GIRARD-WARING TYPE FORMULA
FOR A GENERALIZED FIBONACCI SEQUENCE

KAI WANG

ABsTRACT. Let f(z) = z* + a12®™' 4+ --- 4 ax be a monic polynomial of degree k > 2

with distinct roots {z;|i = 1,...,k}. Let f'(x) be the derivative of f(x), P, = z7/f (x1) +
zy [f'(z2) + -+ ¢/ f'(zx) and Q, = 2T + x5 + -+ + z}; P, is a generalized Fibonacci
sequence and @, is a generalized Lucas sequence. We have a Girard-Waring type formula for
Py:
Jitg2 4+ 4!

Jilgale - !

Po= Y (—a) (—aa) - (—a -
J1sesdk
where the indices j1, j2, ..., jr satisfy j1 +2j2 + - -+ kjp =n — k + 1.
We have formulas for the generating function for P,, and Qn:

Gp(x) = (1/2)/f(1/x), Go(z) = (1/x)f'(1/x)/f(1/).

1. INTRODUCTION

1.1. Fibonacci Numbers And Lucas Numbers. The famous Fibonacci numbers F, is a
sequence of integers, start with 0 and 1. Then the subsequent numbers are equal to the sum
of the two previous numbers. The Lucas numbers L,, are a companion sequence of Fibonacci
numbers. It starts with 2 and 1. Then the subsequent numbers are equal to the sum of the two
previous numbers. In other words, they satisfy the recurrence relation: s(n) = s(n—1)+s(n—2)
for n > 2.

Then 22 — x — 1 = 0 is the characteristic equation for both F,, and L,. Let « and 8 be
the roots of this equation. We then have Binet’s formulas for Fibonacci numbers and Lucas
numbers.

Theorem 1.1.

_an_ﬁn_ a™ an
F, = P _a—5+/3—a' (1.1)
L, =a"+ 8" (1.2)

Both F;, and L,, have very elegant sum formulas.

Theorem 1.2.

F, = > (i)t (1.3)

il g!
i>0,j>0,i+2j=n—1

L, = Z M (1.4)

il 5!
1>0,7>0,i+25=n
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1.2. Girard-Waring Formula. Let f(z) = E?:o a;z*~ be a monic polynomial of degree
k > 2 with roots {z; | i = 1,...,k} so that f(z) = Hle(a: — z;). There is a well-known
Girard-Waring formula for the power sums of the roots [I].

Theorem 1.3.

k. k ‘
Z xy = Z n(Ximgji —1)! H(_ai)]i' (1.5)
i=1

ko oy
=1 {]Lzo}ic::“z:f:l 7/]2:71 HZ:l j’L.

1.3. Motivation. As suggested in [I], we may consider Zle x' as a generalization of the
Lucas numbers. Inspired by [I], we have tried to find a generalization of Fibonacci numbers
and to have a sum formula which is analogous to the Girard-Waring formula. This is the
motivation of this research. In the literature, there are many generalizations of the Fibonacci
sequence and the Lucas sequence with different names and different assumptions [I, (3], [4, [6] [7].
We finally decide on a generalization of Fibonacci numbers which is presented in this paper.
This definition includes many previously known generalizations of Fibonacci numbers, Pell
numbers, the tribonacci sequence, etc., as special cases. In our definition, we use the derivative
f/(z). This derivative also appears naturally in the generating functions and identities for
generalized sequences.

In this paper we will also study the generating functions for this generalization.

This paper is organized as follows:

Section [2 - Definition of the generalized Fibonacci sequence.

Section [3| - Formulas of generating functions for the generalized Fibonacci sequence and the
generalized Lucas sequence.

Section [4 - Sum formula for the generalized Fibonacci sequence.

Section [5] - An identity where @, is a sum of entries for P,.

2. DEFINITION

Let f(z) = Z?:o a;z*% = 0 be a monic polynomial of degree k > 2 with roots {z; | i =
1,...,k} where {a; | i =0,...,k} are not necessarily integers. We assume that f(z) has simple
roots {z; | i =1,...,k}, ap = 1 and a, # 0. We will define sequences P, and @Q,, in terms of
powers of {z; |i=1,...,k}. Let f(x) be the derivative of f(z).

Definition 2.1. Let the generalized Fibonacci sequence P, be defined by the equation

koogm
P, = Z; f’(;c@-)' (2.1)

Let the generalized Lucas sequence Ly, be defined by the equation

(]

k
Qn = Zx? (2'2)
=1

3. GENERATING FUNCTIONS

By definition, an (ordinary) generating function of the sequence {s; | i = 0,...} is a formal
series

Gs(z) = isle
i=0
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In this section, as in the introduction, let f(x) = Ef:o a;z*~" be a monic polynomial of

degree k > 2, ag = 1 and a; # 0 with simple roots. We will prove formulas for generating
functions for the sequences Py, Q.

