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Abstract

We consider stochastic optimization problems
with heavy-tailed noise with structured den-
sity. For such problems, we show that it is
possible to get faster rates of convergence than
O(K~*“*~Y/*) when the stochastic gradients
have finite moments of order « € (1,2]. In par-
ticular, our analysis allows the noise norm to
have an unbounded expectation. To achieve
these results, we stabilize stochastic gradients,
using smoothed medians of means. We prove
that the resulting estimates have negligible
bias and controllable variance. This allows
us to carefully incorporate them into clipped-
SGD and clipped-SSTM and derive new high-
probability complexity bounds in the consid-
ered setup.

1 INTRODUCTION

Stochastic optimization problems with heavy-tailed
noise have been gaining a lot of attention in the ma-
chine learning community. This phenomenon can be
partially explained due to the growing popularity of
large language models (Brown et al., 2020; OpenAl,
2023) where stochastic gradients are often far from
being well-concentrated (Zhang et al., 2020). In the-
oretical studies, such behaviour is reflected in the so-
called bounded (central) a-th moment assumption with
a € (1,2] (Nemirovskij and Yudin, 1983; Zhang et al.,
2020), written as

Elllg(z) = Vf(@)[*] <o, (1)

where V f(z) is the gradient of the objective function
f(x), g(x) is the stochastic gradient, and o > 0. While
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in the classical literature on stochastic optimization
the authors usually require the noise to have bounded
variance (see, for instance, (Nemirovski et al., 2009;
Ghadimi and Lan, 2013)), many recent results on high-
probability /in-expectation rates of convergence were
obtained under a strictly weaker condition 1 < @ < 2.

In deep learning and machine learning communities,
one of the most popular techniques to deal with heavy-
tailed noise is gradient clipping. In (Pascanu et al.,
2013), the authors showed that such a simple trick
helps to stabilize neural network training via stochastic
gradient descent. Their algorithm called clipped-SGD
and clipping in general were then studied in a series of
papers including (Abadi et al., 2016; Zhang et al., 2019;
Chen et al., 2020; Zhang et al., 2020; Mai and Johans-
son, 2021; Karimireddy et al., 2021). In particular, for
strongly convex functions Zhang et al. (2020) showed
that the expected error of clipped-SGD (Pascanu et al.,
2013) decreases as O(K*“~Y/*) when the number of
iterations K grows. In (Sadiev et al., 2023), the authors
extended this result and proved that a similar bound
(up to logarithmic factors) holds with high probability.
According to (Zhang et al., 2020, Theorem 5), the rate
of convergence O(K *“~"/*) is tight and cannot be
improved if no assumptions, except for (1), are made.
However, this rate deteriorates when « is close to 1,
and, if @ = 1, the convergence is not even guaranteed.
Fortunately, authors usually have to construct quite
specific families of discrete distributions to attain the
lower bound Q(K *“~Y/) (see, e. g., (Nemirovskij
and Yudin, 1983; Devroye et al., 2016; Zhang et al.,
2020; Cherapanamjeri et al., 2022; Vural et al., 2022)).
Such an extreme situation is unlikely to hold in practice
and we can hope for more optimistic error guarantees.
This brings us to a natural question: is it possible to
achieve better rates of convergence in stochastic opti-
mization problems with heavy-tailed noise under refined
assumptions on its structure? In this paper, we give
an affirmative answer to this question.

Contribution. We consider a novel stochastic
convex optimization setup with smooth (quasi-
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strongly /strongly) convex objective and structured
noise (see Assumption 2.1 below), going beyond the
standard bounded a-th moment condition with « €
(1,2]. We provide new high-probability upper bounds
on the error of versions of clipped-SGD and its accel-
erated variant called clipped-SSTM in smooth (quasi-
strongly /strongly) problems, properly tailored to our
setting. In particular, we do not assume bounded-
ness of a-th moments and get O(K ~'/2) bound, which
outperforms O(K >*""/*) for @ < 4/3. Moreover,
for symmetric noise distributions, we obtain rates of
convergence, which match (up to logarithmic factors)
the state-of-the-art ones derived under the bounded
variance assumption (Nazin et al., 2019; Davis et al.,
2021; Gorbunov et al., 2020). In particular, for smooth
strongly convex problems, the dominating term in our
upper bound decreases as O(K ~!). Our approach re-
lies on new non-asymptotic results on the performance
of smoothed median of means.

Paper structure. The rest of the paper is organized
as follows. In Section 2, we introduce our notation
and formulate problem setup. Section 3 is devoted to
an overview of related work. In Sections 4 and 5, we
present our main results and illustrate the performance
of suggested algorithms in Section 6. Many technical
details are deferred to Appendix.

2 SETUP AND NOTATION

Before we formulate our main contributions, we need
to introduce the notation and formalize the problem
and setup we focus on.

Notation. Throughout the paper, we denote the
standard Euclidean norm in R as || - ||. To simplify
the bounds in the main text, we use 5() notation
that hides constant and polylogarithmic factors. For
any zi,...,7, € RY we denote Mean(xy,...,7,) =
(x1+...4x,)/n. For any random vectors &1, . .., €ama1,
Med(&1,...,&2m+1) stands for the (m + 1)-th or-
der statistic (also called the median), taken in the
component-wise fashion. For any non-zero x € R% and
A >0, clip(z, A) = min{1, A/|z||}z denotes the clip-
ping operator. We also define c1ip(0,A) = 0 for all
A > 0. For any 6 > 0,
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stands for the CDF of a Gaussian random variable
with zero mean and variance #2. Sometimes, we use
the notation a A b and a V b, instead of min{a,b} and
max{a, b}, respectively. Along with the standard O(-)
notation, we use the relations g < h and h 2 g, which

are equivalent to g = O(h). Finally, for any functions
g:RY = R and h : R = R, their convolution is
denoted as g * h(z) = [z, g9(z — y)h(y)dy. We also
adopt the notation g**(z) = g * ... * g(z).

—_——

k times

Setup. We consider an unconstrained smooth convex
optimization problem

min f(z), (2)

where the function f : R — R is accessible through
the stochastic first-order oracle G : R* — R? that for
given point x € R returns some estimate of V f¢(x)
of the true gradient Vf(z). We make the following
assumption about the distribution of v = V f¢(z) —
V().
Assumption 2.1. For any z € R? and each j €
{1,...,d}, the marginal density p; of the j-th compo-
nent of the noise v = V fe(x) — Vf(x) satisfies the
following conditions:

o there exists M; > 0, such that rj(u) = (p;(u) —
pj(—w))/2 fulfils

+0o0 +oo
/ urj(u)du=0 and / u? |rj(u)| du < M;.
— o0 —00

e there are B; > 0 and ; > 1, such that, for any
k e N,

Bk
*k J
S (u) < k(ﬁj+1)/ﬁj + |7_l,|1+f8.7 )

where s;j(x) = (pj(z) + p;(—x))/2.

In Assumption 2.1, we split marginal densities of noise
components into a sum of symmetric and antisymmetric
parts. For each j € {1,...,d}, the antisymmetric
remainder r;(u) is a signed density with a finite second
moment. However, the symmetric term s;(u) may
decay much slower, than rj(u). As a result, the density
pj(u) has finite moments up to order a < (5; A 2).
Note that if ; = 1 for some j € {1,...,d}, then the
noise norm ||v|| may have no expectation.

We proceed with several examples of s;(u), satisfying
Assumption 2.1. Obviously, if the j-th component
of v(z) has a standard Cauchy distribution, that is,
sj(u) = 1/m - 1/(1 4 u?), then, for any k € N, s5*(u) =
1/7 - k/(k* +u?), and Assumption 2.1 is fulfilled with
B; = 1/m and 8; = 1. This is a particular example
of a symmetric a-stable distribution with parameter
a = 1. All symmetric a-stable distributions have a
characteristic function of the form ¢(y) = e~¥/I",
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where ¢ > 0 and a € (0,2] (see, e.g., (Feller, 1971,
Chapter XVII, Sections 5-6)). If 1 < « < 2, they also
satisfy Assumption 2.1 with 8; = o and some B; > 0.
In general, if s;j(u) ~ B/|u|**%, then it is known
from probability theory that sjk(u) ~ Bk/|u[**55 for
any k € N. Assumption 2.1 can be viewed as a non-
asymptotic version of this property.

We also make several standard assumptions about func-
tion f itself. Similarly to (Gorbunov et al., 2021; Sadiev
et al., 2023), it is sufficient for our analysis to make all
the assumptions only on some compact subset (ball)
of R? since we show that with high probability the
considered methods do not leave this compact. We
start with the standard smoothness assumption.

Assumption 2.2. There ezxists a set Q C R? and
constant L > 0 such that for all x,y € Q

Lljz =yl 3)

[Vf(z) =Vl <
< 2L(f(x) = fo), (@)

IV.f ()]
where f, =inf,eq f(x) > —o0.

When Q = R?, (4) follows from (3). However, when
Q # R4, condition (4) can be derived from (3), if the
latter is assumed on a slightly larger set, see (Sadiev
et al., 2023, Appendix B) for additional discussion.

We assume convexity or strong convexity of f for the
results with accelerated rates.

Assumption 2.3. There ezists set Q C R¢ and con-
stant p = 0 such that f is p-strongly convex, i.e., for
all z,y € Q, it holds that

1) > f(@)+ (Vf(@)y o) + Slly =2 (5)

Finally, for non-accelerated case, it is sufficient to as-
sume a relaxed condition called quasi-strong convexity.

Assumption 2.4. There ezists set Q@ C R¢ and con-
stant = 0 such that f is p-quasi-strongly convex, that

is, for all x € Q and x* = arg mir}l f(z)
rERY

f@) = f(2) +(Vf(x), 2" —x) + %le —a*[*. (6)

The above assumption belongs to the class of condi-
tions on structured non-convexity. When p > 0 it
(together with smoothness) implies linear convergence
for Gradient Descent (Necoara et al., 2019).

3 RELATED WORK

High-probability complexity bounds. Under sub-
Gaussian noise assumption, optimal (up to logarith-

mic factors) high-probability complexity bounds® are
proven by Nemirovski et al. (2009) for (strongly) convex
non-smooth problems with bounded sub-gradients, by
Ghadimi and Lan (2012) for (strongly) convex smooth
problems, and by Li and Orabona (2020) for smooth
non-convex problems. These results are achieved for
the same methods that are optimal in terms of the
in-expectation convergence. However, when the noise
has just a finite variance, some algorithmic changes
seem to be necessary, e.g., as it is shown in (Sadiev
et al., 2023, Section 2), standard SGD has provably bad
(inverse-power instead of poly(log(1/s))) dependence on
the confidence level § in this case.

A popular tool for overcoming this issue is gradient
clipping, i.e., the application of the clipping operator
to the gradient estimator. A version of gradient clip-
ping is used by Nazin et al. (2019) who derive the first
(non-accelerated) high-probability complexity bounds
for smooth (strongly) convex problems on compact
domains with logarithmic dependence on 1/s under
bounded variance assumption. Accelerated results are
obtained by Davis et al. (2021) and Gorbunov et al.
(2020) for smooth strongly convex and smooth convex
problems respectively. Gorbunov et al. (2021) general-
ize these results to the case of problems with Holder
continuous gradients.

State-of-the-art high-probability complexity bounds are
derived under bounded (central) a-th moment assump-
tion (1). The first work in this direction is (Cutkosky
and Mehta, 2021) where the authors derived optimal
(up to logarithmic factors) bounds in the smooth non-
convex regime with the additional assumption of bound-
edness of the gradients. Without this assumption, a
worse bound is derived by Sadiev et al. (2023), and the
optimal one is obtained by Nguyen et al. (2023b). For
(strongly) convex problems the results for clipped-SGD
and its accelerated version clipped-SSTM (Gorbunov
et al., 2020) are derived by Sadiev et al. (2023). Up
to logarithmic factors, these results match the known
lower bounds in the strongly convex case (Zhang et al.,
2020). Nguyen et al. (2023a) improve the logarithmic
factors in the upper bounds from Sadiev et al. (2023);
Nguyen et al. (2023b). Recently, the generalization of
the results from (Sadiev et al., 2023) to the case of
composite and distributed optimization were obtained
by Gorbunov et al. (2023).

Other results under heavy-tailed noise. Al-
though in our work we primarily focus on high-
probability convergence results, we briefly discuss here

1Such results establish upper bounds for the number of
oracle calls needed for a method to find point z such that
f(x) — f(z*) or [|x —z*||* or ||V f(z)||* are less than & with
probability at least §, where z* is a solution of (2).
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other existing works devoted to the convergence of
stochastic methods under heavy-tailed noise assump-
tion. For convex functions with bounded gradients,
Nemirovskij and Yudin (1983) show O(K~“*~"/«) in-
expectation convergence rate for Mirror Descent and
Vural et al. (2022) propose an extension of this result
for uniformly convex functions. For strongly convex
functions with bounded gradients, Zhang et al. (2020)
show O(K "/} in-expectation rate of convergence.
In the smooth non-convex case, O(K ~**"/G=2) in.
expectation convergence rate is achieved by Zhang et al.
(2020) who also derive a matching lower bound.

In the case of the noise with symmetric density
function and bounded first moment, Jakovetié¢ et al.
(2023) derive O(K~°) in-expectation convergence rate
for p-strongly convex L-smooth functions and SGD-
type methods with general non-linearities. However,
parameter ¢ is proportional to #/Lvd in the worst
case. Therefore, this rate can be much slower than
O(K 7Y/« for ill-conditioned /large-scale problems
though Jakoveti¢ et al. (2023) do not assume (1) and
consider general class of non-linearities. Our analysis
also does not rely on (1), but we additionally allow
non-symmetric noise distributions and do not assume
the existence of the finite first moment of the noise.

Median estimates. Median, median of means, and
smoothed median were extensively used in the prob-
lems of robust mean estimation and robust machine
learning (see, for instance, (Nemirovskij and Yudin,
1983; Minsker, 2015; Devroye et al., 2016; Lugosi and
Mendelson, 2019b, 2020; Lecué and Lerasle, 2020; Cher-
apanamjeri et al., 2022)). A reader is referred to a
comprehensive survey of Lugosi and Mendelson (2019a)
on this topic. Usually, the authors use median of means
or its modifications to get sub-Gaussian rates of conver-
gence, assuming the existence of only two moments. In
Cherapanamjeri et al. (2022), the authors went further
and derived a minimax optimal upper bound in the
problem of mean estimation when observations have fi-
nite moments of order a € (1,2]. However, the authors
faced the same problem as Zhang et al. (2020): the rate
of convergence became very slow when « approached
1. This happens, because the family of distributions of
interest is extremely large if one assumes the existence
of a-th moment only. In our paper, we exploit the
special noise structure, described in Section 2. Under
Assumption 2.1, we derive new non-asymptotic bounds
on the performance of the smoothed median of means,
which do not deteriorate even if the underlying density
has quite heavy tails.

4 SMOOTHED MEDIAN OF MEANS
AND ITS PROPERTIES

In this section, we describe how to get reliable gradient
estimates from noisy stochastic gradients given by the
first-order oracle. Let us start with a simple example.
Fix an arbitrary z € R? and assume that the noise
v =Vfe(x) — Vf(z) € R? has a symmetric absolutely
continuous distribution. For any j € {1,...,d}, let
p;(u) be the marginal density of v;, the j-th component
of v. Then the following proposition holds true.

Proposition 4.1. Fiz any j € {1,...,d} and assume
that the marginal density of v; is symmetric, that is,
pj(u) = pj(—u) for all u € R. Suppose that there exist
positive numbers B; and §;, such that

B.

pj(u) < W7 for all u € R.

Let vj1,...,vj 2m41) be independent copies of vj. If

m > 3/B;, then EMed(vj1,...,Vj @2m+1)) = 0 and
2. .

E Med (Vjﬁl, e l/j7(2m+1)) 18 finite.

The proof of the proposition with an explicit bound
on the variance of Med(v;,1, . .., ¥} (2m+1)) is postponed
to Appendix. Proposition 4.1 shows that, despite the
heavy tails of the underlying density p, m > max{3/4; :
1 < j < d} oracle calls are enough to produce an un-
biased estimate g(z) = Med(V fe, (2),...,Vfe,. (z)) of
V f(z) with a finite variance. After that, we can use the
standard clipping technique to solve the optimization
problem (2).

Unfortunately, the symmetry assumption, which played
the central role in Proposition 4.1, is rather restrictive.
To deal with asymmetric distributions, we use more
sophisticated gradient estimates, based on smoothed
median of means.

Definition 4.2. Let ¢ be a random element in RY
and let 8 > 0 be an arbitrary number. For any posi-
tive integers m and n, the smoothed median of means
SMoM,, (¢, 0) is defined as follows:

SMOMm’n(C, 9) = Med (’Ul, N 7U2m+1) 5

where, for each j € {0,...,2m},
v; = Mean(Cjnt1,- - CG+1)n) + 010511,

Cls- s Cmyyn  are i.i.d. copies of (, and
Ny sNoemi1 ~ N(0,13) are independent standard
Gaussian random vectors.

Let us briefly describe the idea behind our approach.
Assuming that V f¢(z) — Vf(x) at a point z € R? has
a density p(u), we represent the latter in the following
form:

p(u) = s(u) +r(w),
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where s(u) = (p(u) + p(—u))/2 is a symmetric part
and r(u) = (p(u) — p(—u))/2 is an antisymmetric
remainder. If the tails of the remainder r(u) are
much lighter than the ones of p(u), we can make n
oracle calls at the point x and take the average of
Ve (2),...,Vfe, (). If n is large enough, then the
distribution of Mean(V f¢, (z),...,Vfe, (x)) is almost
symmetric. Hence, we can use the same trick as in
Proposition 4.1 to get an estimate of V f (x) with a finite
variance. We add small Gaussian noise to ensure that
the density of our estimate is infinitely differentiable, as
we need it for technical purposes. Note that, in general,
the expectation of SMoM,, ,,(V fe(z) — V f(x),0) is not
equal to zero, and it is a challenging task to show that
it is sufficiently small.

