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Abstract: The genus of a graph is a basic parameter in topological graph theory that has
been the subject of extensive study. Perhaps surprisingly, despite its importance, the problem
of approximating the genus of a graph is very poorly understood. Thomassen (1989) showed
that computing the exact genus is NP-complete, and the best known upper bound for general
graphs is an O(n)-approximation that follows by Euler’s characteristic.

We give a polynomial-time pseudo-approximation algorithm for the orientable genus
of Hamiltonian graphs. More specifically, on input a graph G of orientable genus g and a
Hamiltonian path in G, our algorithm computes a drawing on a surface of either orientable
or non-orientable genus O(g’).
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1 Introduction

A drawing of a graph G on a surface § is an injective mapping ¢ that sends every vertex v € V(G) into a
point @(v) € 8, and every edge {u, v} into a simple curve between ¢(u) and ¢(v), so that the images of
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different edges are allowed to intersect only on their endpoints. A surface is called orientable if it can be
embedded into R3, and non-orientable otherwise. The genus of a graph G is the minimum g > 0, such
that G can be drawn on a surface of genus g. Similarly, the orientable (resp. non-orientable) genus of a
graph is the minimum genus of an orientable (resp. non-orientable) surface on which G can be drawn.

Drawing graphs on various surfaces is central to graph theory (e. g., [4, 13]), and of importance to
topology and to mathematics in general (e. g., [17]), and have been the subject of intense study. Graphs of
small genus are also of importance to computer science and engineering, since they can be used to model
a wide variety of natural objects. For further background, we refer the reader to Gross and Tucker [4] for
topological graph theory and to Hatcher [5] for algebraic topology.

Computing the genus of a graph exactly. It was shown by Thomassen that computing the orientable
genus [15], and the non-orientable genus of a graph [16], are both NP-complete problems. Deciding
whether a graph has genus 0, i. e., planarity testing, can be done in linear time by the seminal result of
Hopcroft and Tarjan [6]. Filotti et al. [3] were the first to obtain an algorithm for computing a drawing of
an n-vertex graph of genus g, on a minimum-genus surface, in time n?(®). Robertson and Seymour [14],
as part of their Graph Minor project, gave an O(f(g) - n*) time algorithm for determining the genus of
a graph. This was improved by a breakthrough result of Mohar [11] who gave a linear-time algorithm
for computing a minimum-genus drawing, for any fixed g. A relatively simpler linear-time algorithm
has subsequently been obtained by Kawarabayashi, Mohar and Reed [7]. The running time of the above
algorithms is exponential in g.

Approximating the genus of a graph. Perhaps surprisingly, the problem of approximating the genus
of a graph is very poorly understood. In general, the genus of a graph can be as large as Q(n?) (e. g., for
the complete graph K,,). By Euler’s characteristic, there is a trivial O(1)-approximation for sufficiently
dense graphs (i. e., of average degree at least 6 + €, for some fixed € > 0). For graphs of bounded degree,
Chen, Kanchi, and Kanevsky [2] described a simple O(+/n)-approximation, which follows by the fact that
graphs of small genus have small balanced vertex-separators. Following the present paper, Chekuri and
Sidiropoulos [1] obtained a polynomial-time algorithm which, given a graph G of bounded degree and of
genus g, outputs a drawing on a surface of genus O(g'? log19/ 2 n). Combined with the result of Chen et al.,
this implies a n'/2~% approximation for bounded-degree graphs, for some constant ¢ > 0. Subsequently,
Kawarabayashi and Sidiropoulos [8] obtained a polynomial-time algorithm that computes a drawing on
a surface of genus O(g>>° log'¥ n) for general graphs (that is, without the condition that the maximum
degree is bounded). Combined with Euler’s characteristic, this also implies a O(n'~#)-approximation
for general graphs, for some constant B > 0. We also remark that better bounds are known for 1-apex
graphs [12, 8] (that is, graphs that can be made planar by removing a single vertex).

Our results. We present a pseudo-approximation algorithm for the orientable genus of Hamiltonian
graphs.! More specifically, we obtain a polynomial-time algorithm which, given a graph G and a
Hamiltonian path P in G, computes a drawing of G on a surface of either orientable or non-orientable
genus O(g’), where g is the orientable genus of G. The dependence of the running time is polynomial in

"'We use the term pseudo-approximation to denote the fact that even though we approximate the orientable genus of the input
graph, the output surface is allowed to be non-orientable. In this paper, we call a graph Hamiltonian if it has a Hamiltonian path.
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both g and n. Combined with the simple O(n/g)-approximation described above, our result immediately
gives a 0(n6/ 7)-pseudo-approximation for the orientable genus of graphs with a known Hamiltonian path.
These bounds are significantly stronger than the approximation guarantee achieved for general graphs [8].
We note that the algorithm for bounded-degree graphs given in [1] is not applicable in our setting, since
we are dealing with graphs of unbounded degree. The following summarizes our main result.

Theorem 1.1. There exists a polynomial-time algorithm, which, given a graph G of orientable genus g
and a Hamiltonian path P in G, outputs a drawing of G on a surface of either orientable or non-orientable
genus O(g"). The running time is polynomial in n and g.

1.1 Overview

In this section, we present a very informal and somewhat imprecise overview of our algorithm. We are
given a Hamiltonian graph G of genus g and a Hamiltonian path P in G. Our high-level approach is to
cover the graph G by O(g) subgraphs of constant genus, then independently draw each of them on a
surface of small genus and finally combine all drawings. More precisely, our algorithm consists of the
following steps:

Step 1: Cover G by O(g) toroidal subgraphs Gy, ..., Gy.
Step 2: For each pair of graphs G;, G, compute a drawing of G;UG;.

Step 3: Combine the drawing of all pairs G; U G}, to obtain a drawing of G.

Step 1: Greedy band covering. The goal in this step is to cover G by O(g) toroidal graphs. Fix an
optimal drawing of G on a surface of genus g. Let us say that an edge e € E(G) \ E(P) is global if after
contracting P, e becomes a noncontractible loop. Otherwise, we say that e is local. We can show that G
can be covered by a collection of toroidal graphs G7, ... Gy, k = O(g), such that every local edge appears
in exactly one G, and every global edge appears in exactly two graphs G;, G;. Roughly speaking, we
walk along the path, and we find maximal edge-disjoint subpaths O, ..., O in P, such that all edges on
either side of each Q; are homotopic (after contracting P). See Figure 1 for an example; for clarity, local

edges are omitted from the figure.

S o OF ) D)

Figure 1: A greedy band covering.

Although, we do not have access to the optimal embedding of G, we still can compute such a covering
Gy,...,Gy, for some ¢ = O(g). We refer to the graphs Gy, ...,Gy as elementary bands. Of course, this
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means that the elementary bands Gy, ..., G, we compute might differ from G7,...,G;. This introduces
certain complications as we explain in Section 2.

Step 2: Drawing a pair of bands. Even though we have O(g) graphs G; and each of them has genus
at most 1, we cannot naively combine their drawings. Roughly speaking, the problem is that graphs G;
share global edges: the way an edge e is drawn in the drawing of G; may be inconsistent with the way it is
drawn in the drawing of G;. This can happen because in Step 1, when we greedily compute the covering
by elementary bands, we can only keep track of the local edges in the current band. As a result, when
we try to combine the drawings of two bands, the local edges can introduce conflicts between the two
drawings. Figure 2 depicts an example of such a conflict. In this example, the graph G is covered by two

Gl G2

P -

Figure 2: Edge conflicts in the greedy cover.

toroidal (in fact, planar) graphs G, G,. However, in the drawing of G, all global edges are drawn on one
side of P, while in the drawing of G, the global edges alternate between the two sides of P. We overcome
this obstacle by showing that, roughly speaking, for every pair of bands G;, G;, there are drawings that
are nearly consistent. This is a technical part of the paper, and we refer the reader to Section 5. We just
note here that, at the high level, we decompose each band into g®(!) subgraphs, such that each subgraph
has a certain structure allowing us to find a drawing on a surface of genus g°W in polynomial time.

Step 3: Combining the drawings of all pairs. In this last step we combine the drawings of all pairs
of bands into a drawing of G. The key idea is that for every pair G; UG, we can modify its drawing, such
that the global edges that are shared between either G;, or G;, and some other elementary band G, are
contained in a small number of homotopy classes (after contracting P). Intuitively, this means that we can
combine the drawings of all pairs by introducing a small number of “interface” handles between them. A
precise definition appears in Section 7.

1.2 Why a pseudo-approximation?

Our current algorithm is a pseudo-approximation, which means that given a graph G of orientable genus
g, it outputs a drawing on a surface of either orientable, or non-orientable genus g®(!). However, we
believe that our approach can be generalized to obtain a (true) approximation algorithm. That is, given
a graph of genus g, compute a drawing on a surface of genus g% with the same orientability type as
G. Doing so, requires an extension of the definition of an elementary band, to account for graphs that
can be drawn on the projective plane (i. e., elementary bands of non-orientable genus at most 1). This
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small modification causes the number of different types of elementary bands to grow by a constant factor.
Unfortunately, as a consequence, the (already lengthy) case analysis in the proof becomes dauntingly
long. The rest of our proof remains essentially unchanged. We are not aware of a way to simplify this
case analysis, so in the interest of clarity we have decided to omit it from the present paper.

1.3 Organization

In Section 2, we show how to find the elementary band covering. The proof of the main technical step
required for Section 2 is given in the subsequent two sections. Section 3 introduces the main notions
used in the proof, and Section 4 presents the main case analysis required for the proof. In Section 5, we
explain how to combine two drawings, by decomposition into smaller subgraphs; the drawing of these
subgraphs is described in Section 6. In Section 7, we put the all pieces of our algorithm together, and
show how to find a drawing of a Hamiltonian graph.

2 Band coverings of Hamiltonian graphs

In this section, we describe a greedy algorithm that partitions the input graph to a set of O(g) simple
toroidal graphs, which we call bands. One of the tools that we have developed for this section is based on
the notion of ribbons and petals. Intuitively, ribbons and petals describe minimal topological subspaces
that contain the edges of a band.

Definition 2.1 (Bands in Hamiltonian graphs). Let G be a graph, and let P be a Hamiltonian path in G.
Let BC E(G) \ E(P). Then, B is called a band. Let Q be a subpath of P, such that every edge e € B has
at least one endpoint in V(Q). We also say that B has spine P, and primary segment Q. An edge in B is
called global if exactly one of its endpoints is in V(Q); it is called local if both of its endpoints are in
V(Q). Note that every set B C E(G) \ E(P) is a band with spine P, and primary segment P.

Definition 2.2 (Elementary bands). Let G be a graph, and let P be a Hamiltonian path in G. Let
B C E(G) \ E(P) be a band with spine P, and primary segment Q C P. We define the following types of
bands, which we refer to as elementary.

Type-1. We say that B is of type-1 (see Figure 3(a)) if the following conditions are satisfied. There
exist subpaths Py, P, P3, Py C P, with P, P>, P53, P4, O being pairwise edge-disjoint, and such that
the set M of global edges in B can be decomposed into M = M| UM, U M3z U My, such that for
every i € {1,...,4}, every edge in M; has one endpoint in V(Q), and one in V(P;). Moreover, there
exists a planar drawing ¢ of the graph H = BUQU P; U... U Py, satisfying the following. For every
i€{l,...,4}, ¢(P,) lies in the outer face of @, and all the curves ¢(e), e € M;, are attached to the
same side of @(P;). We say that the paths Py,..., Py are the outlets of B.

Type-2. We say that B is of type-2 (see Figure 3(b)) if the following conditions are satisfied. There exist
subpaths Py, P, Ps C P, with Py, P>, P;, Q being pairwise edge-disjoint, and such that the set M of
global edges in B can be decomposed into M = M| UM, U M3, such that for every i € {1,2,3},
every edge in M; has one endpoint in V(Q), and one in V(P;). Moreover, there exists a planar
drawing ¢ of the graph H = BUQU P, U P, U P3, satisfying the following. If we denote by ¢ the
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e, e

(a) Type-1. (b) Type-2.

Figure 3: The different types of elementary bands. The primary segment is in bold.

drawing induced by ¢ on H \ V(P;), then for every i € {1,2}, ¢'(P,) lies in the outer face. Also,
there exists v € V(P3), such that @(v) also lies in the outer face. Moreover, for every i € {1,2}, all
the curves @(e), e € M;, are attached to the same side of @ (P;). Note that the curves @(e), e € M3
are allowed to be attached to both sides of ¢ (P;). We say that the paths Py, and P are the outlets of
B, and that the path P; is the double outlet of B.

We say that ¢ is a canonical drawing of B (or a canonical drawing of H, when B is clear from the context).
For an elementary band of type-2, we can pick ¢ so that the curves @(Q), @(P;), @(P), ®(P3) become
segments of a horizontal line ¢, with ¢ (Q) appearing to the left of ¢(P3). We call ¢ the canonical line of
@. Let < be the total ordering of V(Q) UV (P;) induced by a left-to-right traversal of . We say that <
is the canonical ordering of @. We extend < to B as follows. Let {x,y},{x',y'} € B, with x,x’ € V(Q).
Then, we define {x,y} < {x',y'} if either x < x/, or (x =x") A (y < /). Since G does not contain any
parallel edges, it follows that < is a total ordering of B.

We remark that a band can be of both type-1 and type-2 (e. g., the trivial band). Figure 3 depicts
examples of type-1 and type-2 elementary bands.

Definition 2.3 (Band coverings for Hamiltonian graphs). Let G be a graph, and let P be a Hamiltonian
path in G. A band covering with spine P for G is a collection B = {(B;,0;)}'_, satisfying the following
conditions:

1. Forevery i€ {l,...,t}, B; is an elementary band with spine P, and primary segment Q;.
2. Uie{lw.‘?t} B; = E(G)\E(P).
3. Foreveryi# je€{l,...,t}, we have V(Q;) NV (Q;) = 0.

We remark that every edge in E(G) \ E(P) is contained in at least one, and at most two bands in the band
covering B. If it is contained in exactly one band, then we say that it is local, and otherwise we say that it
is global.

First we show that a band covering that is composed of O(g) bands exists. The intuition behind this
proof comes from looking at the homotopy classes of the edges in E(G) \ P in an optimal embedding.
Moreover, we show that we can compute a band covering of size O(g). Note that this band covering that
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we compute is not necessarily optimal. However, its size is within a constant factor of the optimal band
covering size. The main tool that our algorithm uses is a so-called ribbon-petal covering. See Section 3
for the description of ribbon petal covering and the proof of the following lemmas.

Lemma 2.4 (Existence of a small band covering). Let G be a graph of orientable genus g, and P a
Hamiltonian path in G. Then, there exists a band covering B = {(B;,Q;)}\_,, with spine P for G, with

1=0(g).

The proof of the above Lemma is rather lengthy, and is presented in the next two sections. Assuming
Lemma 2.4, we can now prove the main result of this section.

Lemma 2.5 (Computing a small band covering). Let G be a graph of orientable genus g, and P a
Hamiltonian path in G. Then, given G and P, we can compute in polynomial time a band covering for G
with spine P, of size O(g).

