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( War nmup: a conbinatorial puzzle )

Aver age nunber of inversions in
a random 2-ordered pernutation

1 2 0 123456 O 132456 1
21 1 123465 1 132465 2

124356 1 123546 1
1234 0 124365 2 132546 2
1243 1 213456 1 142536 3
2134 1 213465 2 213546 2
2143 2 214356 2 215364 4
3142 3 214365 3 315264 5
1324 1 314256 3 415263 6

314265 4 125364 3

Cunul ati ve counts
I nversions in all 2-ordered perns of size 2N
N 1 2 3

C(N) 1 8 48
C(N/N 1 4 16

AN =

Si npl e proof?
Aver age nunber of inversions
In a 2-ordered pernutation



( | nversions in 2-ordered Pernutations )

Correspondence with random wal ks, randomtrees
2-ordered perm

random wal k starting and ending at O
nunber of i nversions:
area under the curve

Direct conbinatorial sum

El ementary BG- derivation

| s there a one-|line proof??
Ex: Divide-and-conquer recurrence?
C(N+1) = 4C(N) + 4~N
Ex: Direct correspondence with bitstrings?
4*C(N) = # bits in all (2N)-bit nunbers



( Hashing with |inear probing

N keys, table size M
hash function h(K)
put key in first unoccupi ed

position anong h(K), h(K)-1, h(K-2 ...

average cost to insert N keys?

Knuth volune 3 asterisk, 1962
intricate argunent yields triple sum

eval uate sumwith Abel’s binomal theorem

C(Nt1, M = (1/2)(NM+ (NM((N1)/M + ...

BG- derivation, 1997
Anal ysi s of random maps
Knut h, to appear

OPEN PROBLEM sol ution satisfies

ANtL, M = (NM(CAN M + 1/2)
Si npl e proof ??



( Shel | sort )

shel | sort(itemlype a[], int |, int r)

{

I nt incs[16] =
{ 1391376, 463792, 198768, 86961, 33936,
13776, 4592, 1968, 861, 336, 112, 48,
21, 7, 3, 1 };
int 1, J, h, v;

for ( k = 0; k < 16; k++)
for (h = incs[k], i = 1+h; i <= r; i++)
{
v =a[i]; j =i;
while (] > h &k af[j-h] > v)
{ a[j] =a[j-h]; j -=h; }
alj] = v;

}

Runni ng ti me depends on I ncrenent sequence
Wor st case

* upper bound

* | ower bound
Aver age case

* OPEN
Goal : find the best increnents through anal ysis
WWW. CS. pri nceton. edu/ ~rs/shel |



( Aver age- case anal ysis of Shellsort )

Even the sinplest cases are difficult to anal yze

Two i ncrenents:. (h, 1) Shellsort

Three increnments: (h, k, 1) Shellsort

Account for dependence on nunber-theoretic
properties of increnents (Frobenius problem?

Best | ncrenents??

Vari ants of Shell sort
h- bubbl e (Dobosi ew cz)
h- shake (I ncerpi-Sedgew ck)
h-brick (Sedgew ck, Lenke)
Ol og N) probabilistic sorting networks?



( Bal anced search trees )

BSTs

AVL trees

t op-down RB trees
B-trees

splay trees

skip lists

Al l enconpassed in the sane general schene
* one bit per node
* performrotation operations to bal ance trees

Worst case: (1l og N) guaranteed search cost
Aver age case:
Are bal anced trees asynptotically optinmal ?
(~lg N path length with coefficient 1)
OPEN



(: Appr oaches to bal anced tree anal ysi s

Fringe anal ysis
Mar kov process at bottom of tree
provi des upper bound on path |ength
chain size exponential in nunber of |evels
no chance to get bound to 1

Tree enuneration
T(z) = T(z*2 + z"3)
oscillating | eading term
no real connection to search tree problem

"Top-down" trees
al gebraic structure reflected in G-s?



( Open problens, 1972 (Knuth vol une 3)

Probl ens rated 46-50 consi dered OPEN

55 such probl ens
19 Sorting algorithns
18 Networ ks and | ower bounds
18 Searching algorithns

Scorecard for 1997
SCLVED: 19
NEW 4
TO DO 40



(: SORTI NG (Knut h 1972 open probl ens) )

Avg. length of | ongest increasing subsequence
General i ze tableaux to 3D

Shel | sort worst case

Average case for Batcher’s sort

Aver age nunmber of passes for shaker sort

Vari ance for selection sort quantity

Heapsort average case

Enunerate leftist trees

Stack sorting algorithm

Anal yze repl acenent sel ection

Pol yphase optimal m ni pass?

Mnimal path length in T-way nerging trees
Nlog Nrequired to reverse records on tape?
M nimze phases in tape nerging

Tape nerging with buffers

Pol ynom al algorithmfor optinmal disk nerge trees?
Uni formoptimal nerge trees?

Lower bound for optinmal nerge trees

Stable sorting in mniml storage



@ETWCRKS/LOWER BOUNDS (Knuth 1972 probl ens)

Exact value of S(N) for infinitely many N
Hwang- Li n ner gi ng

Convexity properties of Mmn)

M ni mean ner gi ng

M ni mean sel ection

M ni max selection third | argest

M ni max nedi an

M ni mean nedi an

Net works with msorter nodul es

Beat odd-even for nerging (conparators)
Beat odd-even for nerging (del ay)

Program perfect shuffle machine

Vector sorting al gebra

Does renovi ng network constraint hel p del ay?
Exact network | ower bound for sonme N>8

Prove that network | ower bound is not Q'N | ogN)

Largest N for which perfect msorters exi st

| s quicksort optimal m ninean restricted unifornf



(: SEARCHI NG (Knut h 1972 open probl ens)

Aver age case interpolation search

BST deletion (effect of checking null 1ink)
Opt i num BST convexity

Hu- Tucker generalize to t-way?

Enunerate AVL trees

AVL trees asynptotically optimal?

Anal yze 2-3 trees

Aver age nunber of nodes in DSTs

Opt i num DSTs

Random probing with tertiary clustering

Li near probing wth buckets

Nonr andom hash function for open addressi ng?
Si ngl e hashing vs. random probi ng

Wor st possi bl e singl e hashing?

Restricted single hashing

Del etion for |inear probing

Conbi nat ori al hashi ng



( Sol ved problens 1972-1997

Avg. length of | ongest increasing subsequence
Shel | sort worst case

Aver age case for Batcher’s sort

Vari ance for selection sort quantity
Heapsort average case

Enunerate leftist trees

M ni mum aver age conpari sons for nerging
Net wor ks with msorter nodul es

Program perfect shuffle nmachine
Batcher’s has optimal del ay

Lower bound for sorting networks

| nt er pol ati on search anal ysi s

Opt i num BST convexity

AVL tree enuneration

Aver age node count in DSTs

Qopt | num DSTs

Random probing with tertiary clustering
Li near probing wth buckets

Del etion for |inear probing

New probl ens 1997
Graph |l abelling conjecture
Random sorti ng networks
Vari ance of |inear probing
Associ ati ve bl ock designs



( Three 30-year open problens )

SORTI NG
Aver age case of Shell sort

QN log N) for sone increnent sequence?
Conput e best increnent sequence?

SEARCHI NG
Bal anced trees asynptotically optinmal ?
Gscillation in |eading ternf??
Si npl er top-down al gorithnt

NETWORKS
Practical networks of depth clgN for small c?
N | gN GOAL Bat cher
1 thousand 10 20 25
1 mllion 20 40 100

1 billion 30 60 225



