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Abstract. In this paper, we present optimal fourth order methods for
finding multiple roots of non-linear equations, where the multiplicity is
known in advance. These methods are based on the third order method
given by Weerakoon and Fernando for simple roots. The dynamical be-
havior of these methods around multiple roots is studied using basin
of attraction in complex plane. We also present numerical examples to
confirm our theoretical results.
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1. Introduction

Solving non linear equations has always been an important task in all branches
of science and engineering, in particular, in mathematical sciences. To find
the exact roots of such equations is not always easy. In such situations, itera-
tive methods are employed which give approximate roots. The task becomes
more tedious if the desired root has multiplicity more than 1. This paper is
devoted to finding approximate roots of higher multiplicity.

The most widely used iterative method for finding a simple root of a
non-linear equation f(z) = 0 is the Newton method given by

Tn+l = Tp — fl(l' )
n
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which is quadratically convergent. However, for multiple roots, this method is
only linearly convergent. To retain the quadratic convergence of the method
one of the ideas is to replace f by % so that (1.1) becomes

_ f(@n) f'(75)
Tntl = Tn — 4 2 " :
This method is known to be of order 2, but at the expense of involving second
derivative. Alternatively, if the multiplicity of the root is known, say m, then
(1.1) is modified as

Tl == Mg (1.2)
which is again known to be of order 2 and yet does not involve second deriv-
ative.

With the aim of increasing the order of Newton method, Weerakoon
and Fernando [13] gave the following method

Yn =TT P
- N (¢ (1.3)
n+l o @)+ (yn)?

for finding simple roots. This is a cubically convergent method. It can be
checked that for multiple roots, the method (1.3) is only linearly convergent.
The first aim of this paper is to derive a method of the type (1.3) for multiple
roots which is of order 3.

In [7], Kung and Traub conjectured that the method is optimal if its
order is p = 2”71, where n is the number of function evaluations per iteration.
In that sense, neither the method (1.3) nor the one we propose is optimal
. In this paper, we improve our own method having order 4 and requires 3
functions evaluations per iteration which makes the method optimal. We also
present another optimal fourth order method involving weight functions.

Let us mention that recently, some different fourth order methods have
been obtained for finding multiple roots of non-linear equations. In this di-
rection, Chun and Neta obtained the following method:

2m2f(xn)f”(xn) f(zn)
m(m - 3)f(xn)f”($n) + (m - I)QfI(xn)2 fl(xn) ’
Also, Zhou and Liu in [8], proposed a fourth order method for obtaining
multiple roots

(1.4)

Tp+1l = Tn —

Yn = Tp — f
’ m 1)
_ I (yn)
Wn = ( (zn) (1.5)
G(wn) = wn m na
Tn+l = Yn — mG(wn) ]{/((1;;)) .

In 2010, Sharma and Sharma [10], presented a fourth order method for
computing multiple roots which is based on Jaratt’s method given by:

w3(@n)

w1 (@)’ (1.6)

Tpt1 = Tp — Grwi(2y) — aowa(xy,) —as
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where
wi () = %’ wa(xn) = %’ Yn = Tn + fo1(@n),
a=tm (= am+8), = Hemm—D(m+2? (25)"
2m
as = %m(m +2)? (mLH) , B= _n%TQ'

We shall compare the methods (1.4), (1.5), and (1.6) with the new
methods obtained in this paper.

The novelty of this paper is that we shall study the dynamical behaviour
of our methods with the help of basin of attraction. A lot of literature is
available concerning the study of dynamics of Newton type method for simple
roots. However, for multiple roots such study is very rarely seen.

2. Development of Methods and Convergence Analysis

Recall that Weerakoon and Fernando’s method (1.3) has cubic convergence
for simple roots. In case of multiple roots, this method looses its order of
convergence and its error equation, in this case, can be obtained as

_ _ 2(m —1) e o2
6n+1—<1 m(m(mn:l)m—‘rm_l)> n+0( n)

which indicates that this method is linearly convergent. To this end, we pro-
pose the following method:

2m f(mn)

Yn = Tn = 5 Flzn)’
- — 2@ @1)
nt1 n T ay f(zn)taz f (yn)’

where a; and as are the parameters to be chosen suitably.

Theorem 2.1. Let f be a sufficiently differentiable function and a be a root
of f(x) =0 of multiplicity m. If xq is sufficiently close to «, then the method
(2.1) has order of convergence three provided

ag=-1+2 -2 g=1m!=m2+m)™.

