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MathematicB. - "Some f01'1nulae conceming the intege1's less than 
n and prime to n." By Prof. J. C. KLUYVER. 

The numbel' ljJ (n) of the integers v less than n and prime to n 
can be expressed by means of the divisors d. 
, We have 

ljJ (n) == :2 f1, (d) d', (dd' = n) 
dJn , 

if we denote by ti- (q) the arithllletical fllnction, whieh equaIs 0 if q 
be divislble by a square, and othel'wise equals + 1 Ol' -1 ~ according 
to q being a product of an even Ol' of au odd l1umber of prime 
numbers. 

This equation is a particulal' case of a more general one, by means 
of whieh certain symmetrieal funetions of the integel's vare expres-
sible as a function of the divisOl'S d. \' , 

This general relation may be written as follo~s 1) 
l=d' , ' 

:2 j(v) = :2 t-t (d) :2 j(k d). ' 
, dJ:1 k=l 

For the proof ~e Îla;e to ~bsel',;e that, ~upposiJ1g (m, n) ~ D, the 
term f (m,) _oceurs at the righthand side as of ten as cl in a divisor 
of D. Hence the total eoefficient of the term f (m) becomes 

:2 t-t (d), 
d/IJ 

that is zero if D be gl'eater than unity, and j when m is equal to 
one of the integers v. 

We will consider some simple cases of KRONEOKER'S eq uation. 
First, let 

f(y) == eXY. 

The equation becomes 
l=d' ' '&:n-1 

:2 e:lV= :2 t-t (d) :2 el-kd = :2 f1, (d) erd d ' 
, d/n 1=1 dJn eX - 1 

Ol' becallse of 

If we wl'ite 

211(d) =.0, 
dJn 

eXn -1 
2 eXJ = 2 t-t(d) --. 

J dJn exd - d 

tIJexv 
2---
,&,'1-1 

.... , (lJ 

:2 t-t(d) eXd ' l' 
dIn -

1) KRONECKtR, Vorlesungen ûber Zahlentheorie. I, p. 251. 

\ I , 

/' 
,I 
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we may iutroduce the BERNOUI,LIAN functions fk(8), defined by the 
equation 

and hence show th at 

.2 \~ + k~rR xknlc-1f'k (:.)! =.2 (.L(d) \ l-t.'Ud + B~ .'U2d~_ B;,'U4cl4 + ... 1. 
Jin '" = 1 n \ dJn d 1 2 . 4. \ 

By equating the cOl'l'esponding terms on the two sides we get 

(V) Bm .2 f'2m - = (- 1)1Il-1 -,.2 ~(d)d'-2m+l 
J n 2m. rlJI! 

as a first generahsation of the relation 
.2 VO = .2 (.L(d)d'. 

J dJn 

Observing that w~ have 

1 
.2 ~(d)d'-2m+l = --.2 (.L(d)d2m - l , 
dJn n2m - 1 dJ'1 

thel'e follows for two integel's n and n', both having the same set 
of prime factors, 

~f"m (n = (~)2m-l. 
(VI) n 

2f'2m ., 
l n 

In the same way an expression fol' the sum of the kth pOWel'S 
of the integers v. may be obtained. Expanding both sides of the 
equation 

we fil1d 

eX'I -1 
.2 eXJ = .2 [led) --

J dJII eXel - 1 

1 
-, .2vk = .2 [l(d)dlcfk(d'). 
k. J dJII 

Other relatiol1s of the same kmd, contail1il1g trigonometrieal functions 
are deduced by changil1g te il1to 2nix. 

From 
e2rrixII _ 1 

.2 e2-r:ixJ = .2 fl (d) -1)-' ---

J djn e-1<I:td - 1 

we fiud by sepamting the real and ima~inary parts' 
:& cos 23t'o'UV = ~ sin 23l','Un .2 fl (d) cot n,'Ud, 

J dJI! 

.2 sin 2n.'Uv = sin2 n''U1J;2 fl (d) cot nmd. 
I dlu 
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In particnlar the first of these equations gives a simple )esult if 
1 ' 

we put x = -; + E, where E is a ~anishing quantity. As = the factor 

sin 23txn tends to zero with E tbe whole right-hand side is annulled " 
but for the term in whieh cl = n. 

So it follows that 

2~v " 
:2 cos- =f.L(n), 

n 

and we have t.t (n), origillally _ depending UpOl1 the prime fi:Lctors of 
n, expressed as a function of the integers prime to n. 