Before we move to the heavy-tailed setup, let us illus-
trate the efficiency of our approach in the case when
the stochastic gradients have a finite second moment.
Lemma 4.3. Assume that stochastic gradient V fe(x)
at a point x € R? has an absolutely continuous dis-
tribution and a finite second moment E(V fe(z) —
V(@) (Vie(x)—Vf(z))T = 3. Then, for any positive
integer m and n, it holds that

E ||SMoM, . (V fe(2),0) — V f(2)||”
<4(2m+1) ( 7(12) d) )

3 and n6* = m||||, then

| ESMoM,y, 1 (V fe(2),0) — Vf(z)|| S \/Tr (x2).

Remark 4.4. Lemma 4.3 also yzelds that
| ESMOM,,, 1, (V fe(2),0) — V f ()|

<f<ﬁ+ef>

Though this bound is enough for our purposes, neverthe-
less, we find it useful to prove a dimension-free O(1/n)
upper bound on expectation of the smoothed median
of means, which follows from the analysis of impact
of antisymmetric density part on the expectation (see
Lemma A.1 in Appendizx).

If, in addition, m >

Lemma 4.3 shows that, if the noise vector has a finite
second moment, then the smoothed median of means
has a small controllable shift and bounded variance. In
this case, it behaves similarly to clipping. However, if
we deal with heavy-tailed noise, the standard clipping
technique fails, while the smoothed median of means
still has a small bias and finite variance. We proceed
with the main result of this section.

Lemma 4.5. Assume that the stochastic gradient

Vfe(x) at a point = € R has an absolutely contin-
uous distribution. Suppose that, for any j € {1,...,d}

and any x € RY, the density of v; = V fe(x) — Vf(x)
meets Assumption 2.1. Then, if m > 2+ 3/5; and
0°n > (2V m?)M; for all j € {1,...,d}, it holds that

E|(SMoMy,, 1, (V fe (2),60) — ||
) 2 5], . 2/:Bj
5m{(1+92>d+z @{i) +</32-ij1>
J

j=1
2/(Bj+1
L (BN
Onbi

|[ESMoM, 1 (V fe(x),0) — V()]

and

26 B; \ ¥/
nfi—1 > '

Remark 4.6. The bounds on HESMoMm n(Vfe(z),0) —
Vf(z H in Lemma 4.3 and Lemma 4.5 rely on the fact
that convolution with the Gaussian density is infinitely
differentiable. However, ifsy,...,sq are also sufficiently
smooth, then one can take 86 = 0 and apply a similar
technique as in Lemma A.1 and Lemma A.J.

The proof of Lemma 4.5 is moved to Appendix. It
shows that the bias of the smoothed median of means
decays rapidly with the growth of the batch size, though
the noise may have extremely heavy tails. The reason
for that is the special noise structure guaranteed by
Assumption 2.1. This favourable property allows us
to obtain faster rates of convergence in heavy-tailed
stochastic convex optimization problems.

5 MAIN RESULTS FOR
STOCHASTIC OPTIMIZATION

In view of the results of the previous section, Assump-
tion 2.1 allows constructing an estimator with bounded
bias and variance using the smoothed median of means.
Since in the analysis of the stochastic first-order meth-
ods we only use these two properties, we formulate
them as a separate assumption for convenience.

Assumption 5.1. There exists N € N, aggrega-
tion rule R and (possibly dependent on N ) constants
b > 0,0 > 0 such that for an x € R 4.4.d. samples
Ve, (),...,Vfey(x) from the oracle G(x) satisfy the
following relations:

[EIV f=(@)] ~ V(@)
E[IV/s(@) - EVf=(@)]I]

where ¥ fa(r) = R(V fe, (2.
tations are taken w.r.t. Vfe, (z),...

b, (7)

<
< o (8)

V fey (x)) and expec-
7vf§N (‘T)
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We emphasize once again that Assumption 5.1 holds
whenever Assumption 2.1 is satisfied. Indeed, we can
take V fz(x) = SMoMy, , (V fe(z),0) with parameters
m, n, and 6, satisfying the conditions of Lemma 4.5.
In this case, the batch size is equal to N = (2m + 1)n.

5.1 Convergence of clipped-SGD

We start with clipped-SGD defined as follows:
xk+1 = xk _’YkC]-ip(vak (J"k)7Ak)7 (9)

where V fzx(z¥) is an estimator satisfying Assump-
tion 5.1 sampled independently from previous itera-
tions. Below we formulate the main convergence result
for clipped-SGD in the quasi-convex case.

Theorem 5.2. Let Assumptions 2.2 and 2.4 with
p = 0 hold on Q = Bagr(z*), where R > |z% —
x*||. Suppose that V f=x (x*) satisfies Assumption 5.1
with parameters by,o, for k = 0,1,..., K, K > 0
and v = v = O(min{Y/rA, B/ovKA, B/vA, B/b(K+1)}),
A = A = O(B/y4a), where A = In(4E+1)/s) and
b =maxp—o1,. K br, 0 = Max—o,1,... Kk Ok 1Then the
iterates produced by clipped-SGD after K iterations with
probability at least 1 — § satisfy

_K N LR?> oR })

) - ) = 0 (max { 5. L o} )
where T = ﬁ ZkK:o z*.
The rate of convergence in the above result matches (up
to logarithmic factors) the best-known one for clipped-
SGD under bounded variance assumption (Gorbunov
et al., 2021). Due to systematic bias bounded by b the
method reaches only O(bR) error after a sufficiently
large number of steps. When the bias is just bounded
and cannot be controlled, this situation is standard
(Devolder et al., 2014). The proof of the above result
follows the ones given in (Gorbunov et al., 2021; Sadiev
et al., 2023): using the induction argument, we show
that under a proper choice of parameters, the iterates
stay in a bounded set with high probability, which
allows us to apply standard Bernstein inequality (see
Lemma B.1). In particular, this proof technique differs
from the standard ones that rely on the boundedness
of the noise (Rakhlin et al., 2011) or on the assumption
that the noise is sub-Gaussian (Harvey et al., 2019).

However, in our setup, we can control the bias. For
example, if the distribution is symmetric and has a
bounded moment of the order 8 for some 5 > 0,
then according to Proposition 4.1, it is sufficient to
use coordinate-wise median estimator to get V fz(z)
satisfying Assumption 5.1 with b = 0 and o2 =

d(2m + 1) (1 v 4%)2/&' (see (18)) using O(1/5) sam-

B
ples of Vfe(x). In this case, we have the following
result.

Corollary 5.3 (Symmetric noise). Let the assump-
tions of Theorem 5.2 hold and for all x € R? the
noise v = Vfe(x) — Vf(x) satisfies the conditions
from Proposition 4.1. Then the iterates produced af-
ter K iterations of clipped-SGD with V f=x (x*) being
a coordinate-wise median of 2m + 1 samples V fe(z*)
with m > max{3/6; : 1 < j < d} and v = v =
O(min{l/rA, B/ovKA}), Ay = A = O(B/ya) for o? =
d(2m + 1) (1 v 4[% )2/BJ and where A = In(4(K+1)/5)
with probability at least 1 — § satisfy

~ LR? oR
-0 o 12,22
f@®) = fa") maxX \ g
and the overall number of stochastic oracle calls equals
@2m+ 1)K = O(Kmax{1/5; : 1 < j <d}).

This result implies that as long as the distribution is
symmetric, its tails can be even heavier than the ones of
Cauchy distribution, i.e., moments of order larger than
B for some S € (0, 1] can be unbounded, but clipped-
SGD with coordinate-wise median estimator inside will
still converge as in the case when the stochastic gra-
dients are unbiased and have bounded variance. We
emphasize that the existing state-of-the-art high prob-
ability convergence results (Sadiev et al., 2023; Nguyen
et al., 2023b,a) have a slower decreasing main term
(of the order O(K~“~"/*)) and are derived for much
lighter tails. However, in contrast to Corollary 5.3, the
mentioned results do not rely on the symmetry.

Finally, we consider the general case, when the noise
satisfies Assumption 2.1, i.e., the noise also has a non-
symmetric component. In this case, Lemma 4.5 implies
that the smoothed median of means gives an estimator
V f=(z) satisfying Assumption 5.1 with

0?2 =0(d(1+6*+ D), (10)

(12)

using O(n) samples V fe(x) (when m = O(1)). To-
gether with Theorem 5.2 this implies the following
result.

Corollary 5.4 (General noise). Let the assumptions
of Theorem 5.2 hold and for all x € R? the noise
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v =V fe(x) — Vf(x) satisfies Assumption 2.1. Then
clipped-SGD with V fzx(z*) being the smoothed me-
dian of means of O(n) samples V fe(z*) and v, =
v = O(min{l/rA, B/o VKA, B/oa, Rly(k+1)}), Ak = A =
O(B/yA) for b and o defined in (10) with probability at
least 1 —§ after K iterations ensures that f(z%)— f(z*)
equals

6(maX{LR2 VA +6%)d+ DR (1+9)C’R}>

K VK SE

where n > Q(maxjera) Mj/o?) and C, D are defined in
(11)-(12). The overall number of oracle calls equals
O(nK).

Due to the heavy-tailedness of the symmetric part of
the noise distribution and the presence of bias, the
variance term does not necessarily improve with the
growth of the number of samples. However, the bias
term still can be smaller than any predefined level via
increasing n. When the bias is large, i.e., the noise is suf-
ficiently non-symmetric, then one can take n = O(e 1)
and K = O(¢72) to guarantee f(zX) — f(a*) < ¢
with probability at least 1 — 4, i.e., the total ora-
cle complexity is O(¢~3). However, when the bias
is small, i.e., max;c(qy M; are sufficiently small?, then
for £ = ©((1+6)CR/g2) one can achieve even K = O(c~2)
total oracle complexity that matches (up to logarith-
mic factors and constants related to the variance) the
main term in the optimal complexities under bounded
variance assumption (Gorbunov et al., 2020). However,
in contrast to the existing results, we do not require
the noise to have a finite first moment.

The following theorem gives a convergence rate for
clipped-SGD in the quasi-strongly convex case.

Theorem 5.5. Let Assumptions 2.2 and 2.4 with
p > 0 hold on Q = Bag(z*), where R > ||2° — z*||.
Suppose that V f=r (z*) satisfies Assumption 5.1 with
parameters by,o for k = 0,1,..., K, K > 0 and
Ve = v = @(min{]-/LA7min{lﬂBK,IDCKJHD}/IL(KJ,J)})’
A = O(exp(=vu(1++/2))R/y A), where A = In(4(K+1)/s)
and Bg,Ck,D are some parameters dependent on
b= maxrg=o0,1,...,K bk, 0 = MaXg=0,1,....K Ok, K, R, and
K. Then the final iterate produced by clipped-SGD after

2In practice, this can happen when a non-symmetric
noise is added to the stochastic gradients with symmetric
noise, e.g., this can happen in some mechanisms for ensur-
ing differential privacy such as the one from (Guo et al.,
2023) (the non-symmetric part of the noise in the resulting
vector after averaging over multiple clients can have a small
variance when the number of clients is large, which is typical
for modern Federated Learning applications (Kairouz et al.,
2021)).

K iterations with probability at least 1 — & satisfies

K _$*||2

~ K o2 bR
=0 R? _ A —— .
<max{ eXP( Lln{?) WK’ p })

Similarly to the convex case, in the case of symmetric
noise with bounded S-th moment for some 3 > 0, the
above result matches the best-known one for clipped-
SGD under bounded variance and strong convexity
(Gorbunov et al., 2021). In particular, for such noise
distributions, condition (1) is not necessarily satisfied,
and even if it is satisfied, our rate (5(K_1) is better
than the lower bound Q(K~*“~"/*) under condition
(1) for @ € (1,2) (Zhang et al., 2020). However, it is
worth mentioning that we do rely on the symmetry of
the noise distribution to achieve this rate, while the
lower bound holds for any distributions satisfying (1).

[

In the non-symmetric case, we combine Theorem 5.5
with Lemma 4.5 and get the following result.

Corollary 5.6 (General noise). Let the assump-
tions of Theorem 5.5 hold and for all x € R?
the noise v = Vfe(x) — Vf(z) satisfies Assump-
tion 2.1. Then the iterates produced after K itera-
tions of clipped-SGD with V f=r (z*) being the smoothed
median of means of O(n) samples V fe(a*) and v, =
v o= @(min{l/LA7min{lnBK,lnCK,lnD}/H(K+1)})’ Ay =
O (exp(—vp(1++/2))R/yA), where A = In(4K+1)/s) and
Bg,Ck, D are some parameters dependent on b and o
defined in (10), with probability at least 1 — § satisfy

K *(12 A 2 pK
_ —0O|R _
Ja* —a*| ( exp< Lln?))

~ 1+6*d+D (1+60)CR
+0 (max{ K P ,

where n > Q(maxjera) Mj/o?) and C, D are defined in
(11)-(12). The overall number of oracle calls equals

O(nK).

Taking n = O(e~!) and K = O(c~!), one can guaran-
tee ||z — 2*||? < e with probability at least 1 — 4, i.e.,
the total oracle complexity is O(e~2). This result is
worse than the one for the case of symmetric distribu-
tion, but it still does not require the existence of the ex-
pectation of the noise and is better than O(e=*/2(«~1),
which is known to be optimal (up to logarithmic factors)
under assumption (1), when a < 4/3.

5.2 Convergence of clipped-SSTM

Next, we consider an accelerated variant of clipped-SGD
called clipped-SSTM (Gorbunov et al., 2020; Gasnikov
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and Nesterov, 2016):

Apy® + g2

k41 _
T = =7 FTT 13
Akt1 ’ (13)
2= 2P —appaelip(Vfar (@), Ak, (14)
r1 Ay a2 1
y = " , (15)
k+1
where 20 = 30 = 29, ap = Ag, gy = % for some pa-

rameter a1 > 0, Apr1 = Ap +apy1, and V for (2FH1)
is an estimator satisfying Assumption 5.1 sampled inde-
pendently from previous iterations. Below we formulate
the main convergence result for clipped-SSTM in the
convex case.

Theorem 5.7. Let Assumptions 2.2 and 2.3 with
p =0 hold on Q = Bsg(x*), where R > |z° — z*||.
Suppose that V fzr(xF+1) satisfies Assumption 5.1
with parameters byg,or for k = 0,1,.... K, K >
0 and a = O(min{A2, o(K+)*VA/L R b(K+2)?/LR}),
A = O(R/agy14), where A = In(4K+1)/s) and b =
maxy—o,1,..., K Dk, 0 = MaXy—o,1,. K Ok- Lhen the iter-
ates produced by clipped-SSTM after K iterations with
probability at least 1 — & satisfy

")~ 1) = O (mx{LKRZ ;%bRD |

As expected for accelerated methods, the above bound
has a better O(K ~2) “deterministic” term in contrast
to the (5(K ~1) corresponding term in the upper bound
for clipped-SGD. When the noise is symmetric and has
bounded S-th moment for some 5 > 0 (not necessarily
larger than 1), then one can construct an estimator with
b = 0 and finite o (see Proposition 4.1). In this case, the
result matches (up to logarithmic factors) the optimal
ones derived under bounded variance (Gorbunov et al.,
2020) or sub-Gaussian noise (Ghadimi and Lan, 2012)
assumptions. The improvement of the deterministic
part can be utilized when parallel independent com-
putations of the estimator are possible with marginal
overheads (e.g., on communications/aggregation of the
results of parallel computations).

Finally, for non-symmetric noise distributions satisfying
Assumption 2.1, Theorem 5.7 with Lemma 4.5 imply
the following result.

Corollary 5.8 (General noise). Let the assump-
tions of Theorem 5.7 hold and for all x € R? the
noise v = V fe(x) — Vf(x) satisfies Assumption 2.1.
Then clipped-SSTM with V fzx (z*) being the smoothed
median of means of O(n) samples Vfe(a*) and
a = O(min{A2,o(K+1)*VA/L g b(K+2)*/LR}), A\ =
O(R/ags14), where A = In(4E+1)/s) and b and o de-
fined in (10), with probability at least 1 — § after K

iterations ensures that f(y*) — f(x*) equals

(5<max{LR2 VA +62)d+ DR (1+9)C’R}>

K2 NG o

where n > Q(maxjera) Mj/o?) and C, D are defined in
(11)-(12). The overall number of oracle calls equals
O(nK).

When the non-symmetric part is large, then the same
comments are valid as the ones we make after Corol-
lary 5.4. However, when the non-symmetric part is
small, then there are regimes when the effect of accel-
eration is noticeable (for small enough 6).

For the strongly convex problems, we consider a
restarted version of clipped-SSTM. We provide the re-
sults for this method in Appendix C.2.

6 NUMERICAL EXPERIMENTS

In this section, we illustrate the performance of clipped-
SGD combined with the median and smoothed median
of means on a simple quadratic problem:

14
:?ean}i 5% Az, (16)
where A € R%*? is a randomly generated symmetric
positive definite matrix. The code of numerical experi-
ments is available on GitHub®. We consider stochastic
gradients of the form V fe¢(z) = Az + &, where £ is an
artificial noise following one of the following distribu-
tions.

Ezample 1. Cauchy distribution with the density

Pe(?) = Frramy-

Example 2. The mixture of Cauchy and exponential
distributions with the density p(z) = 0.7 - po(x) + 0.3 -
e~ 1 {z > —1}).

Ezample 3. The mixture of Cauchy and Pareto dis-
tributions with the density p(xz) = 0.7 - pe(z) + 0.3 -

The experiments check the ability of median and
smoothed median of means to deal with symmetric
and asymmetrical heavy-tailed noise. We consider two
examples of asymmetrical distributions with rapidly
(Example 2) and slowly (Example 3) decaying antisym-
metric part to examine its influence on the performance
of optimization procedures.

