uniquely characterized by its genus g.

. . .
g = 1g = 0 g = 2

Example 1.1. The sphere possesses a unique structure of Riemann surface
up to isomorphism: that of a complex projective line CP1 (see [11], IV.4.1).
A complex curve of genus 0 is called a rational curve. The automorphism
group of CP1 is PSL(2,C) acting by(

a b
c d

)
z =

az + b

cz + d
.

Exercise 1.2. Check that this is, indeed, a group action.

Exercise 1.3. Prove that the automorphism group PSL(2,C) of CP1 allows
one to send any three distinct points x1, x2, x3 to 0, 1, and ∞ respectively
in a unique way.

Example 1.4. Up to isomorphism every structure of Riemann surface on
the torus is obtained by factorizing C by a lattice, that is, a discrete additive
subgroup L ' Z2 of C (see [11], IV.6.1). A complex curve of genus 1 is called
an elliptic curve. The automorphism group Aut(E) of any elliptic curve E
contains a subgroup isomorphic to E itself acting by translations.

Exercise 1.5. Prove that two elliptic curves C/L1 and C/L2 are isomorphic
if and only if L2 = aL1, a ∈ C∗.
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1.2 Moduli spaces

Moduli spaces of Riemann surfaces of genus g with n marked points can
be defined as smooth Deligne–Mumford stacks (in the algebraic-geometric
setting) or as smooth complex orbifolds (in an analytic setting). The latter
notion is simpler and will be discussed in the next section. For the time being
we define moduli spaces as sets.

Definition 1.6. For 2 − 2g − n < 0, the moduli space Mg,n is the set of
isomorphism classes of Riemann surfaces of genus g with n marked points.

Remark 1.7. The automorphism group of any Riemann surface satisfying
2 − 2g − n < 0 is finite (see [11], V.1.2, V.1.3). On the other hand, every
Riemann surface with 2− 2g − n ≥ 0 has an infinite group of marked point
preserving automorphisms. For reasons that will become clear in Section 1.3,
this makes it impossible to define the moduli spaces M0,0, M0,1, M0,2, and
M1,0 as orbifolds. (They still make sense as sets, but this is of little use.)

Example 1.8. Let g = 0, n = 3. Every rational curve (C, x1, x2, x3) with
three marked points can be identified with (CP1, 0, 1,∞) in a unique way.
Thus M0,3 = one point.

Example 1.9. Let g = 0, n = 4. Every curve (C, x1, x2, x3, x4) can be
uniquely identified with (CP1, 0, 1,∞, t). The number t 6= 0, 1,∞ is deter-
mined by the positions of the marked points on C. It is called the modulus
and gave rise to the term “moduli space”. The moduli spaceM0,4 is the set
of values of t, that is M0,4 = CP1 \ {0, 1,∞}.

Exercise 1.10. The rational curve (CP1, x1, x2, x3, x4) with pairwise distinct
xi’s is isomorphic to (CP1, 0, 1,∞, t). Compute t as function of x1, x2, x3,
x4.

Example 1.11. Generalizing the previous example, take g = 0 and an arbi-
trary n. Each curve (C, x1, . . . , xn) can be uniquely identified with (CP1, 0, 1,∞, t1, . . . , tn−3).
The moduli space M0,n is given by

M0,n = {(t1, . . . , tn−3) ∈ (CP1)n−3 | ti 6= 0, 1,∞, ti 6= tj}.

Example 1.12. According to Example 1.4, every elliptic curve is isomorphic
to the quotient of C by a rank 2 lattice L. The image of L ⊂ C is a natural
marked point on E. Thus M1,1 = {lattices}/C∗. Consider a direct basis
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(z1, z2) of a lattice L. Multiplying L by 1/z1 we obtain a lattice with basis
(1, τ), where τ lies in the upper half-plane H. Choosing another basis of the
same lattice we obtain another point τ ′ ∈ H. Thus the group SL(2,Z) of
direct base changes in a lattice acts on H. This action is given by(

a b
c d

)
τ =

aτ + b

cτ + d
.

We haveM1,1 = H/SL(2,Z). The matrix −Id ∈ SL(2,Z) acts trivially on H.
The group PSL(2,Z) = SL(2,Z)/ ± Id has a fundamental domain shown in
the next figure. The moduli space M1,1 is obtained from the fundamental
domain by identifying the arcs AB and AB′ and the half-lines BC and B′C ′.

−1 −1/2 0 1/2 1

C C’

B A B’

Note that the orbifold structure of M1,1 corresponds to the quotient
H/SL(2,Z) rather than H/PSL(2,Z).

Example 1.13. Let g = 2, n = 0. By Riemann–Roch’s theorem, every
Riemann surface of genus g carries a g-dimensional vector space Λ of abelian
differentials (that is, holomorphic differential 1-forms). Each abelian differ-
ential has 2g − 2 zeroes. (See [11], III.4.)

For g = 2, we have dim Λ = 2. Let (α, β) be a basis of Λ, and consider
the map f : C → CP1 given by the quotient f = α/β. (In intrinsic terms the
image of f is the projectivization of the dual vector space of Λ. Choosing a
basis in Λ identifies it with CP1.) The map f is of degree at most 2, because
both α and β have two zeroes and no poles. But f cannot be a constant
(because then α and β would be proportional to each other and would not
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form a basis of Λ) and cannot be of degree 1 (because then it would establish
an isomorphism between its genus 2 domain and its genus 0 target, which
is not possible). Thus deg f = 2. The involution of C that interchanges
the two sheets of f or, in other words, interchanges the two zeroes of every
holomorphic differential, is called the hyperelliptic involution. By an Euler
characteristic count (or applying the Riemann–Hurwitz formula, which is
the same) we obtain that f must have six ramification points, that is, six
distinct points in CP1 that have one double preimage rather than two simple
preimages. The six preimages of these points on C are the fixed points of
the hyperelliptic involution and are called Weierstrass points.

Summarizing, we see that giving a genus 2 Riemann surface is equiva-
lent to giving six distinct nonnumbered points on a rational curve. Thus
M2,0 = M0,6/S6, where S6 is the symmetric group. However, this equality
only holds for sets. The moduli spaces M2,0 and M0,6/S6 actually have dif-
ferent orbifold structures, because every genus 2 curve has an automorphism
that the genus 0 curve with six marked points does not have: namely, the
hyperelliptic involution.

1.3 Orbifolds

Here we give a minimal set of definitions necessary for our purposes. Readers
interested in learning more about orbifolds and stacks are referred to [3], [25],
[34].

1.3.1 Orbifold charts and atlases

A smooth complex (respectively, real) n-dimensional orbifold is locally iso-
morphic to an open ball in Cn (respectively, Rn) factorized by a finite group
action. Let us give a precise definition.

Let X be a topological space.

Definition 1.14. An complex (resp., real) orbifold chart on X is the follow-
ing data:

U/G
ϕ→ V ⊂ X,

where U ⊂ Cn (resp, U ⊂ Rn) is a contractible open set endowed with a
bi-holomorphic (resp., smooth) action of a finite group G, V ⊂ X is an open
set, and ϕ is a homeomorphism from U/G to V .
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We shall call an orbifold chart a chart.
Sometimes the chart will be denoted simply by V if this does not lead

to ambiguity. Note that the action of G is not necessarily faithful, that is, a
nontrivial subgroup of G can act trivially on U .

Definition 1.15. A chart

U ′/G′
ϕ′→ V ′ ⊂ X

is called a subchart of
U/G

ϕ→ V ⊂ X

if V ′ is a subset of V and there is a group homomorphism G′ → G and a holo-
morphic (resp., smooth) embedding U ′ ↪→ U such that (i) the embedding and
the group morphism commute with the group actions; (ii) the G′-stabilizer of
every point in U ′ is isomorphic to the G-stabilizer of its image in U ; (iii) the
embedding commutes with the isomorphisms ϕ and ϕ′.

The following figure shows a typical example of a sub-chart.

U
X

V

U V

Exercise 1.16. Two points x1 ∈ V1 and x2 ∈ V2 in two orbifold charts are
called locally equivalent of they are contained in two isomorphic subcharts
x1 ∈ V ′1 ⊂ V1 and x2 ∈ V ′2 ⊂ V2 and the isomorphisms sends x1 to x2. Classify
points in 1-dimensional complex and real orbifolds up to local equivalence.

Definition 1.17. Two orbifold charts V1 and V2 are called compatible if every
point of V1 ∩ V2 is contained in some chart V3 that is a subchart of both V1

and V2.

Note that any attempt to define a chart V1 ∩ V2 would lead to problems,
because V1 ∩ V2 is, in general, not connected and the preimages of V1 ∩ V2 in
U1 and in U2 are not necessarily contractible.

Definition 1.18. An atlas on a topological space X is a family of compatible
charts entirely covering X. A maximal atlas is an atlas that cannot be
increased by adding more charts. A smooth complex orbifold is a topological
space X together with a maximal atlas.
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Definition 1.19. Let X be an orbifold and x ∈ X a point. The stabilizer
of x is the stabilizer in G of a preimage of x in U under ϕ in some chart.
(By definition, if we choose another chart or another preimage we will get an
isomorphic stablizer, though the isomorphism is not canonical.)

Exercise 1.20. Let M is a smooth complex manifold endowed with an action
of a finite group G. Construct the natural orbifold atlas on X = M/G.

1.3.2 Maps, vector bundles, differential forms

All notions related to manifolds and possessing a local definition can be
automatically extended to orbifolds.

For instance, a differential form α on a chart V is defined as a G-invariant
differential form αU on U . The integral of α over a chain C ⊂ V is defined
as

1

|G|

∫
ϕ−1(C)

αU .

Further, a vector bundle over a chart V is defined as a vector bundle over
the open set U together with a fiberwise linear lifting of the G-action to the
total space of the bundle. We can define a connection on a vector bundle
and the curvature of the connection in the natural way.

Exercise 1.21. What is a vector bundle over the orbifold [point]/G?

Defining a morphism of orbifolds in general would lead us to new technical
difficulties. However it is easy to define a morphism of orbifolds in the case
where the fibers of the morphism are manifolds. This will be enough for our
purposes. The definition is similar to that of vector bundles.

Definition 1.22. A map of orbifolds f : X → Y with manifold fibers is a
continuous map of the underlying topological spaces f̂ : X̂ → Ŷ together
with the choice for every y ∈ Y of a chart ϕy : Uy/G → Vy containing y,
a holomorphic map F : Ux → Uy, a lifting of the G-action on Uy to Ux
commuting with F and an isomorphism ϕx of Ux/G with an open suborbifold
of X, such that ϕy ◦ F = f̂ ◦ ϕx.

The figure on the next page represents a morphism of orbifolds whose
fibers are tori and whose image is a curve inside Y . Note that the fibers of
f̂ are finite quotients of the fibers of F . When we talk about the fibers of a
map of orbifolds f we mean the latter and not the former.
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Ux

Uy

X̂

Ŷ

f̂F

ϕx

ϕy

1.3.3 Euler characteristic

This section will not be used in the sequel and can be skipped in first reading.

Definition 1.23. The Euler characteristic χ(X) of an orbifold X is defined
by

χ(X) =
∑
G

1

|G|
χ(XG),

where XG is the locus of points with stabilizer G.

For instance, the Euler characteristic of Rn with trivialG-action is (−1)n/|G|.

Exercise 1.24. Show that for a smooth manifold X endowed with a G-action
we have χ(X/G) = χ(X)/|G|.

Exercise 1.25. Let X be a compact complex connected 1-dimensional orb-
ifold such that the stabilizer of its generic point is trivial. Find the orbifold
like that whose Euler characteristic is negative, but as close to 0 as possible.

Exercise 1.26. Deduce from the previous exercise that if a finite group G
faithfully acts on a Riemann surface of genus g ≥ 2 by automorphisms then
|G| ≤ 84(g − 1).
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1.3.4 Homology and cohomology over Q.

Defining global characteristics of orbifolds, for instance, their cohomology
rings or their homotopy groups, is more delicate. For instance, the homotopy
type of [point]/G is K(G, 1). It is possible to define the ring H∗(X,Z) for
an orbifold X, but we will not do it here. Instead, we content ourselves with
the straightforward definition of the cohomology ring over Q.

Definition 1.27. The homology, resp. cohomology groups of an orbifold
over Q are defined as the homology, resp. cohomology groups of its underlying
topological space (also over Q).

Theorem 1.28 ([4]). Poincaré duality holds for homology and cohomology
groups over Q of smooth compact complex or real oriented orbifolds.

Remark 1.29. Let X be an orbifold and Y an irreducible sub-orbifold.
Denote by X̂ and Ŷ the underlying topological spaces. By convention, the

homology class [Y ] ∈ H∗(X,Q) = H∗(X̂,Q) is equal to 1
|GY |

[Ŷ ] ∈ H∗(X̂,Q),
where GY is the stabilizer of a generic point of Y .

Example 1.30. Consider the action of Z/kZ on CP1 by rotations and let
X be the quotient orbifold. Then the class [0] ∈ H0(X,Q) is 1/k times the
class of a generic point.

It turns out that the moduli space Mg,n (for 2 − 2g − n < 0) possesses
a natural structure of a smooth complex (3g − 3 + n)-dimensional orbifold.
Moreover, the stabilizer of a point t ∈ Mg,n is equal to the automorphism
group of the corresponding Riemann surface with n marked points Ct. Let
us explain how to endow the moduli space with an orbifold structure.