Proof. Let e, and d, be the errors, respectively, in x,, and y,,. Using Taylor
series, we have

(m)
fzn) = / m'(oz) el + Cre, + Cge2 + Caed + Cuer +0(e2)],  (2.2)

and

flzy) = f($§?)eﬁ*1[m + (1 +m)Crep, + (2 +m)Cae?

+ (3+m)C3ed + (44+m)Cyet + O(ed)],

(2.3)
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m! ) ()

where C; = CET NI ,7 =1,2,.... Therefore, the first step of (2.1)
gives

_ n 2C 2 | (=2(1+m)Ci+4mCs) 3
I S B )

+ e+ 0e).

Using (2.4) and Taylor series, we get
) (@) gm—

Flom) = Lagitdp = m+ (L4 m)Cid + C+m)Cody g 5

+ B4+ m)C3d3 4 (44+m)Cydt +0(d2)],

so that by using (2.2), (2.3) and (2.5) in (2.1), we obtain the error equation
of (2.1) as

2

en+1 = €n 1 - a1m+a2m7n(m+2)lfnz
2clei(a1m2+a2 (m(m+2)—4)(mi)"”) 3 4 2.6
Tn2(a1m+a27nm(m+2)1*m)+22 - Aen + O(en)7 ( )
where
4 = m3(111m+a2mlwr(nerQ)177")3Q(G%’rn3 (C%(m + 1) o 202771)
+ 2a1a2 (mi”) (CF (m* +3m? — 2m — 4) — 2Com*(m(m + 2) — 2))
2m
+ a3 (325) (Cimlm(m +1)(m +4) - 8) — 16)
- 2Com (m*(m +4) - 8)) )
(2.7)
Thus, for
a; = —1 + % — %7 ag = %m1_7n(2 + m)m,
then (2.6) reduces to
C3(m —2)
€nt1 = Tei +0(ep,) (2.8)
and the assertion follows. O

Remark 2.2. Observe that, if we put m = 2 in (2.8), the coefficient of e3
becomes zero and therefore, the method (2.1) becomes of order four. In that

case a1 = —1 and as = 4. The corresponding fourth order method reads as
Yn - Tn — 77 )
- f (ﬂﬂn)xn (2.9)
okl = Tn = Ty )~ flan)

In the sense of Kung Traub, the method (2.9) is optimal as it requires 3
functions evaluation per iterations.

In the view of Remark 2.2, the method (2.9) is fourth order and optimal.
However, it has a limitation that the multiplicity of the targeted root should
be 2. By using weight functions, we modify (2.1) (and consequently (2.9))
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and propose the following method which is fourth order optimal method for
any multiplicity m:

— _ 2m f(zn)
A o (210)
— _ 2)(Tn Yn :
Int1 = In (blf’<xn>+f’(yn)) (1+b3f/(f'3n))

where by, by and bs are the parameters to be chosen suitably. The following
theorem proves the convergence of the method (2.10).

Theorem 2.3. Let f be a sufficiently differentiable function in a neighbourhood
of a which is a multiple root of f(x) = 0 of multiplicity m. If xois sufficiently
close to a then the method (2.10) is of order four if

b= —p™, by =1im?u™, by = _(m=2)p~™ (2.11)

m ’

where p = mLJrz

Proof. Using Taylor’s expansion around «, (2.2), (2.3) and (2.5), we obtain
the error equation of the method (2.10). The error equation is given by

ent1 = Are, + Age2 + Azed + Agel + O(ed), (2.12)
where
A]_ -1 2b2(2b3/[’"+b3mum+m)
2b201[4b3Mu7"M+m<b1m +(m +2m— 4) ’”)(b u 1+1)]
A2 = m3M?2 )
A3 = 5M3 [ 4b3umMC’2 (blm =+ (m + 2m — 4) 1% ) — 4b3,U,mM2

X (C’1 (m? +2) — 2Com?) — m (2bgp™ + bymp™ + m)

x ([b3m3(m + 1) + 2by (m* +3m® — 2m —4)

+ @™ (m* + 5m? 4+ 4m? — 8m — 16)] C}

- 2m (b?m + 2bym (m? + 2m — 2)um+u2m(m +4m? — 8)) 1),
Ay = 3m7M4 [12b3umM2 (blm +pu™(—4+2m+m )) 4 (02 (m + 2)

— 2Com?) 4+ 12C bsm™ ™ (m + 2) =™ M ((b3m3(m + 1) + 2b,

X (m4 +3m3 —2m — 4) w4 p2m (m4 +5m3 +4m? — 8m — 16)) C?

