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The unsigned Stirling numbers |s(n, k)|, the absolute values of Stirling numbers of the
first kind, are well known to represent the number of permutations on n elements with exactly &
cycles. For example, |s(8, 6)| = 322 since there are 322 permutations of {1, 2, ..., 8} that have
exactly 6 cycles. Interestingly, if one takes each size-2 subset of {1, 2, ..., 7}, multiplies the two
elements, and then sums the products, the resulting sum is also 322. The table below illustrates
this result.

Subsetelements | 1,2 | 1,314 (15|16 (1712324 |25|26 |27
product 2 |3 |4 |5 |6 |7 |6 |8 |10 |12 |14

Subset elements | 3,4 | 35|36 |37 45|46 |47 |56]|57]|6,7|> products |

product 12 |15 |18 |21 |20 |24 |28 |30 |35 |42 | 322

The two routes to the number 322 above suggests a generalization. In fact, forn > k& > 1,
if one takes each size (n — k) subset of {1, 2, ...,n — 1}, multiplies all the elements, and then
sums the products, the resulting sum is equal to the unsigned Stirling number |s(n, k)|. The
following theorem formalizes this result.

Theorem. For 1 < k < n, let |s(n, k)| denote an unsigned Stirling number of the first kind, and
let A = {ay,as,...,a, 1} denote a size (n — k) subset of {1,2,...,n — 1}. Then

|s(n, k)| = (amay- - -any)
A

where the sum is over all (", )subsets A.

Proof. Using the well-known fact that the generating function of the unsigned Stirling numbers
|s(n, k)|, when n is fixed, is given by

s(n, k)| "

M=

tt+1)(t+2)- - - (t+n—1)=

k=1

Upon expanding ¢(t + 1)(t +2) - - - (t +n — 1), the coefficient of ¢* is equal to the sum of
(z:,i)products, each product consisting of (n — k) different factors from {1,..., n — 1} and k

factors of one (the coefficients of the ¢'s). Hence |s(n, k)| = > (ayas - - - a,_x) Where the sum
A

is over all ("} )size (n — k) subsets A of {1,2,...,n — 1}. O