We say that p : C → B is a family of genus g Riemann surfaces with
n marked points if p is endowed with n disjoint sections si : B → C (so
that p ◦ si = Id) and every fiber of p is a smooth Riemann surface. The
intersections of the sections with every fiber of p are the marked points of
the fiber. If we have two families p1 : C1 → B1 and p2 : C2 → B2 and a subset
B′2 ⊂ B2, we say that the restriction of p2 to B′2 is a pull-back of p1 if there
exists a morphism ϕ : B′2 → B1 such that C2 restricted to B′2 is isomorphic
to the pull-back of C1 under ϕ.

Theorem 1.31 ([18], 2.C). Let C be a genus g Riemann surface with n
marked points, 2 − 2g − n < 0. Let G be its (finite) isomorphism group.
There exists
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(a) an open bounded simply connected domain U ⊂ C3g−3+n;

(b) a family p : C → U of genus g Riemann surfaces with n marked points;

(c) a G-action on C descending to a G-action on U and satisfying the
following conditions:

1. The fiber C0 over 0 ∈ C3g−3+n is isomorphic to C.
2. The action of G preserves C0 and acts as the symmetry group of C0.
3. For any family of smooth curves with n marked points CB → B such

that Cb is isomorphic to C for some b ∈ B, there exists an open subset
B′ ⊂ B containing b and a map ϕ : B′ → U , unique up to a composition
with the action of G, such that the restriction of the family CB → B
to B′ is the pull-back by ϕ of the family C → U .

Theorem 1.31 leads to a construction of two smooth orbifolds.
The first one, Mg,n, covered by the charts U/G, is the moduli space. It

follows from the theorem that the stabilizer of t ∈Mg,n is isomorphic to the
symmetry group of the surface Ct.

The second one, Cg,n is covered by the open sets C (these are not charts,
because they are not simply connected, but it is easy to subdivide them into
charts). There is an orbifold morphism p : Cg,n →Mg,n between the two.

Definition 1.32. The map p : Cg,n → Mg,n is called the universal curve
over Mg,n.

The fibers of the universal curve are Riemann surfaces with n marked
points, and each such surface appears exactly once among the fibers. If we
consider the induced map of underlying topological spaces p̂ : Cg,n → Mg,n,
then its fibers are of the form C/G, where C is a Riemann surface and G its
automorphism group.

Example 1.33. As we explained in Example 1.12, the moduli space M1,1

is isomorphic to H/SL(2,Z). The stabilizer of a lattice L in SL(2,Z) is the
group of basis changes of L that amount to homotheties of C. These can be
viewed as isomorphisms of the elliptic curve C/L. Thus the stabilizer of a
point in the moduli space is indeed isomorphic to the automorphism group
of the corresponding curve.
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(A) (B) (C)

The stabilizer of a generic lattice L (case A) is the group Z/2Z composed
of the identity and the central symmetry.

The stabilizer of the lattice Z+iZ (case B) is the group Z/4Z of rotations
by multiples of 90◦.

The stabilizer of the lattice Z + 1+i
√

3
2

Z (case C) is the group Z/6Z of
rotations by multiples of 60◦.

By abuse of language we will often “forget” that the moduli spaces are
orbifolds and treat them as manifolds, bearing in mind the above definitions.

Exercise 1.34. For g ≥ 2, a genus g surface with a Riemannian metric of
constant curvature −1 can be obtained by gluing together the opposite sides
of 4g-gon on the hyperbolic plane. For this to be possible the lengths of the
opposite sides of the 4g-gon should be pairwise equal and its angles should
add up to 2π. What is the dimension of the space of 4g-gons like that?
Compare it to the dimension of Mg,0.

Exercise 1.35. Compute the Euler characteristic of M1,1.

Exercise 1.36. Construct a family of genus 1 curves over C∗ with one
marked point such that all the fibers are isomorphic to a given elliptic
curve E, but the family is not isomorphic to C∗ × E. (This family shows
the difficulties one has to overcome to define maps between orbifolds in gen-
eral. Indeed, the family determines a map from C∗ to M1,1 in the sense of
orbifolds. This map is non-trivial even though its image is just one C-point.)

1.4 Stable curves and the Deligne–Mumford compac-
tification

As the examples of Section 1.2 show, the moduli space Mg,n is, in general,
not compact. We are now going to compactify it by adding new points that
correspond to the so-called “stable curves”. Let us start with an example.

14



1.4.1 The case g = 0, n = 4

As explained in Example 1.9, the moduli space M0,4 is isomorphic to CP1 \
{0, 1,∞}. A point t ∈ CP1 \ {0, 1,∞} encodes the following curve Ct:

(C, x1, x2, x3, x4) ' (CP1, 0, 1,∞, t).

What will happen as t → 0? At first sight, we will simply obtain a
curve with four marked points, two of which coincide: x1 = x4. However,
such an approach is unjust with respect to the points x1 and x4. Indeed,
without changing the curve Ct, we can change its local coordinate via the
map x 7→ x/t and obtain the curve

(C, x1, x2, x3, x4) ' (CP1, 0, 1/t,∞, 1).

What we now see in the limit is that x1 and x4 do not glue together any
longer, but this time x2 and x3 do tend to the same point.

Since there is no reason to prefer one local coordinate to the other, neither
of the pictures is better than the other one. Thus the right thing to do is to
include both limit curves in the description of the limit:

1

4 3

2

The right-hand component corresponds to the initial local coordinate x, while
the left-hand component corresponds to the local coordinate x/t. The com-
ponents intersect transversely (contrary to what the picture might suggest).

In can be, at first, difficult to imagine, how a sphere can possibly tend
to a curve consisting of two spheres. To make this more visual, consider the
following example. Let xy = t (or xy = tz2 in homogeneous coordinates) be
a family of curves in CP2 parameterized by t. On each of these curves we
mark the following points:

[x1 : y1 : z1] = [0 : 1 : 0], [x2 : y2 : z2] = [1 : t : 1],

[x3 : y3 : z3] = [1 : 0 : 0], [x4 : y4 : z4] = [t : 1 : 1].
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1

2

4

3

Then, for t 6= 0, the curve is isomorphic to CP1 with four marked points,
while for t = 0 it degenerates into a curve composed of two spheres (the
coordinate axes) with two marked points on each sphere.

Now we go back to the general case.

1.4.2 Stable curves

Stable curves are complex algebraic curves that are allowed to have exactly
one type of singularities, namely, simple nodes. The simplest example of a
curve with a node is the plane curve given by the equation xy = 0, that has a
node at the origin. The neighborhood of a node is diffeomorphic to two discs
with identified centers. A node can be desingularized in two different ways.
We say that a node is normalized if the two discs with identified centers that
form its neighborhood are unglued, i.e., replaced by disjoint discs. A node is
smoothened if the two discs with identified centers that form its neighborhood
are replaced by a cylinder.

Definition 1.37. A stable curve C with n marked points x1, . . . , xn is a
compact complex algebraic curve satisfying the following conditions. (i) The
only singularities of C are simple nodes. (ii) The marked points are distinct
and do not coincide with the nodes. (iii) The curve (C, x1, . . . , xn) has a
finite number of automorphisms.

Unless stated otherwise, stable curves are assumed to be connected.
The genus of a stable curve C is the genus of the surface obtained from C

by smoothening all its nodes.
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The normalization of a stable curve C is the smooth not necessarily con-
nected curve obtained from C by normalizing all its nodes.

Condition (iii) in the above definition can be reformulated as follows. Let
C1, . . . , Ck be the connected components of the normalization of C. Let gi
be the genus of Ci and ni the number of special points, i.e., marked points
and preimages of the nodes on Ci. Then Condition (iii) is satisfied if and
only if 2 − 2gi − ni < 0 for all i. In this form, the condition is, of course,
much easier to check.

The stable curve in the picture below is of genus 4.

A stable curve Its normalization This curve is not stable

Exercise 1.38. Let C be a stable curve of genus g with n marked points.
Then the Euler characteristic of C \ (marked points and nodes) equals 2 −
2g − n.

Exercise 1.39. Deduce from the previous exercise that there is only a finite
number of topological types of stable curves of genus g with n marked points.

Theorem 1.40 ([18], Chapter 4). There exists a smooth compact complex
(3g−3+n)-dimensional orbifoldMg,n, a smooth compact complex (3g−2+n)-
dimensional orbifold Cg,n, and a map p : Cg,n →Mg,n such that

(i) Mg,n ⊂Mg,n is an open dense sub-orbifold and Cg,n ⊂ Cg,n its preim-
age under p;

(ii) the fibers of p are stable curves of genus g with n marked points;
(iii) each stable curve is isomorphic to exactly one fiber;
(iv) the stabilizer of a point t ∈Mg,n is isomorphic to the automorphism

group of the corresponding stable curve Ct.

Definition 1.41. The spaceMg,n is called the Deligne–Mumford compacti-
fication of the moduli spaceMg,n of Riemann surfaces. The family p : Cg,n →
Mg,n is called the universal curve.
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This compactification was constructed by Deligne and Mumford [5] for
n = 0 and by Knudsen [23] in general. Sometimes it is also called the
Deligne–Mumford–Knudsen compactification.

Exercise 1.42. Find the limit in M0,6 of the following family of smooth
curves:

(C, x1, x2, x3, x4, x5, x6) = (CP1, 0, 1,∞, t, t2, 2t2)

as t→ 0.

Exercise 1.43. Let C be a fixed curve of genus g ≥ 1 with two marked
points x and y. Find the limit of C in Mg,2 as y tends to x while the curve
stays the same.

Exercise 1.44. Let Cε ⊂ CP2 be the curve given by y2 = x3 − εx, or
zy2 = x3 − εxz2 in homogeneous coordinates. The point p = [0 : 1 : 0] will
be marked. Find the limit in M1,1 of the family of curves (Cε, p) as ε→ 0.

Definition 1.45. The setMg,n \Mg,n parametrizing singular stable curves
is called the boundary of Mg,n.

The boundary is a sub-orbifold ofMg,n of codimension 1, in other words,
a divisor. The term “boundary” may lead one to think that Mg,n has a
singularity at the boundary, but this is not true: as we have already stated,
Mg,n is a smooth orbifold, and the boundary points are as smooth as any
other points ofMg,n. A generic point of the boundary corresponds to a stable
curve with exactly one node. If a point t of the boundary corresponds to a
stable curve Ct with k nodes, there are k local components of the boundary
that intersect transversally at t. Each of these components is obtained by
smoothening k− 1 out of k nodes of Ct. Thus the boundary is a divisor with
normal crossings in Mg,n. The figure below shows two components of the
boundary divisor in Mg,n and the corresponding stable curves.
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1.4.3 Examples

Example 1.46. We haveM0,3 =M0,3 = a point. Indeed, the unique stable
genus 0 curve with three marked points is smooth.

Example 1.47. Consider the projection p̃ : CP1 × CP1 → CP1 on the first
factor. Consider further four distinguished sections s̃i : CP1 → CP1 × CP1:
s̃1(t) = (t, 0), s̃2(t) = (t, 1), s̃3(t) = (t,∞), s̃4(t) = (t, t). Now take the
blow-up X of CP1×CP1 at the three points (0, 0), (1, 1), and (∞,∞) where
the fourth section intersects the three others. We obtain a map p : X → CP1

endowed with four nonintersecting sections. Its fiber over t ∈ CP1 \{0, 1,∞}
is the Riemann sphere with four marked points 0, 1, ∞, and t. The three
special fibers over 0, 1, and ∞ are singular stable curves. Thus the map
p : X → CP1 is actually the universal curve C0,4 →M0,4.

CP1 =M0,4

CP1

0

1

∞

0 1 ∞

s1

s2

s3

s4

C0,4

p

Example 1.48. The moduli space M1,1 is obtained from M1,1 by adding
one point corresponding to the singular stable curve:

We do not prove the compactness of Mg,n here, but illustrate it with
some more examples.

Exercise 1.49. Following exercise 1.43 let (C, x) be a fixed curve of genus g ≥
1 with one marked point and let D ∈ C be a small disc centered at x. Over
the punctured disc D∗ we have a natural family of smooth curves with two
marked points, namely, to y ∈ D∗ we assign the curve (C, x, y). Extend this
family to a family of stable curves over D.
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Exercise 1.50. As in Exercise 1.42 consider the following family of smooth
curves over the punctured unit disc:

(C, x1, x2, x3, x4, x5, x6) = (CP1, 0, 1,∞, t, t2, 2t2),

for t ∈ D∗. Extend this family to a family of stable curves over D.

Exercise 1.51. Following Exercise 1.44 consider the family of smooth curves
over ε ∈ D∗ given by Cε : y2 = x3 − ε3x, or zy2 = x3 − εxz2 in homogeneous
coordinates. The point p = [0 : 1 : 0] will be marked. Extend this family to
a family of stable curves over D. Show that the family y2 = x3 − εx cannot
be extended to a family of stable curves over D.

Exercise 1.52. In Example 1.13 we constructed a map M2,0 → M0,6/S6

that assigns to a genus 2 curve its quotient under the hyperelliptic involution
with 6 marked branch points. Does this map extend to a map M2,0 →
M0,6/S6?

Exercise 1.53. Construct a natural one-to-one correspondence between the
orbifoldsMg,n+1 and Cg,n. Don’t forget to consider the case of a stable curve
with n + 1 marked points that becomes unstable if we erase the (n + 1)st
marked point. (The statement of this exercise is reformulated and proved in
Proposition 2.2.)

1.4.4 The universal curve at the neighborhood of a node

As in Section 1.4.1, consider the map p : C2 → C given by (x, y) 7→ t = xy.
Then the fibers of p over t 6= 0 are smooth (and isomorphic to C∗) while
the fiber over t = 0 has a node (and is isomorphic to two copies of C glued
together at the origin).

