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Inspired by the definition of Gowers norms we study integrals of products of multi-
variate functions. The L, norms, certain trace norms, and the Gowers norms are all
defined by taking the proper root of one of these integrals. These integrals are important
from a combinatorial point of view as inequalities between them are useful in under-
standing the relation between various subgraph densities. Lovéasz asked the following
questions: (1) Which integrals correspond to norm functions? (2) What are the common
properties of the corresponding normed spaces? We address these two questions.

We show that such a formula is a norm if and only if it satisfies a Holder type in-
equality. This condition turns out to be very useful: First we apply it to prove various
necessary conditions on the structure of the integrals which correspond to norm func-
tions. We also apply the condition to an important conjecture of Erdds, Simonovits,
and Sidorenko. Roughly speaking, the conjecture says that among all graphs with the
same edge density, random graphs contain the least number of copies of every bipartite
graph. This had been verified previously for trees, the 3-dimensional cube, and a few
other families of bipartite graphs. The special case of the conjecture for paths, one of the
simplest families of bipartite graphs, is equivalent to the Blakley-Roy theorem in linear
algebra. Our results verify the conjecture for certain graphs including all hypercubes,
one of the important classes of bipartite graphs, and thus generalize a result of Erdds

and Simonovits. In fact, for hypercubes we can prove statements that are surprisingly
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stronger than the assertion of the conjecture.

To address the second question of Lovasz we study these normed spaces from a ge-
ometric point of view, and determine their moduli of smoothness and convexity. These
two parameters are among the most important invariants in Banach space theory. Our
result in particular determines the moduli of smoothness and convexity of Gowers norms.
In some cases we are able to prove the Hanner inequality, one of the strongest inequalities
related to the concept of smoothness and convexity. We also prove a complex interpola-
tion theorem for these normed spaces, and use this and the Hanner inequality to obtain
various optimum results in terms of the constants involved in the definition of moduli of

smoothness and convexity.
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Chapter 1

Overview

For a graph G, its vertex set and edge set will be denoted by V(G) and E(G), respectively.
Let H and G be graphs. A homomorphism from H to G is a mapping h : V(H) — V(G)
such that for each edge {u,v} of H, {h(u),h(v)} is an edge of G. Let ty(G) be the
probability that a random mapping from V(H) to V(G) is a homomorphism. In this
thesis we will always think of H as a fixed graph, and of ¢y5(-) as a function from the
set of graphs to the interval [0,1]. As we shall see in Section 2.2, for dense graphs G,
tg(G) is closely related to the density of H in G. In fact, in this chapter the reader
is advised to think of ¢ (G) as roughly being the density of H in G. The connection
to subgraph densities makes understanding the relations between the functions t(-) for
different graphs H one of the main objectives of extremal graph theory.

If A is the adjacency matrix of the graph G, then it follows immediately from the
definition of ¢ty (G) that

tn(G)=E[ J] Alwwz) ]|, (1.1)

{u,w}€E(H)

where {2, }yev(m) are independent random variables taking values in V(G) uniformly at
random. The expression in the right hand side of (1.1) is quite common. Such averages
appear as Mayer integrals in classical statistical mechanics, Feynman integrals in quantum

field theory [56] and multicenter integrals in quantum chemistry [9].
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In recent years, several research programs have been emerging in the direction of
developing an efficient framework for studying the relations between ¢y functions. Re-
flection positivity characterizations [21, 57], the language of graph limits [41, 2|, and

Razborov’s flag algebras [44] are some remarkable examples.

It turns out that for Cy, the cycle of size 4, the function t¢,(G) carries interesting

1/4 45 close

information about G. Denote by K,,, the complete n-vertex graph. If t¢,(G)
to t,(G), then G “looks random” in certain aspects [7]. Such graphs are usually re-
ferred to as pseudo-random graphs. These observations belong to the same circle of ideas
employed by Szemerédi [58, 59] to prove his famous theorem on arithmetic progressions.
In fact, the main idea in the proof of Szemerédi’s theorem led to the establishment of
Szemerédi’s regularity lemma in [48], which roughly speaking, says that every graph can
be decomposed into a small number of subgraphs such that most of them are pseudo-
random. Another interesting fact about t¢, is that it can be used to define the 4-trace
norm of a matrix. More generally, for an integer £ > 0, the 2k-trace norm of a matrix
can be defined through the function ¢, . This fact, which has been known for at least 50
years since Wigner’s work on random matrices [63], gives a combinatorial interpretation
of the 2k-trace norm with many applications in graph theory (see for example [22, 34]).
Inspired by the fact that the cycles of even length correspond to norms, and the nu-

merous applications of these norms in graph theory, Laszlé Lovasz posed the problem of

characterizing all graphs that correspond to norms.

Recently Gowers [26, 27] defined hypergraph generalizations of the Cy norm. The(kth
Gowers norm corresponds to k-uniform hypergraphs. These norms are sometimes referred
to as octahedral norms as they are defined through the densities of the face hypergraphs
of higher dimensional generalizations of octahedra. The first Gowers norm is the usual
L, norm, and since graphs are 2-uniform hypergraphs, the second Gowers norm coin-
cides with the Cy norm. Subsequently Gowers [28] used these norms to established a

hypergraph regularity lemma, and a so-called counting lemma which roughly speaking
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says that a sufficiently pseudo-random graph contains small subhypergraphs with fre-
quencies that are the same as in a random hypergraph. This counting lemma easily
implies Szemerédi’s theorem [20] in its full generality, and even stronger theorems such
as Furstenberg-Katznelson’s multi-dimensional arithmetic progression theorem [55] (see
also [28]). The only previously known proof of the latter was through ergodic theory [25].
In fact, the arithmetic version of the Gowers norms has interesting interpretations in er-
godic theory, and has been studied from that aspect [35]. The discovery of the Gowers
norms led to a better understanding of the concept of pseudo-randomness, and provided
strong tools. For example, this norm plays an essential role in Green and Tao’s proof [32]
that the primes contain arbitrarily long arithmetic progressions. Also, the current best
bounds for the quantified version of Szemerédi’s theorem is through the so called “in-
verse theorems” for these norms [31, 29, 30, 27]. With all the known applications for the
Gowers norms, it seems natural to believe that studying the norms defined through t(-)

for other graphs and hypergraphs might also lead to some interesting applications.

The purpose of this thesis, is to develop a common framework to study the norms
that are defined in a similar fashion. Our setting will be sufficiently general to include
all the L, norms, arguably the most important class of norms. In fact, we establish that
the class of norms studied in this thesis, which we refer to as hypergraph norms, are a
natural generalization of the L, norms, and we prove that they share many of the nice

properties of the L, norms.

Among the key tools developed in this thesis is a Holder type inequality. This inequal-
ity is extremely useful in the sequel and shall be applied frequently. One can think of it
as a common generalization of the classical Holder inequality and the Gowers-Cauchy-

Schwarz inequality.

A rather surprising application of the above mentioned Holder type inequality is to a

conjecture of Erdds, Simonovits and Sidorenko. Razborov used his flag algebras to prove
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a previously conjectured explicit formula for the function

f(p) = inf{t,(G) : 1k, (G) = p},

which gives a tight asymptotic lower-bound for the density of triangles in GG, in terms of
the edge density of G. What about graphs other than K37 In other words given a graph
H, what is the explicit formula for inf{ty(G) : tx,(G) > p}? Despite all the powerful
machinery that has been developed in recent years [46, 45], finding a complete solution to
this question in its full generality seems to be far beyond reach at the moment. But when
H is a bipartite graph it seems that there is more hope. The Erdds-Simonovits-Sidorenko

conjecture says that for every bipartite graph H,
ty(G) > tg, (G)EUD]
For the random graph G(n, p), with high probability
(G, p)) = pEI £ o(1). (1:2)

So the Erdds-Simonovits-Sidorenko conjecture is equivalent to the statement that for

every bipartite graph H,
inf{ty(G) : tg,(G) > p} = pl P

where the infimum is taken over all finite graphs with ¢, (G) > p. Thus, roughly speak-
ing, the conjecture says that random graphs contain the smallest number of copies of
every bipartite graph. This had been verified previously for trees, the 3-dimensional
cube, and a few other families of bipartite graphs. As we shall see in Chapter 6, the
special case of the conjecture for paths, one of the simplest families of bipartite graphs, is
equivalent to the Blakley-Roy theorem [4] about matrices. What follows from our results
is that for certain graphs H, including all hypercubes, and for every subgraph K C H,

we have
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This gives a sharp lower-bound for ¢y (G) in terms of not only t,(G), but in terms of
every tx(G) for every subgraph K C H. For a constant 0 < ¢ < 1, setting p := ¢'/I#(%)l
in (1.2) we have tx(G(n,p)) = q £ o(1) and tx,(G(n,p)) = ¢PEVIEEL £ o(1). This
shows that random graphs are extremal in this case too. We hope that the application to

the Erdés-Simonovits-Sidorenko conjecture promises the discovery of more applications

of our results to problems in extremal combinatorics.

We also study the hypergraph norms from a geometric point of view. A large portion
of Banach space theory is devoted to the study of local properties of normed spaces.
These are the properties that depend only on finite dimensional subspaces of a normed
space. The two dual concepts of uniform convexity and uniform smoothness are among
the most important invariants in local theory of Banach spaces. Roughly speaking, a
normed space is uniformly convex if its unit ball is uniformly free of “flat spots”, and
a normed space is uniformly smooth if its unit ball is uniformly free of “corners”. The
notions of uniform smoothness and uniform convexity are local properties as they depend
only on the structure of the two-dimensional subspaces of a norm space. These notions
are first defined by Clarkson in [8], where he studied the smoothness and convexity of
L, spaces. Clarkson [8] defined the modulus of smoothness and modulus of convexity
as quantified versions of the notions of uniform smoothness and uniform convexity, and
computed the modulus of smoothness of L, spaces for 1 < p < 2, and the modulus of
convexity of L, spaces for 2 < p < oo. Later Hanner [33] completed Clarkson’s work
by computing the modulus of convexity of L, spaces for 1 < p < 2, and the modulus
of smoothness of L, spaces for 2 < p < 0o. For most examples of the natural normed
spaces, one can deduce the most important local invariants of a normed space from its
moduli of smoothness and convexity. Hence from the perspective of local theory it is

very desirable to compute these parameters. We shall discuss this further in Chapter 4.

Gowers norms are a very special case of hypergraph norms. But surprisingly some

of their key properties, and ideas from pseudo-randomness theory, will be needed in the
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study of the geometric properties of the hypergraph norms.

In Chapter 4 we determine the moduli of smoothness and convexity of hypergraph
norms. Our results in particular determine the moduli of smoothness and convexity of
Gowers norms. They also provide a unified proof for some previously known facts about
L, and Schatten spaces, and generalize them to a wider class of norms. In certain cases
we can show a stronger result. Namely that the corresponding normed space satisfies
the so called Hanner inequality. This inequality has been proven to hold only for a few
spaces, namely the L, spaces by Hanner [33], and the Schatten spaces S, for p > 4 and
1 < p < 4/3 by Ball, Carlen and Lieb [1]. We also prove a complex interpolation theorem,
and use it together with the Hanner inequality to obtain various optimum results in terms
of the constants involved in the definition of moduli of smoothness and convexity.

The rest of this thesis is organized as follows: Chapter 2 is a brief review of the
theorems and results of the elementary functional analysis and graph theory which we
will use in the subsequent chapters. In Chapter 3 we define the hypergraph norms,
and prove various results including the aforementioned Hélder type inequality in the
direction of obtaining a characterization theorem. Chapter 4 is devoted to the study
of the geometric properties of hypergraph norms. In Chapter 5 we translate some of
the results about hypergraph norms to the language of graphs, and also show that n-
dimensional cubes can be used to define norms. In Chapter 6 we apply the results from
Chapter 5 to the Erd6s-Simonovits-Sidorenko conjecture. In Chapter 7 we discuss some
open problems.

Throughout this thesis we assume that the reader is familiar with the very basic
concepts and notations of graph theory, real analysis, and probability theory such as
graphs and subgraphs, path, cycle, Lebesgue integration, event, and random variables.
To see the definitions of the basic concepts of graph theory, refer to any textbook on
graph theory (such as [62, 5]), for real analysis see for example [19], and for probability

theory see [47].



Chapter 2

Background

The aim of this chapter is to introduce the necessary definitions, notations, and basic
results from functional analysis and graph theory for this thesis.

For n € N, let [n] := {1,...,n}. For two disjoint sets X and Y, we shall sometimes
denote their union by XUY to emphasis the fact that they are disjoint.

For two functions f,g: R — RT, we write f = o(g), if and only if

Jim f(x)/g(x) = 0.

We write f = O(g), if there exists constants C, N > 0 such that f(z) < Cg(x), for every

x> N.

2.1 Functional analysis

2.1.1 Measure spaces

A o-algebra over a set  is a nonempty collection F of subsets of € which includes 0,
and is closed under complementation and countable unions of its members.
A measure space is a triple (2, F,u) where F is a o-algebra over Q and p : F —

R* U {400} satisfies the following axioms:
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e Null empty set: u(0) = 0.

e Countable additivity: if {F;};cr is a countable set of pairwise disjoint sets in F,

then

W(Uier i) = ZM(Ez‘)'

ieT
The function p is called a measure, and the elements of F are called measurable sets.
A measure space M = (Q,F,p) is called o-finite, if 2 is the countable union of

measurable sets of finite measure.

Every measure space in this thesis is assumed to be o-finite. ‘

Definition 2.1.1 For a set €2, a collection R of subsets of ) is called a ring if
e )eR.
e A/ B€ R, then AUB € R.

e A,B€ER, then A\ B € R.

The following theorem, due to Carathéodory, is one of the fundamental theorems in

measure theory.

Theorem 2.1.2 (Carathéodory’s extension theorem) Let R be a ring of subsets of
a given set ). One can always extend every o-finite measure defined on R to the o-algebra

generated by R; moreover, the extension is unique.

Consider two measure spaces M := (Q, F,u) and N := (2,G,v). The product measure
uxvon QxYis defined in the following way: For F' € F and G € G, define uxv(FxG) =
w(EF) x v(G). So far we defined the measure puxvon A :={FxG: F € F,G € G}. Note
that A is a ring in that () € A, and A is closed under complementation and finite unions
of its members. However, A is not necessarily a o-algebra, as it is possible that A is not

closed under countable unions of its members. Let F x G be the o-algebra generated
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by A, i.e. it is obtained by closing A under complementation and countable unions. It
should be noted that F x G is not the cartesian product of the two sets F and G, and
instead it is the o-algebra generated by the cartesian product of F and G. Theorem 2.1.2
shows that p x v extends uniquely from A to a measure over all of F x G. We denote
the corresponding measure space by M x A which is called the product measure of M
and V.

Consider two measure spaces M = (2, F, u) and N = (X, G,v). A function f: Q — %
is called measurable if the preimage of every set in G belongs to F. This in particular
implies that a function f : Q — K (where K = R or K = C) is measurable if for every

xo € K and € > 0, the preimage of the set {z : |z — x¢| < €} belongs to F.

2.1.2 Metric spaces

A metric space is an ordered pair (M, d) where M is a set and d is a metric on M, that

is, a function d : M x M — R* such that
e Non-degeneracy: d(z,y) = 0 if and only if x = y.
e Symmetry: d(z,y) = d(y,z), for every z,y € M.
e Triangle inequality: d(z,z) < d(z,y) + d(y, z), for every z,y,z € M.

A sequence {x;}2, of elements of a metric space (M,d) is called a Cauchy sequence if
for every € > 0, there exist an integer N, such that for every m,n > N., we have
d(xm, x,) < €. A metric space (M,d) is called complete if every Cauchy sequence has a
limit in M. A metric space is compact if and only if every sequence in the space has a

convergent subsequence.

2.1.3 Basic inequalities

The most frequently used inequalities in functional analysis are due to Cauchy and

Schwarz, and Holder.
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Theorem 2.1.3 (Cauchy-Schwarz inequality) Consider a measure space M = (0, F, 11).

For two measurable functions f,g: Q) — C we have

[ @t < ([ 1@ ) (/w )Pdu(o )

The Holder inequality is a generalization of the Cauchy-Schwarz inequality.

Theorem 2.1.4 (Holder’s inequality) Consider a measure space M = (2, F, ). For

two functions f,g:Q — C, and two reals 1 < p,q < oo with }D + % =1, we have

[ st < ([ 1n@ra ) (J st )

2.1.4 Normed spaces

By a normed space we mean a pair (V, || - ||), where V' is a vector space over R or C, and

| - || is a function from V' to nonnegative reals satisfying
e (non-degeneracy): ||z|| =0 if and only if z = 0.
e (homogeneity): For every scalar A, and every z € V, || Az|| = |A|||z]|.
e (triangle inequality): For z,y € V| ||z + y|| < ||z| + ||y

We call ||z]|, the norm of z. A semi-norm is a function similar to a norm except that it
might not satisfy the non-degeneracy condition.

The spaces (C, | -|) and (R, |- |) are respectively examples of 1-dimensional complex
and real normed spaces.

Every normed space (V|| - ||) has a metric space structure where the distance of two
vectors x and y is ||x — y||. A complete normed space is called a Banach space.

Two norms || - || and || - || over a vector space V are called equivalent, if there exist

constants C7, Cy > 0 such that for every z € V', we have

Chlle]l < [lz]" < Cofl]l.
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When two norms are equivalent, their metric space structures induce the same topology
on the underlying vector space. The following theorem shows that in the finite dimen-

sional case all norms are equivalent.

Theorem 2.1.5 Let V' be a finite dimensional vector space. Then all norms on V are

equivalent.

It can be deduced from Theorem 2.1.5 that every finite dimensional normed space is
complete and thus is a Banach space.
Consider two normed spaces X and Y. A bounded operator from X to Y, is a linear

function T': X — Y, such that

T
7)) = sup L

< 0. 2.1
U el (2.1)

The set of all bounded operators from X to Y is denoted by B(X,Y). Note that the
operator norm defined in (2.1) makes B(X,Y’) a normed space.
A functional on a normed space X over C (or R) is a bounded linear map f from X

to C (respectively R), where bounded means that

11 = sup FE o o
el

The set of all bounded functionals on X endowed with the operator norm, is called the
dual of X and is denoted by X*. So for a normed space X over complex numbers,
X* = B(X,C), and similarly for a normed space X over real numbers, X* = B(X,R).

For a normed space X, the set By := {x : ||z|| < 1} is called the unit ball of X.
Note that by the triangle inequality, By is a convex set, and also by homogeneity it
is symmetric around the origin, in the sense that ||Az|| = ||z|| for every scalar A with
|A| = 1. The non-degeneracy condition implies that By has non-empty interior.

Every compact symmetric convex subset of R” with non-empty interior is called a

convex body. Convex bodies are in one-to-one correspondence with norms on R". A
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convex body K corresponds to the norm || - ||x on R", where
|zl :=sup{\ € R* : Az € K}.
Note that K is the unit ball of || - |x. For a set K C R™, define its polar conjugate as
K°={zeR":) zy <1, VyeK} (2.2)

The polar conjugate of a convex body K is a convex body, and furthermore (K°)° = K.

Consider a normed space X on R". For z € R" define 7, : R" — R as T,(y) :=
Yo @iy It is easy to see that T, is a functional on X, and furthermore every functional
on X is of the form T, for some x € R™. For x € R" define ||z|* := ||T,||. This shows
that we can identify X* with (R™, || - ||*). Let K be the unit ball of || - ||. It is easy to see

that K°, the polar conjugate of K, is the unit ball of || - ||*.

2.1.5 Hilbert Spaces

Consider a vector space V over K, where K =R or K = C. Recall that an inner product

(,-) on V, is a function from V' x V to K that satisfies the following axioms.

e Conjugate symmetry: (z,y) = (y, ).
e Linearity in the first argument: (ax+z,y) = a(z,y)+(z,y) fora € Kand z,y € V.
e Positive-definiteness: (x,x) > 0 if and only if = # 0, and (0,0) = 0.

A vector space together with an inner product is called an inner product space.

Example 1 Consider a measure space M = (Q, F, i), and let H be the space of mea-
surable functions f : Q@ — C such that [ |f(x)|*du(x) < oco. For two functions f,g € H
define

(f.9) = / f(2)g(@)du(z).

It is not difficult to verify that the above mentioned function is indeed an inner product.
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An inner product can be used to define a norm on V. For a vector x € V, define

[zl = v/ (2, 2).

Lemma 2.1.6 For an inner product space V', the function ||-|| : © — /{(x,x) is a norm.

Proof. The non-degeneracy and homogeneity conditions are trivially satisfied. It re-
mains to verify the triangle inequality. Consider two vectors x,y € V and note that by

the axioms of an inner product:

0 < (z+ Ay, 2+ Ay) = (z,2) + A (y,9) + Az, y) + Mz, y).

(z,x)
(y,y)

x AZ¥) Wil show that

Now taking \ := (zy)]

0 < 2(z, 2)(y,y) — 2v/(z, ) (Y, )| (@, y) |,

which leads to the triangle inequality. |

A Hilbert space is a complete inner-product space.

2.1.6 The L, spaces

Consider a measure space M = (2, F, ). For 1 < p < oo, the space L,(M) is the space

of all functions f : 2 — C such that

= [1seran) " <o

Strictly speaking the elements of L,(M) are equivalent classes. Two functions f; and fs

are equivalent and are considered identical, if they agree almost everywhere or equiva-

lently || fi — fal|, =0

Proposition 2.1.7 For every measure space M = (Q, F, p1), L,(M) is a normed space.
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Proof. Non-degeneracy and homogeneity are trivial. It remains to verify the triangle

inequality. By applying Holder’s inequality:

I +ale = /|f T g(@)Pdu(a /|f T g(@) P f () + g(x) | dp(z)

< [ @)+ P r@ldnte) + [ 1)+ o)l o)l dute)
< ( / |f<x>+g<x>|pdu<x>) P ||f||p+< / If(x)+9(x)|pdn(w)) ;e
= 1+ gl U + gl

which simplifies to the triangle inequality |

Consider the set of natural numbers N with the counting measure. We shall use the

notation ¢, := L,(N).