—2m (b3m® + 2bym (m? + 2m — 2) p™ + p®™ (m3 + 4m? — 8)) C2)

+8bgm™ (m + 2)" ™2 M3 (C3(m + 2)? (m* — m?® 4+ 5m? + m + 6)

—3C1Com?(m + 2)% (m? + 4) + 3Csm* (m? + 6m +6)) + m

xm (2b3p™ + bgmu™ +m) (m + 2)% (3b3m®(m + 1) + bimp™

X (9m6 + 36m® + 37m* + 2m3 — 52m? — 32m — 48) + bymp™

X (9m® + 54m® + 101m* 4 44m® — 132m? — 176m — 176) + ™

x (3m” + 24mS5 + 67m® + 66m* — 64m3 — 184m? — 144m — 32)) C}

=3m?2(m + 2)? (b¥m*(3m + 4) + bim (9Im* + 30m® + 16m?

— 16m — 32) ™ + ™ (3m® 4 22m* + 52m? 4 24m? — 96m — 128)

+b1p*™ (9m® + 48m* + 68m> — 16m? — 128m — 64)) C1C

+3C3m3 M2 (3bym?(m + 2)*

+ (3m* 4 18m? 4 28m? — 24m — 48) )],

and M = bym + p™(2 + m). Now, in order to get the order of convergence
four, we must have A; = Ay = A3z = 0, which is true when by, by, b3 are
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given by (2.11). Consequently (2.12) reduces to

_(@+m)Ci((—24m(2+m(2+4m)))CT —3m?C2)+3m°Cs) 4
€nt1 = 3m*(2+m)? En

+ O(ed),

and the assertion follows. O

3. Numerical Results

In this section, we compare our methods (2.1) and (2.10) with Newton’s
method (MN), Chun and Neta’s method (MCN), Liu et. al method (ML)
and Sharma and Sharma method (MSS) referenced in Section 1. All com-
putations have been done using MATHEMATICA. The functions used to
test the methods and compare the results are given in Table 1, where the
multiplicity m and the root a are pointed.

TABLE 1. Test functions for analyzing the iterative methods.

f(z) a

0.2575302854398607
1.3652300134140968
0.6931471805599453
3.0000000000000000

8.3094326942315717

fi= (2% —e* — 3z +2)°
fo = (2% + 427 - 10)3

f3 = (1 +cosx)(e® — 2)?
Ja=(
fs =

>
= (e® +7x—30 __ 1)6

o |o|w o3

logz + /z — 5)°

Tables 2-3 show the performance of the aforementioned methods. It
includes the number of iterations (n) required such that |f(x)| < 1073, In
Tables 2-3, a(b) denotes a x 107°.

TABLE 2. Numerical results of the methods MN, MCN and
(2.1) applied on the test functions of Table 1.

MN MCN 2.1)
F@ (@0 [ n [ J@w) | n] f@a) [ n] Fl@)
fi |75 [1.50(37) | 4 | 2.12(88) | 3 | 3.19(51)
1.4 | 3 | 1.13(37) | 3 | 7.58(76) | 2 | 1.88(31)
fo [35] 6 | 7.00(43) | 4 | 7.00(43) | 3 | 2.84(34)
047 0 16 | 4.48(44) | 12| 5.6(42)
fs [02]5 0 1 0 3 0
15| 5 0 4 0 3 0
fi |32] 6 |8.08(39) | 4 | 1.95(61) | 3 | 4.41(75)
4 |18 |5.92(57) | 11| 6.00(81) | 6 | 2.83(52)
fs | 15| 5 |3.39(56) | 3 | 1.77(74) | 4 | 8.13(68)
10 | 3 |4.39(43) | 2 | 9.51(64) | 2 | 2.29(54)
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TABLE 3. Numerical results of the methods ML, MSS and
(2.10) applied on the test functions of Table 1.

