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Abstract

Matrix sensing has many real-world appli-
cations in science and engineering, such as
system control, distance embedding, and com-
puter vision. The goal of matrix sensing is to
recover a matrix A, € R®"*" based on a se-
quence of measurements (u;, b;) € R™ xR such
that uzTA*ui = b,. Previous work (Zhong
et al., 2015) focused on the scenario where
matrix A, has a small rank, e.g. rank-k. Their
analysis heavily relies on the RIP assumption,
making it unclear how to generalize to high-
rank matrices. In this paper, we relax that
rank-k assumption and solve a much more
general matrix sensing problem. Given an
accuracy parameter § € (0,1), we can com-
pute A € R™*™ in O(m3/2n25~1), such that
|u, Au; —b;| < & for all i € [m]. We design an
efficient algorithm with provable convergence
guarantees using stochastic gradient descent
for this problem.

1 INTRODUCTION

Matrix sensing is a generalization of the famous com-
pressed sensing problem. Informally, the goal of matrix
sensing is to reconstruct a matrix A € R™*" using a
small number of quadratic measurements (i.e., u' Au).
It has many real-world applications, including image
processing (Candes et al., 2011; Waters et al., 2011),
quantum computing (Aaronson, 2007; Flammia et al.,
2012; Kalev et al., 2015), systems (Liu and Vanden-
berghe, 2010) and sensor localization (Javanmard and
Montanari, 2013) problems. For this problem, there
are two important theoretical questions:

e Q1. Compression: How to design the sensing
vectors u € R™ so that the matrix can be recovered
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with a small number of measurements?

e Q2. Reconstruction: How fast can we recover
the matrix given the measurements?

the study of the rank-one matrix sensing problem was
initialized by (Zhong et al., 2015) , where the ground-
truth matrix A, has only rank-k, and the measurements
are of the form uiTA*ui. They want to know the small-
est number of measurements m to recover the matrix
A,. In our setting, we assume m is a fixed input pa-
rameter and we’re not allowed to choose. We show
that for any m and n, how to design a faster algorithm
for solving an optimization problem which is finding
A =~ A,. Thus, in some sense, previous work (Zhong
et al., 2015; Deng et al., 2023) mainly focuses on prob-
lem Q1 with a low-rank assumption on A,. Our work
is focusing on Q2 without the low-rank assumption.

We observe that in many applications, the ground-truth
matrix A, does not need to be recovered ezactly (i.e.,
|A—AL|| < n~¢). For example, for distance embedding,
we would like to learn an embedding matrix between
all the data points in a high-dimensional space. The
embedding matrix is then used for calculating data
points’ pairwise distances for a higher-level machine
learning algorithm, such as k-nearest neighbor cluster-
ing. As long as we can recover a good approximation
of the embedding matrix, the clustering algorithm can
deliver the desired results. As we relax the accuracy
constraints of the matrix sensing, we have the oppor-
tunity to speed up the matrix sensing time.

We formulate our problem in the following way:

Problem 1.1 (Approximate matrix sensing). Given
a ground-truth positive definite matriz A, € R™*™ and
m samples (u;,b;) € R™ x R such that uiTA*ui =b;.
Let R = maX;c[m) |bs|. For any accuracy parameter
0 € (0,1), find a matrizx A € R™*™ such that

(u] Au; —u;Ayu;)* <8, Vi€ [m] (1)

or

(1 - 5)A* j A j (1 + 6)14*- (2)
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We make a few remarks about Problem 1.1. First,
our formulation doesn’t require the matrix A, to be
low-rank as literature (Zhong et al., 2015; Deng et al.,
2023). Second, we need the measurement vectors u; to
be “approximately orthogonal” (i.e., |u; u;| are small),
while (Zhong et al., 2015; Deng et al., 2023) make
much stronger assumptions for exact reconstruction.
Third, the measure approximation guarantee (Eq. (1))
does not imply the spectral approximation guarantee
(Eq. (2)). We mainly focus on achieving the first guar-
antee and discuss the second one in the appendix.

This problem is interesting for two reasons. First,
speeding up matrix sensing is salient for a wide range
of applications, where exact matrix recovery is not
required. Second, we would like to understand the
fundamental tradeoff between the accuracy constraint
€ and the running time. This tradeoff can give us
insights into the fundamental computation complexity
for matrix sensing.

This paper makes the following contributions:

e We design a potential function to measure the
distance between the approximate solution and
the ground-truth matrix.

e Based on the potential function, we show that gra-
dient descent can efficiently find an approximate
solution to the matrix sensing problem. We also
prove the convergence rate of our algorithm.

e Furthermore, we show that cost-per-iteration can
be improved by using stochastic gradient descent
with a provable convergence guarantee, which is
proved by generalizing the potential function to a
randomized potential function.

Technically, our potential function applies a cosh func-
tion to each “training loss” (i.e., u; Au; — b;), which is
inspired by the potential function for linear program-
ming (Cohen et al., 2019). We prove that the potential
is decreasing for each iteration of gradient descent, and
a small potential implies a good approximation. In
this way, we can upper bound the number of iterations
needed for the gradient descent algorithm.

To reduce the cost-per-iteration, we follow the idea of
stochastic gradient descent and evaluate the gradient
of potential function on a subset of measurements.
However, we still need to know the full gradient’s norm
for normalization, which is a function of the training
losses. It is too slow to naively compute each training
loss. Instead, we use the idea of maintenance (Cohen
et al., 2019; Lee et al., 2019; Brand, 2020; Brand et al.,
2020; Jiang et al., 2021; Huang et al., 2022; Song et al.,
2021a,b; Hu et al., 2022; Qin et al., 2023) and show
that the training loss at the (¢ 4 1)-th iteration (i.e.,

u;'— Aiy1u; — b;) can be very efficiently obtained from
those at the t-th iteration (i.e., u; Azu; —b;). Therefore,
we first preprocess the initial full gradient’s norm, and
in the following iterations, we can update this quantity
based on the previous iteration’s result.

We state our main result as follows:

Theorem 1.2 (Informal of Theorem 6.1). Given
m measurements of matrix sensing problems, there
is an algorithm that outputs a m X n matriv A in
O(m3?n%R6~Y) time such that |u] Au; — b < 4,
Vi € [m].

2 RELATED WORK

Linear Progamming Linear programming is one
of foundations of the algorithm design and convex op-
timization. many problems can be modeled as linear
programs to take advantage of fast algorithms. There
are many works in accelerating linear programming
runtime complexity (Lee and Sidford, 2014, 2015; Co-
hen et al., 2019; Lee et al., 2019; Brand, 2020; Brand
et al., 2020; Song and Yu, 2021; Dong et al., 2021; Jiang
et al., 2021; Gu and Song, 2022).

Semi-definite Programming Semidefinite pro-
gramming optimizes a linear objective function over
the intersection of the positive semidefinite cone with
an affine space. Semidefinite programming is a funda-
mental class of optimization problems and many prob-
lems in machine learning, and theoretical computer
science can be modeled or approximated as semidefi-
nite programming problems. There are many studies
to speedup the running time of Semidefinite program-
ming (Nesterov and Nemirovskii, 1994; Helmberg et al.,
1996; Lee et al., 2015; Jiang et al., 2020b,a; Huang
et al., 2022; Gu and Song, 2022).

Matrix Sensing Matrix sensing (Lee and Bresler,
2009; Recht et al., 2010; Jain et al., 2010; Zhong et al.,
2015; Deng et al., 2023) is a generalization of the popu-
lar compressive sensing problem for the sparse vectors
and has applications in several domains such as control,
vision etc. a set of universal Pauli measurements, used
in quantum state tomography, have been shown to sat-
isfy the RIP condition (Liu, 2011). These measurement
operators are Kronecker products of 2 x 2 matrices,
thus, they have appealing computation and memory
efficiency. Rank-one measurement using nuclear norm
minimization is also used in other work (Cai and Zhang,
2015; Kueng et al., 2017). There is also previous work
working on low-rank matrix sensing to reconstruct a
matrix exactly using a small number of linear measure-
ments. ProcrustesFlow (Tu et al., 2016) designs an
algorithm to recover a low-rank matrix from linear mea-
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surements. There are other low-rank matrix recovering
algorithms based on non-convex optimizations (Wang
et al., 2017; Li et al., 2019).