2.1.7 Schatten norms

Let A be a real or complex matrix. For 1 < p < oo, the p-th Schatten norm of A is
defined as
1A]ls, = (Tr(AA)P2)1P,

The p-th Schatten norm is sometimes referred to as the p-th Schatten-von Neumann
norm, or p-trace norm. Note that when A is an n X n matrix, ||A||s, is just the £, norm
that is applied to the eigenvalues of |A| = (A*A)Y/2. This fact generalizes by the spectral
theorem to the infinite case.

It is well-known (but not trivial) that || - ||s, is a norm. This can be deduced from

Theorem 2.1.8 below due to Schatten and von Neumann [50, 51, 52].

Theorem 2.1.8 Suppose that 1 < p,q,r < oo are such that 713 + % = % For two n xn

matrices A and B we have

[AB[s, < |Alls, [ Blls,-

For further reading about the Schatten norms we refer the reader to [10].
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2.1.8 The Hahn-Banach theorem

Consider a normed space X. Recall that X*, the dual of X, is the set of bounded
functionals on X. In this section we want to answer the following question: Are there
enough elements in X* to distinguish the elements of X7 Equivalently, given 0 # x € X,
is there an element f € X* such that f(z) # 07 Since X is a normed space one wishes
more. We want to obtain information about X by looking at X*. To be more precise we

know that

2]l = sup{f(x) - [ f]| = 1, f € X7},

but is the right-hand side equal to ||z]|? In fact, based on what we have presented so far,
we do not even know that for every non-zero normed space X, X* # {0}.

The key to answer the above questions is the Hahn-Banach theorem.

Theorem 2.1.9 (Hahn-Banach theorem) Let X be a normed space over a field K
where K = R or K = C, and E be a subspace of X. Suppose that ¢ : E — K is a

functional with ||¢|| < 1. It is possible to extend ¢ to a functional ¥ : X — K such that

[Pl < 1.

The following corollary to Theorem 2.1.9 answers the questions discussed above.

Corollary 2.1.10 Let X be a normed space over a field K where K =R or K= C, and

xo € X. There exists a functional 1 : X — K such that ||¢|| = 1, and ¥ (o) = ||zo]|.

Proof. Let E be the 1-dimensional subspace of X generated by xq. There is a unique
¢ : E — R with ¢(x) = zy. Note that ||¢|| < 1. Now one can apply Theorem 2.1.9 to

extend ¢ to a functional on X that satisfies the requirements of the corollary. |

2.1.9 Finite representations of normed spaces

For a real A > 1, a normed space X is said to be A-finitely representable in a normed space

Y, if for every finite dimensional subspace £ C X, there exists a linear map 7' : £ — Y
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such that ||z|| < ||Tz|| < M||z||, for every z € E. If for every A > 1, X is A-finitely
representable in Y, then we simply say X is finitely representable in Y. Roughly speaking
this means that for every finite dimensional subspace E of X, one can find a subspace
of Y that is an “almost” identical copy of E. Finite representations of normed spaces
are important when one studies the “local” properties of the normed spaces, i.e. the
properties that depend only on finite dimensional subspaces of a normed space. For
example, as we shall see in Chapter 4 a normed space is called uniformly convex if for

every € > 0,
rT+y

O<inf{1—

|l = 1ol = 1, = 1 2 2.
Note that being uniformly convex is a property that depends only on two-dimensional
subspaces of the normed space, so it is a local property. It is easy to see that if X is
not uniformly convex, and X is finitely representable in Y, then Y is also not uniformly
convex.

It is not difficult to see that for 1 < p < oo, every L, space is finitely representable
in ¢,. The following beautiful theorem due to Dvoretzky [11] plays an important role in

local theory of normed spaces.

Theorem 2.1.11 (Dvoretzky’s theorem) The space (5 is finitely representable in ev-

ery infinite dimensional normed space.

For a proof we refer the reader to [43].

2.2 Graph theory

A graph G is a pair (V, E) comprising a finite set V' of vertices, and a set E of edges, where
every edge is a 2-element subset of vertices. Sometimes for an edge {u, v} we abbreviate
it to just uv. The adjacency matrix of a graph G is a |V(G)| x |V(G)| matrix Ag, where
rows and columns are indexed by vertices of G, and Ag(u,v) is equal to 1 if uv € E, and

it is equal to 0 otherwise.
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For an integer n > 3, C), denotes the cycle of length n, and for an integer n > 1, K,

denotes the complete graph on n vertices.

2.2.1 Graph homomorphisms

For two graphs H and G, a homomorphism from H to G is a mapping h : V(H) — V(G)
such that for each edge {u,v} of H, {h(u),h(v)} is an edge of G. An isomorphism from
G to H, is a bijection h : V(G) — V(H), such that h is a homomorphism from G to
H, and h~! is a homomorphism from H to G. In other words uv € F(G) if and only if
h(u)h(v) € E(H).

Two graphs G and H are called isomorphic if there exists an isomorphism between
them. An isomorphism from G to itself is called an automorphism. Note that the set of
automorphisms of a graph G with the composition operator constitutes a group Aut(G)

which is called the automorphism group of G.

2.2.2 Graph densities vs homomorphism densities

Let hy(G) and R} (G) be respectively the number of homomorphisms, and injective
homomorphisms from H to G. Since an injective homomorphism is a homomorphism
that maps vertices of H to distinct vertices of G, the number of copies of H inside G
is equal to mTl(H)‘hi;}j(G). Many classical theorems in extremal graph theory state some
fact about the relation between the functions A (-) for different graphs H. For example,
Turan’s theorem says that the maximum number of edges in an n-vertex triangle-free

graph is [n?/4]. In other words if iy (G) > 2|n?/4], then A} (G) > 0.

We also normalize hy and hi;}j in the following way.

Definition 2.2.1 For two graphs H and G, ty(QG) is the probability that a random map-
ping from V (H) to V(G) is a homomorphism, and similarly t7(G) is the probability that

a random injective mapping from V(H) to V(G) defines a homomorphism.
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Remark 2.2.2 Note that

h (G)
V(@(V(G)]-1)...(V(G) - VH)|+ 1)

which shows that the number of copies of H in G is equal to

t(G) =

(V@I(VG)] = 1).... (VO] — V)] + 1))
Aut(£)] i (G)

Similarly
ty(G) = hi(G)/|V(G)[VU.

The following easy lemma [41] shows that ¢y and ti};j are close up to an error term of

o(1):

Lemma 2.2.3 For every two graphs H and G,

LVl
(@)~ 1300 < e (5 = ov@r

Proof. Set n:= |V(G)| and k := |V (H)|. Trivially 2 (G) < hy(G), and

ha(G) _ h(G) nn—1)...(n—k+1)

tH(G> - nk = nk - tiTr}J(G) nk
But
nj, M —1)... (n—k+1) = ini kN 1
o= go(-2) s - ()2).
=0
which shows that
inj E\1 inj k\ 1
w20 (1- () 2 e - ()2 o3

On the other hand, by the beginning of the inclusion-exclusion formula, we have

hinj( > hH ZhH/
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where the sum is over all graphs H’ that are obtained from H by identifying two of the

vertices. The number of such graphs is (];), and hence

ing Iy (G) hi (G) k)1
th(G) > S > 1a(G) - ; oz tw(G) = () (2.4)
The assertion of the lemma follows from (2.3) and (2.4). m

Although t5(G) itself is an object of interest, extremal graph theory more often
concerns tilf}j(G). However, Lemma 2.2.3 shows that in many situations one can study
t(-) instead, and the results will be automatically translated to statements about 3 (-).
There are major advantages in working with ¢y as it behaves much more nicely than tiflj.
This will become clear in the sequel.

Let us start by looking at an example. Consider Cj, the cycle of length 3, and an

arbitrary graph G. We have

h‘gg(G) = Z{Ag(l’l, T9)Ac (22, x3)Ac(z3,21) : ; € V(G) and z;’s are distinct},
(2.5)

while

heo(G) = Y Aglar, 22)Ag(w2, 23) A (w3, 11) = Tr(AY). (2.6)

z1,22,23€V(G)

Since the trace of a symmetric matrix is the sum of its eigenvalues, Tr(A?) = > A2,
where {)\i}L‘;(lG)I are eigenvalues of Ag. Note that (2.6) has a nice formula which, for
example, relates he,(G) to the eigenvalues of Ag. But the condition that the x;’s are
distinct in (2.5) prevents us from getting such a nice formula.
For graphs H and G, let z,, (u € V(H)) be independent random variables that take
values in V(G) uniformly at random. We have
tr(G)=E [ Ac(zu ), (2.7)
weE(H)
If in (2.7) we take the expectation conditioned on x, being distinct, then we obtain a

inj

formula for ¢};'(G). However, we then lose the independence of the random variables .
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2.2.3 Tensors and Blowups

Consider an arbitrary graph G, and a positive integer k. The k-blowup of G is the graph
obtained by replacing every vertex of G with k different vertices, and a copy of u is
adjacent to a copy of v in the blowup graph if and only if u is adjacent to v in G.

Let H and G be graphs, and G’ be the k-blowup of G, for a positive integer k. Let
7m: V(G") — V(G) be the map defined by 7(u) := v, if and only if u is one of the copies
of v in G’. Consider a uniform random mapping h from V(H) to V(G’). Note that mo h
is a uniform random mapping from V(H) to V(G). Furthermore, h is a homomorphism
from H to G, if and only if 7 o h is a homomorphism from H to G. We conclude the

following lemma.

Lemma 2.2.4 Let G’ be the k-blowup of a graph G, for a positive integer k. Then for

every graph H,
ty(G) =ty (G).

Another graph operation that behaves nicely with respect to ¢ty functions is the tensor
product. Given two graphs G; and Gs, their tensor product G; ® G, is the graph with
vertex set V' (G1) x V(Gy), where there is an edge between (u,v) and (u/,v’) if and only if
wu' € F(Gh) and vv’ € E(Gsy). Consider a graph H, and for every u € H let z, = (Yu, 2u)
be a random variable taking values in V(G1®G2) = V(G;) x V(G3) uniformly at random.
Then

tH(G1®G2) = E H AG1®G2(xU7*TU):E H AGl(yU7yv)AG2(Zu>ZU>

uwwEF(H) weF(H)

= |E Acy(Yusyo) | | E Agy (2us 20) | = tu(G1)tu(Ga).
)

weE(H weE(H)

We conclude the following lemma.

Lemma 2.2.5 Let Gy and G4 be graphs. For every graph H,
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In the sequel for a positive integer k and a graph G, we denote

G =G®...0G.
———

k copies

2.2.4 Graphons

In [41], Lovész and Szegedy studied limits of dense graphs. They called a sequence of
finite graphs {G;}32, convergent if, for every finite graph H, the sequence {ty(G;)}2,
converges. It is not difficult to construct convergent sequences {G;}°, such that their
limits cannot be recognized as graphs, i.e. there is no graph G, with lim; ... t5(G;) =
ty(G) for every H. It is exactly for this reason that the extremal solution to a problem
is often stated as a sequence of graphs instead of a single graph. Let us give an example
to explain this. Let 0 < p < 1 be a constant. Consider the following problem: Assuming
tw,(G) > p, what is the infimum of ¢¢,(G)? As we shall see in Chapter 6, tc,(G) > p*,
for every graph G satisfying tx,(G) > p. For an integer n > 0, let GG,, be an instance
of the Erdés-Rényi random graph G(n,p) where each edge is present independently with
probability p. It is standard (see [41]) that almost surely lim, .. tg,(G,) = p and
lim,, o tc,(Gn) = p*. This proves the existence of a sequence of graphs {G,}°°, such
that lim,, .. tx,(G,) = p and lim,, . tc,(G,) = p*. On the other hand, as we shall see
below, there is no graph G with tx, (G) = p and t¢,(G) = p*. To remedy this and similar
situations we have to extend the space of graphs, and represent the limits of convergent
sequences of graphs as an object in this extended space. Then in this extension we will

be able to find an object w such that tx,(w) = p and t¢, (w) = p*. Let
W, = {w: [0,1]* — [0, 1]|w is measurable, and w(x,y) = w(y, z) for every z,y € [0,1]}.

The elements of W are called graphons. Note that the definition of ¢5 as stated in (2.7)

can be adopted for graphons as well: For graphs H, let z, (u € V(H)) be independent
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random variables that take values in [0, 1] uniformly at random. For w € W; define
tp(w) :=E ] w(z. ). (2.8)
weE(H)
Consider a graph G with vertex set {1,2,...,n}. Define wg : [0,1]* — {0,1} as follows.
Let wg(z,y) := Ag([zn], [yn]) if z,y € (0,1], and if x = 0 or y = 0, set wg to 0. By

comparing (2.7) and (2.8) trivially for every H and G,

This shows that wg contains sufficient information about G so that one can recover the
values of t(G) for every H. In that sense one can consider the space of graphons W; as
an extension of the space of finite graphs. However, one should be careful as it is possible
that wg = wer, for two different graphs G # G’ . Indeed it is not difficult to see that the
graphon corresponded to GG is the same as the graphon corresponded to its k-blowup.
Similar to the graph case, a sequence of graphons {w;}:2, is called convergent if
for every graph H, {tm(w;)}32, converges. The following theorem, due to Lovasz and
Szegedy, shows that if a sequence {tg(w;)}:2, converges then the limit can be represented

as a graphon.

Theorem 2.2.6 (Lovasz-Szegedy [41]) For every convergent sequence {w;}_, of graphons,

there exists a graphon w such that for every graph H,

lim tg(w;) = tg(w).

In the space of graphons, the system of equations ¢, (w) = p and t¢,(w) = p* has the
unique solution w = p (see [40]). Since for 0 < p < 1, there is no graph G with wg = p,
it follows that there is no graph G with tx,(G) = p and t¢, (G) = p*.

The language of the homomorphism densities and graphons gives a neater nature
to some problems in extremal graph theory. To reach a comparison, let us consider

the statement that we discussed above: tc,(w) > p* if tx,(w) > p, and moreover the
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system of equations tg,(w) = p and t¢,(w) = p* has the unique solution w = p. The
translation of the first part of this statement to the language of the classical extremal
graph theory will be the following: “For a constant p and a graph G with n vertices, if
|E(G)| > p";(l +0(1)), then #(Cy,G) > p4%4(1 + 0(1)), where #(Cy, G) is the number
of copies of a cycle of length 4 in G.” Since the statement is asymptotic, to show its
tightness one needs to introduce a proper sequence of graphs, while in the graphon case,
the graphon w = p shows the tightness of the analogous statement. Finally the second
part of the statement which talks about the uniqueness does not translate directly and

naturally to the language of the classical extremal graph theory.

The following theorem shows that the set {w¢ : G is a finite graph} is dense in W,

or in other words W is the closure of {w¢ : G is a finite graph}.

Theorem 2.2.7 (Lovasz-Szegedy [41]) For every graphon w, there exists a sequence

of graphs {G;}2, such that {wg,}2, converges to w.

2.3 Gowers Norms

In this section we define the Gowers norms. The kth Gowers norm is defined on the
set of measurable functions f : [0,1]* — R. For k = 1, the Gowers norm of a function
f:1]0,1] — R is its usual Ly norm. Many key properties of Gowers norms will become

apparent for kK = 2. The second Gowers norm coincides with the Cy norm.

2.3.1 (4 norm

For a measurable function w : [0, 1] — R, its C; norm is defined as

|wllc, == (Ew(ﬁo,yo)w(ﬂfl,yo)w(xl,y1)w(1’0,y1))1/4- (2.9)
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/

Note that for a symmetric w, we have ||wl|¢, = (tc,(w))"*. For four measurable functions

wy, wy, w3, wy : [0,1]> — R, we denote
(w1, wa, w3, wa)c, = Ewi(zo, yo)wa (1, yo)ws (o, y1)wa(z1, y1)-
Lemma 2.3.1 Consider four measurable functions wy, wy, w3, wy : [0,1]> — R. Then
(wi, w, wy, wa)e, < flwille,llwelle, llwslle,llwll e, (2.10)
Proof. The proof is by applying the Cauchy-Schwarz inequality iteratively.

L.HS. of (2.10) = Egy .z, (Eywi (2o, yo)wa (21, 0)) (Ey, ws(zo, y1)wa(@r, y1))

1/2
S (Exg,xl (]Eyowl(x07y0)w2($1vyo))2) / X

1/2

(Bapor (Byyws(zo, y1)wa(z1,31))%) (2.11)

Now note that by change of variable

Emo,ml (]Eygwl (Io, yU)wQ(xla yO))2 = ]Emo,zl (]Eygwl (Io, yU)wQ(xly yO)) X
(Ey, w1 (20, y1)w2(z1, 1))
= Ewl(%:Z/o)wz(ﬂ?l,yo)wl(%, yl)w2(=’751,y1)

- <w17w27w17w2>047 (212)
and

(212) - Eyo,yl (Ezowl (an yo)wl (l’o, yl)) <E$1w2<x17 yo)UJQ(.Z'l, yl))
1/2
(Eyo,yl (Emowl (.To, yO)wl <I07 yl))Q) (Eyg,yl (Ex1w2(x1> yO)w2 ($1, ?/1))2)

= [lwillg, w2z, (2.13)

1/2

IN

Similarly

Eoo ey (Eyyws(@o, y1)wa(zr,11))* < wslld, lwallf, -

Putting back everything in (2.11) leads to (2.10). n
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Proposition 2.3.2 The Cy norm satisfies the axioms of a norm.

Proof. The homogeneity is trivial. Suppose that |w|c, = 0 for w : [0,1]*> — R. By
(2.10), for f,g:[0,1] — R we have

Ef(z)w(z, y)g(y)| < [[fllallwlclgllallLlle, = 0.
This implies that w = 0. Let us now verify the triangle inequality. For wy,w, : [0,1]> — R

||wy + w2||4c4 = (w1 + wa, w1 + Wa, W + We, w1 + Wa)c,

= <w1,w1 + Wa, W1 + Wa, W1 + ’LU2>C4 -+ <w2,w1 + Wa, W1 + Wa, W1 -+ w2>c4

IN

lwrlle llws +welle, + [lwalle, llwr + wall,

n
The following proposition which we state without a proof reveals the importance of

the Cy norm from the point of view of extremal combinatorics (for a proof see [28]).

Proposition 2.3.3 Consider two graphons wy,ws € Ws. For every graph H,
[t (w1) — tr(wa)| < [E(H)| X [lwy — wslc

The C4 norm is closely related to Schatten norms discussed in Section 2.1.7. In fact, for

a real-valued matrix A, we have

[4lls, = (A4 = (3 Alwo, po) Ales g0) Alra, p) Ao, ) - (214)

Comparing (2.14) to (2.9) shows that apart from some small technicalities the Cy norm
and the 4-Schatten norm are basically the same norms. In fact, one can define the
C, norm by defining a proper trace function for measurable functions w : [0, 1]> — R.
However, since that is not relevant to the purpose to this thesis we shall not discuss it
further in this section.

The fact that || - ||, is @ norm was long known due to its connection to the Schatten

norms. To the best of the author’s knowledge, most of the known proofs for the fact
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that Schatten norms satisfy the axioms of norms are through spectral theory. However,
the above proof to Lemma 2.3.1 is more recent [26], and its importance is in that it

generalizes to k-variable functions, as we shall see in Section 2.3.2.

2.3.2 Gowers norms

Gowers norms are generalizations of the Cy norm to k-variable functions. For a function
f:[0,1]¥ — R, its k-th Gowers uniformity norm is defined as

2—k

Il ={E [T  f@ia.- - 2ei)

(i1 ,vin) €{0,1}F
Note that setting & = 2 in the above formula gives the Cy norm defined in (2.9).

For e € {0,1}*, let f.:[0,1]* — {0, 1} be measurable functions. Define

<{f€}€€{0,1}k>Uk =K H fe(ajl,iu s 7$k7ik)

e=(i1,...,i)€{0,1}*
The following lemma which generalizes Lemma 2.3.1 is called the Gowers-Cauchy-Schwarz

inequality as it reminisces the classical Cauchy-Schwarz inequality.

Lemma 2.3.4 (Gowers-Cauchy-Schwarz inequality) Fore € {0,1}*, let f, : [0,1]F —
{0,1} be measurable functions. Then
({fedeeopdve < TT Ifellvne
ec{0,1}*
Similar to the proof of Proposition 2.3.2, one can use Lemma 2.3.4 to show that || - ||¢,
satisfies the axioms of a norm. We shall present the definition of Gowers norms for

complex functions in Chapter 3.
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Product Norms

Gowers in [26, 27] introduced the Gowers norms as a generalization of the Cy-norm to
measure the amount of pseudo-randomness in the context of hypergraphs. Since then
these norms have became common tools in combinatorics, combinatorial number theory,
and computer science. Gowers norms, apart from their many remarkable applications,
are also interesting from a different point of view. Namely Gowers’ proof that they
satisfy the axioms of norms, although simple, is different from the common proofs that
the Cy norm is a norm. The Cy norm of a graph G can be defined as (> )\f)l/ * where
A; are the eigenvalues of the adjacency matrix of the graph, and most common proofs
in this case are based on this spectral interpretation of the norm. But in the context of
hypergraphs and the general Gowers norms, one does not have access to spectral theory,
and Gowers’ proof proceeds by iteratively applying the Cauchy-Schwarz inequality. This
new approach was an indication that even in the context of graphs, there might be other
norms that are defined in a similar fashion to the Gowers norms.

Recall from Section 2.3.1 that for a symmetric measurable map w : [0,1]* — R, the

1/4 1/|E(H)]

Cy norm is defined as ||w]|¢, = te, (w)'/*. Lovész asked for which graphs H, tg(-)
defines a norm. In this chapter, we take a more general approach, and shall not restrict

ourselves to the norms that are defined through graphs. However, in Chapter 5, we shall

27
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revisit Lovasz’s question, and state the consequences of the results developed in this
chapter to that problem.
Let us start by giving some examples of normed spaces. Consider a measurable

function f:[0,1] — C. For 1 < p < oo, the L, norm of f is defined as

111 = ([ 176aac ) " (f rererira) v (3.1)

Next consider a measurable function f : [0,1]> — C. Since f is a complex-valued function

the Gowers 2-uniformity norm of f is defined as

1/4
[ fllv, = (/ f(mo,yo)f(xhyl)f(xoa?Jl)f(xhyo)dxodwldyodyl) : (3.2)

Note that there are similarities between (3.1) and (3.2): Their underlying vector spaces
are function spaces, and the norm of a function f is defined by a formula of the form
( f H) e , where p > 0 and II is a product which involves different copies of the powers
of f and f. The purpose of this chapter is to develop a common framework to study the
norms that are defined in a similar fashion. We establish that such norms are natural
generalizations of the L, norms, and we prove that they share many of the nice properties
of the L, norms.