Proof. Fix an ordering < of V(P), induced by a traversal of P. We inductively define a partition of P into
vertex disjoint subpaths Qy,...,Q; as follows. Let Qg = 0. For .i > 1, given Qy, ..., Q;_1, we inductively
define Q; to be the maximal prefix (with respect to <) of P\ ’j_:}) 0;, such that if we set

Bi = {{u,v} € E(G)\E(P) : {u,v} NV (Q:) # 0},

then B; is an elementary band with spine P, and primary segment Q;.

Finally, we set 7 to be the smallest integer such that V (P) \ ;_; V(Q;) = 0. It is straightforward to
check that B is a band covering for G with spine P. It is also clear that B can be computed in polynomial
time.

It remains to bound | B| = O(g). By Lemma 2.4 there exists a band covering B’ = {(B., 0})}"_, for G,

with t' = O(g). Since for every i € {1,...,7} we pick a maximal prefix Q; such that B; is an elementary
with spine P, and primary segment Q;, it follows that [ J;_, V(Q;) 2 U'—, V(Q}). Therefore, t <t' = O(g),
as required. O

3 Ribbons and petals

In this section we define a decomposition of an embedded graph into a small collection of topologically
simpler subgraphs.

Definition 3.1 (Ribbon). Let ¥ be a simple open curve in a surface F. A set A C J is called a y-ribbon if
it satisfies one of the following conditions:

1. The set A is the image of a simple curve with endpoints x,y € 7, and such that ANy = {x,y}.

2. Intuitively, A is a deformed triangle in F that intersects ¥ only on a vertex and its opposite edge.
Formally, let T be 2-simplex, let a be a vertex of T, and let ¢ be the edge of T opposite to a. Then,
there exists a continuous mapping f : 7 — F such that f is a homeomorphism on 7\ {a}, and on /.
Moreover,

flaul) Cy, f(T\ (aUf))Ny=0, and f(T)=A.

THEORY OF COMPUTING, Volume 13 (5), 2017, pp. 1-47 7


http://dx.doi.org/10.4086/toc

YURY MAKARYCHEV, AMIR NAYYERI, AND ANASTASIOS SIDIROPOULOS

(a) Examples of sets A that are y-ribbons. (b) Not a y-ribbon.

Figure 4: Ribbons.
. ’
7 B!

Figure 5: From left to right: A single y-petal, a double y-petal, and a triple y-petal X.

3. Intuitively, A is a deformed rectangle in J that intersects ¥ only on two opposite edges. Formally,
there exists an f : [0,1]> — F be a continuous mapping such that f is a homeomorphism on
(0,1) x[0,1], on {0} x [0,1], and on {1} x [0, 1]. Moreover,

f(0,)x0,1)ny=0,  f{0,1}x[0,1])Cy, and f([0,1]*)=A.

We say that the points £((0,0)), £((0,1)), £((1,0)), f((1,1)) are endpoints of A. Figure 4(a) depicts
examples of ribbons.

Definition 3.2 (Petal). Let y be a simple open curve in a surface &. A set X C JF is called a y-petal if
there exists a continuous mapping f : [0,1]*> — F, so that f is a homeomorphism on [0, 1] x (0, 1], with

FO)x0,)ny=0,  f{0}x[0,1)Cy, and f([0,1*)=X.
We distinguish between the following three types of petals:
Single. The y-petal X is called single if f is a homeomorphism on [0, 1]2.

Double. The y-petal X is called double if it is not single, and if there exists x € [0, 1], so that f is a
homeomorphism on {0} x [0,x], and on {0} x [x, 1].

Triple. The y-petal X is called triple if it is not single, and it is not double, and if there existx <y € [0, 1],
so that f is a homeomorphism on {0} x [0,x], on {0} x [x,y], and on {0} x [y, 1].

We say that the points f((0,0)), and f((0, 1)) are endpoints of X. Figure 5 depicts examples of the three
different types of petals.

Definition 3.3 (Ribbon-petal covering). Let G be a graph of genus g, and let P be a Hamiltonian path in
G. Let ¢ be a drawing of G on a surface S of genus g. Let X be a collection of subsets of 8. Then, we say
that X is a ribbon-petal covering for (G, P, @), if the following conditions are satisfied:
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1. Every X € X is either a ¢(P)-ribbon, or a ¢(P)-petal.
2. Forevery X, X' € X, with X # X', we have XN X' C ¢(P).
3. Forevery e € E(G) \ E(P), there exists X € X, such that ¢(e) C X.

Lemma 3.4 (Malni¢ and Mohar [10]). Let M be an orientable surface of genus g, and let x € M. Let X
be a collection of noncontractible simple loops such that for every C,C' € X, we have CNC' = x. Suppose
that all curves in X are pairwise nonhomotopic with respect to the basepoint x (i. e., in (M, x)). Then,

|X| < 6g—3.

Lemma 3.5. Let G be a graph of genus g, and let P be a Hamiltonian path in G. Let ¢ be a drawing of G
on a surface 8 of genus g. For every e € E(G) \ E(P), let P, be the subpath of P between the endpoints of
e, and define the cycle C, = P, U{e}, let also 7, be the loop obtained from ¢(C,) by contracting ¢(P) to
the basepoint. Let E* = {e € E(G) \ E(P) : Y, is non-contractible in 8}. Let X C E*, such that for every
e # ¢ € X, the cycles ¥y, and Y, are non-homotopic. Then, |X| < 6g — 3.

Proof. Let 8 be the surface obtained from 8 by contracting ¢(P) to a single point. Let G’ be the graph
obtained from G by contracting P to a single vertex p, and thus G’ is drawn on a surface of genus g. The
assertion now follows immediately by Lemma 3.4. 0

Lemma 3.6 (Existence of small ribbon-petal coverings). Let G be a graph of genus g, and let P be
a Hamiltonian path in G. Let ¢ be a drawing of G on a surface S of genus g. Then, there exists a
ribbon-petal covering X for (G, P, @), with |X| < 24g — 12.

Proof. For every e € E(G) \ E(P), let P, be the subpath of P between the endpoints of e, and define the
cycle C, = P,U{e}; let also ¥, be the loop obtained from ¢(C,) by contracting ¢ (P) to the basepoint. Let

E*={ec E(G)\E(P): Y. is non-contractible in 8} .

Consider the partition E* =Y, U...UY;, such that for every i € {1,...,k}, for every e, e’ €Y}, the loops
Y. and Y, are homotopic, and for every i # j € {1,...,k}, for every e € Y}, ¢’ € ¥}, the loops ¥, and 7, are
non-homotopic. By Lemma 3.5, we have k < 6g — 3.

Let i€ {1,...,k}. Since for all e € Y, all the loops 7,, e € ¥; are homotopic, it follows that there
exists an ordering e, ..., e, of the edges in ¥, and a continuous mapping f; : [0, 1]*> — 8, with £;([0,1] x
{0,1}) € @(P), and moreover for every e; € Y;, there exists x; € [0, 1], so that fij(x; x [0,1]) = ¢(e;).
Since for every i/ #i € {1,...,k} and for every e € ¥, ¢’ € ¥y, the loops ¥, and ¥, are non-homotopic,
it follows that we can pick the maps f,..., fi so that for every i # i’ € {1,...,k} the sets f;([0,1]?)
and f;([0,1]?) have disjoint interiors. It therefore suffices to show how every set A; = £;([0,1]?) can
be decomposed into at most three ¢ (P)-ribbons with disjoint interiors. To that end, we consider the
following cases: Let a,b be the two endpoints of ¢(P).

1. If £;([0,1] x {0}), and £;([0,1] x {1}) are both single points, then the set f;([0,1]?) is clearly a
¢(P)-ribbon.
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2. If £i([0,1] x {0}) is a single point, and f;(]0, 1] x {1}) is not a single point, then we can pick f;
so that there exist at most two values x < y € [0, 1] such that for every z € [0,1] \ {x,y}, we have
f((z,1)) ¢ {a,b}. 1t follows that the sets f;([0,x] x [0,1]), fi([x,y] X [0,1]), fi([y,1] x [0,1]) are
the desired ¢(P)-ribbons.

3. If £i([0,1] x {0}) is not a single point, and f;([0, 1] x {1}) is a single point, we can decompose
£:([0,1]?) into at most three ¢ (P)-ribbons as in the previous case.

4. If £;(]0,1] x {0}) is not a single point, and f;([0, 1] x {1}) is not a single point, then we can pick f;
so that there exist at most two values x < y € [0, 1] such that for every z € [0,1]\ {x,y}, we have
f((z,1)) ¢ {a,b}, and f((z,0)) ¢ {a,b}. It follows that the sets f;([0,x] x [0,1]), fi([x,y] x [0,1]),
fi([y,1] x [0,1]) are the desired ¢(P)-ribbons.

We perform the above decomposition to each set £;([0,1]%),i € {1,...,k}.

For every e € E(G) \ (E(P)UE™), the cycle ¢(C,) is contractible in 8. Therefore, it bounds a disk
D, C 8, and this disk is a ¢(P)-petal. Let e,e’ € E*. Since ¢(e) N @(e') C @(P), we have that either
D, C Dy, or Dy C D, or D,NDy C @(P). It follows that we can cover all the disks {D,}.cg(c)\ g+ by
using at most one ¢ (P)-petal between every two consecutive ribbons on every side of ¢(P), and possibly
one more @(P)-petal for every one of the two endpoints of ¢(P). Since every ribbon intersects ¢(P) in at
most two segments, in total we obtain a collection of at most k petals satisfying the assertion. 0

4 From ribbons and petals to bands

In this section we show that a ribbon-petal covering can be used to cover the graph with a small number

of elementary bands.

Lemma 4.1. Let G be a graph, and let P be a Hamiltonian path in G. Let v € V(P), and let
B={{x,y} €E(G)\E(P):x=v,ory=v}.

Then, B is an elementary band of type-1, with spine P, and primary segment v.

Proof. Let R, R, be the two connected components of P — v, where any of R, and R, can be empty.
Then, it is immediate to check that B is an elementary band of type 1, with primary segment v, by setting
in Definition 2.2(Type-1) P, = P\ Ry, and P, = R;. O

Lemma 4.2 (From ribbons and petals to bands). Let G be a graph, and let P be a Hamiltonian path in
G. Let ¢ be a drawing of G on an orientable surface 8. Let X be a ribbon-petal covering for (G, P, Q).
Let A be the set of all points that are endpoints of all the ribbons, and all the petals in X. Recall that all
these points lie in @(P). Let p,q be the endpoints of the curve @(P). Let py,...,p; be the ordering of the
points in AU{p,q} induced by a traversal of @(P). Leti € {1,...,t — 1}, and let o be the segment of
@ (P) between p;, and p;. Let

B={ecE(G)\E(P): p(e)No # 0}.
Let also Q be the maximal subpath of P such that ¢(Q) C . Then, there exists k < 3, so that the following

conditions are satisfied:
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1. There exist pairwise vertex-disjoint subpaths Q1,...,Qr C O, such that V(Q) = U, V(Q).

2. There exist pairwise disjoint subsets By, ...,By C B, such that for any j € {1,...,k}, Bj is an
elementary band with spine P, and with primary segment Q ;.

Proof. For any pair of points x,y € ¢(P), let A[x,y] be the segment of @(P) between x, and y. Let also
Alx,y) =24,y \ {v}, A (x,y] = A[x,y] \ {x}, and A (x,y) = A[x,y] \ {x,y}. Let P[x,y| denote the maximal
subpath P’ C P, such that ¢(P’) is contained in A[x,y]. Let B[x,y] be the subset of edges in B with at least
one endpoint in V (P([x,y]). Define similarly P[x,y), P(x,y], P(x,y), B[x,y), B(x,y], and B(x,y).

Let < be the total ordering of the points in the curve ¢(P) induced by a traversal of ¢(P), with
p1 = =P

We consider the following cases. (For the sake of clarity, in the accompanying figures, we only draw
the global edges of the resulting bands.)

Case 1: There exists a double @(P)-petal X € X, such that both sides of o are in X. Assume w.l.0.g. that
p;i is an endpoint of @(P), and p;4 is an endpoint of X. Let also r be the other endpoint of X.

Then, B is an elementary band of type-1, with primary segment Q, and outlet P[p;.i,r].

Case 2: There exists a triple ¢(P)-petal X € X, such that both sides of o are in X. Assume w.l.0.g. that
p;i is an endpoint of @(P), and p; is an endpoint of X. Let also r be the other endpoint of ¢(P).

Then, B is an elementary band of type-2, with primary segment Q, and double outlet P[p;,r].
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Case 3: There exists a ¢(P)-petal X € X, and a single @ (P)-petal Y € X, such that one side of o is in X,
and the other is in Y. The cases where X is a single, or a double @(P)-petal are special sub-cases of
the case where X is a triple @(P)-petal. It therefore suffices to consider the latter case. Let p;, p;,
with j <i < i+ 1 </ be the endpoints of X.

Let r € V(P[pi, pi+1]) be minimal with respect to < such that all edges in B(r, p;1] that have an
endpoint in P[py, p;], are incident to P[p, p;| on the same side as Y is incident to P. Similarly,
let s € V(P[pi, pi+1]) be maximal with respect to < such that all edges in B(pj;,s] that have an
endpoint in P[p;, q], are incident to P[p;,q] on the same side as Y is incident to P. Then, B[p;,r) is
an elementary band of type-1, with primary segment Q|[p;,r), and outlets P[p, p;], and P[r, pi11].
Also, B(r,s) is an elementary band of type-1, with primary segment Q(r,s), and outlets P[p, pi],
P|pi,r], P[s, pi+1], and P[pi+1,q|. Also, B(s, pi+1) is an elementary band of type-1, with primary
segment Q(s, pi+1), and outlets P[p;, s|, and P[p;1,q].

Case 4: There exists a triple @(P)-petal X € X, and a ¢(P)-ribbon Y € X, such that one side of ¢ is in
X, and the other is in Y. This case is identical to Case 3.

Case 5: There exists either a single, or a double ¢(P)-petal X € X, and a ¢ (P)-ribbon Y € X, such that
one side of & is in X, and the other is in Y. The case where X is a single ¢ (P)-petal is a special case
of the case where X is a double ¢ (P)-petal. We can therefore assume w.l.o.g. that X is a double
@(P)-petal. Moreover, the case were both X and Y are double ¢ (P)-petals is a special case of this
one. If Y is attached only to one side of @(P), then this case is identical to Case 4 above. Therefore,
it remains to consider the case where Y is attached to both sides of ¢(P). Let a,a’,b,b’ € § be the
endpoints of Y, and r, 7 € 8 be the endpoints of X. We may assume w.l.0.g. that either

r<a=<d=<r=<b=<V, or r<a<rv=<d=<b=<"b.

Let s be the minimal point in {a’, '} with respect to <, and let s’ be the maximal one.
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Then, B is an elementary band of type-2, with primary segment PJa, s], outlets P[s,s'], and P[b,b'],
and with double outlet P[p,al.

Case 6: There exists a @(P)-ribbon X € X, such that both sides of ¢ are in X. Let a,d’,b,b’ € 8 be the
endpoints of X. We may assume w.l.o.g. that either

a=<b=<d =¥, or b<a<d=<b.