'h d ' 1 Similarly we may put lil L e secon equahon al = - and 'write 
2n - , 

sin nv ~d 
:2 --= :2 f.L (d) cat - • 

I n djn 2n 

Still another trigonometrieal fOl'mula may be obtained by the sub­

stitution al = J.... + E. Let D be the gl'eatest eoml~on divisor of the 
n 

integers n and q, so that 

n = noD q = qoDj 
then as E vaniehes, we have to l'ctain at -the l'ight-hand side on1y 
th08e terms in which qd is divisible -by n, or what is the same the 
terms for which the complementary divisol' cl' divides D, 

Hence, we filld 

, " :2 cos 2~qv =:2 f.L (;) d' = D:2 f.L (nod) ~. '(dd' = D)'- " 
I n d'ID d dlD d 

Instead of extending the summation over all divisol's cl of D, it 
~uf1ices to take into account on[y those' divisors if of 12, that are 
prime to no, In this way we fincl 

1 1 
D:2 t.t (nod) - = (..t (no) D_:2 t.t (if)-, 

dlD d à if 

and as 'thc second side is readily l'educed to 

p(n)' (' u) rp(nf 
r(no} q:;(no) = f.L D -(n)" 

CfJ D: 

we obtain fol' any iJlteger q, for which we h~ve (n, q) "'" D, _ 

~ cos 2:~qv = f.L (;) CfJ(:»)' ',' 
p D' 



- 5 -

( 411 j 

Ooncerning the result 
21lv 

:i: cos - = [L (n) 
" n 

a slight remark may be made. To each integer va second v' = n - v 
is con,jugated; hence denoting by Qn an irreducible fi'action < t with 
the denominator n, we may write 

and also 
22 cos 2:rQ,j= [L(n) , 

22 cos 2:rQn = 2 (L(n). 
n~g n~g 

No-w for large values of !J the fractions Qn will spread themselves 
not homogeneously, but stiJl with some regularity more or less a]) 
over the interval 0 - tand there is some reason to expect, that in 
the main the positive and the ~negative terms of the sum .2 cos 2.n'Qn 

'I~g 
will annul each other, hence the equation 

22 cos 2.n'Qn = .2 (L(n) • 
n~q n~g 

is quite consistent with the supposition OfVON STERNECK, thai as g takes 
Iarger and largel' values the absolute value of 2 pen) does not 

< II=g 

exceed Vg. 
Ir Anothel' set of formulae will be obtained by substituting in 

KRONECKER'S equation 

( 

27rix 27ri1f) 

f(y) = log e 11 - e 11 • 

Thus w~ get 

( 
27rix 27ri") 1=d' (27rÜ; 27rikdj 

2log e n - e 11 = 2 [L(d) 2 log e--:;;-- e-n- , 
, J din 1=1 

or 

2 log (e
2

:

iX 

_ e2~li") = .2 (L(d) log (e 27r~;d' _ 1) 
J din 

and aftel' some reductions 

2 log 2 sin ~ (v-a;) = .2 (L(d) log 2 sin :ra; . 
y n din d 

By repeated differentiations with respect to aJ we may derive from 
this equation further analogies to the formula 

cp (n) = 2 [L (d) d'. 
dlll 

So for instanee we obtain bij diffel'entiating two times 

27 
Proceedings Royal Acad. Amsterdam. Vol. IX. 
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1 1 
2---=::- 2 (.t(d)d'2 

J .:7rV 3 dIn s'/,n2 _ 

n 

and by l'epeating the process 

[ 
d2m . ] BIII 22m 2m 

- 2 ~logszn y 1'J =-- 2 (.t (d) d' , 
v dy y=- 2m dIn 
• n 

aresuit included in the still somewhat more general relation 
l=rn 1 

ns 2 2 (k ) =; (s) 2 /! (d) diS, 
" k=l n -v S d/n 

which is self evident from. 
Returning to the equation 

n ~x 
2}og 2 sin y - (V-iV) = 2 (.t (d) log 2 sin -, 

J n dIl! d 

we obtain as x tends to zero 
:!tv 

2 log 2 sin - = - 2 (.t (d) log d. 
y n dIn 

In order to evall1ate the l'ight-hand side, we ob serve that for 
n = pt1 P2~' " we have 

- :2 [J, (d) log d = - [~(1 - eylo[lPi) (1 - eylo'lP2) , , ,J ' 
~ ~ ~ 

50 it is seen that, putting 

- 2 (.t (d) log d = y (n), 
dIn 

the function y (n) is equal to zero fol' all integers n having distinct 
prime factors, and that it takes the value log 13, when nis any powel 
of the prime number }J. 