For now, let us focus on two-variable functions f : [0, 1]2 — C. For finite sets V1, V5

and functions «, 3 : Vi x Vo — R*, consider
1/t

flen=| [ T fwr™ I[ Faw™) . 63

(4,7)EVI X Va (4,§)eVix Vo
where ¢ := Z(i,j)ev a(i,j) + B(i,7). The question that we study is: for which «, 3, does

the function || - ||(4,3) define a norm? For example both formulas

1/8
I fllow, = ||f12||1/2 (/f 56'(),?40) f(x1,9) f($0,yl)2f($1,yo) d$od1'1dyodyl> )
(3.4)

and

1/(2V3+2)
) o (39)

(/|f($07yo)|‘/§|f($1;yl)’ﬂ’f(xoayl)Hf(JCh?/0)|d1’0d$1dy0dy1
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can be defined as || - ||(a,) for proper choices of functions a and 3. They are both always
nonnegative, and homogenous with respect to scaling. But do they satisfy the triangle
inequality? One of our main results, Theorem 3.4.1, says that if || - ||(,3) satisfies the

triangle inequality, then one of the following two conditions hold:

e Type I: There exists a constant s > 1 such that «(i,j) = £(i,7) € {0,s/2}, for

every (i,7) € Vi x Va;

e Type II: For every (i,7) € Vi X Vo, a(i,j) = B(i,5) =0, a(i,j) =1 —5(i,5) =0,
or 1 — Oé(l,j) = 6(%]) =0.

It follows from the above result that neither of (3.4) and (3.5) satisfies the triangle
inequality. The L, norm || f|l, = ([ |f(z,y)[P)*/? is an example of a norm of Type I, and
| - ||, defined in (3.2) is an example of a norm of Type II.

As we shall see in Remark 3.4.4 it is not true that if (a, 3) is of Type I or of Type II,

then || - ||(a,8) satisfies the triangle inequality.

3.1 Notations and Definitions

In this section we introduce some notation that will help us to generalize Gowers norms.
We have already seen the 2-variable case in (3.3), and the reader is encouraged to have
that example in mind while reading the following next few paragraphs. Let £ > 0 be an
integer, Vi, ..., Vi be finite nonempty sets and V :=V; x ... x V;. For o, 3:V — R, we
call the pair H = («, 3) a k-hypergraph pair. The size of H is defined as
[H| =) Ja(w)] +8(w)].
weV

When we say H = («a, 3) takes only integer values, we mean that ran(a),ran(3) C Z.

Consider two k-hypergraph pairs: H = (a, f) over V =V x...xV,,and H = (/, ')

over W = W; x ... x Wy. An isomorphism from H to H' is a k-tuple h = (hq,..., hy)
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such that h; : V; — W; are bijections satisfying

for every w = (w1,...,wx) € V, where h(w) = (h1(w1),...,hx(wr)). We say H is
isomorphic to H’, and denote it by H = H’, if there exists an isomorphism from H to H’.
Let M = (Q,F,u) be a measure space. Every w = (wy,...,w;) € V defines a

projection from Q"1 x ... x QY to OF in the following way: For

xr = ({xl,v}’UGVU {x2,v}’U€V27 ey {xk,v}vevk) S QVl X... X QVI@,

we have

W(T) = 10y - Thw,) € Q8.

For a measurable function f: Q% — C, let f# : Q" x ... x QY% — C be defined as
fh(z) = (H f(W(x))“(“)) (H f(W(x))ﬁ(“)) ,
weV weV
where here, and in the sequel we always assume 0° = 1. As we discussed above we want

to use hypergraph pairs to construct normed spaces.

Definition 3.1.1 Consider a k-hypergraph pair H = («, 3) with o, 5 > 0, and a measure
space M = (Q, F, ). Let Liy(M) be the set of functions f : Q¥ — C with || | f| ||z < oo,

where for a measurable function f : QF — C,

1l = ( / fH) " (3.6)

A hypergraph pair is called norming (semi-norming), if |- ||z defines a norm (semi-norm)

on Ly(M) for every measure space M = (Q, F, ).

Remark 3.1.2 Note that Definition 3.1.1 does not require Ly (M) to be a vector space.
However, if || - ||y satisfies the axioms of a semi-norm, then Ly (M) will automatically

become a vector space. ]
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Remark 3.1.3 As the reader might have noticed, the variables and the infinitesimals
are missing from the integral in (3.6). To keep the notation simple, here and in the
sequel when there is no ambiguity we will omit the variables and infinitesimals from the

integrals. |
Remark 3.1.4 If H = H’, then for every function f we have [ f# = ffH/ |

Lemma 3.1.5 Consider a k-hypergraph pair H. If M = (0, F, 1) is a measure space,
then for every f € Ly(M), we have || fllg < || fll,, where p:= |H]|.

Proof. Suppose that H is defined over V := V] x ... x V. Using Holder’s inequality, we

have

[ < [T

weV
a w‘)g‘ﬂ(w) a(w‘)g‘ﬁ(w)
< TI(firtewnr) ™ =TI ([1rerm)
weVvV weV
= |1

m
For a measure space (Q,F,u), let us call a complex-valued function f : Q% — C
simple, if there exists a partition of €2 into finitely many measurable sets 4, ..., €2, such

that f is a constant on §;, x ... x §;,_for every choice of iy,...,i; € {1,...,m}.

Corollary 3.1.6 Let M = (2, F,u) be a measure space. For every semi-norming k-

hypergraph pair H, the set of simple functions is dense in Ly(M).

Proof. Suppose that H is a k-hypergraph pair over V' := V; x ... x V;. Consider

f € Ly(M). Since fH is integrable, for every € > 0, there exists a measurable set ¥ C

= [ <

such that ©(X) < oo and
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Hence setting p := |H|, and denoting by 1y the indicator function of X¥ C QF,

\ Jisr= [

1/p
< /P

1/p

If = flgelln = ‘/If o]

< i [

Trivially there exists a simple measurable function g : ¥¥ — C such that ( [, [ f — g[?) Ve <

€. Now by Lemma 3.1.5,

Hflzk’ - QHH < Hflgk - ng <e.

We conclude that

Since € was an arbitrary constant, the assertion of the corollary follows. |

Proposition 3.1.7 A k-hypergraph pair H is norming (semi-norming), if || - ||z defines
a norm (semi-norm) on Ly ({1,...,m}), for every positive integer m, where {1,...,m}

15 endowed with the counting measure.

Proof. We only prove the case where H is a semi-norming hypergraph pair, and the
proof of the case where H is norming follows from the characterization of semi-norming
hypergraphs that are not norming in Section 3.4.3.

Let H be a k-hypergraph pair over V :=V; x ... x V. Consider an arbitrary measure
space M = (0, F, ).

If [ f# ¢ RY, for a function f € Ly (M), then by Corollary 3.1.6 there exists a simple
function g € Ly(M) with [ g ¢ R*. Since g is simple, one can partition {2 into finitely
many measurable sets {2y, ..., (), such that g is a constant on §2;, x ... x §;, for every
choice of iy,...,ix € {1,...,m}. Now define g : [m]* — C by setting g(ai,...,ax) to be
equal to the value of g on €, x ... x €, multiplied by u(€;,) x ... x p(€;,). Trivially

f[m}v g" = [ ¢" ¢ RT which shows that || - || is not a semi-norm on Ly ({1,...,m}).
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Similarly if the triangle inequality fails for Ly (M), then by Corollary 3.1.6, there
exist simple functions f,g for which the triangle inequality fails. But similar to the
previous case this shows that for some positive integer m, the triangle inequality fails in
Ly({1,...,m}). n

As one would suspect from Definition 3.1.1, the function || - ||z is not a priori a norm.
We will pursue the question: “Which hypergraph pairs are norming (semi-norming), and

what are the properties of the normed spaces defined by them?”

Remark 3.1.8 Let Vi,...,V, be arbitrary finite sets. For ¢ € V; x ... x V}, we denote
by 1, the k-hypergraph pair (d,,0), where 6, is the Dirac’s delta function: dy(w) = 1 if
w =1, and 0y (w) = 0 otherwise.

We will apply arithmetic operations to hypergraph pairs: For example for two hy-
pergraph pairs Hy = (a1, 51) and Hy = (g, 32), their sum H; + Hs and their difference
H; — H, are defined respectively as the pairs (a1 + ag, 81 + (2) and (a1 — o, f1 — (o).
For a hypergraph pair H = (o, () define H := (8,a), and rH := (ra,rj3) for every
r € R. Now let H; = (a1, 51) be a hypergraph pair over V; x ... x V; and Hy = (g, 32)
be a hypergraph pair over Wy x ... x Wj. By considering proper isomorphisms we can
assume that WW; and Vj are all disjoint. Then the disjoint union H;UH, is defined as a
hypergraph pair over (ViUW;) x ... x (VxUW}) whose restrictions to V; X ... x V; and
Wi x ... x Wy are respectively H; and Hs, and is defined to be zero everywhere else.

With these definitions, for a measurable function f : QF — C, we have

fH1+H2 _ lefH2
prlt g g
=7
= () ="

o e
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Consider a hypergraph pair H, and note that |||z = ||| zomyo..on- Thus in order to char-
acterize all norming (semi-norming) hypergraph pairs it suffices to consider hypergraph

pairs that are minimal according to the following definition:
Definition 3.1.9 A hypergraph pair H over Vi x ... x Vi s called minimal if

o For every i € k] and v; € V;, there exists at least one w € supp(a) U supp(fF) such

that w; = v;.

e There is no k-hypergraph pair H' such that H =~ H'UH'U ... UH'.

3.2 Examples

The next couple of examples show that some well-known families of normed spaces fall

into the framework defined above.

Example 2 Let L, = (o, 3) be the 1-hypergraph pair defined as a = 3 = p/2 over Vi

which contains only one element. Then for a measurable function f :Q — C, we have

N\ Up 1/p
£l = ( / f”/zfp/Q) _ ( / \frp) — 1l

Hence in this case the || - ||z, norm is the usual L, norm.

Example 3 Let k=2, V), =V, ={0,1,...,m— 1}, for some positive integer m. Define

the 2-hypergraph pair Sa, = (o, 3) as

o 1 1=
ali,j) =
0 otherwise
o 1 i =j+ 1(mod m)
B(i,j) =

0 otherwise
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Let pu be the counting measure on a finite set Q. Then for A : Q* — C we have

- - _  N\1/2m
[Allse = (D Alwo,y0) A1, o) A1, 92) A2, 1) - - ALt Y1) Ao, Y 1))

= (Tr(AA*)™)*™,

which shows that in this case the || - ||s,,, norm coincides with the usual 2m-trace norm
of matrices.
Example 4 Let k be a positive integer and Vi = ... = Vi = {0,1}, and for w €
Vix.o..x Vg,

k

alw) = Zwi (mod 2)

i=1

and
Bw):=1-aw).

Then for the k-hypergraph pair Uy, = (o, ), || - ||, s called the Gowers k-uniformity
norm.

3.3 Constructing norming hypergraph pairs

The following definition introduces the tensor product of two hypergraph pairs.

Definition 3.3.1 Let Hy = (ay, 1) be a k-hypergraph pair over Vi X ... X Vi, and Hy =
(e, B2) be a k-hypergraph pair over Wy x ... x Wy.. Then the tensor product of Hy and

Hs, is a k-hypergraph pair over Uy X ... X U, where U; := V; x W, defined as
Hi® Hy = (1 @ az + 01 ® fa, 00 @ Ba + 01 ® az).

We have already seen in Examples 2, 3, 4 that norming hypergraph pairs do exist.
Theorem 3.3.2 below shows that it is possible to combine two norming hypergraph pairs

to construct a new one.
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Theorem 3.3.2 Let Hy and H, be two hypergraph pairs. If Hy and H, are semi-
norming, then Hy ® Hy is also semi-norming. If furthermore at least one of Hy and

Hy is norming, then Hy ® Hs is norming.

We shall prove Theorem 3.3.2 in Section 3.4.4. We will also need the following lemma in

the sequel.
Lemma 3.3.3 For positive integers aq,...,ax, and % < p < oo, the hypergraph pair
K = (p,p) over [a1] X ... X [ag] is norming.

Proof. Let K, . ., denote the hypergraph pair (1/2,1/2) over [ai] X ... X [a)]. First
we establish the lemma for the case that p = 1/2, a; = ... = a1 = 1. Note that for a
measure space M = (Q, F, u), and f: Q¥ — C,

ak
[r=] [ ieemml= [ (/|fx1, )
T1,Th—1 J Yii€ ak] T1yesTh1

In order to show that K71, 1,4, is norming, by Lemma 3.4.9 below, we have to show that

for f,g: Q% — C

ap—1
/ 9@r o) [I oo SIS ol e (37)
ve€[ag]\{1}

Note that by Holder’s inequality

LHS. of (3.7) = /x (/|gw1,.. Th1, Y )(/V%” " 1,y)|) a1

< </ (/|gx1,.. y Tl luy)|> ) X
LLyeenyd
L\ (@x=1)/ax
/ </|f Tlyeooy Tl— 17y)|)
TL1yeeeyd
ap—1
= Hf”léclllak ||g||K1,1,.4.,1,ak'
This establishes the case p =1, a1 = ... = a,_; = 1. Also note that the case a1 = ... =

ar = 1, and arbitrary p is trivial. The general case then follows from Theorem 3.3.2 as

PRy, 0, EPK1 1 QK 1, 10 K10y 190...0 K1 14

yeeey L@



CHAPTER 3. PRODUCT NORMS 37
3.4 Structure of Norming hypergraph pairs

In this section we study the structure of semi-norming hypergraph pairs. The main result

that we prove in this direction is the following.

Theorem 3.4.1 Let H = («a, 3) be a semi-norming hypergraph pair. Then H = H, and

one of the following two cases hold

e Type I: There exists a real s > 1, such that for every 1) € supp(a) U supp(5),
a() = (1Y) = s/2. In this case, s is called the parameter of H.

e Type I1: For every ¢ € supp(«) Usupp(f), we have {a(v), B(¢)} = {0,1}.

Note that the condition H = H is trivially satisfied for every hypergraph pair that
satisfies the requirements of Type I hypergraph pairs. This is not true for Type II
hypergraph pairs, and in this case H = H implies a further restriction on the structure

of the hypergraph pair.

Remark 3.4.2 Note that if H is of Type I, then for every measure space M and every

f € Ly(M), wehave ||f|lz = || |f| ||z- This fact will be used frequently in the sequel. m

Suppose that H = (a,3) is a k-hypergraph pair over V; x ... x V. For a subset
S C [k], we use the notation mg to denote the natural projection from V; x ... x Vj to
[Lics Vi- We can construct a hypergraph pair Hg := (ag, fs) where ag, Bs : [[,cs Vi = C
are defined as
s W Z{a(w’) cmg(W') = w}h
and

Bs:wim Y {BW): ms(W) = w},

We have the following trivial observation:

Lemma 3.4.3 If H = (o, 3) is a norming (semi-norming) k-hypergraph pair, then for

every S C [k], Hg is a norming (semi-norming) |S|-hypergraph pair.
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Proof. Suppose that || - ||z is a norm (semi-norm) on Ly(M) for a measure space
M = (Q, F, ), and a k-hypergraph pair H over V := V] X ... x V. We might assume
that H is minimal according to Definition 3.1.9. Let h : Q@ — {0,1} be an arbitrary
zero-one integrable function with [ h = 1.

Consider a measurable function f : Q! — C in Ly (M). Let S = {i1,.... 59}
Define f : Q¥ — C by f(z1,...,2) = f(zi,, ... ,Tig) [ 1525 (). Note that for every

weVix...xV, and x € QV,

F@)® @ f@(@)P@ = f@rms o 2hw) O f@rw, - T, )

= f(xil,wz'p s 7xik,wik)a(w)f(xi1,wz'l7 s 7xik,wik)ﬂ(w) H h(xj,wj)'
J¢s

Hence using the assumptions that h is a zero-one function and it has integral 1, and also

the minimality of H according to the first condition of Definition 3.1.9, we have

/fH - /QV H f<'ri1,wi1= e 7‘rik,wik>a(w>f<xil,wil7 e Ligwiy )ﬁ(w) H h(xjwj)

weV Jjgs

- /Qvil Vs I F @iy i, ) @iy i, )P
X... X WEV

X H /Qh(xm)

jESweV;

= /QVH 3Vils, H f(xilywi17 ce 7wikzwik)a(W)f(xilywi17 T >$ikywik)ﬁ(w)
XX weV

_ Hs
= /V‘ v f >
Q71 x..xQ 151

which shows that ||f||gs = || f]lz. We conclude that || - ||z is a norm (semi-norm) on

LHS(M) |

Remark 3.4.4 The importance of Lemma 3.4.3 is in that one can apply Theorem 3.4.1
to Hg to deduce more conditions on the structure of the original semi-norming hypergraph
pair H. For example applying Theorem 3.4.1 to Hg when S has only one element implies

that for every 1 < i < k, there exists a number d; such that for every v; € V;, we have

YHa) tw =v}=>{F(w) : w; = v} =d,. ]
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The next theorem gives another necessary condition on the structure of a semi-norming

hypergraph pair.

Theorem 3.4.5 Suppose that H = («,3) is a semi-norming k-hypergraph pair over
Vi X ... X Vi which is not the disjoint union of any two hypergraph pairs. Let W; C V;
fori=1,... k, and H' be the restriction of H to Wy x ... x Wy. Then

e oo
|W1|—|—...+’Wk|—1 - |‘/1|++’Vk|—1

Remark 3.4.6 Note that Theorem 3.4.5 requires that H is not the disjoint union of any
two hypergraph pairs. Semi-norming hypergraph pairs that are disjoint unions of two or

more hypergraph pairs are studied in Section 3.4.2. |

We present the proofs of Theorems 3.4.1 and 3.4.5 in Section 3.4.6, but first we need

to develop some tools.

3.4.1 Two Holder type inequalities

One of our main tools in the study of hypergraph norms is the trick of amplification
by taking tensor powers. This trick has been used successfully in many places (see for

example [49]).

Definition 3.4.7 For f,g: QF — C, the tensor product of f and g is defined as f ® g :

(%)% — C where f @ g[(x1, 1), (T, ye)] = (@1, 2k) gy, - Yk)-

We have the following trivial observation.

Lemma 3.4.8 Let Hy, Hy be two k-hypergraph pairs over the same set V := Vi x.. . xVj,
and fi, f2, 91,92 : QF — C. Then

/(f1 ® f2)" (g1 © go)"" = </ lelgf’Q) (/ fflg§’2) :
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Proof. Note that every

2= ({1 yraltoevis - B0 Yol boevi) € (297

corresponds to a pair [z,y] € QY x QY where * = ({®1,}vevy,- - -5 {Thw Joev, ), and

Yy = {v10}vevis- - {Ukw}oer,). Now for every w € V,

fi ® folw(z)) = fi(w(z)) f2(w(y)),
and
91 ® g2(w(2)) = g1(w(z))g2(w(y)),

which in turn implies the assertion of the lemma. |
Now with Lemma 3.4.8 in hand, we can prove our first result about semi-norming

hypergraph pairs.

Lemma 3.4.9 Let H = («, 3) be a semi-norming hypergraph pair. Then for every mea-

sure space M, and every f,g € Ly(M) the following holds. For every ¢ € supp(«),

e
) / fHtoghe

Conversely, if for a measure space M, and every f,g € Ly(M), [ f* € R*, and at least

<A gl e (3.8)

and for every 1 € supp(f3)

< A1 gl (3.9)

one of (3.8) or (3.9) holds for some ¢ € Vi x ... x Vi, then || - ||g is a semi-norm on

Lu(M).

Proof. First we prove the converse direction which is easier. Consider two measurable

functions f, g : Q% — C and suppose that (3.8) holds for some ¢ € V; x ... x Vj. Then

4ol = [0 = [r+9m (49"
— /(f—i-g)H_lwflw + /(f‘Fg)H_lwgl’”

H|-1 H|-1
< |f+g) i

I+ 11f +glle ™ lglla,
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which simplifies to the triangle inequality. The proof of the case where (3.9) holds is
similar.

Now let us turn to the other direction. Suppose that H is a semi-norming hypergraph
pair. Consider f,g € Ly(M). We might assume that ||f||g # 0, as otherwise one can
instead consider a small perturbation of f. Since || - ||z is a semi-norm, for every ¢ € Rt
and every f,g:Q — C, we have ||f +tg||g < || f||z + t||g]|z which implies that

dl|f + gtlla

< : 1
I < gl (310)

0

Computing the derivative

WA S @) + 10+ Y B +19)" g,

dt
esupp(a) pesupp(F)
shows that
dl|f +tgllu -]
b I | £ A t

S a@)(f+tg) g+ Y B +tg) gl

Y€supp(a) Yesupp(B)

Thus by (3.10),

|H|Hf||1 . / > a@)fg Y BT | < gl
(@)

pEsupp(a pesupp(F)

or equivalently

I / Z OffTegt ST BTG | < A gl (3.00)

Yesupp(a Esupp(B)

Since (3.11) holds for every measure space and every pair of measurable functions, for
every integer m > 0, we can replace f and ¢ in (3.11), respectively with f®™ ®7®m and

¢®™ @ g®™, and apply Lemma 3.4.8 to obtain

1 H—-1 1
_ P P
K ‘/ Jo

webupp
H-1, 1,
‘/f vg

2m

_|_

2m

< (U1 all) ™ (312)

P Gsupp
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But since (3.12) holds for every m, it establishes (3.8) and (3.9) as

ﬁ S e+ Y 8w | =1

pesupp(a) yesupp(B)

We have the following corollary to Lemma 3.4.9.

Corollary 3.4.10 If H is a semi-norming hypergraph pair, then a(w) + f(w) > 1, for

every w € supp(«) U supp(f3).

Proof. Let the underlying measure space be the set {0, 1} with the counting measure.