3 PRELIMINARY

Notations. For a positive integer, we use [n] to de-
note set {1,2,---,n}. We use cosh(z) = 1(e” + ™)
and sinh(z) = 1(e” — e~”). For a square matrix, we
use tr[A] to denote the trace of A. An n x n symmetric
real matrix A is said to be positive-definite if z T Az > 0
for all non-zero x € R™. An n X n symmetric real ma-
trix A is said to be positive-semidefinite if 2T Az > 0
for all non-zero x € R™. For any function f, we use

O(f) = f - poly(log f).
3.1 Matrix Hyperbolic Functions

Definition 3.1 (Matrix function). Let f : R — R
be a real function and A € R™"*™ be a real symmetric
function with eigendecomposition

A=QAQ !
where A € R™"™™ s a diagonal matriz. Then, we have
f(A) = Qf(M)Q™,

where f(A) € R"*™ is the matriz obtained by applying
f to each diagonal entry of A.

We have the following lemma to bound cosh(A) and
delay the proof to Appendix A.3.

Lemma 3.2. Let A be a real symmetric matriz, then
we have

|| cosh(A)|| = cosh(]|A||]) < tr[cosh(A)].
We also have

| Al <1+ log(tr[cosh(A)]).

3.2 Properties of sinh and cosh

We have the following lemma for properties of sinh and
cosh.

Lemma 3.3 (Scalar version). Given a list of numbers
T1," Ty, we have

o (30, cosh?(2)/2 < /n+ (oI, sinh®(x;))"/2,
o (300 sinh®(x;))' /2 > ﬁ(Z?ﬂ cosh(z;) —n).

We also have a lemma for the matrix version.

Lemma 3.4 (Matrix version). For any real symmetric
matriz A, we have

e (tr[cosh?(A)])Y/2 < \/n + tr[sinh?(A)]'/2,
e (tr[sinh?(A4)])Y/2 > ﬁ(tr[cosh(A)} —n).

We delay all the related proofs to Section A.

4 TECHNIQUE OVERVIEW

We first analyze the convergence guarantee of our ma-
trix sensing algorithm based on gradient descent and
improve its time complexity with stochastic gradient
descent under the assumption where {u;};c}, are or-
thogonal vectors. We then analyze the convergence
guarantee of our matrix sensing algorithm under a more
general assumption where {u; };¢[m) are non-orthogonal
vectors and |u u;| < p.

Gradient descent. We begin from the case where
{ui}ieim) are orthogonal vectors in R". Hyperbolic
functions such as cosh is very popular in the area of
optimization (Cohen et al., 2019; Lee et al., 2019; Brand,
2020; Song and Yu, 2021; Jiang et al., 2021; Dong et al.,
2021; Gu and Song, 2022; Li et al., 2023). Inspire by
that, we consider the following entry-wise potential
function:

Dy (A) := icosh()\(u;rAui — b))

and analyze its progress during the gradient descent
according to the update formula defined in Eq. (4) for
each iteration. We split the gradient of the potential
function into diagonal and off-diagonal terms. We can
upper bound the diagonal term and prove that the
off-diagonal term is zero. Combining the two terms
together, we can upper bound the progress of update
per iteration in Lemma 5.3 by:

Ae
Jm

By accumulating the progress of update for the entry-
wise potential function over T' = Q(y/mR§~!) itera-
tions, we have ®(Ari1) < O(m). This implies that
our Algorithm 1 can output a matrix Ap € R"*" sat-
isfying guarantee in Eq. (23), and the corresponding
time complexity is O(mn?).

(I)A(At+1) S (]. —0.9 ) . (I))\(At) + )\6\/%

We then analyze the gradient descent under the assump-
tion where {u;};c[m) are non-orthogonal vectors in R",
luf uj| < pand p < 13— We can upper bound the
diagonal entries and off-diagonal entries respectively
and obtain the same progress of update per iteration
in Lemma D.1. Accumulating in T = Q(y/mRé 1)
iterations, we can prove the approximation guarantee
of the output matrix of our matrix sensing algorithm.
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Stochastic gradient descent. To further improve
the time cost per iteration of our approximate matrix
sensing, by uniformly sampling a subset B C [m] of size
B, we compute the gradient of the stochastic potential
function:

Vo, (A4, B) Zul T Asinh(\(u; Au; — by)),

i€B

Bl

and update the potential function based on the up-
date formula defined in Eq. (8). We upper bound the
diagonal and off-diagonal terms respectively and ob-
tain the expected progress on the potential function in
Lemma 6.3.

Over T = Q(m3/2B~*R§~1) iterations, we can upper
bound ®(Ary1) < O(m) with high probability. With
a similar argument to the gradient descent section, we
can prove that the SGD matrix sensing algorithm can
output a solution matrix satisfying the same approx-
imation guarantees with high success probability in
Lemma 6.4. The optimized time complexity is O(Bn?)
where B is the SGD batch size.

For the more general assumption where {u;};c},) are
non-orthogonal vectors in R™ and |u;ru]| has an upper
bound, We also provide the cost-per-iteration analysis
for stochastic gradient descent by bounding the diag-
onal entries and off-diagonal entries of the gradient
matrix respectively. Then we prove that the progress
on the expected potential satisfies the same guarantee
as the gradient descent in Lemma E.2. Therefore, our
SGD matrix sensing algorithm can output a matrix
satisfying the approximation guarantee after

T =Q(m*?B~'Rs™")

iterations under the general assumption.

5 GRADIENT DESCENT FOR
ENTRY-WISE POTENTIAL
FUNCTION

In this section, we show how to obtain an approximate
solution of matrix sensing via gradient descent. For
simplicity, we start from a case that {u;};c[m] are or-
thogonal vectors in R™!, which already conveys the key
idea of our algorithm and analysis and we generalize the
solution to the non-orthogonal case (see Appendix D).
We show that Q(y/m/d) iterations of gradient descent
can output a d-approximate solution, where each itera-
tion takes O(mn?)-time. Below is the main theorem of
this section:

"'We note that A’ := > b J is a solution satisfying

u; A'u; = b; for all i € [m]. Hovvever7 we pretend that we
do not know this solution in this section.

Theorem 5.1 (Gradient descent for orthogonal mea-
surements). Suppose ui, ..., U, € R™ are orthogonal
unit vectors, and suppose |b;| < R for all i € [m].
There exists an algorithm such that for any ¢ € (0,1),
performs Q(y/mRS~1) iterations of gradient descent
with O(mn?)-time per iteration and outputs a matriz
A € R™" satisfies:

lu; Au; —bi| <6 Vi€ [m].

In Section 5.1, we introduce the algorithm and prove
the time complexity. In Section 5.2 - 5.4, we analyze
the convergence of our algorithm.

5.1 Algorithm

The key idea of the gradient descent matrix sensing
algorithm (Algorithm 1) is to follow the gradient of the
entry-wise potential function defined as follows:

Z cosh(A

Then, we have the following solution update formulas:

(u, Au; —b;)). (3)

At+1 «— At — € V@A(At)/HV(I))\(At)HF (4)

Lemma 5.2 (Cost-per-iteration of gradient descent).
Each iteration of Algorithm 1 takes O(mn?)-time.

Proof. In each iteration, we first evaluate u;Atui for
all i € [m], which takes O(mn?)-time. Then, V®,(4;)
can be computed by summing m rank-1 matrices, which
takes O(mn?)-time. Finally, at Line 6, the solution
can be updated in O(n?)-time. Thus, the total running
time for each iteration is O(mn?). O

Algorithm 1 Matrix Sensing by Gradient Descent.