Hence we may write 
3tV 

1I2 sm - = 8"/(11), 
n 

a result in a different way deducecl by KlWNECKER 1). 
Again in the equation 

1I2 sin - (v - tIJ) = IJ 2 bin-:7r (:7rtIJ)" (cl) 

J n d/I! cl 

n 
we will make tV tend to - 2' 

If n be odd, nJl divisol'S cl anel cl' are oeld also anel we have 
at onre 

1) KRONr:CKDR, Vodesungen über Zahlentheorie. I, p. 296, 
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d'-l :1l'V -p.Cd) \ 
IJ2 cos- = n (- 1) 2 = (_1)!,,(11/. 
• n aln 

If n = 2m and m be odd, we shall have cp (m) = cp (n). Half the 
numbers " prime to mand less tl1an m will be equal to some 
integer v, the other half will be of the form v -- rn. 

Hence we have 

2;rrv 2mt I :Ir" 
IJ2 sin - = (- l)!1'Cn) IJ2 sin - = (- l)!î'\n) IJ2 sin - , 
• n ' ~ n "m 

and therefore 
.?t" 

IJ 2 sin .-!.. ( 11 ) 
:1l'V m "I - -ï(n) 

Il2 COS - = (- l)!I'Cn) -"--- = (- l)~I'(n) e 2 
~ n . .?tV 

. H2szn-
n 

Lastly, if n = 2m, and m be even, we shall have cp (m) = i p (n). 
Now each of the numbers "prime to mand les:::' than m at the 
same time wiIl be equal to some integer v and to one of the dif­
ferences v - m. Reasoning as befol'e we have in this case 

23t'v (2:1l''')2 (:Ir")2 112 sin - = (-l}~I'(u) II 2 sin - = (-l)!I'Cn) n 2 sin-
• n, / n x m 

and therefore 

IJ 2 sin - 11 ( :Ir") 
:Ir)' m 2:/ Q -,(11) 

1I2cos-=(-1)ir(n) " =(-l)~î'(II)e (-) 
n rrv 
, fl2sin-

n 

From the fOl'egoing we may conclude as follows. If we put 

:7tV 
IJ 2 cos - = (- 1 )~I'(n) e)~II) , 

J n 

the al'ithmetieal fUl1ction J(n) is different from zero only when 
n is double tlle power of any prime l111mber p, in which case we 
have J. (n) = log p. 

Again we intl'odure here the irl'educible fractions Q/I less tha,n ! 
with the denominator n; then denoting by .M (q) the least common 
multiple of all the integers not snrpassing q we may write 

2 ::s log 2 sin 3t'Qn = ::s yen) = log M(g), 
n~!l 1l~!l 

2 ::s log 2 cos :lrQn == ::s l(n) = lO.IJ lil (~). 
n~'1 n~" 2 

27* 
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If we eonsidel' the quotient log At[(q) : log g as an approximate 
(but always too smaIl) value of the numbel' A(g) of prime numbers 
less than g, to KRONECKER' s l'esult ~ 

we may add 

2 
A (g) = -t - :2 log 2 sin :rtQII 

og gil '5:,q 

A (~) = _2_ :2 lO,9 2 cos nQn • 

l 
gn<q 

og- == 
2 

Astronomy. - "Researches on tl~e orbit of tl~e periodic comel Holrnes . 

ancl on t1te pe1't~w'bations of its elliptic ·rnotion. IV." By Dr. 

H. J, ZWIERS. (Oommunieated by Prof. H. G. VAN DE SANDE 

BAKHUYZEN). 

At the meeting of the Academy on the 27 January of1906, a com­
munieatión was made of my preliminary researches on the pertur­
bations of the eomet Holrnes, during the period of its invisibility 
from January 1900 till January 1906, and also of an ephemeris of 
its apparent places from the 1 st of lVIay till the 31 st of December 1906. 
This time agal11 this eomputation led to its l'ediseovery. Owing to 
its large distance from the earth and the l'esulting faintness of its 
light, there seemed to be only a smaIl chance for its observation 
during the first months. This proved to be true, as not before the 
30th of August of this year, the Leiden observatol'y received a 
telegram, that the cornet was found uy prof. MAX WoU!' at the 
obsel'vatory Koenigstuhl neal' Heidelberg, on a photograph taken in 
the night of the 28th of Angust of a pa~·t of the heavens wh ere 
accol'ding to the ephemeris it ought to be found. The l'oughly 
measured plaee -J 

a= 61° 51' ó= + 42° 28' 

for 13h 52m1 loea) time, appeared to be in sufiicient agreement with 
tbe caleulation. 

Afterwal'ds the place of the cornet has been twiee photographically 
determined: on the 25th of September and ori the 10th of October, 
and eaeh time prof. Wou!' was so kind, to eommunicate immediately 
to me the plaees as they had been obtained, aftel' carefully measur­
ing the plates. Although WOLF declared in a note to the observed 