Consider w € supp(a), and note that by (3.8), for every pair of functions f, g : {0, 1}¥ —

For every @ = (x1,...,2;) € {0,1}*, define g(z) := 1 and

C, we have

|H[-1

< 1A llglla- (3.13)

€ T1=...=zx,=1
fa) = '

1 otherwise,

where 0 < e < 1. Then ’f folwglﬂ = U fH*W‘ > @@= “while || fllg < |lglle =
11|l r, which contradicts (3.13) for sufficiently small € > 0, if a(w) + f(w) < 1. ]
Under some extra conditions it is possible to extend (3.8) and (3.9) to a much more

powerful inequality.

Lemma 3.4.11 Let H be a semi-norming hypergraph pair, and Hy, ..., H, be nonzero!

and nonnegative hypergraph pairs satisfying Hy + Hy + ...+ H, = H. Then for every

measure space M and functions fi, fa, ..., fn € Ly(M), we have

H H,
< ALl

[

provided that at least one of the following two conditions hold:

Y.e. H; # (0,0) for every 1 <i < n.
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(a)fl,..., >0

(b) For every H; = (ay, 3;), the functions «y, B; take only integer values.

Proof. Let us first assume that fi,..., f, > 0. Suppose to the contrary that

/ g p s p (3.14)

After normalization we can assume that || fi||x, || f2|lz, ..., [[fallz < 1 while the right-
hand side of (3.14) is strictly greater than 1. Since (3.14) remains valid after small
perturbations of f;’s, without loss of generality we might also assume that for every
1 <17 < n, f; does not take the zero value on any point. Consider a positive integer m,

and note that by Lemma 3.4.8

[(Er) = (s f®’“)i
= JuEmm g (H( - ) )
> [uemm e ( | an)

On the other hand, Lemma 3.4.8 shows that ||fZ"|lgz = ||fill# < 1 for every i € [n].

Then for sufficiently large m we get a contradiction:

IS,z (o) s

Next consider the case where f; are not necessarily positive, but we know that «;, (3;

all take only integer values. Again to get a contradiction assume that

[

where || fillz, -, | follz < 1. In this case for every i € [n], we will consider & ® A

H H,|
> 1> ANl

Let H denote the set of all n-tuples of nonzero hypergraph pairs (H/, H}, ..., H)) where

H]’s take only nonnegative integer values and H{ + H,+ ...+ H) = H. By Lemma 3.4.8

/H (fom @ T '/HfH’

2m

> 0.
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Now by expanding the product defined by H, we have

n H n /
/ (Z fi®m ®ﬁ®m) _ Z /H (f?m ®E®m>Hi
i=1 =1

(H!,...,H,)EH
n o n 2m
which leads to a contradiction similar to the previous case. |

Remark 3.4.12 It is possible to show that Lemma 3.4.11 does not necessarily hold in
the general case where none of the two conditions are satisfied. To see this consider 5,
from Example 3. If Lemma 3.4.11 holds for the decomposition Sy = %54 + %54 + %5’4,
then by Lemma 3.4.9 35, would be a semi-norming hypergraph pair. But Theorem 3.4.1

implies that 35, is not a semi-norming hypergraph pair. |

Consider a probability space P = (2, F,pn). It is well-known that for every 1 <
p < g, and for every f € L,(P), we have ||f]|, < ||fl|l;- Indeed by Hélder’s inequality

JIAP < (J1F19)"% (f 10/ 20 = ([ | 7|9)""7 which simplifies to || ][, < [|f[l,- The

next corollary generalizes this to hypergraph pairs.

Corollary 3.4.13 Let H = (o, 3) be a semi-norming k-hypergraph pair. Consider a
probability space P = (Q,F,pu) and f € Ly(P). Let K = (d/,3) be a nonzero k-
hypergraph pair over the same domain as H such that 0 < o < a and 0 < ' < S.

Then
A&l < 1]

provided that at least one of the following three conditions holds:

(a) f>0.
(b) H is of type I.

(¢c) The functions a, 3,/ 3" take only integer values.
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Proof. Parts (a) and (b) follow from applying Lemma 3.4.11 (a) with parameters n := 2,
Hy =K, Hy:=H—-K, fi:=|f| and f5:= 1.

Part (c) follows from applying Lemma 3.4.11 (b) with parameters n := 2, H; := K,
Hy:=H—K, f;:= fand f; := 1. |

3.4.2 Factorizable hypergraph pairs

In this section we characterize all norming and semi-norming 1-hypergraph pairs. As it is
mentioned before, it suffices to consider the hypergraph pairs that are minimal according
to Definition 3.1.9. We have already seen one class of examples of norming 1-hypergraph
pairs, namely the 1-hypergraph pairs L, of Example 2. There exists also a semi-norming
1-hypergraph pair that is not norming: Let G = (1,0) be the 1-hypergraph pair over a
set V] of size 1. Then for a measure space M = (Q, F, u) and a measurable f : Q@ — C
we have || f[|qog = | [ f| which defines a semi-norm. The next proposition shows that

these are the only examples.

Proposition 3.4.14 If H is a minimal norming 1-hypergraph pair, then there exists
1 <p < oo suchthat H= L,. If H is a minimal semi-norming 1-hypergraph pair that is
not norming, then H = GUG, where G = (1,0) is a 1-hypergraph pair over a set Vi of

size 1.

To prove Proposition 3.4.14 we need to study the hypergraph pairs which are decompos-

able into disjoint union of other hypergraph pairs.

Definition 3.4.15 A hypergraph pair H = («, [3) is called factorizable, if it is a disjoint

union of two hypergraph pairs.

Remark 3.4.16 Let H = (a,f) be a hypergraph pair over V = V; x V4 x ... X
Vk. By considering a proper isomorphism we can assume that V; are mutually dis-

joint. Then H is non-factorizable, if and only if the hypergraph on V;U. ..UV, whose
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edges are tuples in supp(a) U supp(f) is connected. Trivially in this case for every
1 <1< j <k and every u € V; and v € Vj, there exists a sequence of elements

(Wit s Wik)y ey (Wmts -« -y wWimi) € supp(a) Usupp(B), for some m € N such that
o wi; =uand Wy ; = v;

e Forevery 1 <t <m, w15 =ws for some 1 < s < k.

The next proposition shows that two non-factorizable hypergraph pairs define identi-
cal norms, if and only if they are isomorphic. For the proof, we need an easy fact stated

in the following Remark.

Remark 3.4.17 Let zy,...,x, be n complex variables. Define a term as a product
[Ti, «¥"7:%, where p;,q; are nonnegative reals. Now let P and @ be two formal finite
sums of terms. It is easy to see that P and () are equal as functions on C", if and only

if they are equal as formal sums. |

Proposition 3.4.18 Let H, and Hy be two minimal k-hypergraph pairs. Suppose that

either Hy and Hy are both non-factorizable, or we have |Hy| = |Hs|. Then

o [f for every measure space (0, F, ), and every f : Q¥ — C, || fllgy = || f || gy, then
Hy = H,.

o If for every measure space (0, F, ), and every f : Q¥ — C, || fllg, = || f g, then
Hy\ = H,.

Proof. Suppose that H; and H, are respectively defined over V; x ... x V,, and W; x
... X Wj. First assume that H; and Hs are both non-factorizable. Let u be the counting
measure on 2 = [m], where m > ¢ |Vi| + [Wj| is a positive integer. Suppose that

for every f : QF — C with have || f|lz, = ||fllz,. Then define f(z1,..., %) to be
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equal to 1, if z; = ... = =z, and equal to 0 otherwise. Consider z € Q"1 x ... x Q.
Note that if w = (wy,...,wr) € supp(a) U supp(B), then f(w(x)) = 1 implies that

Tiw, = ... = Thy,. Hence since H is non-factorizable, by Remark 3.4.16, for x =

{zivtoevis - - {Tiwtoery) € Q" x ..o x Q% [T oy fw(2)*@) f(w(x))f@) = 1 if and
only if all coordinates of = are equal. This shows that [ f#* = |Q], and similarly since
H, is non-factorizable [ f#2 = |Q|. We deduce from || f||x, = ||f||m, that |Hi| = |Ha]|.
So it is sufficient to prove the proposition for the case where |H;| = |Hs|.

Next for every f : Q¥ — C, we assume [ f#1 = [ fH2. For 1 < i < k, consider
fi - 9% —{0,1} defined as fi(xy,...,2) = lifandonlyifz; = ... =2; 1 =241 = ... =
xr = 1. Then using a similar argument to the one in the previous paragraph, by mini-
mality of H; (see Definition 3.1.9), we conclude that for x = ({x;, }vevi, - - -, {Tiwtvev,) €
Qi ox Q% T ey Flw(2)*@ f(w(x))P@ = 1if and only if all {z;, : j #i,v € V;} are

equal to 1. This shows that [ f/* = |Q|"l and [ f/ = |Q|Wil which implies |V;| = |W].

Thus without loss of generality we may assume that V; = W; = {1,...,|V;|}, for every

1 <i < k. Now for every f: Q¥ — C we have

S [ e@)r@fw@)™ = ] fe@) @ @)’

zeQV1 x..xQVk weV zeQV1 x.. . xQVk weV

(3.15)
Consider z = [(1,...,[Vi]), (1, ..., [Va]), ..., (1,...,|[Vi])] € Q"1 x ... x QY. Then w(z) =
w for every w € V', and hence

[T f@) @ 7)™ = T £ @ 7w™ (3.16)

weV weV
Since (3.16) appears in the sum in the left-hand side of (3.15), by Remark 3.4.17 it

must also appear as a term in the right-hand side of (3.15). Hence there exists y =
Y1y -y pal)s - s Ukt - - Yigvig)] € QY X .o x QY% such that

o (w B’ (w) alw ——6(w)

[T F@) @ fwy)” ™ = T f@) @ rw) ™.

weV weV

(3.17)

By minimality, for every v € V;, there exists w = (w1, ...,wx) € supp(a) U supp(3) such

that w; = v. This implies {y;1,..., ¥ v} = Vi, forevery 1 <i <k. Now h = (hq,..., hy)
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defined as h; : j — y; ; (for every 1 <i <k and 1 < j <|V;|) is an isomorphism between
H, and H>.

In the second part of the proposition where it is assumed | f||z, = ||f|lm,, instead
of (3.15) one obtains that the left-hand side of (3.15) is equal to the conjugate of the

right-hand side. The proof then proceeds similar to the previous case. |

Theorem 3.4.19 Let H = H\UH,U...UH,, be a semi-norming hypergraph pair such
that H; are all non-factorizable. Then for every measure space M and every f € Ly (M)

we have

1 o = 1Mo = -+ = I lom = 11

Proof. Let H = G1UG, be semi-norming, where G; and Gy are not necessarily non-
factorizable, M = (Q,F,pu) be a measure space, and f € Ly(M). Since [ f7 =
[ ré [ 9, we have

N flle = HfHGH;II £l S _ ”fH\GGl1I+\G2| 1£1E \G1\+|G2\

It follows from Theorem 3.4.1 that either H is of Type I, or H and G; both take only

integer values. Hence by Corollary 3.4.13

Gl Gl _ | 4110 e Gatvical
)Hfl\cf < [If1l%" Hfl\af Al
which simplifies to
[ el < MMl flle. |-
Similarly one can show that ||| f|lc.| < ||| flle.], and thus ||| flla,] = ||| fllc.]-
By induction we conclude that ||| f||z,| = ... = ||| f]|#,], for every measure space M =

(Q, F,p) and every f € Ly(M),

i = 1l om; =

Now we can state the proof of Proposition 3.4.14.
Proof.[Proposition 3.4.14] Consider a semi-norming 1-hypergraph pair H over a set

Vi = {v1,...,un}. Consider the factorization H = H;UH,U...UH,,, where H; is a
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I-hypergraph pair over {v;}. By Theorem 3.4.19, always || f| z.vz = | fllgyom; = - =
1 f ..o = |l fllr. By Theorem 3.4.1, for every 1 < i < m, either H;UH; = L,UL,, for

some 1 < p < oo, or H;UH; = GUG which completes the proof. m

3.4.3 Semi-norming hypergraph pairs that are not norming

In this section we study the structure of the semi-norming hypergraph pairs which are not
norming. Consider a semi-norming k-hypergraph pair H = (a, §) over V := Vi x ... x V}
of Type I with parameter s = 2m, where m is a positive integer. Since H is of Type
I, it is trivially norming. Consider an arbitrary positive integer k’. We want to use H
to construct a semi-norming (k + k')-hypergraph pair that is not norming. Consider a
measure space M = (Q, F, u). For every integrable function f : QF** — C, define
Fy o QF — Cas Fr(z1,...,2) = [ f(x1,. . Tppnr)dTps1 - .. dxgyp. Since || - ||y is
norming, the two identities Fry = AFy and Fyy, = Fy + F, show that the function
|- || - f || Ff||lm satisfies the axioms of a semi-norm. Furthermore, any function f with
F; = 0 satisfies || f|| = 0. For a generic measure space M = (£, F, ) trivially there exist
functions f # 0 with Fy = 0 which shows that in that case || - || is a semi-norm which is

not a norm. It remains to show that || - || can be formulated with the hypergraph pair
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notation. Indeed recalling that H is of Type I with parameter 2m,

190 = 1= [ TT IRt

wesupp(a)
2m

y17 e 7yk’)dy1 Ce dyk/

wEsupp

B / (H/f yl?"';?ﬂi’)dyl...dyk/)
wesupp(a
( /f yl?"'7yk/)dy1...dyk/>
i'=m-+1

:/ H Hf )y Y1 (wig)s -+ - s Ykt (o))

wEsupp

f(w(x), yl,(w,m-i—j)a s 7yk’,(w,m+j))‘ (318)

Note that the right hand side of (3.18) falls into the framework of hypergraph pairs.
Indeed for k+1 <i < k+ k', let V; :=supp(a) x {1,...,2m}. Now the hypergraph pair
G = (", ) over V| x ... x Vi is defined by

, 1 Vg1 =« = Uy = ([1, ..., 0x),7) where 1 <i<m
A (V1 V) 1=
0 otherwise

and

) 1 Vps1 = .. = Uiy = ([01, ..., 0k],7) where m + 1 <7 < 2m
ﬁ (’01, c. 7Uk-+k/) =

0 otherwise

We have ||[F¢||g = ||flle. The next proposition shows that in fact every semi-norming

hypergraph pair which is not norming is of this form.

Proposition 3.4.20 Let H = (o, 3) be a semi-norming k-hypergraph pair of Type II

over V :=Vy x...x V. Define S to be the set of all 1 < i < k such that for every v € V;,

Z{a JiweViw =v}=1.

Then Hyy\s ts a norming hypergraph pair of Type L.
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Proof. We can assume that H is minimal according to Definition 3.1.9. Consider
a measure space M = (Q,F,u). Note that if S # ), then for every i € S, every
f € Ly(M) with [ f(zy,...,2)dz; = 0 satisfies ||f||z = 0. So if H is norming, then
Hyps = H, and the proposition holds. Consider a k-hypergraph pair H = (a, 3) over
V :=V; x ... x V; which is not norming. Then there exists a function f € Ly(M), for
some measure space M = (Q, F, u), such that [ f# =0 and f # 0. Lemma 3.4.9, then

shows that for every g € Ly (M), and every ¢ € supp(«),

/gH‘lwflw = 0. (3.19)
Since f # 0, there exists measurable sets I'y,..., Iy C Q of finite measure such that
fF1><...><Fk f # 0. Define g : Q% — {0,1}, as
1 (.1'1,...,$k)EF1X...XFk
g(xy, ..., x) =
0 otherwise
Note that for @ = ({Ziu bvevyy - - 5 {Tivfoery) € Q1 x ... x Q% and w = (w1, ..., wy) €V,

g(w(z)) =1 if and only if z;,, € I'; for 1 <7 < k. Thus

1 Tiw, € I for all w € supp(a) Usupp(B) with w # 9
() — () (8) # (3.20)

0 otherwise

Suppose that for every i € [k], there exists w € supp(«) U supp((3) such that w # 1)
but w; = ;. Then by (3.20) and minimality of H,

/ngwflw —

[Vil-1

[T #r) L

1X...xIT'g

contradicting (3.19).
It follows from (3.19) and its analogue for ¢ € supp((3) that the following holds: For

every ¢ = (91, ...,¢) € supp(a) Usupp(), there exists i € [k] such that

{w € supp(a) Usupp(f) : w; = 1; and w # ¥} =0,
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or in other words: > {a(w) + f(w) : w € V,w; = ¥;} = 1. Now Remark 3.4.4 shows
that for every v € V;, > {a(w) + f(w) : w € V,w; = v} = 1 which means that i € S.
By Lemma 3.4.3, Hp) s is semi-norming, but then maximality of S shows that it is also

norming. |

3.4.4 Proof of Theorem 3.3.2

Without loss of generality suppose that H; = («g, 1) is a semi-norming hypergraph
pair over V¥ =V x ... x V and Hy = (ay, 32) is a semi-norming hypergraph pair over
Wk=W x...xW. Set U:=V x W. Note that U¥ = V¥ x W*, and we can think of
the elements of U* as pairs w ® 1 where w € V¥, and ¢p € Wk. Let M = (Q, F, ) be a
measure space. Consider f,g: Q% — C, and o’ ® ¥’ € supp(a; ® ay) C U*.

Denote N := MV and £ := MW, Note that f* : N* — C and f2 : £¥ — C. With
identifications (MU)k = <(MV)W)k o ((MW) V>k we have

fH1®H2 — (le)H2 — (fH2)H1.

By applying Lemma 3.4.9 we get

/le@H?lw/®w’g1w/®w’ — /(le)Hz—lw/ (le*lw’glw’)lw’

[Ho|—1 1

()™ (o)

1
Hql(|Ho|—1 Hy—1,, 1. TH2]
= If s >( [yt g )

M R
< gD (/ (fH2>H1)H1|H2| ( / (9H2)H1)|HHH2

HiQH2|—1
= FEEE g o,

IN

Lemma 3.4.9 shows that H; ® Hs is semi-norming.
Next suppose that H; is norming, and [ ff1®#2 = (. Then since fA1®H2 = (]‘7H2)H1
and H; is norming we conclude that f#2 = 0 almost everywhere, which shows that f = 0

almost everywhere.
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3.4.5 Some facts about Gowers norms

In this section we prove some facts about Gowers norms that are needed in the subsequent
sections. These facts are only proved as auxiliary results, and thus our aim is not to obtain
the best possible bounds, or to prove them in the most general possible setting.

Let Vi = ... =V, = {0,1}, and Uy be the Gowers k-hypergraph pair defined in
Example 4. Consider a measure space M = (Q, F, ) and measurable functions f, :
OF — Cforw eV :=V; x...x V. The following inequality due to Gowers [28] (see
also [60]) can be proven by iterated applications of the Cauchy-Schwarz inequality:

‘/Hfi“’

weV

< IT Il (3:21)

weV

Since always || f||v, < ||f|loo, we have the following easy corollary.

Corollary 3.4.21 Let H = («, 3) be a k-hypergraph pair over W := Wi x Wy x ... x Wy,
and ¢ € W be such that a(y) = B(¢) = 0. Then for the measure space M = (0, F, )

and every pair of measurable functions f,g: QF — C, we have

’/nglw

Proof. First note that we can normalize f in (3.22) and assume that || f||. < 1. Hence

< llgllo, J1£11"- (3.22)

we need to show that for ||f]l. <1,

‘/nglw

It suffices to prove that if we fix z;, € Q, for every 1 <17 <k, and v # 1;, then

< llgllu-

< llgllv. (3.23)

‘/ ngl¢dx17¢1 o dTg g,

We will apply (3.21). To this end for every w € {0,1}*, we define a function f,, :

.....

Jo (xlﬂlu’ s 7$iv¢k) = H f(xl,ti’l? T ’xk7¢k)a(¢)f(x1,¢1v cee ’xk,d)k)ﬁ(qb)-
PEW, i £ w; =0
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Note that f,(y1,...,yx) is only a function of y; where w; = 1. In other words,

folyn, k) = folyrs -y,

if y; =y for every i with w; = 1. From this and (3.21) we conclude that

/ IT %f<TIIflo < lglo.

we{0,1}F weV

‘/ ngl¢d$17¢1 .. .dx;mpk

which verifies (3.23). ]
The next Lemma shows that there exists a function g such that its range is {—1, 1}

but its Gowers norm is arbitrarily small.

Lemma 3.4.22 For every e > 0, there exists a probability space (2, F, u) and a function

g: Q" — {=1,1} such that ||g|lu, < ¢ and [ g =0.

Proof. Consider a sufficiently large even integer m, set Q@ = [m], and let pu be the
uniform probability measure on 2. Define g randomly so that {g(x)},cqr are independent

Bernoulli random variables taking values uniformly in {—1,1}. Then

2

E (/9)2 = %E > glx)] = #E > glx)gly) | = % = Omoo(1),

z€[m]* x,y€[m]k

E (/gUk)2 = Om—oo(1).

Hence for sufficiently large m, there exists gy : Q¥ — {—1,1} such that | [ go| < (e/4)%"

and using a similar argument

and ||gollv, < €/2. Since | [go| < (¢/4)%, there exists g, : QF — {—1,1} such that

[ =0and [|g — go| < (¢/4)*. Then by Holder’s inequality
_9k
oo =l = ( (0 =90) < oo sl < 2e/2) = 72
where in the last inequality we used the fact that the range of gy — g1 is {—2,0,2}. Now

lg1lle < llgollv, + llgo = grllu, <,

which shows that g; is the desired function. (]
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Lemma 3.4.23 For a k-hypergraph pair H over V := Vi x ... X Vi, a probabilily space

P, and a zero-one function f € Ly(P) we have
JEEEY

Proof. Consider the k-hypergraph pair K = (3, 3) over V. Lemma 3.3.3 shows that K
is a norming hypergraph pair. Since f is a zero-one function, we have f7 > fK and

thus by Corollary 3.4.13

/ £ / £ 1 > v

Lemma 3.4.24 Let f,g: Q¥ — C be two measurable functions with respect to the prob-
ability space (2, F, ). Let H = («,0) be a hypergraph pair such that ran(a) C {0, 1}.
Then

< H|ILf = gllo, max([lf oo llglloe) ™.