We compare the following baselines:
e clipped-MB-SGD: clipped-SGD, where clipping is
taken after mini-batching/averaging;

3https://github.com/Kutuz4/AISTATS2024_SMoM
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Figure 1: Dependence of the mean error on the oracle calls number with a 95th and 5th percentile bounds.

o MB-clipped-SGD (mini-batched clipped-SGD, where
averaging is taken after clipping);

e Med-MB-SGD (mini-batched SGD with median
instead of averaging);

e clipped-Med-MB-SGD (mini-batched SGD with me-
dian instead of averaging and clipping operation
after median);

e SMoM-MB-SGD (mini-batched SGD with the
smoothed median of means);

o clipped-SMoM-MB-SGD (mini-batched SGD with
clipping of the smoothed median of means).

For all methods, except for SMoM-MB-SGD and clipped-
SMoM-MB-SGD, the batch size is 5, while for SMoM-
MB-SGD and clipped-SMoM-MB-SGD we took SMoM,, ,
with m = n = 2. We have chosen g = 8/V/d -
(1,1,1,...,1)T, where d = 50, as a starting point,
launched all the methods 50 times and computed the
average errors. The results are displayed in Figure 1.

In the case of a symmetric distribution, Med-MB-SGD
and clipped-Med-MB-SGD perform better than clipped-
SMoM-MB-SGD due to lower oracle calls count for one
iteration. However, as we expected, Med-MB-SGD and
clipped-Med-MB-SGD cannot achieve high accuracy in
the case of asymmetric distributions due to the presence
of a bias, while the smoothed median of means suc-
cessfully adapts to this situation. Suddenly, averaging
gradients after clipping has good performance in the
asymmetric case, but it still converges slower compared
to clipped-SMoM-MB-SGD. In terms of the number of
steps, clipped-SMoM-MB-SGD converges much faster
than other methods on asymmetric noise because it
needs (2m + 1)n = 10 oracle calls on each iteration.
We also see that SMoM-MB-SGD has a similar con-
vergence rate to clipped-SMoM-MB-SGD in the case of
distributions with less heavy tails.

7 CONCLUSION

In this work, we show that under some structural as-
sumptions on the noise distribution with heavy tails,
one can achieve faster convergence in solving of stochas-
tic optimization problems. The key instrument we use
is the smoothed median of means, which provably has
a small bias and a finite variance for quite a wide class
of distributions. Although our results are given for
smooth convex/strongly convex problems, using simi-
lar technique, one can derive high-probability conver-
gence results for smooth non-convex problems (Sadiev
et al., 2023; Nguyen et al., 2023b), non-smooth con-
vex and strongly convex problem (Gorbunov et al.,
2021), variational inequalities under some structured
non-monotonicity assumptions (Gorbunov et al., 2022),
and composite and distributed optimization problems
(Gorbunov et al., 2023). One can also improve the
logarithmic factors in our results using the technique
from (Nguyen et al., 2023a).
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes, see Sections 2, 4 and 5.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes, see our results in Sections 4 and 5.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Yes, we provide the source
code with supplementary materials.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes.

(b) Complete proofs of all theoretical results. Yes,
the proofs are collected in Appendix.

(c) Clear explanations of any assumptions. Yes.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
Yes.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Yes,
see Section 6 and Appendix.

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Yes.

(d) A description of the computing infrastructure
used. Not Applicable. We do not use any com-
puting infrastructure, except for an ordinary
laptop.

4. TIf you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. Not Applicable.

(b) The license information of the assets, if appli-
cable. Not Applicable.

(c) New assets either in the supplemental material
or as a URL, if applicable. Not Applicable.

(d) Information about consent from data
providers/curators. Not Applicable.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. Not Applicable.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. Not Applicable.

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Not Applicable.
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A SMOOTHED MEDIAN OF MEANS ESTIMATOR

A.1 Proof of Proposition 4.1

Let P; be the cumulative distribution function of v;:
t
P;(t) = / pj(u)du, forallt € R.

Then the probability density of the median Med(v;1,. .., Vj,2m+1) is given by

2m m m
m-+ 1) (27 )ey(0m (1= Py(0) s 0
Let us prove that the variance is bounded. To be more precise, we are going to show that

+oo 1B, 2/8;
/ 2P ()™ (1 —P;() " p;(t) dt < (1 Y, ﬂﬂ) 4™,

—o0
Since, according to the conditions of the proposition, p;(u) < B;j/(1V |u|)1*7% for any u € R, it holds that

+oo
B B 1
t

Similarly, for any ¢t < —1, we have
B, 1

P.(t) < =L .

OS5 WP

Hence, for any ¢t € R, P;(¢)(1 — P;(t)) satisfies the inequality

ama (B N
MEnm it > 1,

P;(t)(1—P;(t) < - .
4-m otherwise.

This implies that the integral of ¢ P;(¢)™(1 — P;(¢))"p;(t) over the real line does not exceed

+oo
"} [ eyt du

—sup 12 (07 (1 P, (1)")

+oo
[ R0 (1= P50) " ps (0 at < sup {22 P40 (1~ P0)
teR

— 00

lt|<1 [t[>1

= max { sup {t2 Pj(t)m(l - Pj(t))m} , Sup {t2 Pj(t)m(l - Pj(t))m}}

< max {4’", sup {t2 Pj(t)m(l — Pj(t))m}} .

[t|>1

We use (17) to bound the supremum in the right-hand side:

sup {t2P;(t)™ (1~ P;(t)™} < sup {tz (i : /ﬁﬁ)m}

[t|>1 [t]>1

B‘ m
< max{ sup {t2 ~4_m} , sup {t2 ( Jﬁ') }} .
L[ (B; /8, % 61> (4B, /)" %3 Byt
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If mpB; > 2, then we have

B; \" 4B;\ >
A (am) P C)
a8, 8,% L\ Bt B

and, hence,

) m N 2/B;
sup {t*P;(t)™ (1 — Pj(t))m} < sup {t2 (le A ﬁjijﬂf) } < (1 v 4;?) 47

lt|>1 [t1>1
Thus, we obtain that

—+oo

m m 4B; \*/
/ 2P, ()™ (1 —P; () "p;(t)dt <sup {*P;(t)" (1 —P;(t))"'} < (1 v 3> 4™
teR Bj

It only remains to note that

2 om)! 2 1r2i—1

m m!l-m! L 5 Jj

j=1 j=1
to derive the desired bound
4B X 2/51'
E Med (I/j’l, ceey l/j’2m+1)2 < (2m + 1) (1 V ﬂj> . (18)
J

Concerning the expectation of Med (v} 1, ..., Vj2m+1), We point out that it is finite, because Med (v} 1, ..., V) 2m+1)

has a finite second moment. Moreover, due to the symmetry of p;, we have P;(—t) =1 — P;(¢) and, thus,
(=t)P;(—=t)™ (1 — Pj(—t))"pj(—t) = —t(1 — P;(t))"P;(t)™p;(t) forallteR.
Hence, it holds that

+oo
EMed (l/j717 ey Vj,?m-‘rl) = / tP] (t)m(l - Pj (t))mpJ(t) dt = 0.

— 00

A.2 Proof of Lemma 4.3

Let 11, ..., Yqq be the diagonal elements of ¥. Denote the difference V f¢(z) — Vf(z) by v = (v1,...,vq)". Tt is
enough to show that

Xjj 2] 4m m(2m —1) |[X m|| ]\ *
E SMoM,,, (v, 0)] < (2 1) =224 /92 4+ =0 = mi=i
[E SMoMy (v, 0)] < (2m + 1) - 52467 + — @m —D)vome T @m— e 2 t32 | o
% =] ml|Sl| | (ml=])?
< (2 1)- =224 /1+ 200 1
S @m+1) On + 02n + 02n * 02n

and

..
E SMoM,, »(v;,0)% < 4(2m + 1) (“ + 92> .
n

for all j € {1,...,d}. We start with the upper bound on the second moment. We split the rest of the proof into
several steps for convenience.
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Step 1: bound on the second moment. For a fixed j € {1,...,d}, let p;(u) be the marginal density of v;
and let

+oo
_ U *n
F(t) = / Dy (t - 5) p;" (u) du
—00
stand for the cumulative distribution function of Mean(v; 1, ...,V ) + 6 n;, where v;1,...,v; , are i.i.d. copies of

vj. Then the density of SMoM,, ,(v;,6) is equal to

(2m + 1) (27:) F(O™ (1 — F(1))" F/(t).

If we manage to prove that

sup {2 F(t)™ (1 —F(t))"} < 4(%55/n + 92)7
teR 4m
then we immediately obtain
+oo +oo
/ £ R (1= F)"F()dt < sup {2 F(0)" (1= F(1)"} - / F(w) du = sup {2 F()" (1 F()"}
Let vj1,...,vj, be independent copies of v; and let n; ~ N(0,1) be a Gaussian random variable, which is

independent of v;1,...,v},. Then, according to the definition of F(¢), for any t € R, it holds that
1-F@t)="P

(Vj,l + n + Vjn + 077]_ > t> )

Since vj 1, ...,V and 7; have finite variance, we can apply Chebyshev’s inequality to derive an upper bound on
the right tail of F(¢):

E(v:iqi+- 4w )% /n2+ 02En2 N g2
(w51 im)_/ il =2 4~ forallt>D0.
t2 nt2 t2

1-F(t) <

Similarly, for any ¢ < 0, we have
ey < 24
S22

Combining these bounds with the inequality F(¢)(1 — F(¢)) < 1/4, which holds for any ¢ € R, we deduce that

1 ; < i 2
Xjj 92) o A <24/ =2 467

- (19)

Dy .
=34+ 6%, otherwise.

Hence, for any m > 1,

m t2 Y 02\" ¥, /n + 62
2 m _ < 2 79 JJ
sup {t*F(t)™ (1 —F(t)) "'} < ( m ) v <t2>42m“$}7(1+492t ( + ) ) =T

ax Am 2 42
teR 12<4%,; /n+462 4™ nt t

as we announced. This implies that

“+o00
g 2
E SMoM,,, , (v;,0)% < (2m + 1) (2::) / CFH)™ (1 - F@)" F'(t)dt < (2m+1) (2;7) . %#.

Similarly to the proof of Proposition 4.1, we use the inequality

2m\  (2m)! 172 121l .
<m)_m!-m!_H H — <A
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which yields that
.
E SMoM,,, ,, (v, 0)% < 4(2m + 1) (“ + 02> .
n

Step 2: bound on the expectation. The rest of the proof is devoted to an upper bound on the expectation
of SMoM,, ,,(vj,6). One could apply the Cauchy-Schwarz inequality to show that E SMoM,, ,(v;, ) decreases with
the growth of n. However, we are going to prove a stronger bound. Our approach is based on decomposition of
p;(u) into the sum of symmetric and antisymmetric part:

pj(u) +pj(—u)
2

p;(u) — pj(~u)

and rj(u) = 5

pj(u) =s;(u) +rj(u), where s;(u)=
If r; was equal to zero, we could say that E SMoM,, »(v;,8) = 0 as well. However, in a general situation, has some
impact on the mean of SMoM,, ,,(v;,0). To quantify it, we compare the integrals

—+o0 —+o0

/ tF@)™ (1 —F(@t)" F/(t)dt and / tG(H)™ (1 —G(t))™ G/ (t)dt,

— 00 — 00

where G is a cumulative distribution function defined as

+oo
U *
G(t) = / oy (t - 5) s+ (u) du.
— 00
In other words, G corresponds to the CDF of Mean(v; 1,...,v; ) + 0n;, where vj1,...,v;, are i.i.d. copies of v;

and n; ~ N(0,1), in the symmetric case. We are going to show that r; has minor influence on the expectation of
the smoothed median of means if m and n are sufliciently large.

First, let us show that the cumulative distribution functions F(¢) and G(¢) are close to each other. It is
straightforward to check that

1 1 x 2 2 1 2 1 1
sup |®) ()| = —— - — -sup |[—=e T /(20 §7~(67y/2)‘ = - 20
m€§| 0(@)| Vor 02 zeg 0 V2m6? Y y=1 21e 62 (20
Then Lemma A.1 (see Appendix A.4 below) implies that
1 2
[F(t) — G(¢)| < —2  forallt € R. (21)

2v/2me 02
In view of (19), for any m > 3 it holds that

HF@E)™(1—F@#)™ =0 and [¢|F())™ (1 —F()™ " =0 ast— oo.
Then, according to Lemma A.2, we have

+oo +oo

/tF(tY”(l—F(t))’”F’(t>dt— /tG(t)m(l—G(t))mG’(t)dt
i 1 D e B ¥ 9 to0
< gy g | RO RO g () [ Fon et Fo) e

2
mEjj 9 _9
t m2(1 — g)™ .
+< 0n ) ek { |96[F<t>Ac%?f§(t>vc<t>1( ( ")

Let us remind the reader that the CDF F(¢) satisfies the inequalities

i O for all i O for all
1_F(t)<ﬁ+t7 or all t > 0 and F(t)<ﬁ+t—2 or all t < 0.
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Due to the Chebyshev inequality, a similar bound holds for G(#):
¥, 62 Y, 62

17G(t)<%+tf for all £ > 0 and G(t)\%+tf2 for all ¢ < 0.
This yields that
+o0 +oo
/ FF(E)™ (1~ F(1)™F (1) dt — / £G(H)™ (1 — G(1)) "G (1) dt

+o00 9 2 +0o0 2\ m—1
15 / 1. X;;/n+0 dt—i— m_ (¥ / 1/\213'/714_9 dt
24/ 2me 92 12 16me 02n 4 12

m;; '\ L S5/ 62\
tf| - N ——m—— .
+( ) i‘é%i’{ (37245

Applying Proposition A.3, we obtain that

+oo —+oo

/ tF@)™(1—F(@)"F'(t)dt — tG(t)m(l —G(1)"G (t)dt

o0

<— .23 /0
22re 0n (2m— 1) 4m 1
m ij 2 2m —1
_l’_ .
16me \ 6%n (2m —2)-4m—2 V

- }
Similarly to Step 1, we can prove that

sup {It (1 A 0 + Ea‘j/n>m—2} 202+ 355/n
; _ AV 2Gi/m

+
N
fa)
o
o
<
~__
2o
o~
m
%’U
—N
=~
7N
»Jk\
Q
.
\
3
_|_
>
[\v]
~_

— 5
teR t2 4m=2

and then it holds that

—+oo —+oo

/tF(t)m(l—F(t))mF’(t)dt— /tG(t)m(l—G(t))mG’(t)dt
oo — 00
)y 2m — 1 25\° 32 %\ by
< Ygj , m@m—1) (3557, 82 (mYy; g2 4 Zii
= (2m—1) am=1\2re 0?n ' (2m—2)-4mme \6n 4m 6%n n
Taking into account
2m\  (2m)! 172 vr2i—
(m) " m!l-m! 1;[ j ]1;[1
we immediately obtain that
)PP )P 4dm m2m—1) %; m3;;\’
E SMoM,,, »(v;,0) < (2 1) 220, /1 4 297, =55 3d
oM (15,0) < (2m +1) On +92n [(2m—1)\/27re+(2m—2)7re 02n 32 (OQn)
X Il 4m m(2m—1) |3 m| 2]\ *
<@m41)-22, 1 1= 121
(2m +1) On * 02n (2m71)\/27re+(2m—2)7re 02n 32 02n
X 1= ml|Z] | (m]Z]?
<MDV e [V e T e
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A.3 Proof of Lemma 4.5

Let v = (v1,...,v4) " stand for the difference V f¢(z) — V f(x) and let us show that, for any j € {1,...,d}, it

holds that
26: B\ /¥
1+9+( )

2 ; 2/B; 2/(Bj+1
N A A AN AR
6n Binfi—1 OnPi '

From now on, we fix an arbitrary j € {1,...,d}. Similarly to the proof of Lemma 4.3, the core idea is to compare
the cumulative distribution functions

|E SMoMp,n (v, )|N 02n

and

E SMoM,, »(v},0)* <m

+oo +oo

F(t) = / Dy (t — %) p;"(u)du and G(t) = / Dy (t - %) s;" (u) du.

— 00 — 00

The first one is directly related to the density of SMoM,, ,(v;,#), which is equal to

(2m + 1) (2;:) F(y™ (1—F(1))" F'(1).

However, the proof of Lemma 4.5 is far more technical. The main obstacle is that we cannot use Chebyshev’s
inequality to specify the rate of decay of F(t)(1— F(t)) and of G(t)(1 — G(t)) as t approaches infinity. Instead, we
prove the following non-trivial result (see Lemma A.4 below): if Assumption 2.1 holds and 2M; < nf?, then, for
any t € R it holds that

M; 0 B;
F 1 —L ).
F(H) -G < 5.2 t( + +nﬁj1|t|5j)

Combining this result with the bound on the second derivative of ®4 (20) and Lemma A.1, we obtain that

P - 601 5 35 {10 (§+ crimer ) }- (22)

Despite the simple statement, the proof of Lemma A.4 is quite technical. A reader can find it in Appendix A.4.
With the bound (22) at hand, the proof of Lemma 4.5 is relatively simple. For convenience, we divide it into
several steps.

