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Abstract

Generalization performance is a key metric
in evaluating machine learning models when
applied to real-world applications. Good
generalization indicates the model can pre-
dict unseen data correctly when trained
under a limited number of data. Feder-
ated learning (FL), which has emerged as a
popular distributed learning framework, al-
lows multiple devices or clients to train a
shared model without violating privacy re-
quirements. While the existing literature has
studied extensively the generalization perfor-
mances of centralized machine learning algo-
rithms, similar analysis in the federated set-
tings is either absent or with very restric-
tive assumptions. In this paper, we aim to
analyze the generalization performances of
federated learning using algorithmic stabil-
ity, which measures the change of the output
model of an algorithm when perturbing one
data point. Three widely used algorithms are
studied, including FedAvg, SCAFFOLD, and
FedProx, under convex and non-convex loss
functions. Our analysis shows that the gen-
eralization performances of models trained
by these three algorithms are closely related
to the heterogeneity of clients’ datasets as
well as the convergence behaviors of the algo-
rithms. Particularly, in the i.i.d. setting, our
results recover the classical results of stochas-
tic gradient descent (SGD).
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1 INTRODUCTION

Federated learning (FL) has recently emerged as an
important paradigm for distributed learning in large-
scale networks [l]. Unlike the traditional central-
ized learning, where a model is trained under a large
dataset stored at the server [2-{], in federated learn-
ing the server hands over computation tasks to the
clients, which in turn perform learning algorithms on
their local data. After training locally, each client re-
ports its updated model back to the server for model
aggregation. The server then aggregates all clients’
models to generate a new one that serves as the ini-
tialization for the next round of clients’ local train-
ing. This process is repeated with periodic communi-
cation. This local-training framework ensures privacy-
preserving and communication-efficient characteristics
for federated learning in the sense that no data are
transmitted to the server [1].

FedAvg [p], the first proposed algorithm satisfying
the federated learning paradigm, implements stochas-
tic gradient descent (SGD) to update local models,
which is simple to implement. However, FedAvg suf-
fers from the slow speed of convergence when local
data are highly heterogeneous because the local train-
ing steps drive the local models away from the global
optimal model and towards the local optimal solu-
tion [B,6]. This is called client-drift. To mitigate client-
drift caused by data heterogeneity, two promising al-
gorithms are proposed. FedProx [[7] uses a proximal
method such that the trained local model stays rela-
tively close to the global model. Nevertheless, each
client has to solve a proximal point optimization prob-
lem during each round which could be computation-
ally expensive. Alternatively, SCAFFOLD [g] tries to
correct for client-drift based on variance reduction. It
is proved that SCAFFOLD outperforms Fed Avg when
the heterogeneity level of data is large and enjoys a
faster convergence speed [8]. Besides, there are sev-
eral other algorithms proposed later focusing on deal-
ing with client-drift while improving convergence per-
formances [9,10].
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Most existing experimental and theoretical results of
FL emphasize convergence to empirical optimal solu-
tions based on training datasets [[7,8,[11,12] and often
ignore their generalization properties. Generalization
of FL is important, as it measures the performance of
trained models on unseen data by evaluating its testing
error. There are only a few existing works studying the
generalization properties. Generalization bounds are
provided for FL [13-15], which ignores the algorithm
choices. These works also require some restrictive as-
sumptions, e.g.. binary loss [13,14], Bernstein condi-
tion [15]. In [16,17], generalization bounds for meta-
learning and federated learning are established respec-
tively, when losses are strongly convex and bounded.
However, in many practical scenarios, strong convexity
does not hold and the loss function may be unbounded.
We also note that bounds in [[16,[17] are based on uni-
form stability, which uses a supremum over all single-
point perturbations. These tend to be overly conser-
vative compared to a practical alternative notion, on-
average stability, which takes expectation instead of
supremum. Moreover, for the above-mentioned works,
the connection between data heterogeneity and gener-
alization performances is not explicitly characterized.
Therefore, in this paper, we use on-average stability
analysis to obtain generalization bounds that clearly
illustrate the dependence of data heterogeneity as well
as algorithm convergence speed of three widely-used
algorithms: FedAvg, SCAFFOLD, and FedProx. Our
bounds are established under general convex and non-
convex losses, which can be unbounded.

1.1 Related work

Convergence of federated learning algorithms.
Many recent studies are devoted to federated learning
problems due to the increasing volume of data among
heterogeneous clients and concerns about privacy leak-
age and communication costs associated with trans-
mitting users’ data for central processing [5, 8]. Fe-
dAvg applies SGD for local updates of clients and suf-
fers from slow convergence performances when the lo-
cal datasets across clients are highly heterogeneous [0].
To deal with data heterogeneity and improve conver-
gence speed, FedProx adopts proximal methods for lo-
cal training [[7] and has both convergence guarantees
and improved numerical results. SCAFFOLD [§] bor-
rows the idea from variance reduction methods [1§]
and shows that convergence rates can be highly im-
proved, compared to FedAvg and FedProx. In [19],
the effects of heterogeneous objectives on solution bias
and convergence slowdown are systematically investi-
gated, and FedNova is proposed to preserve fast con-
vergence. FedPD [20] views federated learning from
the primal-dual perspective. In [21], FedLin is aimed
to deal with data heterogeneity and system heterogene-

ity of clients simultaneously. More related works are
given therein [22-25].

Generalization of centralized and federated
learning. Generalization of centralized learning has
gained attraction of researchers since several decades
ago. Uniform convergence is commonly considered to
bound the generalization error by means of VC dimen-
sion or Rademacher complexity [26-29]. However, uni-
form convergence sometimes renders the bound too
loose to be meaningful [30] and from technical perspec-
tives, a finite VC dimension or Rademacher complexity
is required to obtain a finite bound, which might be
avoided for modern neural-network models. The main
limitation of uniform convergence analysis is that it
only studies the properties of model classes but ignores
training algorithms that generate the models. Taking
training algorithms into consideration, the generaliza-
tion bounds might be tightened, since we can directly
ignore a large amount of models which can never be
the output of a specific algorithm. Algorithmic sta-
bility is a useful notion that specifically helps to in-
vestigate generalization errors by considering depen-
dency on particular algorithms [31], which in the mean-
time makes the analysis for extremely complex model
classes (e.g. neural networks) possible. Generalization
bounds are built for several stochastic gradient-based
methods via algorithmic stability tools [B2]- [36]. Sev-
eral other works on the generalization of centralized
learning from theoretical and experimental aspects are
listed therein [37]- [B9]. In terms of federated learn-
ing, [13] provides uniform convergence bound with rate
O(1/+/n) for agnostic federated learning problems un-
der binary losses, and n is the number of samples col-
lected by all clients. The works [40, 41] capture the
heterogeneity effect on generalization with the same
rate, while they require a common feature extraction
function across clients and the asymptotic convergence
cannot be achieved, which means the bounds cannot
approach zero as n goes to infinity. This is problematic
since one should expect the generalization _bound to
vanish if there are infinitely many samples. [15] studies
the case when some clients do not participate during
the training phase and establish bounds with the faster
rate O(1/n) under Bernstein condition and bounded
losses. It further requires that clients’ distributions
are sampled from a meta-distribution, which may be
impractical. [[16,[17] provide generalization bounds via
uniform stability, obtaining rates O(1/n). Further,
[L6] requires there is only a one-step local update which
does not match the common practice of using multiple
local updates in a federated setting. Note these works
require bounded and strongly convex loss functions,
which are quite restrictive in practice. Some other
bounds of federated learning are information-theoretic-
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based. However, these bounds are limited by requiring
specific forms of loss functions and also fail to capture
heterogeneity effect [42,143]. A comparison of our re-
sults to the existing ones is listed in Table [I|.

1.2 Our contributions

We summarize our main contributions as follows: (1)
We propose a bound on generalization error by using
algorithm-dependent on-average stability in federated
settings (see Section B); (2) Based on on-average sta-
bility, we provide generalization upper bounds for Fe-
dAvg, SCAFFOLD and FedProx respectively with un-
bounded, convex and non-convex loss functions, which
explicitly reveal the effects of data heterogeneity and
convergence performances of different algorithms (see
Sections and p.2); (3) In ii.d. setting with con-
vex loss functions, our bounds match existing results
of SGD in the sense that FedAvg reduces to SGD
method (see Section p.1); (4) Experimental results are
provided, demonstrating the trends in our theoretical
bounds (see Section ).

2 PROBLEM FORMULATION

In this paper, we consider the general federated learn-
ing problem, where m clients collaboratively minimize
the following global population risk formed by

R(0) = ZPﬂEma [1(6; 2)], (1)

where 8 € R? is the parametrized model and P; is
the underlying distribution of the dataset maintained
by client . We adopt the standard assumption that
samples taken from P; and P; are independent for any
i,j € [m] such that i # j, motivated by the observa-
tion that local data of clients are commonly unrelated
in practical scenarios. We define z as the sample gen-
erated by P;, i.e., z ~ P;, l(-;z) as the loss function
evaluated at sample z, and p; as some constant scalar
that measures the contribution of client i’s data to the
global objective. We also define the local population
risk as R;(0) :=E,.p,[1(0; 2)].

