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Abstract. In this short note we present an algorithm that computes partition
numbers q(n) for moderately sized n ≤ 105. The algorithm is based on a
recurrence of q(n) expressed in terms of q(n − k2).

Definition. The partition number q(n) counts the number of restricted partitions
of a positive integer n, that is, the number of distinct ways in which n can be written
as a sum of distinct positive integers when order is irrelevant and repetitions are
not allowed. For example, q(6) = 4 since q(6) =| {6, (5+1), (4+2), (3+2+1)} |= 4.
The partition numbers form sequence A000009 in OEIS [1].

Recurrence. Our algorithm is based on the following recurrences for q(n); further,
it computes q(n) in terms of q(n− k2).

(1) q(n) + 2

⌊√n⌋
∑

k=1

(−1)kq(n− k2) = σ(n),

where σ(n) is given by

σ(n) =

{

(−1)j if n = j(3j ± 1)/2 for some j ∈ N,

0 otherwise,

further we define q(0) = 1.

Proof. The recurrence follows from well-known identities for the restricted parti-
tion function (see [3, Chapter XIX]). For convenience, we set the scence with the
identities in question.

∞
∏

n=1

(1− xn) = 1 +

∞
∑

n=1

(−1)n
{

xn(3n±1)/2
}

,(2)

∞
∏

n=1

(1− xn) =
∞
∏

n=1

(1 + xn)

{ ∞
∏

n=0

(1− x2n+1)2(1− x2n+2)

}

=

∞
∏

n=1

(1 + xn)

{ ∞
∑

n=−∞
(−1)nxn2

}

=

∞
∏

n=1

(1 + xn)

{

1 + 2

∞
∑

n=1

(−1)nxn2

}

.(3)

Multiplying (2) with (3) and comparing coefficients of xn will yield our recur-
rence.
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(4)
( ∞
∑

n=0

q(n)xn

)(

1 + 2

∞
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n=1

(−1)nxn2

)

=

∞
∑

n=0

xn



q(n) +

⌊√n⌋
∑

k=1

(−1)k2q(n− k2)



 .

�

Example. We would like to illustrate a sample computation of recurrence (1) for
n = 20.

q(20) = 2 {q(20− 1)− q(20− 4) + q(20− 9)− q(20− 16)}+ σ(20)

= 2 {q(19)− q(16) + q(11)− q(4)}

= 2 {54− 32 + 12− 2}

= 64.

Algorithm. We have established the validity of our recurrence and can now safely
make use of it. We precompute values of σ(n) for our table and then use recur-
rence (6) to compute the actual values of q(n).

(5) q(n) + 2

⌊√n⌋
∑

k=1

(−1)kq(n− k2) = σ(n),

where σ(n) is now given by

σ(n) =

{

(−1)j if n = j(3j ± 1)/2 for some j ∈ N,

0 otherwise,

and q(0) = 1.

(6) q(n) = 2

⌊√n⌋
∑

k=1

(−1)k+1q(n− k2).

This recurrence yields the following algorithm to compute partition numbers.
Note, that rather than using the recursion to compute q(n) top-down, we instead
work bottom-up to build a table of q(m) for m up to n.

Algorithm 1. For a positive integer n compute q(m) for 0 ≤ m ≤ n:
1. Set q0 ← 1

For k = 0 to n, set qk = σ(k) (using σ(0) = 1).
2. For k from 0 to n− 1:
3. For each integer m = k + j2 ≤ n set qm ← qm + 2

(

(−1)j+1qk

)

.
4. Output q(m) = qm for m from 0 to n.

Algorithm 1 may also be used for the sole purpose computing q(n). The execution
of Algorithm 1 on input n = 10 is illustrated in the table below. In each row the
value of qk is underlined and modified entries are in bold.
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k q0 q1 q2 q3 q4 q5 q6 q7 q8 q9 q10

- 1 -1 -1 0 0 1 0 1 0 0 0
0 1 1 -1 0 -2 1 0 1 0 2 0
1 1 1 1 0 -2 -1 0 1 0 2 2
2 1 1 1 2 -2 -1 -2 1 0 2 2
3 1 1 1 2 2 -1 -2 -3 0 2 2
4 1 1 1 2 2 3 -2 -3 -4 2 2
5 1 1 1 2 2 3 4 -3 4 -4 2
6 1 1 1 2 2 3 4 5 -4 -4 -6
7 1 1 1 2 2 3 4 5 6 -4 -6
8 1 1 1 2 2 3 4 5 6 8 -6
9 1 1 1 2 2 3 4 5 6 8 10

Complexity of Algorithm 1. Our algorithm uses O(n3/2) arithmetic opera-
tions. In particular, in Step 3, the complexity is bounded by

n−1
∑

k=0

√
n−k
∑

j=1

0(1)arithmetic operations,

where the arithmetic operations are all additions or subtractions (which covers
multiplications by 2). This, in turn, provides a bound of the form 3/2n2 + O(n)
arithmetic operations; additionally, by bounding the size of the integers (all of
which are smaller than n bits) we get the upper bound q(n) ≤ p(n) ≤ 2n, O(n5/2)
on the complexity of Algorithm 1. Finally, we note that our algorithm has space
complexity O(n2), yielding it suitable only for moderately sized values of n.
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