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Abstract

Resampling methods such as the bootstrap
have proven invaluable in the field of ma-
chine learning. However, the applicability
of traditional bootstrap methods is limited
when dealing with large streams of depen-
dent data, such as time series or spatially
correlated observations. In this paper, we
propose a novel bootstrap method that is
designed to account for data dependencies
and can be executed online, making it par-
ticularly suitable for real-time applications.
This method is based on an autoregressive se-
quence of increasingly dependent resampling
weights. We prove the theoretical validity of
the proposed bootstrap scheme under gen-
eral conditions. We demonstrate the effec-
tiveness of our approach through extensive
simulations and show that it provides reli-
able uncertainty quantification even in the
presence of complex data dependencies. Our
work bridges the gap between classical resam-
pling techniques and the demands of mod-
ern data analysis, providing a valuable tool
for researchers and practitioners in dynamic,
data-rich environments.

1 INTRODUCTION

Uncertainty quantification (UQ) has become indis-
pensable in statistics, machine learning, and numer-
ous other scientific disciplines. It plays a pivotal role
in assessing the reliability of predictions, parameter
estimates, and models. Bootstrapping is a universal
ad-hoc approach for UQ and a cornerstone of many ap-
proaches leveraging UQ. Especially in the context of

Proceedings of the 27*" International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2024, Valencia,
Spain. PMLR: Volume 238. Copyright 2024 by the au-
thor(s).

Thomas Nagler
LMU Munich
Munich Center for Machine Learning
(MCML)

theoretically unknown or difficult-to-compute uncer-
tainty distributions, bootstrap methods have proven
to be remarkably powerful.

A potential bottleneck in real applications is that com-
putation of the bootstrapped distributions and storage
of underlying data gets expensive in time and mem-
ory with increasing amount of data. Especially in the
context of big data sets and/or streaming data set-
tings, this limits the applicability of standard boot-
strap methods. Yet, this is a common setup in modern
data analysis.

Online algorithms attempt to address these chal-
lenges by performing continuous, cheap updates of a
model/estimate — optimally processing only a frac-
tion of the data within each iteration. This signifi-
cantly decreases the associated costs and requires only
a fraction of the data kept in memory.

Existing bootstrap schemes, however, are either not
computable by an online algorithm or make restrictive
assumptions on dependence in the data. This moti-
vates the development of an online bootstrap scheme
for general time series.

Our main contributions can be summarized as follows:

1. We propose a novel bootstrap procedure that (i)
can be computed online and (ii) works for both
independent and dependent data streams. To the
best of our knowledge, this is the first such boot-
strapping scheme.

2. We prove its theoretical validity under general
conditions and provide theoretical insights into
the optimal choice of hyperparameters.

3. We demonstrate validity and effectiveness
through a number of simulations illustrating its
advantages over the current state of the art.

The remainder of the paper is structured as follows.
Section 2 provides some theoretical background and
summarizes related work. Section 3 introduces the
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new method and presents the main theoretical results,
which is evaluated empirically in Section 4. Section 5
discusses applications and limitations. All proofs are
provided in the supplementary material.

2 BACKGROUND AND RELATED
WORK

2.1 Online learning

Online learning deals with problems where there is a
continuous stream of data (Cesa-Bianchi and Lugosi,
2006). Such problems arise naturally if events are ob-
served at the moment they occur. In other settings,
a complete data set is available from the start, but it
is computationally preferable to work through it se-
quentially or in batches. Online convex optimization
methods like stochastic gradient descent are prime ex-
amples (Shalev-Shwartz et al., 2012).

In such situations, one could recompute a quantity
of interest at every time step using all data observed
so far. However, this is very inefficient if the num-
ber of parameters or observations is large. In fact,
re-computing on the full data set is often infeasible,
because there is limited memory or limited time to
update. For example, computing the sample average
at X, = 1 31" | X; naively requires O(n) time at any
given moment in time.