ML MSS (2.10)
f@) @ | n| flae) | n| flaa) [n| f(za)
fi | -7 | 3 [1.49(48) | 3 | 1.52(76) | 3 | 1.14(34)
1.4 2| 5.9(65) | 2 |9.67(41) | 2 | 1.17(40)
f2 |35] 4 0 3 [ 4.34(35) | 3 | 1.25(36)
0.4 16 0 12 | 1.23(31) | 5 | 3.59(43)
fs [02] 4 0 3 [1.39(30) | 3 0
15| 3 0 31 1.39(30) | 3 0
Fi 32 4 [429(64) | 3 | 2.16(33) | 3 | 8.72(35)
4 |11 |242(30) | 9 | 2.12(33) | 9 | 1.74(40)
fs | 15| 3 |9.86(64) | 2 | 1.51(48) | 2 | 1.44(50)
10 | 3 0 2 | 2.90(68) | 2 | 1.77(74)

From the tables 2-3, we can conclude that our methods (2.1) and (2.10)
are competitive with the other methods in terms of number of iterations
required.

4. Dynamics of the Methods

In this section, we study the dynamical behavior of the methods. In par-
ticular, we analyze the fixed points, critical points, basins of attraction and
stability of the methods presented in this paper. For this, we apply the meth-
ods on complex polynomials p(z) with degrees two and three having different
multiplicities. It is well known that the fixed points and the critical points of
any method play important role in the understanding of the dynamics of the
corresponding method. We study the affect of order, degree of the polyno-
mial and multiplicity on the number of extraneous points. Further, stability
of the method is shown visually with the help of basins of attraction of the
attracting fixed points. For more details of the complex dynamics of ratio-
nal functions (or operators), one may refer to [1], [2], [3], [6] and references
therein.

4.1. Some basics

Let C = CU (00) denote the extended complex plane. Let p : C— Chbea
function. A point zg € C is called a fixed point of p if p(z9) = 2o. A fixed point
20 of p(z2) is called attracting, super-attracting or repelling if, respectively,
0 <| p'(20) |< 1, p'(z0) = 0 or | p'(20) |> 1. It is noted that z = co is a
super-attracting fixed point for any polynomial with degree n > 2.

Orbit of a point zy € C of the mapping p(z) is given by

Orbit(z0) = {20, 2(20), P*(20), cvo.}
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The basin of attraction of an attracting (or super-attracting) fixed point zg
of p(z) is the set of all points whose orbits converge to zo.

Consider for example the mapping p(z) = 22. It can be checked that 0
and oo are super-attracting fixed points while 1 is a repelling fixed point for
p(z). Also, the basins of attraction for 0 and oo are, respectively {z :| z |<
1}and {z:| z |> 1}.

Corresponding to the function p(z), define a transform

My(2) = z — ¢p(2),
where ¢,(2) is such that p(z) = 0 = ¢,(z) = 0. When ¢,(z) = %, then
the corresponding transform M (z) is the well known Newton’s transform.
Clearly, the roots of p(z) = 0 are the fixed points of M, (z). However, there
may be fixed points of M,(z) which need not be the roots of p(z) = 0.
Such points are called extraneous fixed points. Consider, for example, p(z) =
22 — 32+ 2 and

2

- 2
Here z = 1,2 are the roots of p(z) = 0 and therefore fixed points of M, (z).
The points z = % are not the roots of p(z) = 0 but are fixed points of

M,(z) and therefore are the extraneous fixed points of My(z).

4.2. Fixed and critical points of the methods

Let p(z) be a polynomial having multiple roots defined on C. Corresponding

to the methods (2.2) and (2.10), we define the operators Ms(z), My(z) € C
as follows:

2m_ p(2)
y(2) e m7—|—2p’(z)’
Ms(z) = =z 2p(z ,

- alp’(;%Jr(az)p’(y(Z)) )
Pz P (Y=
My(z) = z-— 2 (1 + b3 > .
) b () + 7/ (5(2) V()
From now on, we are analyzing the dynamical behavior of these meth-
ods when they are applied on two polynomials of second degree and two
polynomials of third degree, both of them with multiplicities 3 and 4.

4.2.1. Dynamical analysis of the method Mj5(z). When the polynomial p;(z) =
(22 4+ 1)2 is applied on M3(z), the resulting fixed point operator is

24 282% +2782° — 4927
Pr(z) 71 4 2822 + 12824 — 19926
Solving M3 (z) = z results in three different fixed points: 2§ = —i and 25 =1
are the roots of the polynomial p;(z), but 24" = 0 is a strange fixed point.
Both roots of the polynomial are superattracting fixed points, and 21" is
an indifferent fixed point, since |Mj;(25)| = 1. Moreover, 27, = oo is an
attracting fixed point.