1: procedure GRADIENTDESCENT ({u;, bi}icim)) >
Theorem 5.1
T 4= maX;c [y b
A1 —7-1
fort=1—1Tdo
Vo, (A) + Y7 wu] Asinh(A(u,” Agu; —
bi)) > Compute the gradient
A1 Ar — - VO (4,)/|IVOA(A) |
end for
return Ap
end procedure

5.2 Analysis of One Iteration

Throughout this section, we suppose A € R"*" is a
symmetric matrix.
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We can compute the gradient of ®(A) with respect to
A as follows:

Vo, (A Zul J Asinh (A(u] Au; — b;)) € R™*™

(5)

We can compute the Hessian of ®(A) with respect to
A as follows

V20, (A)
=1

The Hessian V2®,(A) € R x"°

necker product.

and ® is the Kro-

Lemma 5.3 (Progress on entry-wise potential). As-
sume that u; L uj =0 for anyi,j € [m] and ||u;||* = 1.
Let ¢ € (0,1) denote a sufficiently small positive con-
stant. Then, for any e, X > 0 such that e\ < c,

we have for any t > 0,

e
(A1) < (1-0. 9\/m) Dy (A) + Aev'm
Proof. We defer the proof to Appendix B.1. O

5.3 Technical Claims

We prove some technical claims in below.

Claim 5.4. For Qi defined in Eq. (18), we have

1
Qi < (Vi + £ IVeAA) k) - [T0r(AN 3
Proof. For simplicity, we define z;; to be

2= Mu; Agu; — by).

Recall that

V20, (Ay) = Z T) cosh(z,;).

For Q1, we have

tr[V2®y (Ay) Z sinh®(z;.;) (usu; © wiw] )]

i=1

=\ tr[z cosh(z;) (uu; ) @ (win] )

i=1

Z sinh?(z;) (uin ) ® (usu, )]

Q1=

=\ Ztr[cosh(ztvi) -sinh®(2;:) (uiu] uiu] )®
i=1

= Z(uzuj) @ (wiu; )A? cosh(A(u; Au; — by)).

(uiug s )]

=\ Z cosh(z;;) sinh?(z; ;)
i=1

<A (>cosh®(z))
=1

< A\*-Bi - By,

1/2 (Z sinh4(zt7i))1/2

(6)

where the first step comes from the definition of @1, the
second step comes from the definition of V2®,(4;), the
third step follows from (A® B)-(C®D) = (AC)®(BD)
and u, u; = 0 , the fourth step comes from |lu;|| =1
and trf(uu) ) @ (ww, )] = 1.

For the term By, we have

Z cosh2

< vm+ XHV‘I)/\(At)”Fy

Muy Agu; —b;)))H?

where the second step follows Part 1 of Lemma 3.3.

For the term By, we have

m

(Z sinh*(\(u; Agu; — b;)))"/?

=1

1
< FHVCI))\(At)”%U

By =

where the second step follows from ||z||2 < ||z||3. This
implies that

Q1< )\ -By By
1 1
<N (i HITEAAD]E) - T4

= (V4 5 VA A)]lF) - [V Rr (A0

]
Claim 5.5. For Q2 defined in Eq. (19), we have Qo =
0.

Proof. Because in ()2 we have :

m
Z (upu, @ uguy ) Z(uzuj ® u]u]T)

i£j
E ueug U;U

i#£j
: (7)

where the first step follows from (A® B) - (C® D) =
(AC) @ (BD) , the second step follows that u; u; =0
if i £ j and £ # i or £ # j always holds in Eq. (7).

Therefore, we get that Q2 = 0. O

~
Il
—

Ms

® (ueug uju; )

S~
ﬂ‘
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5.4 Convergence For Multiple Iterations

The goal of this section is to prove the convergence of
Algorithm 1:

Lemma 5.6 (Convergence of gradient descent). Sup-
pose the measurement vectors {ui}ie[m] are orthog-
onal unit vectors, and suppose |b;| is bounded by R
for i € [m]. Then, for any § € (0,1), if we take
A= Q6 tlogm) and e = O(A™1) in Algorithm 1, then
for T = Q(v/mR&™1Y) iterations, the solution matriz
Ar satisfies:

lu; Aru; —b;| <6 Vi€ [m).
Proof. We defer the proof to Appendix B.2 O

Theorem 5.1 follows immediately from Lemma 5.2 and
Lemma 5.6.

6 STOCHASTIC GRADIENT
DESCENT

In this section, we show that the cost-per-iteration
of the approximate matrix sensing algorithm can be
improved by using a stochastic gradient descent (SGD).
More specifically, SGD can obtain a J-approximate
solution with O(Bn?), where 0 < B < m is the size of
the mini batch in SGD. Below is the main theorem of
this section:

Theorem 6.1 (Stochastic gradient descent for orthog-
onal measurements). Suppose ui,...,u, € R™ are
orthogonal unit vectors, and suppose |b;| < R for all
i € [m]. There exists an algorithm such that for any
6 € (0,1), performs

O(m*?B~'R6™ )
iterations of gradient descent with
O(Bn?)

-time per iteration and outputs a matriz A € R™*"
satisfies:

|u] Au; —b;| <6 Vi€ [m].

The algorithm and its time complexity are provided in
Section 6.1. The convergence is proved in Section 6.2
and 6.3. The SGD algorithm for the general measure-
ment without the assumption that the {u;}icpm are
orthogonal vectors is deferred to Appendix E.

6.1 Algorithm

We can use the stochastic gradient descent algorithm
(Algorithm 2) for matrix sensing. More specifically,

in each iteration, we will uniformly sample a subset
B C [m] of size B, and then compute the gradient of
the stochastic potential function:

\B\ Zulu Asinh(\

ieB

V®, (A, B) — b)),

(8)

which is an n-by-n matrix. Then, we do the following
gradient step:

(u; T Au,

At—'rl < At — € V@A(At,Bt)/HV(I))\(At)HF (9)

Lemma 6.2 (Running time of stochastic gradient de-
scent). Algorithm 2 takes O(mn?)-time for preprocess-
ing and each iteration takes O(Bn?)-time.

Proof. The time-consuming step is to compute

IV®(As)||F- Since

Vo, (Ar) Zuzu )\smh (uiTAtui - bl)) ,

and w;lu; for i # j € [m], we know that
u; is an eigenvector of V®,(A) with eigenvalue
Asinh (A(u; Ayu; — b;)) for each i € [m]. Thus, we
have

IV®A(A)|F
= Z 22 smh2

Z AZsinh?(Az,),

i=1

TAt'LLZ —b; ))

where 2, ; 1= u:Atui —b; for i € [m]. Then, if we know
Ztije[m)y WE Can compute IV®x(A:)||F in O(m)-time.

Consider the change z¢41,; — 2¢,::

Zt41,4 — Rty
T
= u; (Apr1 — An)w;

¢ .7 .
HV(I)A(At)”F U, VCI))\(AhBt)uz
eEAxm .
= ~ Ve (A)r B ||FB Z u; u]u w; - sinh(Az ;)
_ eAmsinh(Az,;) 1
IVor(A)[lrB <

where the last step follows from wu;lu; for i # j.
Hence, if we have already computed {zt;}ic[m and
IV®A(AL)||F, {2t41,i}icm) can be obtained in O(B)-
time.

Therefore, we preprocess z1,; = u] Ayu; — b; for all
i € [m] in O(mn?)-time. Then, in the ¢-th iteration
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Algorithm 2 Matrix Sensing by Stochastic Gradient
Descent.