However, in practice, we are unable to minimize the
global population risk directly due to the unknown dis-
tributions P;. Thus, one alternative way to get an ap-
proximate model is by collecting some empirical sam-
ple dataset S;. More specifically, each local dataset is
defined by S; := {z;;}7,, where z; ; is the j-th sam-
ple of client i and n; is the number of local samples.
Let S :=J!", S; be the dataset with all samples and
n be the total amount of samples with n = ZZ’;I ;.
Moreover, we are interested in the balanced case, i.e.,
p; = n;/n, meaning the contribution of each client to

the global objective is proportional to the local sample
size n;. Thus, we turn to train a model by minimizing
the following global empirical risk:

Rs(0) = Y pifis0) = £ YD 10z @)

i=1 j=1

where we use the fact that p; = n;/n and Rs,(0) is
the local empirical risk Rs,(0) = ni Z;L=1 1(8; 2 5).
Here we use superscript notation R to indicate the
empirical version of R and will use superscript in a
similar fashion for the rest of the paper. Based on
the above definitions, we further define the ground-
truth model #* by minimizing the population risk (E),
that is, 8* € argming R(f) and correspondingly the
best empirically trained model is defined by bs €
arg ming Rs(6).

Our ultimate goal is to obtain the ground-truth model
0*, which is impossible due to unknown distributions.
What we can do practically is to solve for O by im-
plementing appropriate optimization algorithms such
that (B) is minimized. Then, a natural question is how
we could expect the trained model fs to be close to 6*.
Alternatively, we want to test model és on any unseen
data such that the testing error is small enough, which
means the model g generalizes well on any testing set.

In general, even given good datasets, exactly obtain-
ing és is still a hard optimization problem. A more
reasonable approach is to implement some algorithm
A which outputs a model A(S), noting the model is a
function of the training set S.

3 GENERALIZATION &
STABILITY

As stated in the previous section, we now focus on
the generalization performance of the output of some
algorithm A(S), given a training dataset S. Mathe-
matically, the generalization error of a model A(S) is
defined by

cgen = EsEA[R(A(S)) — Rs(A(S))];

where the expectation is taken over S to model the ran-
dom sampling of data and over A to allow the usage
of randomized algorithms. For instance, if the stochas-
tic gradient is used in an algorithm then the expec-
tation over A is average over different samples used
to compute the stochastic gradients. A smaller eger,
implies the model A(S) has a better generalization
performance on testing datasets.

Generally speaking, it is hard to characterize the gen-
eralization error due to the implicit dependency of the
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Table 1: Generalization bounds for federated learning. C, SC, and NC denote convex, strongly convex, and
non-convex, respectively. The last column represents connections of bounds to data heterogeneity.

Reference Loss Function Complexity Data Heterogeneity
[13,40,41]  Binary [13]; Common Feature Extraction [40,{11] O(1/+/n) Yes
(42,43 sub-Gaussian O(1/+/n) No
[15] Bounded, Bernstein Con O(1/n) No
(16,17 Bounded, SC, Smooth O(1/n) No
Ours Unbounded, C, Smooth O(1/n) Yes
Ours Unbounded, NC, Smooth O(1/n) Yes

model and the training dataset. In this paper, we ap-
ply the notion of algorithmic stability to provide an
upper bound on the generalization error. In particu-
lar, we formally define the on-average stability in the
context of federated learning. To do this, we first in-
troduce the definition of neighboring datasets.

Definition 1. Given a global dataset S = |J;", Si,
where S; is the local dataset of the [-th client with
S =A{z11,---, 210}, V1 € [m], another global dataset
is said to be neighboring to S for client i, de-
noted by S@W, if SO = Ui S U'S], where S; =
{zi,l,...7zi7j,1,z§,j,zi,j+1,.. zzn } with z] Lo~ b
for some j € [n;]. And we call 2] ; the perturbed sample
in S,

In other words, S and S(i) are neighboring datasets
if they only differ by one data point in §; and both
are sampled from the same local distribution. Then,
we have the following definition of on-average stability
for federated learning algorithms, which is established
based on on-average stability for centralized learning
[26].

Definition 2 (on-average stability for federated learn-
ing). A federated learning algorithm A is said to have
e-on-average stability if given any two mneighboring
datasets S and S, then for any i € [m)

jrg[%LX]E-ASZ |Z(A(S)7 z])_l(A(S )1 zj)| <
where z;J is the perturbed sample in S

On-average stability basically means any perturbation
of samples across all clients cannot lead to a big change
in the model trained by the algorithm in expectation.
The next theorem shows that on-average stability can
be used to bound the generalization error of the model.
The proof is given in Appendix

Theorem 1. Suppose that a federated learning algo-
rithm A is e-on-averagely stable. Then,

yen < Eas [| RIAWS) ~ Rs(AS))]] <

Therefore, it suffices to characterize the on-average sta-
bility of a federated learning algorithm to bound the
generalization error of the model. Theorem [l| extends
the classical connection of on-average stability and gen-
eralization [26], where no heterogeneity characteristic
of datasets is considered. Based on Definition P}, we
show that when the perturbation of a sample for any
local agent has a small influence on algorithm output
(i.e., a small €), the generalization error is also small
(i.e., €gen is small). This relationship always holds
given any clients’ local data distributions. Then, in
the following, we focus on analyzing the stability of
different federated learning algorithms and applying
their stability results to the measure of generalization.

4 SUMMARY OF FEDERATED
LEARNING ALGORITHMS

In this section, we briefly summarize three widely-
used federated learning algorithms: FedAvg, SCAF-
FOLD, and FedProx, based on which the generaliza-
tion bounds would be provided. To simplify the anal-
ysis, we assume that there is no partial participation
among the clients, but our analysis can be extended
to partial participation scenarios as well.

Any federated algorithms can be decomposed into two
stages: local updating and model aggregation. At the
beginning of each communication round (time index
t), the server maintains a global model 6;, which is
sent to all clients serving as an initial model of lo-
cal updating. All clients update their local models
0;,, based on their own datasets in parallel. Then,
a model aggregation for the start of the next round,
ie., 041 = > ", pifli . The three methods only dif-
fer in their local updating procedures and the detailed
descriptions of algorithms can be found in Appendix

For FedAvg and SCAFFOLD, in the ¢-th communica-
tion round, we assume that there are K; local updates
and denote by 6; ; and g;(-) the local model at local



Zhenyu Sun, Xiaochun Niu, Ermin Wei

iteration k& and the sampled gradient of agent 7. For
FedProx, we let 0], be the model of client i after lo-
cal training at round t. Then, for client ¢, the local
updates at iteration k are described as follows.

o FedAvg: Let o, be the constant (or diminishing)
local stepsize, agent ¢’s local update is for any k =
0,....,K; -1

Oi+1 =0ik — a; £9:(6i 1) (3)

o SCAFFOLD: Let o, be the constant (or diminish-
ing) local stepsize, agent i’s local update is for any
k=0,...,K;—1

Oi k1 = Oik — ik (9:(0ix) — 9i(0) +9(0r)), (4)

where g(0;) = >, pigi(6;) is the aggregation of
all locally sampled gradients.

e FedProx: Let m; be a constant parameter for the
proximal term, agent ’s local update is

_ o 1
by = argmin Bs,(0) + 50— 0% (5)

2

5 MAIN RESULTS

In this section, we provide bounds on the general-
ization errors for FedAvg, SCAFFOLD, and FedProx
mentioned in the last section by studying the on-
average stability in Definition We allow the loss
functions to be unbounded from above, which can be
convex or nonconvex. Intuitively, different local dis-
tributions affect the global population risk (m) and
hence may affect the model generalization as well. To
measure the heterogeneity of client i’s data, we use
D; to denote the total variation of P; and P, i.e.,
D; := dypy(P;, P) with P = " p;P;. Moreover,
we define Dy, 1= max;e[,) D; to measure the furthest
distance between the global distribution and any local
distribution®. A larger value of D,, means greater het-
erogeneity among the clients. Throughout the analysis
we require the following assumptions.

Assumption 1. The loss function I(-,z) is L-
Lipschitz continous for any sample z, that is, |1(0; z) —
105 2)| < L||0 — ¢, for any 2,0,0".

Assumption 2. There exists a constant ¢ > 0
such that for any 0, i € [m], and z ~ P
E [[IVI(6; ;) — VRi(0)[]*] < o

Assumption 3. The loss function (-, z) is f-smooth
for any z, that is, |VI(0;z) — VI(¢';2)| < B|l6 — 6],
for any z,0,6".

!Our bounds can be derived under KL divergence as
well. However, bounds involving total variation are tighter.

Assumption m is standard in literature [32] to establish
the connection between model perturbation with sta-
bility E Assumptions E and B serve in our analysis to
capture the heterogeneity of different datasets as well
as the influence of convergence performances of differ-
ent algorithms. Detailed proofs of this section are in
Appendices [ and

5.1 Convex loss functions

We first study the case when the loss function is convex
with respect to the model parameter.

Assumption 4. The loss function (-, z) is convex for
any z.

For each of the three algorithms, FedAvg, SCAFFOLD
and FedProx with local updates (E), (@), (H), we ap-
ply the method to two neighboring training datasets,
i.e., only one data point of one agent is different. We
then analyze and bound the difference between the re-
sulting models by data heterogeneity and algorithm
performances.

Theorem 2. Under Assumptions B—, denote {0,}T_,
and {0,}L_, as the trajectories of the server’s mod-
els induced by neighboring datasets S and S, respec-
tively. Furthermore, suppose the same initialization,
i.e., 8o = 0(. Then by denoting 6; = E||0; — 0;]|, we
have the following bounds on resulting models.

For FedAuvg,

T-1
2
o7 < = 7 W (2LD; + B VR + 7).
t=0

For SCAFFOLD,

T—1
2
br < = 3 i (2LDi} + B VRO +0) ).
t=0

For FedProz,
g T-1
or < = 3 W (21D, + E| VR + o)),
t=0

where v} = 2a;y + & and 77 = o + Ba3, with
@y = Zszgl Qs Gy 1= Z;"lejdﬂ, We also de-
fine S0 & = 0,Y&. And B8 = ;4 (1 + Baiy),
h$etd = exp (Qﬁ ZlT:_t}H dl), hY** = n;(1 4 Bn;). The

expectations are taken with respect to S and 8™ jointly
as well as the randomness of algorithms.