Let r be the minimal in {a,b}, and ’ be the maximal in {a,b}. Let also s be the minimal in {d’, '},
and s’ be the maximal in {d’,b'}.

Then, B is an elementary band of type-1, with primary segment P[r/,s], and outlets P[r,7], and
P[s,s'].

Case 7: There exists a ¢(P)-ribbon X € X, and a ¢(P)-ribbon Y € X, such that one side of ¢ is in X, and
the other is in Y. The ¢ (P)-ribbon X is attached to a single side of ¢(P), and the ¢(P)-ribbon Y is
also attached to a single side of ¢(P). Letay,...,as € S be the endpoints of X, and let by,...,bs €8
be the endpoints of Y. Assume w.l.o.g. thata; < ay < a3z < a4, and by <X by <X b3z = by.

We consider the following subcases:

Case 7-1: Suppose that a, < bj, and a4 < b3. Let r be the minimal with respect to < in {b;,as},
and let ¥ be maximal in {b;,a3}. Similarly, let s be the minimal in {b;, a4}, and let s’ be the
maximal in {b;,a4}.
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Y

Then, B is an elementary band of type-1, with primary segment P[r/,s|, and with outlets
Play,a], Plr,7), P(s,s'], and P[bs3,by].

Case 7-2: Suppose that ay < b3, and by < az. Let r be the minimal with respect to < in {ay,b; },
and let 7 be maximal in {a;,b;}. Similarly, let s be the minimal in {ay,b,}, and let s" be
the maximal in {ay,b,}. Let z be the minimal in {a3,a4,b3,b4}, and let 7' be the maximal in
{a3,a4,b3,bs}. Assume w.l.o.g. that p; =+, and p;;| = s.

m

Then, B is an elementary band of type-2, with primary segment P[r/, s], with outlets P[r,r’),
P(s,s'], and with double outlet P[z,7].

Case 7-3: Suppose that b < ay < az = by = b3 < a4. Let r be the minimal with respect to < in
{a1,b;}, and let ¥ be maximal in {a;,b; }. Similarly, let s be the minimal in {a4,b4}, and let
s be the maximal in {a4,bs}. If p; =7/, and p;;1 = ay, then this configuration can be handled
in the same way as case of Case 7-2. So it suffices to consider the case p; = a3, and p;+1 = b».
Let z be the maximal with respect to < vertex in Plas,b;|, such that z has an incident edge
e ={z,w}, withw € V(P[r,a2]).

ot

We can decompose B into three elementary bands as follows. First, B[as, z) is an elementary
band of type-2, with primary segment P[a3,z), outlet P[z,s], and double outlet P[r,a3). Next,

P

o
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Blz,7] is an elementary band of type-1 (by Lemma 4.1), with primary segment z. Finally,
B(z,b3] is an elementary band of type-2, with primary segment P(z,b;], outlet P[r,a3], and
double outlet P(b,s'].

Case 8: There exists a @(P)-ribbon X € X, and a @(P)-ribbon Y € X, such that one side of ¢ is in X,
and the other is in Y. The ¢ (P)-ribbon X is attached to a single side of ¢(P), and the ¢(P)-ribbon
Y is attached to both sides of ¢@(P). Let ay,...,as € 8 be the endpoints of X, and let by,...,bs € 8
be the endpoints of Y. Assume w.l.o.g. thata; < a; < a3z < a4, and by <X by <X bz = by.

We consider the following sub-cases:

Case 8-1: Suppose that X NY is a contiguous segment of ¢(P), and that the two segments where
Y intersects @(P), are disjoint. Assume w.l.o.g. that X NY = A[a3,as] N A[b1,by]. Let r be
the minimal with respect to < in {as,b; }, and let ¥’ be the maximal in {a3,b; }. Similarly, let
s be the minimal in {a4,b,}, and let s’ be the maximal in {a4,b; }.

Then, B is an elementary band of type-1, with primary segment P[r/,s], and with outlets
Play,az], P[r,7), P(s,s'], and P[bs3,by].

Case 8-2: Suppose that X NY consists of two disjoint contiguous segments of ¢(P), and that the
two segments where Y intersects @(P), are disjoint. Let » be the minimal with respect to < in
{a1,b1}, and let 1’ be the maximal in {a;,b; }. Similarly, let s be the minimal in {a4,b>}, and
let s’ be the maximal in {a4,b,}. Assume w.l.o.g. that X NY = A[r/,ap] U A[az,s]. We may
further assume w.l.o.g. that p; = a3, and p;y| = s, since all remaining cases can be handled in
the exact same way.
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Then, B is an elementary band of type-2, with primary segment Plas,s], and with outlets
P(s,s'], P|b3,b4], and with double outlet P[r,a3).

Case 8-3: Suppose that X NY is a contiguous segment of ¢(P), and that the two segments where
Y intersects @(P), are not disjoint. We can assume w.l.o.g. that a; < a; <a3 < b} < as <
by < b3 =< by, since all other cases can be handled in the exact same way.

Then, B is an elementary band of type-2, with primary segment P[b;,a4], and with outlets
Play,a;|, Plas,b1), and double outlet P(a4,bs]. We remark that the outlets Pla;,a;] and
Plaz,b] can also be merged into a single outlet.

Case 8-4: Suppose that X NY consists of two disjoint contiguous segments of @(P), and that
the two segments where Y intersects ¢(P), are not disjoint. We can assume w.l.o.g. that
a; by =Xapy 2 by bz 2 a3 <X ay = by, and that p; = by, p;+1 = ay, since all other cases can
be handled in the exact same way.

ay by

Let z be the maximal vertex with respect to < such that there exists an edge e with one
endpoint in z, and such that ¢(e) is incident to both sides of ¢(P). Then, B can be covered
by three elementary bands as follows. First, B[by,z) is an elementary band of type-1, with
primary segment P[b;,z), and outlets Pla;,b1), P[z,az], P[ba,b3), and P[as,as). Next, B[z, 7]
is an elementary band of type-1, with primary segment z. Finally, B(z,a;] is an elementary
band of type-2, with primary segment P(z,a,], outlet Play,z], and with double outlet P(az,ba).
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Case 9: There exists a ¢(P)-ribbon X € X, and a ¢ (P)-ribbon Y € X, such that one side of ¢ is in X, and
the other is in Y. The @(P)-ribbon X is attached to both sides of ¢(P), and the ¢(P)-ribbon Y is
also attached to both sides of ¢(P). Let ay,...,as € 8 be the endpoints of X, and let by,...,bs € 8
be the endpoints of Y. Assume w.l.o.g. thata; < ay < a3z <X a4, and by <X by <X b3z = by.

We consider the following subcases:

Case 9-1: Suppose that X N ¢@(P) consists of two disjoint segments. Assume that by < a3, ap < b3,
by < ay, and a; < by. Let r be the minimal with respect to < in {ay,b;}, and let /' be the
maximal in {ay,b; }. Let s be the minimal in {ay,b,}, and let s’ be the maximal in {ay,b,}.
Suppose that p; =7/, and p;y| = s.

Let z be the minimal in {as,b3,a4,bs}, and let 7 be the maximal in {a3,b3,a4,b4}. Then,
B is an elementary band of type-2, with primary segment P[r,s|, with outlets P[r,r’), and
P[s,s'), and with double outlet P[z,7].

Case 9-2: Suppose that X N ¢@(P) consists of a single disjoint segment. Assume that A[a;,a3], and
Ala,a4] are sides of X, and that a3 < b3 < as. Let r be the minimal with respect to < in
{a1,b1}, and let ¥ be the maximal in {a;,b; }. Let s be the minimal in {a4,b4}, and let s’ be
the maximal in {a4,b4}. Suppose that p; =+, and p; | =s.

Let z be the maximal point in P[r,b,], such that there exists an edge ¢ € B having z as an
endpoint, and such that ¢(e) is incident to both sides of ¢(P). Then, B can be covered by
three elementary bands as follows. First, B[r/, ) is an elementary band of type-1, with primary
segment P[r’,z), and with outlets P[r,r’), P|z,b3], and Play,a4]. Next, B|z,z] is an elementary
band of type-1, with primary segment v. Finally, B(z,b;] is an elementary band of type-1,
with primary segment P(z, b;], and with outlets P[r,z|, P(b2,as], and P[bs, by].
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The above cases exhaust all possibilities for the following reason: Each side of «a is covered by
at most one element in X, and each such element is either a ¢ (P)-ribbon or a single, double, or triple
¢@(P)-petal. In Cases 1 and 2, both sides of a are covered by the same ¢(P)-petal; such a ¢(P)-petal
must be either double (Case 1) or triple (Case 2), since single ¢ (P)-petals are attached only to one side of
¢@(P). In Case 3, a distinct ¢(P)-petal covers each side of o, and one of them is single; the other petal
can be either single, double, or triple, and the most general case is the one where it is triple. The case
where both sides of a are covered by double ¢ (P)-petals is a special subcase of Case 5. This exhausts
all possibilities for the cases where both sides of & are covered by @-petals. In Case 4, one side of « is
covered by some ¢ (P)-petal and the other side is covered by some @ (P)-ribbon; If the petal is triple, then
the ribbon must be attached to a single side of ¢ (P), and thus this case can be treated as a special subcase
of Case 3. This exhausts all possibilities for the cases where one side of o is covered by a ¢(P)-petal,
and the other by a ¢(P)-ribbon. It remains to consider the case where both sides of a are covered by
@-ribbons. In Case 6, both sides of & are covered by the same ¢ (P)-ribbon. In the remaining Cases 7-9,
each side of « is covered by a distinct ¢ (P)-ribbon; each one of these two ribbons is attached either to
a single or to both sides of ¢@(P), which leads to three possible cases. In Case 7, each one of the two
¢(P)-ribbons are attached to a single side of ¢(P). In Case 8, one ¢ (P)-ribbon is attached to a single
side of @(P), and the other one is attached to both sides of ¢(P). Finally, in Case 9, both ¢(P)-ribbons
are attached to both sides of ¢(P). Thus every possible configuration is isomorphic to one of the cases
considered above. This concludes the proof. O

We are now ready to prove the existence of small band coverings.

Proof of Lemma 2.4. Let ¢ be a drawing of G on an orientable surface S of genus g. By Lemma 3.6 there
exists a ribbon-petal covering X for (G, P, @), with |X| < 24g — 12. Let A be the set of all endpoints of
all ribbons, and all petals in X. Since any X € X can have at most 4 endpoints, we have |A| < 96g — 438.
Let p,q € 8 be the endpoints of the curve @(P), and let A" =AU p, q. Let py, ..., px be an ordering of A’
induced by a traversal of the curve @(P), where k < |A|+2 <96g —46. Foranyi € {1,...,k— 1}, let oy
be the segment of ¢@(P) between p;, and p; . Let also Z; be the maximal subpath of P with ¢(Z;) C o;.
Let

Fi={{x.y} € E(G)\E(P): {x,y}NV(Z) #0}.

By Lemma 4.2 there exists a collection {(B; j, Q;, j)}];’: 1» with k; < 3, such that

I
(-
=

ki
V(z)=UV(Qij), ad F
j=1

It follows by Definition 2.3 that the final collection

{(Bijs Qi) Yieqt, . k—1},je{l,. k)

is a band covering with spine P for G, of size at most 3(k — 1) < 288g — 141. O
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S Compatible pairs of planar drawings

In the previous sections, we show how to decompose the input graph to a collection of toroidal graphs. We
can use Mohar’s algorithm to find an embedding for all those toroidal graphs in linear time. Nevertheless,
the computed embeddings are not necessarily consistent. To fix this issue, we consider all pairs of bands
and corresponding toroidal embeddings and change them to make their intersections consistent. We
obtain a drawing of each pair of bands on a surface of genus O(g?). In the next section, we show how to
resolve the remaining slight inconsistencies to get the final embedding.

Consider two bands B; and B; with disjoint primary segments Q; and Q», respectively. Let B =
B1 N By (the set of edges going from O to O5). Denote the set of local edges incident on vertices in Q;
by L1, and the set of edges incident on vertices in Q» by L, (see Figure 6.).

The main result of this section is Theorem 5.1.

Theorem 5.1. There is a polynomial-time algorithm that finds a drawing of PUBUL; UL, on a surface
of genus 0(g%).

We will use the following notion of a restriction of a drawing.

Definition 5.2 (Combinatorial restriction). Let G| be a graph, and let G, be a subgraph of G;. Let ¢;
be a drawing of G| on some surface 8,. The combinatorial restriction of @; on G, is defined to be
the combinatorial drawing ¢, of G, induced by setting for every v € V(G;), the ordering of the edges
incident to v in G; to be as in ¢;. By gluing a disk along every facial walk in ¢, we obtain a surface 8.
When this does not cause confusion, we will naturally identify f, with the induced drawing of G; on §,.
Note that the genus of S, can be smaller than the genus of ;.

We first prove the following decomposition theorem and then show that it implies Theorem 5.1.

Theorem 5.3. There is a polynomial-time algorithm that does the following. It divides segments Q1 and
Q> into consecutive segments Q} yoo., 0] and Q%, ..., 05, respectively, where s = O(g). These segments
do not share any vertices except possibly for endpoints. Also it partitions all edges in B into p disjoint
sets Ti,...,Ts such that all edges in T; go between Q’i and Qé. For each i € {1,...,s}, the algorithm
finds a drawing W; of Q1 U Q> UT; ULy ULy on a surface of genus O(g?). Additionally, the combinatorial
restriction of Y; to Q1 U Qr ULy ULy is planar and canonical (as in Definition 2.2).

We consider canonical drawings ¢; and @, of By and B,, respectively. Each of the drawings draws
paths Q; and Q5 on a horizontal line £ and hence defines a total ordering of vertices in Q; and Q5. Let <
be the ordering defined by ¢; and <; be the ordering defined by ¢,. By changing the orientation of the
line £ in one of the drawings, if necessary, we may assume that <; and <, agree on V(Q;). However,
orderings < and <, may define the same or opposite order on V(Q5). In the former case, we say that
the band intersection is regular; in the latter case, we say that the band intersection is irregular. In the
Appendix, we show that in the irregular case the intersection of bands By and B; can be drawn on a
surface of genus 8. Thus Theorems 5.1 and 5.3 follow (with s = 1).

Lemma 5.4. In the irregular case, the intersection of bands B, and B, can be drawn on a surface of
genus 8.
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Before we give the proof of the above lemma, we introduce some auxiliary results. Define two
conflict graphs C; and C; on the set BUL; UL,. Two nodes in C; are connected with an edge if they are
in conflict with respect to <1; two nodes in C; are connected with an edge if they are in conflict with
respect to <.

Lemma 5.5. Let B* C B be a subset of global edges such that no two edges in B* share an endpoint (i. e.,
B* is a matching). Then |B*| < 4.

Proof. Similarly to Lemma 5.8, we have that C;[BUL;] and C,[BU L,]| are bipartite graphs. So their
subgraphs C;[B*] and C,[B*] are also bipartite. However, note that two edges e;,e; € B* are in conflict
with respect to < if and only if they are not in conflict with respect to <. Thus e; and e; are connected
with an edge in C;[B*| if and only if they are not connected with an edge in C;[B*]. Now consider
the bipartition (X,Y) of C;[B*]. Since no two vertices in X are connected with an edge in C;[B*], X
forms a clique in C,[B*]. Since C,[B*| is a bipartite graph, |X| < 2. Similarly, |Y| < 2. We conclude
|B*| = |X|+|Y| < 4. O

Lemma 5.6. There exist sets of vertices X CV(Q1) andY C V(Q») with |X| < 4,
edge in B is incident to at least one vertex in X UY.