It turns out that this example gives a local model for every node in every
universal curve.

Proposition 1.54 (See [18], 3.B, Deformations of stable curves). Let p : Cg,n →
Mg,n be the universal curve and z ∈ Cg,n a node in a singular fiber. Then
there is a neighborhood of z in Cg,n with a system of local coordinates T1, . . . , T3g−4+n, x, y
and a neighborhood of p(z) inMg,n with a system of local coordinates t1, . . . , t3g−3+n

such that in these coordinates p is given by

ti = Ti (1 ≤ i ≤ 3g − 4 + n), t3g−3+n = xy.
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2 Cohomology classes on Mg,n

In this section we introduce several natural cohomology classes on the moduli

spaces. The ring generated by these classes is called the tautological coho-
mology ring of Mg,n. Although it is known that for large g and n the rank
of the tautological ring is much smaller than that of the full cohomology
ring ofMg,n, most natural geometrically defined cohomology classes happen
to be tautological and it is actually not so simple to construct examples of
nontautological cohomology classes [15].

2.1 Forgetful and attaching maps

2.1.1 Forgetful maps

The idea of a forgetful map is to assign to a genus g stable curve (C, x1, . . . , xn+m)
the curve (C, x1, . . . , xn), where we have “forgotten” m marked points out
of n + m. The main problem is that the resulting curve (C, x1, . . . , xn) is
not necessarily stable. Assume that 2− 2g − n < 0. Then, either the curve
(C, x1, . . . , xn) is stable, or it has at least one genus 0 component with one
or two special points. In the latter case this component can be contracted
into a point. For the curve thus obtained we can once again ask ourselves
if it is stable or not, and if not find another component to contract. Since
the number of irreducible components decreases with each operation, in the
end we will obtain a stable curve (Ĉ, x̂1, . . . , x̂n) together with a stabilization
map (C, x1, . . . , xn)→ (Ĉ, x̂1, . . . , x̂n).

Definition 2.1. The forgetful map p : Mg,n+m →Mg,n is the map that as-
signs to a curve (C, x1, . . . , xn+m) the stabilization of the curve (C, x1, . . . , xn).

The following picture illustrates the action of p : M3,8 →M3,2.

1 3
2

4

7

5

6

8

1

2
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Proposition 2.2. The universal curve Cg,n → Mg,n and the forgetful map

Mg,n+1 →Mg,n are isomorphic as families over Mg,n.

Proof. A point t ∈ Mg,n+1 encodes a stable curve (C, x1, . . . , xn+1). Denote

by (Ĉ, x̂1, . . . , x̂n) the stabilization of (C, x1, . . . , xn) and by y ∈ Ĉ the image
of xn+1 under the stabilization. Then (Ĉ, x̂1, . . . , x̂n) is a point in Mg,n and

the pair ((Ĉ, x̂1, . . . , x̂n), y) is an element of Cg,n.
To understand this isomorphism more precisely, let us distinguish three

cases.
(i) Suppose the curve (C, x1, . . . , xn) is stable. Then

(Ĉ, x̂1, . . . , x̂n) = (C, x1, . . . , xn).

In this case y = xn+1 on the curve C = Ĉ.
(ii) Suppose xn+1 lies on a genus 0 component C0 of C that contains

another marked point xi, a node, and no other special points. Then Ĉ is
obtained from C by contracting the component C0, and x̂i is the image
of C0. In this case, y = x̂i.

(ii)
(i)

(iii)

Mg,n+1
Mg,n

Cg,n+1 Cg,n

xn+1

xi xn+1

xn+1

x̂i

(iii) Finally, suppose xn+1 lies on a genus 0 component C0 of C that, in
addition, contains two nodes, and no other special points. Then Ĉ is obtained
from C by contracting the component C0. In this case, y is the image of C0

and it is a node of Ĉ.
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It is easy to construct the inverse map and thus to prove that we have
constructed an isomorphism.

The above figure shows three points in Mg,n+1 and their images in Cg,n.

The following exercises show some uses of forgetful maps.

Exercise 2.3. Show the following cohomological relation in H2(M0,6,Q):
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Here each picture represents the boundary divisor whose points encode the
curves as shown or more degenerate stable curves. The equality is between
the Poincaré dual cohomology classes of these divisors.

Exercise 2.4. Let δirr ∈ M1,n be the boundary divisor consisting of stable
curves with at least one non-separating node:

δirr =

By abuse of notation we also write δirr ∈ H2(M1,n) for the Poincaré dual
cohomology class. Show that δ2

irr = 0.

2.1.2 Attaching maps

Let I t J be a partition of the set {1, . . . , n + 2} into two disjoint subsets
such that n+ 1 ∈ I, n+ 2 ∈ J . Choose two integers g1 and g2 in such a way
that g1 + g2 = g. Denote by Mg1,I the moduli space of stable curves whose
marked points are labeled by the elements of I, and likewise for Mg2,J .
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Definition 2.5. The attaching map of separating kind q : Mg1,I ×Mg2,J →
Mg,n assigns to two stable curves the stable curve obtained by identifying
the marked points with numbers n+ 1 and n+ 2.

The attaching map of nonseparating kind q : Mg−1,n+2 → Mg,n assigns
to a stable curve the stable curve obtained by identifying the marked points
with numbers n+ 1 and n+ 2.

2.1.3 Tautological rings: preliminaries

We will now start introducing tautological classes. The term “tautological
classes” was introduced by D. Mumford [31] along with a definition of the λ-
classes and κ-classes for moduli spaces without marked points. These classes
(that we introduce in Section 2.3) were later re-defined by S. Morita in the
topological setting [30]. The ψ-classes (that we introduce in Section 2.2) were
first defined by E. Miller in [27] and became truly important after E. Witten
formulated his conjecture [35] on their intersection numbers. We explain this
conjecture in Section 4.

Before going into details let us give a definition that motivates the ap-
pearance of these classes.

Definition 2.6. The minimal family of subrings R∗(Mg,n) ⊂ H∗(Mg,n)
stable under the push-forwards by all forgetful and attaching maps is called
the family of tautological rings of the moduli spaces of stable curves.

Thus 1 ∈ H0(Mg,n) lies in the tautological ring (since a subring contains
the unit element by definition), the classes represented by boundary strata
lie in the tautological ring (since they are images of 1 under attaching maps),
the self-intersection of a boundary stratum lies in the tautological ring, and
so on. Now we will give an explicit construction of other tautological classes.

The relative cotangent line bundle. Let p : Cg,n →Mg,n be the univer-
sal curve and ∆ ⊂ Cg,n the set of nodes in the singular fibers. Over Cg,n \∆
there is a holomorphic line bundle L cotangent to the fibers of the univer-
sal curve. We are going to extend this line bundle to the whole universal
curve. To do that, it is enough to consider the local picture p : (x, y) 7→ xy
(see Section 1.4.4). In coordinates (x, y), the line bundle L is generated by

the sections dx
x

and dy
y

modulo the relation d(xy)
xy

= dx
x

+ dy
y

= 0. Since the

restriction of the 1-form d(xy) on every fiber of p vanishes, the line bundle

24



thus obtained is indeed identified with the cotangent line bundle to the fibers
of Cg,n.

Definition 2.7. The line bundle L extended to the whole universal curve is
called the relative cotangent line bundle.

The restriction of L to a fiber C of the universal curve is a line bun-
dle over C. If C is smooth, then L|C is the cotangent line bundle and its
holomorphic sections are the abelian differentials, that is, the holomorphic
differential 1-forms. By extension, the holomorphic sections of L|C are called
abelian differentials for any stable curve. They can be described as follows.

Definition 2.8. An abelian differential on a stable curve C is a meromorphic
1-form α on each component of C satisfying the following properties: (i) the
only poles of α are at the nodes of C, (ii) the poles are at most simple,
(iii) the residues of the poles on two branches meeting at a node are opposite
to each other.

Example 2.9. The figure in Example 1.48 represents a stable curve obtained
by identifying two points of the Riemann sphere. On the Riemann sphere we
introduce the coordinate z such that the marked point is situated at z = 1,
while the identified points are z = 0 and z = ∞. In this coordinate, the
abelian differentials on the curve have the form λdz

z
. The residues of this

differential at 0 and ∞ equal λ and −λ respectively.

Exercise 2.10. Show that the space of abelian differentials on any genus g
stable curve with marked points has dimension g as in the case of a smooth
curve.

It follows from standard algebraic-geometric arguments (see [19], Exer-
cise 5.8) that, since the space of abelian differentials has the same dimention
for each fiber of the universal curve, these spaces actually form a rank g
holomorphic vector bundle over Mg,n.

Definition 2.11. The Hodge bundle Λ is the rank g vector bundle overMg,n

whose fiber over t ∈ Mg,n is constituted by the abelian differentials on the
curve Ct.

Remark 2.12. More generally, when we speak about meromorphic forms on
a stable curve with poles of orders k1, . . . , kn at the marked points x1, . . . , xn,
we will actually mean meromorphic sections of L with poles as above, or, in
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algebro-geometric notation, the sections of L(
∑
kixi). In other words, in

addition to the poles at the marked points, we allow the 1-forms to have
simple poles at the nodes with opposite residues on the two branches.

Exercise 2.13. Given a list of n nonnegative integers k1, . . . , kn find the
dimension of the space of sections of the line bundle L(

∑
kixi) restricted to

a stable curve C.

2.2 The ψ-classes

Definition of ψ-classes. First we construct n holomorphic line bundles
L1, . . . ,Ln overMg,n. The fiber of Li over a point x ∈Mg,n is the cotangent

line to the curve Cx at the ith marked point. More precisely, let si : Mg,n →
Cg,n be the section corresponding to the ith marked point (so that p◦si = Id).
Then Li = s∗i (L).

Definition 2.14. The ψ-classes are the first Chern classes of the line bun-
dles Li,

ψi = c1(Li) ∈ H2(Mg,n,Q).

2.2.1 Expressing ψi as a sum of divisors for g = 0

OverM0,n it is possible to construct an explicit section of the line bundle Li
and to express its first Chern class ψi as a linear combination of divisors.

For pairwise distinct i, j, k ∈ {1, . . . , n}, denote by δi|jk the set of stable
genus 0 curves with a node separating the ith marked point from the jth and
kth marked points.

j

ki

The set δi|jk is a divisor onM0,n and we denote by [δi|jk] ∈ H2(M0,n) its
Poincaré dual cohomology class.

Proposition 2.15. On M0,n we have ψi = [δi|jk] for any j, k.

Proof. We construct an explicit meromorphic section α of the dual cotangent
line bundle L over the universal curve. Its restriction to the ith section si of
the universal curve will give us a holomorphic section of Li. The class ψi is
then represented by the divisor of its zeroes.
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The meromorphic section α of L is constructed as follows. On each fiber of
the universal curve (i.e., on each stable curve) there is a unique meromorphic
1-form (in the sense of Remark 2.12) with simple poles at the jth and the
kth marked points with residues 1 and −1 respectively. This form gives us a
section of L on each stable curve. Their union is the section α of L over the
whole universal curve.

In order to determine the zeroes of the restriction α|si let us study α
in more detail. A stable curve C of genus 0 is a tree of spheres. One of
the spheres contains the jth marked point, another one (possibly the same)
contains the kth marked point. There is a chain of spheres connecting these
two spheres (shown in grey in the figure).

j

k

On every sphere of the chain, the 1-form α|C has two simple poles: one
with residue 1 (at the jth marked point or at the node leading to the jth
marked point) and one with residue −1 (at the kth marked point or at the
node leading to the kth marked point). The 1-form vanishes on the spheres
that do not belong to the chain. Thus α determines a nonvanishing cotangent
vector at the ith marked point if and only if the ith marked point lies on
the chain. In other words, α|si vanishes if and only if the curve C contains a
node that separates the ith marked point from the jth and the kth marked
points. But this is precisely the description of δi|jk. By a local coordinates
computation it is possible to check that α|si has a simple zero along δi|jk.

We conclude that the divisor δi|jk represents the class ψi.

Example 2.16. We have ∫
M0,4

ψ1 = 1,

because the divisor δ1|23 is composed of exactly one point corresponding to
the curve:
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Example 2.17. Let us compute the integral∫
M0,5

ψ1ψ2.

It is possible to express both classes in divisors and then study the inter-
section of these divisors, but this method is rather complicated, because it
involves a struggle with self-intersections. A better idea is to express the
ψ-classes in terms of divisors one at a time. We have

ψ1 = [δ1|23] = 1
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Now we must compute the integral of ψ2 over δ1|23. Each of the three com-
ponents of δ1|23 is isomorphic to M0,3 × M0,4, and we see that ψ2 is the
pull-back of a ψ-class either from M0,3 (for the first component) or from
M0,4 (for the second and the third components). In the first case, the inte-
gral of ψ2 vanishes, while in the second and the third cases it is equal to 1
according to Example 2.16. We conclude that∫

M0,5

ψ1ψ2 = 2.

Exercise 2.18. Let X be a smooth algebraic manifold, D ⊂ X a divisor
and L→ X and line bundle. Show that c1(L)∩D = c1(L|D). This property
was implicitly used in the last computation.

Exercise 2.19. Compute the integrals∫
M0,5

ψ2
1;

∫
M0,6

ψ3
1;

∫
M0,6

ψ2
1ψ2;

∫
M0,6

ψ1ψ2ψ3.

Exercise 2.20. Show that ∫
M0,n

ψn−3
1 = 1.

for any n ≥ 3.
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Exercise 2.21. Show that in H2(M0,n) we have

(n− 1)
n∑
i=1

ψi =
∑

ItJ={1,...,n}

|I| · |J | · [δI|J ].