2Note that we only need Assumption E holds along the
trajectories generated by the algorithms.
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Next we discuss the implications of Theorem E Firstly,
the model differences dp of the three algorithms all lin-
early increase in D;. Recall that D; is the total varia-
tion of data distribution of client ¢ and the global dis-
tribution P, measuring the heterogeneity level of client
1’s data. This dependency is due to the fact that we
only perturb one data point of client ¢ while keeping
the others the same and hence only client i’s distribu-
tion comes into the bound. As D; increases, perturb-
ing one data point at client ¢’s dataset corresponds to
a bigger change in the overall dataset and therefore
the distance between the two models increases.

Secondly, the sequence of global gradients evalu-
ated along the trajectories, i.e., {E|VR(6;)|}/="
influences the bounds of model differences. Note
that this effect is essentially determined by the con-
vergence performances of algorithms, in the sense
that {E|VR(0:)|}.- captures how fast {6;}/_," ap-
proaches to the optimal solution #*. Faster converg-
ing methods correspond to smaller {E|[VR(6;)]|}i=g"
terms.

Thirdly, the bounds are also proportional to the sam-
pling variance o2 of gradients. A small o indicates
the sampled gradient is accurate and is close to the
true gradient VR(-). In particular, when o = 0, each
client is able to compute VR; () exactly, in which case
the bounds are only related to data heterogeneity and
algorithm convergence performances.

Finally, all three bounds depend on the stepsizes cho-
sen during the local training process. Different choices
of stepsizes result in different convergence rates of al-
gorithms. From the above results, larger stepsizes may
make algorithms less “stable”, i.e., |07 — 07| becomes
bigger, as any difference caused by the perturbed data
is magnified by the stepsize.

As we discussed above, the summation of E||VR(6,)]|
is related to the convergence speed of the algorithm.
In the following theorem, we focus on characterizing
these terms as a function of the number of iterations.
Define D := 1" | p;D? and Ay = E[R(6y) — R(6%)].
Theorem 3. Under Assumptions |1+, suppose K; =
K and o < 1/(248K) for any i = 1,...,m. Then,
for FedAvg, we have

T-1 A
S hEIVRE)) = 0( (%

t=0
+ \/AT)T%).

For SCAFFOLD, if we further set o, < 1/[248K (t +
1)], then

)iT? 4 (A2D) 0T

T-1
JAVENE S
> BZEIVRG)]| = O((om) TE + VAT ).

Km
t=0

For FedProzx, we have

T-1
3" WPE|VR(6,)| = O((AOD)§T3 + \/AOT%).
t=0

Theorem B bounds the global gradients |[VR(6,)]|
along the trajectories of server’s outputs. This the-
orem holds for both convex and non-convex settings.
Under suitable selections of stepsizes, Theorem B im-
plies that the global gradient E||VR(6;)|| converges to
zero. This is consistent with convergence results in
the optimization perspective [[7,8]. To see this, when
dividing the preceding bounds by T, the right-hand
side converges to zero in polynomial times, and hence
E|VR(6,)|| must converge to zero. Moreover, these
bounds increase with Ag, which measures the distance
of the initial model to the optimal one. Thus, starting
at a model closer to the optimal solution requires less
number of iterations to approximate accurately 6*.

By combining Theorems m—a we establish the general-
ization bounds for three algorithms, respectively.

Corollary 1. Suppose Assumptions B— hold_and the
selection of stepsizes are the same as Theorem . Then,
we have the following generalization bounds: For Fe-
dAvg,

yen < 0(1D,) +0((22)}

n

For SCAFFOLD,

i <0(T2D,) +o((B) 10+ ALY

(Tﬁ(lzlogT)a)_

+0

For FedProx,

T

n

Bl
_l’_
5
o
~—

€gen < 0<%Dm) + (f)((AOD)%

+(9(%o—).

As indicated in Theorem E, the generalization bound
for each algorithm can be separated into three terms
corresponding to the three O(-) terms: heterogeneity
level (first), convergence performance (second), sam-
pling variance (third). Note D,, in the first term mea-
sures data heterogeneity among all agents. A smaller
D,,, indicates clients have more similar datasets, which
has a positive effect on the generalization of trained
models. Moreover, generalization bounds above scale
inversely with n, which is the total sample size. This
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implies increasing the number of samples gives a bet-
ter generalization performance. Note that fixing T', the
rate is with the order of O(1/n), which is the same as
results in the centralized setting [32,383,44].

Furthermore, when assuming all clients maintain i.i.d.
data and applying the Lipschitz continuity condition
to bound the gradient, i.e., ||[VR(-)|| < L, we have the
following bounds under suitable choices of stepsizes.

Corollary 2. We suppose Assumptions B— hold and
all clients have i.i.d. datasets, that is, P; = P;,
for any i,5 € [m]. Then for FedAvg and Fed-
Prozx, if stepsizes are chosen to be constant, we have
€gen < O(L(L+0)T/n). For SCAFFOLD, if step-
sizes are chosen with the order of O(c/(2ft)), we have
€gen < O(L(L + 0)T¢logT/n).

From Corollary E, we observe that the heterogeneity
term disappears because D,,, = 0 in i.i.d. settings. If
o is relatively small compared to L, for FedAvg, our
result is aligned with the bound for SGD [B2]. The
reason is that for i.i.d. case R;() = R(-) and thus
the server’s model essentially performs SGD (in ex-
pectation). For SCAFFOLD, the update reduces to
SAGA [18]. Therefore, the generalization bound for
SAGA is implied by Corollary [

If we set D,,, = 0 and choose comparable stepsizes, the
bounds of Corollary [l are tighter than those of Corol-
lary . The main reason is that using Lipschitz con-
stant L to bound the gradient is usually too loose and
the algorithm performances are highly ignored, which,
however, should be carefully considered in the analy-
sis. In particular, considering FedAvg with m = 1 and
K =1, which is then equivalent to the classical SGD
method, our result is better than the result provided
in [B2] when stepsizes are constants, where the order
of T reduces from O(T) to O(T?3/4).

5.2 Non-convex losses

In many practical scenarios, the loss functions are non-
convex (e.g., neural networks). Therefore, we provide
generalization bounds for non-convex losses in this sub-
section.

Theorem 4. Under Assumptions B—B, suppose K; =
K and oy, < W(Hl) for FedAvg and SCAFFOLD.
Then for FedAvg, we have

€gen < @(T:Dm> + 0(([?,31)‘1‘22 + (AgD)éTf
+ &Trf) —|—(’~)(Tn;40>

For SCAFFOLD,

~(T% Ag \iT* T

< . N R i
Cgen = O( n Dm) +O((Km> n VA0 n )
T5(log T + 1
n @(MU)_
n

For FedProz, if the eigenvalues of V2R;(0) are lower
bounded and n; is chosen small enough and diminishing
with order O(c/t), then

cgen < @(%Dm) + (f)((AOD)%T%+c

C

+ @(a?) (6)

Tate
+ Ao - )

n

In Theorem H, the bounds are similar to those of con-
vex cases, i.e., data heterogeneity, algorithm conver-
gence, and sampled variance jointly affect the gen-
eralization error of the models. In addition, we re-
mark that in practice T is usually characterized by
a function of n and m. Then in this sense, the gen-
eralization bounds can be further simplified in terms
of the total sample size n and the number of clients
m. For example, considering (i) with one full pass
local training, i.e., T = O(n/m), we obtain €ge, <
@(m’cn*(l’c) +m~3/4=en=(1/4=¢)) 'meaning the gen-
eralization error diminishes as the number of clients
participating in the learning process increases.

However, we remark that only upper bounds on gen-
eralization errors are provided, and some constants
are ignored in our O(-) notation. In reality, these ig-
nored constants (e.g. stepsizes) could largely affect
algorithms’ generalization performances. Thus, our
bounds might not be tight enough to explain accu-
rately the performances of algorithms. In addition,
for different algorithms, the selection of stepsizes is
usually a tricky task, meaning optimal stepsizes for dif-
ferent algorithms are chosen during the training pro-
cess. This implies, in general, it is hard to compare
generalization errors among different algorithms by di-
rectly analyzing our bounds. Instead, the main insight
shown by our results is that explicit dependency of
data heterogeneity to generalization is clearly charac-
terized through total variation among local distribu-
tions. This is a first step towards this direction, as
existing literature [[15-17] fails to characterize the con-
nection of data heterogeneity to generalization bounds.

6 EXPERIMENTS

In this section, we numerically evaluate the generaliza-
tion errors of models trained by FedAvg, SCAFFOLD
and FedProx under non-convex loss functions, given
different heterogeneity levels of clients’ datasets.
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Experimental Setups. We investigate classification
problems using the MNIST dataset [45]. Each client
maintains a three-layer neural network comprising two
convolutional layers and a fully connected layer. We fo-
cus on a federated learning system involving 10 clients.
The training is based on Personalized Federated Plat-
form [46].

Next, we elaborate on how we construct different
clients’ datasets with different heterogeneity levels.
We introduce various levels of heterogeneity among the
clients’ local data distributions to examine the impact
of heterogeneity on the generalization performance. In
the case of extreme heterogeneity, labeled “fully non-
i.i.d.” scenario, each client has two specific labels out
of the ten available MNIST. In the “i.i.d.” scenario, the
local datasets are uniformly mixed with all ten labels.
We also consider the intermediate scenarios labeled “p
non-i.i.d.”; where a fraction p of data follows the “fully
non-i.i.d.” assignment, while the remaining fraction
1 — p adheres to the “i.i.d” assignment. We call p
the heterogeneity level of local data distributions and
run the experiments for p = 0,0.2,0.5,0.8,1 cases (5
in total), where p = 0 and p = 1 are the “i.i.d” and
“fully non-i.i.d.” cases, respectively.