M3 (z) = Ms(z)|

(4.1)
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The critical points are obtained from solving M}, (z) = 0. There are 10
different critical points: 2} 5, 2§ ¢ = £0.0793 £ 0.1556, 23 = +1.2809, and
zglo = £0.2593. Let us remark that only 27 , match with the roots of p;(z),
so the number of free critical points is 8.

Applying pa(2) = (22 4+ 1)* on M3(2) results in the fixed point operator

z (14 7022 + 15002* + 1316225 — 20932%)

P2(2) 1 47022 4 150024 + 625026 — 900528
The fixed points match with those of M32(2). Regarding to the critical points,
the number of points has increased to 14: 27 ,, 236:4 = $141.4423, 256:6 =
+40.2331, zgg = +40.1239, Zg’:m = +40.1854 and 21714 = £0.0968 +40.1430.
Note that there are 12 free critical points.

When p3(z) is applied over M3(2), the fixed point operator gets into

. ng(Z)
P3(2) 7 Dig(z)’
where Nig(z) and Dig(z) stand for a numerator and denominator of degrees
19 and 18, respectively. The fixed points of Mss(z) are 4: 2], = —3% ii@ and
2% = 1, that agree with the roots of p3(z), and zI" = 0. As usual, the three
roots are superattracting fixed points. The evaluation of | M};(21")| points out
that zI" is an indifferent fixed point. In addition, 2%, = oo is an attracting
fixed point. In this case, the number of critical points is 30. Every one of
them, but the roots of p3(z), are critical points.

Finally, we evaluate the application of p4(z) on Ms5(z), whose fixed point
operator is

M32(z) = M3(z)

M33(2) = M3(2)|

o N25(Z)
Pil=) T Doy (2)’
where, as mentioned in the p3(z) case, Nos and Doy are polynomials of degrees
25 and 24, respectively. The behavior of the four fixed points match with
those of Ms3(z). However, there are 42 critical points, 39 of them satisfying
the definition of free critical point.

Table 4 gathers the information related to the fixed and critical points
of the methods Mgl(z), MgQ(Z), Mgg(z) and M34(Z).

M34(z) = M3(z)|

TABLE 4. Fixed and critical points of M3(z) on different polynomials

Number of | Number of strange | Number of free

p(2) M{(z) roots fixed points critical points
p1(2) = (22 +1)% | Mz (2) 2 1 8
p2(2) = (22 + 1)* | Maso(2) 2 1 12
ps(s) = (2 —1)° | Mag(z) | 3 1 30
pa(2) = (22 = 1)* | M3y(2) 3 1 42

Figure 1 represents the dynamical planes of the methods. These planes
have been generated with MatlabR2017b©, following the guidelines of [4].
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The initial guess are a set of 500x500 points in the region —3 < R{z} < 3,
—3 < {2z} < 3. Each initial guess is iterated over the fixed point operator
until the distance between the value and an attracting fixed point is closer
than 1073, or the number of iterations has reached the value 80. Each at-
tracting fixed point is mapped with a different color. Once the successive
iterations of an initial guess has reached an attracting fixed point, the initial
guess is represented with the color of the corresponding root. The map of

colors for py 2(z) is orange for z; = —i and blue for 25 = ¢, while the map for
ps.4(2) is orange, blue and green for the roots 2} = —% —|—i‘/7§, z5 = —% —i‘/Tg

and z5 = 1, respectively. We have also included a color mapping for the fixed
points 0 and co, whose corresponding colors are grey and purple, respectively.
Every fixed point is plotted with a white circle in the complex plane. More-
over, the amount of iterations needed to reach the root is also illustrated in
the dynamical planes: the lighter color, the faster convergence to the root.
Let us remark that the increase of the maximum number of iterations does
not change significantly the shape and details of the dynamical planes.

-3 -2 -1 0 1 2 3
Rz}

(a) p1(2) = (2> +1)°

Rz}

(c) p3(z) = (* = 1)° (d) pa(z) = (23 — 1)*

FIGURE 1. Mj3(z) dynamical planes for different polynomi-
als in the square [—3, 3] x [-3, 3].
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For every dynamical plane of the different instances of M3(z), a wide
convergence region can be found, since almost every initial guess tends to one
of the roots of the corresponding polynomial.

Since 0 is, for every case, an indifferent fixed point, its behavior can not
be determined previously, because it can operate either as an attracting or a
repelling point. If a zoom is made on the origin, a one-point convergence to
0 can be found, as shown in Fig. 2. Despite the points in its neighborhood
are black, they converge very slowly to O.

Finally, in the analyzed region no attraction to the infinity has been
found.