‘/fH—gH

Proof. Let us label the elements of supp(«a) as wi, ..., wyy|. Then for 0 < < |H| define

H, = 23:1 l,,;, so that Hy = (0,0) and H g = H. Now by telescoping and applying

Corollary 3.4.21, we have

] ]
'/fH—gH < >y /fHH“gH“ — [ gt =y /fHHigH“(flwl‘ —g'i)| =
=1 i=1
1| 1|

3

[ gt s = g < 317 = gl A1 gl <
i=1 =1

< [H[If = gllo, max([lf oo, gll)™ "
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3.4.6 Proofs of Theorems 3.4.1 and 3.4.5

Proof.[Theorem 3.4.1] Suppose that H is a semi-norming k-hypergraph pair over V =
Vi x ... x Vj. The fact that H = H follows from Proposition 3.4.18 because trivially
|H| = |H| and || f||rr = || flz-

Now let € > 0 be sufficiently small, and h : Q% — {—1,1} be such that |||y, < e and
[ h =0, where here (Q, F, i) is a probability space. The existence of h is guaranteed by
Lemma 3.4.22.

First we show that it is either the case that for every ¢ € supp(a) Usupp(5), a(v) =
B(¢) or for every ¢ € supp(a) U supp(f), {a(¥),B(¢)} = {0,1}, and we will handle
the existence of a universal s later. Suppose that this statement fails for some . Note
that at least one of a(¢)) or B(¢) is not equal to 0. We will assume that «(y) > G(),
and the proof of the case a(y) < [(¢) will be similar. Since it is not the case that

B() =1—a(y) =0, denoting H — 1, = (o/, #') we have

Y € supp(a’) U supp(3'). (3.24)

For p := a(¢) — B(¢) > 0, define g := h'/?, and

Since [h =0, we have [ f =1/2 and

/lewglw _ /fH > 9~ Val- Vil (3.25)

where the equality follows from (3.24) and the definition of f, and the inequality follows
from Lemma 3.4.23. Denote by K the hypergraph pair obtained from H by setting
o) = BW) = 0, ie. K = H — a()l, — BT, Now since |g| = 1, applying

Corollary 3.4.21, we have
= ‘/gKhlw

/o

< [|Pllo. <€

_ ' / g gL BT

= ’/gK|g|5(¢)1wgP1w
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which shows that
LAIE gl < N FII e/, (3.26)
For sufficiently small ¢, (3.25) and (3.26) contradict Lemma 3.4.9.

Next we will prove the existence of a universal s. So suppose that H = («, ) is
semi-norming and a = 3. Let s = max{a(w) + B(w) : w € V}. We will show that 1H is
semi-norming, and then Corollary 3.4.10 implies that a(w)+G(w) € {0, s}. Let ¥ be such
that a(¢)) + B(¢) = s, and let Hy = @ Consider a measure space M = (0, F, u)
and measurable functions f, g : Q¥ — C, and note that

‘/ f(%H)—lwglw

< /|f|(iH)—1w|g|1w :/(|f|1/s)Hus (|g|1/s)us <

H|- SIH|-1
< A Mgl = 115 gl

where in the second inequality we used Lemma 3.4.11. Now Lemma 3.4.9 shows that %H

is a semi-norming hypergraph pair, and this finishes the proof. |
Next we give the proof of Theorem 3.4.5.

Proof.[Theorem 3.4.5] Let € := [k] be endowed with the uniform probability measure.

Define f : Q¥ — R as in the following:

1 T =...=Tg
flay, ... x,) =

0 otherwise

Since H is a non-factorizable hypergraph pair, f¥(z) = 1 if and only if all coordinates

/fH =k (%) B : (3.27)

Similarly since for 2 € Q"1 x ... x QW« | if all coordinates of x are equal, then f#'(z) = 1,

/ 1\ Wil Wl
/fH >k (E) : (3.28)

Since (2 is a probability space, by Corollary 3.4.13 we have

of = are equal. Hence

we have

1l < 1 f 1w (3.29)
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Plugging (3.27) and (3.28) into (3.29), and simplifying it, we obtain the assertion of the

theorem. n



Chapter 4

Geometry of the Hypergraph Norms

The two dual concepts of uniform convexity and uniform smoothness play an important
role in Banach space theory. After reviewing the basic definitions and the state of the art

for L, norms and trace norms, we shall study these two notions for hypergraph norms.

4.1 Moduli of Smoothness and Convexity

Let us start by recalling the definition of moduli of smoothness and convexity of a normed
space. A normed space X is said to be uniformly smooth if for all € > 0, there isa 7 > 0
such that if # and y have norm 1, and ||z — y| < 27, then ||Z}2|| > 1 — er. A normed
space X is called uniformly convex, if for every € > 0 there exists a § > 0 such that if x
and y have norm 1, and ||z — y|| > 2, then || %3] <1 — 0.

Roughly speaking, a normed space is uniformly convex if its unit ball is uniformly free
of “flat spots”, and a normed space is uniformly smooth if its unit ball is uniformly free
of “corners”. Since the unit ball of X*, the dual of X, is the polar conjugate (see (2.2))
of the unit ball of X, it is not difficult to show that X is uniformly convex if and only

if X* is uniformly smooth. We shall see a stronger result below, and thus we will not

99
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elaborate on this.
The modulus of smoothness and modulus of convexity are quantified versions of the
notions of uniform smoothness and uniform convexity. For a normed space X, define its

modulus of smoothness as the function

|l =7yl + [l + 7yl

px(r) =sup | : Lol = ] =1, (4.1

and its modulus of convexity as

r+y
2

Jx(€) = int {1 -

H Nl = gl = 1, flz = oll = 2e} , (42)

where 0 < ¢ < 1. It should be noted that the function dx is frequently defined with
¢ in place of 2e. The following observation of Lindenstrauss [38] shows that these two

functions behave in a dual form via the Legendre transform:
px+(T) =sup{re —dx(e) : 0 < e <1}, (4.3)

where X* is the dual of X.

Note that X is uniformly smooth, if lim, o px(7)/7 = 0, and it is called uniformly
convex, if for every € > 0, dx(e) > 0. For ¢t € (1,2], a normed space X is said to be
t-uniformly smooth if there exists a constant C' > 0 such that px(7) < (C7)', and for
r € [2,00), a normed space is said to be r-uniformly convex if there exists a constant
C > 0 such that ox(€) > (¢/C)".

Note that the moduli of uniform smoothness and uniform convexity of a norm space,
depend only on the structure of its two-dimensional subspaces. Thus if X is finitely
representable in Y, then p(X) > p(Y) and §(X) < 4(Y).

It is known that pg,(7) = (1 4+ 7)Y2 —1 = 72/2 + O(r%), 7 > 0 and 0,(e) =
1—(1—e)Y2 = e2/24 O(e") for 0 < € < 1. Dvoretzky’s theorem (Theorem 2.1.11)
implies that for every infinite dimensional normed space X, we have px(7) > py,(7) and
dx(€) < dy,(€), and this was the reason for requiring ¢t € (1,2] and r € [2,00) in the

definition of t-uniform smoothness and r-uniform convexity. The following theorem due
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to Ball, Carlen, and Lieb [1] gives an equivalent definition for the notions of t-uniform

smoothness and r-uniform convexity.

Theorem 4.1.1 [1] A normed space X is t-uniformly smooth for t € (1,2] if and only

if there exists a constant K such that

|z 4yl + ||z — y]|*
9

< " + [ Kyll"

Similarly a normed space X is r-uniformly convex for r € [2,00) if and only if there

exists a constant K such that

=+ yll" + [l =yl

5 < [lzll” + 1K yll"

4.1.1 A generalization

In this section we obtain a generalization of Theorem 4.1.1. First we need two lemmas.

[p—1
Lemma 4.1.2 Let 1 <p < g < o0 and p = Iq’Tl. Then for every two vectors x and y

i an arbitrary normed space X, we have

(nx + pyll? + |l — pynq)“ . (IIx +yl + - ynp)”p
2 2 '

For the proof of Lemma 4.1.2 see Corollary 1.e.14 in [39].

Lemma 4.1.3 Lett € (1,2], r € [2,00), and 1 < p,q < o0o. Then there exists constants

C =C(t,p) and C* = C*(r,q) such that for every x,y € C,

/p
z+ylP+ e —yP\’ 1/t
(| ‘ | | S (]a:\t—i—|0y|t) / 7 (4‘4)

2

and

rN\ 1/7
|+ |9+ |z —yl2\ ol Y

Furthermore, for the best constants one can assume C(t,p) = C*(r,q), if % - % =1 and

1 1 _
1yl
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Proof. We only prove (4.4), and (4.5) as well as the last assertion of the lemma will
follow from duality by Proposition 4.1.6 below. It suffices to prove the theorem for ¢ = 2

as the right-hand side of (4.4) is a decreasing function in ¢. By Lemma 4.1.2, we have

/2
&+ yP + |z =y e+ oyl 4 e — py\ ]
(= < : < (Jaf + o),

where p = max(1,v/p — 1). n
Now for a normed space X, inspired by Lemma 4.1.3, for 1 <t < 2 < r < oo, and

1 < p,q < oo, one can investigate the validity of the following two inequalities:

e+ yll? + llz =yl 1
(s < (e + 1yl (4.6)
and
iz 4yl + e — gl LYY
( ! > (lell” + 15 '91P) (4.7

where K is a constant. We denote the smallest constant K such that (4.6) is satisfied for
all z,y € X by K;,(X) and similarly the smallest constant such that (4.7) is satisfied by
K} (X). Trivially K;,(X) > C(t,p) and K (X) > C*(r,q) where C(t,p) and C*(r,q)

are the constants defined in Lemma 4.1.3.

Remark 4.1.4 In the sequel, C(t,p) and C*(r,q) always refer to the constants from
Lemma 4.1.3. Note that C(t,p) and K ,(X) are both increasing in ¢ and p, and C*(r, q)
and K7 (X) are both decreasing in r and ¢. Since Lemma 4.1.2 is valid for every normed

space X, for 1 < py < p; < o0,

-1 p2 1 p2 1/p2
ool + e =\ (e e e - s
2 - 2
T 1/t
p1—
< (llell o+ e = ) ,
P2 —
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which implies K, (X) < /2= K;,,(X). Similarly for 1 < ¢ < ¢ < o0,

- p2—1
1
Vs R o @ I e o\ Ya
|z +yl|” + [l — y||® - a-1Y o1
2 - 2
r\ 1/r
1 q2 — 1
= =l + y ) ,
G ets
which shows that K7, (X) < /2= K7 (X). ]

The following proposition, which is a generalization Theorem 4.1.1, follows from The-

orem 4.1.1 using Remark 4.1.4.

Proposition 4.1.5 Let X be a t-uniformly smooth normed space. Then for every 1 <
p < 00, we have K;,(X) < oco. Conversely if K;,(X) < oo for some 1 < p < 0o, then
X is t-uniformly smooth.

Stmilarly let Y be an r-uniformly convex normed space. Then for every 1 < q < oo,
we have K} (Y) < oco. Conversely if K} (Y) < oo for some 1 < q < oo, then Y is

r-uniformly convex.

The constants K, and K7, behave nicely with respect to the duality. The proof of the
following proposition is parallel to the proof of Lemma 5 from [1]. But we state it here

for the sake of completeness.

Proposition 4.1.6 Consider a normed space X and its dual X*. Suppose that z_l)+% =1
and 1 + 1 =1. Then K ,(X) = K} (X*).

Proof. Consider z,y € X. By Hahn-Banach theorem (Corollary 2.1.10), there exists
A,y € X* such that A(z +y) = [z +y, and v(z —y) = |lz — y||, and A = [7]| = 1.
Define ¢, € X* by ¢ := Z7V||z + y||P7*\ and ¢ := Z~Y9||z + y|[~'y where

Z = (lz+yl” +llz = yl")/2.
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Then
619+ || = Z7" (o + yl| P D9+ [z — y|PD9) = Z7 ([l + y|P + [l — y|IP) = 2.

Next we have

(Hx+y|\“2r\|x—y\lp) _ ¢(x+y)+¢(x—y) _ 0tV .

2
rN\ 1/r Ve
t * * t
(%5 ]LK* S1) el ce

(LAWY ™ sy iy

X 1/t
= (Il + K7, (X)wl) ™

5 (y)

IN

IN

where in the first inequality we used Holder’s inequality, and in the second one the
definition of K7 (X*). We have established that K;,(X) < K (X*). The proof of
K} (X*) < K;,(X) is similar. ]

The notion of uniform convexity is first defined by Clarkson in [8], where he studied
the smoothness and convexity of L, spaces. To this end he established four inequalities
known as the Clarkson inequalities. Let 1 < p < 2 < ¢ < oo and %—l—% =1. In
our notation the Clarkson inequalities are the following: K,,((,) = 1, K ({,) = 1,
Ky, (6p) =1, and K, 4({;) = 1. The first two are easier to prove and known as the “easy”
Clarkson inequalities, and the latter two are known as the “strong” Clarkson inequalities.
The following observation shows that the strong Clarkson inequalities imply the easy

Clarkson inequalities.

Lemma 4.1.7 Let 1 <t <2 <r < oo be such that % + % =1. Then K;,(X) =1 if and

only if K ,(X) = 1.

Proof. Suppose that K;,(X) = 1. Then for every z,y € X, we have

|+ ylI” + [z —y|"\ " 1t
(el < (e + Ioll) "
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Now consider z/,y’ € X. Replacing x and y in the above inequality, respectively with
Y p g )

t> 1/t

1/t
|2+ /||F + ||« — yfnf) /
2 b

I 0
% and *5% we get

1w TANEYAs
(nxn ;Hyll) S(

which simplifies to

fEl“‘?/ t

2

$/_y/
2

(1 + 1y <

showing that K;(X) = 1. The proof of the converse direction is similar. n
Consider 1 < p < 2 < g < co. As we have already seen in Proposition 4.1.5, the
Clarkson inequalities imply that L, and L, spaces are both p-uniformly smooth and ¢-
uniformly convex. However, this is not in general the best possible. The actual situation
is the following. The L, spaces are p-uniformly smooth and 2-uniformly convex, and
the L, spaces are 2-uniformly smooth and g-uniformly convex. These facts are proved
by Hanner [33] through the so called Hanner inequality. For 1 < p < 2, we say that a

normed space satisfies the p-Hanner inequality, if

lz+yll” + llz = ylI” = (2l + lyID? + ]l =yl
and for 2 < g < o0, it satisfies the g-Hanner inequality if

Iz +yll* + llz = yll* < (=l + [yl + =l =1yl

It is shown in [1] that if X satisfies the p-Hanner inequality, then X* satisfies the ¢g-Hanner
inequality where zla + % = 1. The following proposition reveals the relation between the

Hanner inequality and the notions of uniform smoothness and uniform convexity.

Proposition 4.1.8 If a normed space X satisfies the t-Hanner inequality for 1 <t < 2,
then for every 2 < q < oo, we have K7 ((X) = C*(q,t), and for every 1 < p <t', we have
Kip(X) =1 where 1 + 5 = 1.

Simalarly if a normed space X satisfies the r-Hanner inequality for 2 < r < oo, then

for every 1 < p < 2, we have K,,(X) = C(p,r), and for every r' < q < oo, we have

* _ 1 1 _
K} (X) =1, where . + 5 = 1.
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Proof. Suppose that X satisfies the t-Hanner inequality for 1 < t < 2. Consider

q> 1/q

which shows that K7, (X) < C*(q,t). But from this, and Lemma 4.1.7 we also get

2<q<oo,and z,y € X. By the t-Hanner inequality

1 1
|z + yll + [l — )\ o (Uil + [y D" + [ll=]l = llylll* /t > (11217 + 1
2 2 (q,t)

Kip(X)=1as K}, ,(X) < C*(t',t) = 1. Hence for 1 < p <" we have K;,(X) = 1. The
second assertion follows from the first one by duality. ]

Inequalities (4.6) and (4.7) are first appeared in [1], where for ¢ > 2, the equalities
Ky ,(4,) = K24(S,) = Ka2(4,) = K22(S,) = v/q — 1 are proved, where S, corresponds to

the g-trace norm.

Proposition 4.1.9 For 1 <t <2<r<oo,1<t; <2<r <oo, andl <p< oo, we

have
C(ty,r) p<r
Kiup(lr) = : (18)
C(ty,p) < - < Oty r)y /B p>r
and
" C*(Tlat) p 275
Krl,p(&") = (49)
O*(Tlap) S : S C*(Tlat) ;;_11 p St

In particular Kyp(¢,) = max(y/p — 1,v/r — 1), and K, ({;) = max (, /55 ﬁ)

Proof. It suffices to prove (4.8), and then (4.9) will follow from duality. Since ¢, satisfies
the r-Hanner inequality, by Proposition 4.1.8 we have K3, ,.(¢,) = C(t1,r). Then it follows
from Lemma 4.1.2 that for p > r, Ky, ,((,) < C(t1,7),/E=}. Furthermore, since Ky, ,(¢,)
is increasing in p, we have Ky, ,(¢,) < C(t1,r), for p < r. It remains to show that
Ky, »(4,) > C(tq,r) for p < r. Consider two complex numbers a and b, and let z,y € ¢,
be as x = (a,a) and y = (b, —b). Then since ||z +yl|, = ||z =y, = (|Ja+b|" +|a —b|")}/",

plugging these two vectors in

|2+ y|? + [l -yl 1t
( > < (Il + | Kepp()yl) ™
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we get
la+b" + |a— b\ " 1/t
(1 < (Jal" + 1 )01
which shows that Ky, ,(¢,) > C(t1,7). n

Let 1 <t <2< r < oo with %+% = 1. The spaces ¢; and ¢, are respectively
2-uniformly convex and 2-uniformly smooth. Proposition 4.1.9 determines the opti-
mum value of all corresponding constants. In terms of the constants corresponding
to t-uniformly smoothness of ¢; and r-uniformly convexity of /., by Remark 4.1.4 and

Clarkson’s inequalities we have

1 p<T
Kt,p(gt) =
Clt,p) <-<\/B p>r
and
1 p>t
K:,p(ét) =
C*(rp) <-<4/371 p<t

4.1.2 Type and Cotype

The moduli of smoothness and convexity of a Banach space are only isometric invariant,
and they may change considerably under an equivalent renorming. This leads to the
definition of type and cotype. A normed space is of type 1 < ¢t < 2 if there exists a

constant T} such that for every integer n > 0, and every set of vectors x1, ..., z,,

t n 1/t
-1 (z uxint) |
=1

where ¢; are independent Bernoulli random variables taking values uniformly in {—1,1}.

n

E €L

i=1

E

Similarly a normed space is said to be of cotype 2 < r < oo if there exists a constant C.

such that for every integer n > 0, and every set of vectors x1, ..., z,,

n 1/r
(Spar) <o
=1

where in the case r = 0o the left hand-side must be replaced by max!", ||z;||.

n

E €T

i=1

Y




CHAPTER 4. GEOMETRY OF THE HYPERGRAPH NORMS 68

2<p<r r<p<oo

o
C*(2,p) & 4 1 1
-
=
1

—_
A
=3
AN
~
I
—_ 3
I
[\

—_

Ky, (¢) V r—1 r—1 p—1

K;,p(€t> \/ t—Ll t—Ll t—Ll

C(t,p) 1 1 <\/5
Kip(lr) 1 1 1 <.\/=H
C*(r, p) < \/;;11 1 1 1

K, (¢y) </ 1 1 1

Ky, »(4) C(ty,r) Clt,r) | Clti,r) | < Ctr, 1)\ /B
Ky () | <CH ity /=3 | CF(rist) | CF(r1,t) C*(ry,t)

Figure 4.1: Here1<t§2§r<ooaresuchthat%+%:1,and1<t1§2§r1<oo

are arbitrary.

Trivially, every normed space is of type 1 and of cotype oo. If a normed space is of
type to and cotype ¢, then it is also of type t and cotype r provided that ¢t < t; <2 <
ro < r. Note that type and cotype do not change under an equivalent norm. Figiel and
Pisier [17, 18] proved that ¢-uniform smoothness implies type ¢, and r-uniform convexity
implies cotype r. The reverse is of course not true as for example every finite dimensional

space is of type and cotype 2.

It is well-known that infinite dimensional L, spaces are of type min(p, 2) and cotype
max(2, p), and nothing better. Thus if ¢, is A-finitely representable (see Section 2.1.9) in
an space X of type t and cotype 7, then ¢ < min(2,p) and r > max(2,p). A beautiful
theorem due to Maurey and Pisier [42] says that the converse is also true, i.e. ¢, and
¢, are finitely representable in X where p = sup{t : X is of type t} and ¢ = inf{r :

X is of cotype r}.
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Thus in order to study the type, cotype, modulus of smoothness, and modulus of
convexity of a normed space X, it is natural therefore to first try to find the smallest

p > 1 and largest ¢ that ¢, and ¢, are finitely representable in X.

4.1.3 Geometry of /g spaces

For a hypergraph pair H, define ¢y := Ly(N) where N is endowed with the counting

measure.

Theorem 4.1.10 If H = («, ) is a non-factorizable semi-norming hypergraph pair,
then £y 1s a subspace of L. Furthermore, if H is of Type I with parameter s < 2, then

ls is finitely representable in £y .

The first part of the theorem, which is trivial, shows that any infinite dimensional Ly
space is not of any cotype ¢ < min(2,|H|). The second part, which is more interesting,
shows that if H is of Type I with parameter s < 2, then every infinite dimensional Ly
space is not of any type p > s. In particular in the case s = 1, an infinite dimensional
Ly space has no nontrivial type, and is not uniformly smooth and convex. The next
theorem shows that every such space is of cotype min(2, |H|) which is the best possible

by Theorem 4.1.10.

Theorem 4.1.11 Let H be a non-factorizable semi-norming hypergraph pair of Type I,

then Cy is of cotype min(2, |H]).

In Theorem 4.1.11, only the case s = 1 is interesting to us, as for s > 1 we will prove
something stronger in Theorem 4.1.12. The key to prove Theorem 4.1.11 is the following
observation. Consider a non-factorizable semi-norming k-hypergraph pair H = (a, a) of

Type L over V :=V; x ... x Vi, and functions fi, fo,..., fn € {g. Then

n n n 1/|H]| n %
S =3 M newt < I (Sonewt) = (Su)

i=1 weV weV i=1
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where in the inequality above we used the classical Holder inequality. Hence !

n " /1]
Sl < (Z |fi||H|> . (4.10)
=1 =1

H
We will also need the following inequality 2 in the sequel:
Hy\ 1/H| 1/s

(i'ﬁ'S)i -/ (Z'ﬂ) - gw

H

H/s
1/s

n 1/s n
< (2 |||fz~|8||H/s> = (Z ||fi||§1> , (4.11)
i=1 i=1
where we used the fact that H/s is also norming. Now we can state the proof of Theo-
rem 4.1.11.
Proof.[Theorem 4.1.11] Consider functions fi,..., f, € (g, and let m := max(|H|,2).