In different settings, we start the algorithms from the
same initial value with the same training loss. As the
training goes on, the training losses decrease. We com-
pare trained models under different levels of training
losses. To quantify the generalization errors, we use
the absolute difference between the training and test-
ing losses, i.e., |[R(A(S)) — Rs(A(S))|. We terminate
the algorithms when either the training loss reaches a
desirable level or the number of training steps achieves
T = 1000.

Numerical Results. The generalization errors of Fe-
dAvg, SCAFFOLD, and FedProx are shown in Fig.

The x-axis shows the heterogeneity level of local
data distributions (p) and the y-axis shows the gener-
alization errors of the algorithms. We note that the
algorithms in some heterogeneous cases (p = 0.8 or
p = 1) did not achieve some levels of training losses
(e.g. 0.005) before they terminated. So there are less
than 5 points in the corresponding training loss curves.
The figure shows that the generalization error increases
as data heterogeneity increases, which is aligned with
our theoretical results. Moreover, vertically, the gener-
alization error also increases as the training loss level
decreases. Noting that a smaller training loss gen-
erally needs more iterations in the training process.
Hence these numerical results are also consistent with
our bounds, which implies the generalization errors in-
crease as 1" gets bigger. We provide additional exper-
iments under different approaches of generating non-
i.i.d. data in Appendix [E], which also demonstrate our
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Figure 1: Generalization errors of FedAvg, SCAF-
FOLD, and FedProx

theoretical results.

7 CONCLUSION

In this paper, we provide generalization upper bounds
for FedAvg, SCAFFOLD, and FedProx by means of on-
average stability under both convex and non-convex
loss functions. Our bounds explicitly capture the ef-
fect of data heterogeneity and algorithm convergence
properties on the generalization performances of differ-
ent algorithms, which indicates that the heterogeneity
level of datasets is highly related to the generalization
of FL. In particular, under the i.i.d. case, FedAvg re-
duces to the SGD method and our results are shown
to be consistent with those of SGD methods. Our
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numerical simulations demonstrate the theoretical re-
sults. For future studies, how to evaluate model gen-
eralization to slowly time-vary data distributions or
some new distribution is a potential topic.
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Appendix of "Understanding Generalization of Federated Learning
via Stability: Heterogeneity Matters”

A Federated learning algorithms

In this section, we summarize FedAvg, SCAFFOLD and FedProx in detail in Algorithms E],E,E, respectively.

Algorithm 1 FedAvg

Input: #° as initialization of the server
1: fort=0,1,...,7—1do
2 O =0Vi=1,...,m

3 for k=0,1,...,K; — 1 do (in parallel for all agents)
4: Ot =01 — ingi (0131

5: end for

6: O =3 bt

7: end for

Output: 97 given by the server

Algorithm 2 SCAFFOLD

Input: 6° as initialization of the server
1: fort=0,1,...,7T —1do
2: Server broadcasts 6

3: Agent computes g;(0*) and send it to the server

4: Server computes g(0") = 31", p;g;(0*) and broadcasts it
5: Each agent 4 for : = 1,...,m sets 0%1 =0

6: for k=0,1,...,K; — 1 do (in parallel for all agents)

T 05 =0 — o (@0 — gi(6) + 9(6"))

8: end for

o S e
10: end for

Output: 97 given by the server

Algorithm 3 FedProx

Input: ¢° as initialization of the server
1: fort=0,1,..., 7T —1do
2: 0+! = argming Ry, (0) + 2—;”9 — 6%]|? (in parallel for all agents)
3: 0t+1 = 2211 p29§+1
4: end for
Output: 97 given by the server
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B Proof of Theorem E

In this section, we provide the proof of Theorem E

Given S and S which are neighboring datasets defined in Definition ﬂ,

g

Es [; S IAS): zm}

Jj=1

j=1
1 & ,
_ L ) @)Y. o
= D Bsu, [HASY): <))
j=1
Moreover, we have
1 & ,
Es [Ri(A(S)] = — > Es.r | [I(AGS): #1,)]
T =1

since z; ; and S are independent for any j. Thus,

Eas [R(A(S) — R(AS)| < Eas

< €

where the last inequality follows Definition E This completes the proof.

C Generalization bounds for convex losses

In this section, we drop index ¢ when context is clear for simplicity. We first provide the bound involving data
heterogeneity by means of total variation between local distribution and global one.

Lemma 1. Under Assumptz'onB and given i € [m]|, for any 6 we have
IVR;(0) = VR(0)|| < 2LD;,

where D; = dpy (P;, P) with P =" | p;P;.

Proof. Let Z; and Z be the supports of P; and P, respectively.

IVR(6) - VRO)| = (V0 /Z 1(6:2)aP,(2) ~ Vi /Z 1(6:2)dP(2)|
— [ (Vol0:2)aP.(2) — Val(8: 2)dP ()|
Z,UZz
< [ Va6 2)dP) = Val(6: P ()|
Z,UZ
= [ Ivus)llare) - ape)|
< /ZtUZL|dPi(z)—dP(z)|

2Ldyy (P, P)
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by noting the definition of total variation of two distributions P and @ is

drv(P.Q) = [ 1dP  dq|.

O

When the loss function is convex, the gradient descent operator has the non-expansiveness property stated by
the following lemma.

Lemma 2. Suppose f(x) is a 3-Lipschitz smooth, convex function with respect to x. Consider gradient descent
operator Go(x) == — aV f(x). Then, for a« <1/8,

1Ga(@) = Ga) < [z —yll.
Proof. Since f is f-smooth and convex, we know that

(V@) — Vi)ha—y) > Vi) - Vi)™
Using this fact,

IGa(z) = Ga@)IIP = o~y —a(VF@)-VIy)*

lz = yl* + o®(IVf(2) = VIW)II? = a(Vf(2) = V(y).z —y)
lz = ylI* + ala = B7HIVF(2) = V)l

lz =y

INIA

when o < 1/8. O

The proximal operator is also non-expansive, which is shown by the following lemma.

Lemma 3. Suppose f is convex. Define the proximal operator by
. 1 2
pro () = argmin /() + 1y — /.
Then, for any x1, T2, we have
l[prox s (1) — prox;(z2)|| < [lz1 — 2.
Proof. Let uy = prox;(z1) and uz = prox;(r2). According to the first-order optimality condition, we have

Vf(u)) +uy —x1 = 0
Vf(UQ)-i-UQ—.’EQ = 0

Since f is convex, we further have

0 < (Vf(ur)—Vf(uz),us — uz)
(T1 —uz — (T2 — u2),u1 — ug)

= <$1 — T2,Ul — u2> - ||u1 - U2||2

and hence

llur — ual® < (21 — w2, w1 — u) < ||lwy — 2| lus — ua|

which completes the proof. O
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C.1 Analysis for FedAvg under convex losses
Lemma 4. Suppose Assumptions B- hold. Then for FedAvg with a1, < 1/8,
E||6; 5 — 6] < @i (E|VR(6)|| +2LD; + o), Yk =1,..., K,
where & = ZkK:’al QG k-
Proof. Considering local update (E) of FedAvg

E|0ikt1 — 0] = Elbir — irgi(0ir) — b
Ell0;x — 0r — i k(9i(0i k) — gi(00)) || + i k| 9: (01) |

,\
ORA

< E[l0ik — 0l + i nEllgi (01|

< E[l0ik — 0| + ik (Bllgi(0:) — VRi(0:)]] + E[VR:(6:)]])
(b)

< Ellbix — 0l + i k(B[ VR (0:) ]| + o),

where (a) follows Lemma E; (b) follows Assumption E Unrolling the above and noting §; o = 6, yields

k—1
B0k — 00l < Elio— 6l + Y 0w (BIVR(6)] + )
=0
K;—1
< Y au(BIVRi(8,)] + o)
=0

= a;(E[VRi(6,)] + o)
< & (E|VR(6,)|| 4+ 2LD; + o),
where the last inequality follows Lemma ﬂ O

Lemma 5. Given Assumptions a— and considering (E) of FedAvg, for a; 1, <1/8 we have

Ellgi(0ik)|| < (14 Bas) (E[[VR(6:)|| + 2LD; + o),
where g;(-) is the sampled gradient of client i, &;, = Zf:lgl QG k-

Proof. Using Lemmas E and H, we obtain

Ellgi(0:5)] Ellgi(0s,1) — VRi(0:1)[| + E[VR; (0:.1) |

E[VR;(0:k)| + o

EVR;(0:)|| + E[[VR;(0:r) — VR (0)|| + o

E|VR(0,)|| + E|VR;(6:) — VR(6:)|| + BE||0; s — 04| + o

(14 Ba;) (E|VR(0,)|| + 2LD; + o).