Online algorithms strive to perform continuous up-
dates that are cheap, optimally processing only a sin-
gle observation at every step. Continuing the example
above, the sample average at time n adheres to the
cheap update rule X,, = (1—1/n)X,,_1+ X, /n, which
scales as O(1) in time and memory. Such algorithms
and their corresponding theoretical properties are cur-
rently subject of interest in numerous fields, such as
optimization (Fang et al., 2018; Godichon-Baggioni,
2019; Zhong et al., 2023), multi-armed bandits (Di-
makopoulou et al., 2021; Wan et al., 2023) and rein-
forcement learning (Ramprasad et al., 2022).

2.2 Bootstrapping

Bootstrapping is considered as one of the fundamental
achievements of statistics (Kotz and Johnson, 1992).
Generally speaking, bootstrapping is a form of resam-
pling: From a given set of samples z1,...,x, accord-
ing to some random variables X, ..., X,,, we gener-
ate synthetic samples z7,...,x}, or more generally,
synthetic random variables X7, ..., X depending on
X1,...,X,. Efron (1979) proposed the first bootstrap,
based on sampling with replacement, nowadays called
the empirical bootstrap.

Example 2.1 (Empirical bootstrap). The empirical
bootstrap generates a new sample X7, ..., X% by draw-
ing uniformly at random from the observed sample
{X1,..., X} (with replacement).

The multiplier bootstrap (Van der Vaart and Wellner,
1996) offers a general class of bootstrapping schemes
based on perturbations of the original observations
with suitable weights. The empirical bootstrap can-
not be computed online, because it requires keeping
track of the entire observed sample {X1,..., X, }. The
multiplier bootstrap does not suffer from this issue.

Example 2.2 (Multiplier bootstrap). Let Vi,...,V,
be 1id real valued random variables with

E(V;) = Var(V;) = 1.
Then we obtain the multiplier bootstrap for iid data by

Vi v _1y
X! ==X,, where V,=-— ZVi.

Vi [t
Popular special cases include the Gaussian bootstrap
(Burke, 1998) and Bayesian bootstrap (Rubin, 1981)
where the weights V; are drawn from the standard nor-
mal and standard exponential distributions, respec-
tively. The 4d multiplier bootstrap can be computed
online. Indeed, each X depends only on the i-th ob-
servation X;, a new weight V; and a running average
of V’s. Fang et al. (2018) and Zhong et al. (2023) used
this insight to design an online method for computing
bootstrap confidence intervals for the SGD estimator.
However, this method is only valid for #id data.

Recall the random variables X} depend on X;. We
abbreviate the probabilities and variances given real-
izations of X; by

Pr() =P(- | X1, X2,...),
Var*(-) = Var(- | X1, Xo,...).

These quantities depend on X7, ..., X, and are, there-
fore, itself random variables. Now if the average over
(Xi)ien satisfies a central limit theorem, then, we ex-
pect the average over synthetic random variables to
satisfy a similar central limit theorem.

Definition 2.3 (Bootstrap consistency). Let (X;);ew

and (X})iew be sequences of R¥-valued random vari-

ables and X} depending on X;. Define

1 & P N
Tn:E;XiandTn:E;Xi

The sequence (X[)iew is a consistent resampling
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scheme for (X;);en if

sup [P* {V/n(T}; — T,,) < z}
zeR4

—-P {\/E(Tn - E(Tn)) < 17}| e 0,

in probability with respect to (X;)ien-

In practice, one generates a few hundred resam-
pled data sets and approximates the distribution
P* {\/n(T} —T,) < x} by empirical quantities of the
bootstrap replicates. From this, other measures of un-
certainty, such as confidence intervals or mappings of
the underlying statistic, can be derived (e.g., Van der
Vaart, 2000, Chapter 23).

Example 2.1 and Example 2.2 are consistent resam-
pling schemes provided that the underlying data is in-
dependent, but fail otherwise.

2.3 Time series bootstrap

Kiinsch (1989) proposed the blockwise bootstrap as a
general resampling scheme for time series. Roughly,
the idea is to draw overlapping blocks of observations.
Since observations appear in blocks, the resampled
observations naturally inherit dependencies from the
original samples. Increasing the block lengths with
the sample sizes make the blockwise bootstrap a con-
sistent resampling scheme.