By applying Minkowski’s inequality, Khintchine’s inequality, and then (4.10), there exists

" 1/2
>C (Z |fi|2>
=1

1/m

a constant C' such that

n

ZEz‘fz‘

=1

n

ZEz‘fz‘

=1

n

Zeifi

=1

E = K > ||E

H H

n 1/m n
c (Z |fz|m> >C (Z Hfz”r]?)
=1 I i=1

H H

Vv

u

Now let us turn to the other hypergraph pairs, i.e. the ones which are not of Type I
with parameter 1. From Theorem 4.1.10, in terms of the four parameters type, cotype,
modulus of smoothness, and of convexity, the following theorem is the strongest statement
one can hope to prove about them, and in particular implies Theorem 4.1.11 for H of

Type I with parameter s > 1.

Theorem 4.1.12 Let H be a non-factorizable semi-norming hypergraph pair such that

|H| > 2.

nequality (4.10) says that £y is |H|-concave as a Banach lattice when H is of Type 1. For the
definition of Banach lattice convexity and concavity we refer the reader to [39].
2Inequality (4.11) says that £ is s-convex as a Banach lattice (see [39]).
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o If H is of Type II or Type I with parameter s > 2, then Ly is 2-uniformly smooth

and |H|-uniformly convex;

o If H is of Type I with parameter 1 < s < 2, then {g is s-uniformly smooth and

|H |-uniformly conve.

Remark 4.1.13 If 1 < |H| < 2, then it is easy to see by the previous results that || - ||z
corresponds to the L, norm where p = |H|, and thus the Banach space properties of the

norm are well-understood. The case |H| = 1 is also trivial. n

As it is discussed above, the notions of t-uniform smoothness and r-uniform convexity can
be further refined by looking at the constants K, and K. In proving Theorem 4.1.12
we will try to obtain the best possible constants. This is treated and discussed in more

details in Section 4.1.6. Next we prove Theorems 4.1.10.

4.1.4 Proof of Theorem 4.1.10

Define T': {jy) — ly as T : a +— f,, where for a = {a; }ien, fa: NF — C is defined as

) ) a; lelgzzlkIZ
falin, .. k) =

0 otherwise

Since H is non-factorizable, it is easy to see that 7' is an isometry.

Next we show that ¢ is finitely representable in . Since Ly([0,1]) is finitely repre-
sentable in (g, it suffices to find a map T : £4([n]) — Ly ([0,1]) with | 7|77 < 1+,
for every n € N and every € > 0. To this end we find fi,..., f, : [0,1]¥ — C, such that

for every x = (1,...,2,) € £s([n]) with ||z, = n'/*,

n
Z zifi
i=1

and then the map T : (4([n]) — Lg([0,1]) defined by T : e; — fi, for i € [n], satisfies

1—€/4< <1+¢€/4,

H

T[T < ?_fﬁ < 1+¢, for e < 1. An argument similar to the proof of Lemma 3.4.22,
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shows that there exists fi,..., fn, : [0,1]® — {0,1} such that > f; = 1, and for every
i€n], [fi=2%and|f; — |y, < 4. Note that since f; are zero-one valued functions,

n

ZLI fi = 1 implies that the supports of f; are pairwise disjoint. Then we have

[ (Ses) - (Srrs)

where H = (QTJ“B, 0). Furthermore, if ||z||, = n'/*, then

(Brre), - [ Cra-)
=1

i=1
Now by Lemma 3.4.24

Uk Uk

< §||z||s = on'/e.

fi-

n

IN

n
> lail
i=1

Uy

/ (fo)Hl i |/ (Z\xlf i

< 6n'/*|H|max (

Now taking ¢ sufficiently small finishes the proof.

4.1.5 Complex Interpolation

Let us recall the definition of the complex interpolation spaces. Two topological vector
spaces are called compatible, if there exists a Hausdorff topological vector space containing
both of these spaces as subspaces. Consider two compatible normed spaces X, and X;
and endow the space Xo+ X with the norm || f|| x,+x, = infr— 41 (| follxo + 1 f1]]x,). For
every 0 < 6 < 1, one constructs the corresponding complex interpolation space [ Xy, X1]g,
as in the following.

Let F(Xo, X1) be the set of all analytic functions v : {z: 0 < Re(z) < 1} — Xo+ Xj
which are continuous and bounded on the boundary, and moreover such that the function

t — v(j+1it) (j =0,1) are continuous functions from the real line into X; which tend to
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zero as |t| — oco. We provide the vector space F with a norm

o]l = max {sup (i) Loy sup [Jo(1 + wc)nxl} .

z€R z€R

Then for every 0 < # < 1, the complex interpolation space of Xy and X; is a normed

space Xo N X7 C [Xo, X1]g € Xo + X; defined as
[(Xo, X1]o := {f € Xo+ X1 :v(0) = f Fv € F(Xo, X))},
with the following norm:
Iflle = inf {[[v]l : f =v(8),v € F(Xo, X1)}.

The space [X, X1]g has an interesting property. Consider compatible pairs Xy, X; and
Yo, Y1. Let T : Xy + X; — Yy + Y be a bounded linear map. Then (see [3]),

Il xo.xido—omite < T 155w 1T, - (4.12)

Theorem 4.1.14 Let M = (Q, F, i) be a measure space and H be a norming hypergraph
pair of Type I with parameter 1. Then for every 0 < 6 < 1, and % = 1}7;09 + pil, where

Po, 1 Z 17
(Lot (M), Ly, r(M)]o = Lpr (M).

Proof. Let f: Q" — C be a measurable function with || f|,z = 1. Define

v:{z:0<Re(z) <1} = Lyyu(M) + Lyp,u(M)

o(z) = | f" ),

Then v(#) = | f| which shows that

1l < e fsup (i) i sup (1 + i) |
re

zeR
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But note that

o) = ( [ ooy ) e (f sy R (f1r) Ly

and similarly ||v(1 + iz)||,, iz < 1 which shows that || f|lo < || f|l,z-
Now for the other direction assume that || f|l¢ = 1. Then for every ¢ > 0, there exists

v such that f =v.(0) and |jve||r < 1+ €. By Holder’s inequality,

1AM = sup { [ 175 glan < 1},

where 1 = i + é. Fix g : Q¥ — C with ||g||,# < 1, and define

uw:{z:0<Re(z) <1} = Lyyug(M) + Ly g (M)

1—
u(z) = |g|"Cw T,

1 1 1, 1
Whereq—o—i-p—o—land q1+p1_1' Let

and notice that

Rz = [ wdin) " ulio) < i)l lutio)l < o2 g™l < 1+ 9

Similarly
|F.(1+iz)| = /U6(1+zx)Hu(1+z:c)H§||v6(1—l—zx)||LlHHu(1+zx)||q1[|{
H H
< ol x Qg < (14 el
Then

(0)] <1+,

e

which by tending e to zero leads to || f||,z < 1. We conclude that || f|l,z = || f|le- u
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4.1.6 Proof of Theorem 4.1.12

In this section we give sharp bounds on the moduli of smoothness and convexity of
the norms defined by semi-norming hypergraph pairs. This of course will prove Theo-
rem 4.1.12.

Consider a non-factorizable semi-norming hypergraph pair H, and an infinite di-
mensional space Ly. Theorem 4.1.10 shows that Ly contains £y as a subspace, and
thus Kip,(m) < Kip(Ly) and K (Om) < K7 (L), for 1 <t <2 <7 < oo and
1 < p,q < oco. Comparing Proposition 4.1.8 with Figure 4.1 shows that proving the |H|-
Hanner inequality for Ly spaces, gives the optimal values of K5 ,(Ly) and K L H|(L H)

for every p > 1.

Theorem 4.1.15 (Hanner Inequality) Let H be a non-factorizable semi-norming hy-
pergraph pair which is either of Type II, or of Type I with an even integer parameter.

Then for every f,g € {y, we have

H H
1f + gl + 11F = g™ < (1 e+ Dglle)™ + 11l = llglla] ™

Proof. Without loss of generality assume that ||f||gz > ||g||z. Let H be the set of all
pairs (Hi, Hy) such that H; and Hs are hypergraph pairs taking only nonnegative integer

values, and furthermore Hy + Hy = H and |Hs| is an even integer. Then

1+l — g = /(f+g)H+(f—g)H= 3 /legfb

(Hl,HQ)EH
H H
ST gl
(H1,H2)EH

= (IFllr + Nglle) ™ =+ (L fllr = gl

IN

where in the inequality we used Lemma 3.4.11. This completes the proof as we assumed

1f 1Lz = Mlgllar- n

Consider a norming hypergraph pair H of Type I with parameter s < 2 and |H| > 2.

Note that for every 2 < ¢ < oo, ¢, does not satisfy the g-Hanner inequality, as otherwise
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it would be 2-uniformly convex. Hence it follows from Theorem 4.1.10 that /5 does not

satisfy the g-Hanner inequality for any 2 < ¢ < oo. However, we conjecture the following.

Conjecture 4.1.16 Let H = («, ) be a non-factorizable semi-norming hypergraph pair

of Type I with parameter s > 2. Then every Ly space satisfies the |H|-Hanner inequality.

Since we could not establish the |H|-Hanner inequality for all norming hypergraph pairs
of Type I we have to treat some of them separately. The next two lemmas which give
the optimum bounds for uniform smoothness and convexity constants of /g when H is
a non-factorizable hypergraph pair of Type I with parameter s > 2 would have followed

from a positive answer to Conjecture 4.1.16.

Lemma 4.1.17 (2-Smoothness) Let H = («, 3) be a non-factorizable semi-norming
k-hypergraph pair with |H| > 2. If H is of Type II, or of Type I with parameter s > 2,

then
VIH| =1 p < |H|

p—1 p > |H|

Kop(ln) = Kop(lm)) =

Proof. If suffices to prove Ky y(¢r) < +/|H|—1, and the rest will follow from Re-
mark 4.1.4. Suppose that H is defined over V :=V; x ... x V. For f, g € (g, we have

to prove

H H
(wau'H + I — gl
2

2/|H]|
) < A% + (1| = D)llgllz- (4.13)

Consider the counting measure on {—1, 1}, and define the two functions ey, e : {—1,1}* —

{-1,0,1} as
1 T =...= T
€1<$1,...7$k) - )
0 otherwise
and
X1 T =...= Tk
oy, .., xK) =

0 otherwise
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Note that since H is non-factorizable, for z € {—1,1}"* x ... x {=1,1}"1, we have

1 x=(1,...,1
Ha) = et
0 otherwise
and
n zT=n,...,N
() = et
0 otherwise

Let f = f® e and § = g ® ;. From (4.14) and (4.15) it is easy to see that
JG+ar = [G-a"= [(r+9" + 79",
and [ f7 =2 [ f"and [§" =2 [ g". Hence it suffices to prove

s g\ 2/ s\ 2/1H| ~H\ 2/IH]|
(f(f+9>> > (%) L (H|-1) (%) .

which simplifies to

(feeam)" = ([)" wam-n(fa) "

We will show that for 0 <¢ <1

(fii+ t@)H)z/H' = (/ fH)Q/'H' weu - ( f gH)Q/H'.

Note that (4.17) reduces to (4.16) for t = 1. Consider the functions L, R :

defined as
v = ([i+w").
and
) (/fH)2/|H+t2(|H|—1) (/gH)Q/'H"
We have

/ > a@)(f+1g)" gl + B)(f +tg) gl

PpeV

(4.14)

(4.15)

(4.16)

(4.17)

[0, 1] — R,
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Then

d 2
@ Lty = o (/Z

Yev

2—|H|

D) (f+tg) gl + B(w)(f + té)“%”) L(t) T

We want to compute the second derivative. Denote H = {1, : p € V} U {1, : ¢ € V'},

and define v: H — R by v : 1 — a(¢)) and 7 : 1, — 3(¢0). We have

d? 9
- /‘HI — H—H—Ho~H1+H>
dtQL(t) ]H] </ E : H2 (f+t9) g

Hi1#HyeH

+ Y A H)((H) = D(f +tg)" 2H192H1> L(t) ™ +

HeH

+ (%L(t)) —2(2|;[||2H D p iy T8

Recalling the definition of f and §, it is easy to see that
L(0)* = R(0),

and since ffolwglw = ffolwglw _ffolwglw = (0 and ffoﬁgﬁszH*Egﬂ_

i fH-Tvglv = 0, we have

d ooy
dtL(t)

_ppl —o

t=0

t=0

Furthermore, since H is of Type II or of Type I with parameter s > 2, by Lemma 3.4.11,

we have

d2 2 == 2 FH— 1— 1412 71417 2
@L(}f) /‘H||t:0 = H( Hl;EHV(Hl)fY(HQ)fH H HgH +H +

Z V(H)(v(Hy) — 1)fH2H1§2H1) L(O)%

HieH

< % ( Z v(Hy)y(Ha) + Z Y(Hy)(y(Hy) — 1)) X
Hy#HyeH HieH
< (I 2 1g B0 A1 (4.18)

. d?
= 2(H| - Dllglz = S L(t)li=o. (4.19)
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Now for every 0 < t, < 1, one can replace f with f + ty§ in (4.19) and obtain that for
every 0 <ty <1
d2

@L(t)z/m”t:to < —a )= (4.20)

We conclude (4.17). n
Next we prove Clarkson’s inequalities for /z when H is a semi-norming hypergraph
pair of Type II or of Type I with parameter s > 2. As it is mentioned above this would

follow from Conjecture 4.1.16.

Lemma 4.1.18 (Clarkson’s Inequalities) Let H be a non-factorizable semi-norming

hypergraph pair of Type II or Type I with parameter s > 2 such that q :== |H| > 2. Then
Kp#](gH) = K;,p<£H) = K;,q(eH) = 17
1,1
where ST e 1.

Proof. Recall that always K; < K . Hence it suffices to prove K, ,({n) = 1, as by
Lemma 4.1.7 this would imply K () = 1. To this end, we need to show that for

f,g € g, we have

<||f + 9l + 11 = 9llu
2

1/q
) < (11 + gl (4.21)

which is equivalent to

(Sx

Proposition 4.1.8 shows that (4.22) follows from the |H|-Hanner inequality. Hence Theo-

a~ 1/q p p N\ 1/p
)" < (Lt oty 12)
" 2

q _
+Hf g
. 9

rem 4.1.15 implies (4.22) when H is of Type II or it is of Type I with parameter s where
s is an even integer. Next assume that H is of Type I with parameter s > 2.
For a real 1 <t < oo, and a norming hypergraph pair GG, define the norm L,({¢) on

the set of pairs (f,g) where f, g € {5 as

1CF D)ty = (IF 1 + Nlalle)
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Consider the linear map 7 : (f,g) — (%, %) Then (4.22) says that
N TN Ly (er)—Lg(er) <27 7. (4.23)

We will prove this by interpolation. Let H = %H , and sp and s; be two even integers

satisfying 2 < sy < s < s1, and # be such that % =104 %. Then 1 = 1t;00 -+ %, where

S0 p

% + SO|1H| =1 and i + ﬁ = 1. Theorem 4.1.14 above, together with Theorem 5.1.2

from [3] imply that

Lot (Ceoi)s L (Cear)] ) = L[l i) ) = Lalla),

and
[Lto (stg), Ltl (gslﬁ)} 0 LP( [stg, gslf[} 9) = Lp(€H>

Furthermore

Now since we know that (4.23) holds for even values of s > 2, we have

_ 1
||THLto(gsog)_)LSO\Hl(ﬁsoFI) S 2 to’

and

_ 1
Tl ey 0, )=y i) S 27

Then interpolation (4.12), implies (4.23). ]
Next Lemma determines the moduli of smoothness and convexity of non-factorizable

semi-norming hypergraph pairs of Type I with parameter 1 < s < 2.

Lemma 4.1.19 Let H be a non-factorizable semi-norming hypergraph pair of Type I with
parameter s > 1 with [H| > 1. Then Ky m(Cy) = C(s,[H]) and Ky, (X) = C*(|H],s).

Proof. Let C := C(s,|H|) and C* := C*(|H|,s). Consider f,g € {y. By (4.10) and
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(4.11) we have

1/H] "
Lf +gll” + 11 = gl o | (g1 = gy
2 - 2
H
< JJasr+icorr],
< (Il + Il

which shows that K u|((r) < C. To prove KJy, . = C*, note that by (4.11) and (4.10)

we have
Cv+mm+wf—ng“ N (v+gw+u—mj”s
2 - 2
H
1 |H| 1/|H]|
> [H] _—
> (v\—ﬂcﬂ )
H
1 |H| 1/1H]|
> anwﬂ—w |
H C i

Remark 4.1.20 Note that all results in Section 4.1.6 are stated for non-factorizable
semi-norming hypergraph pairs. Consider a semi-norming hypergraph pair H = H,U...UH,,,
where H,’s are non-factorizable. If H is of Type I, then by Theorem 3.4.19, |||z = || ||#;,
and thus one can apply the results of Section 4.1.6 to H; instead. However, some of our

results do not cover the case where H is factorizable and of Type II. |



Chapter 5

Graph norms

Recall from Section 2.3.1 that for a symmetric measurable map w : [0,1]> — R, the
Cy norm is defined as ||wl||c, := tc,(w)Y*. Similarly, one can see that for every natural

1/2k ig a norm function. The C, norm, and the Gowers

number k, ||w|lc,, = toy, (W)
norms (its generalizations to k-variable functions) play an important role in the study
of pseudo-randomness. Inspired by the fact that the cycles of even length correspond to
norms, and by the numerous applications of these norms in graph theory, Laszl6 Lovasz
posed the problem of characterizing all graphs that correspond to norms. In order to
study this question, in Chapter 3 we introduced and studied the normed spaces that
are defined through hypergraph pairs. The original question of Lovasz is about graphs,
and the framework of hypergraph pairs is more general than what one actually needs
to study the question. As a consequence some proofs have become more complicated,
and also some results do not translate immediately to the language of graphs. As we
promised before, in this chapter we revisit the original question of Lovasz, and state the
consequences of the results developed in Chapter 3 to this question. Hence most of the
results in this chapter are adaptations of results of Chapter 3 from hypergraph norms to

graph norms. The only completely new result in this chapter is Theorem 5.1.9, whose

proof constitutes the bulk of this chapter. We shall see the applications of these results

82
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to an important conjecture due to Erdds, Simonovits and Sidorenko in the next chapter.

5.1 Lovasz’s question

For a graph G = (V, E), a set S C V is called an independent set if there is no edge with
both endpoints in S. For reasons that will soon be apparent, we are mainly concerned
with bipartite graphs. A graph G = (V,FE) is called a bipartite graph if V' can be
partitioned into two disjoint independent sets V; and V5. We call the partition of V' into
(V1,V3) a bipartition of G. Note that disconnected bipartite graphs have more than one

bipartition. Let
WS = {w: [0,1]* — R|w is measurable, bounded, and symmetirc},

where symmetric means that w(z,y) = w(y, z) for every z,y € [0, 1]. Recall that the Cj
norm of a w € WS is defined by t¢,(w)'/*. In an attempt to generalize the Cy-norm,

Lovasz asked the following question.

Question 5.1.1 (Lovéasz) For which graphs H, does the function tg(-)"/1FH define a

norm on WS ?

Consider a non-bipartite graph H. Let wy,wy € WS be defined as

1 T1,T9 € [0,1/2]
wi(r) =14 1 T, 75 € [1/2,1]
0 otherwise

and wy = 1 — w;. Note that ws is the graphon corresponded to K (See section 2.2.4),
and hence tg(ws) = ty(K;). Note that a graph is homomorphic to K, if and only if it is

bipartite. Since H is not bipartite, ty(wy) = ty(K32) = 0, and we get

tr (wy )Y EED ot (o) VEEDD < 1 = ¢ (1)VIEE = ¢4 (wy + wy) YIEE]
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and so ¢z (-)Y/FH) is not a norm. This shows that to study Question 5.1.1 it is sufficient
to restrict to the case where H is bipartite.
Consider a bipartite graph H, and let V/(H) = XUY be a bipartition of H. Note that

if Hy,..., H; are connected components of H, then for every w € WS,

Suppose that tg(-)/IFEI defines a semi-norm on WS. Now for every measurable
and bounded, but not necessarily symmetric function w : [0, 1]*> — R, we will symmetrize
w to obtain a symmetric measurable function Tw : [0,1]? — RT. Figure 5.1 shows that

intuitively how Tw is defined according to w.

A
1
w 0
Y N
0 wt
0 05 1 >

Figure 5.1: This figure shows how T'w is defined according to w. Here w! is the transpose

of w, defined by w'(z,y) := w(y, z).

More formally define Tw : [0,1]* — R as

w(2z1, 219 — 1) x1 € [0,1/2], 29 € (1/2,1]
Tw(r) == ¢ w(2xs, 22, — 1) Ty €[0,1/2], 21 € (1/2,1]

0 otherwise
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Note that T'w is measurable, bounded and symmetric. Furthermore, it is not difficult to

see that for j =1,... k,

ty, (Tw) = 21" VUDIE 11 w(@u, Yo),

weE(H;)ueXNV (H;),veYNV (Hj)

which together with (5.1) shows that

tH(TU)) = Qk_‘V(H)‘E H w(xuayv)'

weFE(H)ueXveY

)1/|E(H) k—|V (H)]|

Hence (E HUUEE(H)IUEX7U€Yw(xU7yU) = CHtH(TUJ)l/IE(H)l, where ¢y = 2 TEET |

1/15(

Since T is linear and tz(-)"/1F()l is a norm, we conclude that

1/|E(H)|

E H w(‘rmy’u) ?

weE(H)ueXweY
defines a norm on the space of measurable, bounded functions w : [0,1]> — R. On the

other hand, if such a w is symmetric, then

1/|E(H)]

E H w(ajwyv) = tH(w)l/‘E(H)I
weE(H)ueXweY

These observations show that to study Question 5.1.1, we can use a more general setting
than WS and remove the condition that w is symmetric. Namely for a given bipartite

graph H and its bipartition V(H) := XUY', the question is whether

1/|E(H)]

E H W ( Ty, Yy)

weE(H)ueX ey
defines a norm on the space of measurable, bounded functions w : [0,1]2 — R. As we
shall see below this falls into the framework of hypergraph pairs developed in Chapter 3.
In order to show this we need to identify H and its bipartition with a hypergraph pair

L/|E(H)|
s0 that || ls = (ETLwernexoey w(wte))

In graph theory, G = (V, E) is called a bipartite graph if V' can be partitioned into

two disjoint independent sets V; and V5. In this chapter we use a different definition that
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fixes one specific bipartition for G. So in the sequel by a partitioned bipartite graph we
mean a triple G = (V}, Va; E), where V] and V5 are two disjoint sets and E is a subset of
V1 x V,. Note that here we fix the bipartition (V;,V3) as a part of the definition. Also
here every edge is an ordered pair, and can be thought of as a directed edge from V; to

V5. Consider a partitioned bipartite graph H. We assign two hypergraph pairs to H:

e We identify H with the hypergraph pair («, 0) over V; x V3, where « is the indicator

function of the edges of H.

e

e We also define r(H) := 2%

— -

Furthermore, in this chapter we are only concerned with real-valued functions. Note that

for a measurable w : [0, 1] — R, using the notation of Chapter 3, we have

1/|E(H)]
ol = (B T] w(euw) ,
(u,v)EE
and
1/|E(H)|
lwllory = | E T (@, vl
(u,w)EE

The reason that we defined the hypergraph pair r(H) is that, for some applications, it
suffices that || - ||,z defines a norm on the space of bounded measure functions w :

[0,1]> — R. (See Chapter 6 for one such application.)