Y| <4 such every

Proof. Let B* be a maximal matching in B. By Lemma 5.5, |B*| < 4. Let X be the set of endpoints of
edges in B* that lie in Q; and let Y be the set of endpoints of edges in B* that lie in Q. We have |X| < 4
and |Y| < 4. Since B* is a maximal matching, every edge in B is incident to a vertex in X UY. O

Now we are ready to prove Lemma 5.4.

Proof of Lemma 5.4. We find sets X and Y as guaranteed by Lemma 5.6. Let B be the subset of edges
in B that are incident to a vertex in X; let B” = B\ B'. By Lemma 5.6, every edge in B” is incident to a
vertex in Y. We consider the drawing ¢, restricted to Oy UL; UY UB” and the drawing ¢, restricted to
0, UL, UX UB'. We assume w.l.0.g. that these two drawings do not overlap. For every point x € X we
make two punctures in the plane, one in a small neighborhood of @; (x), the other in a small neighborhood
of ¢ (x), and attach a handle H, between them. We perform the same operation for every y € Y. Now
we define the desired drawing v of Q; U0, UBUL| UL,. The drawing y coincides with ¢; on Q1 UL,
and coincides with @, on Q, UL,. We explain now how we define the drawing v of an edge e € B”.
Denote e = {x,y} where y € Y. Let ¥! = @ (e); the curve ¥} connects ¢;(x) = y(x) and ¢, (y). Let y?
be a curve drawn on the handle J, that connects @;(y) and ¢»(y) = y(y). Then we let y(e) to be the
concatenation of curves y! and 2. Similarly, we define y(e) for edges e € B'. We obtain a drawing y of
01UQr,UBUL; UL on a surface of genus at most 8. Edges that share a common endpoint may cross
or overlap in this drawing. We eliminate all such crossings by slightly perturbing edge drawings and
uncrossing all crossings. O

In the rest of this section, we will analyze the regular case. Since in the regular case orderings < and
<y agree on V(Q1) UV (Q>), we will just denote this ordering by <.

Definition 5.7. Let us say that two edges {x,y},{x',y’} € BUL UL, (with x <y and X’ < )') are in
conflictif x < X' <y <y orx’ <x <y <y. We consider an auxiliary conflict graph € on the set of edges
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Figure 6: The figure on the left shows two bands with primary segments Q; and Q,, global edges
B = {1,2,3,4,5}, local edges L = {a,b} and L, = {c}. The right figure shows the corresponding
conflict graph C. Note that graphs C[BUL;] and C[BU L] are bipartite as claimed by Lemma 5.8.
However, the graph € is not bipartite since it contains an odd cycle 2 —+ 5 — ¢ — 3 — b — 2. The graph
C[B] has three connected components S; = {1}, S = {2,4,5} and S3 = {3} with S} <S5, <S3.

BUL; UL, in which e and ¢’ are connected with an auxiliary edge if e and ¢’ are in conflict. We denote
the set of connected components of C[B] (the subgraph of € induced by B) by 8. (See Figure 6.)

The motivation for Definition 5.7 is that if two edges e and ¢’ are not conflict, we can draw them in the
plane on one side of ¢ or on opposite sides of £. However, if two edges are in conflict we can only draw
them on opposite sides of ¢. Accordingly, if the conflict graph is bipartite, then we can simultaneously
draw all the edges (the nodes of the conflict graph) in the plane. The following lemma shows that for
every S € 8, C[SUL; UL,] is bipartite.

Lemma 5.8. Graphs C[BUL;] and C[BU L;] are bipartite. Moreover, for every S € 8, C[SUL, ULy] is
bipartite.

Proof. Consider a canonical drawing of the band B;. Let U be the set of edges in BU L, that lie above the
line ¢ and D be the set of edges in BUL that lie below the line ¢. Note that if two edges e and €’ lie on
one side of the line /—either e,e’ € U or e,e’ € D—then e and ¢ are not in conflict since otherwise they
would intersect. That is, e and ¢’ are not connected with an edge in €. Thus U UD is a valid bipartition of
C[BUL,]. We showed that C[BUL,] is a bipartite graph. Similarly, C[BU L;] is a bipartite graph.

Since S is connected, there is only one bipartition of S, which coincides with bipartitions of S in
C[SUL,] and in C[SU L;]. Thus bipartitions of C[SUL;] and C[SUL;] can be combined into a bipartition
of C[SUL; UL;] (here we use that there are no edges between L; and L). O

Definition 5.9. We define a partial order < on edges as follows: e<eé’ for two edges e = {x,y} and
¢ ={x,y'}ifx <x and y =y’ (here, we assume w.l.0.g. that x < y and x’ < y’), where one of the two
inequalities is strict. We write S<.5” for two sets of edges S and S if e<te’ forevery e € Sand ¢’ € §'.

Note that two edges e, ¢’ € B are comparable with respect to < if and only if e and ¢’ are not in conflict.
Claim 5.10. The set S is totally ordered by <.
Proof. Consider two distinct connected components S,S’ € 8. Every two edges e € S and ¢’ € § are not

in conflict, and therefore either e<ie’ or €' <e. If ee’ for all e € S and ¢’ € S’ then S> S’ and we are done.
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So suppose that e<ie’ for some e € S and ¢’ € §'. Consider ¢’ € S adjacent to ¢’ in €. We show that e<e”.
Indeed, assume to the contrary that e<¢’ and e’ <e. Then from the transitivity of partial order <, we get
that ¢” <€/, which contradicts to the fact that ¢’ and ¢” are in conflict. Since §' is connected in €, we
conclude that for all ¢’ € §’, e<ie”. Applying the same argument to S, we get that <. O

We order elements of 8 (connected components of C[B]) with respect to to the order <: S; <+« - <S,.
We note that the sets S1, ..., S, satisfy most properties we require in Theorem 5.3. Since sets Sy, ...,S;
are ordered with respect to <, endpoints of edges in sets S; divide Q; and Q, into r consecutive segments.
By Lemma 5.8, each graph C[SUL; UL,] is bipartite and therefore the graph Q; UQ, USUL; UL, is
planar. The only obstacle is that the number r of sets S; can be arbitrarily large (it is not bounded by a
function of g). To resolve this issue, we will join together some consecutive sets S; and obtain the desired
sets T;. We do that using a simple greedy algorithm. We define numbers #y, 1,1, ... by induction. First,
we let 1o = 0. Let 7,1 be the largest ¢ such that one of the following two conditions holds:

1. The graph C[S; 11 U---US; UL; ULy] is bipartite.
2. All edges in S,q+1 ,-..,9 are in conflict with some local edge é € L1 U L,;.

We stop this procedure when we process all sets S;. We obtain numbers f, ... ,#; (for some s > 0). Let
Ty =Si,_11U---US, forevery g € {1,...,s5}.

Since each set 7} is the union of consecutive sets S;, we have that 7y <7 ---<---<T;. For every p
consider all vertices in Q; incident to edges in T,. Let Q% be the segment between the leftmost and
rightmost among such vertices; define Qé’ similarly. Then Q} = Q% <--- =@, and Qé > Q% == 05
Note that Q’i and Q‘i“ share at most one vertex and Q’i and Q{ are disjoint if |i — j| > 1.

Recall that we need to find a drawing of each graph 7, U Q1 U Q> UL; UL, on a surface of genus
O(g?) and prove that s = O(g). Note that if €[S, _, 41 U---US; ULj UL,] is bipartite (the first stopping
condition holds) then 7, U Q; U Q> UL UL, is planar. So besides proving that s = O(g), we only need to
analyze the case when all edges in S,(HJr Tyens ,Stq are in conflict with some local edge é € L1 UL,. We
need the following definition that captures this case.

Definition 5.11 (Comb). Let By and B, be two bands. Let B' C By N B,. Suppose that all edges in B’ are
in conflict with a local edge é € L. Let ¢; and ¢, be canonical drawings of H; = Q1 UQ, UB’' UL, and
H> = Q1 UQ,UB' UL, respectively (as in Definition 2.2). Note that all edges in B’ are drawn on one side
of £ in @; since all edges in B are in conflict with &; we assume w.l.o.g. that all edges in B’ are drawn
above (. Then, we say that ((B1,Q01,¢1), (B2,02,92),B’) is a comb with spine P, or simply a comb, when
P is clear from the context.

Lemma 5.12. For every set T,, we have
e there is a canonical planar drawing @ of Q1 UQx UL UL, UT,, or
e there are drawings @) and ¢, such that ((B1,Q01,¢1),(B2,02,¢2),Ty) is a comb, or

e there are drawings @1 and > such that ((B2,02,¢2),(B1,01,¢1),Tp) is a comb.
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Proof. Consider a set T,. We know that either C[7,, UL; U L] is bipartite or all edges in 7, are in conflict
with some local edge é € L; U Lj.

First, consider the former case. Let (U, D) be the bipartition of C[7,, UL UL,|. There are no conflicts
between edges in U, and no conflicts between edges in D.

We arrange all vertices of Q; U Q» on horizontal line £ according to the order <. We draw each edge
in U in the top half plane with respect to ¢ and each edge in D in the bottom half plane so that no two
edges intersect. Specifically, we consider a coordinate frame in which ¢ is defined by {(x,y) : y =0}. We
draw every edge e € U connecting points with coordinates (x;,0) and (x,,0) as a polygonal chain

(xl,O) — ((X] +)C2)/2, ‘XQ — X1 ’/2) — (XZ,O);
we draw every edge e € D connecting points (x1,0) and (x,0) as
(x1,0) <> ((x1 +x2)/2, = |x2 —x1[/2) > (x2,0).

It is easy to see that no two edges intersect. We obtain the desired drawing ¢.

Now consider the case when all edges in 7, are in conflict with some local edge é € Ly U L,. Without
loss of generality, € € L. Consider a canonical planar drawing ¢, of Q1 UL UT,. Since every edge
e € T, is in conflict with é, edge e lies on the other side of £ than é. Thus all edges in T}, lie on the same
side of £. Let ¢, be a canonical planar drawing of Q> UL, UT,. We get that ((B1,Q1,¢1),(B2,02,¢2),T))
is a comb. O

We present an algorithm that finds a drawing of the graph H; U H,, where H; and H; are as in
Definition 5.11, on a surface of genus O(g?) in Section 6.

It remains to show that s = O(g). First, we give a high-level overview of the proof. Roughly
speaking, we observe that T; U T, ; UQ; UQ, ULj UL, is not planar because if it was planar our greedy
algorithm would include 7;;; in 7;. Then we consider s/2 graphs 7;U T+ U QU Q, ULy UL, for
i € {1,3,5,...}. Each of them is not planar and there are s/2 of them. Note that the union of k
disjoint non-planar graphs has genus at least k. So we want to argue that s/2 < g as otherwise the
union of graphs 7; U 7,1 UQ; U Q> UL UL, would have genus at least s/2 > g, which would contradict
the fact that the genus of G is g. However, this approach does not work as stated because graphs
TUT 1 UQ1UQr ULy UL, share local edges. To overcome this obstacle, for each set 7; we define sets
A’i C Ly and Aé C Ly such that ; UT; 1 UQ; UQr U A’i U Aé is not planar and sets A’i and A{ do not
intersect if | — j| > 2. This resolves the problem in the argument we outlined above (we choose indices i
with some sufficiently large constant gap). We get that s = O(g). Now we present the formal proof.

Claim 5.13. Suppose that é € L1 UL, is in conflict with edges e € S, and €' € Sy, and b—a > 1. Then é
is in conflict with edges in all sets S; for c € {a+1,...,b—1}. Moreover, each set S, contains only one
edge.

Proof. Assume without loss of generality that é = (£,¥) € L; where £ < J. Consider a canonical drawing
of By. Lete = (x,y) and ¢’ = (x',)’) so that x,x’ € Q;. From S, <S},, we get that x < x’. Since ¢ is in conflict
with e and ¢’ (and y,y’ > §), we have £ < x <x' < §. Now if ¢’ = (x”,y") € S then £ < x < X" <X <,
and therefore ¢ is in conflict with é.
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Note that if S, contains at least two edges then it also contains two edges e; and e; that are adjacent
in € (since C[S,] is connected). Both of them are adjacent to € in Sc. So é, e, and e, form a triangle in C.
This contradicts to the fact that C[BU L] is bipartite. O

We now show that the genus of G is at least Q(s). Define subsets A} C L; and A} C L, such that
T;UT1 UQ i UQ5UA] UAS are disjoint and non-planar for Q(s) values of i. The union of these graphs
has genus at most g; on the other hand, it is at least Q(s). Thus we conclude that s = O(g).

For a graph G and a Hamiltonian cycle C, let <¢ be an ordering of vertices induced by a traversal of C
(starting at an arbitrary vertex). We say that two edges {x;,y;} and {x2,y,} (with x; <¢ y; and x; <¢ y2)
of E(G) \ E(C) are in conflict if either x; <¢ x2 <¢ Y1 <¢ ¥2 Or X3 <¢ X1 <¢ y2 <c¢ yi. Equivalently, this
happens when the vertices x;,x2,y1,y; are distinct and x; and y, are in distinct components of C\ {x1,y; }.

Lemma 5.14. Let G be a graph, and let C be a Hamiltonian cycle in G. The graph G is planar if and
only if there exists a partition E(G) \ E(C) = E| UE, such that no two edges in E; are in conflict and no
two edges in E; are in conflict (with respect to C). In other words, G is planar if and only if and only if
the corresponding conflict graph is bipartite.

Proof. The assertion follows immediately by the Jordan Curve Theorem. g

Before we define sets A’ and A)), we define auxiliary sets L} and L}. Let

L} ={e € L; : eis in conflict with some ¢’ € T;},

L5 ={e € L, : eis in conflict with some ¢’ € T;}.
Claim 5.15. Sets L and L{ are disjoint if |i — j| > 2.

Proof. Assume without loss of generality that j > i. Suppose to the contrary that there exist é € L’i ﬂL{
then, by Claim 5.13, ¢ is in conflict with with all edges in T;; 1 U---UT;_;. Thus by the construction of
sets 7}, all edges in T; 1 U---UT;_ must lie in one set 7}, which contradicts to the fact that j —i >2. []

Claim 5.16. Consider two edges e = (x,y) and ¢ = (x',y') in LY UL} ™1 that are connected with a path
7ty in C[Ly]. Then they are connected with a path T, : e = ey — --- — ¢; = €’ such that the endpoints of
every e, lie between the rightmost point of Q’f_lo and leftmost point of QfHO. Since the graph C[L] is
bipartite, the lengths of paths m; and m, have the same parity.

Proof. Consider a shortest path e = ¢; — --- — ¢; = ¢’ in C[L;] between e and ¢’. Denote it by 7. Note
that e, and e, are not in conflict if |a — b| > 1 (otherwise, ¢, and e; would be adjacent in C[L;], and we
would be able to shortcut ;).