Step 1: a bound on the tails of G.  The goal of this step is to specify the rate of decay of G(t)(1 — G(t)) as
t tends to infinity. First, consider the case ¢ > 0. By the definition of G(¢), it holds that

“+o0

1-G(t) = / (1 'y (tf %)) s (u) du

— 00

—+oo

=n / (1= ®g(—y))s;" (nt + ny) dy

—t/2 +o0
=n / (1= ®4(—y))s;" (nt + ny) dy + n / (1= @g(—y))s;" (nt + ny) dy. (23)
e —t/2

If y < —t/2, then

1— @p(—y) < 1—Py(t/2) < exp{ 87;22}7
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and we have

—t/2 —t/2

x ¢ x £
n / (1= ®g(—y))s;" (nt + ny) dy < exp {—&02} / s;"(nt +ny)ndy < exp {—&02} . (24)

—0 —o00
Otherwise, if y > —t/2, then, due to Assumption 2.1, it holds that

—+oo —+oo

*1 Bjn2
n / (1= @o(—y))s]" (nt +ny) dy < / n(+B:)/Bi 4 nl+B; (t 4 y) 1 +5s dy
—t/2 ~i/2

+o0 B 26 B
] J
‘] j—

S / nBj—l(t/g + U)1+Bj dv = 5jnﬂj—1tﬁj : (25)
0

Plugging the inequalities (24), (25) into (23), we obtain that

Bj
16 < 2B

~ /3 B]fltﬁ

t2
+ ex p{ 802} for all t > 0.

Similarly, we can prove that

28i B 42
< - 73 _
G(t) < BB ] +exp{ 892} for all t < 0.

Hence, for any t € R, we have
1 2B t2
_ < 7 _
G(t)(1-G(t)) < mm{4 5, n51*1|t\51 +exp{ Y }} . (26)

Step 2: bound on the second moment. The second moment of SMoM,, (v;,6) satisfies the inequality

+oo
E SMoM,,, . (v;,0)* = (2m + 1) (i?) / 2FE)™ (1 F(t) " F/(t) dt

—0o0

<(2m+1) (2;7) sup {t* F(t)™ (1 — F(t))m} .

terR

On the other hand, (22) and (26) imply that

1 29B; ¢ M; B,
_ < mi i R =J -7
Fit)(1—F(t) < mln{4> B;nPi—1|t]Pi + exp{ 302 } Ry (1 + R )} forallt e R.  (27)

This yields

sup {t2 F(t (1 —F(t )m} < 4™

teR BimPi=t OnPi

M. 2 2[}’B 2/B; B.. M. 2/(B;+1)
1462+ (J> +<J> +( j J) if mB; > 2.
n

Since

() st - 1115

we obtain that

E SMoM,, (v5,0)> <m

2 ; 2/B; 2/(B;+1)
1ree s (M) o 248 + (B .
on Bnfi—1 Onbi
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Step 3: bound on the expectation. It remains to bound the expectation of SMoM,, ,(v;,0). For this
purpose, we use Lemma A.2, which yields that

<(2m +1) (QWT) > - IESMOM,v, p (v, 0)]

—+oo —+ o0

— /tF(t)m(lfF(t))mF’(t)dt— /tG(t)m(l—G(t))mG’(t)dt
o -
< /G(t)m(l—G(t))m|F(t) |dt+—/ (1= G6(6) ™ (F() — G(1)* dt

(™ 21— 9)m2)} .

max
0c[F(t)AG(t),F(t)VG(t)]

+ m?sup {|t| (F(t) — G(t))”-

teR

Note that the requirement

1t1G(8)™ (1 — G(t)"|F(t) = G(t)] = 0 and [¢|G(H)™ (1 —G())™ " (F(t) — G(1))* = 0 t— o

is satisfied, because of the inequalities (22), (26) and the conditions of the lemma. These inequalities also imply
that

“+oo “+o0
/ tF@)™(1—F()"F'(t)dt — / tG(H)™(1—G(t) "G (t)dt

+oo
1 2% B 2N

+oo m—1
m 1 2% B; t2 2
+ 5 [4 A (5jnﬂj—1|t5j + exp {—w}ﬂ (F(t) — G(t))" dt

1 2°i B M B. 2 m—2
2 AEM — G2 S A (208 M B - '
o ilelﬂg { |( ®) ( )) 4 A Bnfi—1|t|b + Ont + nBi—1|t|Bi + exp 302

Taking into account the bound (22) on the absolute value of the difference F(¢) — G(t), we obtain that

Jr/oot F(t)™(1—F(t)"F'(t)dt — 72 G(t)™ (1 — G(t)) "G/ (t) dt
<2 ME A (m +exp{;;}>r o

“+oo

L (M 2/ 29B; £\ dt
==L XP 9\ — S5
2 \ 82n ﬂ]n51_1|t\5d P 802
, 26 B; M, B, 2 m2
2 J (1 J___ R .
() izﬂﬁ{”[ (5 ﬁwwem(mwm)*exp{ )] }
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The inequality (a + b)* < 2F~1(a* + b*), which holds for any k > 1 and positive a and b, implies that

400 +o0
/ tF(H)™(1—F()"F (t)dt — / tG(H)™(1—G(t) "G (t)dt

M, 1 estip 1T M T 21"
< [T | g —7/ A2 L
~ 2n/ 4 ﬁjnﬁj1|t|ﬁj:| +92n 1 exp 302

L (M 27°1AM7"‘1dt+m M 271”6 e,
2 \ 0% 4" BnPi-1|t[F; 2 \ 02 4 AP TR
oo —
sup 1 [¢] 1 72ﬁ]+13 " +m? (2 P ] [+ A 2 "
e " Bne Tt "oz ) TR 1" o]
M;\? 1 8M;B;, 1™ M;\? 211"
2 J J =) 2 J
— tl |- N ——— — t A8 — .
wnt () igg{llh moa| gt () e[ nsen -z}

Due to Proposition A.3, it holds that

+00 +oo
1 28itip. 1™ 1 21"
SA—— | At ~A2 - dt <4—m
/ {4 6nﬁj1t|ﬁj] * / {4 exp{ 802 H ~

26 +1B 1/8;
1+6 — .
o <ﬁjnﬂj1>

- |t|[1 p 2B rQ +om t|[1 4M]m2
te]RI? 5 n6J71|t|6J te]ll{? Ont
1 8MB m—2 1 t2 m—2
t —_— t A4 _—
e '[ enww] +sup '{ GXP{ SeQH

M M B 1/(B;j+1) 28;+1B. 1/B;
1+9+J+<”> +(’J> ,

Since

< g4—m
~ On Onbi BjnPi—1

we conclude that

“+oo +oo

/ tF(t 1 —F(t ))mF’(t) dt — / tG(t)m(l _ G(t))mG’(t) dt
§4*m.é\2i; 1+6+ <Zgﬁ>l/ﬁj
fmZ.am <é‘24;>2 1+9+%+ (]gégj)l/(ﬁj-i_l) . @i:ﬁ)w] |
Then it holds that
+(2m+ 1)<27;n> -m?4mm (egj )2 140+ % + <J\£§j)l/(ﬁj+l) + (2;:;]3{)1/&]

< J
~ 92

The proof is finished.
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A.4 Technical results

Lemma A.1. Let h: R — R be a twice differentiable function with uniformly bounded second derivative:
|n"(z)| < H for all x € R.
Let q(z) be a probability density of a random variable and let

q(z) +a(—=) q(z) —a(—=)
plx) = ————— and P(a)= ————+
2 2
stand for its symmetric and antisymmetric parts, respectively. Assume that there exists M > 0 such that the

function ¥(x) fulfils

—+oo +oo
/ xp(z)de =0 and / 22| (z)|dz < M.
— 0o —00
Then, for any positive integer n, it holds that
x *N x *1N HM
z _ = < 7
[hEamite (2} | < 2

provided that the integrals in the left-hand side converge.
Proof. Let Xq,...,X, beiid. random variables with the density q(x). It is known that (X; +...+X,,) ~ q*"(x).
Then the integral
x
h(%)a" (@)
[r(E)a @
admits a representation

/h (%) q*"()dz = Eh <M> - /h <M> q(@1) ... q(zn)das ... day.

n

Similarly, it holds that

/h (%) P (x)dx = /h (xl—’_n—’_xn) plx1)...p(xy)dzxy ... day,,

/h(%) q*”(z)dz—/h(%) P (2)de = /h (W) a(@1) ... q(zn)der . .. de,

- /h (“””") p(z1) ... plan)das .. dam.

n

and thus,

Let us introduce

k n
Ti(T1, ... 2p) = Hq(xz) H p(x;), where k € {0,...,n}.
i=1 i=k+1

Then it holds that
/h <$1++xn) q(z1)...p(xy)dxy ... dx,

n
1+ ...+x,
f/h <1n> plx1)...p(xy)day ... day,
:/h<l”1+n+56n> Tn(T1, .oy Tp)dey ... doy
—/h(W) mo(x1, ..., Tp)dry ... doy,

Z/h <xl++x") (ﬂk(xl,...,xn) fﬂk_l(xl,...,zn))dxl...d:rn.

n
k=1
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Let us fix any k € {1,...,n} and consider

r1+...+ Ty
/h <1n> (Wk(x17...,xn) —Wk,l(ml,...,xn))dxl...dmn.

Note that, according to the definition of 7, we have
k—1 n
Tr(T1, .y @) — Th—1(T1, ..., Tp) = (H q(mz)> < H p(xl)> (k).
i=1 i=k+1
Moreover, due to the Taylor’s expansion with the Lagrange remainder term, it holds that
T+ ... +x, 1 Ty Hxi
i£k 27516

Since, according to the definition of 1) and the conditions of the lemma,

+oo “+oo “+oo
/1#(%)01% =0, /xklﬁ(ffk)dwk =0, and / T [ (p) | dze < M,
o0 — 00 —0o0
we have
h 1 T (Wk(arl, ces ) — Tp—1(21, .., 2p))day .. da, =0,
n
i#k
/ Zml . 7rk xl,...,xn)—ﬂk_l(xl,...,mn))dxl...da:n:0,
z;ék
and then

1 +...+x,
‘/h <1) (mi(21s - an) — Tt (21, ... ) day ... day,
HM
2n2 'rk (Hq T ) ( H p(z; ) [Y(xg)|dey ... dz, < o

1=k+1

Finally, applying the triangle inequality, we obtain that

‘/h (”””Ln“j") q(z1)...q(z,)dzy . .. dz,

_ /h (W) (1) ... plwn)das ... dan

n
k=1
" HM HM
< =
\; 2n? n

Lemma A.2. Let F and G be any differentiable cumulative distribution functions, such that

111G(6)™ (1= G(1)) " [F(t) = G(t)| = 0 and [¢|G(t)™ (1 — G())" " (F(t) = G(t))* = 0 ast — oo.
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Then it holds that

+o0 +oo
U tF()™ (1 —F(t)"F(t)dt — / tG(t)™(1 - G(t)) "G/ (t) dt

o0 — 00

+o0 oo
< [ s -6)"[FO -]+ [ 6@ (1-6w)" (Fo) - 6(0)

+m? sup {|t (F(t) — G(t))2 . ((gm—Q(l _ 9)7n—2)} )

teR

max
0c[F(t)AG(t),F(t)VG(t)]

Proof. The proof is based on integration by parts. Let us define a function ¥ : [0,1] — R as follows:

1

m2 m

U(x) =

Note that, for any z € [0, 1], we have

1 1
—%x"“Q(l —2)" 2 < W(x) < <1 — m> a2 (1 —2)m 2

@1 = 2)™) = Lam=2(] _ gym-2 ((m—1)(1 = 22)* — 22(1 — x)) .

(28)

Due to Taylor’s expansion with the Lagrange remainder term, for any ¢ € R, there exists 6(t) € (F(¢) A G(t), F(¢) V

G(t)), such that

F(O)™ (1= F(£)™ = ()™ (1= G(1))" =mG(t)" " (1= G(£)™ " (1 - 26(1)) (F(t) - G(¢))

+ 5w (0) (F(t) - 6(1).
Then it holds that

—+oo +oo

/tF(t)m(l —F())"F (t)dt — /tG(t)m(l —G(1)"G (t)dt

— 00 — 00

+oo

= / tG(H)™(1—G@) " (F(t) - G'(t)) dt
e -~
+m / £G(H)™ (1= G(1) ™ (1= 26(8)) (F(t) — G(t))F'(¢) dt

2 TP
+m7/m(e(t))(F(t)—G(t))QF’(t)dt.

Let us focus on the first term in the right-hand side. Integration by parts yields that

+00 +oo

/ tG(H)™(1—-G@) " (F(t) - G'(t)) dt = — / GH)™(1—G(t))™ (F(t) — G(t)) dt

—0o0

400
-m / £G(6)™ (1= G() ™ (1 - 2G(1)) (F(t) — G(¢))G'(¢) dt.
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Substituting this equality into (29), we obtain that

—+o0 —+o0

/ tF@H)™ (1 —F())"F (t)dt — / tG(t)™(1—G(t) "G (t)dt

—0o0 — 00

—+o0

__ / G(H)™ (1 G(1))™ (F(t) - G(1)) dt

+00
+m / £G(E)™ (1= G() ™ (1= 26(8)) (F(t) — G(1)) (F'(t) — G'(t)) dt

9 +
+ 5 [ rwOW) (F@) - 6(1)F (1)

—00

Now we can apply integration by parts to the second term in the right-hand side of (30):

+o0
m / £G(E)™ (1= G() "™ (1= 2G(8)) (F(£) — G(8)) (F'(t) — G'(t)) dt

+o00
5 [ G- 6(0)™ (- 260) () - 6(0)° e

“+oo
- m; £ (G(1)) (F(t) — G())*G'(t) dt.

—0o0
Hence, we can rewrite the equality (30) in the following form:

+oo —+oo

/ tF@)™(1—F(@)"F'(t)dt — / tG(H)™(1—G(t) "G (t)dt

— 00

+o0
—— [ 6 (1-60)" () - 6(0)) a

oo
- / Gt (1 G()™ (1 — 26(8)) (F(t) — G(1))° dt

+
m2

Rl (W (0(t))F (1) — W (G(t))G'(t)] (F(t) — G(t)) dt.

— 00

Then, due to (28) and the triangle inequality, it holds that

+00 +oo
L/tF(t)m(l—F(t))mF’(t)dt— /tG(t)m(l—G(t))mG’(t)dt

oo — 00

“+oo

< /G( )™ (1 - G(t)™ (F(¢t dt+—/ )" 1-G |1—2G t)|(F(t) — G(t))” dt

/|t\|\If dt+— / It] v (G ))QG’(t)dt.
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[ 11w o) (Fo) - 6(0)"F ) ae < sup {11 [ (6(9)| (F(1) — 6(1))”}

and, similarly,

we finally obtain that

+o0 +oo
U FR()™ (1~ F(1)™F (1) dt — /tG(t)m(l—G(t))mG’(t)dt

+o00 +o00
m m m m— m—1 2
< / G(t)™(1—G(t))"|F(t) — G(t)| dt + > / Gt)" 1 (1—G@)" (F(t) — G(t))" dt
2
+m?su {tFt—Gt . max 0'"21—0’”2}.
teﬂg | |( Q ()) 9€[F(t)/\G(t)’F(t)VG(t)]( ( ) )
Proposition A.3. For any positive numbers a, k, o, and B, such that Bk > o+ 1, it holds that
+oo
4718 (a+1)(BEk—a—1) 4k ’
—o0
Proof. The proof follows from simple calculations:
+o0 +oo
e (Ln Y a=a [ (2 2)
47 tP N 47 P
—o00 0
41/84 +o0
2
_ @ Bk a—Bk
=1k / t*dt + 2a / t dt
0 41/Bq
2(41/Bayatl 20k (41/8q) T
T larD A T BE—a-1)
2(41/8q)att 1 N 1
N 4k a+1l Bk—a-1
B Bk 2(41/8g)at1
(a+1D)(BE—a—1) 4k '
Lemma A.4. Grant Assumption 2.1 and let
+oo
U *N
F(t) = / Dy (t - 5) p;"(u) du = /@g(t —Mean(ui, ..., uy))p;j(w1) ... pj(u,) du
— 00 Rn
and
+oo
U *n
G(t) = / Dy (t - E) s;" (u) du = /@9 (t —Mean(uy, ..., up))s;j(w1)...s;(u,) du
Rn
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be two cumulative distribution functions. Assume that 2M; < n6*. Then, for any t € R it holds that
M; 0 B;
Fi)— G| < 2 (14 -+ —2— ).
F() ~ GO S 5 - ( +o+ nﬁjw)

Proof. Since pj(u) = s;(u) + r;j(u), it holds that

k=0
and then
+oo +oo
u *n o o E *1
F(t) — G(t) = /«bg (tfﬁ) p7" () du /cpg (t n)s] (u) du

|
()=
7N
> 3
N~
8\
A

=
—~
~

I
S
~—
Q-‘*
>

*

0
L%
)

|

Z
—~

<
S~—
o

<
w
=

k=1 -
n k n

= " Dy (t — Mean(ug, ..., uy,) ( rj(ui)> . ( sj(ul-)> dug ... duy,.
200 (o) (11

In the rest of the proof, we bound the summands in the right-hand side one by one. For readability, we split our
derivations into several steps.