VAN VAN VAR VAN VAN

O

Theorem 5 (FedAvg part of Theorem E) Suppose Assumptions H— hold and consider FedAvg (Algorithm B)
Let {0} and {0,}]_, be two trajectories of the server induced by neighboring datasets S and SW, respectively.
Suppose 0y = 6. Then,

T-—1
2 - -
Bllor — 0l < = 3 dio(1+ Bdia) (2LD; + E|VR@)]| + 0),
t=0

where &i7t = ZkK;al (67N and Di = dTV (Pi,P).
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Proof. Note that in the phase of local update, each client runs stochastic gradient descent (SGD) using its own
local gradient g;(-) sampled uniformly from its dataset. Given time index ¢, for client j with j # 4, the local
datasets are identical since the perturbed data point only occurs at client i. Thus, when j # i, we have for any
k=0,....,K; -1,

EN0j k41 = O ppall = Elbjr — 0k — ajrlg;(0k) — 9505 0)|l
E[l0;5 — 05

A

where we use Lemma E in the last inequality. Here we drop ¢ for simplicity. Unrolling it gives

(|05, — 05 i, || < Ell0: — 031, Vi # . (7)

For client i, there are two cases to consider. In the first case, SGD selects the index of an sample at local step k
on which is identical in S and 8. In this sense, we have

10 k41 = O g | < 1163 — 07 4l

due to the non-expansiveness of gradient descent operator by Lemma E And this case happens with probability
1 —1/n; (since only one sample is perturbed for client 7).

In the second case, SGD encounters the perturbed sample at local time step k, which happens with probability
1/n;. We denote the gradient of this perturbed sample as g;(-). Then,

10i k41 = O jgall = 100k — 0;  — i n(gi(0ik) — gi(07 1))l
< ik — eg,k — i k(i (0ik) — 9i( ;,k))” + ai,k“gi(e;,k) - gé(ﬁé,k)ll
< 10k = 07kl + cvikllgi (05 1) — 9i(07 1)l

Combining these two cases we have for client i

Qg k
Ellfiki1 = Ol < Ellfie =07kl + —=Ellgi(07,) — i (6,0
7

Q(Ji,k

IN

E[|6;r — 0; x|l + Elg:(0:.1)1l,

ng

where the last inequality follows that ¢;(-) and g¢;(-) are sampled from the same distribution. Then unrolling it
we have

Ki—1
o Ki
El0;,x, — 05 i, | < E[l0: — 041 + o Z i kE gi(05.) |- (8)
' k=0
Combining (H) and (E) gives
Elfis1 =01l = EID_ 056, — ;)
=1
< > piEl0ix, — 0k,
=1
2p K;—1
< E[6, — 6 + TTZ Z @i kElgi(0:.) |l
' k=0

2
< B[00 — 0 + i (1 + Bévi) (EIIVR(G) | +2LD; + o),

where we use Lemma B in the last step. Iterating the above over t and noting 6y = 6, we conclude the proof.

O
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C.2 Analysis for SCAFFOLD under convex losses

Lemma 6. Suppose Assumptions B- hold. Running SCAFFOLD with o, < 1/8, then for any i € [m]
Bl — 0]l < Gy (BIRO)] +0), VE=1,....K;
where &; 4 = Zszal QG k-
Proof. Considering local update (H) of SCAFFOLD
E[0; k11 — 04 E0;x — ik (9:(0i k) — 9:(01) + g(0r)) — 04|
El|0ik — 0 — ik (9i(0i6) — 9i(00))]] + i kB g(62)
El|0i .k — 64l + ci 1k Ellg(62)
E|0i .k — 64l + cvi i (E[|R(0:) || + o)

where we use the non-expansiveness property of gradient descent operator and Assumption E Therefore, for any
k=1,... K —1,

INIAIA

k—1
Ellf;x — 0:] < Zai,k(]EHR(t‘)t)H +o0)
1=0
< (B[RO + ),
which completes the proof. O

Lemma 7. Given Assumptions H- and considering SCAFFOLD (Algorithm @), with oy < 1/8 we have the
following inequalities
Ellgi(@ii)ll < (14 Bis)(E[VRO:)| + o) + 2LD;,
Ellgi(0)| < 2LD; +E|VR(:)| + o

foranyiem], k=0,...,K;—1andt=0,1,....

Proof. Note that based on Assumption E,

Ellgi(0ii)l < E[VR;(Oix)ll + 0

E[|VRi(0ix) — VRi(0:)|| + E[|VR;(0,)| + &

BE|0; 1 — 0:]| + E[[VR;(6;) — VR(6,)|| + E|VR(O,)| + o
(1 + Bé)(E||VR(O;)|| + o) + 2LD;,

VAN VAN VAN

where we use Lemmas m and E

Similarly, using same techniques we have

Ellgi(0:)] < E|VRi(0)| + 0o
< E|VR;i(6;) — VR(0,)|| + E|VR(,)|| + o
<

2LD; + E|VR(8,)|| + o
O

Theorem 6 (SCAFFOLD part of Theorem B) Suppose Assumptions B- hold and consider SCAFFOLD (Algo-
rithm @) Let {0;}1_, and {0,}L_, be two trajectories of the server induced by neighboring datasets S and S,
respectively. Suppose 0y = 0. Then

T—1 T—1
2 .
E|l6r — 07]l < = 3 exp (25 3 al) (2LDA} + BV R, +0%:2)
t=0 I=t+1

where
Vi =200+ Gy =+ Ba,

. ~ K;—1 A m ~ T—1 A~ ~
with Gy =) 10 Qg G 1= ijl Pt e, and Y ;5 Gy = 0,Y4,.



Understanding Generalization of Federated Learning via Stability: Heterogeneity Matters

Proof. Similar to the idea used in the proof of Theorem a, given time index t and client j with j # 4, note
that the local gradients g;(-) are identical for client j in the sense that local datasets for client j are the same.
However, since SCAFFOLD uses the global sampled gradient g(-) during the local update, it is still possible to
encounter the perturbed sample. Thus, for j # i, we distinguish two cases. In the first case, SCAFFOLD does
not sample the perturbed gradient of client i, i.e., g(-) = ¢’(-) at local step k. Then, with probability equal to
1-— 1/TL2

105601 = 05l < 05k — 00 — (g5 (05k) — 9505 )N + skl (0:) — g5 (6]
+ajkllg(0:) — 9(6,)]
1056 — 05 1|l + 20,1810, — 03]

IN

where the second inequality follows Lemma E and Assumption E

In the second case, the perturbed data point of client i is sampled to calculate the global gradient ¢(-), meaning
9(-) — ¢'(-) = pi(g:(-) — g(+)), where we denote the gradient evaluated at the perturbed sample as g;(-). This
happens with probability 1/n; and hence we have

105601 = 05l < 05k — 051 — (95 (05k) — 9505 )N + skl (0:) — g5 (6]
+a; kllg(0:) — g"(01) |l

< bk — 00 — (95 (05k) — 9505 )1 + sirllg; (0:) — g5 (01|
+a; kllg(0:) — g0 + ik llg(0;) — g’ (0,)]]
< 0k — 05 Il + 280 k10 — 041 + v kpill g (07) — g;(0,)]]-

Combining these two cases, we conclude that for client j with j # 4

Q; kPi
B0 k01 = Gall < B0k — 0l + 2605 kE|0r — 67| + =2 ]lg:(07) — g1(6))]
’ ’ 20,k
< EJ055 — Ol + 280540, — 0] + =L Ellg:(60)])
20
< B0k — 8l +26051E]6 — 6, + =*(2LD; + EI|VR(6,)| + o)

where we use p; = n;/n and g;, g, are drawn from the same distribution; we also use Lemma H in the last step.
Unrolling the above over k£ we obtain

2043‘)15

Ell6;.x, — 01, | < (1+ B )E|6, — 6] + "2 (2LD, + E|VR(6,)] + o), Vj #i. (9)

n

Next, we specifically consider client i. Similar to the above analysis, there are two cases as well. In the first
case, at local step k client ¢ does not select the perturbed sample to compute the gradient. This happens with
probability 1 — 1/n;. Then,

IN

105, — 05 1 — i (9i (0i.) — 9i (07 )| + ik ll9i (02) — 9:(03) |
+aikllg(0:) — (63
< i — 0]l + 205 68]16: — 6;]].

10i k1 — 0; oia

In the second case, the perturbed sample is selected to calculate local gradient for client i, which has the
probability equal to 1/n;. Then,

10ik+1 = 0 jall < 100k = 0;p — i (9i(0ik) — gi (07 1)) + cvirllgi(0:) — g; (6]
+aikllg(0:) — g (01)]l
< 10k = 07kl + ikllgi(0:) — g ()] + cvillg(0e) — 9(0,) |
+ai g (1907 1) — 91070l + (L +p)ll9:(87) — gi(00)]])
< Oir = 07kl + 280 k)10 — 0;]| + ik llgi (05 1) — g5 (07 1)l

+ai k(1 +pi)llgi(0;) — gi(60)
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where the non-expansiveness of gradient descent operator and Lipschitz smoothness are utilized.

Combining these two cases for client ¢ and further leveraging Lemma H, we obtain

Ellfi k11 = O piall < El0ix — 67 ]| + 280 kB0, (05 1) — (67

a; (1l +pi
12T gy oo — g6
20y,
< E)0:g — 0] ]| + 280k El|6; — 0] + ’“Engzmm
200 1 (1 + p;
20000 gy o0
n;
20, -
< E[0i — 0; |l + 280 B0 — 04| + ’“( 1+ Bé ) (E[VR(6;)]| + o)
+M(2LD1- +E|VR(G)| + o) + %QLDZ-.
Unrolling it gives
~ az ~
Ellfir, — 0 x| < (14 Ba)El0 — 04| + —=(2LD; + (1 + Bés ) (E[|VR(8,)|| + o))

’L

20 +(1 i
+M(2LD1- +E||VR(8,)|| + o). (10)

i

By (a) and (@), we obtain

B0 — Ol < > pEl0ik, — 0, |
j=1
2
< (14 Ba,)E||6; — 9’|\+ 2LD + % (E[VR(O)| + o),

and we further keep iterate it over ¢t to obtain

9 T-1 T-1
Blor — 05l < > 5" exp (28 3 @) (22D +FEIVRE)] + 077)
t=0 I=t+1
where we use the fact 1 4+ x < e%, Vax. O

C.3 Analysis for FedProx under convex losses

Lemma 8. Suppose Assumptions B, @ and hold. Considering FedProx with local update (a), then for any
n; > 0, we have for any i € [m]

E|l0;11 — 0:ll < ni(BIVR(O,)[| + 2LD; +0), ¥t =0,1,....