We claim that 7, satisfies the conditions of the lemma. Indeed, assume to the contrary that the
leftmost among endpoints of edges ey, ..., ¢; lies to the left of the rightmost point of Q7 7 (the other case
is similar). Denote this endpoint by u; let us say that u is a endpoint of e;. Let v be the other end of e;.
Then v lies to the left of the rightmost point of Q] . Lete,_1 = (u/,V') and €41 = (u” V") so that u’ </
and ” <V". Consider two cases.

Since ¢, and e, are in conflict with ¢, (and u < u’, u < V'), we have ' <v <V and u”” < v <V".
Without loss of generality assume that «’ = v/ and v/ < V" (note that ¢;_; and ¢, are not in a conflict).
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All edges ey,. .., ¢, are not in conflict with e, 1. Thus if one of their endpoints lies between «” and v’
then the other point also lies between «” and v". Now if both endpoints of e, 1 = (xg+1,Y4+1) (Where
g+1<1+1) lie between u” and v" then one of the endpoints of ¢, lies between (x4+1,y4+1) (since ¢,
and e, 1 conflict with each other), and thus it lies between «” and v"'. Consequently, both endpoints of ¢,
lie between «” and v''. We conclude that all endpoints of ey,..., ¢, lie between u” and v"'. Thus x lies
between u’ and v'. That contradicts to the fact that «’ lies in Q7. O

Let A’i be the set edges in L; whose endpoints lie between the rightmost point of Q’f“ and leftmost

point of Q’frl I, By definition, C [T;UT;+1 UL ULy] is not bipartite. From Claim 5.16, we get the following
corollary.

Corollary 5.17. The graph C[T, U T, UAY UAS] is not bipartite.
Lemma 5.18. We have s = O(genus(G)).

Proof. Forevery g € {1,...,s/40]} let f; and f; be two edges in Tyo,-33 and Tyo,-1, respectively. Also,
let

40g—38 40g—1 40g—38 40g—1 40g—20 40g—-20
Hy=07 " U-—-ug™ U0 U U0 UTuog-20U Taog-21 UATT TUA T U{fy, £}

Note that graphs H, share no edges since for all sets 07, T),, A?Oq_m and A;Oq_zo are disjoint. Moreover,
all vertices of H, lie on the union of paths

40g—38 40g—1 40g—38 40g—1
oMU U T U U U0

Therefore, all graphs H, are disjoint. Since |J, H, is a subgraph of G, the genus of U, H, is at most
genus(G). Thus the sum of genera of graphs H, is at most genus(G).
Note that edges f, and fé and segments of paths Q; and Q, that lie between the endpoints of f, and
f; form a cycle. Endpoints of all local and global edges of H, lie on this cycle. By Corollary 5.17, the
graph
T40q—20 U Taog—21 U ATO({_ZO U A‘Z‘O"‘ZO

is not bipartite, hence by Lemma 5.14, H; is not planar.
We conclude that s = O(genus(G)). O

This completes the proof of Theorem 5.3, an algorithm that finds a drawing y; of Q1 UQ, UT;UL{ ULy
on a surface of genus O(g?) for each i. Now we are ready to prove Theorem 5.1 by combining drawings
V; to obtain one drawing V.

Proof of Theorem 5.1. We assume that the drawing of ¢ and Q; U O, are the same in all drawings y; (we
can do that without loss of generality since all vertices in Q; U O, are ordered with respect to < in all
drawings ;).

First we take care of global edges in 7;. Consider the drawing ;. Recall that if 7; is not a comb then
the drawing ; is planar. Otherwise, it is a drawing on a plane with attached handles. In the latter case, all
handles are attached to the plane above or below either Q’i or Qé. We make four punctures in the plane:
one above Qi1 (sufficiently far away from ¢), one below Q' one above Qé and one below Qé. We attach
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a handle HY between two punctures above ¢, and another handle H” between two punctures below /.
Now we redraw all global edges that go above £ on the handle Hy;, and all edges that go below ¢ on the
handle Hp. We cut the part of the plane that lies above and below Q' and Q5. We denote this part by T;.
The boundary of T; consists of 4 vertical lines that pass through the left end of @, the right end of O,
the left end of Qé, and the right end of Q),. We combine these parts T; together and get a surface T of
genus at most O(g3); we do not identify boundaries of T; except for points of £ that belong to boundaries
of several sets J; (at this point, the surface might be disconnected). We also add line ¢ to T. Now we
partially define the drawing ¥ on J. We draw Q; and O, in y in the same way as they are drawn in ;.
We draw each global edge e € T; in the same way it is drawn in y; (on J;). We perform this step for all
and obtain a drawing of all global edges.

Now we take care of local edges. Consider a local edge e whose drawing y; partially lies in J;. We
draw the segment of e that lies in J; on 7T in the same way it is drawn on TJ;. It remains to draw missing
segments of local edges and connect all segments together. We describe how we do that for edges in L;;
we process edges in L, in exactly the same way.

Consider two consecutive sets T; and 7;1 1. Let u be the the rightmost vertex of Q’i and v be the
leftmost vertex of Q! ,1- Let ¢; be a global edge in 7; incident on u, and ¢;;| be a global edge in T
incident on v. Let A, be the line perpendicular to u in T; and A, be the line perpendicular to v in T 1.
There are two possibilities: either u =v or u < v.

First, we consider the case u = v. Let A be the set of edges e = (x,y) with x < u and u < y. All edges
in A are in conflict with both e and ¢’. Thus all edges in A are drawn on one side of £ in y; and ;|
(in particular, no two edges in A are in conflict). Consider all crossing points of edges in A and line £,
ordered descendingly by their distance from /. Since the drawing of local edges in y; is combinatorially
planar, crossing points are ordered in the same way as corresponding edges ordered by <: if e; < e, then
the crossing point of e is further away from ¢ than the crossing point of e,. Similarly, the crossing points
of edges in A and line 4, are ordered in the same way as edges in A. Thus edges cross lines 4, and £, in
the same order. We attach a handle between T; and T;1| and then for every edge e € A draw a curve that
connects the segment of e in J; and the segment of e in J;4 .

Now consider the case when u < v. Let A be the set of edges e = (x,y) with x < u and v < y. We treat
edges in A in exactly the same way as before; we attach one handle and connect segments of edges in A
drawn on TJ; and on T;; ;. It remains to draw edges in the set

D={e=(x,y):x<u<y=<voru<x—<v-<yoru<x—<y=v}.

Note that A < D thus all crossing points of edges in D with £, and A, lie closer to ¢ than crossing points
of A with h, and h,, respectively.
Denote the conflict graph C[DU {e;,e;11}] by H.

Lemma 5.19. The graph H is bipartite.

Proof. Consider connected components of C[D]. We show that there is at most one connected component
C that is connected with both e; and e;;| in H. Assume to the contrary that there are two such connected
components C; and C;. Repeating the proof of Claim 5.10, we get that if two connected components C;
and C, of C[D] are connected with e; then either C; <C;, or C, <C;. Without loss of generality, C; <C,.
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Then for every edge e = (x,y) € C; (with x < y) we have x < C; and C; <y. Thus x < u and v <y, which
contradicts to the fact that e ¢ A.

Let C be a connected component of C[D]. By Lemma 5.8, graphs CU{e;} and CU{e;;; } are bipartite.
Since there is no edge between e; and e;;1 in H, the graph CU{e;} U{e;+} is also bipartite. We color the
graph H with two colors as follows. If there is a connected component of C[D] which is connected to both
e; and e;1 1, we first color it with 2 colors. Otherwise, we arbitrarily color nodes e; and e; | of H. Every
other connected component of C[D] is connected to at most one of nodes e; and e; 1. We color it with 2
colors so that its coloring agrees with the coloring of e; and e;11. We obtain a valid 2-coloring of H. [

Since H is bipartite there exist a canonical drawing ¥ of edges of D, in which all edges that are in
conflict with ¢; lie on one side of ¢ and all edges that are in conflict with e;, | lie on one side of £. We
attach a slab 7; ;1 above and below the segment between u and v of Q1 to J. Then we draw segments of
all edges in D on T; ;11 in the same way they are drawn in y. Now the leftmost vertex of J; ;11 is u and
the rightmost vertex of J; ;.1 is v. So we can use the argument we used above to connect drawings of
segments of e € D drawn on T;, T; 41, and T4 1. ]

6 Drawing a comb

In this section, we will show how to find a drawing of all the edges participating in a comb. Throughout
this section G denotes a Hamiltonian graph with a Hamiltonian path P. By,B; C E(G) are two bands of
type-2, with spine P and B = B N B,. For i € {1,2}, Q; is the primary segment of B;, L; is the set of its
local edges. We will assume that ((B1,01,% ), (B2,02,7:),B) is a comb.

6.1 Twists and minimally-twisting drawing

Definition 6.1 (Minimally-twisting drawing). Let ¢; = 7;. We inductively define a canonical drawing
¢ of H, (note that there could be several such drawings, and we shall specify one of them). We
begin by drawing Q; and Q5 on a line £ as in Definition 2.2. We then define the drawing of B. Since
((B1,01,7),(B2,02,%),B) is a comb, it follows that < is a total ordering on By, and therefore also on B.
Letey,...,e be that ordering of B. We draw e; above . Given the drawing of e1,...,e;_1, we define the
drawing of e; as follows. If there exists a planar drawing of H, that extends the current planar drawing,
and such that ¢; appears on the same side of £ as ¢;_;, then we draw e¢; on the same side of £ as ¢;_.
Otherwise, we draw e; on the opposite side of ¢. Since BU L is an elementary band of type-2, it follows
that one of the two drawings always exists. Finally, after defining the drawing on all edges in B, we extend
it to a canonical drawing of H>. We say that the resulting planar drawing ¢, of H is a minimally-twisting
drawing for the comb ((B1,01,%), (B2,02,7%),B). Forevery i € {1,...,t — 1}, such that ¢; and e; | are
drawn on opposite sides of £ in ¢,, we say that (e;,e;+1) is a twist.

Definition 6.2 (Short and long twists). Let G, P, By, B, B, 7, V¥, L1, Lo, Hy, Ha, @1, and ¢, be as in
Definition 6.1. As in Section 5, let C[BUL,| be the conflict graph for BUL;. Let (e,€’) be a twist in ;.
Note that since C[BUL,] is a bipartite graph every path P between e and ¢’ in C[BUL,] is of even length.

We say that a simple path P in C[BUL,] is a left blocking path for (e,e’) if all internal vertices of P
are edges in L; and no two non-consecutive nodes of P are connected by an edge in C[BUL;]. We say
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that a left blocking path P is long if it has length at least 4 (i.e., |V(P)| > 5). We say that a left blocking
path P is short if it has length 2 (i.e., |V (P)| = 3). Accordingly, we say that (e,e’) is a long twist if there
exists a long blocking path for (e,e’). We say that (e, e’) is a short twist if there is no such path.

Lemma 6.3. Consider a short twist (e,e’). Let X; C L; be the set of all local edges f € L such that the
path e — f — €' is a short blocking path for (e,e'). Then the edges of X, are totally ordered by <.

Proof. Let f1, f» € X;. Note that f; and f, are in conflict with e. Since the conflict graph C[BUL,] is
bipartite, f; and f, are not in conflict with each other. Let e = {a,b}, fi = {x1,y1}, and f> = {x2,y2}.
Assume w.l.o.g. that x; < y;, and x, < y,. Since each f; is a left blocking edge of (e, ¢’), it follows that
xi 2 a=y;(forie {1,2}). Since f; and f, are not in conflict, we have that either x; <x, <a <y» <Xy
or x» 2R x| X a=xy; 2y Therefore, either f| < f, or fo< fi. L]

Definition 6.4 (Inner-most left blocking edge of a short twist). Let (e,e’) be a short twist. Let X; C L;
be the set of all local edges f € L; such that the path e — f — ¢’ is a short blocking path for (e,¢’). Let
f* € X; be maximal with respect to <. Then we say that f* is the inner-most left blocking edge of the
twist (e,e’). By Lemma 6.3, f* is uniquely defined.

Lemma 6.5 (Right blocking paths). Let (e,¢’) be a twist in @,. Then, there exists a path P in C[BU L;]
between e and €', such that all internal vertices in P are edges in Ly, and such that |V (P)| is even. We say
that P is the right blocking path of (e,€’).

Proof. 1f there exists no right blocking path of (e,¢’), then when computing ¢, the edges ¢ and ¢’ end
up on the same side of Q1, and Q,. Thus, since (e,€’) is a twist in ¢, it follows that there exists a right
blocking path of (e,¢’). O

We denote the set of all long twists in ¢, by 7;. For every long twist (e,e’), we choose one left long
blocking path. We denote it by P(I; o) Let f be the node next to e on P(Le &) and f’ be the node next to ¢/

on P(I;,e,). We denote the segment of Q; between the left end of f and the right end of f’ by 01 (e,e)-

For every twist (e, e’), we find the shortest among all right blocking paths. We denote it by P(IZ o) Let
f be the node next to e on P(IZ o) and f’ be the node next to ¢ on P(Iz &) We denote the segment of O)
between the left end of f’ and the right end of f by Q2 (e,e')-

Claim 6.6. Consider a long twist (e,e'). Let e = {a,b} and ¢’ = {d',b'} with a,d’ € Q;. Let fy=1—
fi — -+ — fio1 = € be the left blocking path P(L&e,). Let f; = {xi,yi} fori € {l,... ,k} where x; < y.
Then xi11 < y; and y; = Xit2. Thus

Xi=a<XxX2 <y 2x3<y2 ZX4 < <X <yk_1 <d < yg.
In particular, endpoints of all edges f; lie on Qy (, .

Proof. Consider two consecutive edges f; and f;1. First, we prove that x;1; < y; and y; < x; 2. Since f;
and f;1 are in conflict either x; < x;1| < y; or x; < y;+1 < y;. In the former case, x;1| < y;. In the latter
case, Xi+1 < Yir1 < yi. We are done.

Let us now prove that y; < x; 7. Note that since no two non-consecutive nodes of P(Le o) are connected
with an edge in the conflict graph, edges fi,..., fi_1 are not in conflict with ¢’. Therefore, y; < d’ for
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i < k—1. Suppose to the contrary that x; ., < y; for some i. Consider all pairs (i, j) such that x; < y; and
Jj > i+2. By our assumption this set is not empty. Consider pairs with the smallest value of i, and among
them choose the pair with the largest value of j. Denote this pair by (i*, j*). Note that j* > i* + 2, and
therefore, fi- and fj- are not in conflict. Thus not only x ;- < y; but also y - < yi=. Since yj < yi < d'
and yy > d’, we know that j* < k. Using that fj- and fj-, are in conflict, we get that x| <y < yj-.
That contradicts to our choice of (i*, j*). O

Claim 6.7. Consider a twist (e,e’). Let e = {a,b} and ¢ = {d',b'} witha,d’ € Q. Let fy=1— fi —
-+ — frr1 = € be the right blocking path P(Iz o Let fi=A{xi,yit forie{1,... k} where x; = y;. Then
Xit1 > yi and y; = xi13. Thus

XL >=A>=X) =Y ZX3>=Y2 2 Xg > -+ = Xp > Vi1 = b > Vg
In particular, endpoints of all edges f; lie on Oy (o /).

