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Mathematics. — “Some formulae concerning the integers less than
n and prime to n.” By Prof. J. C. KLvYvEs.

k

The number ¢ (n) of the integers » less than n and prime to n
can be expressed by means of the divisors d.
« We have . ,
o)== p(@dd, (dd' = n)
dfn

if we denote by w(g) the arithmetical function, which equals O if ¢
be divisible by a square, and otherwise equals - 1 or — 1, according
to ¢ being a product of an even or of an odd number of prime
numbers. ~

This equation is a particular case of a more general one, by means
of which certain symmetrical functions of the integers » are expres-

sible as a function of the divisors d. - -

This general relation may be written as follows ‘)
e=d' co- -
2f@)=Xp(d) 2 fkd).
’ dfn =1

For the proof we ila\;e 0 bbéez’\;e ihai, éuppoéing {m, n) ~ D, the
term f(m) occurs at the righthand side as often as d in a divisor
of D. Hence the total coefficient of the term f(m) becomes

' = p(d),
D

that is zero if D be greater than unity, and 1 when m is equal to
one of the integers ».
We will consider some simple cases of KRoNECKER’s equation.
First, let

F) = e, SR
The equation becomes ,
be=d' L am ] .
2= pu(d) = ekl = = y (d) e*d , y o
/ dfn k=1 dfn ¢d—1

% 4

or because of -
S u(d) =0,
dfn

gn — 1 : <
= = d — .
> ¢ dE/”u()e,d_d S

If we write '

S 1 T

) Kroneckrr, Vorlesungen tber Zahientheorie. I, p. 251.
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we may introduce the BernouLLiaN functions fi(f), defined by the
equation

dz — 1 7:::0
T‘-——- = 6 —i‘“ 2 :Ul‘j‘/c(e),
¢ —1 =1

and hence show that -

k=w ) d B
> _1__{_ > wknk—-lf’k L Eu( ) —iw d+ B, o di- 2 atdt R
n =1 n 47

din
By equating the corresponding terms on the two sides we get

B
Ef'Qm .v_ — (_. ]_)m-l "
J n 2m/ d,
as a first generalisation of the relation

=0t = = p(a)d.
d/n

/

—2m 41

Observing that we have
1
= u(dyd—2m+1 — = w(d)dem—1,
o u(d) o wd)
there follows for two integers » and #', both having the same set
of prime factors,

! v )
EJ"f 2m (;) (71,)21"_1
zf '2m z;) .
) n
In the same way an expression for the sum of the £t powers
of the integers » may be obtained. Expanding both sides of the
equation
—1
E X —— >
= u(d ) 1
we find
1
— Zvk = I u(d)dkfi(d).
k!, djn
Other relations of the same kind, containing trigonometrical functions
are deduced by changing z into 2.

From
enizn 1

Vad) I
Ee 1z f(‘() q,,md:_'—l'

we find by separating the real and imaginary parts
= 008 2mar = } sin 2van = u (d) cot mad,
dfn

2 sin 2mwap = sin® wan = @ (d) cot xod.
din

v
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In particular the first of these equations gives a simplefrésult if

1 -
we put z=— ~+ &, where ¢ is a vanishing quantity. As the factor

sin 2 man tends to zero with & the whole right-hand 51de is annulied
but for the term in which d =mn.
So it follows that
2 I3
s 22 = (),
J n
and we have u (n), originally depending upon the prime factors of
n, expressed as a function of the integers prime to n.

. . 1
Similarly we may put in the second equa’uon p= o~ and “write
n

) xd
E___smn_v = E‘y,(d) cot — .
7 d/n 2

Still another trig‘onometmcal formula may be obtained by the sub-
stitution @ = + e Let D be the greatest common divisor of the
n .

integers 7 and ¢, so that
n=n,D ) q = ¢, D;
then as & vanishes, we have to retain at the right-hand side only
those terms in which ¢d is divisible-by n, or what is the same the
terms for which the complementary divisor d’ divides D.
Hence, we find

2xqy 1 ‘ .
2 cos =23u ')d':DEy(nod)—. (dd' = D) -
) n d’[D d d/D d
Instead of extending the summation over all divisors d of D, it
suffices to take into aceount only those divisors ¢ of n, that ave
prime to 7,. In this way we find

_ 1 1
DEpind) 5 =u() D w5,

and as ‘the second side is readily reduced to

=)0y

D,

we obtain for any integer ¢, for which we have (n,q) ~ D,
= 08 2mqp =pun (i) o)

) n D (n )
3 9 3
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Concerning the result
2mp

= cos =y (n)

n

a slight remark may be made. To each integer » a second v’/ = n — »
is conjugated; hence denoting by o, an irreducible fraction < } with
the denominator 7, we may write

22 cos 2m0,; = p(n),

N

and also
22 cos 20, = = p(n).
nZg n=g
Now for large values of ¢ the fractions @, will spread themselves
not homogeneously, but still with some regularity more or less all
over the interval 0 — { and there is some reason to expect, that in
the main the positive and the “negative terms of the sum = cos 270,
nSg
will annul each other, hence the equation
23 cos 2o, = = u(n) -
n éq n=g
is quite consistent with the supposition of vox STERNECK, that as g takes
larger and larger values the absolute value of =u(n) does not
n—g
exceed 1/g. -
Another set of formulae will be obtained by substituting in
KRONECKER'S equation

f(y):log(e n—gn )
Thus we get

i 2o e [ 2k
2 log e"—e"):Eu(d)Elog(e“—e"),
L) d/n k=1

or
2_7n'ic 2_7:1_1 2nizd'
Elog(e"——e" :Eu(d)log(e n ——1)
J dn
and after some reductions
T an
2 log 2 stn — (w—2) = = u(d) log 2 sin — .
v 9 n ( ) dfn M( ) g < sm d