Here the sum is taken over all unordered decompositions of the set {1, . . . , n}
into two subsets I and J with at least two elements; δI|J is the boundary
divisor of curves with a node separating the markings in I from the markings
in J ; and [δI|J ] is its Poincaré dual cohomology class. Hint: compute the sum∑

i,j,k[δi|jk] in two different ways.

Exercise 2.22. Let p be the forgetful map p : Mg,n+1 →Mg,n. Consider the
set of stable curves that contain a spherical component with exactly three
special points: a node and the marked points number i and n+ 1.

i

n +1

The points encoding such curves form a divisor δ(i,n+1) of Mg,n+1. Now we
can consider the class ψi ( 1 ≤ i ≤ n) both on Mg,n and on Mg,n+1. We
have

ψi − p∗(ψi) = [δ(i,n+1)].

Exercise 2.23. Let Di be the divisor of the ith special section in the uni-
versal curve p : Cg,n →Mg,n. Then we have p∗(D

k+1
i ) = (−ψi)k.

The last two exercises are discussed in [35], Section 2b.

2.2.2 Modular forms and the class ψ1 on M1,1

Recall that a lattice L ⊂ C is a discrete additive subgroup of C isomorphic
to Z2.

Definition 2.24. A modular form of weight k ∈ N is a function F on the
set of lattices such that (i) F (cL) = F (L)/ck for c ∈ C∗ and (ii) the function
f(τ) = F (Z + τZ) is holomorphic on the upper half-plane Im τ > 0, and
(iii) f(τ) is bounded on the half-plane Im τ ≥ C for any positive constant C.
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Since the lattice Z + τZ is the same as Z + (τ + 1)Z, the function f is
periodic with period 1. Therefore there exists a function ϕ(q), holomorphic
on the open punctured unit disc, such that f(τ) = ϕ(e2πiτ ). This function is
bounded at the neighborhood of the origin, therefore it can be extended to
a holomorphic function on the whole unit disc and expanded into a power
series in q at 0, which is the usual way to represent a modular form.

Since −L = L for every lattice L, we see that there are no nonzero
modular forms of odd weight. On the other hand, there exists a nonzero
modular form of any even weight k ≥ 4, given by

Ek(L) =
∑

z∈L\{0}

1

zk
.

(For odd k this sum vanishes, while for k = 2 it is not absolutely convergent.)
The value of the corresponding function ϕk(q) at q = 0 is equal to

ϕk(0) = lim
Imτ→∞

Ek(Z + τZ) =
∑

z∈Z\{0}

1

zk
= 2ζ(k).

The relation between modular forms and the ψ-class onM1,1 comes from
the following proposition.

Proposition 2.25. The space of modular forms of weight k is naturally

identified with the space of holomorphic sections of L⊗k1 over M1,1.

Proof. Let F be a modular form of weight k. We claim that F (L)dzk is a
well-defined holomorphic section of L⊗k1 over M1,1.

First of all, if C/L is any elliptic curve, then the value of F (L)dzk at the
marked point (the image of 0 ∈ C) is indeed a differential k-form, that is, an
element of the fiber of L⊗k1 . If we apply a homothety z 7→ cz, replacing L
by cL, we obtain an isomorphic elliptic curve. However, the k-form F (L)dzk

does not change, because F (L) is divided by ck, while dzk is multiplied by ck.
Thus F (L)dzk is a well-defined section of L⊗k1 .

The fact that this section is holomorphic over M1,1 follows from the
fact that f(τ) is holomorphic. The fact that it is also holomorphic at the
boundary point follows from the fact the function ϕ(q) is holomorphic at
q = 0.

Conversely, if s is a holomorphic section of L⊗k1 , then taking the value of s
over the curve C/L and dividing by dzk, we obtain a function on lattices L.
The same argument as above shows that it is a modular form of weight k.
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Proposition 2.26. We have ∫
M1,1

ψ1 =
1

24
.

Proof. We are going to give three similar computations leading to the same
result. Denote by fk(τ) and ϕk(q) the functions associated with the modular
form Ek. One can check (see, for instance [32], chapter VII) that in the
modular figure (i.e., on M1,1) the function f4 has a unique simple zero at

τ = 1
2
±
√

3
2
i, while f6 has a unique simple zero at τ = i. Further, the function(

ϕ4

2ζ(4)

)3

−
(

ϕ6

2ζ(6)

)2

has a unique zero at q = 0. The stabilizers of the corresponding points in
M1,1 are Z/6Z, Z/4Z, and Z/2Z respectively (see Example 1.33). Thus the
first Chern class of L⊗4

1 equals 1/6, that of L⊗6
1 equals 1/4, that of L⊗12

1

equals 1/2. In every case we find that the first Chern class of L1 equals
ψ1 = 1/24.

Exercise 2.27. Show that τ = i is indeed a zero of f6 while τ = 1
2
±
√

3
2
i

indeed a zero of f4.

Exercise 2.28. Denote by δ(irr), δ(1) ⊂M1,n the divisors

δ(irr) δ(1)

1

In other words, the points of δ(irr) encode curves with at least one nonseparat-
ing node; the points of δ(1) encode curves with a separating node dividing the
curve into a stable curve of genus 1 and a stable curve of genus 0 containing
the marked point number 1. Show that in H2(M1,n) we have the equality

ψ1 =
1

12
[δ(irr)] + [δ(1)].

2.3 Other tautological classes

All cohomology classes we consider are with rational coefficients.
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2.3.1 The classes on the universal curve

On the universal curve we define the following classes.

• Di is the divisor given by the ith section of the universal curve. In
other words, the intersection of Di with a fiber C of Cg,n is the ith
marked point on C. By abuse of notation we denote by Di ∈ H2(Cg,n)

the cohomology class Poincaré dual to the divisor.

• D =
∑n

i=1Di.

• K = c1(Llog) ∈ H2(Cg,n), where Llog = L(D) is the line bundle L
twisted by the divisor D.

• ∆ is the codimension 2 subvariety of Cg,n consisting of the nodes of the
singular fibers. By abuse of notation, ∆ ∈ H4(Cg,n) will also denote
the Poincaré dual cohomology class.

• Let N be the normal vector bundle to ∆ in Cg,n. Then we set

∆k,l = (−c1(N))k∆l+1.

To simplify the notation, we introduce two symbols ν1 and ν2 with the
convention ν1 + ν2 = −c1(N), ν1ν2 = c2(N). In other words, ν1 and ν2 are
the Chern roots of N∨ (see Definition 3.3). Since c2(N)∆ = ∆2, we also
identify ν1ν2 with ∆. Thus, even though the symbols ν1 and ν2 separately
are meaningless, every symmetric polynomial in ν1 and ν2 divisible by ν1ν2

determines a well-defined cohomology class. For instance, we have

∆k,l = ∆ · (ν1 + ν2)k(ν1ν2)l = (ν1 + ν2)k(ν1ν2)l+1.

Since ∆ is the set of nodes in the singular fibers of Cg,n, it has a natural
2-sheeted (unramified) covering p : ∆̃ → ∆ whose points are couples (node
+ choice of a branch). Over ∆̃ we can define two natural line bundles Lα
and Lβ cotangent, respectively, to the first and to the second branch at the
node. The pull-back p∗N of N to ∆̃ is naturally identified with L∨α ⊕ L∨β .
Thus, if P (ν1, ν2) is a symmetric polynomial, we have p∗(∆ · P (ν1, ν2)) =
∆̃ · P (c1(Lα), c1(Lβ)).
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2.3.2 Intersecting classes on the universal curve

Proposition 2.29. For all 1 ≤ i, j ≤ n, i 6= j we have

KDi = DiDj = K∆ = Di∆ = 0 ∈ H∗(Cg,n).

Proof. The divisors Di and Dj do not intersect, so the intersection of the
corresponding classes vanishes. Similarly, the divisor Di does not meet ∆,
so their intersection vanishes. The restriction of the line bundle Llog to Di

is trivial. Indeed, the sections of Llog are 1-forms with simple poles at the
marked points, and the fiber at the marked point is the line of residues, so
it is canonically identified with C. The intersection KDi is the first Chern
class of the restriction of Llog to Di. Therefore it vanishes. The restriction
of Llog to ∆ is not necessarily trivial. However its pull-back to the double-
sheeted covering ∆̃ is trivial (because the fiber is the line of residues identified
with C). Alternatively, one can say that (Llog)⊗2 is trivial. Therefore K∆ =
0.

Remark 2.30. A line bundle whose tensor power is trivial is called rationally
trivial. Although it is not necessarily trivial itself, all it characteristic classes
over Q vanish. This is the case of L|∆ = Llog|∆.

Corollary 2.31. Every polynomial in the classes Di, K, ∆k,l on Cg,n can be
written in the form

PK(K) +
n∑
i=1

Pi(Di) + ∆ · P∆(ν1, ν2),

while PK and Pi, 1 ≤ i ≤ n are arbitrary polynomials, while P∆ is a sym-
metric polynomial with the convention ν1ν2 = ∆, ν1 + ν2 = −c1(N).

Proof. Given a polynomial in Di, K,∆k,l, we can, according to the proposi-
tion, cross out the “mixed terms”, that is, the monomials containing products
DiDj, DiK, K∆k,l or Di∆k,l. We end up with a sum of powers of Di, powers
of K, and products of ∆k,l. Now, by definition, ∆k1,l1∆k2,l2 = ∆k1+k2,l1+l2+1.
Therefore a polynomial in the variables ∆k,l can be rewritten in the form
∆P∆(ν1, ν2), where P∆ is a symmetric polynomial.
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2.3.3 The classes on the moduli space

Let p : Cg,n → Mg,n be the universal curve. On the moduli space Mg,n we
define the following classes.

• κm = p∗(K
m+1) ∈ H2m(Mg,n).

• ψi = −p∗(D2
i ) ∈ H2(Mg,n).

• δk,l = p∗(∆k,l) ∈ Hk+2l+1(Mg,n).

• λi = ci(Λ) ∈ H2i(Mg,n), where Λ is the Hodge bundle and ci the ith
Chern class.

Thus, with the exception of the λ-classes, the tautological classes onMg,n

are push-forwards of tautological classes on Cg,n and their products.
Note that the new definition of ψ-classes coincides with Definition 2.14 by

Exercise 2.23. Also note that our definition of κ-classes follows the convention
of Arbarello and Cornalba [1].

Exercise 2.32. Describe the class δ0,0 more explicitly.

Exercise 2.33. Show that ∫
M1,1

λ1 =
1

24
.

Theorem 2.34. The classes ψi, κm, δk,l, and λi lie in the tautological ring
in the sense of Definition 2.6.

Proof. Let p : Mg,n+1 →Mg,n be the forgetful map. Then ψi = −p∗(δ2
(i,n+1)),

where δ(i,n+1) is defined in Exercise 2.22, while κm = p∗(ψ
m+1
n+1 ). The class δk,l

is the sum of push-forwards under the attaching maps of the class (ψn+1 +
ψn+2)k(ψn+1ψn+2)l. Thus all these classes lie in the tautological ring. The
class λi is expressed via the ψ-, κ-, and δ-classes in Theorem 3.27. It follows
that it too lies in the tautological ring.
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3 Algebraic geometry on moduli spaces

In the previous section we introduced a wide range of tautological classes on
the moduli spaceMg,n, namely, the ψ-, κ-, δ-, and λ-classes. Now we would
like to learn how to compute all possible intersection numbers between these
classes.

This is done in three steps.
First, by applying the Grothendieck–Riemann–Roch (GRR) formula we

express λ-classes in terms of ψ-, κ-, and δ-classes. This gives us an opportu-
nity to introduce the GRR formula and to give an example of its application
in a concrete situation.

Second, by studying the pull-backs of the ψ-, κ-, and δ-classes under
attaching and forgetful maps, we will be able to eliminate one by one the κ-
and δ-classes from intersection numbers.

The remaining problem of computing intersection numbers of the ψ-
classes is much more difficult. The answer was first conjectured by E. Wit-
ten [35]. It is formulated below in Theorems 4.4 and 4.5. Witten’s conjecture
now has at least 5 different proofs (the most accessible to a non-specialist is
probably [22]), and all of them use nontrivial techniques. In this note we will
not prove Witten’s conjecture, but give its formulation and say a few words
about how it appeared.

3.1 Characteristic classes and the GRR formula

In this section we present the Grothendieck–Riemann–Roch (GRR) formula.
But first we recall the necessary information on characteristic classes of vector
bundles, mostly without proofs.

3.1.1 The first Chern class

Definition 3.1. Let L → B be a holomorphic line bundle over a complex
manifold B. Let s be a nonzero meromorphic section of L and Z − P the
associated divisor: the set of zeroes minus the set of poles of s. Then [Z]−
[P ] ∈ H2(B,Z) is called the first Chern class of L and denoted by c1(L).

Exercise 3.2. Show that the first Chern class is well-defined, i.e., it does
not depend on the choice of the section.
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It turns out that c1(L) is a topological invariant of L. In other words, it
only depends on the topological type of L and B, but not on the complex
structure of B nor on the holomorphic structure of L. Actually, there exists
a different definition of first Chern classes using connections and their cur-
vatures. This definition does not involve the holomorphic structure at all.
In particular, it implies that if a vector bundle can be endowed with a flat
connection, then all its characteristic classes vanish.

3.1.2 Total Chern class, Todd class, Chern character

Let V → B be a vector bundle of rank k.