Step 1: Taylor’s expansion. Let us fix an arbitrary k& € {1,...,n} and consider
k n
/<I>9 (t — Mean(ug, ... 7un)) (H rj(ui)> . ( H sj(ul-)) duy ... du,.
B i=1 i=k+1

Using Taylor’s expansion with the integral remainder term, we rewrite the expression of interest in the form

n

k
/(I)@ (t — Mean(ul, . ,un)) <H r; (uz)> . < H Sj (uﬂ) dul . dun

Rn i=k+1
= / lq)g (t — Mean(uy,...,u,) + ﬂ) — ¥, (t — Mean(uq,...,un) + ﬂ) A (32)
n n n
RTL
2 L 1 k n
+ % ¥ (t — Mean(uy, ..., uy) + (—71:1)1“) v dvll (H rj(ui)) : ( H Sj(“i)) duy ... dug.
4 i=1 i=k+1
Note that u U
Dy (t — Mean(uq,...,u,) + —1) and @) (t — Mean(ug,...,u,) + —1>
n n
do not depend on u;. Since, according to Assumption 2.1, it holds that
+oo +o0
/ ry (Ul) du1 =0 and / uiry (Ul) du1 = 0,
the right-hand side of (32) simplifies to
k n
/‘I’g (t —Mean(ui, ..., up)) (H rj(ui)> . ( H sj(ui)> duy ...duy,
Bn i=1 i=k+1
/ (1—v)ur\ u? k e
= /vldvl /du1 ... duy, - DY <t — Mean(uy,...,u,) + ) e Hrj(ui) . H s;i(wi) | -
o B n " i=1 i=k+1
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Repeating this trick (k — 1) more times, we obtain that

k n
/Cbg(t—Mean(ul,...,un)) (H rj(ui)> . (H sj(u,-)> dug ...du,

R” =1 i=k+1
1

1
:/vldvl.../vkdvk/dul...du
0 0 R™
k

k' n
.<I)é’2k) (tMean(ul,...,un)JrZ(l_nW> <H W) ( H Sj(ui)>a

i=1 i=k+1

where @ézk) stands for the (2k)-th derivative of ®y. Due to the properties of convolution, the integral in the
right-hand side is equal to

1 1 k n k n
OOl R S ) ) e |
/vldvl.../vkdvk/dul...dun D, (t Z " Z n)(H ) (Zm)
3 r B i=1 i=k+1 =1 i=k+1
Substituting ugy1 + ... + u, by y, we conclude that
k
/<I>9 (t — Mean(uyq, ... 7un)) (H rj(ui)> ( H s;j(u; ) duq ..
Bn i=1 i=k+1
1 1 “+oo k k 5 )
= /vldvl.../devk/dul...duk / dy-q)((fk) < Yt ) (H W) ~s;(n7k)(y). (33)
. n
0 0 Rk — 0 i=1 i=1

Step 2: bound on the integral (33). We represent the expression (33) as a sum of two terms:

1

o k E o
2k ViUg Yy Uy r'(ui) *(n—k
/vldvl /devk/dul...duk /dy~fl>f9 ) (t— g n_n> (Hrjﬂ) 'Sj( )(y)
RE —o00

i=1 i=1
/ N P v i u? rj(u;)
= /vldvl.../vkdvk / dug ... duy / dy-i)é%) (t_z znz _ z) (H i TJLQ i ) ,s;’f(n—k)(y)
0 0 nt ntlk — 00 i=1 i=1
[-5t.3¢]

1 1 “+o0 k . & uz r(u)

+/v1dvl.../vkdvk / duy ... duyg / dy«(bé%) ( lni . ) <H i TJLQ i > ~s;("_k)(y),
— 00 =1 =1
0 0 Rk\[iﬁ’%]k

and bound the former and the latter summands in the right-hand side separately. According to Lemma A.5 and
A.6, it holds that

1 “+o0 k 3 9
(2k) ViU Yy Uz rj(ui) *(n—Fk)
/vldvl /vkdv;C / du ... duy / dy - @, t— Lzzl . n) (E el s; (y)
(-3 31" o

N

@D (22BioyE P M; \"
e BT+ P T 6ag? 20702 )
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+oo k 2
(2k) ViUs U rj(ui) *(n—Fk)
/vldvl.../vkdvk / d ..duk/dy-¢> ( 2y — )(L{lnz>sj (y)
0 0 Rk\[—”—;,%]k —00
k
M; 4k26? 1 2ko
(2k — 2)! ! + ).
202n2 t2 21 t
Hence, we obtain that
1 1 +o0 i K
vl u? rj(u; w(n—
/ vidoy .. /vkdvk/dul...duk / dy - <I>(2k)< —Z " ) <H J > ( k)( )
0 0 RE —o0 i=1 =1
,/ 2k —1)! (23128 B,¢ 2 M; \*
( ) ._J J ﬁ-i—eXp _ 3 J (34)
V2r nPi—1|t|1+5; 6462 2022
M; \"[4k22 1 2k
(2k — 2)! J + Rali I
20%n2 12 Voar ot
Step 3: final bound. Summing up the equalities (31), (33), and the equality (34), we obtain that
n k
n\ (2k — 1)1 [23+26i B0\ /x t? M;
F(t) — G(t)| < . — N i
F) =60 ; (k) Var ( T T W T 26212
" /n 4k%2 1 2Kk M; \"
VeE -2 = — 22 (L
Jr;(k) ( ) ( t? +\/27T t ) <292n2>
" /n B, 2 k0> 0 M; \"
< 2UN [ —— - ) == .
~ L (k) (2£) <nf311|t|1+/3j *eXp{ 64492}+ 7 t> <292n2)
Finally, Lemma A.7 implies that
a B,6 2 k62 6 M; \*
| ‘ kz nﬁj*1|t‘1+ﬁj +exp 6462 +t72+¥ \ 26202
=1
'—1|t|1+5 CPVT6a2 T T ) o
<M 0 B;
1 J
S (145 )
whenever 2M; < n6?. The proof is finished.
O

Lemma A.5. Under Assumption 2.1, it holds that

1

/vldvl /vkdv;C / duq ...dug
[-3¢.5#]"

_VEeE-D! 23+26i B0/ expd

STV AT

+oo

/dyé()

— 0o
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Proof. To prove Lemma A.5, it is enough to show that

1 1 +oo k 2

(2k) vluz i |r‘](u7/)} *(n—k)
/vldvl .. ./vkdvk / duy ... duyg / dy - |®, ( Zl " > (]:[ n2 j (y)
5 0 1= 1=

[,M M]k —0
2k 2k

_ V@D (22080 x e £2 M; \*
< . X — .
Ners B e TP T gag? 20202

Our argument is quite technical, so we divide the proof into several parts.

Step 1: a bound on the 2k-th derivative First, let us consider the 2k-th derivative of ®3. Note that

2k 1 2%) (W 1 w?
(I)é )(w):ﬁ'@g )(Q)M'sz—l(w/a)'ﬁp{w},

where Hop_1 is the (2k — 1)-th “probabilist’s” Hermite polynomial. We provide a brief information about Hermite
polynomials in Appendix D. In particular, we refer to the result of Indritz (1961), which implies that

'szl(w/ﬁ)-exp{ 492}’ v (2k—1)! forall ke N.

max
weR

Thus, it holds that

2k — 1) §
’@ézm (w)’ < ﬁ exp {_;‘;2} for all w € R and all £, (35)

and we obtain the inequality

1 1 “+o0
(2k) vy B )|\ nn)
/vldvl.../vkdvk / duy ... duy /dy~ o, t— - 1_[7712 °S; (y)
0 0 nt nt]k —00 i=1 i=1
[-3F 5]

+oo k
\/ 2k‘ - 1)! / / 1 Vil Y
< vidoy .. vidug / dug ... duy / dy -exp{ —— (t — g _ > (36)
02k o . 462 ~ n n

Step 2: a bound on the convolution. Our next goal is to bound the convolution

2

“+oo k
1 Vit Y «(n—k)
[ el (t ki n> 5" )y

—0o0
using the properties of s;(nfk) from Assumption 2.1. Let us fix an arbitrary w € R and consider

—+oo

/ exp {_ (w —4 ;/Z/H)Q } S5 )y,

Since exp { —(nw — y)?/(4n?6?)} < 1, it holds that

+oo

/ exp {—W} s;(nfk)(y)dy <1 (37)

— 00
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On the other hand, we have

+o00
_ 2
[ e {—(“’ ) }s;<"—’“> (y)dy = n eXp{ yg} S0 (ny - muw) dy
w/2 ( )
Y Bin(n -k
< eXP { 9} (ﬂ1+1)/5j —+ n1+BJ |w + y‘1+5j dy
7w/2
y2 (n—k)
+n / exp{ 492}5 (ny + nw) dy.
ly|>w/2
If |y| < w/2, then
Bjn(n — k) Bjn(n — k)

<
(n — k) B0/ L 08w + y[ B (n — k) Bt D/Bs 1 nltBs |w/2|1+B

and it holds that

w/2
Yy Bn(n —k) d
) P 42 (n — k)BitD)/Bi 4 nl+Bi |w + y|t+5s 4
—w/2
( ) w/2 )
Bin(n—k y
< J
S (= k)BHD/B5 + [naw /2[4 / CXP{ 102 } dy
—w/2
Bjn(n — If) — 22+ﬂj BJG\/TT
= (n — k)(ﬂj“’l)/ﬁj + |nw/2‘1+5_7‘ FVAnt < nﬁj*1|w|1+ﬁj ’
Otherwise,
y? k w? o k
n / exp {_W} S;f(n— )(ny + nw) dy < exp {— 1662} / S;f(n— )(ny + nw) ndy
ly|>w/2 —

Taking into account (37), (38), and (39), we obtain that
T @y 224 B,0\/7 w?
[t s < (Gl e {-55a )
and, hence,

“+o0 1 k 2
ViU; Yy *(n—k)
[ e {1 <t‘ ;T - n> 57 W)y

— 00

—1-8; 2
1 ViUg
[ t —
+exp 1662 < Z n >

i=1

(40)
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Step 3: final bound. The inequalities (36) and (40) yield that

1 1 M R A - T 1]
, . 21 (ug
/vldvl.../vkdvk / dul...duk/dy-% (t—z n—n> (Hn2
) 5 [7%7%]1? oo i=1 =1
@E—1) [ |rj(ui)|
_ u; (rilu
vido vpdv du ... du e
62k \/om /1 ! /k g / ' * (1:[1 n? )
0 0 [~ 5t 5]
248 B0/ o :
, 22+0i B0/ ViU Yths
min ¢ 1, BT —1:1 " +exp 1602 <t_; n )

On the set [—nt/(2k),nt/(2k)]*, we have

b VUi t
t— ; — >3,
and, hence,
/ / o (2k) - vy Y u u; |Vj(ui)|
/vldvl.../vkdvk / dul...duk/dy o, <_;n_n>‘<11:[1712

0 0 [_ t L}i}k —o0

w\\

L k
(2k —1)! 23+251Bj9ﬁ U
< 62 or . SO + exp 6492 vidoy .. vkdvk duq...duyg - 4
0

Due to Assumption 2.1, the right-hand side does not exceed
1
(2k —1)! (23425 B.o /T 2 M, k
02k /27 . nPi—1[t|T+5; + exp ~ 6102 s /Uldvl---/vkdvk
0

k1) 23+2513j9\/7?+e o M; \"
T Ve T W 20202 )

The proof is finished.

Lemma A.6. Let Assumption 2.1 be fulfilled. Then, for any k > 2, it holds that

1 1

k ko o
(2k) v, Y ug rj(ui)
Judve fuan [ d“/dy @ (’f—zn‘n> (Hn

0 0 Rk\[_L Lf]k —00 i=1 i=1
2k’ 2k

M; 4k20% 1 2k#
2k — 2)! J ).
(2k-2) (292n2> ( TR )

Proof. Let {A;:1 < i<k} be a collection of sets in R*, such that

o Ai,..., A form a partition of R* \[f%, g—,ﬁ]k, that is,

k k
t nt
R’“\{—’K} =JA and AinA,=0 foralli#
2k’ 2k| M~
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e for alli € {1,...,k}, it holds that

nt
A; C {u:ui|22k}.
Let us fix any £ € {1,...,k} and consider the integral

1 1 +oo k k 9
2k Vil Y ug ry(u;) *(n—k
/vldvl.../vkdvk/dul...duk/dy-fbé )<t—zn—n> (H&)s]( )(y)
0

5 A, - i=1 i=1

Applying the Newton-Leibnitz formula, we obtain that

1
2 ke s
u [ g (t_zw_?J)WdW:@ézm -y vy
n n n n

n2

0 i=1 1<igk,
10
+<I>(2k_1) " Z Vil Y Ug
0 - |
n n
1<igk,
1AL

This implies that

1 1 “+o00 k k 9
(2k) vill; Y ug rj(uq) *(n—Fk)
/vldvl.../vkdvk/dul...duk / dy - &, (tznn> <H;L2> s n (v)
0 0

A, e i=1 i=1
1 1 +oo
2k—2 ViU
</vldvl.../vkdvk/dul...duk/dy-<I>g, ) t— lnl—%
0 0 Ag o 1<i<k,
} K2

I |Zg<ui>| )] -5 )

1<i<k
il
1 1 too
+/U1d01~-~/vkdvk/du1-..duk/dy. cb((f’“l) L Z Vily Y
1<k, n
0 0 Ay —c0 \z;é\ﬁ )
ug |rﬂ(ul)| u£|rj(uf)| *(n—k)
H n2 ) n "5, (y)
1<i<k
il
Let us apply the inequality (35) we derived in the proof of Lemma A.5 to (bé%”) and <I>((92k71): for all w € R, it

holds that

(2k—2) (2]{3 - 3)' ’LU2 (2]{3 - 2)'
0 g (Pe('l,U) § ]., ‘q)a (U})’ S W exp 7?02 < W, for all & > 2.

and
2k —2)] Xp{ w2}< 2k —2)!

(2k—1) w
"1)9 (w)‘ < T4p2 (S 92k—1 /o1’

= og2k-1/2r ¢
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Then, for any k£ € N,

1 1 +oo
/vldvl.../devk/dul...duk / dy - <I>((92k_2) 0 Z viti Y
, n n

0 0 Ap —o0 lf;éek

1 u; ’l’jgui)‘ st 5P )

; n
1<i<k
)

1
/ _ 2 (s
(2k —2)! /vldvl ./vkdvk/ H M -’rj(w)‘dul...duk.

92k 2 n2
1<i<k
0 Ae \ e

Due to Assumption 2.1,

1 1
2k — 2)! 2 Ir (uy
%/Uldvl.../devk/ H UW : |rj(uz)‘du1...duk

1<i<k

k—1

M.

(le - 2)! <292;2 / |rj (ug)| dug
|ug|>nt/(2k)

M; \"h 22
22

[ue|>nt/(2k)

M; ' o2k2M

J
) S22

u§|rj(u4){ duy

)
S
1)
S
[ V)

Similarly, it holds that

1 1 oo
/’Uld’Ul R /’de’uk / duq ...dug / dy - (I)éQkfl) ‘_ Z Uity Y
0 0 Ay “ 1<i<k, n n

[E4

2 \p(ws .
1 u; |22(uz)| 'ue|rgn(w)| Ry
1<i<k
)

1

(2k —2)! i )

T /v douy .. /devk/ ‘r] u)| -W‘r‘j(w)’dul...duk
9 v 5 r A, 1<1<k n

2I€ — 2)!
= 02
[ue|>nt/(2k)

(3
AT () () [t
=

M\ ug|rj u4)|

dUg

|ug|>nt/(2k)

BT

M; )’“ kM,

202n2 On2t’
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Thus, we obtain that

1 1 —+o00 k
dvy ... | vpdvg [ duy...d dy - (%) Y
/Ulvl /Ukvk/m Uk/y Zn
0 0

Ay —00 =

::
\/
S
Il ES

N

<o

S |7
N |~

S

S~—
~_

<y
£
=

—~

s

—

] M; \* 4k292+ k—2)! [ M; \* 2k
"\ 260%n2 2 Vor

Hence, due to the triangle inequality,

1 1 +o0 k k 2
(2k) ViU Yy u; rj(ui) *(n—Fk)
/vldvl.../vkdvk / dul...duk/dy-¢>9 (t—é - _n> <H712>SJ
. =

e i=1 i=1
0 ° m\[x]
e | / T (1)
(2k) ViU Y Uy Ti\Us (n—k)
< ’ T
< Z /’Uldvl /devk/dln duy, / dy - @ < n n) (H n2 ) ¥)
5210 0 Ay —o00 =1 =1

< V-2 W L2
= “\ 202n2 12 Vor ot )]

Lemma A.7. Let n € N and a > 0 be such that na < 1/2. Then it holds that

é(z)m(a) <2na and Z()m b(2)" < tna

Proof. First, note that, for any positive integer k£, we have

This implies that

3 (VB (5) < X gy o < Lt < ot = 5 <

k=1 k=1 k=1 k=1
Similarly, it holds that
N ko n! e & = k-1 na
(k) /(2k)! - k (5) < TR ka” < Z k(na)® < naz k(na) 0= na) < 4na

k=1 k=1 k=0
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B Proofs for clipped-SGD

B.1 Auxiliary Results

Bernstein inequality. The following lemma (known as Bernstein inequality for martingale differences (Bennett,
1962; Dzhaparidze and Van Zanten, 2001; Freedman et al., 1975)) is essential for deriving high-probability upper
bounds in our analysis.

Lemma B.1. Let the sequence of random wvariables {X;}i>1 form a martingale difference sequence, i.e.

E[X; | X;_1,...,X1] = 0 for all i > 1. Assume that conditional variances o? ) [X2 | X, 1,...,X1] ex-
ist and are bounded and assume also that there exists deterministic constant ¢ > 0 such that |X;| < ¢ almost
surely for alli > 1. Then for allb>0, G >0 andn > 1

Bias and variance of the clipped stochastic vector. We also rely on the following result from (Gorbunov
et al., 2020).