Definition 5.1.2 Consider a partitioned bipartite graph H, and a measure space M =
(0, F,p). Let Ly(M,R) and L,y (M, R) be respectively the sets of measurable functions
frQF = Rwith || |f| |lm < oo and || |f] llr) < oo

A partitioned bipartite graph H is called norming (semi-norming), if || - ||z defines a
norm (semi-norm) on Ly(M,R) for every measure space M = (2, F,u). A partitioned
bipartite graph H is called weakly norming, if || - ||, defines a norm on Lyg)(M,R) for

every measure space M = (Q, F, 11).
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We have the following observations:
Lemma 5.1.3 Let H be a partitioned bipartite graph. Then
(i) If H is semi-norming or norming, then H is weakly norming.
(i) If H has a vertex of odd degree, then H is not norming.
Proof. Part (i) is trivial. To prove (ii), define w : {0,1}*> — R as

1 T=1y
—1 TF#y

Let H = (X,Y; F) be a partitioned bipartite graph and w € X be a vertex of odd degree.

Forv e Y, fix y, € [0,1]. Note that

H w(07yv):(_1>deg(w) H w(l,y,) = — H w(l,yo),

(w,w)EE (w,w)EE (w,w)EE
which shows that

E, w(w,y,) =0,
(wy)eE
and in turn
E H w(Ty,yy) = 0.
(u,v)eE

Thus ||w||g = 0 and so H is not norming. ]

According to Lemma 5.1.3 (i), we have the following implications:

norming = semi-norming = weakly norming

Theorem 5.1.4 below “almost” follows from Lemmas 3.4.9 and 3.4.11. The only problem
is that here the theorem is about real-valued functions as opposed to the complex-valued
functions in Lemmas 3.4.9 and 3.4.11. However, since to prove Theorem 5.1.4 one does
not need to follow all the steps of the proofs of Lemmas 3.4.9 and 3.4.11, we give a

complete proof of Theorem 5.1.4 below. We built most of the results in Chapters 3 and 4
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upon Lemmas 3.4.9 and 3.4.11. Theorem 5.1.4 below plays the same role in the context of
graph norms, and it is extremely useful in the sequel and shall be applied frequently. One
can think of the inequalities (5.2) and (5.3) as common generalizations of the classical
Holder inequality and the Gowers-Cauchy-Schwarz inequality. Gowers [26, 28] proved a
similar inequality in the context of Gowers norms, to show that Gowers norms satisfy
the axioms of a normed space. Hence it was quite expected that for a graph H such
an inequality would imply that || - ||z satisfies the axioms of a semi-norm. However, the
surprising part of the following theorem is that it shows that every semi-norm | - || g

satisfies such an inequality.
Theorem 5.1.4 Let H be a partitioned bipartite graph.

(i) H is semi-norming iff [ f¥ is always positive, and for every measure space M =
(Q, F, ), the following Gowers-Cauchy-Schwarz type inequality holds: For func-
tions { fe}tecr(m), where fe 0% — R are measurable, we have

I f@wy) < T] el (5.2)
e=uwveE(H) e€E(H)

(ii) H s weakly norming iff for every measure space M = (Q,F,u), the following
Gowers-Cauchy-Schwarz type inequality holds: For functions { fe}ecp(m, where fe :
0? — R are measurable, we have

T e@ewdl< T Ifellon- (5.3)
e=uwveE(H) e€E(H)
Remark 5.1.5 The inequality (5.2) does not imply that H is norming. In order to verify
that H is norming, one must also show that || f||xz # 0, for every f # 0.

Recall that in Proposition 3.4.14 we characterized all 1-hypergraph norms. In Propo-
sition 3.4.20 we characterized all semi-norming hypergraph pairs that are not norming.
It follows from these two results that if H is semi-norming but not norming, then there
exists an integer m > 1 such that all components of H are either isolated vertices or

isomorphic to K ,,. |
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Proof.[Theorem 5.1.4] Let H be a partitioned bipartite graph, and M = (2, F, u) be
a measure space. Suppose that [ fH is always nonnegative, and (5.2) is satisfied. Then
for f,g: Q% — R, and an edge ey = (ug, vo) € H, we have

If+ g7 = [ +9@aw)

e=weE(H)

= [teww)  TI - G+om)

e=wveE(H)\{eo}

s oenm) T G+ @)

e=uwveE(H)\{eo}
E(H)|—-1 E(H)|—-1
= (NIl f + gl lgllall £+ gl

which simplifies to the triangle inequality. This proves that || - ||y is a semi-norm.
Next suppose that (5.2) does not hold. Then there exists f, : Q> — R, such that

[ 1 s> 11 1

e€E(H) e€E(H)

After proper normalization we may assume that ||f||z < 1, for every e € E(H), and
S [lecpm) fe = ¢, for some ¢ > 1. Now by amplification by tensors (see Lemma 3.4.8),

for every positive integer n, we have

|E(H)]

DI I S | D S

c€E(H) - e cB(H) \ecE(H)

- > [ I e

m:E(H)—E(H) ecE(H)
2n
= Y [ I we
f:E(H)—E(H) eCE(H)
2n

Vv
—
—
o
|
QI\D
. 3

while for every e € E(H), by Lemma 3.4.8, we have that

122, = Ifll < 1.
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Thus for large enough n, the triangle inequality fails:

> ey s me i< | Y g (5.)
ecE(H) e€E(H) H
The proof of the weakly norming case is similar. |

Note that for a partitioned bipartite graph H, and a complex valued function f,
| flz = || |f] llr(z), and hence for a measure space M, || ||, is @ norm on L,y (M, C)
iff it is a norm on L, (M,R). Thus the following necessary conditions for a graph to

be weakly norming follow immediately from Remark 3.4.4 and Theorem 3.4.5.

Theorem 5.1.6 Suppose that G' is a weakly norming graph.

: ; |E(H)| |E(G)]
(i) If G is connected, then for every subgraph H C G, we have VDT < HEEE

(i) If u and v belong to the same part in the bipartition of G, then deg(u) = deg(v).

For two partitioned bipartite graphs G = (Vi,Va; E) and H = (Wy, Wa; E') define
their tensor product G ® H to be the partitioned bipartite graph with bipartition (V; x
Wy, Vo x Ws), and the edges ([v1, w], [vg, ws]) where (v1,v9) € G and (wy,wy) € H. The

following theorem follows immediately from Theorem 3.3.2 and Lemma 3.3.3.

Theorem 5.1.7 We have the following:
(i) If G and H are both semi-norming (weakly norming), then so is G ® H.
(i) If G is norming and H is semi-norming, then G ® H is norming.

(iii) For every m,n > 1, the graph K,,,, is weakly norming. If both m and n are even

then K, , is norming.

Remark 5.1.8 If G is norming and H is weakly norming, then by Theorem 5.1.7 (iii)
G ® H is weakly norming. We do not know if the stronger statement follows that G ® H

is semi-norming.
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If GG is semi-norming and H is weakly norming, then G ® H is weakly norming, but
not necessarily semi-norming. Note that G := KUK, is semi-norming, and H := K33
is weakly norming. Then G ® H = K33UKj3 3 is weakly norming, but not semi-norming.
Indeed by Lemma 5.1.3 (ii), K33UKj33 is not norming, and then by Remark 5.1.5 it is

semi-norming. |

The n-dimensional hypercube @), is the partitioned bipartite graph (X,Y; E) where
X is the set of elements of {0, 1}" with an even number of 1’s in their coordinates, and
Y ={0,1}"\ X. Moreover (z,y) € E if and only if y differs only in one coordinate from

2. The main theorem that we prove in this chapter is the following.

Theorem 5.1.9 The hypercubes Q,, are weakly norming.

5.1.1 Proof of Theorem 5.1.9

Let ), denote the n-dimensional hypercube. We identify the vertices of a hypercube @,
with the 0-1 strings of length n, where two vertices are adjacent if their strings differ in
one bit. With this notation we can concatenate two nodes s € V(Q,,) and v € V(Q,,) to
obtain the node sv € V(Q,+m). Note that @, is bipartite. We use the convention that
X (Qy) is the set of vertices with an even number of 1’s in their strings, and Y (Q,) is
the rest of the vertices.

By Theorem 5.1.4, to prove Theorem 5.1.9, it suffices to establish (5.3). We prove
something stronger.

Consider a measure spaces M = (0, F,pu). Forallu € X andv e Y, let f, : Q2 — R
and ¢, : 2 — R be measurable functions, and for every edge e € Q,, let w, : 2> — R be

measurable functions. We claim the following strengthening of Theorem 5.1.9:

Claim 5.1.10

JI O s ] wtw|< I (/ |Re|>l/E(Q”), (5.5)

uEX (Qn)veY (Qn) e=(a,b)€E e=(a,b)€E
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where for e = (a,b),

R, := H Ja(zu)gs(Yo) H We(Ts, Yt)-

ueX (Qn),veY (Qn) (st)eE
If one substitutes f, = 1, g, = 1 for every u € X(Q,), and v € Y(Q,), then by
Theorem 5.1.4, Claim 5.1.10 reduces to Theorem 5.1.9. So it is sufficient to prove the
claim. Before proving Claim 5.1.10 in its general form we prove it for n = 2 as a separate
lemma. First notice that without loss of generality we can assume that f,, g, > 0 and
we > 0 for every u € X(Q,), v € Y(Q,), and e € E(Q,), and drop the absolute value

signs from the proof.
Lemma 5.1.11 Claim 5.1.10 holds for n = 2.
Proof. For an edge e = (u,v) € Q2, define

w,: Q? — R,

we = (2,y) =\ fu(@)we(, y)V/ 9o (y)-

Now since ()5 is isomorphic to Cy, for n = 2, we have

LHS. of(5.5):/ I weew< I lelle= II (X&)

e=(u,v)€E(Q2) e€E(Cy) e€E(Q2)

1/4

u

We now turn to the proof of Claim 5.1.10 in its general form, and as we discussed
above this will imply Theorem 5.1.9. The proof is divided into several steps, so that
hopefully the main ideas can be distinguished from technicalities. Let us first introduce

some notation that helps us to keep the proof short.

Remark 5.1.12 Let ¢ : V(Q,) — V(Q,) be such that ¢(u) € X and ¢(v) € Y for every
u € X and v € Y, and furthermore, (¢(u), ¢(v)) € E if (u,v) € E. Define

R¢ = H fd)(u) (xu)gqﬁ(v) (yv) H W(p(s),0(t)) (xsa yt)'
u€X(Qn),yeY (Qn) (8,1)EE(Qn)
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For example, for e = (a,b), let ¢, be defined as ¢.(u) = a, if u € X(Q,) and ¢.(u) = b,
otherwise. Then R, as it is defined in Claim 5.1.10 is in fact the same as Ry, , and if we

denote by id. the identity map from V(Q,,) to itself, then Claim 5.1.10 says that

Jirar< T (1 )mE(Qn)' | (5.6)

e€E(Qn)

Proof.[Claim 5.1.10] We prove the claim by induction. Before engaging in the calcu-
lations, let us explain the intuition behind the proof. The variables z,,y, assign some
values to the vertices. The product in the left-hand side of (5.5) is the product of the
functions f,, g, and w, where f, and g, depend only on the values that are assigned to
the vertices u and v respectively, and w, depends only on the values that are assigned
to the endpoints of e. The first step in the proof is to group these functions together so
that they can be interpreted as the same product but for @),,_; instead of ),,. Then we
can apply the induction hypothesis.

Step 1: We regroup the product in the left-hand side of (5.5) in the following way.

H fugv H We =

u€X (Qn),veY (Qn) e€E(Qn)
H (fOuw(Ou,lu)glu)(flvw(lv,OU)QOvJ) H (w(O&Ot)w(ltJS)) ‘(5'7)
UEX(anl)VUEY(anl) (S’t)EE(Qnil)

The left-hand side of (5.7) is the product in the left-hand side of (5.5), and the right-hand
side of (5.7) can be interpreted as the same product for @,,_; but on different index sets in
the following way: Let the value assigned to the vertices u € X(Q,_1) and v € Y(Q,_1)
be the pair [y, Y1) and [x1,, Yo, respectively. Note that in the right-hand side of (5.7),
JouW(ou,1u) g1 depends only on [Zoy, Y1), and fryWiv,00)gow depends only on [21,, Yoo, and
finally wos,00w(1t,15) depends only on the pair ([zos, y1s], [Z1¢, Yor])-

More formally, to prove the claim for n and M, we use the induction hypothesis for

n — 1 with the measure (M x M). Every vertex v € @),,_; corresponds to two adjacent
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vertices Ov and 1v. To use the induction hypothesis, for u € X(Q,_1), define

f’:QQ—ﬁR

u

f@lL : [$’y] = fOu(l‘)w(Ou,lu)(I7y)glu(y)
For v € Y(Q,—1), define
q, 002 >R
9o [T 9] = fro(@)wae.00) (2, ¥) oo (y)-

and for e = (u,v) € E(Qn-1),

w’ (%) x (%) - R

wé : ([ZE, y]a [J‘Ju y,]) = W(ou,0v) (ZE, y/)w(lv,lu) ([E,7 ?J)

Then

LHS. of (55) = R.H.S. of (5.7)

- / 11 THERT A ()

wEX (Qn-1),v€Y (Qn-1)

H W, ([Tos, Y1s], [T1e, Yor)) | - (5.8)

e=(s,t)EE(Qn-1)

Then we apply the induction hypothesis to the right-hand side of (5.8) and obtain

R.H.S. of (5.8) < 11 11 fa([2ou, Y1u]) 5 ([ 10, You])
e=(a,b)EE(Qn_1) UEX (Qn—1),0€Y (Qn-1)
1/|E(Qn—-1)|

H wza,b) ([x037 yls]7 [$1t7 yOt])
(s’t)EE(Qn—l)

1/|1E(Qn-1)|
= H (/ Rzpe) ,

e=(a,b)EE(Qn-1)
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where for e = (a, b)

Ve (0u) = Oa Vu € X(Qn_1)
Ye(lu) = 1a Yu € X(Qn_1)
e (0v) = 0b Yo € Y(Qu)
be(1v) = 1b Yo € Y (Qn_1)

Combining this with (5.8) we obtain

1/|E(@n-1)|
L.H.S. of (5.5) < 11 (/ Rwe> .

e=(a,b)EE(Qn—1)

95

(5.10)

Step 2: In this step we obtain a different bound for the left-hand side of (5.5). In Step

1, for every v € @),,_1, we grouped the two vertices Ov, 1v and the edge between them

as one vertex (see (5.7)) and this reduced @, to @,_1. In this step we reduce @, to Qs.

For every vertex s € {00,11} = X (Q3), define

fsl,/ = H fsugsv H W(su,sv) | »

uEX (Qn—2),veY (Qn-2) (uv)€E(Qn—2)

for every ¢t € {01,10} = Y (Q2), define

g;&, = H ftvgtu H W(tv,tu) | >

uEX (Qn—2),v€Y (Qn-2) (u,v)EE(Qn—2)
and for every edge e = (s,t) € E(Q2),
wg = H W (su,tu) W(tv,sv)-
UGX(Q7L72)7”€Y(QVL72)
Note that the product in the left-hand side of (5.5) is equal to
|| A I wly
SEX(Q2)teY (Q2) (s;)EE(Q2)
We can apply Lemma 5.1.11 with proper index sets to these functions. We get

LHSof (5.5) <[] (/Rpe)m,

e=(s,t)€E(Q2)

(5.11)
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where for e = (s,t)

pe(s'v) = sv Vs e X(Q2),v € V(Qn_2)
pe(t'v) = tv V' € Y(Q2),v € V(Qn_2)

(5.12)

Step 3: In this step we combine Steps 1 and 2. Note that in (5.10), the product Ry,
has the same form as the product in the left-hand side of (5.5). Thus we can apply Step
2to [ Ry,. For e € E(Q,-1) we get

/Rwe < 11 (/Rpﬁ,o%)m- (5.13)

e'=(s,t)€E(Q2)

Combining this with (5.10) we obtain

1/4|E(@Qn-1)|
LHS. of (55)< ] 11 (/R,Je,we) (5.14)

e€E(Qn-1) \€'€E(Q2)

Step 4: Now for some integer k£ > 0 we repeatedly apply Step 3, and by (5.14) we get,

)4-’fE<czn1>"“

L.H.S. of (5.5) < 11 11 ( / Ry, otie,0..0p, ove,

€1,k €EE(Qn-1) \ €}, €E(Q2)

(5.15)

Let us first assume that ||we|so, || fulloos [|gu]|cc < C for some constant C' > 0. We shall
deal with the general case later. Note first that for every arbitrary ¢ : V(Q,) — V(Qy),
we have [ R, < L for some large number L which depends on C, f,’s, g,’s, and w,’s but

does not depend on ¢. Notice that for e = (a,b) € E(Q,_1)

£(00,01) © Ve = D(0a,00); (5.16)

and
P(11,10) © e = ¢(1a,1b), (5-17)

where ¢oq,00) and (14,15 are defined as in Remark 5.1.12.
Next note that for every é € E(Q,), e € E(Qn-1), and € € E(Q3), we have py o

e 0 0z = ¢z. Then from (5.16) and (5.17) we can conclude that whenever there exists
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1 < < k such that e; € {(00,01), (11,10)}, then pe; 01, 0... 0 pg 02, = ¢, for some
e € E(Q,). Thus from (5.15), there exists numbers p. > 0 such that
Z Pe = 11— 27]67
e€FE(Qn)

and

LHS. of (55)< [] (/R¢e>peL2k. (5.18)

e€E(Qn)

Since @, is edge transitive, by applying the bound (5.18) to different permutations of

the edges and taking the geometric average, we finally conclude that

LHS. of (5.5) <L*" ] (/R%

e€E(Qn)

(1-275) /| E(@Qn)
> . (5.19)

By tending k to infinity, (5.19) reduces to (5.6).

Step 5: Now consider the general case where || f,|loo, ||gv|loo, and |Jwe||s need not be
bounded. Fix C > 0 and let f; := max(f,,C), g, := max(g,, C') and w, := max(w,, C).
We know that Claim 5.1.10 holds for these functions. By tending C' to infinity the

dominated convergence theorem implies the claim for the general case as well. |



Chapter 6

The Erdos-Simonovits-Sidorenko

Conjecture

In this chapter we apply the results of Chapter 5 to a conjecture from extremal graph

theory.

6.1 The conjecture

Given a graph H, let ex(n, H) be the maximum number of edges in a graph on n vertices
which does not contain a copy of H as a subgraph. Determining the values of ex(n, H) for
different graphs H is one of the most important problems in extremal graph theory. These
problems are usually referred to as Turan problems, or forbidden subgraph problems. P&l
Turdn [61] determined the exact values of ex(n, K,.), for every positive integer r, and in
his memory, ex(n, H) is called the Turdn number of H.

For integers n,r > 0, the Turdn graph T'(n,r) is a graph formed by partitioning a set
of n vertices into r subsets, with sizes as equal as possible, and connecting two vertices by
an edge whenever they belong to different subsets. The graph will have (n mod r) subsets
of size [n/r], and r—(n mod r) subsets of size |n/r]|. Note that T'(n, ) does not contain a

copy of K,.1. According to Turdn’s theorem, the Turdan graph has the maximum possible

98
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number of edges among all K, -free graphs, or equivalently ex(n, K1) is equal to the
number of edges of T'(n,r).

Determining the exact Turan number of H is often very difficult, and this problem
is open even in the simple case of the cycle of length 4. However, if one allows a small

error, then the following theorem of Erdds and Stone [15] determines ex(n, H):

Theorem 6.1.1 (Erdds, Stone [15]) Let H be a graph. Then

ex(n, H) = (1 - ﬁ) (;’) +o(n?),

where x(H) is the minimum number of colors required to color the vertices of H so that

no two adjacent vertices of H have the same color.

Note that the Turdn graph T'(n, x(H)—1) has (1 - m> (5) +o(n?) edges and it does
not contain a copy of H.

For bipartite graphs H, the Turdn graph T'(n,x(H) — 1) has no edges and so the
situation is different. Theorem 6.1.1 gives only the limited information that an H-free
graph on n vertices must have o(n?) edges. Since every bipartite graph H is a subgraph

of a complete bipartite graph, a quantitative version of this fact follows from a theorem

due to Kovari, T. Sés, and Turéan:
Theorem 6.1.2 (K6vari, T. Sés, Turdn [36]) For 1 <r <s,
ex(n, K, ) < n?71r.

It is conjectured in [16] that the bound in Theorem 6.1.2 is of the right order of magnitude.
This conjecture is verified in [23] for r < 2, and in [6] for 7 = 3 and s = 3.