Later, extensions (Politis and Romano, 1993) and fur-
ther investigations (Hall et al., 1995) of the blockwise
bootstrap arose. Recently, Liu et al. (2023) use the
blockwise bootstrap for inference in SGD estimators.
Bithlmann (1993) proposed a multiplier variant of the
blockwise bootstrap that includes regular block boot-
strap methods as a special case. Here, the multiplier
weights are itself a dependent time series. Increasing
the multiplier weights’ serial dependence then allows
to capture the dependencies in the original observa-
tions.

The above methods are not fit for the online setting,
however. For the method to work, all blocks have to
increase in size with n. To compute the bootstrap in
practice, the entire data set (X;)?_; needs to be kept in
memory and processed fully, every time the block size
changes. This quickly becomes prohibitively expensive
when n is large.

3 NEW BOOTSTRAP PROCEDURE

3.1 Proposed method

Example 2.2 gives rise to a general class of bootstrap-
ping schemes by constructing synthetic random vari-

ables v
X ==X,
Vi

A key insight from the block multiplier bootstrap is
the following: to remain valid for time series (X;);en,
the dependencies between weights V; and V; must in-
crease with the sample size n, but at the same time
remain almost independent when the time gap |i — j|
is sufficiently large compared to n. In the non-iid case,
a scaling of the weights by their arithmetic mean is also
necessary.

As a general construction of such (V;);cy we propose
the following autoregressive sequence of weights:

Construction 3.1. Let ((;)iew be an iid sequence
such that ¢; ~ N(0,1). Define

V=20

Vi=1+4pi(Vies — 1) + /1 - 526
where p; =1 —i77, 3 € (0, %), and the bootstrapping
scheme
Vi oo _ 1
X; ==X, with V,==>Y V.
Vi n i=1

The proposed weight sequence (V;);cw and the corre-
sponding bootstrap average

> g
i=1

n

X =

3=
<l

can naturally be computed with cheap online up-
dates. Indeed, the ¢-th bootstrapped variable X} =
(Vi/V)X; depends only on the predecessor weight
Vi—1, a single random perturbation (; and the scaling
average V,,. The latter can be obtained recursively by

v (T’L* I)Vn_1 +Vn'

n =

n

In summary, the bootstrap average can be updated via
the relation

< _ (- WWoiX, |+ X,V

" (n — l)vn71 + Vi, ’

which scales as O(1) in memory and time. This is
a huge computational advantage compared to (multi-
plier) block bootstrap methods and opens new appli-
cation areas for bootstrapping methods in online set-
tings.

we have
‘chains’

To quantify uncertainties in practice,
to keep several independent bootstrap
—*(1) =—=*(2

Xn( ), Xn( )7 .... From those, we can compute the em-
pirical standard deviation or quantiles at any point in
time. The whole procedure is summarized in Algo-

rithm 1.
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Algorithm 1 Online AR-bootstrap
0, v =0, 7V

Initialize: X ®)

1,...,B.

:07b:

For times t =1,2,...:
1. Observe new datum X;.

2. For allb=1,... B:
(i) Simulate ¢ ~ N(0,1).
(i) With p =1 —t=#, update (in this order)
VO 14 p(V® —1) + /1 - p2¢®),
- 1vx 4 x,v®
t— 17" 4 v

v a1 v

X*(b) —

3. Compute empirical variance and/or quantiles of

{7*(1), - ,Y*(B)} to quantify uncertainty in X.

3.2 Theory

In the following, we provide rigorous mathematical
guarantees for the validity of the proposed scheme.
We first recall some common concepts from time series
analysis.

Definition 3.2 (Stationarity). A stochastic process
(X:)ien is strictly stationary if

P(th,---7th) = P(Xt1+-r,-~7th+r)
for every T,n,ty,...,t, € IN.