Lemma B.2 (Simplified version of Lemma F.5 from (Gorbunov et al., 2020)). Let X be a random vector in RY
and X = clip(X,\). Then,

Hf(f]E[)?]H <2 (42)
Moreover, if for some o > 0
EX] =z €cR? E[|X —2z|%] < o? (43)
and x < M2, then
i < ¥ w
E [HX - E[)?]HQ] < 180% (45)

B.2 Quasi-Convex Case

The analysis of clipped-SGD in the quasi-convex case relies on the following lemma from (Sadiev et al., 2023).
Lemma B.3. Let Assumptions 2.2 and 2.4* with = 0 hold on Q = Bag(z*), where R > ||2° — x*||, and let

stepsize v, = v satisfy v < % If2* € Q forallk =0,1,...,K+1, K >0, then after K iterations of clipped-SGD
we have

on _ $*||2 _ ||xK+1 _ x*”Q

v (f@) - f7) < K41
KHZx — 2" =V f("), 0k) +K—HZ||0k||2 (46)
v = Klﬂkzzoxk (47)
O clip(Vfar(2¥), Ay) — Vf(2F). (48)

Theorem B.4. Let Assumptions 2.2 and 2.4 with p =0 hold on Q = Bag(z*), where R > ||2° — x*||. Assume

4Although Sadiev et al. (2023) claim that they use Assumption 2.3 with u = 0, their proof relies on Assumption 2.4
with @ = 0 instead, which is strictly weaker.
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that V f=x (z*) satisfies Assumption 5.1 with parameters by, oy fork=0,1,..., K, K >0 and

7% =7 < min ! d i & (19)
k = X ) ; ; )
160LIn 2B 00 - Sim 4K+ 160Dy In 2D 7 1600b, (K + 1)
R
Ak (50)

= AWK+1)°
for some 6 € (0,1]. Then, after K iterations of clipped-SGD the iterates with probability at least 1 — & satisfy

2R?

f@%) = f(z*) < JELD and  {z"}io C B gg(z"). (51)
In particular, when
~ = min L i R ft (52)
160LIn 25 905 [ 40D 1606 In AT 16006(K 1) f7
where o= min o0, b= min b, (53)
k=0,1,....K k=0,1,...,K

then the iterates produced by clipped-SGD after K iterations with probability at least 1 — d satisfy

LR?In & oR\/In G prin K

f@%) = f(z*) = O | max K vk K S bRy | . (54)

Proof. Our proof follows similar steps to the one given by Sadiev et al. (2023). The main difference comes due to
the presence of the bias in V fzx (2*). Therefore, for completeness, we provide the full proof here.

Let Ry = ||2% — 2*|| for all £ > 0. Our next objective is to establish, by induction, that R; < 2R with a high
probability. This will enable us to apply the result from Lemma B.3 and subsequently utilize Bernstein’s inequality
to estimate the stochastic component of the upper bound. To be more precise, for each £k =0,..., K + 1, we
consider the probability event Ej, defined as follows: inequalities

t—1 t—1
2y (2t —a* =V ('), 00+ > l6)° < R (55)
=0 =0

R, < V2R (56)

hold for all t = 0,1, ...,k simultaneously. We aim to demonstrate through induction that P{E,} > 1 — ¥/(k+1)
for all Kk = 0,1,..., K + 1. The base case, k = 0, is trivial. Assuming that the statement holds for some
k=T —1< K, specifically, P{Er_1} > 1 — (T-1)3/(k+1), we need to establish that P{Er} > 1 — T9/(kx+1).

To begin, we observe that the probability event Ep_; implies that z; € BﬂR(:c*) forallt =0,1,...,7 — 1.
Furthermore, Fpr_; implies that

~ ~ (50)
lz® —a*| = 2" =& = AV fara @] < et =+l Vara (2T S V2R + 94 < 2R,

ie., 2% 2t ... 2T € Baop(xz*). Hence, with Er_; implying {z*}T_, C @Q, we confirm that the conditions of
Lemma B.3 are met, resulting in

2 2
N7 = et — 2

t
t—1 9 t—1

SNt —am =Vt o)+ Y )P (57)
=0

|2° — o

v (F@TY = f(27)

t = t
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for all t =1,...,T simultaneously and for all ¢t =1,...,T — 1 this probability event also implies that

—1 —1
—t—1y _ * < i R2—2 S Lk l 0 2t 0 2 (5<5) 2R2 8
S R (O N VR ) DOl E A S{CON T RS D1 [ ) IS Y
=0 =0

Considering that f(z7 1) — f(z*) > 0, we can further deduce from (57) that when E7_; holds, the following
holds as well:

t—1 i—1
R7 < R* =2y (al —a" =4V (), 00) ++° > 16> (59)
1=0 =0

Next, we define random vectors

at —a* =V f(@'), if 2" —2* =9V f(a")] < 2R,
ne = .
0, otherwise,

for all t =0,1,...,T — 1. As per their definition, these random vectors are bounded with probability 1

[nell < 2R. (60)
Moreover, for t =0,...,T — 1 event Ep_; implies
(3) (56) (49),(50) )\
IVFaOI < Llla* -2 < V2LR < 3, (61)

[E= V5Ol < [E=(Vr@)] - Vi) + 195 < b+ VILR S

(49)

(61)
lo* — " —yVf@)| < ot -2 +AIVIE)] < VZR(+Ly) < 2R.

The latter inequality means that Ep_; implies 7, = 2t — 2* — 4V f(2!) for t =0,...,T — 1. Next, we define the
unbiased part and the bias of 6; as 8} and 67, respectively:

0 = clip(V fze ('), ) — Bz [clip(Vfee(2'), A)],  0) = E=e [clip(Vfz:(a),\)] — Vf(2').  (63)

We notice that 6; = 6} + 6%. Using new notation, we get that Fr_; implies

T-1 T-1 T-1
R: < R2-2y Y (00m) -2 0k +202 > (6307 — E=e [l10717])
t=0 t=0 t=0

() @ €]
T—1 T—1 5
+292 3 B [0 7] + 202 S [l (64)
t=0 t=0
@ ®

To conclude our inductive proof successfully, we must obtain sufficiently strong upper bounds with high probability
for the terms @, ®,®, ®, ®. In other words, we need to demonstrate that @ + @ + ® + @ + ® < R? with a high
probability. In the subsequent stages of the proof, we will rely on the bounds for the norms and second moments
of #* and ¢°. First, as per the definition of the clipping operator, we can assert with probability 1 that

1631 < 2. (65)
Furthermore, given that Er_1 implies ||Ez:[V f=¢(2%)]]| < 2 for t = 0,1,...,T — 1 (as per (62)), then, according
to Lemma B.2, we can deduce that Er_; implies
16 < |Ex [L3p(Vfz(a). A)] — Bee [V ()] + [B=i [V f (0] — V(")
(44),(7) 402
g i + bt7 (66)
A
w2 (45) 2
E= [l02)?] 'S 1802 (67)
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Upper bound for ®@. By definition of 6}, we readily observe that Ez:[0}] = 0 and

Eze [-2v(60%,m)] = 0.
Next, the sum @ contains only the terms that are bounded with probability 1:

. B (60),(65) (50) R? def
290 me) | < 29116811 - lImell - < 8yAR = S AEED (68)
5

The conditional variances 02 %' Ez: [442(6, n,)2] of the summands are bounded:

(60)
op <Eze [420711 - Im)|*] < 169*R*E=e [1|671°] - (69)

To summarize, we have demonstrated that {—2v (6}, 7;)}1—' is a bounded martingale difference sequence with

bounded conditional variances {o? }T !. Therefore, one can apply Bernstein’s inequality (Lemma B.1) with
Xy = =2y (0}, n;), parameter c as in (68), b = %2, G= 15()11{% and get
n I a—
— R* b? )
@ > — — 5 <2 - = ,
{ | > 2% 150 1n. 4(K+1) } xp < 2G.|_20b/3> 2(K +1)
which is equivalent to
5 , = , R* R?
P{E@} > 1-— m, for E@ = {emher tz:; oy > W or |®‘ < ? . (70)
Additionally, event E7_; implies that
69) T-1 (67)
Y o7 < 169°R*D> E=e [|164]°] g 28872 R%c%T
t=0
(49) R
< — 0 (71)
4E+D)
Upper bound for @. From Ep_; it follows that
T-1
)( 6) 16y0°TR
@ = =2y (0),m) < 272 1671 - ||77t|| — TR
50) 272027 In AEXD (49) R?
@ 2T ey < B (72)
5 5
Upper bound for ®. By construction, we have
E=: [29% (671 - E=: [1671°] )| = 0.
Next, the sum @ contains only the terms that are bounded with probability 1:
202 (loz1” = B= [lez®])| < 202 (o 0® + B= o))
(65) (50) R? R? def
< 169202 = ¢ (73)
100 In* 4(K§+1> 5 In 2EHD
2
The conditional variances &3 i {474 (H@}JHQ — Ez: [||9;‘||2D } of the summands are bounded:
(73) R? 42 R?
~2 2 w2 w2 Y u
oy < WEE [27 ‘H@t ¥ — E= {Het | }H < W «[16317] - (74)
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T-1
To summarize, we have demonstrated that {2 2 (||t9“||2 — E=¢ [||9}f||2])} is a bounded martingale differ-
t=0

ence sequence with bounded conditional variances {57 }T ! Therefore, one can apply Bernstein’s inequality

(Lemma B.1) with X, = 242 (||o;;|| B [||ag|| D parameter ¢ as in (73), b= £, G = W and get

‘@|>7 and Z~2 R74 < 2exp | — e = d
150 1n 4(K5+1) S oD 2G +2¢b/3 ) 2(K + 1)’

which is equivalent to

5 — R R?
P{Ea}>1— ———, for FEg = (< eithe o, > ————— or |®<<— ;. 75
{Es) 2K +1) O T\ ;Jt 150 PS5 )
Additionally, event Er_; implies that
) 4y’R? = 97 722 R%0>T
Z S 1(K+1) Z]E i [Hau” ] 4(K+1)
5In == 35 Sln ==—
(49) R4
< —. (76)
LELD)
Upper bound for @. From Ep_ it follows that
— (67) (49) R2
® = 2°Y E= [||9§||2} < 3672027 < o (77)
t=0 5
Upper bound for ®. From Ep_; it follows that
) 320 Tfy 50) o4yt In 2 (49) R2
= 2 3 9b 27v20°T =" 51200 - —————90— + 29%p*T < —. 78

That is, we derived the upper bounds for ©,®,®, ®, ®. More specifically, the probability event Ep_; implies:

R% < R2+®+®+®+@+®
(72) (77 R? (78) R2
2L o VE 5L
5 5 5
T-1 T—1
(71) R (76) R
2 ~2
Z op < 150 1n 20+D Z op S 1501 2EHD
t=0 =3 t=0 n——-—
In addition, we also have (see (70), (75) and our induction assumption)
(T —1)6 ) )
P{Er 3 >1—- 0 PEl>1-—2  P{Es}>1-———o
{Br} K+1 {Eo} 2K +1) {Ea} 2K +1)
where
— R R?
Ey = {either Z > ——— = or |®< } ,
P 150 In 2+ 5
T—
R R?
E@ = {either 0_t2 > T AK+D) or |®| < } .
= 150 In 2+ 5
Therefore, probability event Er_1 N Eg N Eg implies
R?> R?* R?! R? R?
Ry < R+ —+—+—+—+7=2R

) 5 5 ) )
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which is equivalent to (55) and (56) for ¢t = T, and

_ — _ _ _ TS
P{Er} >P{Er_1NEgNEs}=1-P{Er_ UEgUEs} >1-P{Er_1} —P{Ea} —P{Es} > 1— T

We have now completed the inductive part of our proof. That is, for all k =0,1,..., K + 1, we have P{E}} >
1 — k3/(k+1). Notably, when k = K + 1, we can conclude that with a probability of at least 1 — o:

and {zF}£  C @, which follows from (56).
Finally, if

— 1 R R R
160L 1n 4(K5+1) ’ 2080 /Kln 4(1(;1) ’ 160blnw7 16006(K + 1) [’

then with probability at least 1 — ¢

2R?
=K\ _ * g
FE) - 1) <

- 320LR In UG 4160 Ry KIn 52 bR G0

o K+1 ’ K+1 ’ K+1 ’
LR?In K oR\/In% ppip K

5 5
= b
O | max I7e , % K R
This concludes the proof. O

B.3 Quasi-Strongly Convex Case

Lemma B.5. Let Assumptions 2.2 and 2.4 with u = 0 hold on Q = Bagr(x*), where R > ||2° — z*||, and let
stepsize v = v satisfy v < % Ifz* € Q for allk =0,1,...,K, K >0, then after K iterations of clipped-SGD
we have

K
25T — 22 < exp(—yu(K +1)||2® — 27| = 27 ) exp(—yu(K — k))(z* — 2 — 4V f(a*), 01)
k=0
K
+7° > exp(—yu(K — k) |10k, (79)
k=0

where Oy is defined in (48).



Puchkin, Gorbunov, Kutuzov, Gasnikov

Proof. Using the update rule of clipped-SGD, we obtain
¥ =22 = fla® =[P = 292" — 2, cLip(V far (2F), M) + 77 [leLip(V fzx (27), Ap) [P
= a® =P = 2y(ah — 2", V(") = 29" — a6
APV S @)+ 292V F (%), ) + 2160512
= fa* = 2P = 2y(@® — 2" =V ("), 0)
—2y{® = V[ (@) + PV f @)+ 2160

< (L—yp)la® = 2*|® — 2y(a” — 2" — 4V f(2¥), 6k)
—29(f(a®) — f(&*)) + 2L7*(f(2*) — f(2*)) + 710l
(1 —yp)lla* — 2% — 2y(a* —a* =4V f
—29(f (") — f(*)) + 2L (f(«*) — f
y<YL

< (A =qp)a® —a|? = 2v(a" — 2" =V F(@F), 00) + )10k
< exp(—yp)lla® — z*|? = 2y(a" — 2% — V£ (2F), 1) + 2|0k

k

—_

A
N2
™~

@), 0) + 10k
@*)) + 7210kl

—_~

-

Unrolling the recurrence, we obtain (79). O

Theorem B.6. Let Assumptions 2.2 and 2.4 with ;1 > 0 hold on Q = Bag(z*), where R > ||2° — 2*||. Assume
that V f=x (z*) satisfies Assumption 5.1 with parameters by, oy fork=0,1,..., K, K >0 and

. 1 In(Bgk) In(Ck) 21n(D)
0<vy < min ) ) ) 80
{400L1n4(K5+1) p(K +1)" p(1+K/2)" u(K +1) 0
2 p2 2 p2
Bx = max{ 2, - JAxr(fl()Jr,ul)R 2 = O | max{ 2, Rk ,(81)
2 anKrl) 2 R2
540002 In (495 ) w2 (B) o2 In (£) In® (max{2, eI })
K +1DuR
Cxg = max{ 2, (24(—;+3;u =0 | max < 2, Kplt ) (82)
4(EK+1) KuR
480b1n ( 5 ) In(Ck) bln (%) In <max {2, blné‘%) })
uR uR
D = max{27 } =0 | max < 2, ) (83)
80bIn(D) bln (max {27 %})
14k
A = SR tHR)R (84)

120 In 2E+D

for some 6 € (0,1] and b = maxy—o,1,... Kk bk, 0 = MaXk—0.1,... Kk Ok. Then, after K iterations the iterates produced

IR RREE) IR RREE)

by clipped-SGD with probability at least 1 — § satisfy
&R+ — 2|12 < 2exp(—yu(K + 1)) R (85)

In particular, when v equals the minimum from (80), then the iterates produced by clipped-SGD after K iterations
with probability at least 1 — § satisfy

2% 2= 0 <maX{R2 exp (Lf@) o21n (X K);;l (Bx) bRIn (X K)uln (Cr). lez(D) }) . (86)

Proof. Our proof follows similar steps to the one given by Sadiev et al. (2023). The main difference comes due to
the presence of the bias in V fz=x (2¥). Therefore, for completeness, we provide the full proof here.

Let Ry = ||2* — 2*|| for all £ > 0. As in the previous results, the main part of the proof is inductive. More
precisely, for each £k =0,1,..., K + 1 we consider probability event E}, as follows: inequalities

R} < 2exp(—yut)R® (87)
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hold for ¢t = 0,1,...,k simultaneously. We aim to demonstrate through induction that P{Ey} > 1 — k6/(k+1)
for all K = 0,1,..., K + 1. The base case, k = 0, is trivial. Assuming that the statement holds for some
k=T -1< K, specifically, P{Er_1} > 1 — (T-13/(k+1), we need to establish that P{Er} > 1 — Té/(kx+1). Since
R? < 2exp(—yut)R? < 2R?, we have x' € Bag(z*), where function f is L-smooth. Thus, E7_; implies

V7@ < Dlt—a') 'S VaLexp(—my)R, (88)
(7),(88)
[E=(Viz@]] < Bz @) - VA + IV < b+ VELexp(—t/2)R
(80)7(22)7(84) % (89)

and

(88) 5

~ (84) exp(—yut)R?
02 < 2ATf=E + AV < Sl

2
NS e (90)

for all t =0,1,...,7 — 1, where we use that |la + b||? < 2[/a||*> 4 2||b||* holding for all a,b € R

Using Lemma B.5, we obtain that Ep_; implies

T-1

R < exp(—ypT)R? =27 ) exp(—yu(T — 1 — ) (' — 2" =7V f(2"),6;)
t=0
T-1

+7° ) exp(—yu(T — 1 - 1)]16:>.

t=0

Next, we define random vectors

_Jat =2t =V, i flat =t = V()] < V2(1+ yL) exp(—mtf2) R, (1)
= 0, otherwise,
for t =0,1,...,T — 1. As per their definition, these random vectors are bounded with probability 1
76l < V2(1 + L) exp(—0t/2) R (92)

forallt =0,1,...,T — 1. Moreover, for t =0,...,T — 1 event Ep_; implies ||V f(z?)|| < V2L exp(—7#t/2) R (due
to (88)) and

la* —2* = V@) < 2’ =2 + IV )]

< V2(1 + L) exp(—nt/2)R

fort =0,1,...,T—1. The latter inequality means that E7_; implies n, = 2! —z2*—yV f(z!) forallt = 0,1,...,T—1,
meaning that from Ep_; it follows that

T-1 T-1
Ry < exp(—yuT)R* =2y Y exp(—yu(T — 1= 1)) {ny, 0) + 9> Y exp(—yu(T — 1 —1))[16]|*.
t=0 t=0

Next, we define the unbiased part and the bias of 6; as 8} and 6?, respectively:

6 = clip(V fai(2'), i) — Eze [c1ip(Vze(2'), M)] s 0} < Exe [c1ip(V fai(a'), )] = V(') (93)
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for allt =0,...,T — 1. We notice that §; = 0% + 6°. Using new notation, we get that Ep_; implies

T—1
R < exp(—ypuT)R® =27 Y exp(—yu(T — 1 — 1)) (n:, 6}")
t=0
)
T—1 T—1
=27 Y exp(—yu(T — 1= ) (n:,67) + 29 > exp(—yu(T — 1 — t))B= [|[6}|*]
t=0 t=0
@ €]
T—1 T—1
+29% ) exp(—yu(T — 1= 1)) (JI7]1> — E= [167117]) + 29 > exp(—yu(T — 1 = £))[|67]]*. (94)
t=0 t=0
@ ®

where we also apply inequality ||a + b||? < 2|al|? + 2/|b||? holding for all a,b € R¢ to upper bound ||6;]|. To
conclude our inductive proof successfully, we must obtain sufficiently strong upper bounds with high probability
for the terms @, ®,®, ®,®. In other words, we need to demonstrate that ® + @ + @ + @ + ® < exp(—yul)R?
with high probability. In the subsequent stages of the proof, we will rely on the bounds for the norms and second
moments of % and #?. First, as per the definition of the clipping operator, we can assert with probability 1 that

16 < 2As- (95)

Furthermore, given that Er_1 implies ||Ez: [V f=¢(z%)]]| < M2 for t = 0,1,...,T — 1 (as per (89)), then, according
to Lemma B.2, we can deduce that Fp_; implies

07 < ||E=t [elip(Vfze(z'),Ae)] — =i [Vfze(@h)]]| + ||Ez: [Vfze(2h)] — V()]
< 2o (96)
E= [I671°] < 1802, (97)

forallt=0,1,...,7 — 1.
Upper bound for ®. By definition of 6}, we readily observe that Ez¢[0}'] = 0 and

Bzt [=2y exp(—yu(T — 1 —1))(ne, 0;)] = 0.