1: procedure SGD ({us, b; }icpm))

> Theorem 6.1

2: T < MaX;c[m] b;

3: Ay <711

4: 2+ uj Aju; — b; for i € [m]

5: fort=1—T do

6: Sample B; C [m] of size B uniformly at
random

7: V(A Br) + % ZieB,, uiu;r}\ sinh(Az;)

5 V@A) r (7, X2 sinh® (Azq)

9: At+1 < At — € - V(I))\(At, Bt)/”vq))\(At)”F

10: for i € B; do

11: zi < zi—edmsinh(Az;) /(||VOA(As) || rB)

12: end for

13: end for

14: return Ap

15: end procedure

(t > 0), we first compute

V&, (A, By) = Z uu; DY sinh(Az ;)

1€Bt

in O(Bn?)-time. Next, we compute |[V®,(A;)| F using
z¢; in O(m)-time. A;yq can be obtained in O(n?
Finally, we use O(B)-time to update {z;41, fi[m]-

Hence, the total running time per iteration is

O(Bn? +m + n? + B) = O(Bn?).

6.2 Analysis of One Iteration

Suppose A € R"*". Let B, be a uniformly random
B-subset of [m] at the ¢-th iteration, where B is a
parameter.

We can compute the gradient of ®,(A, B) with respect
to A as follows:

V&, (A,B) = B] Zuu Asinh(A(w; Au; — b;)),

i€B
where V®y (A4, B) € R™*".

We can also compute the Hessian of ®(A, B) with
respect to A as follows:

~ 18] B 2

iceB
cosh(A(u; Au; — b;))

V20, (A, B) usu; YA

where V20, (A, B) € R *"* and © is the Kronecker

product.

)-time.

It is easy to see the expectations of the gradient and
Hessian of @ (A, B) over a random set B:

BH% ][V‘I)A(Aa B)] = Ve, (4),
5 E ][VQ%(A,B)] = V20, (4A)

Lemma 6.3 (Expected progress on potential). Given
m vectors Ui, Us, -+ , Um € R™. Assume (ui,u]} =0
for any i # j € [m] and ||w;||> =1, for all i € [m]. Let
A < 0.01Bd for ali t > 0.

Then, we have

- 0.9%) LBy (Ar) + Aey/m.

Proof. We first express the expectation as follows:

E[®x (A1) < (1

A2 [‘I’A(At+1)] — Pa(Ar)
< AElqu)’\(At)’ (Apr — Ag))] + O(1):
AM[(V Px(Ar), (A1 — Ap) ® (A1 — Ar))l,
(10)
which follows from Corollary A.2.
We choose
Api1 = Ar — e VOA(AL, By) /[ VOA(Ar) | p-

Then, we can bound

E [—tr[VO(Ar) - (Apy1 —

Aty

- E [tr {V(I)A(At)'

Ay)]]
GV(E)\(At,Bt):H
IV@x(Ad) |7

= - [[Ver(A))llF (11)
We define for ¢t > 0 and ¢ € [m],

e T
Ztg = Uy Atui — bi.

We need to compute this As,.
consider Ay - [|[V®y(A4;)]%,

For simplificity, we

= tr[V2D\(Ay) - (Ars1 — Ap) © (Apy1 — Ap)]-
VO (A7
= (Ne)? (o m )2 tr [V2<I>,\ (A4y) - Z uU,; ] sinh( (26,0)®
|Bt| =
(Z usu,; sinh(zt7i)] (12)
1E€EB

Ignoring the scalar factor in the above equation, we
have

= tr [V%A(At) ( z@; sinh(z;) sinh(ze.;)
2,3 t
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(wi] @ uzu]))]

= tr [V2<I>/\ (Ay) - Z sinh?( ztz)(uzu ® uiu, ))}
1€ By
+tr [V2<I>,\(At) -( Z sinh(z; ;) sinh(z; ;)
i#jEDBy

(] @ uzu]))]
= Q1+ Q2 (13)

where the first step follows that we extract the scalar
values from Kronecker product, the second step comes
from splitting into two partitions based on whether
i = j, the third step comes from the definition of @
and @2 where @1 denotes the diagonal term, and Q-
denotes the off-diagonal term. Taking expectation, we
have

E[A, - ||v<I>A(At)II%}

=M¥w£ﬁi|@
< (- i (4 LIV )
AENONIH (1)

where the first step comes from extracting the constant
terms from the expectation and Claim 5.5, the second

step follows that E[Q1] = 2. @, and the third step
comes from the Claim 5.4. Therefore we have:

E[(I))\(At.i_l)} - (I))\(At)
—E[A1] +0(1) - E[A,]

—€e(1=0(eN) - B, ‘)”V(I))\(At)”F +0(eN)*vm
— 0.9¢[ V(A F + O(eX)*vm
m) + O(eN)*v/m

IN A

- 0.96/\%@)\(4%) -

1
<-— O.QEAﬁ‘PA(At) + eAv/m,
where the first step comes from Eq. (10), the second
step comes from Eq. (11) and Eq. (14), the third step
follows from e < 0.01° IB" , the forth step follows from
Eq. (21), and the last step follows from eX € (0,0.01).
O

IN

6.3 Convergence For Multiple Iterations
The goal of this section is to prove the convergence of
Algorithm 2.

Lemma 6.4 (Convergence of stochastic gradient de-
scent). Suppose the measurement vectors {u;}ic[m) are

orthogonal unit vectors, and suppose |b;| is bounded
by R for i € [m]. Then, for any 6 € (0,1), if we
take A = Q(6 tlogm) and e = O(A\"'m~1B) in Algo-
rithm 2, then for

T =Q(m*?B~'R6 1)

iterations, with high probability, the solution matriz Ar
satisfies:

|uiTAT+1'U:i —b| <6 Vie[m)].

Proof. Similar to the proof of Lemma 5.6, we can bound
the initial potential by:

B(Ay) < 20008

In the following iterations, by Lemma 6.3, we have
Ae
vm

as long as € < 0.01 |/€:’l‘ , where By is a uniformly random

subset of [m] of size B.

It suffices to take e = O(A ™!

E[®(Ais1)] < (1—0.9-5=) - By(A) + Aey/m,

m~1B).
Now, we can apply Lemma 6.3 for 7" times and get that
E[®(Ag )] < 27 AN VmITORR) 4 o,
By taking
T =Q(m*?B 1 Rs7Y),
we have

(Ary41) < O(m)

holds with high probability. By the same argument as
in the proof of Lemma 5.6, we have

lug Aryru; — b <6 Vi € [m].

The lemma is thus proved. O

7 CONCLUSION

In this paper, we study the problem of matrix sensing
which has a wide variety of practical applications in
real-world science and engineering problems like image
processing, quantum computing, and sensor localiza-
tion. In many application domains of matrix sensing, it
is appealing to tradeoff accuracy for fast running time,
e.g., in fast and approximated k-nearest neighbors and
k-means. We design an efficient algorithm with prov-
able convergence guarantees using stochastic gradient
descent to approximate matrix sensing. Based on our
understanding, our work does not result in any negative
societal impact since this is a theoretical paper.
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Appendix

Roadmap. We first provide the proofs for matrix hyperbolic functions and properties of sinh and cosh in
Appendix A. Then we provide the proofs for the gradient descent and stochastic gradient descent convergence
analysis in Appendix B. We consider the spectral potential function with ground-truth oracle scenario in
Appendix C. We analyze the gradient descent with non-orthogonal measurements in Appendix D. We provide the
cost-per-iteration analysis for stochastic gradient descent under non-orthogonal measurements in Appendix E.

A Proofs of Preliminary Lemmas

In Section A.1 we present several calculus tools. In Section A.2 we present a fact for Kronecker product. In
Section A.3, we present the proof for cosh(A) upper bound. In Section A.4, we present several equalities lemmas
between sinh and cosh. In Section A.5, we present several inequalities lemmas between sinh and cosh.

A.1 Calculus tools

We state a useful calculus tool from prior work,

Lemma A.1 (Proposition 3.1 in (Juditsky and Nemirovski, 2008)). Let A be an open interval on the axis, and f
be C? function on A such that for certain 0+, u+ € R one has

V(a < b,a,be A):

o L@, S-S
f/(bl)) : £/(a) S 9+ ’ f//(a) ;r f//(b) + /"LJF?

where f' and f"” means the first- and second-order derivatives of f, respectively.