Proof. Since PR . 18 the shortest among all right blocking paths, no two consecutive nodes of PR o) are
connected with an edge in the conflict graph. The proof of the claim repeats the proof of Claim 6 6. O

Claim 6.8. Consider two twists (e1,€}) and (e2,€,). Denote the endpoints of e; by a; and b;, the
endpoints of €; by a, and b/, so that b;,b! belong to Q; (for i € {1,2}). Suppose that e; <€’ <e, <é}. Then,

(QZ el,e ) = b/ al’ldV(Q2 ez,ez ) = bl.

Proof. Let f = {x,y} be the node of P(I;.e,l ) adjacent to €} (with x < y). Note that e, and ¢}, are connected
with P(Izz.e’z)’ a path of odd length in C[BUL,]. Since C[BU L;] is a bipartite graph, every path between

e> and ¢}, must have odd length. Thus f cannot be in conflict with both e, and €. Moreover, since
b, < by < b} <y, f cannot be in conflict with ¢, but not with e,. Thus f is not in conflict with ¢/,. Thus
x = b and by Lemma 6.7,

V(QZ,(ehe’l)) b blz .

Similarly,
V(Q2,(ez,e’2)) =by. ]

Claim 6.9. Consider five twists {(e;,e;)},_, 5. Denote the endpoints of e; by a; and b;, the endpoints of

.....

e. by da; and bl, so that b;, b’ belong to Q; (fori € {1,...,5}). Suppose that e;<e;1. Then

(QZ ele )>'V(Q2 e5e5 )

and therefore we have the following properties.

1. The paths P([Z Lel) and P(Izs7e,5) are disjoint.

2. The paths Q, (, o) and Q (o5, ¢) are disjoint.
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Proof. From Claim 6.8, we get

V(QZ,(ehe/l)) = blz and bz = V(QZ,(esxg)) .

Note that b, # b, as otherwise there would be no right blocking path between e, and €5. Therefore,
b, > by. We have,

V(Qa(ere)) = b2 = b2 = b3 = V(0 (e5.e1)) -
Parts (1) and (2) immediately follow. ]

Lemma 6.10 (A non-planar arrangement of five twists). Let {(e;,e})}>_, be a collection of disjoint
twists in Q. Foreveryic {1,...,5}, let Pei.e.) and P(e[__e_) be a left and a rlght blocking path of (e;,é€}),

respectively. Suppose further that for any i # j € {1,...,5}, we have

V(PG )NV(PG, o) =0,  and V(P )NV(PE, o)) =0.

J

Then, the graph
5
QiuQulJ <{ei,€§} UP, ) UP(IZi,e;)>
i=1

is non-planar.

Proof. Foreveryic {1,...,5}, lete; = {a;,b;}, ¢, = {dl,b}}. Observe that for any {z,w} € E(PLe3 63))

with z < w, we have
ay 2d) Xz<w=as=ds.

Similarly, for any {z,w} € E (P(’:37e,3)), with z < w, we have
by 2 by <z =<w = bs < bk.

Thus, J = Q1[ay,ds] UQa[by,bs|Ue; UekUez Ué UP(L &) UPR &) is a graph with Hamiltonian cycle
C = Qilay,a5)U Qz[b1,bs] Uey Uek. Since P( o) @ left blockmg path of (e, %) it follows that in any
partition of the edges in E(J) \ E(C) as in Lemma 5. 14, the edges e3, and €} have to be in the same set.
On the other hand, since P(I;,eg ) is a right blocking path of (es,€}), it follows that e3 and ¢/ have to be
in different sets of the partition. Since this is impossible, we conclude that J is non-planar. Since J is a
subgraph of G, it follows that G is also non-planar. O

Lemma 6.11. Let T be a set of twists in ¢y, satisfying the following conditions.
1. Forevery (e1,€)) # (e2,€5) € T, we have {e;,€}} N{ez,e5} = 0.

2. There exists a collection {P(Le’e,)}(e,e/)g of left blocking paths, where P(L(3 o) is a left blocking path

for (e,e') such that segments Q, (. o\ are disjoint.

Then, |T| = O(genus(G)).
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Proof. By Claim 6.9, we can remove at most three quarters of all twists in 7" so that for every two distinct
remaining twists,

v <Q27(€ive,’-)> nv (Qz,(ej,e})) =0.

Therefore, we will assume below that for i # j,

v <Q2,(e,»,e;)) nv (Qz,(ej,e/j)> =0

(and consequently that paths P(Ii oy and P(Ii ) do not intersect).
€] i€

Suppose that |T| > 6, since otherwise the assertion is trivial (recall that we assume that G is non-
planar). For any i € {0,...,||T|/6] — 1}, let

5
Gi=01,U0,UlJ <€5i+ergi+jUPé uPk ),

5i+j7€§[+_,~) (€5i+j7€’5,v+,-)
j=1

where Q1 ; (resp. Q> ;) is the minimal subpath of Q (resp. Q») containing all the vertices in

5
o /o L
U (eSH‘j U eSlJrJ UP(65i+j,e‘/5i+j) UP(I§5i+j,€'5i+j)) :
J=1

Observe that for any i #i' € {0,...,]|T|/6] — 1}, we have V(G;) NV (Gy) = 0. Therefore, by
Lemma 6.11, for any i # i’ € {0,...,[|T|/6] — 1}, we have V(Q;;) NV (Q17) =0, and V(Q,,;) N
V(Qai) =0.

By Lemma 6.10 it follows that each graph G; is non-planar. Since all the graphs G; are pair-wise
vertex-disjoint subgraphs of G, it follows that genus(G) > ||T'|/6], as required. O

We define a partial order on the set of long twists. Let us say that

(el,ell) < (6276/2) if Ql,(el,e’l) - QZ.,(ez,e’z) .

Then (77,<) is a partially ordered set. We will prove now that the width of (7, <) is O(genus(G))
and the depth of (7, <) is O(genus(G)). Then by Dilworth’s theorem, we will conclude that |77| =
O(genus(G)?).

Lemma 6.12. Let (e}, €}) and (e2,€}) be incomparable twists in (Tr,, <). Let ey ={ay,b1}, €] = {a},b|},
er = {az, by}, and ey = {d5,by} so that ay,d},az,d, € Q1. Suppose that a) < d < ay < d. Then
V(Qi (1)) 2 ah and ay ZV(Q) (oy.e1))-

Proof. Let fi be the node on P (e, ¢} ) adjacent to €. Similarly, let f> be the node on P (e, ¢5) adjacent
to &). Let fi = {x1,y1 } withx; <y; and f> = {x2,y2} with x, < y>. Note that y; is the right end of O1,(e;.¢)
fori € {1,2}. We want to prove that y; < a). Assume to the contrary that a5 < y;. Note that then edges
f1 and f, are in conflict with e’z. Therefore, either f; < f, or f, < fi. Since e, and f, are not consecutive
nodes on P(Le2 &) €2 is not in conflict with f,. Therefore, it is impossible that f, < f;. Thus fi < f>. Then
y2 = y1. Now let f3 be the node on PL (ez,e'z) adjacent to e,. Similarly, since fi, f3 are in conflict with e,
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f1 is in conflict with €} but f3 is not in conflict with ¢, we conclude that f; < f3. Therefore, Q1 (e2.6)) lies
between x; and y;. In particular, (ez,€)) < (e1,€}), which contradicts to our assumption that (e;, /) and
(e2,€3) are not comparable. We conclude that y; < @). Therefore, yi X V(Qi (¢,.¢)))-

Similarly, we prove that ai X V(Q| (e, ¢}))- O

Lemma 6.13. The width of (11, <) is O(genus(G)).

Proof. Let (e,€}),..., (e, €,) be amaximal antichain in (77, <). Assume that e; <€ <ex <€) <- - - <e,<e,.
By Lemma 6.12, segments

Oi(ere)r Qfesey)s  Qlesel)s

are disjoint. Thus we can apply Lemma 6.11 to twists (eq,€}), (e3,€5), (es,e5),.... We get that r =
O(genus(G)). O

Lemma 6.14. Suppose that (e1,€}) > (e2,€) > (e3,€y) and ey <ey. Then e <es.

Proof. Let e; = {a;,b;} and ¢} = {a.,b.} with a;,a} € Q;. Consider the long left blocking path P(Igl"e,l)
for (ej,e}). Let f = {x,y} be the node on the path adjacent to ¢|. Suppose w.l.o.g. x < y. Since
(e1,€}) > (e2,€5) and ej <ez, we have that Q) (,, ;) lies between x and y on P. Therefore, Q) (c, ¢1) lies
to the right of a;. Since Ol (e3.¢,) is a subset of Q1 (e2.¢5)> Q1 (e5.¢;) also lies to the right of a;. Hence a3
lies to the right of a;. We conclude that e <e3. O

Lemma 6.15. The depth of (11, <) is O(genus(G)).

Proof. Let (ey,€}) > --- > (e,,e.) be a maximal chain in (77, <). Let us say (e;,e}) (for i < r) is of the
first type if e; <e;;1 and of the second type if ¢;1>e; 1. We will assume that (e,,e}) is both of the first and
the second type.

Note that by Lemma 6.14 if ¢; is of the first type, then ¢; <e; for every j > i. Either there are at least
r/2 twists of the first type or there are at least r/2 twists of the second type. Assume w.l.0.g. that there
are at least r/2 twists of the first type. Denote them by (&;,&}) > --- > (&, é,) (where k > r/2).

Now we are going to construct [k/10] disjoint non-planar subgraphs of G. By doing so, we will
prove that r = O(genus(G)). (This is similar to what we did in Lemma 6.11.)

We show how to construct the first non-planar graph G;. Consider the left blocking paths P(Les,eg) and

PL . Let f5 and the node adjacent to e5 on P(Le5 ) and fs be the node adjacent to e on P(I;N,s). Let h

(eﬁvel) €5
be thﬁe segment of Q; that connects the right endpoints of f5 and fs.

The graph G is formed by

e edges ¢}, es, €5, 10,

e the segment of Q; between ¢} and e, the left blocking path P(’;s_eg), edges fs, f¢ and path A,

e the segment of 0, between ¢} and €/, the right blocking path P(Iis,e’s)'

Now we replace the path formed by fs, & and fg with a single edge fs and obtain a graph G). The
graph G/ has a Hamiltonian cycle formed by edges ¢/ and ey and segments of paths Q; and Q, between
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these two edges. Note that P(LeS o)~ fs+ fs is a left blocking path for (es, e5) in G}; also P(I;S is a right
RELS s

e)
blocking path for (es,e5) in G}. Thus by Lemma 5.14 the graph G is not planar. So G is not planar.
We construct graphs G; for 2 < i < k/5 similarly. All graphs G; are disjoint. Therefore, r =

O(genus(G)). O
Lemma 6.16 (Bounding the number of long twists). We have |T;| = O(genus(G)?).

Proof. The width of (T, <) is O(genus(G)) and the depth of (77,<) is O(genus(G)). Thus by Dil-
worth’s theorem, |7;| = O(genus(G)?). O

Lemma 6.17 (Bounding the number of inner-most left blocking edges). Let G, P, By, By, B, 71, 15, L1,
Ly, Hy, Hy, @1, and @, be as in Definition 6.1. Let Ts be the set of all short twists in @,. For every twist
(e,e') € Ty, let f(&eg be the inner-most left blocking edge of (e,e'). Let W = {f(, o) : (e,€') € Ts}. Then,
|[W| = O(genus(G)*).

Proof. For every f € W, pick (e f,e}) € Ty, such that f is the inner-most left blocking edge of (e f,e}).

We begin by constructing a subset W/ C W, as follows. Initially, we set W' = 0. We use an auxiliary
set X, which we initialize to X = W. While X # 0, we pick an edge f* € X, which is maximal with
respect to <. Suppose that f* = {x*,y*}. We add f* to W', and we remove it from X. For every remaining
g# [* € X, with e, = {a,b}, ¢, = {d',b'}, where a,a’ € V(Q1), we proceed as follows. If either

a=x"=d =y, ©.1

or
X azy =d, 62)

then we remove g from X. We repeat the above process, until X = @. Observe that every time we
consider some f* € X, we remove at most three edges from X and we add one edge to W' (specifically,
we remove edge f*, possibly one edge for which condition (6.1) holds, and possibly one edge for which
condition (6.2) holds; we add f* to W’). Therefore, for the resulting W’ we have

W' > TIw]/3].
Moreover the set W’ has the following property.

(P1) For any distinct f,g € W', with f = {x,y}, e, = {a,b}, ¢, = {d', b}, where a,a’ € V(Q1), we have
that at least one of the following three conditions is satisfied.

a=d <x=<y
x=<a=d =y

y=<a=xd

Let y be a drawing of G on a surface 8 of genus ¥ = genus(G). Let G’ be the graph obtained from
G by contracting Q) to a single vertex g;. Let ' be the drawing of G’ on a surface 8’ = §/y(Q;) of
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genus 7, obtained by contracting the simple curve y(Q;) to a point x. For every f € W', let C; = y/(f).
Observe that Cy is a cycle in 8', which passes through x. Consider the partition

k
W' = vailv
i=1

satisfying the following conditions.
1. Foranyie {1,...,k}, for any f,g € W/, the cycles Cy, and C, are homotopic.
2. Forany i # j € {l,...,k}, forany f € W/, g € W}, the cycles Cy and C, are non-homotopic.

Foranyi# j€{1,...,k}, and for any f € W/, g € W/, we have Cy N Cy = x. By Lemma 3.4, the number
of integers i € {1,...,k} such that the cycles Cy, f € W/, are noncontractible is at most 6y — 3. Moreover
there exists at most one io € {1,...,k} such that the cycles Cy, f € W, are contractible. It follows that

k<6y—2.
Thus, there exists i* € {1,...,k} such that
s W Wi
Wi| > 2 :
6y—2 — 18y—6

Observe that since no two edges in W;- are in conflict, it follows that the directed graph on W+ induced
by < s a forest. More concretely, let us consider a collection of rooted trees F = {F;};, such that {V (F;) };
is a partition of W;, and such that for any f, g € W;-, we have that f is a child of g in some tree F;, if and
only if g< f, and for any h € W= with h £ g, if h< f, then h<g.

Let X C W/ be the set of all edges f € W, such that either f is a leaf, or it has exactly one child in
the tree F; that it belongs to. Note that

W W]
2 T 36y—12°

X[ >

We examine all edges f € X, such that f is an internal vertex in some tree F; € F. Let g be the unique
child of f. Let f = {x,y}, g = {x/,)'}. We have x < x’ <y’ < y. Consider the cycle K formed by Q [x,x],
g, O1Y',y] and f. Since Cy, and C, are homotopic, it follows that K is contractible, and therefore bounds
adisk D in 8. We remove from G all edges r, such that the interior of the curve y/(r) is contained in the
interior of D (note that we do not remove any edges from X at this step since f has only one child in the
tree). Let ey = {a,b}, ¢, = {d',b'}, with a,d’ € V(Q1). By property (P1), and by the fact that f is the
inner-most left blocking edge of (e, e}), it follows that either

x<a=d=<x or Yy 2a=d <y.