Next, the sum @ contains only the terms that are bounded with probability 1:

| = 2yexp(—yu(T — 1 —1)){n:, 0¢")] < 2yexp(—ypu(T — 1 =)l - (63|
(92),(95
< V291 + L) exp(—yu(T — 1 —¥/2)) RN,

(O exp(AUT)R? qor

2

S ot o
The conditional variances o2 %' Ex= (472 exp(—2yu(T — 1 — t))(n, 04*)?] of the summands are bounded:
of < Ezr [dy?exp(—yp(2T —2 - 20)) e - 1163 |1%]
< 82014112 exp(—u(2T 2~ ) R%E=: (167 )
<103 expl—@T - ) R2E= [67]2]. (99)

To summarize, we have demonstrated that {2v(1 —yu)T '~ (n;, 0#)}1-;' is a bounded martingale difference se-
quence with bounded conditional variances {af}'tr:_ol. Therefore, one can apply Bernstein’s inequality (Lemma B.1)
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with Xy = 29(1 — yu)T=1="(n;, 6}'), parameter c as in (98), b = L exp(—yuT)R?, G = % and get

1 exp (—2yuT)R* b? 0
PO > - T)R? § : STV L g oxp (= - ,
{ > 5o and = 150 In 2D o 2(K +1)

which is equivalent to

4]

: exp (—2yuT)R* )
PlEs} 21— ———, f Eqp = th _— @ T . (1
{Eo} 2K+ 1) or o {el er ZO 50l 4(K+1) or |® < exp( ywT)R (100)

Additionally, event Er_; implies that

(99) = B [||6F
o? < 10~2 exp(—2yuT) R* Z M
pors — exp(—yput)
(97), T<K+1 K 1
< 18072 exp(—2yuT)R*0? _—
= Z < exp(—yput)
(84) 2 2 2
< 180v“ exp(—2yuT)R*0*(K + 1) exp(yuK)
(80),(81)  exp(—2yuT)R*
Upper bound for @. From Ep_; it follows that
||77t|| 1621
@ < 2
vexp(= Z exp(—yut)
(92),(96)
< V2y(1 +~L) exp(—yu(T — 1))R Z exp(7Kt/2) < + b>
(80),(84)
< 384072 exp(—yuT)o?*(K + 1) exp (yuT) In 4(K+1)

+27v exp(—yuT)R(K + 1) exp(7#T/2)b
(80),(81),(83) 1
< £ exp(—yuT)R%. (102)

Upper bound for @. From Er_; it follows that

T-1
Ee | |9u||]
®@ = 2 =
72 exp(— tz: e
(97) T-1
< 14442 2
T S e
(84) 5 5
< My exp(—yu(T —1))o”(K + 1) exp(yukK)
(80) 1 9
< gexp(—'yuT)R . (103)

Upper bound for @. By construction, we have

2v% exp(—yu(T — 1 — ))Ez: [||63]° — E= [||6}]1*]] =0



Puchkin, Gorbunov, Kutuzov, Gasnikov

Next, the sum @ contains only the terms that are bounded with probability 1:

(95) 1672 exp(—yuT)\?
292 exp(—yu(T — 1 —t)) |[|6%]|* — Ez [||6%]? < L
(i ) Il 1® - E=e (1631 a1 0)

(4)  exp(—yuT)R?
S A(K+1)
5In ==

L (104)

The conditional variances

~9 def 2
52 Y Bz [4y* exp(—2yu(T — 1= ) [|67]> - B=- [I1671%] ]

of the summands are bounded:

. (104) 272 exp(—2vuT) R2
72 v* exp(—2yuT)

E=: [[[1631° — E=e [16711%]]]
S5exp(—yu(l +t))In @

442 exp(—2yuT) R?
e e [1163(%] - (105)
S5exp(—yu(l+1))In ===

To summarize, we have demonstrated that {2v2(1 — yu)T =2~ ([0 — E=: [||67]%]) tT:_Ol is a bounded martingale
—1

difference sequence with bounded conditional variances {5?}?:0 . Therefore, one can apply Bernstein’s inequality
(Lemma B.1) with X; = 2v*(1 — yu)T 17" ([|63]|> — E=: [||63*]1]), parameter ¢ as in (104), b =  exp(—yuT)R?,
_ exp(—=2ypT)R*

= and get
1K +1)
150 In 2EAL)

T-1

1 o _ exp(=2yuT)R* b? 4]
Pl®@ > - —yuT)R? and 2 b2 - =
{ > geplmmDE ; 7t S 1501 AE+D FP\T2G ) T aE 1)

which is equivalent to

P{Es} > 1 d for E either 7§~2 > exp(—2yuT) Y or |® < ! exp( T)R? } . (106)
>1—-—, = o > ——— < —exp(— .
¢ 2(K +1) ¢ "7 15010 AEED 5 P

t=0

Additionally, event E7_; implies that

Tilgt? 09%) 42 exp(—’y:t(?T —1)R? Til E= [[16}1?]
pae 5In AEFD 5 exp(—yput)
ONTSKH 7292 exp(—yp(2T — 1)) %0 i 1
h 51n 2L — exp(—yut)
(=0 7272 exp(—ypu(2T — 1)) R?0%(K + 1) exp(yuK)
= 51n AEFD
@ ew(2wDR! (107)

K+
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Upper bound for ®. From Er_; it follows that

T—1
® = %Y ewp(—ap(T - 1- )|
1=0
(96) T-1 6104
< 7? exp(—yu(T = 1)) Y exp(yput) (AQ - 2b2>
t=0 ¢
(84), T<K+1 9216007* exp(—yu(T — 1))t In? 2D K .
) R? : Zexp 2yp | 1+ 3 exp(yut)
=0
K
+27” exp(—yu(T = 1))b* > exp(yut)
=0
< 9216007* exp(—yp(T — 3))o* In” @(K + 1) exp(27uK)

+29% exp(—yp(T — 1))b” exp(yukK) (K +1)
(80),(81),(83) 1
< = exp(— TR

2

(108)

That is, we derived the upper bounds for ©,®,®, @, ®. More specifically, the probability event E7_; implies:

(94)
RE < exp(— TR+ D+ @+ @+ @ + 6,
(102) 1 9 (103) 1 9
< pexp(-wDR, © < cexp(—yul) R,

(108) 1

® < exp(—yul)R?
T-1  (101) ovuTVRG L= on 2yuT)R*
g2 exp(—2yuT) S22 exp(—2yuT)
t = 1501 4(K+1) t = 1 4(K+1) -
t=0 n S +=0 501H,447747

Moreover, we also have (see (100), (106) and our induction assumption)

(T - 1)6
P{Ep }>1— %
{Bri} K+1
P(Es} 31— —2— PEs}>1-—2
YIZ T (K +1) YIZ T K ¥ 1)
where
T-—1
: exp(=2yuT)R* 1 >
Ey = {eith 2, SEDATEIR ) ®| < = exp(—yuT)R2 ) |
) {el 4% Tsom AK 1) @l < g exp(=nT)
= exp(—2yuT)R* 1
Eey = ith 52> 2T @ <= —yuT)R? % .
® {el er 2 o e W) |®| 56XP( uT) }

Therefore, probability event Ep_1 N Egp N Eg implies

(94)
R¥ < exp(-yDRP+D+@+0+@+6

< 2exp(—yuT)R?,
which is equivalent to (87) for t = T', and

— . T
IF){ET} = IP){ET—l NEgN E@} =1- IP){ET—l UFEeU E@} >1- TH
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We have now completed the inductive part of our proof. That is, for all k =0,1,..., K + 1, we have P{E}} >

1 — *6/(x+1). Notably, when k = K + 1, we can conclude that with a probability of at least 1 — §:

25+ — 2% < 2exp(—yu(K + 1))R%.

Finally, if
B In(Bg) In(Ck) 21n(D)
T 400L1n 4<K+1> (K +1) 1+ K/2) p(K +1)
12 R? Ku2R2
Bx = max Ki—(}l{ll)R 5 = O |max{ 2, w R ,
Y 510007 In 1) In?(Br) o In (5) In? (max {2 K;1L2(R2)}>
R KuR
Cx = max{ K+3)ﬂ =0 | max | 2, a )
KuR
T B e
uR LR
D = max{ } =0 | max < 2, ,
" 80b1n(D) bln <max {2, %})

then with probability at least 1 — ¢

25 —2*|? < 2exp(—yu(K +1))R?

WK + 1) 111
< 2R? _— |, —, =, =
max{exp( 400L1n% Bg Ckx D

- 0 <maX{RZexp (_ pK >’gz1n(f§)1n2 (BK)’ bRIn (£) ln(C'K)’ len(D)}>.

Lin¥ Kpu? Kp m

This concludes the proof.
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C Proofs for clipped-SSTM

C.1 Convex Case

The analysis of clipped-SSTM in the convex case relies on the following lemma from (Sadiev et al., 2023).

Lemma C.1 (Lemma F.1 from (Sadiev et al., 2023)). Let Assumptions 2.2 and 2.3 with pn = 0 hold on
Q = Bagr(z*), where R > ||2° — z*||, and let stepsize parameter a satisfy a > 1. If 2% y* 2* € Bar(x*) for all
k=0,1,...,N, N >0, then after N iterations of clipped-SSTM for all z € B3r(z*) we have

N-1

1 1
AN (f(yN) - f(Z)) < §||Z0 - Z||2 - QHZN - Z||2 + Z Qk+1 <91<:+17Z -2+ Oék+1Vf(33k+1)>
k=0
N—-1
+ Y adi [0l (109)
k=0
b = elap(V fan(zFH), A) — V(R ). (110)

Next, we also use the following technical result from (Gorbunov et al., 2020).

Lemma C.2 (Lemma E.1 from (Gorbunov et al., 2020)). Let sequences {oy k>0 and {Ag}tr>o satisfy
k+2

Qo = AO = 0, Ak+1 = Ak + At 1, Apy1 = 2@7[/ Vk 2 O, (111)
where a > 0, L > 0. Then for allk >0
(k+1)(k+4)
A = = 7 112
k+1 Aol ) (112)
Apy1 > alaiy. (113)

Theorem C.3. Let Assumptions 2.2 and 2.5 with =0 hold on Q = Bar(z*), where R > ||2° — x*||. Assume
that V fzx (x%+1) satisfies Assumption 5.1 with parameters by, oy, for k=0,1,..., K, K >0 and

o 4K 18000 (K + DVE/In 4 gp(K 4 2)2 60b(K +2)In 1K

>
a > max £ 97200 In 5 IR " 1BLR LR )

(114)

R

YRR S L—
7 30a In 2K

(115)

k 0k. Then, after K iterations of clipped-SSTM the

,,,,,

for some 6 € (0,1] and b = maxy—o1,.. k bp, 0 = maxy—g,1
iterates with probability at least 1 — 0 satisfy

2
F) - fa) < DL

X m and {mk}i{:t)la{zk}i(:oa{yk}kK:o C Bag(z"). (116)

In particular, when parameter a equals the maximum from (114), then the iterates produced by clipped-SSTM
after K iterations with probability at least 1 — § satisfy

. LR?In® & oR\/In§ pRIn &
f(yK) - f(l' ) = O | max K2 . ) \/[? ) K 2 abR . (117)

Proof. Our proof follows similar steps to the one given by Sadiev et al. (2023). The main difference comes due to
the presence of the bias in V fzx (z¥). Therefore, for completeness, we provide the full proof here.

Let Ry = ||z — 2%, Ry = Ry, and E;.H_l = max{ﬁk,RkH} for all £ > 0. We will initially demonstrate
through induction that for all k > 0, the iterates z**!, ¥ 4* belong to Bg, (z*). The base of the induction

Aoyo—i-alzo — .0

is straightforward because y° = 20, Ry = Ry, and z! = % 2Y. Now, assume that for some [ > 1,
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ol 2yl e Bg,  (2*). By the definitions of R; and Ry, we have 2! € Bp,(z*) C Bg (z%). As y! is a convex

combination of y'~! € By, (z¥) C Bg (z7), it follows that e Bg (z*) and, given the convex nature of By (%),

we can conclude that y' € Bj (¢*). Finally, as 27" is a convex combination of y' and 2, it is evident that z'**
also lies in By (7).

Our next objective is to establish, by induction, that El < 3R with high probability. This will enable us to apply
the result from Lemma B.3 and subsequently utilize Bernstein’s inequality to estimate the stochastic component
of the upper bound. To be more precise, for each kK =0,..., K + 1, we consider the probability event Ej, defined
as follows: inequalities

t—1 t—1
Z Qi+1 <91+1»$* — 2+ Vfz ($l+1)> + Z al2+1 H9l+1\|2 < R?, (118)
=0 =0

Ry <2R (119)

hold for all t = 0,1, ...,k simultaneously. We aim to demonstrate through induction that P{Ex} > 1 — k3/(x+1)
for all k=0,1,..., K + 1. The base case, k = 0, is trivial: the left-hand side of (118) equals zero and R > Rq by
definition. Assuming that the statement holds for some k = T — 1 < K, specifically, P{E7_1} > 1 — (T-18/(k+1),
we need to establish that P{Er} > 1 — T6/(x+1).

To begin, we observe that the probability event Fp_; implies that Rt < 2R forallt=0,1,...,T7 — 1. Moreover,
it implies that

(14) - (115)
127 —2*|| < 127 — 2*|| + ar ||V fer—1 (27| < 2R+ arAr—1 < 3R.