A stationary time series does not change its fundamen-
tal behavior, at least on large time scales. Stationarity
is a standard condition for statistical limit theorems.
In applications, it is often ensured by appropriate pre-
processing steps like detrending or differencing (see,
Hamilton, 2020, and the discussion in Section 5).

Definition 3.3 (a-mixing). Let (X;);en be a strictly
stationary stochastic process. Define the a-mizing co-

efficient of order h
a(h) = sup{|P(AN B) — P(A)P(B)|: s € N,
Aco(X;li<s),Beco(X;li>s+h)}
Then, (X;)iew s a-mizing (or strong mizing) if
a(h) =5 0.

The a-mixing coefficient quantifies how quickly the in-
fluence of past events diminishes as one moves further

into the sequence. Accordingly, a-mixing means that
the events become close to independent when they are
far apart in time. If the strong mixing coefficients
converge fast enough to zero, the sequence satisfies a
central limit theorem (Bosq, 2012, Theorem 1.7).

Now denote by
CX(h) = Cov(Xi, Xitn)

the covariance of X; and X;y, for o > 0. Since
(X:)ien is stationary, CX(h) is independent of . Our
main results require the following conditions on the
observed sequence (X;)I;.

(A1) E(X?) < oo.
(A2) a(i) = O0@™") for some v > 2.

(A3) limn oo 3 Yoho— [BI7[CX ()] = 0.

The first condition excludes extremely heavy tails in
the variables X, the other two restrict the strength
of dependence in the time series. Overall, the con-
ditions should be considered rather mild in view of
the time series bootstrap literature (cf., Kiinsch, 1989;
Biithlmann, 1993).

To simplify our asymptotic analysis of the procedure,
we first have a closer look at the role of the scaling
average V,. The following result shows that scaling
by V,, implicitly allows to assume that E[X;] = 0, but
is otherwise negligible asymptotically.

Lemma 3.4. If the time series X1, Xo,... € R satis-

fies assumptions (A1)-(A3), it holds

1 n ‘/’L 1 n
ﬁ;ﬁXi_E;Xi

= SV B - S Bl

n “ -
i=1

+op(n~1/?).

Our main result establishes the validity of the boot-
strap scheme.

Theorem 3.5. If the time series X1, Xs,... € R sat-
isfies assumptions (A1)-(A3), Construction 3.1 pro-
vides a consistent resampling scheme.

As a major part within the proof of the above theorem,
we show that the proposed bootstrap procedure gives
consistent estimates of the variance. This investiga-
tion provides fundamental insights into the influence
of the procedure’s hyperparameter 5. In particular,
we determine an optimal bias-variance trade-off.
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Theorem 3.6. Define the target variance
02 = lim Var LiX
o0 n—o00 \/ﬁ — v
If E[X;] = 0 and assumptions (A1)-(A3) hold,

8

(a) E[War* (\}ﬁiVXN — 0% =0(n"T7),

@

(b) Var {Var* <\/15i1VX>} =0(n1),

* 1 - P 2
(c) Var ( ZVz')Q') — O0cos
v

(d) the (asymptotically) optimal B minimizing

1 n 2
E {Var* ( Z ViXZ) — aio}
v i=1
s given by

Bopt = \/5_ 1.

In Appendix C, we prove this result for a larger class
of bootstrap weights V;/V,, (see Lemma C.3) under
more involved assumptions. These assumptions are
verified for our specific scheme from Construction 3.1
in Lemma C.4. Note also that we omitted the scaling
average V,, in this result.

The optimal choice B, makes the mean-squared-
error in the first display of (c¢) converge at rate
O(nV2=2) ~ O(n=°%9). This is slightly slower than
the rate O(n~2/3) attained by the blockwise bootstrap
(Bithlmann, 1993, Section 3.3). This is the statistical
price we pay for the computational advantage of au-
toregressive bootstrap weights. In many applications,
the latter can easily outweigh the small loss in statis-
tical efficiency, see our experiments in Section 4.