By repeated differentiations with respect to & we may derive from
this equation further analogies to the formula

p()==pn@)d.
dfn
So for instance we obtain bij differentiating two times

27
Proceedings Royal Acad. Amsterdam. Vol. IX.
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1 1
S——=_3 L
;o ,av 8 d/nu(d)d
sn? — -
n
and by repeating the process
d2m B,, 22m
—= log sin =2 Su@dd™
v [dy?ﬂl g y]7 =7_;i zm d/nu( ) 1
a result included in the still somewhat more general relation
Je=w 1
wWEZS =0 = ud)d’,
v k=1 (nk—w)* ()d/n k)

which is self evident from.
Returning to the equation

2 log2siny z w—2) = = u (d) log 2 sin i )
J n dfn d
we obtain as z tends to zero

ElogZ.s*in—T,z—-—Ey(d)logd.
3 n dfn

In order to evaluate the right-hand side, we observe that for
n=p*% p,... we have
d
— 2 u(d)logd=— [— (1 — eylogm) (1 — eylogpe), . ] .
djn dy =0
So it is seen that, putting
—fuwwdzﬂm
n
the function y (n) is equal to zevo for all integers m having distinct
prime factors, and that it takes the value log p, when n is any power

of the prime number p.
Hence we may write

vy
II2 stn — = g7(W),

) n
a result in a different way deduced by Kronecker ').
Again in the equation

14 . e\ )
I2sin—@—a)y=I{2stn—
Y 7 dfn d

"
we will make & tend to —3

If n be odd, all divisors d and d’ are odd also and we have
at once

) Krowceker, Voulesungen aber Zahleniheorie. I, p. 296,

-
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av t—l,u’d)
M2c¢s—=1T(—1) 2 '
v n din

= (— 1),

If n=2m and m be odd, we shall have ¢ (n) = ¢ (n). Half the
numbers x prime to m and less than m will be equal to some
integer v, the other half will be of the form »—-m.

Hence we have

2 9
172 sin 2% — (— 1)) T2 sin —or = (— 1)ketn) I % sin —
¥ n ~ ¥ n % m

and therefore

2 sin X
sin — n
T2 0082 = (— Lyweln) = g - 1)5?(71)@’(?)"’(”)
v n , av
IT2 sin —
9 n

Lastly, if n=2m, and m be even, we shall have ¢ (m) =% @ (n).
Now each of the numbers x prime to m and less than m at the
same time will be equal to some integer » and to one of the dif-
ferences » — m. Reasoning as before we have in this case

9 2! :
T2 sin 2 = (— 1y I (2 sin 33‘) — (— 1) IT (2 sin ﬁ) :
v n 7 n % m

and therefore

11(2 . mc)
sm — n
W = J—v(n)
2008 2 = (— Loty 23— L (— 1)bot G) :
¥ n L, T
~ 2 sin —
; n

From the foregoing we may conclude as follows. If we put
T2 c0s 22 = (— 1)) ),
Fl n

the arithmetical function 7(n) is different from zero omly when
n is double the power of any prime number p, in which case we
have 2(n)=/log p.

Again we introduce here the irveducible fractions ¢, less than }
with the denominator n; then denoting by M (g) the least common
multiple of all the integers not surpassing g we may write

2 X log 2 sin mwo, = = y(n) = log M(g),
':“:L:.‘ n g g n _5__ g

2 3 log 2 cos oy = = An)=log M (g—).
n<g n éq 2

27#
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If we consider the quotient log M(g):logg as an approximate
(but always too small) value of the number A4(g) of prime numbers
less than g, to KRONECKER'S result _

A (g) = = log 2
(g) lOgg" 09 sin A0y
we may add
( )—*————— = log 2 cos 7o, .
9n<q

Astronomy. — “Researches on the orbit of the periodic comet Holmes
and on the perturbations of s elliptic -motion. IV.” By Dr.
H. J. Zwiers. (Communicated by Prof. H. G. vAN DE SANDE

BAKHUYZEN).

At the meeting of the Academy on the 27 January of 1906, a com-
munication was made of my preliminary researches on the pertur-
bations of the comet Holmes, during the period of its invisibility
from January 1900 till January 1906, and also of an ephemeris of
its apparent places from the 1st of May till the 315t of December 1906.
This time again this computation led to its rediscovery. Owing to
its large distance from the earth and the resulting faintness of its
light, there seemed to be only a small chance for its observation
during the first months. This proved to be true, as not before the
30t of August of this year, the Leiden observatory received a
telegram, that the comet was found by prof. Max Woir at the
observatory Koenigstuhl near Heidelberg, on a photograph taken in
the night of the 281 of August of a part of the heavens where
according to the ephemeris it ought to be found. The roughly
measured place ~

a=61° 51" d= 4 42° 28’

for 13n52m1 local time, appeared to be in sufficient agreement with
the calculation.

Afterwards the place of the comet has been twice photoglaphlcally
determined: on the 25% of September and on the 10% of October,
and each time prof. WorLr was so kind, to communicate immediately
to me the places as they had been obtained, after carefully measur-
ing the plates. Although Worr declared in a note to the observed