Hence, with Ep_; implying {z* I, € @, we confirm that the conditions of Lemma C.1 are met, resulting in

t—1 t—1
1 1
At (f(yt) - f(a:*)) < §R(2) - §Rt2 + Zaz+1 <9l+1a$* — 2+ Oél+1vf(xl+1)> + Z az2+1 H91+1H2 (120)
1=0 1=0

forall t =0,1,...,T simultaneously and for all t = 1,...,7 — 1 this probability event also implies that

(118),(120) LRz _1R2 4 B2 3p2  gqL R2
ty _ * < 2°%0 24 < _ )
Jy) =~ 1@ A 24, t(t+3)

(121)

Considering that f(y?) — f(z*) > 0, we can further deduce from (120) that when E7_; holds, the following holds
as well:

T-1 T—1
Ry < R3+2) ap (fi1,2" — 2+ ara VEET)) +2)> oy 1044
t=0 t=0
2Br
< R?+2Br. (122)

Prior to our estimation of Br, we need to establish several helpful inequalities. We start with showing that Ep_
implies ||V f(z!*1)|| < M/afor allt =0,1,...,T — 1. For t = 0 we have 2 = 2° and

(3) R )\ 60Iln2E (114) )
1y — NI < Llja® — 2*| € —— =20 2075 " A0 12
IV f(@)] = [IVf()] (B | woy 2 a 4 (123)
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Next, for t = 1,...,T — 1 we have ay1(z't! — 2%) = A;(y' — 2'*1) and event Er_; implies

V£ < IV @) = VIO + V@O

(3),(4)
Lt ) VL (Y — T )

12 Lag, 12aL2R?
g et 2t +1 _ _t e
T I Vrraey

4LRO{t+1 12(1L2R2

<
A\ s
_ R 240La?, | In 4K N 12aL2a7,, In® 4K
60cr11 In 2 Ay t(t+ 3)
- 2 2, 2
(112,15 A, [ 240L (L2) I K 60 12aL? (52)"In* 4K
X 2 t(t+3) t(t +3)
4al
_ A [ 240(t +2)? In £ 3(t+2)2In 2k
N 2 t(t+3)a t(t+3)a
540In 2% 90/3In 2\ (119
< At n5+\fn5 <ﬁ7 (124)
2 a Vva 4
where in the last row we use gi;f;? < % for all t > 1. Therefore, probability event Er_; implies that
t+1 t+1 t4+1 1 Ae Mt
[B=: [V fo @[] < [|B=: [V foe @] = VI [+ VDI <b+ 7 <5 (125)
and
L Lo (119),(123),(124) R
o = 2+ an VA < lo” = 2+ ana VA< 2R e <3R - (120)
n AK
5
forall t =0,1,...,T — 1. Next, we define random vectors
% — 2t ap V(@) if ||a* — 2t 4+ a1 V(2] < 3R,
Ne = .
0, otherwise,
for all t =0,1,...,7 — 1. As per their definition, these random vectors are bounded with probability 1
[l < 3R. (127)

This means that Ex_; implies n; = 2* — 2! + a1 Vf(2'+!) for all t = 0,1,...,7 — 1. Then, form Er_; it follows
that

T-1 T-1
2
Br = > a1 Bm) + Y ai [0l
t=0 t=0

Next, we define the unbiased part and the bias of 6; as 6} and 62, respectively:

0 = clip(Vfze (@), \) — Bz [elip(Vfae (™), M)], 67 = Eze [clip(V fze (@), \)] = Vf(2™+1). (128)
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We notice that 6; = 6} + 6%. Using new notation, we get that F7_; implies

T—1
Br = gy (01 + 9§+1, ) b1t t+1”
=0
T-1 T-1 T-1
< eyl <9t+1,7h + Z CYt+1 t+1a77t +2 Z at+1 <H9t+1H “|9t+1H D
t=0 t=0 t=0
® ® ®
T-1
+2 a2, Ee [||03 | }+2Zat+1 [ (129)
=0
@ ®

To conclude our inductive proof successfully, we must obtain sufficiently strong upper bounds with high probability
for the terms @, ®,®, ®, ®. In other words, we need to demonstrate that @ +@ + ® + @ + ® < R? with a high
probability. In the subsequent stages of the proof, we will rely on the bounds for the norms and second moments
of #* and 6°. First, as per the definition of the clipping operator, we can assert with probability 1 that

16311 < 2A¢. (130)

Moreover, since Er_1 implies that [|[Ez:V fz: (2/T1)|| < Ae/2 for t = 0,1,...,T — 1 (see (125)), then, according to
Lemma B.2, we can deduce that Er_; implies

107411l < ||Bze [elip(Vze(2™), M)] = Bae [V (@] || + [[Bae [V fze (@)] = V()|
402
< 5oth (131)
= [168440%] < 1807 (132)

Upper bound for @. By definition of 8}, we readily observe that E=:[0}] = 0 and

Bz [aeg1 (0f1,m)] = 0.
Next, the sum @ contains only the terms that are bounded with probability 1:

(127),(130) (115)  R%? et .

loers (0841, me) | < a0l Inell - < Bogsa AR T (133)
s
The conditional variances o? Lef Ezt[af,, <(9#+1, m>2] of the summands are bounded:
2 2 w2 21 120 o o u 2
op < Bz [at+1H9t+1H “nell ] < 9oy R7E= [||9t+1|| ] : (134)

To summarize, we have demonstrated that {ayy1 <9§‘+1, m>}§!& is a bounded martingale difference sequence
with bounded conditional variances {o?}7_'. Therefore one can apply Bernstein’s inequality (Lemma B.1) with

Xi =441 <9§+1,77t>, parameter ¢ as in (133), b , G = W and get

R? = R b 5
P D > — d 2 L<o _ -2
{' E ; 7S T50m K P ( 2G + 2cb/3> 2K
which is equivalent to
T-1

]P’{E}>1—i for Eg = { either ZJQ>R74 or \®|<R—2 (135)
AT v rar R T N
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In addition, Ep_; implies that

(134) T-1 (132) T-1
Z of < 9R*D afE= [[67,]°] < 1620°R* > ofy,
t=0 t=0

16202 R? )

= 422 Z(t+2)
t=0
2 P2 2 (114) 4

. 1 810°R*T(T +1) < R (136)

a? 2a*L? 150 In 44

Upper bound for @. From Er_; it follows that
(127),(131)

T-1 ) . L
@ < Zat+1||9f+1|| el < 3R2at+1 </\t+b)
=0 =0

— T—1
< 36007 In 2 — Z a1 +3bR Y v
t=0

36002 In 4 T | 3R —
< L ZH—Q Sl tzo(t+2)
36002 In %T( +1)®  3bRT(T +1) (114 R?
S 4a2L? + 2aL S 5 (137)
Upper bound for ®. First, we have
Bz [20‘t+1 (H9t+1|| [HGHIH D} =0
Next, the sum @ contains only the terms that are bounded with probability 1:
202, (02 ~E= [l F])| < 202 (1080 + = [Joa )]
(130) (115)  R? o
< 1602 A2 < P K e, (138)
The conditional variances Jf = Ew {4at+1 (||9t+1 || |:H0t+1 H DQ} of the summands are bounded:
~ (138) R2
‘7t2 < mE“ [2at+1 ‘||0t+1|| - {||0t+1|| H] O‘t+1R2 =t [”0t+1” ] ) (139)
5

T-1
To summarize, we have demonstrated that {2af+1 (||€§‘+1||2 — Ezt [HH;‘HHQDL:O is a bounded martingale

difference sequence with bounded conditional variances {52 tT;Ol. Therefore, one can apply Bernstein’s inequality
(Lemma B.1) with X, = 207, (HGfHHz — E=¢ U|9,§L+1H2D7 parameter ¢ as in (138), b = %2, G = 150?% and
5

get
R* b2 1)
01> th\wm i <209 (~3577 ) = 3%

which is equivalent to
T—1
1) R* R?
P{Es} >1— —, for Eg = eith § > —— @< — . 140
{Es} 5K or FEg {el er 2 o; > 150111% or |®] z } (140)
In addition, E7_; implies that
(139) T—1 T—1 R

(136)
Z < R Z a1 Bz 110344117 < 9R? Z apBee [107441%]) < 50 2K (141)
t=0 t=0 n=5
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Upper bound for @. From Ep_; it follows that

-1 T-1 (136 R R
= 2) " al B [[00]] < 55 9B Y afuBe [0 7] < o < g (42)
= =0 n=s

Upper bound for ®. From Er_; it follows that

16
® = QZO‘HIHOHI 4Zat+1( o +b2>

— T-1 T-1

(115) 57600041 §< 576000 In® 576000 In* 45 40° 9

= 4b* (t+2)* t+2
E% e+t ; S TPV Y ; Tt e ;( +2)

_ 576000* In* 2ET(T + 1)*  402T(T 4 1)2 (114) R? (143)

= 16a4 L4 R? 4a2 L2 S5

That is, we derived the upper bounds for ©, @, ®, @, ®. More specifically, the probability event Er_; implies:

(129)

Br < R®+®+0+0+®+6),

(137) R2 (142) R2 (143) R2

® § 5 @ < — g =
) ) 5

z—:l (136 z—:l (141 R4

S 4K ' S iK -
— 1501 = 150 In =5
In addition, we also have (see (135), (140) and our induction assumption)
(T —1) ) 0
P{Er ) >1— % PlE>1- -2, P{Egl>1- -,
{Br_1) L BB 21, P{Es) 21—
where
T—1
R R?
Ep = (eithe P> ——— or |®<—>},
v {1 P PLES TR 5}
T—1
R R?
Es = ith 67> ———= or |® < :
® {el er 2 o} 15010 1K @) 3 }

Therefore, probability event Ep_1 N Egp N Eg implies

R* R* R* R?* R?
B g 2 v v v i = _—9 2
T R+5+5+5+5+5 R7,
(122)
R% < R?*+2R?*<(2R)?,
which is equivalent to (118) and (119) for ¢ = T', and

— — — T
]P){ET} ]P){ET 1ﬂE®ﬂE@}—17P{ET 1UE@UE@} lf]P{ET_l}fp{Eb}*P{E@}}17?.
We have now completed the inductive part of our proof. That is, for all k = 0,1,..., K, we have P{E}} > 1 —ki/k.

Notably, when k = K, we can conclude that with a probability of at least 1 — §:

. (120 GaLR?
f(yK)—f(:E ) < m

and {2F} (2R {yFHE ) € Bog(2*), which follows from (119).
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Finally, if

o 4K 18000(K + VR In4E 4k 4 2) 60b(K +2)In 4K

a = max { 97200 In 5 R LR R ,

then with probability at least 1 — 9

6aLR>

fW™) = fla*) < K(K+3)

A R 7S n % pRIn £ o
- ) \/E ) K )

KQ

C.2 Strongly Convex Case

In the strongly convex case, we consider a restarted version of SSTM, see Algorithm 1.

Algorithm 1 Restarted clipped-SSTM (R-clipped-SSTM) (Gorbunov et al., 2020)

Input: starting point z°, number of restarts 7, number of steps of clipped- SSTM between restarts {K;}7_,,

stepsize parameters {a;}7_,, clipping levels {)\k e L ALY, smoothness constant L.

1: 30 =20

2: fort=1,...,7 do

3:  Run cllpped SSTM for K, iterations with stepsize parameter at, clipping levels {\f fto ! and starting
point £/~1. Define the output of clipped-SSTM by £?

4: end for

Output: z7

The main result for R-clipped-SSTM is given below.

Theorem C.4. Let Assumptions 2.2 and 2.3 with p > 0 hold on Q = Bsgr(z*), where R > ||2° — 2*|| and
R-clipped-SSTM runs clipped-SSTM 7 times. Assume that estimator ¥V fzx. (xFT1%) used in clipped-SSTM at k-th
iteration of stage t satisfies Assumption 5.1 with parameters b\, and o}, such that

15uR

S g .
Let
I 43201/LR2 T 4000 2 4000 2
K, = |max 21601/ Riovy, = (5 000 Rt‘l) In <ST (500‘7&‘1) ) : (145)
€t €t ) €t
RP R NR2
&t = 4 ) Rt 1= 2(1,—1)/2’ 10g2 % (146)
B 0720012 KT 18000 (K, + 1) VEi\/In 5 4y, (K, +2)% 60b, (K + 2) In 2 (147
a; = max n 5 IR, , I5LR, ) LR, s
Ry
)\t 148
" 30al,, In T (148)

fort=1,...,7. Then to guarantee f(7) — f(x*) < & with probability > 1 — § R-clipped-SSTM requires

oo () (on () i (in (CED) om

iterations. Moreover, with probability > 1 — 0 the iterates of R-clipped-SSTM at stage t stay in the ball Bag, , (z*).
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Proof. The proof of this theorem follows the same steps as the one given for Theorem F.3 from (Sadiev et al.,
2023). By induction we derive that for any t = 1,...,7 with probability at least 1 — /7 inequalities
l 1 2 , R
fF@) - f@) se, 38 —2"|P <R =5 (150)
hold for I = 1,...,t simultaneously. We start with the base of the induction. Theorem C.3 implies that with
probability at least 1 — 9/~

6a; L R?
A1y * g
f@) = f(@") Rl +3)
2 AKq T AK1 T
n [ 583200LR% In y 108000 R(Ky + 1)/ K1 In =5+ 7
Kl(K1+3) Kl(K1+3)
24b  R(K, +2)? 360biR(K; +2)In 52
15K1(K1+3) ’ Kl(K1+3)
583200LR2 In? 4517 108000 R4 /In “ff”
< max 5 ] , ,
Ki VK
24b1 R 360b; R In 45+
15 K,
(144),(145) R2
< €1 = S

4

and, due to the strong convexity,

e < 2(f(if1)u—f(x*)) T

The base of the induction is proven. Now, assume that the statement holds for some t = T < 7, i.e., with
probability at least 1 — T9/7 inequalities

- * - * R2
f@) = fl@*) e, |3 —a*|> < Rf = o (151)
hold for [ = 1,...,T simultaneously. In particular, with probability at least 1 — T3/ we have ||2T — z*|? < R2..

Applying Theorem C.3 and using union bound for probability events, we get that with probability at least
1 — (T+1)s/7

6a LR?
AT+1 * T+1 T

x — flx <
f( ) f( ) KT+1(KT+1 +3)

(147) {583200LR% 2 4517 108000 Ry (K + 1)/ Ky In 2520
max

Kri1(Kpy +3) Kri1(Kry1 +3) ’
24by 1 Ry (K1 + 2)2 360bri1 Rp(Kryq +2) In 25741
15KT+1(KT+1 +3) ’ KT+1(KT+1 +3)
583200LR2 In® 4517 108000 Ry /In #5417
< max ) ’
K7,y vVEri1
24by 1 Ry 36071 Ry In 25042
5 K
(144)é145) MRQT

< ET4+1 = 4
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and, due to the strong convexity,

2 ATH1Y * RQ
||£T+1—x*||2 < (f(z IL)L f(z")) < 7T :R%“—H'

Thus, we finished the inductive part of the proof. In particular, with probability at least 1 — § inequalities

: . N R
f@) = fa) <a, 3 -2t < B =3

hold for [ =1, ..., 7 simultaneously, which gives for [ = 7 that with probability at least 1 — §

AT * _ ILLR‘Iz'—l _ lffRQ (146)
J@) ~ @) <o = Pt = o S

It remains to calculate the overall number of iterations during all runs of clipped-SSTM. We have
- LR}, V LR, 7 oRi1\° T (oR 1\’
@ Z max In , In|{—-(——
=1 Et \/é:»t(s E¢ 0 Et
XT: N L 1 VLt ( o )21 T < o )2
max —In , n|-=
P % VO pR:—1 o \ R
L VLt u (0~2t/2)2 7(0'272)2
= O|maxq7y/—1In , In| =
(o3 () 2 (5 ) (5 (5

> K
t=1

ol () (o () (R () ) E2))
= o (m{|En () (S (). () (5 () 2) )
o (o {yEm (2 ) (E2)). ()3 (2) () ).

which concludes the proof.
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D PROPERTIES OF HERMITE POLYNOMIALS

This section collects some properties of Hermite polynomials which are used in the proof of Lemma A.4. First, let
us recall the definition. There are two versions of Hermite polynomials, which are referred to as “physicist’s” and
“probabilist’s”; given by

dm d"
A L () = (et

Hlw) = (1)

neN,

respectively. Obviously, for any positive integer n, the following relation holds true:

Ho(z) = 2720, <x> . (152)

V2

Hermite polynomials inherit all the properties of “physicist’s” ones. In (Indritz, 1961), the

Hence, “probabilist’s”

author proved that

max ‘%(z) 6712/2‘ <Vv27-n! forallneN.
(S

In view of (152), this implies that

<vn! forallneN.

=272 max

max |Hn,(z) e max

—x2/4‘
z€R

L) 2?4
E NUMERICAL EXPERIMENTS: ADDITIONAL DETAILS

For every combination of noise distribution and method, we tuned optimal parameters for 70000 steps and ran
methods on 95000 steps, where one step is one oracle call.

The optimal values of the learning rate and the clipping parameter were selected via grid search over the sets
{0.002,0.004,0.008,0.01,0.02,0.04} and {0.75,1,1.5,2, 4,8}, respectively.

Distribution Method Learning Clipping
Rate parameter

clipped-MB-SGD 0.004 4
Med-MB-SGD 0.002 -
MB-clipped-SGD 0.01 4

Cauchy clipped-Med-MB-SGD 0.002 2
SMoM-MB-SGD 0.002 -
clipped-SMoM-MB-SGD 0.008 1
clipped-MB-SGD 0.008 1.5
Med-MB-SGD 0.002 -

Cauchy + Exponen- | MB-clipped-SGD 0.04 4

tial clipped-Med-MB-SGD 0.002 8
SMoM-MB-SGD 0.002 -
clipped-SMoM-MB-SGD 0.002 8
clipped-MB-SGD 0.008 1.5
Med-MB-SGD 0.002 -
MB-clipped-SGD 0.02 0.75

Cauchy + Pareto | ), 4 Med-MB-SGD 0.002 8
SMoM-MB-SGD 0.002 -
clipped-SMoM-MB-SGD 0.008 1

Table 1: Optimal parameters for different distributions and methods.

We also provide plots, reflecting the dependence of the error on the number of iterations, where one iteration is
one method’s update, see Figure 2 below. As we can see, clipped-SMoM-MB-SGD converges much faster than the
competitors due to the larger batch size.
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Cauchy Cauchy + Exp noise Cauchy + Pareto noise
—— clipped-MB-SGD —— clipped-MB-SGD —— clipped-MB-SGD
—— Med-MB-SGD —— Med-MB-SGD —— Med-MB-SGD
—— clipped-Med-MB-SGD —— clipped-Med-MB-SGD —— clipped-Med-MB-SGD
10ty MB-clipped-SGD 10! MB-clipped-SGD 104 MB-clipped-SGD
clipped-SMoM-MB-SGD clipped-SMoM-MB-SGD clipped-SMoM-MB-SGD
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Figure 2: Dependence of the mean error on the number of iterations with a standard deviation upper bound.

Finally, according to our theoretical findings, the error bound for the mini-batched SGD with clipped smoothed

median of means grows logarithmically with 1/6. In Figure 3, we plot the dependence of the confidence interval
width on the number of iterations to illustrate this point.

Cauchy Cauchy + Exp noise Cauchy + Pareto noise
clipped-SMoM-MB-SGD, 95% - 5% —— clipped-SMoM-MB-SGD, 95% - 5%

! clipped-SMoM-MB-5GD, 90% - 10% —— clipped-5MoM-MB-5GD, 90% - 10%
—— clipped-SMoM-MB-5GD, 80% - 20%

clipped-SMoM-MB-5GD, 95% - 5%

clipped-SMoM-MB-SGD, 90% - 10%
107t

—— clipped-SMoM-MB-SGD, 80% - 20% 1071 - —— clipped-SMoM-MB-SGD, 80% - 20%
clipped-SMoM-MB-SGD, 60% - 40% 1071 clipped-SMoM-MB-SGD, 60% - 40% clipped-SMoM-MB-5GD, 60% -
£ E E
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Figure 3: Dependence of the confidence interval width for the error of mini-batched SGD with clipped smoothed
median of means on the number of iterations.
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