Definition 3.3. We say that V can be exhausted by line bundles if we can
find a line subbundle L1 of V , then a line subbundle L2 of the quotient
V1 = V/L1, then a line subbundle L3 of the quotient V2 = V1/L2, and so on,
until the last quotient is itself a line bundle Lk. This is equivalent to asking
that V has a complete flag of subbundles, with graded pieces L1, . . . , Lk. The
simplest case is when V =

⊕
Li.

If V is exhausted by line bundles, the first Chern classes ri = c1(Li) are
called the Chern roots of V .

Definition 3.4. Let V be a vector bundle with Chern roots r1, . . . , rk. Its
total Chern class is defined by

c(V ) =
k∏
i=1

(1 + ri);

its Todd class is defined by

td(V ) =
k∏
i=1

ri
eri − 1

;

its Chern character is defined by

ch(V ) =
k∑
i=1

eri .

The homogeneous parts of degree i of these classes are denoted by ci, tdi,
and chi respectively.
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If we know the total Chern class of a vector bundle, we can compute its
Todd class and Chern character (except ch0, which is equal to the rank of
the bundle). For instance, let us compute ch3. We have

ch3 =
1

6

∑
r3
i

=
1

6

(∑
ri

)3

− 1

2

(∑
ri

)(∑
i<j

rirj

)
+

1

2

∑
i<j<k

rirjrk

=
1

6
c3

1 −
1

2
c1c2 +

1

2
c3.

Exercise 3.5. Compute the expressions for ch1, ch2, td1, and td2 in terms
of Chern classes c1 and c2.

Not every vector bundle can be exhausted by line bundles. The character-
istic classes are defined in full generality by using the following proposition,
also called the splitting principle.

Proposition 3.6. For every vector bundle V → B there exists a proper map
of complex manifolds p : B′ → B such that p∗(V ) can be exhausted by line
bundles and the induced morphism p∗ : H∗(B,Z)→ H∗(B′,Z) in cohomology
is an injection.

Sketch of proof. Let V → B be a vector bundle and p : P(V ) → B its pro-
jectivization. Then the tautological line bundle over P(V ) is a subbundle of
p∗(V ) and p induces an injection from H∗(B,Z) to H∗(P(V ),Z). To prove
the proposition we apply this construction several times.

Thus, for instance, c(V ) is uniquely defined by the condition p∗(c(V )) =
c(p∗V ), and similarly for the Todd class and the Chern character. This way
of defining characteristic classes dates back to Grothendieck.

Remark 3.7. In general, given a power series f , one can assign to every
vector bundle the corresponding character and class. The character is given
by
∑
f(ri), while the class is given by

∏
f(ri). Thus for an exact sequence

0→ V1 → V2 → V3 → 0

of vector bundles, we have

class(V2) = class(V1) · class(V3),
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character(V2) = character(V1) + character(V3).

For instance, the Todd class is defined using the series

f(x) =
x

ex − 1
= 1− x

2
+
∑
n≥1

B2n

(2n)!
x2n,

where B2n are the Bernoulli numbers:

B2 =
1

6
, B4 = − 1

30
, B6 =

1

42
, B8 = − 1

30
, B10 =

5

66
, B12 = − 691

2730
, . . . .

One of the standard references for characteristic classes is [28]; for an
algebraic-geometric presentation see [13], Chapter 4.

Exercise 3.8. Let δirr ⊂ Mg,n be the divisor of curves with at least one
nonseparating node. Show that λg|δirr = 0.

Exercise 3.9. Find the mistake in the following “proof”.

Let C be a smooth curve. It is well-known that the fiber of
Λ∨ over C contains the lattice H1(C,Z), because every cycle in
H1(C,Z) represents a linear form on the space of holomorphic
differentials on C. The presence of this lattice insures that there
is a flat connection on the vector bundle Λ∨ over Mg,n. (The
lattice is no longer well-defined on the boundary of Mg,n, so the
flat connection does not extend to the whole Mg,n.) It follows
that the restrictions of all the classes λi to Mg,n vanishes.

Exercise 3.10. Show that the restriction of λg to Mg,n vanishes using a
corrected version of the wrong proof from the previous exercise.

3.1.3 Cohomology spaces of vector bundles

Our use of cohomology spaces of vector bundles is very limited, so we only
introduce them briefly. See [17], Chapter 0 for more details.

To a holomorphic vector bundle V over a smooth compact complex al-
gebraic variety B one assigns its Dolbeault cohomology spaces, Hk(B, V ),
k = 0, 1, . . . , dimB. These are the cohomology groups Ker ∂̄/Im ∂̄ of the
complex

0
∂̄→ A0,0(V )

∂̄→ A0,1(V )
∂̄→ A0,2(V )

∂̄→ · · · .
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The terms of this complex are the spaces of smooth V -valued differential
forms of type (0, k). In local coordinates, such a differential form has the
form ∑

si1,...,ik(z) dz̄i1 ∧ · · · ∧ dz̄ik ,

where si1,...,ik is a smooth section of V . Obviously, Hk(B, V ) = 0 for k >
dimB. We will use only two properties of the cohomology groups.

First, H0(V ) is the space of holomorphic sections of V . This follows
directly from the definition.

Second, let K be the canonical line bundle over B, in other words the
highest exterior power of the cotangent vector bundle. Let V ∨ be the dual

vector bundle of V . Then Hk(B, V ) and HdimB−k(B,K⊗V ∨) are dual vector
spaces. This property is called the Serre duality.

These definitions, which we gave in the case of a smooth complex mani-
fold B, can be generalized to any projective algebraic variety. In particular,
the Serre duality holds on a stable curve C if we replace the canonical line
bundle K by L|C .

3.1.4 K0, p∗, and p!

Let X be a complex manifold. Consider the free abelian group generated by
the vector bundles over X. To every short exact sequence

0→ V1 → V2 → V3 → 0

we assign the relation V1−V2 +V3 = 0 in this group. The Grothendieck group
K0(X) is the factor of the free group by all such relations.

We would obtain the same group if the vector bundles were replaced
by coherent sheaves, because every coherent sheaf has a finite resolution by
vector bundles.

The Chern character determines a group morphism ch: K0(X)→ H∗(X,Q)
from the Grothendieck group to the cohomology group of X.

Let p : X → Y be a proper morphism of complex manifolds (that is, the
inverse images of compact sets are compact). Then p induces a morphism

p∗ : H
∗(X,Q)→ H∗(Y,Q)

of cohomology groups (the fiberwise integration). It is defined by 〈p∗α,C〉 =
〈α, p−1(C)〉 for any cycle C ⊂ Y in general position.
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On the other hand, p also determines a morphism p! : K
0(X) → K0(Y ),

that we now describe.
Denote by Xy the fiber over a point y ∈ Y . Then we can consider the

cohomology spaces Hk(Xy, V ) (where V actually stands for the restriction
of V to Xy). For each k, the vector spaces Hk(Xy, V ) can be glued together
into a sheaf over Y . This sheaf is denoted by Rkp∗(V ). If the dimension of
all cohomology groups Hk(Xy, V ) do not depend on the point y, then the
sheaves Rkp∗(V ) are vector bundles and their fibers are actually equal to
Hk(p, V ). We will only apply the GRR formula in this situation. In the
general case, the construction of the sheaves Rkp∗(V ) is more complicated
and the fibers of Rkp∗(V ) do not necessarily coincide with Hk(Xy, V ) at every
point (see [19], Chapter III, Section 8).

The morphism p! of Grothendieck groups is now defined by

p!(V ) = R0p∗(V )−R1p∗(V ) + · · · .

Now we have the following diagram of morphisms.

K0(Y ) H∗(Y,Q)

K0(X) H∗(X,Q)

-

-

? ?

td(p)

p! p∗

ch

ch

The question is: is it commutative? The answer, given by the GRR formula,
is that it is not, but can be made to commute if we add a multiplicative
factor td(p).

3.1.5 The Grothendieck–Riemann–Roch formula

Let p : X → Y be a morphism of complex manifolds with compact fibers.
Let V be a vector bundle over X. Denote by

td(p) =
td(T∨X)

td(p∗(T∨Y ))
.

Theorem 3.11 (GRR, see [13], Chapter 9). We have

ch(p!F) = p∗ [ch(F)td(p)] .
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Exercise 3.12. Apply the GRR formula to the situation F → X → point,
where X is a compact Riemann surface and F is a sheaf.

Exercise 3.13. Apply the GRR formula to the situation F → X → X,
where X is a smooth complex manifold and the map p is the identity.

Exercise 3.14. Suppose D ⊂ X is a divisor. Apply the GRR formula to
the situation OD → D ↪→ X.

Exercise 3.15. Suppose x ∈ X is a point. Apply the GRR formula to the
situation Ox → x ↪→ X.

3.1.6 The Koszul resolution

The Koszul resolution (see [7], Chapter 17) is a tool that we will need to
apply the GRR to the universal curve, so let’s introduce it here.

Let p : V → X be a vector bundle over a smooth complex manifold X.
Then X is embedded in the total space of V by the zero section, X ⊂ V . On
the total space V , consider the sheaf OX supported on X. Its sections over
an open set U ⊂ V are the holomorphic functions on U ∩X. Thus the fiber
of OX over a point of X is C, while its fiber over a point outside X is 0.

It is always unpleasant to work with sheaves that are not vector bundles,
therefore we would like to construct a resolution of OX , in other words, an
exact sequence of sheaves that contains OX , but whose all other terms are
vector bundles.

Example 3.16. Suppose V is a line bundle. Then over the total space of V
there are two sheaves: the sheaf OV of holomorphic functions and the sheaf
OV (X) of holomorphic functions vanishing on X. The short exact sequence

0→ OV (−X)→ OV → OX → 0

is a resolution of OX .

Our aim is to generalize this example. Denote by V the pull-back of the
vector bundle V to the total space of V :

V X

V V

-

-

? ?
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Thus V is a vector bundle over the total space of V .
Denote by Ak(V) the sheaf of skew-symmetric k-forms on V. In partic-

ular, A1(V) is the sheaf of sections of V∨, while A0(V) = OV .
Let x be a point in X, v ∈ Vx a point in the fiber Vx over x, and α be a

skew-symmetric k-form on Vx. Then the form ivα obtained by substituting
v as the first entry of α is a skew-symmetric (k − 1)-form on Vx. Thus we
obtain a natural sheaf morphism d : Ak(V) → Ak−1(V) by substituting v
into α.

Denote by p the rank of V .

Theorem 3.17. The following sequence of sheaves in exact.

0→ Ap(V)→ Ap−1(V)→ · · · → A1(V)→ OV → OX → 0.

This exact sequence is called the Koszul resolution of the sheaf OX .

Proof of Theorem 3.17 in the case of a rank 2 vector bundle. For simplicity
we restrict ourselves to the case p = 2, since it is the only case that we will
need.

Choose an open chart in X and a trivialization of the vector bundle V
over this chart. Let t = (t1, t2, . . . ) be the local coordinates on the chart and
(x, y) the coordinates in the fibers of V . The maps d of the Koszul resolution
can be explicitly written out as

0 7−→ 0 · dx ∧ dy, (1)

f(t;x, y) dx ∧ dy 7−→ −yf(t;x, y) dx+ xf(t;x, y) dy, (2)

gx(t;x, y) dx+ gy(t;x, y) dy 7−→ xgx(t;x, y) + ygy(t;x, y), (3)
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h(t;x, y) 7−→ h(t; 0, 0), (4)

h(t; 0, 0) 7−→ 0. (5)

We must check that the image of each map coincides with the kernel of
the next map.

The image of the map (1) and the kernel the map (2) vanish.
The kernel of the map (3) is given by the condition xgx + ygy = 0. In

particular, this implies that gx is divisible by y, while gy is divisible by x.
Hence an element of the kernel lies in the image of the first map, since we
can take f = −gx/y = gy/x. Conversely, if gx = −yf and gy = xf , then
xgx + ygy = 0, hence the image of the map (2) is included in the kernel of
the map (3).

The kernel of map (4) and the image of the map (3) are composed of
maps that vanish at x = y = 0.

Finally, the map (4) is surjective and the map (5) takes everything to
zero.

Corollary 3.18. Let D ⊂ X be a smooth codimension 1 subvariety. We
have

1

td(OD)
=

D

1− e−D
.

Proof. This is immediately obtained from the exact sequence

0→ O(−D)→ O → OD → 0

by the multiplicative property of the Todd class.

Corollary 3.19. Let ∆ ⊂ X be a smooth codimension 2 subvariety. Denote
by ν1 and ν2 the Chern roots of its normal vector bundle. We have

1

td(O∆)
= 1 + ∆

∑
k≥1

B2k

(2k)!

ν2k−1
1 + ν2k−1

2

ν1 + ν2

,

where B2k are the Bernoulli numbers (see Remark 3.7).
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Proof. It is enough to consider a tubular neighborhood of ∆, which is iso-
morphic to a tubular neighborhood of ∆ in its normal bundle N . (As we
mentioned, the characteristic classes are topological invariants of vector bun-
dles. Therefore the characteristic classes of a sheaf supported on ∆ depend
only on its resolution in the neighborhood of ∆ in Cg,n, which is topologically
the same as the neighborhood of ∆ in the total space of N .)