Let, further, X,(A) be the set of all n x n symmetric matrices with eigenvalues belonging to A. Then X, (A) is
an open convex set in the space S™ of n X n symmetric matrices, the function

F(X)=tr[f(X)]: X(A) = R
is C?, and for every X € X,(A) and every H € S™ one has

O_ -tr[Hf"(X)H] + pu_ - tr[H?] < D*F(X)[H, H]
D2F(X)[H, H] < 0 - tr[H " (X)H] + iy - tr[H?],

where D means directional derivative.

We will use below corollary to compute the trace with a map f: R — R.
Corollary A.2. Let f: R — R be a C? function. Let A and B be two symmetric matrices. We have

tr[f(A)] < tr[f(B)] + tr[f'(B)(A - B)]
+0(1) - te[f"(B)(A — B)?].
A.2 Kronecker product

Suppose we have two matrice A € R™*" and B € RP*?, we use A ® B denote the Kronecker product:

Al,lB Al,nB
AgB=|
AmaB - A B

We state a fact and delay the proof into Section A.
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Fact A.3. Suppose we have two matrices A € R™*™ and B € R™**, we have

(A® B) - (C® D) = (AC) @ (BD).
Proof. From the definition of Kronecker product we have:

(A® B) - (C® D)

AqB ... A,B Ci D ... CiixD
AmiB ... ApnB || CoaD ... CniD

[ (> AiCin)BD - (3001, A1iCig)BD

L (Z?zl Am,ici,l)BD (Z?:l Am,ici,k)BD

[ (AC)1 BD --- (AC),xBD

| (AC)pm1BD -+ (AC)pm i BD

= (AC) ® (BD)
Thus we complete the proof. O

A.3 Proof of cosh(4) upper bound
Lemma A.4 (Restatement of Lemma 3.2). Let A be a real symmetric matriz, then we have
|| cosh(A)|| = cosh(||A||]) < tr[cosh(A)].

We also have ||A|| < 1+ log(tr[cosh(A)]).

Proof. Note that for each eigenvalue A of A, we know that it corresponds to cosh(\) for cosh(A). The second
inequality follows from the fact that cosh(A) is psd.

For the second part, we know that exp(z)/2 < cosh(x), hence, exp(||Al|)/2 < cosh(]|4]|), and

log(exp([|Al))
log(2 cosh([|Al})

1+ log(tr[cosh(A)]),

R

IN A

where the second step is by the monotonicity of log(-) and exp(]|Al|) < 2cosh(||A]|), the last step is by cosh(||A]|) <
tr[cosh(A)]. O

A.4 Relations Between cosh and sinh: Equalities

We state a fact as follows:

Fact A.5. For any real number , cosh?(x) — sinh?(z) = 1
From the definition of cosh(z) and sinh(z) we have:
cosh?(z) — sinh?(z)

1
*(621 —24 67293)

1
_ *(62m+2+6721) o 1

4
=1

We also have the following lemma for matrix.
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Lemma A.6. Let A be a real symmetric matrix, then we have
cosh?(A) — sinh?(A) = I.
Proof. Since A is real symmetric, we write it in the eigendecomposition form: A = UAU T, then

cosh?(A) — sinh?(A)
= Ucosh?>(A) U — Usinh*(A)U T
= U(cosh?®(A) — sinh®(A))U "
=UU’
=1,

where the first step follows from cosh and sinh can be expressed as exp, the third step is by applying entrywise
the identity cosh?(z) — sinh?(z) = 1. O

A.5 Relations Between cosh and sinh: Inequalities

Lemma A.7 (Scalar version, Restatement of Lemma 3.3). Given a list of numbers x1,- - x,, we have

o (Z7 cosh® ()2 < /i + (S sinh® (2:))'/2,
o (XiLysinh®(@:)"2 > Jo (301, cosh(:) — n).

Proof. For the first equation, we can bound (37, cosh®(z;))"/? by:
(Z cosh?(z,))V/? = (n + Z sinh?(z;))'/?
i=1 i=1
< Vn+ () sinh®(z;))/?
i=1

where the first step comes from fact A.5, and the second step follows from va +b < y/a + Vb.

n .

For the second equation, we can bound (37, sinh®(z;))'/? by:
n 1 n
(> “sinh?(z;))/? > — () sinh(z;))
1 n
> —(» cosh(z;) —n)
e

where the first step follows that 4/ Z;lel v? > E?jll Ti and the second step follows from fact A.5 and /22 — 1 >
Vo —1. O

We also have a lemma for the matrix version.

Lemma A.8 (Matrix version, Restatement of Lemma 3.4). For any real symmetric matriz A, we have
e (tr[cosh?(A)])Y/? < /n + tr[sinh®(A)]'/2,
e (tr[sinh?(A)])*/2 > —=(tr[cosh(A)] —n).

Proof. Part 1. We have

(tr[cosh?(A)])Y/2 = (n + tr[sinh?(A)])1/?
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< v/n + tr[sinh?(A)]Y/2.

where the first step follows from cosh?(A) — sinh?(A) = 1.
Part 2. Let o; denote the singular value of cosh(A)

(tr[sinh?(A4)])Y/2 = (tr[cosh?(A)] — n)'/2

n
= (o2
1=1

I
—~
o+
=,
Q
o
wn

=
—
N
Pt
|
3
~

where the second step follows from || - || > ﬁ” - |l1, the third step follows from o; > 1.

B Proofs of GD and SGD convergence

In this section, we provide proofs of convergence analysis the gradient descent and stochastic gradient descent
matrix sensing algorithms. In Section B.1, we provide proof for estimating the progress of gradient descent on
potential function. In Section B.2, we prove the convergence result for gradient descent.

B.1 Proof of GD Progress on Potential Function

We start with the progress of the gradient on the potential function in below lemma.

Lemma B.1 (Restatement of Lemma 5.3). Assume that u; L uj = 0 for any i,j € [m] and ||u;||> = 1. Let
€ (0,1) denote a sufficiently small positive constant. Then, for any e, A > 0 such that e\ < ¢,

we have for any t > 0,

Ae

a(Ar) < (1-09 75

) . (I))\(At) + )\6\/%

Proof. We first Taylor expand ®,(A;+1) as follows:

Pr(Ary1) — Pa(Ay)
< (VOA(Ay), (Arpr — Ap)) + O(U)(VPA(Ar), (Arg1 — Ap) @ (Arr — Ay))
= Al + O(].) . AQ, (].5)

which follows from Lemma A.1.

‘We choose

Arpr = A — € VOA(A)/[[VOA(A) |-

We can bound

Al = tr[VCIb\(At)(AHl — At)]
— e [[VOA(Ar)lF. (16)
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Next, we upper-bound As. Define
2t = )\(u;rAtui —b;).
and consider Ay - (Ae)™2 - |[V®,(A;)||%, which can be expressed as:

g~ (A) - [[V@A(A)) 3
= (0 BIV0AA)  (Arss = A0 ® (Arss = A0 [ V(A0

[V2<I>,\ (Ay) - Zuzu sinh(z ;) Zuzu sinh(z; Z))}

[V Dy (Ay) - Zsmh 2.4) sinh(zg ;) (wgu;, ® uju j ))}

[V Oy (Ay) - Zsmh ztz))(ulu ® uiu,; ))}

+t [V Dy (Ay) - ;smh 2¢.4) sinh(zg ;) (wiv] ® uju ))}
i#j

= Ql + Q27
where

Q= [V Dy (Ay) - Zsmh z“))(mu ® U, ))]

=1

denotes the diagonal term, and

Q2 = [V2<I>,\ (A) - Zsmh zt,0) sinh(z ;) (wiv;] ® wju j ))]
i#]

(19)

denotes the off-diagonal term. The first step comes from the definition of As, the second step follows fromr
eplacing A; 11 — A; using Eq (4), the third step follows that we extract the scalar values from Kronecker product,
the fourth step comes from splitting into two partitions based on whether ¢ = j, the fifth step comes from the

definition of @ and Q.
Thus,

Ay = (eA)*(Q1 + Q2)/|[VA(A) I
= (eX)*(Q1 +0)/[IV@x(AL) |7
1
= (NP - (Vi + 5 [V (1) ).
where the second step follows from Claim 5.5, and the third step follows from Claim 5.4.

