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It is well known that every positive integer can be represented uniquely as
a sum of distinct, nonconsecutive Fibonacci numbers (see, e.g., Brown [1]).
This representation is called the Zeckendorf representation of the positive
integer. Other Zeckendorf-type representations where the Fibonacci numbers are
not mnecessarily consecutive are possible. Brown [2] considers one where a
maximal number of distinct Fibonacci numbers are used rather than a minimal
number.

We show here that every integer can be represented uniquely as a sum of
nonconsecutive Fibonacci numbers F; where ¢ < 0 and we specify an algorithm
that leads to this representation. We also show that no maximal representation
of this form is possible.

We note that for all integers <,

F-i = (_l)i-l-lFi
and
(1) Fiy1 = Fy + Fypog.
We note further that Fy = 0, F_y, F_3, F_g, ... are positive and F_,, F_y,
... are negative. Also for 7 > 1,
|F_z| < |Fosa].

The four lemmas below will show that the algorithm that follows them is
effective. ‘

Lemma 1: If n, k > 0 and -F_y; < n < F_5;_1 — 1 then, for some %, k > £ > 0,
“F_oks2e-1 S = Fogp-1 < =F_gpaoe+1 < 0.

If n = F—Zk—l - 1, then
n = F_gx_1 =-F_1.

PY’OOf.' If ‘F-Zk <n < F—Zk—l - 1, then

1L < Fpp-y —n<Fogoy +F gy,
i.e.,
L <Fogp-1-7n<Fooper = Fop-1-
Now every integer p > 1 is in a range 0 < Fy,_-3 < p < Fy,_; where m = 2.
We must, if p = F_5,_1 — 7n, then have m + & = k + 1 for some & > 0 and so:

0 < Fog-20-1 < Fogg-1 =71 =< Fop2e415
thus,

“Fogg+o0-1 <n = Fogp-1 < ~Foopegesr < 0.

Lemma 2: 1f n, k > 0 and F_p,1 < n < —F_o; then, for some %, kK > & > 0:
0 = =F_gpsnesz <71 = Fogper < -Foppiog-

Proof: If F_p 41 < n < -F_5,, then

0 <n = Fogpser < -Fopp = Foprais
so
0 <nm = Foppyr < ~Foppap = For-2.
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Now every positive integer p is in the range

0 < Fopoy <p < Fopop

where m = 2.

We must, if p = n - F_o;,1, then have m+ ¢ = k + 1 for some &, kK > £ > 0,
and so

o
IN

Fop—pg-2 <m = Foppy1 S Fog-ny»

0 < =Fprsopsn <7 = Fogpa1 < =Fopgio-

Lemma 3: 1If n < 0, k > 0, and 1+ F_y, <n<-F_y,,1 then, for some &, k > & > 0,

If n

0 < =Fopsopen <7 = Fogp < -Fogpypy.
= F‘Zk + 1,
n - F—Zk = F“l'

Pr’OOf: If 1 + F"Zk < n < _F-Zk"'l’ then

L <n=Foop <-Fgpsp = Foxp

and as in the proof of Lemmna 2,

thus,

0 S Fop_pgp < n=F_p <Fop_p, for some &, kK > & > 0;

0 < ~Fogrsonsp <71 = Fogp < =Fppyog-

Lemma 4: 1If n < 0, k > 0, and -F_o; 1 <n <F_p — 1 then, for some %, k > & > 0,

If n

“Fogke20-1 S = Fogp < =Fgrygeser < 0.
=Fox -1,
n - F—Zk = F—Z'

PV’OOf.' I1f _F—Zk-l <n < F—Zk - 1, then

SO

and,

L <Foop —n < Fogp + Fogp-1 = Fogrsts

L < Fogp =n< Fyy
as in the proof of Lemma 1,

0 < FZk—ZJL—l < F-Zk - n < FZk—Zl*f'l where kK > & > 1,

“Fogrs2n-1 S = Fogp < =Foppyops1 < 0.

Algorithm .Z: This algorithm produces, for a given integer, the promised sum of
Fibonacci numbers.

(1)
(2)

(3)

(4)
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If n = F_; for some %, then stop.

If n > 0 and for k > 0, sz < n < F2k+l’ i.e., —F_Zk <n < F—Zk"l’ write
nm=~F_p_1+ (n - F_y,_-1), and apply this algorithm to »n - F_,, -1, giving
the next term in the sum.

If n > 0 and for kK > 0, Fyp-) < n < Fop, ice., F_opyq <n < -F_p, write
n=F_ory1 + (n - F_gx4+1), and apply this algorithm to n - F_,;,1, giving
the next term in the sum.

If n < 0 and for k > 0, Fyp_y < -n < Foy, i.e., F_py < m < =F_5; 41, write
n=~F_o + (n- F_5), and apply this algorithm to n - F_, , giving the
next term in the sum. '
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(5) If n <0 and for kK > 0, ~Fpp < -n < Fppy1s ieeey, =F_pp_ 1 <7 < F_p, write
n=F_g + (n - F_y5), and apply this algorithm to n - F_,5, giving the
next term in the sum.

The algorithm terminates when, eventually,

moFeg = Fegy eee =Py, ey
Lemma 5: Algorithm Z produces a representation of any nonzero integer # as a
sum of Fibonacci numbers F; where © < 0 and any two of the {'s differ by at

least 2.