The Koszul resolution gives us the following exact sequence of sheaves:

0→
∧2N∨ → N∨ → ON → O∆ → 0,

where ON is the sheaf of holomorphic functions on the total space of the
vector bundle N . Hence we have

1

td(O∆)
=

td(N∨)

td(
∧2N∨)

=
ν1

1− e−ν1
· ν2

1− e−ν2
· 1− e−(ν1+ν2)

ν1 + ν2

=
ν1ν2

ν1 + ν2

· 1− e−(ν1+ν2)

(1− e−ν1)(1− e−ν2)

=
ν1ν2

ν1 + ν2

· 1− e−ν1 + e−ν1 − e−(ν1+ν2)

(1− e−ν1)(1− e−ν2)

=
ν1ν2

ν1 + ν2

·
[

1

1− e−ν2
+

e−ν1

1− e−ν1

]
=

ν1ν2

ν1 + ν2

·
[

1

1− e−ν2
+

1

1− e−ν1
− 1

]
= 1 + ∆ ·

∑
k≥1

B2k

(2k)!

ν2k−1
1 + ν2k−1

2

ν1 + ν2

.

Exercise 3.20. Prove the Koszul resolution theorem for vector bundles of
any rank. Hint: proceed by induction on n by decomposing each differential
form α as α = α′ − dxn ∧ α′′.

Exercise 3.21. Let p : X ↪→ Y be an embedding of smooth manifolds and
N → X the normal vector bundle to X in Y . Let n be the rank of N .

a) Show that p∗(α) = cn(N) · α.

b) Apply GRR to the situation OX → X ↪→ Y .

c) Express both sides of the equality obtained in (b) in terms of Chern
roots of N and check that they do coincide.

44



3.2 Applying GRR to the universal curve

The aim of this section is to apply the GRR formula to the case where the
morphism of complex manifolds is the universal curve p : Cg,n →Mg,n, while
the vector bundle over Cg,n is the trivial line bundle O. We follow Mumford’s
paper [31].

A careful reader may wonder whether the GRR formula is applicable to
orbifolds. Such worries are well-founded, because in general it is not. As an
example, consider the line bundle L1 overM1,1. As we saw in Section 2.2.2,
the holomorphic sections of Lk1 are the modular forms of weight k. It is
well-known (see, for instance, [32], VII, 3, Theorem 4) that modular forms
are homogeneous polynomials in E4 and E6, which allows one to find the
dimension of H0(Lk1) and to work out the necessary modifications of the
Riemann–Roch formula in this example.

However, the GRR formula applies without changes to a morphism be-
tween two orbifolds if every fiber of the morphism is a compact manifold,
i.e., the orbifold structure of the fibers is trivial. This is, of course, true for
the universal curve, because its fibers are stable curves. If the fibers have
a nontrivial orbifold structure, the GRR formula must be modified to take
into account the stabilizers of different points of the fibers.

Taking a look at the GRR formula, we see that we must compute two
things: ch(p!O) and td(p). Here “compute” means express either via the ψ-,
κ-, δ-, and λ-classes (on the moduli space) or via the classes Di, K, ∆ and
ν1, ν2 (on the universal curve).

Proposition 3.22. We have p!O = C − Λ∨, where Λ is the Hodge bundle
(Definition 2.11) and C the trivial line bundle over Mg,n.

Proof. Let C be a stable curve. Obviously, H0(C,O) = C. By Serre’s
duality, the space H1(C,O) is dual to H0(C,L ⊗ O∨) = H0(C,L) = Λ. (In
Section 3.1.3 we only described the Serre duality over smooth manifolds, but
it can be extended to stable curves by using the line bundle L instead of the
cotangent line bundle.) Thus R1(p,O) is the dual of the Hodge bundle.

Corollary 3.23. We have

ch(p!O) = 1− ch(Λ∨).

Thus the left-hand side of the GRR formula involves λ-classes. Once we
have computed the right-hand side we will be able to express the λ-classes
via other classes.
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3.2.1 An exact sequence involving p

Computing the first ingredient of the GRR formula was easy, but the com-
putation of td(p) requires more work. If all the fibers of the universal curve
were smooth, there would have been an exact sequence relating the vector
bundles T∨Mg,n, T∨Cg,n and L. The Todd class td(p) would then be equal
to the Todd class of L. In reality, however, some fibers of p are singular
and the singularity locus is ∆. Therefore we will get a more complicated
expression for td(p), involving L and the sheaf O∆. We will then compute
use the expression for the Todd class of O∆ obtained in Corollary 3.19.

Denote by Llog = L(D1 + · · · + Dn) the relative dualizing sheaf twisted
by the divisors Di.

Proposition 3.24. The sequence

0 −→ p∗(T∨Mg,n)
(dp)∨−−−→ T∨Cg,n −→ Llog −→ Llog ⊗

(
O∆ ⊕

n⊕
i=1

ODi

)
−→ 0

is an exact sequence of sheaves over Cg,n.

Proof. The maps in this exact sequence are (i) the adjoint map of the dif-
ferential of p, (ii) the restriction of a 1-form on the tangent space to Cg,n to
the tangent space of a fiber, and (iii) restricting a section of L with allowed
simple poles at the marked points to ∆ ∪D1 ∪ · · · ∪Dn.

First consider the map p at the neighborhood of a point z ∈ Cg,n outside
of ∆ and the Di. Let t = p(z) ∈Mg,n be its image in the moduli space. The
cotangent space to Mg,n at t is injected in the cotangent space to Cg,n at z
by dp∨. The cokernel is the cotangent space to the fiber, i.e., L.

Second, consider a point z ∈ Di. The preceding paragraph would apply
witout changes if we replaced Llog by L in our sequence of sheaves. However,
because we have Llog, we get a cokernel equal to the restriction of Llog to Di.

Finally, take a point z ∈ ∆ and let t = p(z) ∈ Mg,n be its image in
the moduli space. Consider the model local picture where p has the form
p : (X, Y ) 7→ T = XY , where z is the point X = Y = 0 and t is the point
T = 0. According to Section 1.4.4, in the general case the local picture is
the direct product of our model local picture with a trivial map p : B → B.

In the model local picture, the vector bundle T∨Mg,n is the line bundle
generated by dT . The vector bundle T∨Cg,n is generated by dX and dY .
Finally, the line bundle L is generated by the sections dX

X
and dY

Y
modulo the
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relation dX
X

+ dY
Y

= 0. The maps of the sequence can be explicitly written
out as follows:

f(T )dT 7−→ Y f(XY ) dX +X f(XY ) dY, (i)

gX(X, Y ) dX + gY (X, Y ) dY 7−→
(
XgX(X, Y )− Y gY (X, Y )

)dX
X

=
(
−XgX(X, Y ) + Y gY (X, Y )

)dY
Y
,

(ii)

h(X, Y )
dX

X
7−→ h(0, 0). (iii)

These maps are very close to the maps of the Koszul resolution from
Theorem 3.17 and the proof of the exactness is literally the same.

Remark 3.25. It seems that we have complicated our exact sequence un-
necessarily by writing Llog instead of L. The purpose of this is to simplify
the subsequent computations. The author garantees that we gain more than
we lose by using Llog.

Corollary 3.26. We have

td(p) =
td(Llog)

td(O∆)
∏n

i=1 td(ODi
)
.

Proof. Using Proposition 3.24, we obtain

td(p) =
td(Llog)

td(O∆ ⊗ Llog)
∏n

i=1 td(ODi
⊗ Llog)

,

because the Todd class is multiplicative. On the other hand, we have

td(O∆ ⊗ Llog) = td(O∆), td(ODi
⊗ Llog) = td(ODi

).

Indeed, as we know, the restriction of the line bundle Llog to Di is trivial,
while its restriction to ∆ is rationally trivial. Hence all characteristic classes
of Llog on ∆ and Di are the same as for a trivial line bundle.
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3.2.2 Computing td(p)

Now we can put together the results of our computations to obtain the final
formula for td(p).

According to Corollary 3.26 we have

td(p) =
td(Llog)

td(O∆)
∏n

i=1 td(ODi
)
.

The todd class of Llog is immediately evaluated to be

td(Llog) =
K

eK − 1
.

The expressions for 1/td(ODi
) and 1/td(O∆) were given in Corollaries 3.18

and 3.19. Putting everything together we get

td(p) =
K

eK − 1

n∏
i=1

Di

1− e−Di

(
1 + ∆

∞∑
k=1

B2k

(2k)!

ν2k−1
1 + ν2k−1

2

ν1 + ν2

)
.

Now, taking into account that DiDj = Di∆ = KDi = K∆ = 0, we see
that the product in the expression for td(p) can be actually replaced by a
sum:

td(p) = 1+

(
K

eK − 1
− 1

)
+

n∑
i=1

(
Di

1− e−Di
− 1

)
+

(
∆
∞∑
k=1

B2k

(2k)!

ν2k−1
1 + ν2k−1

2

ν1 + ν2

)
.

Expanding the power series we get

td(p) = 1− 1

2
(K−

∑
Di)+

∑
k≥1

B2k

(2k)!

[
K2k −

n∑
i=1

D2k
i + ∆ · ν

2k−1
1 + ν2k−1

2

ν1 + ν2

]
.

3.2.3 Assembling the GRR formula

Finally, according to the GRR formula, the push-forward p∗ of td(p) is equal
to the class 1 − ch(Λ∨). For clarity, we separate this equality into homoge-
neous parts. Note that

chk(Λ
∨) =

∣∣∣∣ chk(Λ) if k is even,
−chk(Λ) if k is odd.
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Thus, for instance, in degree 0 we have

1− ch0(Λ∨) = 1− ch0(Λ) = −1

2
p∗(K−

∑
Di) = −1

2
(2g−2+n−n) = 1−g.

We obtain the following theorem.

Theorem 3.27. We have

ch0(Λ) = g,

ch2k(Λ) = 0,

ch2k−1(Λ) =
B2k

(2k)!

[
κ2k−1 −

n∑
i=1

ψ2k−1
i + δΛ

2k−1

]
,

where δΛ
2k−1 is the push-forward p∗ of the class ∆ · (ν2k−1

1 + ν2k−1
2 )/(ν1 + ν2).

A curious reader can check that

νp1 + νp2 =

[p/2]∑
l=0

(−1)l
p

p− l

(
p− l
l

)
(ν1ν2)l(ν1 + ν2)p−2l,

and hence the class δΛ
2k−1 is expressed via the standard classes δk,l as

δΛ
2k−1 =

k−1∑
l=0

(−1)l
2k − 1

2k − 1− l

(
2k − 1− l

l

)
δ2k−2−2l,l.

Theorem 3.27 expresses the Chern characters of the Hodge bundle via the
ψ-, κ-, and δ-classes. To conclude this section we show how to obtain similar
expressions for the classes λi = ci(Λ).

Exercise 3.28. Prove the equality

1 + λ1 + λ2 + · · ·+ λg = exp

(
ch1 − ch2 +

ch3

2!
− ch4

3!
+ · · ·

)
= exp

(
ch1 +

ch3

2!
+

ch5

4!
+ · · ·

)
,

where chk = chk(Λ).
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Exercise 3.29. Deduce from the previous exercise that every class λi is a
polynomial in the ψ-, κ-, and δ-classes.

Exercise 3.30. Show that c(Λ)c(Λ∨) = 1.

Exercise 3.31. Show that

λ1 =
1

12
(κ1 −

n∑
i=1

ψi + δ0,0);

λ2 =
1

2
λ2

1;

λ3 =
1

6
λ3

1 −
1

360
(κ3 −

n∑
i=1

ψ3
i + δ2,0 − 3δ0,1).

Exercise 3.32. Compute the integrals over M1,1 of the classes λ1, κ1, ψ1,
and δ0,0. Check the equality

λ1 =
1

12
(κ1 −

n∑
i=1

ψi + δ0,0)

on M1,1 numerically.

3.3 Eliminating κ- and δ-classes

In the previous section we expressed the λ-classes in terms of ψ-, κ-, and
δ-classes.

Now we will reduce any integral overMg,n involving ψ-, κ-, and δ-classes
to a combination of integrals involving only ψ-classes. This does not mean
that the κ- and δ-classes can be expressed in terms of ψ-classes. Indeed, the
integrals that we will obtain involve moduli spacesMg′,n′ with g′ and n′ not
necessarily equal to g and n. To do that, we will use computations with
attaching and forgetful maps.

Before going into our computations, recall the following basic property
that we will use.

Let f : X → Y be a morphism of smooth compact manifolds. Then f
induces two maps in cohomology: the pull-back f ∗ : H∗(Y,Q) → H∗(X,Q)
and the fiberwise integration f∗ : H

∗(X,Q) → H∗(Y,Q). If the cohomology
classes are represented by generic Poincaré dual cycles, then f ∗ and f∗ are
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the geometric preimage and image of cycles. Let α ∈ H∗(X,Q) and β ∈
H∗(Y,Q). In general f ∗(f∗(α)) 6= α (and these classes have different degrees).
Similarly, in general f∗(f

∗(β)) 6= β (and these classes also have different
degrees). Instead, the following equality is true:

f∗(αf
∗(β)) = f∗(α)β

and therefore ∫
X

αf ∗(β) =

∫
Y

f∗(α)β.

This property is called the projection formula.

3.3.1 Equivalence between Mg,n+1 and Cg,n
Recall that Mg,n+1 and Cg,n are naturally isomorphic as families over Mg,n

(see Proposition 2.2). Let us make a small dictionary between the tautologi-
cal classes defined on this family viewed as a moduli space and as a universal
curve.

Consider the set of stable curves that contain a spherical component with
exactly three special points: a node and the marked points number i and n+1.

i

n +1

The points encoding such curves form a divisor δ(i,n+1) of Mg,n+1.
Further, consider the set of stable curves that contain a spherical com-

ponent with exactly three special points: two nodes and the marked point
number n+ 1.

+1n

The points encoding such curves form a codimension 2 subvariety δ(n+1) of
Mg,n+1.