0.1 -0.05

o 0.05 01 -0.1 -0.05 0 0.05 0.1
Rz} Rz}

(a) p1(2) = (2 + 1)3 (b) pa(z) = (=5 — 1)t

FIGURE 2. M3(z) dynamical planes for different polynomi-
als in the square [—0.1,0.1] x [-0.1,0.1].

4.2.2. Dynamical analysis of the method M,(z). In order to compare the
features of the methods M3(z) and M,(z), we are performing the dynamical
analysis of My(z) when it is applied on the same polynomials of the previous
case.

The fixed point operator of My(z) on p1(z) is

143327 +2682" 4 16412° — 3952°
P 4z 411223 + 51225 — 139627
whose fixed points are 2} , = =i, 25 4, = £i0.2023, 28" ¢ = +0.2375 £i0.3160.
Computing |My;(z)], the roots z{, are attracting, while the strange fixed
points 24" ¢ are repelling. The infinity is an attracting fixed point. As ex-
pected, z7 5 are critical points, and there are 8 free critical points: zg4 =
+i0.2590, z§'s = +£0.2781 and 2¢ |, = £0.0510 + 0.1865.

Regarding to the application of My(z) over pa(z), the fixed point oper-
ator is

ALH(Z) = ]\/[4(2)‘

Maa(2) = My(2)]., . = 1+ 7322 + 1710z* 4 1075025 + 512172% — 13191210
4205 = B hae) T T2 114025 + 300025 + 1250027 — 456582°
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The fixed points of Myz(2) are the roots 27 , = 44 and 8 strange fixed points
28 o = £0.2504 4+i0.3633 and 24 ;, = £0.0279 4-i0.1655. Only the roots are
superattracting, while the strange fixed points are repelling. The infinity is,
again, an attracting fixed point. There are 12 free points out of 14 critical
points, whose values are 2§, = £i0.2342, 285 = +i0.1839, 2f¢ = £0.3057,
2§10 = £i0.1456 and z{}_,, = +£0.0616 + i0.1621.

When My(z) is applied on the polynomial ps(z), the fixed point operator
gets into

o Ngl(z)
P3(2) 7 Do (2)”
where Nap(z) and Dag(z) are polynomials of degree 21 and 20, respectively.
The fixed points that match with the roots, 27 5 = —% + 2§ and 25 = 1,
are superattracting points. The 18 strange fixed points are repelling, and the
infinity is an attracting fixed point. Regarding the critical points, 30 out of
33 are free.

Finally, applying My (z) on the polynomial py(z), the fixed point oper-
ator results

Muyz(z) = Ma(2)]

_ N27(Z)
Pil=) 7 Dyg(2)’

where Na7(z) and Dag(z) are polynomials of degree 21 and 20, respectively.
The fixed points of My4(z) are the roots of ps(z), whose behavior is su-
perattracting, and 24 strange and repelling fixed points. The infinity is an
attracting fixed point. There are 45 critical points, 42 of them are free.

Table 5 collects the information about the number of fixed and critical
points of the previous methods. In a coarse comparison with Table 4, the
number of free critical points match between both tables.

Maa(z) = Ma(2)]

TABLE 5. Fixed and critical points of M4(z) on different polynomials

Number of | Number of strange | Number of free

p(2) M{(z) roots fixed points critical points
p1(2) = (22 +1)2 | Myi(2) 2 6 8
pg(z) = (22 + 1)4 M42(Z) 2 8 12
p3(2) = (2% —1)3 | Mys(2) 3 18 30
pa(2) = (22 — 1)* | Mys(2) 3 24 42

For the methods My1(2), Maa(z), Mys(z) and Mys(z), the dynamical
planes have been obtained, following the same routines than in the previous
cases. However, in this case, only the fixed attracting points have been plotted
in white circles. The dynamical planes are represented in Figure 3.

Once the dynamical planes have been represented, the main conclusion
is that every initial guess converges to a superattracting fixed point. This
fact is very important because it guarantees the stability of the iterative
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FIGURE 3. My(z) dynamical planes for different polynomials

method for the cases that we have already studied. The absence of strange
and attracting fixed points supports the wider basins of attraction.

The design of a non-optimal method of third order of convergence has
resulted, by dynamical analysis, in a stable method with some areas that must
be avoided. The evolution of this method, turned into an optimal method of
order four, both has increased the order of convergence and has extended the
basins of attraction, obtaining a full area of convergence for every point in
the complex plane.
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