Proof: 1f after the application of (2), n - F_o,-1 % F_; for any j, we have, by
Lemma 1:
“Fogk+20-1 <M = Fopg-1 < =Fopgeoe+1 < 0, where & > 0.

By applying (4) or (5), the algorithm next considers n — F_op_1 = Foppyog -
If after (3), n — F_op4+1 2 F_;, by Lemma 2:

0 < =Foksge+2 <7 = Fogps1 < —F_pk4py > where & > 0.

By (2) or (3), the algorithm next comsiders 7 — F_op41 — Foopyop+1-
If after (4), n — F_y, # F_;, by Lemma 3:

0 < _F_2k+2£+2 <n - F-—Zk < —F_2k+22, where £ > 0.

By (2) or (3) the algorithm next considers 7 — F_j, ~ F_opi0041-
If after (5), n — F_y, # F_j, by Lemma 4:

“F_op+20-1 <M = Fopp < =F_pk42941 < 0, where £ > 0.
By (4) and (5), the algorithm next comsiders n — F_ox — F_or404 -
Thus, if the first stage of the algorithm produces n - F.; (< > 0), the
second produces n — F_; - F_;,p, where p > 2 and -2 + p < 0.
The same applies to later stages of the algorithm which therefore produces
Fibonacci numbers with subscripts at least two apart.

The next two lemmas are required to prove the uniqueness of this represen-
tation.
k
Lemma 6: (i) 2. F_p; =1 = F_pp-13

=1

K
(i1) 2:f12i+1 = —F_ox;
i<

k
(iii) 2 F; =1 = Fpyp.

=1
Proof: The proof is simple and is therefore omitted here.

Lemma 7: If i3 > i3 > -+« > 43 > 0 and, for 2 < j < h, 75 - 1541 2 2,
h
_F—i1+l < kglF-ik = —F_.,;I -1 if 7; is odd,
and

h
“Fog -1 < ;E Fop, < -F_j +1 if 71 is even.
=1
Proof: 1f ©; is odd, by Lemma 6:
F_il + F'il +3 + F"’:1+5 +eee + F-Z

IA
'™
&
X
I

<F-il +F_.,;1+2 +eoee + Fy

Fogp + 1 -F g 42

A

1]
&

~

< -Fog -1,
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h
S0, _F-i1+l <1 - F"il"'l < kle_ik < —F_.,:1 -1

If 7 is even, by Lemma 6:

h
Fgy +Foysp+ -or +Fy < kle‘”" SFoy +F g 43+ oo +Fg+F )
- h
1 -F g 1< ZF-Lk < =F_i +1-
=1

Theorem 1: Algorithm Z expresses every integer # as a unique sum of a minimal
number of distinct Fibonacci numbers F;, where ¢ < 0.

Proof: 1f n = 0, n = Fy.
If n # 0, by Lemma 5 the algorithm produces a sum of the form
h
n = E F_y, » where Tr 2 ix+1 + 2.
k=1

If the representation were not unique or not minimal, we would also have

m
n= 3 F_j » where ji 2 jp,1 + 2, and possibly m < h.
k=1

Let -7Zp and -jp be the first of these subscripts, if any, that are distinct
and assume %ip > j,. Then

h m
no=Fogy = oo = Fog )y = 2Py = ZF"jk'
k=p k=p
If ip and j, are odd, then, by Lemma 7,
h m
2 F. >-Fy.1 and =-Fj 2 2 F ;.
k=p k=p

Also, ip -2 = jp, and so ‘F—ip+1 > -F..jp -1, which is impossible.
If ip is odd and Jp is even, then

h m
kgpF_,;k is positive and kgpF_jk is negative

by Lemma 7.
Similarly, if ip is even and j, is odd, then

h m
kz-:pF_ik is negative and kz F_; 1is positive
- =p

by Lemma 7.
If 7p and j, are both even, then Zp - 2 2 j,, and by Lemma 7,

h m
ZF—ik < '"Fip +1 and _F—ip -1 < Z F_jk
k=p k=p
and also
“Fip el S 7o, -1
which is impossible.

Thus, for 1 < k <m, g = J-
If m < h, we have by the above:

m h
n = ZF—ik = ZF—ik’
k=1 k=1
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SO

If # > m+ 1, then by Lemma 7, if %,,; is odd, “F_i,+1 < 0, and if Zp4
is even, then 0 < -F_; ., +1, both of which are impossible.

If h =m+ 1, then F_;, = 0, which is impossible because i, # 0.

Therefore, the representation of # is unique and minimal.

As any representation of a number 7 as a sum of Fibonacci numbers

h
kglF_ik > where 2y > 49 > ««« > 1 > 0,

can be changed to

h-1
kglF—ik g1 T Fog -0

it is clear that there can be no maximal number of Fibonacci numbers in a given
sum.
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Author and Title Index for
The Fibonacci Quarterly

Currently, Dr. Charles K. Cook of the University of South Carolina at Sumter is working on an AUTHOR in-
dex, TITLE index and PROBLEM index for The Fibonacci Quarterly. In fact, the three indices are already com-
pleted. We hope to publish these indices in 1993 which is the 30th anniversary of The Fibonacci Quarterly. Dr.
Cook and I feel that it would be very helpful if the publication of the indices also had AMS classification
numbers for all articles published in The Fibonacci Quarterly. We would deeply appreciate it if all authors of ar-
ticles published in The Fibonacci Quarterly would take a few minutes of their time and send a list of articles with
primary and secondary classification numbers to
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