Hence, we have

IN

— VA + O+ 5 V@A) )
—0.9¢||@r(A)|| 1 + O(eN)2/m

IN

where the first step follows from Eq. (15), the second step follows from Eq. (22) and Eq. (2

follows from e\ € (0,0.01).
For ||®,(As)||F, we have

1
2 [VeA(A)||F

0), the third step
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= Zuu sinh(A\(u; Ayu; — b;)))?]

— Z )2 sinh? (A\(u; Agu; — b;))]
i=1
m

= Zsinhz(/\(uiTAtui - b))

m

1

> E(Z cosh(A(u; Agu; —b;)) —m)?
= (@A)~ m), (21)

where the first step comes from Eq. (5), the second steps follow from u;ruj = 0, the third step follows from

|lusl]2 = 1, the forth step follows from Part 2 in Lemma 3.3, the fifth step follows from the definition of ®(A).
Thus, we get that

[@s(AD)]lr > A- %@Ama —ml, (22)

It implies that

Pr(Arr1) — Pa(Ar)

- 0. 96/\7‘(13)\(140 m| + O(eN)*/m

v

where the second step follows from extracting the constant term from the summation.

IA

IN

—0.9eA (Ar) — m| 4+ 0.1eAy/m,

Then, when ®(A;) > m, we have

q)A(At—i-l) < (1 - 09\;\%) . (D)\(At) + )\6\/5

When ®(A;) < m, we have

By () < (1 +09?ﬁ) By (Ay) — 0.8Ney/mn.

The lemma is then proved. O

B.2 Proof of GD Convergence

In this section, we provide proofs of convergence analysis of gradient descent matrix sensing algorithm.

Lemma B.2 (Restatement of Lemma 5.6). Suppose the measurement vectors {u;}ic[m) are orthogonal unit
vectors, and suppose |b;| is bounded by R for i € [m]. Then, for any § € (0,1), if we take A = Q(6~'logm) and
e = O(A\71) in Algorithm 1, then for T = Q(/mRS~1) iterations, the solution matriz At satisfies:

lu] Apu; —b;| <68 Vi € [m].

Proof. Let 7 = max;c[) b;- At the beginning, we choose the initial solution A; := 71, where I,, € R"*" is the
identity matrix, and we have

Zcosh (T —0;))



A General Algorithm for Solving Rank-one Matrix Sensing

m
g eAT Z e—)\bq' g 20(/\R)’
i=1

where the last step follows from |b;| < R for all i € [m].

After T iterations, we have

A
®(Ari1) < (1- %)T@(An +2m
< (1 i)T 90(AR) +92m
m

< 9~UATN/Vm)+OR) 4 9,

where the first step follows from applying Lemma 5.3 for T' times, and Z;szl(l —eN/m)iTledy/m < 2m.
As long as T = Q(Rv/m/¢) = Q(R+/mM), then we have
(I)(AT+1) S O(m)

This implies that for any i € [m],
|U7TAT+1ui — bz‘ < )\71 'COSh_l(O(m))
=A"1.0O(logm)

where we take R = Q(6~1logm).
Therefore, with T = Q(,/mRJd~!) iterations, Algorithm 1 can achieve that

lu] Ariqu; —bi| <6 Vi€ [m)]. (23)
The theorem is then proved. O

C Spectral Potential function with ground-truth oracle
In this section, we consider the matrix sensing with spectral approximation; that is, we want to obtain a matrix
A that is a d-spectral approximation of the ground-truth matrix A,, i.e.,

(1-0)A A= (140)A..

To do this, instead of performing a series of quadratic measurements, we assume that we have access to an oracle
O 4, such that for any matrix A € R™*™, the oracle will output a matrix A, 1 ZAAL 12 Algorithm 3 implements
a matrix sensing algorithm with spectral approximation guarantee with the assumption of oracle O4, .

We define the spectral loss function as follows:
Wy (A) := trfcosh(A(I — (A,)"2A(A4,)72))).
We will show that ¥ (A) can characterize the spectral approximation of A with respect to A,.

It is easy to see that if we can query an arbitrary A to the ground-truth oracle O4,, then we can definitely recover
A, exactly by querying Oy4, (I). Instead, in Algorithm 3, we focus on the following process: the initial matrix Ay
is given, and in the ¢-th iteration, we first compute

X, =M1 — A2 4,477
and do eigendecompsotion of X; to obtain A; such that X; = QtAtQ;r . Then we update the matrix A;;1 by:
Apg1 = Ay + e+ AY? sinh(X,)AY? /|| sinh(X})|| .

We are interested in the number of iterations needed to make A; be a J-spectral approximation. We believe this
example will provide some insight into this problem, and we leave the question of spectral-approximated matrix
sensing without the ground-truth oracle to future work.
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Algorithm 3 Matrix Sensing with Spectral Approximation.

1: procedure GRADIENTDESCENT(O,4,, A1)

2 fort=1—Tdo

3 Xt(*)\(In*OA*(At))

4: Q:A:Q/ + Eigendecomposition of X > It takes O(n®)-time
5: Y; ¢+ Qq - sinh(Ay) - Q) > Y; = sinh(X;). It takes O(n?)-time
6: App1 — A+ e- 04, V) /Y F > It takes O(n?)-time
7 end for
8 return Apy
9: end procedure

Lemma C.1 (Progress on the spectral potential function). Let ¢ € (0,1) denote a sufficiently small positive
constant. We define Xy as follows:

Xy o= AT — (A,) Y2 4,(A,)7/?)

Let

Appr = Ay + € MA) Y2 sinh(X,)(A)Y2/||A - sinh(X,)]|| -

For any e € (0,1) and A > 1 such Ae < ¢, we have for any t > 0,

\I/)\(At+1) S (1 — 096)\/\/5)\1/,\(14,5) + 6)\\/’5
Proof. We can compute
Ua(Arg1) — Wa(Ay)
= tr[cosh(X¢41)] — tr[cosh(X})]
— A~ trfsinh(Xy) - ((A) 72 (A — A (A7)

+ O(1) - X - tirfeosh(X0) - ((A0) 72 (Ar = Arya) (A 72
= —A1+0()- Ay, (24)

IN

the first step is by expanding by definition, the second step is by Taylor expanding the first term at the point
I —(A,)"Y2A,(A,)~Y? (via Lemma A.1), and the last step is by definition of A; and As.

To further simplify proofs, we define
VU, (A;) == A (A,)Y2sinh(X,)(A,)Y?
VU, (4;) := A-sinh(X,)
AW, (Ay) := X cosh(Xy)

To maximize the gradient progress, we should choose

App1 = A+ e VUL(A)/|[VIA(A) | r

Then
Ay = (eX?) - trfsinh®(X,)]/||[VUA(Ay) ||
= ¢ [|VUA(A)|3/IIVEA(A) ||
=€ ||[VUA(A)|F (25)
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and
Ay = 2M\? - tr[cosh(Xy) - sinhZ()\(Xt)}/H%‘I’/\(AOH%
= X tr[AUL(A) - VL (A)?)/ [V (A

< EXN-ATA(AL)[|p - [[VEA(AD |/ IV OA (A3
< EX-[|ATL(A)|F
< EX-(AWn+ [[VEA(A) | F) (26)

Yhere the first step follows from the definition of As, the second step comes from the definition of N A(Az) and
VW, (A;), the third step follows that [|AB|[p < [|A||r[|B| r, the forth step follows from [lz[|7 < |lz[|3, and the
fifth step follows from Part 1 of Lemma 3.4.

Now, we need to lower bound ||V, (4,)||r, we have

IVEA(As)l|r = (br[\* sinh® (X))

> \;\ﬁ(tr[cosh(Xt)] )
= \j\ﬁ(q/)‘(At) —n) (27)

where the second step follows from Part 2 in Lemma 3.4.