Lemma 3.33. Under the identification of Mg,n+1 with Cg,n, the divisor
δ(i,n+1) is identified with the divisor Di, the subvariety δ(n+1) is identified
with ∆, while the class ψn+1 is identified with K.
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Proof. The first two identifications follow immediately from the proof of
Proposition 2.2: they correspond to cases (ii) and (iii).

The identification of ψn+1 with K is more delicate. Recall that K is the
first Chern class of L(D). In case (i) of Proposition 2.2, the fiber of Ln+1

over Mg,n+1 is naturally identified with the fiber of L over Cg,n.
This identification fails in cases (ii) and (iii). However, case (iii) is not

important, since it only occurs on a codimension 2 subvariety, hence does
not influence the first Chern class. Case (ii), on the other hand, must be
inspected more closely.

A holomorphic section of L at the neighborhood of x̂i in the figure on
page 22 is a holomorphic 1-form on the fibers of Cg,n. It is naturally extended
by 0 on the genus 0 component containing xi and xn+1 (cf. Exercise 2.22).
Thus the sections of Ln+1 acquire an additional zero whenever we are in
case (ii). Thus Ln+1 is identified not with L but with Llog = L(D).

3.3.2 Eliminating κ-classes: the forgetful map

The contents of this and the next section are a reformulation of certain results
of [2].

Let p : Mg,n+1 →Mg,n be the forgetful map. Our aim is to compare the
tautological classes on Mg,n+1 and the pull-backs of analogous tautological
class from Mg,n. It turns out that the difference is easily expressed if we
consider Mg,n+1 as the universal curve over Mg,n.

Theorem 3.34. We have

ψn+1 = K, (1)

ψdi − p∗ψdi = (−Di)
d−1Di, (2)

κm − p∗κm = Km, (3)

δk,0 − p∗δk,0 = (−D)kD + (ν1 + ν2)k+1 − νk+1
1 − νk+1

2 , (4)

δk,l − p∗δk,l = (ν1 + ν2)k+1∆l for l 6= 0. (5)

Proof. We are going to prove Equalities (1), (2), and (3), leaving the last two
equalities as an exercise1.

(1) According to Lemma 3.33, we have ψn+1 = K.

1The last two equalities are not more complicated than then first three, but require
some juggling between ∆ ⊂ Cg,n, ∆ ⊂ Cg,n+1, and Mg,n+1 identified with Cg,n, which
makes the text of the proof rather ugly.
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(2) According to Exercise 2.22, we have ψi − p∗ψi = δ(i,n+1) ⇐⇒ ψi −
δ(i,n+1) = p∗ψi. On the other hand, the line bundle Li restricted to δ(i,n+1) is
trivial, hence ψiδ(i,n+1) = 0. Thus

(ψi − δ(i,n+1))
d = p∗ψdi ⇐⇒ ψdi + (−δ(i,n+1))

d = p∗ψdi

⇐⇒ ψdi − p∗ψdi = −(−δ(i,n+1))
d.

It remains to note that, according to Lemma 3.33, δ(i,n+1) is identified withDi.
(3) If p̃ : Cg,n+1 → Cg,n is the forgetful map for universal curves, we have

p̃∗K = K −Dn+1. On the other hand, KDn+1 = 0. Hence

(K −Dn+1)m+1 = p̃∗Km+1 ⇐⇒ Km+1 −Dm+1
n+1 = p̃∗Km+1.

The push-forward of this equality to the moduli spaces gives

κm − p∗κm = ψmn+1 = Km.

Corollary 3.35. Let Q be a polynomial in the variables κm, δk,l, ψ1, . . . , ψn.
Let Q̃ be the polynomial obtained from Q by the substitution κi 7→ κi−ψin+1.
Then we have ∫

Mg,n

κm Q =

∫
Mg,n+1

ψm+1
n+1 Q̃.

Proof. By definition, κm = p∗(K
m+1). By the projection formula, we obtain∫

Mg,n

p∗(K
m+1) ·Q =

∫
Cg,n=Mg,n+1

Km+1 · p∗Q.

According to Theorem 3.34, the pull-back p∗ modifies each term of the poly-
nomial Q. However most of these modifications play no role, because they
vanish when we multiply them by Km+1.

Indeed, the difference between ψdi and p∗ψdi is a multiple of Di, and we
know that DiK = 0. Similarly, the difference between δk,l and p∗δk,l is either
a multiple of ∆ (if l 6= 0), or a sum of a multiple of ∆ and a multiple of D
(if l = 0). But we know that K∆ = KD = 0.

The only remaining terms are κi, and for these the difference is important.
According to Theorem 3.34, we have p∗κi = κi −Ki. Recalling that K (on
Cg,n) is the same as ψn+1 (onMg,n+1), we obtain that we must replace every
κi in Q by κi − ψin+1. Thus we obtain exactly the polynomial Q̃ and the
assertion of the corollary.
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Corollary 3.35 allows us to express an integral involving at least one κ-
class as a combination of integrals with fewer κ-classes.

Exercise 3.36. Compute∫
M0,4

κ1,

∫
M0,5

κ2
1,

∫
M0,5

κ2,

∫
M0,5

κ1ψ1,

∫
M0,6

κ1κ2.

Exercise 3.37. Express the class κ1 ∈ H2(M1,2) in terms of boundary
divisors.

Exercise 3.38. Show that in H2(M0,n) the sum ψi+ψj+ψk does not depend
on i, j, k.

3.3.3 Eliminating δ-classes: the attaching map

Recall that ∆ ⊂ Cg,n is the set of nodes of the singular fibers. Take a singular
stable curve, choose a node, unglue the branches of the curve at the node and
number the two preimages of the node (there are two ways of doing that).
We obtain a new stable curve that has two new marked points. It can either
be connected of genus g − 1, or composed of two connected components of
genera g1 and g2, g1 + g2 = g. Denote by Msplit the disjoint union

Msplit =
⊔

I1∪I2={1,...,n}
g1+g2=g

Mg1,I1∪{n+1} × M̄g2,I2∪{n+2}
⊔
Mg−1,n+2.

We have actually proved the following statement.

Lemma 3.39. Msplit is a 2-sheeted covering of ∆.

The same 2-sheeted covering was previously denoted by ∆̃.
Denote by j : Msplit →Mg,n the composition Msplit

c→ ∆
p→Mg,n. The

image of j is the boundary δ0,0 =Mg,n \Mg,n of the moduli space.
A tautological class on Msplit is defined by taking the same tautological

class on every component of Msplit.
Our aim is now to study the difference between a tautological class on

Msplit and the pull-back of the analogous class from Mg,n.
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Theorem 3.40. We have

κm − j∗κm = 0, (1)

ψdi − j∗ψdi = 0, (2)

δk,l − j∗δk,l = (ψn+1 + ψn+2)k+1(ψn+1ψn+2)l. (3)

Proof. Equalities (1) and (2) follow from the obvious fact that ̃ ∗K = K and
̃ ∗Di = Di, where ̃ is the map of universal curves associated with j.

For Equality (3) we only sketch the argument.
First consider the case k = l = 0. Rewrite the equality as

j∗δ0,0 = δ0,0 − (ψn+1 + ψn+2).

The class j∗δ0,0 is almost the same as the self-intersection of the boundary
δ0,0 of the moduli space. More precisely, different connected components of
Msplit are degree 2 coverings of irreducible components of δ0,0, and we are
interested in the pull-backs of the intersections of these components with δ0,0.

Some of the intersection points encode stable curves with two nodes.
Such intersections are transversal and they give rise to the term δ0,0 in the
right-hand side.

But when we try to intersect a component of δ0,0 with itself we obtain a
nontransversal intersection. To determine the intersection in cohomology we
need to know the first Chern class of the normal line bundle to δ0,0 inMg,n.
It turns out that this first Chern class equals −j∗(ψn+1 + ψn+2).

This can be seen using a local model of the smoothening of a node. Let
B be a base manifold and T1, T2 two line bundles over B. Let T = T1 ⊗ T2.
Then we have a natural map (x, y) 7→ t = xy between the total spaces of the
bundles T1⊕T2 and T . In this local model the zero section of T corresponds
to δ0,0, the total space of T represents the neighborhood of δ0,0 inMg,n, and
T is the normal line bundle to δ0,0 in Mg,n. The line bundles T1 and T2 are
the tangent line bundles to the branches of the universal curve at the node.
Thus we see that c1(T ) = c1(T1) + c1(T2).

Thus the nontransversal intersection gives us the correction term−(ψn+1+
ψn+2) in the right-hand side of (3).

The case of general k and l is similar, since δk,l is the intersection of δ0,0

with (ν1 + ν2)k(ν1ν2)l, which is transformed into (ψn+1 + ψn+2)k(ψn+1ψn+2)l

on Msplit.
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Corollary 3.41. Let Q be a polynomial in variables κm, δk,l, ψ1, . . . , ψn. Let
Q̃ be the polynomial obtained from Q by the substitution

δi,j 7→ δi,j − (ψn+1 + ψn+2)i+1(ψn+1ψn+2)j.

Then we have∫
Mg,n

δk,l Q =
1

2

∫
Msplit

(ψn+1 + ψn+2)k(ψn+1ψn+2)l Q̃.

Proof. By definition,

δk,l =
1

2
j∗
(
(ψn+1 + ψn+2)k(ψn+1ψn+2)l

)
,

where the factor 1/2 appears because Msplit is a double covering of ∆. The
projection formula implies that

1

2

∫
Mg,n

j∗
(
(ψn+1 + ψn+2)k(ψn+1ψn+2)l

)
·Q

=
1

2

∫
Msplit

(ψn+1 + ψn+2)k(ψn+1ψn+2)l · j∗Q.

According to Theorem 3.40, every term of Q remains unchanged after a pull-
back by j, except for the terms δk,l, that are transformed according to the
rule

j∗δk,l = δk,l − (ψn+1 + ψn+2)k+1(ψn+1ψn+2)l.

In other words, j∗Q = Q̃, so we obtain the claim of the corollary.

Exercise 3.42. Compute the integrals∫
M1,1

δ0,0,

∫
M1,2

δ2
0,0,

∫
M1,2

δ0,1,

∫
M1,2

δ0,0κ1.

Corollary 3.41 allows us to express an integral involving at least one δ-
class as a combination of integrals with fewer δ-classes.

Applying Corollaries 3.35 and 3.41 several times allow us to reduce any
integral involving ψ-, κ-, and δ-classes to a combination of integrals involving
only ψ-classes. These integrals are the subject of the next section.
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4 Around Witten’s conjecture

Now our aim is to compute the integrals∫
Mg,n

ψd11 · · ·ψdnn .

4.1 The string and dilaton equations

Proposition 4.1. For 2− 2g − n < 0 we have∫
Mg,n+1

ψd11 . . . ψdnn =
n∑
i=1

∫
Mg,n

ψd11 . . . ψdi−1
i . . . ψdnn ;

∫
Mg,n+1

ψd11 . . . ψdnn ψn+1 = (2g − 2 + n)

∫
Mg,n

ψd11 . . . ψdnn .

These equations are called the string and the dilaton equations. We bor-
rowed their proof from Witten’s paper [35].

Proof. We will need to consider the line bundles Li both on Mg,n and on
Mg,n+1. We momentarily denote the former by L′i, 1 ≤ i ≤ n, the latter
retaining the notation Li, 1 ≤ i ≤ n + 1. Further, denote by ψ′i the first
Chern class of the line bundle L′i on Mg,n and, by abuse of notation, its
pull-back to Mg,n+1 by the map forgetting the (n + 1)st marked point. Let
ψi be the first Chern class of Li on Mg,n+1.

According to Exercise 2.22, we have

ψi = ψ′i + δ(i,n+1). (4)

Moreover, we have

ψi · δ(i,n+1) = ψn+1 · δ(i,n+1) = 0 (5)

(because the line bundles Li and Ln+1 are trivial over δ(i,n+1)) and

δ(i,n+1) · δ(j,n+1) = 0 for i 6= j (6)

(because the divisors have an empty geometric intersection).
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Let us first prove the string relation. We have

ψdi − (ψ′i)
d (1)

= δ(i,n+1)

(
ψd−1
i + · · ·+ (ψ′i)

d−1
) (2)

= δ(i,n+1) (ψ′i)
d−1,

where we set by convention (ψ′i)
−1 = 0. Thus

ψdi = (ψ′i)
d + δ(i,n+1) (ψ′i)

d−1.

It follows that∫
Mg,n+1

ψd11 . . . ψdnn

=

∫
Mg,n+1

[
(ψ′1)d1 + δ(1,n+1) (ψ′1)d1−1

]
. . .
[
(ψ′n)dn + δ(n,n+1) (ψ′n)dn−1

]
(3)
=

∫
Mg,n+1

(ψ′1)d1 . . . (ψ′n)dn +
n∑
i=1

∫
Mg,n+1

(ψ′1)d1 . . . δ(i,n+1)(ψ
′
i)
di−1 . . . (ψ′n)dn .

The first integral is equal to 0, because the integrand is a pull-back from
Mg,n. As for the integrals composing the sum, we integrate the class δ(i,n+1)

over the fibers of the projection Mg,n+1 → Mg,n. This is equivalent to
restricting the integral to the divisor δ(i,n+1), which is naturally isomorphic
to Mg,n. Finally, we obtain∫

Mg,n+1

ψd11 . . . ψdnn =
n∑
i=1

∫
Mg,n

(ψ′1)d1 . . . (ψ′i)
di−1 . . . (ψ′n)dn .

