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The Congruences of Clausen — von Staudt and Kummer
for Bernoulli-Hurwitz Numbers

Nicholas M. Katz

Let (E,w) be a pair consisting of an elliptic curve E over a Q-algebra B,
together with a nowhere-vanishing invariant differential. We may define its
Weierstrass 2-function as follows. There are unique meromorphic functions x
and y on E having poles only along the identity section of orders two and three
respectively, and elements g,, g; € B, such that (E, w) is given by the Weierstrass

equation
{E: yr=4x3—g,x—g,

w: dx/y. ()

Because B, is a Q-algebra, there is a unique formal parameter z along the zero
section in terms of which w =dz. The Weierstrass 2-function is defined as the
formal Laurent series expansion of the function x in terms of the parameter z.

ZZn

1
?(z, (E/By, w)): 2_2 + 2n§1 Gin+2(E/By, )° WE B,[[~1]1. (2

In case B,=C, the field of complex numbers, this is the usual #-function
associated to the lattice L CC of all the periods of w over all elements of the
topological fundamental group of E viewed as complex torus, and the coefficients
are the classical Eisenstein series:

(= D)*(k—1)!

R )

2 leL={0}

G, 1/I* for k=4;its 0 for k odd 3)

whose g-expansions (= values on the lattice 2niZ + 2niZz, Im(t) >0, expressed
as functions of g = ™) are given by the formulas

b _
{sz(q)=—4ik"+ Yogrydt, k=2 .
Godd=0 nx1 d|n

where the b,, are the Bernoulli numbers
k
X X
o T e 2

We propose to name the numbers 2kG(E, w) € B, the “Bernoulli-Hurwitz
numbers” associated to (E, w), and note them BH,(E, w):
BH,(E, w)=2kG(E,w), k=4; =0ifkodd. (6)

In the case of the degenerate “curve at c0” obtained by evaluating the g-series
expansions at g =0, we obtain the negatives of the Bernoulli numbers. In the case
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of the lemniscatic curve (y* = 4x® —4x, dx/y), we obtain the “Hurwitz numbers”
E, up to a power of two:

0 unless k=0(4)

2*E,, if k=0(4). @

BH, = {

These remarkable numbers were seen by Hurwitz as being analogues (for the

Gaussian field) of the Bernoulli numbers (for the rational field @Q). Mindful of

the Clausen-von Staudt and Kummer congruences for Bernoulli numbers ac-
cording to which

b= Y 1 modz ®)
p—11k P
and if p— 1 ¥k, then b, /k is p-integral, and (8 bis)

by p-1/k+p—1=b/kmodpZ,.
Hurwitz proved that

t 4k/p—1
% + @(’;}) — modZ )
s

E.=

where m=a+ bi is either of the gaussian primes lying over p, normalized to be
=1(2+2i) in Z[i] [e.g. write p=a® +b? with a odd, b even, a=b + 1 (4); then
n=a+ bi and T=a— bi are the normalized gaussian primes over p, and trace(n)
= trace(m) = 2a].

We may restate Hurwitz’s result as:

2E,=1mod2Z,

0 if p—1)yak
PEkE{ P 1

A(p)‘”‘/l’-—l if p— 1|4k mOdep for p odd (10)

where A(p) € IF, is the Hasse invariant of the reduction modulo p of the lemniscate
curve. The prime two plays a special role here not because it is the even prime,
but because it is the unique prime at which the lemniscatic curve has bad reduction.

If we remark with Ribet that for primes p such that p— 1 divides 4k, we have
2%k =1 modp, then Hurwitz’s theorem for the primes p where there is good
reduction is a special case of the following theorem, applied to the lemniscate
curve over each Z, where it has good reduction.

Theorem. Let @ be a valuation ring of residue characteristic p, whose fraction
1

field @ has characteristic zero. Let (E, w) be an elliptic curve plus nowhere
p

vanishing invariant differential over @ (i.e. having good reduction). Let

1

BH,=BH(E, w)e 0

be its Bernoulli-Hurwitz numbers, and let 4 e O/p0 be the Hasse invariant of
(E, ) mod p. Then



Bernoulli-Hurwitz Numbers 3

1) if p— 1 divides k, then p- BH, € 0, and
p*BH,= A¥?~! modulopC;
2) if p— 1 does not divide k, then BH, /k € 0, and
BHy, ,_1/k+p—1=A-BH,/kmodulop@.
Proof. Let us define modular forms F, k > 4, by the formulas

Fk={ 2G, if p—1tk

20kG, if p—1lk. (1)

By the Clausen-von Staudt theorem and the g-expansion principle, the forms F
are defined over QZ,. Hence they take integral values on (E, w):
F(E,w)e0. (12)

Recall that the Hasse invariant A is the (unique) modular form over IF, of weight
p—1, whose g-expansion is A(q)=1¢€IF,[[q]]. By the Kummer and Clausen-
von Staudt congruences, we therefore have congruences of g-expansions

Fiip-1(@=Alg) Fg modpZ,[[q]] if p—1kk, kz4, (13)
F(q) = (A(q)"? "' modpZ,[[q]] if p—1lk, kz4. (14)
By the g-expansion principle, we therefore have congruences of modular forms
Foypoy=A-Fomodp if p—1tk (15)
B . } equalities of modular forms over IF,
F,=A¥""'modp if p—1lk (16)
and in particular we have congruences of their values at (E, w):
Fiip-1(E,0)= A F(E,0)modpC0 if p—1fk, (17)
F(E, w)= AY""' mod p© if p—1lk. (18)
Recalling the relation of the F) to the BH,, namely
e [LIET

and substituting into the congruences (17—18) above, we get the desired con-
gruences on the BH,.

Remark. It would be extremely interesting to have an a priori proof of the
Clausen-von Staudt congruences based on the moduli of elliptic curves.
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