We know that

Then, we have

Ua(Ar1) — Ua(Ay)

— elVOA(A) [[r + EXVR+ [ V(AL F)
< — 0.9€[| VT (A7 + X2V

< —O.QEA%\IIA(At) W

where the first step follows from Eq. (25) and Eq. (26) , the second steps comes from e € (0,0.01), the third step
comes from Eq. (27) and eX < 1.

IA

Finally, we complete the proof.
O

Lemma C.2 (Small spectral potential implies good spectral approximation). Let A € R"*" be symmetric, and
A > 0. Suppose Wy (A) < p for some p > 1. Then, we have

(1-0)A, A=< (1+0)A,
for 6§ = O(A~tlogp).
Proof. By the definition of Wy (A), Uy(A4) < p implies that for any i € [n],
cosh(A(1 — N (A2 AA7Y?)) < p,
or equivalently,
(1= X(A2A4471%)| < O(A " logp).
Hence, we have
(1= 6L, < AL 2A47? < (14 6)1,,
where § := O(A~!logp). Therefore, by multiplying A:l/z on both sides, we get that
(1-0)A 2 A= (1+0)A,,

which completes the proof of the lemma. O
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D Gradient descent with General Measurements

In this section, we first analyze the potential decay by gradient descent with non-orthogonal measurements in
Section D.1, where we split it into two terms: @1 and Q2. We then present how to bound the off-diagonal terms
of the norm of gradient in Section D.2. We present how to bound the term )7 in Section D.3, which relies on an
upper bound for its off-diagonal terms in Section D.4. We present how to bound the term @2 in Section D.5.

D.1 Progress Measurements

We first recall the definition of the potential function ®y(A):
D,\(4) = icosh()\(u;rAui — b)),
i=1
its gradient V®y(4) € R**™:
Vo, (A) = i”: wsu; \sinh ()\(u;-rAui — b)), (28)
i=1

and its Hessian V2®,(A4) € R™ *n”:
V20, (A) = Z(uluj) @ (uiu; )A? cosh(A(u; Au; — by)).
i=1
Lemma D.1 (Progress on entry-wise potential with general measurements). Assume that |u] u;| < p and

p < 10—, for any i,j € [m] and |Ju||*> = 1. Let c € (0,1) denote a sufficiently small positive constant. Then, for
any €, A > 0 such that e\ < ¢, we have for any t > 0,
Ae

(I))\(At+1) S (1 - Ogﬁ) . (I))\(At) + )\6\/%

Proof. We first have

Pr(Arr1) — Pa(Ar)
(VOA(Ar), (Arp1 — Ar)) + O()(V?PA(Ar), (A1 — Ar) @ (Arr — Ay))
= — A1+ 0(1) - Ay, (29)

IA

which follows from Corollary A.2.

We choose

Appr = Ay — € VOA(A) /[ V(AL |- (30)

We can bound

Ay = —tr[VOL(A) (A1 — Ap)]
= |[V®A(A)] p. (31)

For || ®x(A) |7,
1
12V (A
— (3w sinh(A(u] Agu; — b:)))?]
=1

- tr[z sinh? (\(u; Agu; — b;))]
=1
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]

+tri

> 0.9 tr[z sinh®(A(u; Aru; — b;))]

wju] ) sinh(A(u, Ayu; —b;)) - sinh()\(u;rAtuj —b5))]

st

=1
1 m
> 0'95(; cosh(A(u] Agu; — b)) —m)?
1

where the first step follows from Eq. (28), the second steps follow from partitioning based on whether i = j and
|lusl]2 = 1, the third step comes from Claim D.2, the fourth step in Eq. (32) follows from Part 2 in Lemma 3.3,
the fifth step follows from the definition of ®,(A).

Thus,
Al = — tr[V@A(At)(AHl - At)]

Ae- %@A(At) —m). (33)

\%

For simplicity, we define

2t = )\(u;rAtul — bz)

We need to compute this A,. For simplificity, we consider A, - (5)2 IV®5(Ay)||%, which can be expressed as:

1
AV (5)2 V@A (A |7

= (/\16)2 tr[V2®y (Ay) - (App1 — Ap) @ (Apy1 — A))] - || VO (AL || %

= tr [V Dy (Ay) - Zuu sinh(z ;)) Zuu sinh(z;))

= tr[V2Dy (A, Zsmh 2.4) sinh (2 ) (wgu; ®UjUj )]

(]

= tr[V20x(A) (D sinh®(z,)) (i) @ ugu)))]

i=1
+ tr[VQQX(At)(Z sinh(z; ;) sinh(z ;) (wiw; ®ujujT))]
i
= Q1+ Qq, (34)
where
O : [v B (A,) - meh (20.0)) (wsu] ® wii] ))} (35)
i=1
denotes the diagonal term, and
Q- : {V Dy (Ay) - Zsmh (2¢.4) sinh(ze ;) (wu; @ wju j ))} (36)

i#]

denotes the off-diagonal term. The first step comes from the definition of As, the second step follows from
replacing A;y1 — A using Eq. (30), the third step follows that we extract the scalar values from Kronecker
product, the fourth step comes from splitting into two partitions based on whether 7 = j, the fifth step comes
from the definition of )1 and @Qs.
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Thus,
Ay < (N (Q1+ Q2)/IVOA(A)[|7
= 13N (Vi + 1[92 (A1)

where the second step follows from Claim D.3 and Claim D.5.

Hence, we have

Pr(Apy1) — Pa(Ar)

< —A1+0(1)-A

< — VB + O (Wi + 5 V84N )
< = 0.9¢[|®x(A))|F + O(eN)*Vm

< - 0.96)\%@),\(140 —m) + O(eN)*vm

< - 0.96)\%@,\(/&) + edvm,

(37)

where the first step follows from Eq. (29), the second step follows from Eq. (33) and Eq. (37), the third step
follows from e\ € (0,0.01), the fourth step follows from Lemma A.6, and the final step follows that extracting the

constant term from the summation.
The lemma is then proved.
D.2 Bounding the off-diagonal terms in A\72||V®,(4;)[|%

Claim D.2. It holds that:

Z (ug, uj>2 sinh()\(u;rAtui —b;)) Sinh()\(u;-rAtuj —bj))
i#j€[m]

< ()IZSlnh2 u] Agu; — b;))

Proof. We define R; ; and R as follows:

R;; = sinh(A(u; Ayu; — b)) sinh(A(u; Ayuj — by))

,

= tr] Z Z U smh(/\(uiTAtui - b)) -sinh(/\(ujTAtuj -

i=1 j#i

Then we can upper bound |R| by:

[R| =t ZZ|U1 (uju, ||RHH

i=1 j#i

PP tr> Y | Ri ;]

i=1 j£i

2 m m
P> S (Rig + Ry )]

i=1 j#i

mp? tr[z R; ]
i=1

IN

IA

IN

O

b))l
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m

<0.1t[> Rl

i=1

where the first step follows |ab| = |a|[b|, the second step follows |u; u;| < p, the third step follows that |ab| < #,
the fourth step follows from the summation over j, and the fifth step comes from mp? < 0.1. O

D.3 Bounding the term @,

Claim D.3. For Q) defined in Eq. (35), we have
1
Q1 < 1L.1(vm + FIVes(A)lF) - V@A (A%

Proof. For simplicity, we define z;; to be
2t = )\(UIA{LLZ — bz)

Recall that

VE0A(A) = A7) (win]) @ (uin] ) cosh(zy).
i=1

For Q1, we have

Q1 = tr[Vg%(At)isinh2(zt,i)(uz'uiT ® u;u, )]

i=1

=2 tr[z cosh(ze) (win] ) @ (usu, ) - ZsinhQ(zt,i)(uiul—-r) ® (uiu )]
i=1 i=1

=\ Z trcosh(z; ;) sinh® (2 5) - (win] v ) @ (wiw] wiu, )]
i=1

+ A% DY trfeosh(ze) sinh® (21 5) - (win] wju]) ® (uju uiu])]
i=1 ji

m
=)\ Z cosh(z ;) sinhQ(zm)
i=1

+ A%, Z Ztr[eosh(zt,i) sinh®(z ;) - (ulu:uju;r) ® (uju;ru,u;r)]
i=1 j#i

< LA (Z cosh?(z;4))Y/? - (Z sinh®(z;;))'/?
i=1 i=1

< 1.1\%. B; - By, (38)

where the first step comes from the definition of @1, the second step comes from the definition of V2®,(A;), the

third step follows from (A ® B) - (C ® D) = (AC) ® (BD) and partition the terms based on whether i = j, the

fourth step comes from [ju;|| = 1 and tr[(u;u; ) ® (w;u, )] = 1, and the fifth step comes from Cauchy—Schwarz
inequality and Claim D.4.