Proof. Recalling the local update (a) of FedProx and according to the first-order optimality condition, we have
iV Rs, (0;11) + 0}y —6: = 0.
Moreover, since the function 7; Rs, (6) + 1(|6 — ;]| is 1-strongly-convex when Assumption H holds, we have
16741 = 0]l < |19V Rs, (8:) + 6 — 04| = mi|| V R, (6:)]
by combining the first-order optimality condition. Moreover, note that

E(VRs,(6,)]| E[[VR;(0:)]| + o

E|VR(6)| +E|VRi(6:) — VR(6)| + o
E[VR(0:)| + 2LD; + o,

INIACIA
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where we use Lemma m and note
. 1 &
E||V s, (02) = VR(00)l| < — > B[ Vi(0h; 2i,5) = VRi(6,)] < o
0 =1

Thus, we have '
EN07 1 — 0ull < ni(E[IVR(0,)[| + 2LD; + o),

which completes the proof. O

Lemma 9. Suppose Assumptions B- hold and consider FedProx with local update (ﬁ) Then, for any i € [m]
and j € [n;], we have

E[[VI(0; 15 2i5)] < (1+ Bni) 2LD; + E|VR(G:)|| +0), Vt=0,1,....

Proof. For any i € [m] and time ¢,

]E”Vl(eiH;Zi,j)” < E|V{( §+1§Zi,j) — VR;( §+1)H +E||VR2‘(9§+1)||
< E[VRi(01)ll +o
< E|VRi(0,)| +E[VR;(0;41) — VRi(8,)| + o
< BE[6741 — O:ll + EIVR:(6;) — VR(O,)|| + E[VR(,)| + o
< (14 6n:)(2LD; + E[[VR(6,)[ + o),
where we use Lemma E and Lemma E in the last step. O

Theorem 7 (FedProx part of Theorem E) Suppose Assumptions H— hold and consider FedProz (Algorithm B)
Let {0,}E and {0.}L_, be two trajectories of the server induced by neighboring datasets S and S, respectively.
Suppose 0y = 0. Then,

T-1

2
Ellor — 0]l < = > mi(1+ Bn) (2LD: + E|VR(,)] + o).
t=0

Proof. Denoting prox () := argmin,, f(y) + 1lly — z||?, we can rewrite the local update (E) as
Giﬂ = prox, p (0:).

There are two different cases for local updates. For client j with é # i, we note IA%SJ, ()= RS; (+) in the sense that

there is no perturbation for client j. In this case, using Lemma B we obtain
10501 — Gl = llprox,, g (6) — pros, 4 (0]
< 16 — &3ll.

For client i, we note that R;(-) — R}(-) = 2 (I(:; zi5) — I(; z; ;)), where z; ; is the perturbed data point. And we

Uz

also use R; and ]A%; to represent Rgi and RSI{ for simplicity. Then, we have
i . A 1 2
i1 = arg memmRi(e) + 5”9 — 04|
) . 1
(0p1)" = argminn Ri(0) + 5[0 - Al
According to the first-order optimality condition, it yields
0§+1 -0 = —UiVRi(ei-s-l)
(0h1) =00 = —nVR{((0;41)")
A i i i i
= —niVRi((0;41)) + n*z (VI((0:11)"5 2i.5) — VI((0741)"; Z;])) .
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Moreover, by the monotone property of VRZ() for convex losses i.e., Lemma E,

10741)" = 01117 < (07— 00, (0111) — 0141) — ni(VRi((0711)') — VRi(0}11), (641) — 0114)
N //pi i i i
+;<( t+1)l - t+1aVl(( t+1)/;zi7j> - Vi( t+1> Zz/‘,j)>

(2

i i i 10pi i i i
< <9£ — 04, (0t+1)l - 9t+1> + ;<(0t+1)/ - 9t+17 Vl((9t+1)/; z”) - Vl(9t+1§ Z:g»

(3

which further implies by symmetry of z; ; and z; s

i i Ni i i
||(9t+1)l - 9t+1|| < ||9:Is - otH + ;HVZ(‘QHN Zw) - Vl(0t+1;zz/‘,j)||'

Combining two cases gives

E0pe1 =01l < Y piEI0] — (610)
j=1

i i i

< E|6; -6, + QE”VI(Q:H% zi5) — VU015 2 )5
2n; i

< EJ0: = Ol + —=EIVIO1; 25
2n;

< E[6, — 6] + ~E(1+ Bn)(2LD: + E[VR(B,)] + o).

Unrolling it over ¢ completes the proof. O

C.4 Proof of Theorem E

Our results are established based on the following convergence results of three algorithms, which are formaly
shown in Theorem J§. These results are based on the following assumptions.

Assumption 5. There exist constants G > 0 and B > 1 such that
> pil VRi(0)|” < 2G* + B*|[VR(0)|, V0.
i=1

Assumption 6. There exist constants G; > 0 such that for any i € [m],

IVRi(0) = VR(O)|| < Gi, V0.

In fact, Assumption E is a stronger assumption compared to Assumption a, which is shown by the following
proposition.

Proposition 1. Assumption B implies Assumption B

Proof. Note that given Assumption E
IVRi(0)[| < [VRO)|| + [VR:(0) = VR(O) < G + [[VR(9)]],

which implies
IVR:(0)|” < 2G7 + 2|[VR(9)]*.

Taking the weighted sum of p; and we conclude G2 = Py piG?, B> = 2. O

In the next proposition, we characterize G; defined in Assumption a by directly usting Lemma E
Proposition 2. Suppose Assumptionlj holds. Then, G; = 2Ldypy (P;, P) defined in Assumption B

Then, we state the existing convergence results for FedAvg, SCAFFOLD and FedProx in the following theorem.



Understanding Generalization of Federated Learning via Stability: Heterogeneity Matters

Theorem 8. |[7,8] Suppose Assumption @ holds and K; = K,Vi € [m)].

For FedAvg (Algorithm H) with Assumptions E,E satisfied and a; 1, < we have

1
(1+B?)8B8K ’

T-1
1 VA (A0G)?/3  B2A,
=Y E|VR(@G)|> <0 ( + + ) (11)
T ~ VTKm T2/3 T
For SCAFFOLD (Algorithm @) with Assumption B and o, < ﬁ, we have
LS mivRer o B &) 12
T LY \VTEm T T )

t=0

Suppose Assumption B hold. For FedProx (Algorithm E) with eigenvalues of V2R(0) lower bounded and n; chosen
small enough, we have

1= Ao > piG? Ao) (13)

2
F 2 EIVRE) <0 (FnlE G

where Ag := E[R(0y) — R(6%)].

Proof of FedAvg and FedProx parts of Theorem E It follows the fact that stepsizes o and 7; are
upper bounded by some constant ¢ and

T—1 2 T—1 T—1
(Z cEHVR(et)H) <T Y AE[VRO)]) <T Y EIVR@:)|?, (14)
t=0

t=0 t=0
where the second inequality follows Jensen’s inequality. Combining Propositions m and E with (@),(@) completes
the proof.

Proof of SCAFFOLD part of Theorem E To get the result for SCAFFOLD in Theorem E, we further
note that 77 is upper bounded by some constant y and when «; , < 1/[248K (t + 1)]

T-—1 T-—1 T-—1
R 1
S e (26 3 al>wauvz~z<et>n < 3 oy tont) ) BNV RA)
t=0 I=t+1 t=0
T-—1
< TV CAE|VR(6,)]. (15)
t=0

Combining (@) with (@) and (@) completes the proof.

C.5 Proofs of Corollaries m and E
To obtain Corollary E, we note that under Assumption m,

B, |l07; % ;) — U0 2; 5)| < LE||07 — 07|, Vj € [nd]
and then combining Theorems E,E,B provides the results.

To obtain Corollary E, we start from Theorem E Note that given Assumption m, we can bound E||VR(6;)]|
by Lipschitz constant L, i.e., E||VR(6:)| < L. Moreover, under the i.i.d. case, meaning D; = 0,Vi € [m], we
conclude the proof by using the same techniques as those in (@) and ([L9).