This proves the string relation.
Now let us prove the dilaton relation. We have∫

Mg,n+1

ψd11 . . . ψdnn ψn+1

(1)
=

∫
Mg,n+1

(
ψ′1 + δ(1,n+1)

)d1 . . . (ψ′n + δ(n,n+1)

)dn
ψn+1

(2)
=

∫
Mg,n+1

(ψ′1)d1 . . . (ψ′n)dn ψn+1

= (2g − 2 + n)

∫
Mg,n

(ψ′1)d1 . . . (ψ′n)dn .

The last equality is obtained by integrating the factor ψn+1 over the fibers
of the projection Mg,n+1 →Mg,n. This proves the dilaton relation.
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Exercise 4.2. Show that the string and the dilaton equations, together with
the initial conditions ∫

M0,3

1 = 1 and

∫
M1,1

ψ1 =
1

24

allow one to compute all integrals∫
Mg,n

ψd11 · · ·ψdnn

for g = 0, 1.

Exercise 4.3. Compute the integrals∫
M1,2

ψ2
1,

∫
M1,2

ψ1ψ2,

∫
M1,3

ψ2
1ψ2,

∫
M1,2

ψ1κ1,

∫
M2,0

δ0,1κ1.

4.2 KdV and Virasoro

It looks like we are very close to our goal of computing all intersection num-
bers of ψ-classes and thus of all tautological classes. However the last step
is actually quite hard; therefore we only formulate the theorems that make
it possible to compute the remaining integrals, but do not give the proofs.

Introduce the following generating series:

F (t0, t1, . . . ) =
∑

g≥0,n≥1

2−2g−n<0

∑
d1,...,dn

∫
Mg,n

ψd11 . . . ψdnn
td1 . . . tdn

n!
.

The coefficients of this series encode all possible integrals involving ψ-classes.

Theorem 4.4. The series F satisfies the following partial differential equa-
tion:

∂2F

∂t0∂t1
=

1

2

(
∂2F

∂t20

)2

+
1

12

∂4F

∂t40
.
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This partial differential equation is one of the forms of the Korteweg–
de Vries or KdV equation2. The result of Theorem 4.4 was conjectured by
E. Witten in [35] and proved by M. Kontsevich [24]. Today several other
proofs exist, [22] being, probably the simplest one.

Let G(p1, p3, p5, . . . ) be the power series obtained from F by the substi-
tution td = (2d− 1)!!p2d+1.

For k ≥ 1, denote by ak the operator of multiplication by pk and by a−k
the operator k ∂

∂pk
. Let a0 = 0.

Further, for any integer k define an operator bk by

bk =
1

2

∑
i+j=k

aiaj (k 6= 0), b0 =
1

8
+
∑
i≥0

aia−i.

Theorem 4.5. For every integer m ≥ −1 we have

(a−(2m+3) − b−2m)eG = 0.

These equations are called the Virasoro constraints.

Example 4.6. The Virasoro constraints corresponding to m = −1 and m =
0 are equivalent to the string and the dilaton equations.

For completeness let us also write out the Virasoro constraints for m ≥ 1
in terms of integrals of ψ-classes over moduli spaces. The concise expression
of Theorem 4.5 translates, for m ≥ 1, into the following identity:

(2m+ 3)!!

∫
Mg,n+1

ψd11 · · ·ψdnn ψm+1
n+1

=
n∑
i=1

(2di + 2m+ 1)!!

(2di − 1)!!

∫
Mg,n

ψd11 · · ·ψ
di+m
i · · ·ψdnn

+
1

2

∑
a+b=m−1

(2a+ 1)!!(2b+ 1)!!

∫
Mg−1,n+2

ψd11 · · ·ψdnn ψan+1ψ
b
n+2

+
1

2

∑
a+b=m−1

ItJ={1,...,n}
g1+g2=g

(2a+ 1)!!(2b+ 1)!!

∫
Mg1,I∪{n+1}

∏
i∈I

ψdii ψ
a
n+1

∫
Mg2,J∪{n+2}

∏
i∈J

ψdii ψ
b
n+2,

2The usual form of the KdV equation is ∂U/∂t1 = U∂U/∂t0 + 1
12∂

3U/∂t30 obtained by
differentiating our equation once with respect to t0 and letting U = ∂2F/∂t20.
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where a, b ≥ 0.
It is straightforward to see that the Virasoro constraints together with the

initial condition F = t30/6 + . . . determine the series F completely. Indeed,
the above equality expresses an integral over some moduli space via integrals
over other moduli spaces with smaller values of 2g − 2 + n.

A slightly more ingenious argument shows that the KdV and the string
equation, together with the initial condition F = t30/6 + · · · , determine F
uniquely. (For a proof see [35], Section 2a.) Thus Theorems 4.4 and 4.5
describe the same series F in two different ways. The equivalence between
these two theorems was first established in [6] and [12] before either of them
was proved.

A modern proof of both theorems can be found in [20]. We do not give it
here; instead we will say a few words about the origins of Witten’s conjecture
in 2-dimensional quantum gravity.

In general relativity, the gravitational field is a quadratic form of signature
(1, 3) on the 4-dimensional space-time. Since the problem of constructing a
quantum theory of gravity is extremely difficult, physicists started with a
simpler model of 2-dimensional gravity. In this model, the space-time is a
surface, while the gravitational field is a Riemannian metric on this surface.

The aim of a quantum theory of gravity is then to define and compute
certain integrals over the space of all possible Riemannian metrics on all pos-
sible surfaces. The space of metrics is infinite-dimensional and does not carry
a natural measure, therefore the definition of such integrals is problematic.
Physicists found two ways to give a meaning to integrals over the space of
metrics.

The first way is to replace Riemannian metrics by a discrete approxima-
tion, namely, surfaces obtained by glueing together very small equilateral
triangles. In this method, integrals over the space of metrics are replaced
by sums over triangulations. This leads to combinatorial problems of enu-
merating triangulations. These problems, although difficult, can be solved,
and the KdV equation appeared in the works devoted to the enumeration of
triangulations.

The second way to define infinite-dimensional integrals is to first perform
the integration over the space of conformally equivalent metrics.

Two Riemannian metrics are conformally equivalent if one is obtained
from the other by multiplication by a positive function. An equivalence class
of conformally equivalent metrics is exactly the same thing as a Riemann
surface. Indeed, one of the ways to introduce a complex structure on a

61



surface is to define a linear operator J acting on its tangent bundle such that
J2 = −1. The action of the operator is then interpreted as multiplication
of the tangent vectors by i. In the case where the surface is endowed with
a Riemannian metric, the operator J is simply the rotation by 90◦, and this
does not change if we multiply the metric by a positive function.

The space of positive functions is still infinite-dimensional, but it turns
out that one can perform the integration over this space by a formal trick. (It
would be more precise to say that the integral is defined in a meaningful way
and the trick serves as a motivation.) After that, there remains an integral
over the moduli space of Riemann surfaces. It so happens that this integral
is ∫

Mg,n

ψd11 . . . ψdnn .

What Witten’s conjecture actually says is that we obtain the same answer
using the two methods of defining infinite-dimensional integrals.

Solutions of exercises

Example .7. Recall the first equality of Example ??:

λ1 =
1

12
(κ1 −

∑
ψi + δ0,0).

This equality is true for all g and n, but let us consider the case g = n = 1.
We have (cf. Example ??)∫

M1,1

λ1 =
1

24
;

∫
M1,1

κ1 =

∫
M1,2

ψ2
2 =

∫
M1,1

ψ1 =
1

24
;

∫
M1,1

δ0,0 =
1

2
.

Thus we have checked that the expression for λ1 overM1,1 is indeed correct:
1/24 = 1/12 · (1/24− 1/24 + 1/2).

References

[1] E. Arbarello and M. Cornalba, Combinatorial and algebro-geometric
cohomology classes on the moduli spaces of curves. J. Algebraic Geom.
5 (1996), 705–749. 34

62



[2] E. Arbarello and M. Cornalba, Calculating cohomology groups of moduli
spaces of curves via algebraic geometry. Inst. Hautes Études Sci. Publ.
Math. 88 (1998), 97–127. 52

[3] K. Behrend, Localization and Gromov-Witten invariants. In Quantum
cohomology, Lecture Notes in Math. 1776, Springer-Verlag, Berlin 2002,
3–38 http://www.math.ubc.ca/˜behrend/preprints.html. 8

[4] K. Behrend, On the de Rham cohomology of differential
and algebraic stacks. Adv. Math. 198 (2005), no. 2, 583–622.
arXiv:arXiv:math/0410255. 12

[5] P. Deligne and D. Mumford, The irreducibility of the space of curves
of given genus. Inst. Hautes Études Sci. Publ. Math. 36 (1969), no. 1,
75–109. 18

[6] R. Dijkgraaf, E. Verlinde, and H. Verlinde, Loop equations and Vira-
soro constraints in nonperturbative two-dimensional quantum gravity.
Nuclear Phys. B 348 1991, no. 3, 43–456. 61

[7] D. Eisenbud, Commutative algebra. Grad. Texts in Math. 150, Springer-
Verlag, New York 1995. 41

[8] C. Faber, Algorithms for computing intersection numbers on moduli
spaces of curves, with an application to the class of the locus of Jaco-
bians. In New trends in algebraic geometry, London Math. Soc. Lecture
Note Ser. 264, Cambridge University Press, Cambridge 1999, 93–109. 3

[9] C. Faber, A conjectural description of the tautological ring of the moduli
space of curves. In Moduli of curves and abelian varieties, Aspects Math.
E33, Vieweg, Braunschweig 1999, 109–129. 3

[10] C. Faber and R. Pandharipande, Logarithmic series and Hodge integrals
in the tautological ring. With an appendix by Don Zagier. Michigan
Math. J. 48 (2000), 215–252. 3

[11] H. M. Farkas and I. Kra, Riemann surfaces. 2nd edition, Grad. Texts in
Math. 71, Springer-Verlag, New York 1992 5, 6, 7

[12] M. Fukama, H. Kawai, and R. Nakayama, Continuum Schwinger-Dyson
equations and universal structures in two-dimensional quantum gravity:
conformal gauge. Int. J. Mod. Phys. A 6 (1991), 1385–1406. 61

63

http://www.math.ubc.ca/~behrend/preprints.html
http://arxiv.org/abs/arXiv:math/0410255


[13] W. Fulton, Introduction to intersection theory in algebraic geometry.
CBMS Regional Conf. Ser. in Math. 54, Amer. Math. Soc., Providence,
R.I., 1984. 38, 40

[14] I. P. Goulden, D. M. Jackson, and R. Vakil, The moduli space of curves,
double Hurwitz numbers, and Faber’s intersection number conjecture.
Ann. Comb. 15 (2011), no. 3, 381–436. 3

[15] T. Graber and R. Pandharipande, Constructions of nontautological
classes on moduli spaces of curves. Michigan Math. J. 51 (2003), no. 1,
93–109. arXiv:arXiv:math/0104057. 3, 21

[16] T. Graber and R. Vakil, On the tautological ring of Mg,n. Turkish J.
Math. 25 (2001), no. 1, 1–7. 3

[17] P. Griffiths and J. Harris, Principles of algebraic geometry. Wiley Clas-
sics Lib., John Wiley & Sons, New York 1994 38

[18] J. Harris and I. Morrison, Moduli of curves. Grad. Texts in Math. 187,
Springer-Verlag, New York 1998. 3, 12, 17, 20

[19] R. Hartshorne, Algebraic geometry. Graduate Texts in Math. 52,
Springer-Verlag, New York 1997. 25, 40

[20] M. Kazarian, KP hierarchy for Hodge integrals. Adv. Math. 221 (2009),
no. 1, 1–21. arXiv:arXiv:0809.3263. 61

[21] M. Kazarian and S. Lando, Towards the intersection theory on Hurwitz
spaces. Izv. Ross. Akad. Nauk Ser. Mat. 68 (2004), no. 5, 82–113.

[22] M. Kazarian and S. Lando, An algebro-geometric proof of Witten’s con-
jecture. J. Amer. Math. Soc. 20 (2007), no. 4, 1079–1089. 35, 60

[23] F. F. Knudsen, The projectivity of the moduli space of stable curves II;
III. Math. Scand. 52 (1983), 161–199; 200–212. 18

[24] M. Kontsevich, Intersection theory on the moduli space of curves and
the matrix Airy function. Comm. Math. Phys. 147 (1992), no. 1, 1–23.
60

[25] E. Lerman, Orbifolds or stacks? Enseign. Math. (2) 56 (2010), no. 3–4,
315–363. arXiv:arXiv:0806.4160v2. 8

64

http://arxiv.org/abs/arXiv:math/0104057
http://arxiv.org/abs/arXiv:0809.3263
http://arxiv.org/abs/arXiv:0806.4160v2.


[26] E. Looijenga, On the tautological ring ofMg. Invent. Math. 121 (1995),
no. 2, 411–419. 3

[27] E. Miller, The homology of the mapping class group. J. Differential
Geom. 24 (1986), 1–14. 24

[28] J. W. Milnor and J. D. Stasheff, Characteristic classes. Ann. of Math.
Stud. 76, Princeton University Press, Princeton, N.J., 1974. 38

[29] G. Mondello, Riemann surfaces, ribbon graphs, and combinatorial
classes. In Handbook of Teichmüller theory (A. Papadopoulos, ed.), Vol-
ume II, EMS Publishing House, Zurich 2009, 151–215.

[30] S. Morita, Characteristic classes of surface bundles. Invent. Math. 90
(1987), 551–577. 24

[31] D. Mumford, Towards an enumerative geometry of the moduli space
of curve. In Arithmetic and geometry II (M. Artin and J. Tate, eds.),
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