3.3 Beyond the simple sample average

The preceding results were stated for simple sample
averages n~ ' > | X; of real-valued random variables
to simplify the exposition. The methodology is much
more broadly applicable, however.

Transformed random variables. The most im-
mediate generalization results from a simple relabel-
ing. Suppose there is a sequence of random variables
(Z;)ien and some function f. To quantify uncertainty
in the statistic

we can use its bootstrapped version

All results of the Section 3.1 apply naturally upon
defining X; := f(Z;). This also reveals the follow-
ing, more fundamental interpretation of the multi-
plier bootstrap: each observation is assigned a weight
V;/V ., and these weights are used when computing
bootstrapped averages — irrespective of what exactly
we're averaging.

Multidimensional vectors. Theorem 3.5 immedi-
ately extends to averages of random vectors through
the Cramér-Wold device (e.g., Van der Vaart, 2000,
p. 16).

Corollary 3.7. Let Zy,Zs,... € R? and assume that
(A1)-(A3) hold for X; := v'Z; and every v € RY.
Then Construction 8.1 provides a consistent resam-
pling scheme.

A similar generalization of Theorem 3.6 also holds for
vectors, but is omitted for brevity.

Transformations of the sample average. The
delta method for bootstrap (e.g. Theorem 23.5 in
Van der Vaart (2000)) generalizes the consistency re-
sults of Theorem 3.5 to transformations of the sample
average.

Corollary 3.8. Let ¢ : R? — R¥ be continuously dif-
ferentiable and assume that (A1)-(A8) hold for vT' X,
with X; € R and all v € RY. Then,

sup [B* {v/n(¢(T3) — ¢(T3)) < o}

z€R4

- P {\/E(QS(TH) - $(E(T}))) < 1?}| "0,

in probability with respect to (X;)ien-

This enables a broader application of the proposed
methodology, e.g. to the sample variance (Example
23.6. in Van der Vaart (2000)).

4 NUMERICAL VALIDATION

In this section, we assess the performance and appli-
cability of the proposed bootstrap via simulations. In
particular, we verify the theoretical results in a finite
sample setting, illustrate the necessity of tailored boot-
strap schemes for time series, and the computational
benefits of our new method.



An Online Bootstrap for Time Series

1.00 iid, 1.00 ~MAQ) 1.00 -MA20)

0.95 0.95 0.95

0.90 ez | 0,00 === 090} —— E——
e e - e
Zosst T 0.85 085 Baseline
@ ******* AR bootstrap
£.0.80 0.80 0.80
o) IID bootstrap
g 0.75 0.75 0.75 -—=- MA bootstrap
g

0.70 0.70 0.70

0.65 0.65 0.65

06055564000 6000 8000 10000 %0 3000 4000 6000 8000 10000 -0 3000 4000 6000 8000 10000

Sample size

Figure 1: Estimated coverage probability of the bootstrap procedures. The target level of 90% is shown as solid

line.
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Figure 2: Average plus/minus standard deviation of the estimated variances. The target level o is shown as

solid line.

4.1 Experimental design

Data generating processes. We simulate X; from
a moving average process of order ¢ € IN, M A(q) for
short, i.e., a stochastic process of the form

q
Xi=p+e+ 293‘61‘—3‘7

Jj=1

with model parameters 6y,...,6, € R and iid noise
€; ~N(0,1). In addition, we simulate from a nonlinear
transformation of such a process

Y: = exp(X;)

and consider a nonlinear function of the sample aver-
ages

In[n~! Z exp(X;)]

for ¢ = 2 (referred to as LogMeanFExzp). The boot-
strapped distribution reflects the correct distribution

according to Corollary 3.8. Further, we simulate from
a nonlinear process M A(2) — GARCH (1, 1) reflecting
the volatility clustering typical for financial time se-
ries. We realize the latter by

Zi=p+ Zi + 0171 + 0272

for v; = 0:&, 07 = ap+ay?_ | +B02 ; and & ~ N(0,1)
iid.