Remark 1. Note that the bounds in Corollary @ are also looser, compared to those in Corollarylj even when

Doz = 0 (which corresponds to the i.i.d. case). To see this, note that bounds in Corollary @ are linear in T,

while bounds in Corollaryl] are with O(T?) for some q < 1. Moreover, more information is captured in Corollary
, e.g., number of clients m, distance of the initial point to the optimal one Ay, etc.
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D Generalization bounds for non-convex losses

D.1 Analysis for FedAvg under non-convex losses

Lemma 10. Suppose Assumptions B—B hold. Then for FedAvg with a; 1 < ¢/ for some ¢ > 0,
E[|0;x — 0]l < (1 + )™ q@; ¢ (E|VR(0,)|| + 2LD; + o), Yk =1,...,K;,

where &4 = Zk o al k-

Proof. Considering local update (E) of FedAvg

E[|0; k41 — 0| E||0; & — i kgi(0ir) — 04|

El[0; x — 0 — ik (9:(0i,1) — 9i(00)) | + i 1 El gi (01) |

(1 + Baik)E[0k — 04 + ik El 9:(6:) ]

(1 + Baik)E[0,5 — 04 + cix(Ellgi(0r) — VR (6:)[| + E[[VR;(6:)]])

(14 Bei k)E[|0s — 04| + i w (B VRi(6:)]| + o),

INIA N IA

where we use Assumptions E and E Unrolling the above and noting 6; o = 6; yields

k—1
E|6;r — 0:]] < Z ;1 (E|VR:(6,)]| + o) (1 + ¢)F
1=0
Ki—1
< > aii(BIVRi(0)] + o) (14 o)
1=0
< 1+, (E[|VR(O,)| +2LD; + o),
where the last inequality follows Lemma ﬂ O

Lemma 11. Given Assumptions H-B and considering (E) of FedAvg, for o, < c/B with some ¢ > 0, we have
Ellgi(0i0)]| < (1+ (L + )7 Bé o) (B VR(6:)|| +2LD; + o),
where g;(-) is the sampled gradient of client i, &;; = Zk ’0 QG k-

Proof. Using Lemmas m and @, we obtain

Ellg:(0:1)| E[lgi(0:,k) — VRi(05,) || + E VR (0:1)|

E[VR;(0:k)| + 0

EVR;(0:)|| + E[[VR;(0ir) — VRi(0)|| + o

E|VR(O)| +E|IVR;(6:) — VR(,)| + SE||0; . — 0:]] + 0

(L4 (1+)%"'B8a;) (E|VR(0:)|| + 2LD; + o).

VAN VAN VAR VAN VAN

O
Theorem 9 (FedAvg part of Theorem H Suppose Assumptions H—B hold and consider FedAvg (Algorithm B)

Let K; = K,Vi € [m] and o, < m Then,
T2 logT Ag ;T% 1 T4 le
en < 0(7 Dmar ) O( 4 A2D SJ— )
€gen = n ( o))+ (Km) ( ) n +

Proof. The proof is similar to that of Theorem a Given time index t and for client j with j # 4, we have

EN0j k41— O all = Elbjr — 05 — ajrlg;(05k) — 9505 )|l
< (L4 Bayn)E|05 — 05 4l

A
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And unrolling it gives

Kj—1
El6x, ~ sl <[] (1+Bayu)El6: — 0]
k=0
< SUE|6, -Gl Vi#i, (16)

where we use 1 4+ x < e”, Vz.

For client i, there are two cases to consider. In the first case, SGD selects non-perturbed samples in S and S,
which happens with probability 1 — 1/n;. Then, we have

10i k11 = 0; oyl < (14 Bevi i) 1036 — 07 11|

In the second case, SGD encounters the perturbed sample at time step k, which happens with probability 1/n;.
Then, we have

10i k1 = i jall = [10ir — 0 — in(gi(0ir) — 9i (07 1))l
< ik — 0 g — ainl(9i(Oir) — 9: (07 )| + ik llgi (07 1) — g:(6; 1)
< (1 + Baip) i — 0 ]l + i kllgi (07 1) — 9i (07 1)l

Combining these two cases for client ¢ we have

(079
El0;ki1 — 0l < (14 Bis)Bll6ik — 0] ] + —El|gi(0]1.) — 6;(6; 1)

T
< (4 Bou k)l 0uk — Ol + 5 Elgi0i)
S (U B BBk — Ol + 225 (1 4+ (149 Bag) (o
SE|VRO+2LD)
< (14 s Bl — Ol + 2B VR(O,) | +2LD; +0)

where we use Lemma @ and we let ¢ be an upper bound of 1+ (1 + C)&AB&M since &; ¢ is bounded above.
Then unrolling it gives

K;—1 9 K;—1 K;—1
Bl ~ 0] < ]+ fauBlon = o+ (23 ause [T (14w
k=0 0 I=k+1
(E[VR(0:)|| +2LD; + 0))
- 2 -
< PE)0, — 0| + ;édi,te"a“(lEIIVR(ﬂt)H +2LD; + o). (17)
By (@) and (@) we have
Ell01 — 0 < ) piEll0ik, — 0 g,
=1
- 2 -
< ePYeR|6, — 0} + ﬁédi,teﬁa“ (E|IVR(0,)|| +2LD; + o)

where we also use p; = n;/n in the last step. Further, unrolling the above over ¢t and noting 6y = 6, we obtain

~T-1 T—-1

26 ~ ~ &

E[|6r — 07| < - ) " exp (ﬂ > ai,t> & 1P (B VR(6)|| + 2LD; + o)
t=0 l=t+1

When the diminishing stepsizes are chosen in the statement of the theorem, we further combine Theorem m and
the same techniques used in Theorem B, we conclude the proof. O
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D.2 Analysis for SCAFFOLD under non-convex losses
Lemma 12. Suppose Assumptions B—B hold. Running SCAFFOLD with a; 1, < ¢/B for some ¢ > 0, then for
any i € [m]

E[[0;k = 0ell < (1 + ) as o (BIRO)| +0), VE=1,.... K

- Ki—1
where &y =Y 1 lo k.

Proof. Considering local update (H) of SCAFFOLD

E|6; x+1 — 0] E|6; k — i k(9:(0i k) — g:(0) + g(0)) — 6]l
E(0: x — 01 — i k(9i(0i k) — gi(0:)) || + i 1B g(6:)]]
(1 + B 1) E[|0; 1 — Ocll + i xE|lg(62) ]

(14 Bai i) B0k — 0l + ik (B R(6:)[| + o)

VANVARRVAN

where we use Assumptions E and E Therefore, for any k=1,..., K; — 1

)

K;—1
El6ix =0 < Y cin(E|RO)] +0)(1+)
k=0
G t(1+ ) THE|R(G)]| + o)

which completes the proof. U

Lemma 13. Given Assumptions B-B and considering SCAFFOLD (Algorithm @), with a1, < ¢/B for some c > 0
we have the following inequalities

Elgi(0in)ll < (14 Baie(1+ ) ) (EIVR(@)| + o) +2LD;,
Ellgi(0)l < 2LD; +E|VR(6,)[ + o

foranyi€[m], k=0,...,K;—1andt=0,1,....

Proof. Note that based on Assumption B,

El|gi(0:.1) |l E|VR;(0: )| + o
E[|VRi(0ix) — VRi(0:)|| + E[|VR;(0;)| + o
BE||0; x — 0| + E|[VR; (0;) — VR(0,)|| + E|[VR(8,)|| + o

(1+ Ba; (1 + ) Y E|VR(,)| + o) + 2LD;,

VAN VAN VAR VAN

where we use Lemmas m and @

Similarly, using same techniques we have

Ellgi(0)ll < E[VRi(6:)]| + o
< E[VRi(0:) = VR(6:)]| + EVR(6:)]| + o
<

2LD; + E|VR(8,)|| + o.

O

Theorem 10 (SCAFFOLD part of Theorem H) Suppose Assumptions H—B hold and consider SCAFFOLD

(Algorithm @) Let K; = K and a; j, < WM’ Vi € [m]

Ts logT
n

Ao

cgen < O me)+0((m)‘l‘f+\/§f)+@(mbima)’

where Ag = E[R(6y) — R(6)].
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Proof. Similar to the proof of Theorem B, considering client j with j # 4, there are two cases. In the first case,
SCAFFOLD does not select the perturbed sample from client ¢’s dataset at local step k. Then, with probability

equal to 1 —1/n;,

105,541

— g

< 05k = 050 — ajr(gi(05x) — 9505 1)) + jkllg; (0:) — g5(02)]l
+aJJ€||g(9t> 9(6,)|l
< (L4 Bagi)l0k — 05 gl + 2068110, — 0|

where the second inequality follows Assumption E

In the second case, there is with probability 1/n, that the perturbed sample is selected during the local update

of step k. Then,

||9j,k+1 - 9;‘,k+1”

IN

<

<

110,k

+Oéj

/
=05k — Yk

kllg(0:) —g' ()]

(95(05.6) = 9505 k)l + sl g5 (6e) —

1056 = 055 — 3,k(95 (05.6) — 95 (05 1)) | + atjikllgs (00) —

—|—aj
(1+

Bt i) |05,k

kllg(00) = g0 + ajkllg () — o' (6l

9500l

g; (09l

05 xll + 280k 16: — Ol + ajkpill9: (07) — g (B)]]-

We again use Assumption E in the last step. Combining two cases, we have for client j with j # i

E[0)k+1 —

Gy

Unrolling it over k we obtain

E||6;x, — 0

<

/
o1 |

IN

<

(14 Bar)E|0;r —

Kj—1

k=0

(28 kE||0: — 04]] +

(1 + ﬁdjﬂ:)

Kj—1 K;j-1

k=0 I=k+1
20

Em(et)n))

where we use the fact 1 + x < ¢* and Lemma @ in the last step.

2c k
0]l + 280 k[0, — 03| + —=

Ellgi(0:)]-

TT (1 + By EN6, — 6] + ( S (I O+ Bas)

SE0, — 6] + LS B gi(01) |

(18)

For client i, there are two cases as well. In the first case, the perturbed sample is not selected at step k, which
happens with probability 1 — 1/n;. Then,

110: k1

!
- 9i,k+1

<

IN

/
oi,k - ai,k -

(0:)

i k(9i(0ir) = 9i (05 1)) | + i kllgi(0r) — g (61)]

cHll
(1 + Lo )6k —

0 kll + 2ci  Bl16: — O]

In the second case, the perturbed sample is selected at local step k& with probability 1/n;. Then,

[0, k+1 —

|

<

IN

IN

10i,k —

+a;
(1+
+a;
(1+

01/-,;.C — a; 1 (gi(0i k) — gi( z/‘,k))

i (05 )| + (1 +pa)llgi(07) — gi (0))])
Ll + 280 k16 = 01| + i kllgi (0 1) — 9 (67 1)

AR ACAll
By i )|10i —
JC(Hgi( ;,k) -
B )b — 0;

+ai k(1 +pi)llgi(0;) — gi ().