For the term B;, we have
By = () cosh®(\(u] Agu; — b;)))'/?
i=1

< Vi + {192 (A0 (39)
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where the second step follows Part 1 of Lemma 3.3.

For the term Bsy, we have

Zsmh4 u) Agu; — b;)))/?
< LIvel.

where the second step follows from ||z||2 < ||=||3. This implies that
1.1)\*- By - B

1 1
< LN (Vi + 9040 [F) - 551V (403

@

IN

N

LIV + S IV@A(A]P) - [V8r(A0)

This completes the proof.

D.4 Bounding off-diagonal terms in @,

Claim D.4. We can bound the off-diagonal entries by:

mom

N7 3 trfeosh(zr,i) sinh® () - (wsee] g ) @ (uguf win] )|
i=1 ji
m m
< 0.1)\2(Z(cosh(zt71))1/2 . (Z sinh®(z;,;))%/?
i=1 i=1
Proof.
X2 Y0 trfeosh(ze,i) sinh® (z4,) - (uind wju]) © (ujuf wil)]|
i=1 ji
< p*A?| Z Z cosh(z,;) sinh? (2 ;)|
i=1 j#i
m m m m
< pQAQ(Z Z(COSh2(2t7i))l/2 . (ZZsinh4(zt7j))1/2
i=1 jAi i=1 j£i
m
< mpZ)\Q(Z(COth N2 meh4 z04))/?
i=1
< 0.1)\2 Z cosh2 1/2 Zsmh4 1/2
i=1

(40)

where the first step comes from |(u;,u;)| < p, the second step comes from Cauchy-Schwarz inequality, the third

step follows from summation over m terms, and the fourth step comes from p?m < 0.1.

D.5 Bounding the term Q-

Claim D.5. For Q2 defined in Eq. (36), we have:

Q2 < 022 (Vi + 1 T2 (40 [7) - [ V(A1)

O
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Proof. Because in Q2 we have :

m
(cosh(zte) - upu] @ upuy ) - Z(sinh(zm) sinh(z ;) - uu; ® u]u;)]
it

NE

Q2 = )\2 tI‘[

~
Il
—

I
%
L=
NE
NE

cosh(z; o) sinh(z; ;) sinh(2; ;) - (weu] usu) ) @ (Wu;uju;)}

~
Il
—
-

3N

<

cosh(z ¢) (Sinh2 (21,5) + sinh? (2t,5))

IA
o
bl\'J
NE
NE

o~
Il
-
.
RS
<.

cosh(z ¢) sinhQ(zm)

A
[N}
3
>
<,

NE

NE

~

Il
3 -
.
I
—

< 2m2\%p? Z cosh(z ;) sinhz(zt,i)

=1
< 2m?\%p 2 Z cosh2 (214)) 1/2 Zsmh4 2z z))l/2
=1 =1
< 0.23%(vm + XHWA(AQHF) VDA (AN |3 (41)

where the second step follows from (A® B) - (C ® D) = (AC) ® (BD), the third step follows Cauchy—Schwarz
inequality and |(u;,u;)| < p, the fourth step follows from combining sinh?(z;;) and sinh®(z ;), the fifth step
comes from summation over m terms, and the sixth step comes from Cauchy—Schwarz inequality and the seventh
step follows from Eq. (39) and Eq. (40) and m?p? < 0.1.

O

E Stochastic Gradient Descent for General Measurements

In this section, we further extend the general measurement where {ui}ie[m] are non-orthogonal vectors and

|u;'—uj| < p to the convergence analysis of the stochastic gradient descent matrix sensing algorithm. Algorithm 4
implements the stochastic gradient descent version of the matrix sensing algorithm.

In Algorithm 4, at each iteration ¢, we first compute the stochastic gradient descent by:

Vox (A By) ¢ = 37 wgu Asinh(Az;)
B i€By

then we update the matrix with the gradient:
A1 = Ay — e VO (A, By) /[ VO (Ad) I F
At the end of each iteration, we update z; by:
Zi 2 — eAmw?’j sinh(Az;)/([[V®A(A)||pB Vi € [m],j € By

We are interested in studying the time complexity and convergence analysis under the general measurement
assumption.

Lemma E.1 (Cost-per-iteration of stochastic gradient descent for general measurements). Algorithm 4 takes
O(mn?)-time for preprocessing and each iteration takes O(Bn? + m?)-time.

Proof. Since u;’s are no longer orthogonal, we need to compute [|[V®y(A4;)| r in the following way:

IV A(A)|F

[(Zuu Asinh( ()\z“))) ]
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=% Z (ui,u;)? sinh(A(Azg;)) sinh(A(A2y )

= \? Z w? ; sinh(A(Az,;)) sinh(A(Azg ;).

%]
Hence, with {z;}ic[m), we can compute |[V®x(A)||p in O(m?)-time.
Another difference from the orthogonal measurement case is the update for z;y1,;. Now, we have

Zt4+1,4 — Rt

U;r(At+1 — At)uz

€ T
= —————— u; VO,(4y, Bu;
W Y B
EAM T T .
= - u; wiu; u; - sinh(Azg ;)
IVOX(AL)|r B jezgt o "
EAM

= T r A o 2 .sinh Y
Vo (A)[rB 263 w?, -sinh(\z ;)

Hence, each 2,41, can be computed in O(B)-time. And it takes O(mB)-time to update all z;41 ;.

The other steps’ time costs are quite clear from Algorithm 4. O

Lemma E.2 (Progress on expected potential with general measurements). Assume that |u] u;| < p and p < ﬁ,

for any i,j € [m] and ||u;||* = 1. Let ¢ € (0,1) denote a sufficiently small positive constant. Then, for any
€, A > 0 such that e\ < Bl we have for anyt >0,

m ’

E[®x(Ari1)] < (1 — 0.93%) By (Ay) + Aev/m

The proof is a direct generalization of Lemma 6.3 and is very similar to Lemma D.1. Thus, we omit it here.

Algorithm 4 Matrix Sensing with Stochastic Gradient Descent (General Measurements).

1: procedure SGD_GENERAL({u;, b; }ic[m]) > Lemma E.1
2: T 4 maXc [y bi
3 A1 —7-1
4: 2+ uj Aju; — b; for i € [m] >z € R™
5: w; j < (ug,u;) for 4,75 € [m] >w € RM*m
6 fort=1—1T do
7 Sample B; C [m] of size B uniformly at random
8 VO, (A, Br) < F X icn, u;u; Asinh(\z;) > It takes O(Bn?)-time
1/2
9: IV®A(AD)|F <+ A (ZTJ:l wij sinh(Az;) sinh()\zj)> / > It takes O(m?)-time
10: App1 — A — - VO (A, BY)/||IVPA(AL) || F > It takes O(n?)-time
11: for i € [m] do > Update z. It takes O(mB)-time
12: for j € B; do
13: zi <= zi — ehmw; ; sinh(\z;) /([ V@A(As) || 7 B)
14: end for
15: end for
16: end for
17: return Ap 4

18: end procedure
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