If x <a <d <X, then we replace f with a new edge f’ = {x,x'}. If the edge {x,x"} already appears in G
we add another copy of {x,x'} (we allow multiple edges). We modify the drawing y so that the new edge
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f" is drawn inside the disk D. This can be done since we have deleted all edges whose image intersects
the interior of D. Notice that after doing this, the new inner-most left-blocking edge of (e, e}) is f7.

We repeat the above process for all edges in X that are internal vertices in some tree F; € F. At the
end, we obtain a new graph G*, and a drawing y* of G* on the same surface S of genus y. Let

X" = {(ef,e}) cfEeX}.

The set X* is a collection of short twists such that the corresponding left-most blocking edges in G*
appear consecutively on Q; (with respect to <). Formally, for any (e,e’) € X*, let f’ denote the
inner-most left blocking edge of (e,¢’) in G*. Recall that, in general, f ) can be dlfferent than f(, ¢
Let (e,e'),(r,7’) € X*, and suppose that f, .y = {x,y}, fi.) = {z,w}, W1th x <y, z<w. Then, either
x=y=z=w,orz 3w =x =<y. Thus, < induces (in the natural way) a total ordering of X*. Let Y C X*
be the subset of X* containing all odd-indexed elements in this total ordering. It follows that for any
(e,e),(r,r') € Y, we have that the edges f(’e’e,), and f(’r.,r’) have disjoint endpoints. We apply Lemma 6.11
and get

Y|=0(y).
Since |Y| > |X*|/2, we conclude that |[W| = O(|X|-y) = O(¥*) = O(genus(G)?), as required. O

6.2 Untwisting

In this subsection we will show how to draw a comb. We will first transform the drawing ¢; to a drawing
Y. In drawing y; all edges will be drawn in the same way as in ¢,. Then we will combine these two
drawings and obtain a drawing of the comb.

Rerouting left blocking edges. Let ¢; be a canonical drawing of Q; UL; UB (as in the definition of the
comb). We assume that the line ¢ is horizontal. We also assume that the drawing of every edge crosses
every vertical line at most once.

Let W be the set of edges f such that f is the inner-most left blocking edge for some short twist. We
perform the following transformation for every f € W. We process edges from W one by one. Every time
we choose an edge that is minimal with respect to < (if there are several minimal edges, we choose any of
them).

Let f = {x,y} with x <y. Consider the set of all short twists whose inner-most left blocking edge is
f. Denote itby X = {(ey,¢€}),...,(er,e.)}, where e; <€} <---<e,<e).

Let p/, be a point on ¢ between @;(x) and the drawing of the next vertex to the right of x on Qy;
similarly let p; be a point on ¢ between ¢; (x) and the drawing of the next vertex to the left of y on Q.
Consider two vertical lines &y and hy that cross £ at points pl and py, respectively. Let h and h be
subrays of i, and h,, ; respectlvely, that consist of vertices that lie below ¢. Let Y be the set of all local
edges g such that g« f or g = f. Note that the drawing of every edge in ¥ crosses hp; and hp;. Let ' be

the minimal edge in Y with respect to <. Each of the edges f and f’ crosses the ray A, at one point. Let
I, be the segment of h between these crossing points. Similarly, we define h’ We puncture the plane
along segments /1, and h’ and attach a handle that connects these two punctures. Then we redraw the
segments of all edges in Y between /. and h’ on this handle.
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Then we process the next edge in W (if later we process another edge with a endpoint in x, we choose
another point p/ to the right of p/; similarly, if we process another edge with a endpoint in y, we choose
another point p{; to the left of py).

We first reroute all left blocking edges using the procedure described above and obtain a drawing ¢;.
Note that all global edges are drawn in one plane in ¢]. We describe now how to “untwist” all twists in
this drawing and obtain a drawing compatible with ¢,.

x-untwisting. Let & be a canonical drawing of H; on a plane with attached handles, as above. Let
x € V(Q1). The x-untwisting of & is a pair (8,&’), where 8 is a surface, and & is a drawing of H; on 8,
defined as follows. Let & be the vertical line passing through & (x). Suppose that the x-coordinate of & (x)
is ¥. Let k™, h™ be the open subrays of & that are chosen as follows. The ray 4™ intersects all edges in B
that intersect & above ¢, and it does not intersect any other edges. Similarly, 4~ intersects all edges in B
that intersect & below £, and it does not intersect any other edges (see Figure 7(a)).

If the line & does not cross any local edges then rays h™ and ™ start at point x (but since the rays are
open, point x does not belong to them). In this case, we say that the untwisting is trivial. Otherwise, we
say that the untwisting is non-trivial.

Let 8’ be the surface obtained by cutting R? along 4", and along h~. Formally, let 8 be the
topological closure of R?\ (h* Uh™) (see Figure 7(b)). Intuitively, 8’ is obtained by cutting the plane
along h, and by connecting the two resulting surfaces on the point where /# meets . Cutting R? along
the ray h™ gives rise to a surface with a boundary consisting of two copies of 4", which we denote
by left(h'), and right(h™) respectively. Similarly, cutting along 4~ gives rise to two boundary rays
left(h™), and right(h™) respectively. Moreover, every point p € h'*, naturally corresponds to two points
left(p) € left(h™), right(p) € right(h™). Similarly, every point p € h~, corresponds to two points
left(p) € left(h™), right(p) € right(h™).

Let X be the set of edges e € B, such that the interior of the curve & (e) intersects i. Note that X is a
prefix of B with respect to <. Consider the partition X = X UX ~, where

Xt ={eecX:E()Nh" £0}, and X ={ecX:&(e)Nh” #0}.

For every e € X, let p(e) be the point where & (e) intersects h. Notice that after cutting the plane along
two rays, the drawing & does not correspond to a valid graph drawing on 8. This is because the edges
with images that cross the two deleted rays, are now drawn only partially. Let X* = {b], ..., b, }, where
the edges are ordered with respect to the y-coordinates of the corresponding intersection points p(b;"),
ie{l,...,r}. Similarly, let X~ = {by,...,b; }, where again the points are ordered with respect to
the y-coordinate of the intersection points p(b; ), i € {1,...,s}. For every e € X, we flip around ¢ the
part of the image of & (e) that lies to the right of & (see Figure 7(c)). Notice that since X is a prefix of
B (with respect to <), this can be done without introducing any crossings. For a point p € A, let —p
denote the point in & obtained by negating the y-coordinate of p. Let A; be the segment in left(h™)
between left(p(b])), and left(p(b;")), and let A, be the segment in right(h~) between right(—p(b])),
and right(—p(b;")). Similarly, let A3 be the segment in left(h~) between left(p(b;)), and left(p(b;)),
and let A4 be the segment in right(h™) between right(—p (b)), and right(—p(b;")). We add a Mdbius
band M| connecting A; with A,, and a Mdbius band M, connecting A3 with As. We can now connect the
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B
(a) A canonical drawing of Hy, and the rays h™, and ™. (b) Cutting R? along the rays ht, and /™.

(c) Flipping around ¢ the right parts of the edges that cross (d) Adding the Mobius bands M1, and M, and completing
the rays. the drawing of the edges in X along them.

Figure 7: An example of a x-untwisting.

partial drawings of the edges in X ™, by drawing them in M;. Similarly, we can draw the edges in X~ in
M, (see Figure 7(d)). Let 8 be the resulting surface, and &’ the resulting drawing of H; on 8.

{x1,...,x }-multi-untwisting. Let & be a canonical drawing of H; on a plane with attached handles
(as above), and let xy,...,x, € V(Q;) be distinct vertices. Then, the {x,...,x, }-multi-untwisting of &
is a pair (8,&’), where 8 is a surface, and &’ is a drawing of H; on 8, defined as follows. Suppose that
after reordering of the indices, we have x| < x; < --- < x;. Then, intuitively, the drawing &' is obtained
starting from &, and inductively taking an x;-untwisting of the current drawing, for i = 1,...,z. Note that
after taking the x;-untwisting of &, the graph is not necessarily drawn on a plane with attached handles,
so the precise definition is a bit more subtle. Forany i € {1,...,1}, let {, be the vertical line that intersects
¢ at & (x;). We inductively define a sequence {(8;,&/)}._,, where 8, is a surface, and x| is a drawing of H,
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on §8;, with 8y be the surface on which the drawing & is drawn, and §) = &. For i > 0, (8;,&/) is defined
as follows. We cut 8;_; along ¢;", and ¢; , as in the untwisting paragraph, we flip along ¢ the parts of the
images of the global edges crossing /, to the right of ¢;, we add the two M&bius bands M, and M>, and
we draw the crossing edges along these two bands. The details are exactly the same as in the untwisting
paragraph, and they are therefore omitted. After performing the above operations forall i =1,...,t, we
obtain §;, and &,. We set 8 = §;, and ' = &,.

Lemma 6.18. Let @] be a drawing of H on a surface 8, which is a plane with several attached handles
(as above). Let X CV(Qy), and let (8',&") be the X-multi-untwisting of . Let r be the number of
non-trivial untwistings in X. Then, the surface 8' has genus genus(8) + O(r).

Proof. Note that when we do a trivial untwisting, we do not change the genus of a surface. Each
time we do a non-trivial untwisting, we create 2 punctures, and then add 2 Mobius bands between
boundary segments. Since adding one such M6bius band increases the genus by at most one, the assertion
follows. 0

Lemma 6.19. Let (e,¢’) be a short twist. Let e = {x,y} and ¢’ = {x',y'} with x,x' € V(Q1) and x < X'.
Then there is a vertex w on Q that lies between x and X', such that @|(w)-untwisting of @| is trivial.

Proof. Denote the inner-most left blocking edge of (e,¢’) by f. Let f = {a,b} with a < b. Consider the
setof edges Y = {g: f<g}.

For every point p € £, let h,, be the vertical line passing through p. Note that for every point p € /
between @ (x) and @] (y), if the line ,, crosses a local edge g in @] then f<g since we routed f and all
edges g with g< f on handles in ¢;.

Consider the conflict graph C[Y U {e,¢’}]. Note that e and ¢’ are not connected in C[Y U{e,¢'}] by
a path of length 2 since f is the inner-most left blocking edge for (e,¢’); e and ¢’ are not connected in
ClY U{e,e'}] by a path of length more than two since (e,¢’) is a short twist. Therefore, ¢ and ¢’ are
disconnected in C[Y U{e,e'}]. Denote the connected component of C[Y U {e,e’}] that e belongs to by C.
Let w be the rightmost of endpoints of edges in C. We have, x < w < y. Note that if the drawing ¢{(g) of
an edge g € Y crosses Ay (), then g must belong to C and at the same time the right endpoint of g must
lie to the right of w, which is impossible. We conclude that /4,y does not cross any edges in Y, and,
therefore, any local edges in ¢{. Thus @] (w)-untwisting of @] is trivial. O

Lemma 6.20 (Drawing a comb). Let G, P, By, B>, B, Ly, L, H|, H>, @1, and ¢, be as in Definition 6.1.
Then, there exists a polynomial-time algorithm that computes a drawing of Hy U H, on a surface of
genus O(genus(G)?). The combinatorial restriction of this drawing to Q1 U Q> ULy UL, is planar and
canonical.

Proof. We first reroute left blocking edges as described above. By Lemma 6.17, we get a drawing ¢; of
H, on a surface of genus O(genus(G)?).

Now we construct a set X so that X-multi-untwisting untwists all twists. We do the following for
every twist (e,e’). Let e = {x,y} and ¢’ = {x/,y'} with x,x’ € V(Q;) and x < x. If the twist (e,¢’) is a
long twist, we choose an arbitrary point p on ¢ between @] (x) and ¢{(x’) and add it to X. If the twist
{e, €'} is a short twist, we find a vertex w such that | (w)-untwisting is trivial, using Lemma 6.19. Then
we add ¢f(w) to X.

THEORY OF COMPUTING, Volume 13 (5), 2017, pp. 1-47 38


http://dx.doi.org/10.4086/toc

A PSEUDO-APPROXIMATION FOR THE GENUS OF HAMILTONIAN GRAPHS

Now we perform X-multi-untwisting. The number of non-trivial untwistings equals the number of
long twists, and by Lemma 6.16, it is O(genus(G)?). Thus by Lemma 6.18, we obtain a drawing y; of
the comb on a surface of genus at most O(genus(G)?).

The drawing y; is consistent with ¢, in the following sense: every global edge goes above Q5 in ¥
if and only if it goes above O in ¢,. Thus we can combine drawings y; and ¢,. We obtain a drawing of
the comb on a surface of genus O(genus(G)?). O

7 Drawing a Hamiltonian graph

In previous sections, we showed how to obtain O(g?) embeddings that are almost consistent. In this
section, we show how to resolve all remaining inconsistencies to obtain the final embedding.

Definition 7.1 (Internal and marginal edges). Let G be a graph, and let S C V(G). An edge {u,v} € E(G)
is called S-marginal if and only if exactly one of u# and v is in S; it is called S-internal if and only if both
uandvarein S.

Definition 7.2 (Extended graph). Let G be a graph, and let S C V(G). Let M C E(G) be the set of all
S-marginal edges. We denote by G[S] the subgraph of G induced by S. Let J be the graph obtained
starting from GI[S], and adding for every e = {u,v} € M, with v € S, a new vertex u,, and the edge {u,,v}.
We refer to ¢ as the copy of e in J. Formally, we define J to be the graph with

Vi)=suJ{w}, and EU)=EGSHU J {uev}.

eeM e={uyteM,veS

With this notation, the edge {u,, v} is the copy of e in H. We refer to J as the S-extended graph (with
respect to G).

Definition 7.3 (Extended drawing). Let G be a graph, let H be a subgraph of G, let S C V(H), and let ¢
be some drawing of H. Let ¢’ be a drawing obtained from ¢ by embedding each V (H)-marginal edge
in a face that contains one of its endpoints (recall that each marginal edge is attached to a leaf). Let ¢”
be the drawing obtained by @’ by removing the vertices in V (H)\S. We say ¢” is a S-extended drawing
induced from ¢.

Definition 7.4 (Agreement). Let G be a graph, and let S;,5> C V(G). For any i € {1,2}, let y; be an
Si-extended drawing. We say that y; and y» agree on a vertex v € §; NS, if and only if the cyclic
orderings assigned to edges incident to v in ¥ and Y, become identical after identifying each edge in the
extended graph with its copy in G. We say that y; and y, agree if they agree on all vertices in S; N S3.

Definition 7.5 (Interval of marginal edges). Let G be a graph, and let P be a Hamiltonian path in G. Let
S CV(G), let M be the set of S-marginal edges, and let Y be an S-extended drawing. Let M’ C M, and
let P’ be a subpath of P. We say that (M’, P') is an (y, P)-interval of S-marginal edges if and only if the
following conditions are satisfied:

1. All edges in M’ are incident to P’.

2. All edges in M’ appear on the same side of P in y.
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. All edges in M’ are drawn inside a single face of .

. Lete € M\ M'. Then, either e is not incident to P’, or it is incident to one of the endpoints of P’, or

it appears on the opposite side of P than the edges in M’ in the drawing .

