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In this paper the authorpresentsa method,basedon WZ theory for finding rapidly corverging seriesfor universal
constantsThis methodis analogoudut differentfrom AmdeberharandZeilbemger’s method.
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In [1] Amdeberharand Zeilbeger have given a generalmethod, basedon WZ theory for finding
rapidly corverging seriesfor universalconstants.We give another someavhat differentmethodhere. In
theform thatwe shallgive to the method the summandwill satisfyafirst orderhomogeneousecurrence
but the sumwill satisfya first orderinhomogeneousecurrenceWhatwe obtainareremarkablegamilies
of representationsf the constantspnefor eachn > 0. If we look at eq. (5) below, for instancewe see
thattheconstantr? /6 is equalto ary oneof infinitely mary seriespnefor eachn, oneof which corverges
geometricallyrapidly.

1 General formulation
Let F'(n, k) satisfyafirst orderrecurrencef theform
aO(n)F(na k) + a1 (n)F(n + 17 k) = G(TL, k+ 1) - G(TL, k)a (1)

whereag, a; arepolynomials,andlimy_,, G(n, k) = 0 for nonngativen. Define

fn)=> F(n,k) (n=0,1,2,3,..),

k>0

whichis assumedo be corvergentfor nonneyativen.
By summing(1) over k > 0 we find that

ao(n)f(n) +a1(n)f(n +1) = =G(n,0). )
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This canbe“solved” by theusualmethodslIf we define

n—1

=11 (-25) ©

=0

thenafterthe changeof dependentariablef(n) = A(n)h(n) in (2) it takestheform

G(n,0)

h(n +1) — h(n) = T mAn T D)

Thuswe have
— _ G(,0)
"=l amag ey O
andso
n—1 G
flm) =4 {f JZO (1) A( J+1)}

whichis to saythat

ZF(n,k)=A(n){Z Zal J+1)}

k>0 =0

B
V
o

.

We areinterestedn the constant

C=> F(0,k),

k>0
so,solvingfor it, we have our mainresultwhichis

M

ZFnk 4)

J+1 k>0

:0

We notethattheleft sideis independentf n, hencewe have aninfinite numberof representationsf the
constanC, onefor eachn = 0,1, 2,. ...
Herearetwo examplesjn oneof which C' turnsoutto ber?2 /6 andin theotherit is ((3).

1. Take F(n, k) = k!?/(n+k+1)!2. ThenF (0, k) = 1/(k+1)? andthereforeheconstanC = 72 /6.
By Zeilbemger'salgorithm, F" satisfiegsherecurrence

—(An+2)F(n, k) + (n +1)*F(n+ 1,k) = G(n,k + 1) — G(n, k),

whereG(n,k) = (3n + 3 + 2k)F(n, k). Thuswe have G(n,0) = (3n + 3)/(n + 1)!?, ap(n) =
—4n — 2, al(n) (n +1)3. By (3) wefind

"l 442 2n)!
AW:Q(%BQ:%?
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Substitutingall of thisin (4), we have finally

P

Pl (2]])

nlt k12 2

+ 2n)!kzzo(k+n+1)!2zf (5)

3

In (5), whenn = 0 we have the usualseriesfor {(2), andwhen“n = oc” we have amuchmore
rapidly cornvergent(known) representatiomamely

32 6)
Jj= IJ

But (5) holdsfor everyn > 0. Indeedwhenn = 1 it stateghat

™
Zk2k+1 =33

Bill Gosperhasalsofound (p.c.) theidentity (5) by his methodof “path-invariantmatrix hacking’
2. Now take F(n, k) = k!®/(k + 2n + 1)!%. ThenZeilbemger'salgorithmfindstherecurrence
—6(3n +2)(3n +1)F(n, k) —16(2n + 1)*(n + 1)°F(n + 1,k) = G(n,k + 1) — G(n, k),

wherenow )
(2n + 1)(56n2 + 80n + 29)
2(n+1)(2n+1)13

We simply substituteall of thisinto (4) andfind thatfor eachn = 0,1, 2,. .., we have

G(n,0) =

(_qye (3677 324 5)G 1P | () k) B
21 4(2j — 1)*(35)! - (3n)! ;0 (k+2n+1)1B G O

Jj=1
In (7), whenn = 0 we have the usualseriesfor {(3), andwhen“n = oo” we have amuchmore
rapidly corvergentrepresentatiomamely

NN, yje (5657 = 32j +5)(j — 1)

But (7) holdsfor everyn > 0. Indeedwhenn = 1 it stateghat

1 29 3
> = —2¢3),
3
k>1k(k+1) (k+2)3 32 4
andwhenn = 2 it takestheform
1 5 10385

; G+ D+ 2+ 3k + Dk +5) 768~ 98304°

Although the termsof (8) vanishexponentiallyrapidly, roughly like 277, thoseof the seriesof
Amdeberhan-Zeilberer[1] goto 0 evenmorerapidly, like 10247,
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