3.1. Gp(x). We will need the following lemma which can be proved easily using partial frac-
tions.

Lemma 3.1.

k
'1::253 1‘ L - (3.1)

Proof. By assumption,

Consider the partial fraction for f(z),

I oy
F@) = e

It follows that
k

k
Zyi H (x —zj) = 1.

=1 =l

Foreachi=1,...,k, let z = x;,
k
Yi H (:Ui—l‘j):l
=L
It follows that
1 1
Yi = = .

H?:l,j;ﬁi(mi —aj) i)

This proves the Lemma O

Theorem 3.2. The generating function for the sequence P, is given by

Gp(a) =2~/ fa™). (3.2)
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Proof. By Lemma [3.1

n=0
0 k
=3 (Xt )
n=0 \i=1 f/(xi)
k 1 [e'S)
-3 g (o)
i=1 fi(zi) (n:O
S
pat ) 1—axx
k
1 1
-1
=z
; fl(@i) ot —ay
fah)
O
Corollary 3.3. With above notations, P, is a sequence with initial values
PUZ()?---)P]C*Z:O’Pkfl:l?
satisfying the recurrence relation
k
Pn = — ZaiPk,i.
i=1
Proof. By assumption, f(x) = Zf:o a;xFt
Gp(z)=a '/ f(z™)
k .
— :Cfl/(z aixfk+z)
=0
k .
= xkil/(z a;z")
=0
= -Tk_l + blxk + bz$k+1 + - 3
for some by, bo, ... Now it is clear that
Ph=0,...,P._9=0,P,_1=1.
The recursive relation is obvious from the definition. O

3.2. Gg(x). We will need the following lemma which can be proved easily using logarithmic
differentiation.

Lemma 3.4.

fo) &= —a
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Proof. By assumption,

k k
Inf(z) =In <H(x - mﬁ) = Zln (x — ;).
i=1 i=1

Take derivatives on both sides:

Theorem 3.5.

Proof.

by Lemma [3.4] O

4. SuM FormuLA FoOR P

4.1. Multinomial Theorem. We will need the following multinomial theorem [2] to prove
our main theorem.

Theorem 4.1. For a positive integer k and a non-negative integer n, let {y1,...,yx} be k

variables. Then
k n k
n! Ji
(Zv) - ¥ gl .

22055 ji=n L Li=178 =1

4.2. Main Theorem. The sum formula for P, is the following

Theorem 4.2. Let f(z) = Z?:o a;x*% be a monic polynomial of degree k > 2 with simple
roots. Then

. k
P, = Z (Zli'::l Ji)! H(_ai)ji- (4.2)

b
U0 Sl d=n—h+1 it i
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Proof. For convenience, let

k.
(D iz Ji)!
H§:1 ]z'

By assumption, f(z) = Zf:o a;z** and by Theorems and
Gp(z) =2 '/ f(a™)

= x_l/(f: aix_(k_i))

A(jla" . 7]k) =

=0
k
= xk_l/(z a;x")
1=0 .
="/ = (D (—ai)a?))
=1
) k m
= k1 Z (Z(—ai)af)
m=0 \i=1
) k
= xkil Z ( Z A(]lu < 7jk H _a’i)xl I
m=0 Zf:lji:m =1
) k
= 2! Z A(jr, -y Jk H ;)i
=1

k
= i Z A]lv"'a]k H 2= lijﬁ_k_l.

By comparing the coefficient of ™, we get our formula:

k
Po= > A0k (H(ai)ﬁ) :

Sk iji=n—k+1 i=1

5. AN IDENTITY
Let g(z) = Zf:o biz*~% be a polynomial and let {s; | i = 0,...} be a sequence. For

convenience, let g(s,) = Ef:o biSn+k—i,

Theorem 5.1. Let f(z) = Zf:o a;x*% be a monic polynomial of degree k > 2 and aj, # 0
with simple roots. Let P, be the generalized Fibonacci sequence and Q,, be the generalized Lucas
sequence. Then

Qn = f,(Pn)'
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Proof.
Z Qna" = Go(x)
n=0
e f'(z)
fah)
= Gp(2)f'(a™")
) k—1 ‘
= Z Poaz™ (k — i)a;a~*—71)
m=0 1=0
o k—1 .
— Z Z(k o i)aipml‘m_k+l+1.
m=0 =0
By comparing the coefficients of ™ on both sides, we get
k—1
Qn = Z(k - i)aiPnJrkfifl = f/(Pn)
i=0
O
Example 5.2. Let
f(z) = 2® — 62> + 11z — 6.
P(A000392) : 0,0,1,6,25,90,301, 966, 3025, 9330, . . .
Q(A001550) : 3,6, 14, 36,98, 276, 794, 2316, 6818, 20196, . . .

_ 2 G — 3— 12z + 1122
Tl —6z+1122—623 9T 1—6z+ 1122 — 623

Qn =3Pp42 — 12P, 41 + 11F,.

Gp
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