Let F be the face in y that contains all edges in M’, and let < be the total ordering of the edges
incident to P, induced by a traversal of F. Then, all edges in M’ form a contiguous interval of <.

The path P’ is called the subpath of the interval (M’, P'). Two intervals are called disjoint if their subpaths
are vertex disjoint.

Definition 7.6 (Essential Drawing of a sub-band). Let G be a graph of genus g, and let P be a Hamiltonian
pathin G. For 1 <i <2, let (B;,Q;) be a band, L; be its local edges. Let B=B1NBy, H= 0, UQ,UBU
L1 UL, and ¢ be an embedding of H. For 1 <i <2 we make the following definitions.

1.

5.
6.

E,[i] and E[i] to be the subset of edges of B that are incident to Q; from above and below,
respectively.

. xg4[i] and y,[i] to be the first and last vertex incident to E,[i], with respect to < on Q;; similarly, xp[i]

and yj[i] are the first and last vertex incident to Ej[i].

Q,[i] to be the minimal subpath of Q; that contains x,[i] and y,[i], and Q,]i] to be the minimal
subpath of Q; that contains x,[i] and yj[i].

. VR[i] = V(Q4[i]) UV (Qsli]), note that Vg[i] is composed of the vertices of at most 2 subpaths of Q;.

Vg = VR[I] UVR[Z].

The B-essential drawing induced from @, to be the Vg-extended drawing induced from ¢.

Lemma 7.7 (Path splitting). Let G be a graph of genus g and 1, 0 and 7y be three mutual vertex disjoint
paths in G such that each edge in E(G)\E(Y) that is incident to y is also incident to o, U Qa. Let H be a
graph satisfying the following conditions.

1.

2.
3.
4.

H contains two copies of V(y), Vi and Va, and one copy of all vertices in V(G)\V(y). For any
vertex x € V(7y) we write x[i] to denote the copy of x in V;, 1 <i<2.

For any {u,v} € E(G) ifu,v € V() then {u[1],v[1]},{u[2],v[2]} € E(H).
For any {u,v} € E(G) ifu,v € V(y) then {u,v} € E(H).

For any {u,v} € E(G) and 1 <i<2ifueV(a;) andv € V(y) then {u,v[i]} € E(H).

Then, H has genus O(g).

Proof. Let ¢ be an embedding of G on a surface of genus g and consider the cyclic order of edges around
vin ¢. We say two edges are homotopic if and only of they are homotopic after contracting o, o and
Y. For each edge e incident to y we say that e has type one if it is incident to ; and has type two if it
is incident to o. Observe that the set of type one edges (and similarly the set of type two edges) fall
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into O(g) homotopy classes. Since two homotopic edges, o; (i € {1,2}) and y form the boundary of a
topological disc, different homotopy classes cannot interleave. It follows that in the cyclic order of edges
around 7, switching between type one and type two edges happen O(g) times.

Now, to build an embedding of H of genus O(g), we add Y, a copy of ¥, and for each maximal
consecutive set of type one edges we disconnect them from 7y and add one handle to reroute them and
connect them to 7. O

Lemma 7.8. Let G be a graph of genus g, and let P be a Hamiltonian path in G. Let B1,B, C E(G) be
bands with spine P, and with primary segments Q1, and Q», respectively. Assume that B= B N B,. Let
H = QUQ,UL ULy UB. Then, there is an embedding ¢ of H on a surface of genus O(g>) such that
the B-essential drawing induced from @ has all its V (H)-marginal edges on a collection of at most O(g?)
disjoint intervals.

Proof. Let M be the set of V (H )-marginal edges. Let Mo, be the set of vertices such that each v € My
is an endpoint of at least one marginal edge and v & Q1 U Q». My, can be decomposed into at most 3
disjoint segments, i, ¥ and J3, of P that are disjoint from Q; and Q».

Let H' be the graph obtained by adding the edges M to H. We use Lemma 7.7 to obtain the genus
O(g) graph H" by splitting 71, > and 3. We obtain paths ¥/ and ¥/, for 1 <i < 3, so that there is no edge
between ¥/ and Q; and there is no edge between Y/’ and Q;. It follows that we can extend Q; and 0, and
treat marginal edges as local edges in H”.

Now we use Lemma 5.1 to obtain a drawing of H” on a surface of genus O(g*). Since the marginal
edges form a cut between Q; U Q> and the rest of the graph they are on at most 0(g3) handles, and so
O(g?) segments. O

Lemma 7.9 (Simple subband drawing). Let G be a graph of genus g, and let P be a Hamiltonian path
in G. Let B1,B, C E(G) be bands with spine P, and with primary segments Q, and Q», respectively.
Assume that B= By N\ By # 0. Then, there exists S C V(G), and an S-extended drawing v, satisfying the
following conditions.

1. For any edge {u,v} € B, both u and v are in S.
2. PIS] is composed of at most four subpaths of Q1 U Q.
3. v has genus O(g>).

4. Let M C E(G) be the set of S-marginal edges. Then, there exists a collection of (y, P)-intervals
(My,Py),...,(My,P), for some k= 0(g?), such that M\ E(P) = J*_, M.

Moreover, S and Y can be computed in polynomial time.

Proof. We build an auxiliary graph X with genus O(g) that is composed of two bands. We find an
embedding of X, @y, and use it as a guide to build S and an S-extended embedding y.

Let P, Q1, P”, 0, and P"” be vertex disjoint subpaths of P such that P < Q; < P < Q, < P and
V(P YUV(Q)UV(P")UV(Q) UV (P") =V (P).

We build X as follows. First we make two copies of P’, P| and P, two copies of P, P{" and P}/, and
two copies of P/, P" and P;”. We build the path ¢; by connecting P|, Qi, P/’ and P in this order and
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the path o by connecting P, Py, O, and Py in this order; here the result of connecting two paths 8 and
v is the path obtained by identifying the last vertex of B with the first vertex of v.

For each edge (u,v) € G, (i) if u,v € V(Q1) UV (Q>) then (u,v) € E(X); observe that there is only
one copy of u and one copy of vin V(X), (i) ifu e V(Q;) 1 <i<2)andv e V(P)UV(P")UV(P")
then we connect u to the copy of v thatis in V(P/) UV (P")UV(P") in X.

Since the genus of G is g there is an embedding ¢* of G[B; UB, UL UL, UQ; UQ»] on a surface of
genus O(g). We use ¢* to build an embedding ¢y of X that has genus O(g). We delete at most 4 edges
from ¢@* to disconnect P’, Q1, P”, Q> and P”. Then, we split each of P’, P’ and P using Lemma 7.7.
Finally for 1 <i <2 we add edges to connect P/ to Q;, Q; to P" and P/’ to P/” by adding a constant
number of handles. We also add an edge between the first vertices of P and P} to ensure that X is still
Hamiltonian, which is useful when we want to apply Lemma 7.8. So the genus of X is O(g).

As X is Hamiltonian, it has genus O(g), and (B, o) and (B, o) are bands in X, we can use Lemma 7.8
to obtain a drawing ¢ of X on a surface of genus O(g>). Then we set S = Vi, the essential vertex set of B,
and y to be the B essential drawing of ¢. It is easy to check that S and y satisfy the required properties
in the lemma. O

Lemma 7.10 (Subband drawing). Let G be a graph of genus g, and let P be a Hamiltonian path in G. Let
B1,B; C E(G) be bands with spine P, and with primary segments Q1, and Q,, respectively. Assume that
B = BN By #0. Then, there exist S1,S>,...,S, CV(G) and for each 1 < i <r an S;-extended drawing
V;, satisfying the following conditions.

1. r=0(1).
For any edge {u,v} € B, there is an 1 <i < r such that both u and v are in S;.
For all 1 <i<r, P[S] is composed of at most four subpaths of Q1 U Q».

For all 1 <i <r, y; has genus O(g?).

AN

Forall 1 <i<r, let M; C E(G) be the set of S;-marginal edges. Then, there exists a collection of
disjoint (W, P)-intervals (M; 1,Piy),...,(M;x,P.x), for some k = O(g>), such that M; = U?:l M; ;.

Moreover, S;’s and ;’s can be computed in polynomial time.

Proof. For 1 <i <2 the band (B;,Q;) has a primary segment and 3 <7 <4 outlets P, i,...,P,;. For each
possible pair of ot € {Q1 NPy ;}i<i<s, and B € {Q2 NPy ;i }1<i<s,» We use the algorithm of Lemma 7.9 to
obtain a (V (o) UV(fB))-drawing.

There are at most 16 possible pairs of & and B to consider, so r = O(1). Property (2) holds because
we are considering every possible intersections. The other properties are implied by Lemma 7.9. O

Lemma 7.11 (Decomposition). Let G be a graph of genus g, and let P be a Hamiltonian path in G. Then,
we can compute in polynomial time a collection Sy, ..., Sy of subsets of V(G), and for every i € {1,... k},
an Si-extended drawing ;, so that the following conditions are satisfied.

1. k=0(g%.

2. Forany e € E(G), there exists i € {1,...,k} such that e is S;-internal.
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3. Foranyi€ {1,...,k}, P[S;] has at most four connected components.

4. Foranyic {l,...,k}, w; has genus O(g>), and all the S;-marginal edges are on O(g) disjoint
(i, P)-intervals. Moreover, for each j € {1,..., j} the set of S;-marginal edges that are S j-internal,
are on O(g) disjoint (y;, P)-intervals.

Proof. We compute a band covering B = {(B;, Q,-)}?z 1 of G using the algorithm of Lemma 2.5; here,
t=0(g).

Using B we build a collection that is composed of two types of vertex subsets, we call them global
and local.

To make the global subsets, for each pair 1 < i, j <t with B;\B; # 0 we use Lemma 7.10 to obtain
an O(1) number of subsets {S,S>,...,S,} and their extended drawings, satisfying the properties stated
in the lemma. Note that each global edge of B is an internal edge of some S;. However, there may be
local edges that are not internal (or even marginal) edges for any S;. We build local sets to include such
local edges.

For each 1 <i <, consider the planar embedding ¢; of (B;UL; U (P\Y;)). We color the edges of B;
so that two edges are assigned the same color if and only if they are homotopic (when the endpoints of Q;
are treated as punctures) and they are both in B; for some j # i. Since there are a constant number of
homotopy classes in each band, and there are O(g) bands, it follows that the required number of colors is
0(g).

In ¢; and on each side of Q; we define a set of segments, each to be the minimal subpath of Q; that
is incident to all edges of a certain color on that side of Q;; a segment inherits the color of its incident
global edges. By the definition of homotopy the segments on each side are edge disjoint. Observe that
there may be vertices on Q; that are not assigned any color on one or both sides. To cover each side of Q;
we introduce O(g) segments of void color on each side to cover the gaps between already colored. We
say that a subpath of Q; is colorful on a certain side if and only if it does not intersect any segment of
void color on that side.

To compute the local subsets we remove all maximal subpaths of Q; that are colorful on both sides to
obtain O(g) candidate subpaths. We say that two candidate subpaths are connected if and only if there
is an edge on E(G) \ E(P) with one endpoint incident to each of them. Planarity of ¢ implies that each
candidate subpath is connected to at most one other candidate subpath.

We start with the vertex set of O(g) candidate subpaths and merge two such sets if their corresponding
subpaths are connected. So, we acquire a collection of O(g) subsets each composed of at most 2 subpaths
of Q;. By construction the genus of any local set is zero and all its marginal edges are on O(g) disjoint
intervals. The union of all global and local sets together with the embeddings is a collection of vertices
and extended embeddings satisfying all of the required properties. O

Lemma 7.12 (Conflict resolution). Let G be a graph, and let P be a Hamiltonian path of G. Let
S1,82 CV(G), and M;, I; and ; be the set of marginal edges, the set of internal edges and S;-extended
embeddings, 1 <i <2, all satisfying the following properties.

1. PI[S;] is composed of at most four subpaths of P.

2. vy, has genus < y and all marginal edges M; are on < o disjoint (;, P)-intervals.
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3. In y the marginal edges My NI, can be covered by < a disjoint (yy,P)-intervals. Similarly, in
Y, the marginal edges My N1, can be covered by < a disjoint (W, P)-intervals.

Then, in polynomial time the extended embedding W, of genus O(y+ ) that agrees with W, can be
computed. Further, all edges in My NI, can be covered by < 2a disjoint intervals in |

Proof. Let A = {ay,az,--- ,a,} be the set of intervals of y; that covers M1 N1, and B = {by,bs,--- ,b,}
be the set of intervals of y, that covers M, N1;. Then, we consider, IT = {7, m, ..., 7}, the set of the
mutual intersection of a € A and b € B. Both A and B are composed of intervals and by assumption p < o
and g < o. It follows that r < 2¢r.

Observe that ;’s are the only possible subpaths of P on which the embeddings [} U L] and
y>[I} U L] may not agree. Further, on each m; edges in M| and M, are on two different sides in both y;
and y».

Now we build a new extended embedding y; of S that agrees with y». We start with y; and a copy
v’ of y»[S1 NSy and modify y; by rerouting all the edges in /; "M, to go to Y’ and deleting y;[S; N S7]
at the end of the day. By assumption y; and Y’ both have genus at most ¥, we use < 2 +4 handles or
Mobius bands for rerouting the edges, so y| will have genus < 2y+2c¢ + 8.

We first reroute the edges of I} N M, that are in P. Since, each of P[S;] and P|S;] are composed of
at most 3 subpaths, P[S| NS,] is composed of at most 6 subpaths. Therefore the edges of P that are in
I "M, can be rerouted by adding at most 12 handles.

We reroute the edges of I} N M, that are not in P by considering 7;’s in turn. For a fixed m; we know
that all the edges in I} N M, are connected to 7; from a single side in both y; and y; (and so ¥'). So we
can reroute that set of edges by using a handle or a Mobius band. Thus, we need at most 2 handles or
Mbobius bands to reroute all such edges.

Since no subpath of IT is incident to any marginal edge of M;\ />, all other marginal edges are still on
o disjoint intervals after the above surgery in .

It follows from the construction that all marginal edges M; NI, are on 2o intervals of . O

Theorem 7.13 (Main result). There exists a polynomial-time algorithm which given a graph G of
orientable genus g, and a Hamiltonian path in G, outputs a drawing of G on a surface of either orientable,
or non-orientable genus O(g").

Proof. First we use Lemma 7.11 to compute {S;,S>,...,S¢} and {1, ya,..., Y} satisfying the condi-
tions of Lemma 7.11.

Then, for each pair of S; and S; we resolve the conflict using Lemma 7.12. Let the extended embedding
we obtain for each S; at the end of all conflict resolutions be l[/l-’ .

The genus of the extended embedding of each S; increases by O(g) after each conflict resolution and
k = O(g?), so the genus of each ] is O(g>). Further, for all 1 <i, j < k the set of edges M; N1, are on
0(g?) disjoint intervals of . It follows that M; are on O(g°) disjoint intervals of ..

Since {y7, 3, ..., y;} mutually agree, they collectively describe an embedding of G. On the other
hand, each v/ has genus O(g?) and can be disconnected from the rest of G by cutting along O(g’) handles
or Mabius bands. It follows that the genus of the entire embedding is O(kg>) = O(g”). O
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