The situation for bipartite graphs is considerably more complicated than for non-
bipartite graphs. For cycles of even length, in an unpublished note Erdés (see [14])
proved that ex(n,Cy) = ©(n'*'/*). For the cycle of length 4, Kovari, T. Sés and

Turan [36], Erdés, Rényi and V. T . Sés [12] and W. G. Brown [6] proved that

1
ex(n,Cy) = §n4/3 + o(n®?).
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But for example, for the cycle of length 6, the exact constant is unknown, and the best

known bounds are due to Firedi, Naor, and Verstraéte [24] who showed that
0.5338n%% < ex(n, Cg) < 0.6272n/3.

Apart from cycles of even length, there are very few nontrivial bipartite graphs H for
which the right order of magnitude of ex(n, H) is known. For many bipartite graphs H,
our knowledge about ex(n, H) is limited to poor bounds.

Erdés and Simonovits [14] studied the number of copies of H in graphs with more
than ex(n, H) edges. Trivially every such graph has at least one copy of H, but they
noted that if the number of edges is more than ex(n, H) then it must contain many copies
of H. A simple count shows that the number of copies of H in a graph with n vertices

is at most n!V)! The following conjecture is due to Erdés and Simonovits.

Conjecture 6.1.3 (Erdds-Simonovits [14]) Let H be a bipartite graph. There exist
constants o, ¢, > 0 such that for every graph G on n vertices, if |E(G)| > en®*~* then

G contains at least

n2

VD) <|E<G>|)E<H>

copies of H.

Remark 6.1.4 Without any lower-bounds for |E(G)|, Conjecture 6.1.3 is trivially false,
as for example if | E(G)| < ex(n, H), then G might be H-free. Note that by Theorem 6.1.2,
for every bipartite graph H, there exists a constant o > 0 such that ex(n, H) = O(n?~?).
There is a stronger version of Conjecture 6.1.3 in [14] which claims that in the statement of
2-a),

the conjecture, one can take o € (0,1) to be any number satisfying ex(n, H) = O(n

Let us explain the background of Conjecture 6.1.3. In extremal graph theory, the
extremal graphs tend to be either very structured, or very chaotic in the sense that they

look similar to random graphs. The motivation behind Conjecture 6.1.3 is that for every
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bipartite graph H, it seems that among all graphs with fixed number of vertices and
edges, graphs having roughly the minimum number of copies of H tend to look random.
Let us consider the Erdos-Rényi random graphs. For an integer n > 0 and 0 < p <1, let
G := G(n,p) be the Erdés-Rényi random graph on n vertices where each edge is present

independently with probability p. Note that the complete graph K, contains exactly

VL ( n : : :
M(IV( H)|) copies of H, where Aut(H) is the set of automorphisms of H. Each one

()|

of these copies is present in G with probability pl” Hence the expected number of

copies of H in G is |X1(t](2’|)!|plE(H)‘ (IVZZH)\) = O(n/VIDIpIEEN)  Trivially E|E(G)| = p(}) =

O(pn?). Tt is standard that for sufficiently large p, with very high probability |E(G)|,
and the number of copies of H in GG are both concentrated around their expected values
(see [41]). Taking p = n~®, we have E|E(G)| = ©(n?*"®) and the expected number of
copies of H in G is ©(n!/VHlp=elEUW)  This shows that Conjecture 6.1.3 is sharp if true.

Recall from Section 2.2.2 that h}r}j (G) is the number of injective homomorphisms from

H to (. The number of copies of H inside G is equal to mhi}}j(G). We also defined

a normalized version of 1'% (G): namely £%7(G) is the probability that a random injective
mapping from V(H) to V(G) defines a homomorphism. Hence

e
V@IV =1) ... (V&) = [V(H) + 1)

ty (G) =
Using these notations, Conjecture 6.1.3 says that under the assumptions of the conjecture
Q) = ¢t (@), (6.1)

Note that the constant ¢ in (6.1) might be different from the constant ¢ in Conjec-
ture 6.1.3. However, they are both positive constants depending only on H. The following

conjecture is due to Sidorenko.

Conjecture 6.1.5 (Sidorenko’s conjecture [53, 54]) For every graph G, and every

bipartite graph H, we have
ty(G) > ty, (GYEUD!, (6.2)
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Sidorenko formulated Conjecture 6.1.5 and observed that it is equivalent to Conjec-
tures 6.1.3:

First we show that the Erdds-Simonovits conjecture implies Sidorenko’s conjecture.
Consider a graph H, and suppose that (6.1) holds for every graph G with |E(G)| > cn®*™®.

To get a contradiction, suppose that (6.2) fails for a graph G, i.e.

We will take G' and amplify it by taking its tensor powers. Then we take a proper blowup
to obtain a counter-example to Conjecture 6.1.3. Blowups and tensor products of graphs
are defined in Section 2.2.3. Recall that in Section 2.2.3 for a positive integer k, we
defined
G* =G®...0G.
N/

k copies

Lemma 2.2.5 shows that ¢ (G®*) = t(G)F, for every positive integer k and every graph

K. Hence by taking k to be sufficiently large, we obtain a graph G, := G®* such that

tu(Gh) < St (Gr)/ 7).

For a positive integer m, let Gy be the m-blowup of G;. Lemma 2.2.4 shows that
tx(G2) = tk(Gh), for every graph K. Hence
/

tr(Go) < %tKQ(Gg)‘E(H”. (6.3)

Lemma 2.2.3 shows that for every graph K,

o L VEON L (VO _
et =266 < e (V) = e (s ) = owm

Hence it follows from (6.3) that

B(Ga) < t(Ga) + O(1/m) < St (G2) PO 4 O(1/m)

< %, (t}g(Gg) + O(l/m)>|E(H) +0(1/m) = %/t}‘;i(GQ)IE(H)I +O(1/m),
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and so for sufficiently large m,

Furthermore, since |V (Gs)| = m|V(G1)| and |E(G2)| = m?|E(G))], for sufficiently large
m, |E(Gs)| > ¢|V(Gs)]*~®. We obtained a graph G5 with |E(G3)| > ¢|V(G2)|?>~® which
does not satisfy
i (Ga) < ¢t (G) P,
and this contradicts our assumption.
Now let us show that Sidorenko’s conjecture implies the Erdds-Simonovits conjecture.
If Sidorenko’s conjecture is true, then it follows from (6.2) and Lemma 2.2.3 that for a

graph G with n vertices

ez (e - ) - (MU Saepron —oqm,

This shows that there exists a constant ¢ such that if t}g(G) > en~VIEE then

. 1 ..
(G) > i

|E(H)]

2

Since t}g(G) = B0 > EON we conclude that if |E(G)| > Cn2_|E<1H>|, then

n2 )

. 1 ..
£ ()P > g

|E(H)|
2 -9 2(G) ’

which shows that Conjecture 6.1.3 holds with oo = WIH)I We summarize

Conjecture 6.1.3 < Conjecture 6.1.5

Remark 6.1.6 The trick of tensoring has another interesting consequence. Consider a
bipartite graph H. Suppose that for a universal constant ¢ > 0, we could show that

tr(G) > ctg, (G)FEI for all graphs G. Then for every positive integer k, we have
tr(G)* =ty (G®F) > cty, (GER)EPHEN = ¢t (GYHEH)]

In this case, by tending k to infinity, we can conclude tg(G) > tg, (G)FEHI. u
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Recall that graphons are symmetric measurable functions from [0,1]* to [0,1]. In

Section 2.2.4, we defined ty(w) for graphons w as
tp(w) :=E H W(Xy, Ty),
weE(H)

where {2, }yev(m) are independent random variables taking values uniformly in [0, 1].

We also corresponded a graphon wg to every graph G so that tx(wg) = tx(G) for
every graph K. On the other hand, Theorem 2.2.7 says that given a graphon w, there
exists a sequence of graphs {G;}°; such that lim; . tx(G;) = tx(w), for every graph
K. These facts show that Sidorenko’s conjecture is equivalent to the seemingly stronger

statement that for every graphon w, and every bipartite graph H
tr(w) > tg, (w) P (6.4)

We can strengthen the statement further: Graphons are symmetric measurable functions
from [0,1]? to [0,1]. Tt turns out that the condition of symmetry is irrelevant to Conjec-
ture 6.1.5, and the following more general statement is equivalent to Conjectures 6.1.3

and 6.1.5.

Conjecture 6.1.7 (Sidorenko’s conjecture reformulated [53, 54]) For every mea-
surable function w : [0,1]> — RT, and every bipartite graph H = (X,Y; E), we have
1/1E|

E ] w@ww) > Euw(z,y). (6.5)

(u,v)EE

Note that for a symmetric w : [0, 1] — [0, 1], by raising both sides of (6.5) to the power
|E|, we see that it is equivalent to (6.4). Let us explain why Conjectures 6.1.5 and 6.1.7
are equivalent. First note that (6.4) is homogeneous with respect to scaling, and this
shows that changing the range of w in (6.4) from the interval [0, 1] to the larger set of
R* leads to an equivalent statement. This explains why in Conjecture 6.1.7, the range

of wis RT.
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It remains to justify the removal of the symmetry condition. We use the trick of
symmetrization which was already used once in Chapter 5. Consider a measurable w :
[0,1]> — RT which is not necessarily symmetric. We will symmetrize w to obtain a
symmetric measurable function w’ : [0,1]> — RT. Figure 6.1 shows that intuitively how

w' is defined according to w.

A
1
w 0
05 [ N
I
0 05 1 >

Figure 6.1: This figure shows how w’ is defined according to w. Here w! is the transpose

of w, defined by w'(z,y) := w(y, x).

More formally w' : [0,1]> — R is defined as

w(2xy, 2x9 — 1) x1 €10,1/2],29 € (1/2,1]
w'(z) = ¢ w(2wy, 22, — 1) 29 €[0,1/2], 21 € (1/2,1]
0 otherwise

Note that w’ is measurable and symmetric, and hence assuming Conjecture 6.1.5, by

(6.4) we have
1/1E|

E H W' (Ty, Yo) > Euw'(z,y). (6.6)

(u,v)EE

Trivially

Ew'(z,y) = %Ew(w, Y). (6.7)
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Let Hy,..., H; be the connected components of H. For every 1 < ¢ < k, by definition
of W', [T vyenn) W (Tus yo) # 0, if 2, € [0,1/2] and y, € (1/2,1] for all u,v € V(H;) or

€ (1/2,1) and y, € [0,1/2] for all u,v € V(H;). Each one of these two events happens
with probability 271Vl and furthermore by definition of w’, conditioned on one of those
events, the expected value of [, ,)cp) W (%u, o) is equal to B[], e 0 (@u, Yo)-

Hence
E H w/(xu’yv) _ 21*|V(Hz)|E H w(g;u’yv).
(u,v)eE(H, (uv)EE(H;)
Then

E H w,<xuayv) - EH H w'(mu,yy)

(uv)EE 1=1 (u,v)€E(H;)

E ] @y

(u,w)EE(H;)

=i

UL | | wloow)

1 (u,v)eE(H,

| e
(u,w)EE(H)

E [ ww)

(u,v)eE(H)

7

v

This together with (6.6) and (6.7) shows that if Conjecture 6.1.5 is true, then
1/|E] 1/1E|

E H W( Ty, Yy) > |E H w'(zy, yy) ZEw/(x,y):%Ew(x,y). (6.8)

(u,v)EE (u,v)eE
We have now shown that, assuming Conjecture 6.1.5, (6.8) holds for every measurable

w : [0,1]> — R*. Similar to the case of Remark 6.1.6, we can remove the 1/2 constant

from (6.8), and obtain (6.5). We conclude that

’Conjecture 6.1.3 & Conjecture 6.1.5 < Conjecture 6.1.7‘

We will refer to the equivalent Conjectures 6.1.3, 6.1.5, and 6.1.7 as the Erddés-

Simonovits-Sidorenko conjecture.
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Let A be the adjacency matrix of a graph G on n vertices, and let Py denote the path
of length k, where k is a positive integer. Let B := A* and note that B; ; is the number of
walks of length k in G starting from ¢ and ending at j. In other words B; ; is the number
of homomorphisms from a path of length £ to G that maps one end of the path to 1,
and the other end to j. Hence tp (G) =n"*"' 3" | Bij and tx,(G) = n"> Y37, Aij.
This shows that for H = P, Conjecture 6.1.5 is equivalent to the following theorem of

Blakley and Roy [4] proven in 1965.

Theorem 6.1.8 (Blakley-Roy) Let A be an n x n symmetric matriz with nonnegative
real entries, and k be a positive integer. For B := A*, we have
" " k—1
n~k1 Z B;; > <n_2 Z Ai,j) )
ij=1 ij=1
Erd6s and Simonovits formulated Conjecture 6.1.3 in 1984, and verified it for cycles
of even length, trees, and the 3-dimensional cube. In order to verify the conjecture for
the 3-dimensional cube, they showed that if the conjecture is valid for a graph H, then
it remains valid if one adds two adjacent new vertices u and v to H, and connect u to
all the vertices in one part, and v to all the vertices in the other part. Applying this
procedure to the cycle of length 6 results in the 3 dimensional cube.
Later, Sidorenko studied this problem further in [53]. He reformulated the Erdés-
Simonovits conjecture as Conjecture 6.1.5, and verified it for more classes of graphs. He

proved the following theorem.

Theorem 6.1.9 (Sidorenko [53]) The following statements hold.

o [f the number of vertices in one of the parts of H is 4 or less (while the size of the

other part is arbitrary) then Conjecture 6.1.3 is valid.

e [f Conjecture 6.1.3 is valid for graphs Hy, . .., Hy, then it is also valid for the disjoint

union of these graphs.
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o [f Conjecture 6.1.3 is valid for a graph H, then it remains valid when a new vertex
w is added to one of the parts and it is joined to to all the vertices in the other

part.

e [f Conjecture 6.1.3 is valid for a graph H, then it is valid for the graph obtained by

joining a new vertex to one vertexr of H.

Now let us apply our results to the equivalent Conjectures 6.1.3, 6.1.5, and 6.1.7. Note

that in our notation (6.5) says that ||w||g > ||w|/k,. We prove the following theorem.

Theorem 6.1.10 Let H = (X,Y; E) be a weakly norming partitioned bipartite graph.

Then for every subgraph K C H and every measurable map w : [0,1]*> — RY we have

[l = [lwllx
Proof. For e € F(G), define w, = w, and for e € E(H) \ E(K) define w, = 1. Since H
is weakly norming, by Theorem 5.1.4 we have

B welrwm s T luelhn

e=(u,v)€E(H) e€cE(H)

By our choice of w, we get

E(G
te(w)=E [[ welzwz)<| [] ol T e | = el

e=(u,v)€E(H) e€E(K) e€B(H)\E(K)

or equivalently ||w||,xy < W]y u
Note that taking K = K5 in Theorem 6.1.10 verifies the Erdds-Simonovits-Sidorenko
conjecture for weakly norming graphs. In Theorem 5.1.9 we showed that hypercubes are

norming. Hence we have the following corollary.
Corollary 6.1.11 For every w : [0,1]> — RT, and every two positive integers ny < ns
we have

lwllg., = llwllq,,-

In particular taking ny = 1 verifies the Erdds-Simonovits-Sidorenko conjecture for the

hypercubes.
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Note that what Theorem 6.1.10 shows for weakly norming graphs is much stronger
than the assertion of the Erdds-Simonovits-Sidorenko conjecture. Given a weakly norm-

ing graph H and a subgraph K C H, it shows that
tu(G) > tK((;)IE(H)I/IE(KN, (6.9)

for every graph GG. Note that again the Erdds-Rényi random graphs show that (6.9) is
sharp. The inequality (6.9) is not valid for every bipartite graph as for example although
Py C Py, there exists a graph G with tp,(G) < tp,(G)*?. This shows that the direct
application of the above approach cannot be used to give a positive answer to the Erdos-
Simonovits-Sidorenko conjecture in its full generality.

A similar (but weaker) statement to (6.9) for paths is proven by Erdés and Simonovits
in [13]. Consider a graph G. Erdds and Simonovits proved that for positive integers
n < m, we have tp, (G) > tpzn(G)%. This generalizes the Blakley-Roy Theorem as
for n = 1 it is equivalent to that theorem. They furthermore conjectured tp, ,(G) >

tp,, . (G) 2i=2 . This conjecture would have followed from Theorem 6.1.10, if Ps,,_; was

weakly norming, but Theorem 5.1.6 shows that for m > 2, P,,,_; is not weakly norming.
We shall further discuss the Erdds-Simonovits-Sidorenko conjecture in Section 7.2,

where we introduce some related open problems.



Chapter 7

Conclusion

In this short chapter, we discuss some open problems and make some concluding remarks.

7.1 Norming Graphs

The starting point of this thesis was a question of Lovasz asking for which graphs H,
tr(w)YEH defines a norm on the space of bounded measurable functions w : [0, 1]> —
R. We called such graphs norming. We also studied two other variations of this notion,

VIEM] defines a semi-norm, and it is

namely a graph H is called semi-norming if ¢y (w)
called weakly norming if ¢ (|w|)"/1PU)| defines a norm on the space of bounded measur-
able functions w : [0,1]> — R. As it is observed in Chapter 5, the following implications

hold:

‘norming = semi-norming = weakly norming‘

In Theorem 5.1.4 it is shown that H is semi-norming (weakly norming), if and only
if a Cauchy-Schwarz type inequality holds. In Theorems 5.1.7 and 5.1.9, we established
these Cauchy-Schwarz type inequalities for certain graphs such as complete bipartite
graphs and hypercubes. The proofs of Theorems 5.1.7 and 5.1.9 are both based on

iterated applications of the Cauchy-Schwarz inequality, and in fact, we are not aware of

110
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an example of a weakly norming graph which cannot be proven to be weakly norming
by this technique. In order to be able to apply this approach, the graph H must be
very symmetric; for example it must be edge-transitive. (Recall that a graph H is called
edge-transitive, if for every two edges e; and ey of H, there is an isomorphism that maps
e1 to ez.) Note that complete bipartite graphs, and hypercubes are edge-transitive. We

conjecture the following:

Conjecture 7.1.1 Fvery weakly norming graph is edge-transitive.

On the other hand, it is not true that one can use iterated applications of the Cauchy-
Schwarz inequality to establish a Cauchy-Schwarz type inequality for every edge-transitive
bipartite graph. Currently Theorem 5.1.6 is the only available tool to us for refuting a
graph from being weakly norming. Every edge-transitive bipartite graph satisfies the

conditions of this theorem, and we do not know the answer to the following question:

Question 7.1.2 Is there an edge-transitive bipartite graph that is not weakly norming?

Let us give an explicit example of an edge-transitive bipartite graph for which we do not
know whether it is weakly norming. Recall that the Cartesian product of two graphs G
and H is a graph with vertex set V(G) x V(H), where (u,v) is adjacent to (u',v’) if
u = and ' € E(H) or wv' € E(G) and v = v/. Note that the Cartesian product
is different from the tensor product. Now Cg x (g, the Cartesian product of the cycle
of length 6 by itself is edge-transitive and bipartite. But we do not know whether it is
weakly norming.

Note that the n-dimensional hypercube is the n-times cartesian product of K5 by
itself. In Theorem 5.1.9 we showed that hypercubes are weakly norming. One might ask

the following question:

Question 7.1.3 Is it true that the Cartesian product of two weakly norming bipartite

graphs is again weakly norming?
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As the smallest case we suggest determining whether Ky x Cg is weakly norming. Since
Ky x (g is not edge-transitive we feel that the answer is negative. So a positive answer
to this question will require new techniques, and a negative answer will probably lead
to new necessary conditions on the structure of weakly norming graphs and hence an

extension of Theorem 5.1.6.

7.2 The Erd6s-Simonovits-Sidorenko Conjecture

Recall that the Erdos-Simonovits-Sidorenko conjecture says that for every bipartite graph
H, and every graph G, we have ty(G) > tg,(G)PUDL In Theorem 6.1.10, we showed

that every weakly norming graph H satisfies
t(G) > tre(G)EEINEE)]

for every subgraph K of H, and every graph G. In particular taking K = K, shows that
the Erdos-Simonovits-Sidorenko conjecture holds for weakly norming graphs. We ask the

following question.

Question 7.2.1 Which graphs H satisfy ty(G) > tg(G)EEVIEE " for every subgraph

K C H and every graph G'¢

As mentioned at the end of Chapter 6, H = P, does not satisfy the assertion of Ques-
tion 7.2.1, and so the answer is not simply “all bipartite graphs”.

Consider the graph H := K55 — (¢ which is the graph obtained by removing the
edges of a complete cycle from K55. This is the smallest graph for which the Erdds-

Simonovits-Sidorenko conjecture is open [54].
Question 7.2.2 Is K55 — Cho weakly norming?

By Theorem 6.1.10, if the answer to Question 7.2.2 is positive, then the Erd6s-Simonovits-

Sidorenko conjecture holds for K55 — Cjp. However, we believe that this graph is not
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weakly norming as it is not edge-transitive. In order to show that K55 —Chg is not weakly

norming, one might try to show that it does not satisfy the assertion of Question 7.2.1.

7.3 The Hanner inequality

In Chapter 4 we discussed geometric properties of the hypergraph norms and determined
their moduli of smoothness and convexity. In certain cases we proved a stronger result.
Namely in Theorem 4.1.15 we established the order |H|-Hanner inequality for the Ly
spaces, when H is a non-factorizable semi-norming hypergraph pair which is either of
Type 11, or of Type I with an even integer parameter.

Let H = («, ) be a non-factorizable semi-norming hypergraph pair of Type I with
parameter s > 2. In Conjecture 4.1.16 we conjectured that every Ly space satisfies the
| H|-Hanner inequality.

Our knowledge about the Hanner inequality is very limited. Hanner [33] showed that
for 1 < p < oo the L, spaces satisfy the p-Hanner inequality. The inequality is known
to hold for some Sobolev spaces [37]. Even for the trace norms, one of the most studied
class of norm functions, the situation is not totally understood. Ball et al [1] verified
the p-Hanner inequality for the trace norm S, when 1 < p < 4/3 and the dual case
of 4 < p < oo. They conjectured that this is true for every 1 < p < co. The proof
of [1] is based heavily on the spectral interpretation of these norms, and it seems very
unlikely that it can be used to establish the Hanner inequality for other normed spaces.
We believe that Conjecture 4.1.16 is a good starting point, as hypergraph norms have
simple descriptions compared to most of the known normed spaces. A positive answer to
this conjecture might shed some new light on Hanner’s inequality, and provide new tools

for establishing the inequality for other normed spaces.
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