Combining these two case renders

E[0; x+1 — 0

/
il

<

(14 B i )E||0; 1 —

+

200 1 (1 4 pi)

)

0; kIl + 2B kB0, — 05 +

Ellgi(6:)]

(975) —

/L)

ACAll

0 kll + i kllgi (02) — gi (01| + i kllg(0e) — g(61)

2
a iEl|gi(0i.r)l
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and unrolling it and using Lemma @ gives

5 2(1+p;) - 5
< (14280 ElD, - o) + PG, oo a,)|

E|6; 5, — 0; k,
1

206t ga,, (1~
+ e (Z(E|[VR(G:) | + o) +2LD;) (19)

(3

where ¢ is an upper bound of 1+ Bé&; (1 + ¢)%i*1 which is a constant and we use Lemma @
Combining (@) and (E) we have

m m
~ d 2 ~ &
Elfip1 = 0ipall < ) pi(1+2Bd:,0)" E)0, — 0| + - > piBai e g,

=1 =1
2 5 2 .
+5ai,teﬂw& + ﬁdiyteﬁa"\f (E(E(VR(0,)|| + o) +2LD;). (20)

Finally, under the choice of stepsize stated in the theorem, unrolling (@) over t and further using Theorem m
together with the same techniques in the proof of Theorem B, we complete the proof. O

D.3 Analysis for FedProx under non-convex losses

Lemma 14. Suppose Assumptions B,@ hold and assume that V31(0;z) = —pl with p > 0. Considering FedProx

with local update (B)), then for any n; < %, we have for any i € [m]

E[0i,, — 6, < n;.M(EHVR(Gt)H+2LD1-+0), VE=0,1,....

1 —
Proof. Recalling the local update (E) of FedProx and according to the first-order optimality condition, we have
iV Rs,(0;11) + 0} —6; = 0.

Moreover, since the function 7; Rs, (6) + 1116 — 64]| is 1 — m;p-strongly-convex, we have

i A
VRS (0]

1631 — Oell <

by combining the first-order optimality condition. Moreover, note that

E||V Rs, (6:)| E[|VR(0:)] + o
E|VR(O,)| +E|[VR;(0;) — VR(O,)|| + o

E|VR(6,)| + 2LD; + o,

IN N IA

where we use Lemma m and note

R 1 &
BV Rs, (0) — VRO < — S B[ Vi005205) ~ VR0 < o
(3 ]:1
Thus, we have
U
L —nip
which completes the proof. O

E[0;11 —0:]l <

(E|[VR(6,)|| + 2LD; + o),

Lemma 15. Suppose the assumptions stated in Lemma hold and consider FedProx with local update (E)
Then, for any i € [m] and j € [n;], we have

Bn;

E(VI(6; ;25 < (1+

J2LD; +E|VR(0:)| +0), Vt=0,1,....

4
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Proof. For any i € [m] and time ¢,

E[VI(0i5 2l < EIVIO;10;2i5) = VRi(010)] + EIVRi (03,1)]
< E[VRi(0;41)] +0
< E[VRi(0) + E[VRi(641) — VRi(01)[| + o
< BE0L, = Ocll + E[VRi(0:) = VR(O:)| +E[VR(O)|| + o
< (g fqz;u)(zwi +E||VR(,)|| + o),
where we use Lemma m and Lemma @ in the last step. O

Lemma 16. Suppose f is non-convex, whose eigenvalues of its Hessian V2f are lower bounded by —p with
0<p<l,ie, Vif(z) = —ul,Vx. Define the prozimal operator by

, 1
prox(z) = arg min f(y) + 5[y — =

Then, for any x1, T2, we have

Ipro; (1) — pros (z2)|| < —— a1 — ]|

I—p

Proof. Let uy = prox;(z1) and uz = prox;(z2). According to the first-order optimality condition, we have
Vitu)4+u —z1 = 0
Vf(uz) 4+ us — 0
Since V2f has eigenvalues greater than —pu, we further have
—pllur —ug|? < (Vf(ur) = V(uz),ur — uz)
= <1‘1 — U2 — (372 - U2)7U1 - u2>

= (1 — D2,u1 — ua) — |lus — ua||?

and hence
(1= p)llur — ua|® < (x1 — w2, u1 — ug) < flwr — @2|flur — ug|

which means

Jur —uz| < I |21 — 22]|-

O

Theorem 11 (FedProx part of Theorem H) Suppose Assumptions B-B hold and consider FedProx (Algorithm
). Assume that all eigenvalues of the Hessian of I(+; z) are strictly greater than —u with u > 0 for any z. With
ni < % for 0 < § <1 being diminishing at the order of O(c/t) (where ¢ > 0). Then,

)vo(te)

€gen < @(gDmam) + (9((A0[7)5T?*+c N \/ATT?C

where Ag := E[R(6y) — R(6%)].

Proof. Denoting prox (z) := argmin, f(y) + 3y — 2|/, we can rewrite the local update (a) as
i1 = prox, o (0y).

There are two different cases for local updates. For client j with j # 4, we note Esj ()= RS; (+) in the sense that
there is no perturbation for client j. In this case, using Lemma [l we obtain

161 — Bin)| = lprox,, g (6) — prox, . (60)]
1
< 17.||9t*9£||
— il

1
< 17_5”9:& — 0]l
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For client i, we note that R;(-)

—R)() =

T UCER)

—1(

z; ;)), where z; ; is the perturbed data point. And we

0

also use R; and R; to represent Rgi and Rsé for simplicity. Then, we have

(0741)

% —
9t+1 -

/

. 1
arg meinmRi(Q) + §||0 - HtHQ

I 1
arg meinniRé(H) + §||9 — GQHZ.

According to the first-order optimality condition, it yields

9§+1 -0, =
(92-5-1)/ -0, =

—n;VR;(0},,)
—niVR;((0;11)")
—niVRi((0},)) +

Moreover, by the techniques used in Lemma @,

[[Crany

-0, < (6 -

7

< (0, -

+nipel| (07 41)'

gta (92+1)I -
i i\
—{((0

+n<( i1)

eta (9t+1)

02+1>

(VZ(( t+1) Zi,]) vl(( t+1) ’ z]))

- 77z'<VRi((9§+1)/) - VR'(%H), (9§+1)/ - 9§+1>
- 02-"—1’ Vl((ez—s—l),v ZiJ) - Vl(az-u’ i j)>

i Uy i i
bi1) T n7<( ) =00, VI((04) s 21 5) — VI(0s15 21 5))

— 0l

which further implies by symmetry of z; ; and z; >

where we also use Cauchy-Schwatz inequality.

1067 41)" = 074

Combining two cases gives

E|[041

— Ol

IN

IN

<

<

ij]EHHi_H -

A

<

1

?

i i i
NHGQ — O]l + TTHVZ( t+1§Zi,j) - VI( t+1;zz{,j)”

1 i i i
T = 0l + VIO ) = VUL

(0741)'l

7
EHet 6/”"‘ E”Vl( t+1azu) VZ( t+1) zg)”

1-
ﬁEHet
T 5l0 —

— 0 +

0| +

where we use Lemma @ in the last step. Define 7 :=

T-1

2771

771 i
L EIVU0: 15 2i)

B6

n T T o

J2LD; + E[[VR(0:)] + o),

%5. Then, unrolling it over ¢ we obtain

2
E|fr —b7ll < T° - > mi(1+ B7/m)(2LD; + E[VR(0,)| + o).

t=0

(21)

(22)

Finally, based on (@)7 combining Theorem m and using the proof techniques in Theorem E, we complete the

proof.

O
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E Additional experiments

The implementation of the experiments in this section and Section E are based on ['E] and can be found through

the following link: https://github.com/fedcodexx/Generalization-of-Federated-Learning.

In addition to the experimental setup outlined in Section E, we explore an alternative approach for distributing
the MNIST dataset to clients, exhibiting varying levels of data heterogeneity. As explained in [@]7 we generate
disjoint heterogeneous training data for clients by leveraging the Dirichlet distribution. The value of « in the
Dirichlet distribution controls the level of data heterogeneity. A smaller value of @ means a higher probability of
clients possessing examples from a single randomly selected class. In particular, setting o = 100 mimics identical
local data distributions. We compare heterogeneity levels with o = 100,10,1,0.1,0.01. Figure P presents the
generated number of samples per class assigned to each client across varying values of a. This depiction highlights
different levels of data heterogeneity among the clients. In each setting, we implement the algorithms using the
same way outlined in Section [f. Figure j presents the obtained results. These results align closely with those in
Section §. We highlight that the results in Figure J visually verify the theoretical findings from Section E In
particular, increasing data heterogeneity leads to larger generalization errors.

Moreover, we run additional experiments to show how other parameters like stepsizes affect generalization errors.
We implement the three algorithms using the experimental setup in Section fj with p = 0.8. Figure {l presents the
obtained results. These results show that larger stepsizes lead to larger generalization errors for each algorithm,
which verifies our theoretical findings in Section fj.
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Figure 2: Number of samples per class assigned to each client (indicated by dot sizes), for different Dirichlet
distribution « values with larger o corresponding to higher heterogeneity.
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Figure 3: Generalization errors of FedAvg, SCAFFOLD, and FedProx (local datasets by Dirichlet distribution).
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Figure 4: Generalization errors of FedAvg, SCAFFOLD, and FedProx for different stepsizes.
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