All processes, except the latter, are g-dependent'® and,
hence, satisfy the assumptions of our theoretical re-
sults. For the latter we refer to Lindner (2009).

1(Xi)ie]N is called g-dependent if (..., X;—-1,X;) is in-
dependent from (Xitq+1, Xitq+2,...) for every i. Then,

CH(hl), a(i) = 0

for all ,|h| > g, from which assumptions (A2) and (A3)
follow immediately.
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Figure 3: Estimated coverage probability of the bootstrap procedures with target level of 90% shown as solid
line (top) and average plus/minus standard deviation of the estimated variances with target level o, shown as

solid line (bottom).

We set §; =277 and consider five scenarios:

e M A(0) corresponds to the did setting,

e MA(2) corresponds to short-term serial depen-
dence,

e MA(20) corresponds to medium-term serial de-
pendence.

o LogMeanExp corresponds to a transformation of
a nonlinear process with short-term serial depen-
dence.

o MA(2) — GARCH(1,1) corresponds to a nonlin-

ear stochastic volatility process.

Bootstrap methods.
procedures of the form

We apply three bootstrap

X Vi
o

?

Xi

n

with

(i) Vi ~ N(1,1) corresponding to Example 2.2 (IID
bootstrap);

(ii) V; according to the moving average block boot-
strap of Bithlmann (1993), see Example E.1 in
the supplementary material, with m,, = |n'/?]
(MA bootstrap);

(iii) V; according to our new Construction 3.1 with
parameter 3 = v/2 — 1 (AR bootstrap).

Evaluation. For each simulated time series and
method, we generate 250 bootstrap samples and com-
pute the sample variance and a 90%-confidence in-
terval. We repeat this procedure M = 250 times.
We assess the performance by a) mean and stan-
dard deviation of the estimated asymptotic vari-
ance 0., b) coverage probability of the result-
ing confidence interval, ¢) computation time. See
Appendix F for computational details of the eval-
uation metrics. The corresponding source code
is provided at https://github.com/nicolaipalm/
online-bootstrap-implementation.

4.2 Results

Validity. We start by checking the validity of confi-
dence intervals constructed from the various bootstrap
methods. Figure 1 and the top panels of Figure 3 plot
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Figure 4: Computation time per online update of 200
bootstrap samples as the algorithms progress through
a stream of samples.

the respective coverage probabilities against the sam-
ple size. The target level of 90% is indicated by the
solid line. When the data is generated as an iid se-
quence (left panel of Figure 1), all three bootstrap
variants have approximately correct coverage, espe-
cially for large samples. When there is dependence in
the data (remaining panels), the IID bootstrap fails
catastrophically, however. This is even the case for
the linear MA(2) scenario, where dependence is weak
and short-term (middle panel of Figure 1). The two
dedicated time series bootstraps (MA and AR) achieve
approximately correct coverage in all five scenarios,
even in the presence of nonlinear dependencies and
transformations of the sample average (top panels of
Figure 3).

Accuracy. We now dive deeper into how well the
bootstrap methods estimate the true variance o.
Figure 2 and the bottom panels of Figure 3 show av-
erage estimates plus/minus their standard deviation
and the target level. Unsurprisingly, the IID bootstrap
works best when the data is actually an independent
sequence (left panel of Figure 2). In particular, it has
virtually no bias, and the smallest variance among all
methods. In the time series settings it fails. On the
other hand, the two time series bootstraps approach
the target level, with bias and variance decreasing with
the sample size in all five scenarios. The MA bootstrap
appears to have a slightly smaller variance compared
to our new AR method. This reflects the small statis-
tical cost we pay for its computational advantage, see
our comments after Theorem 3.6.

Computation time. The true benefit of the newly
proposed scheme is the ability to compute it with
cheap online updates. Figure 4 shows the computa-

tion time of an update step when the three bootstrap
methods are used to generate 250 bootstrap samples
in an online setting. We see that AR and IID require a
small, constant amount of time for every update as the
algorithms progress. The IID bootstrap is fastest, but
invalid for time series data. The blockwise bootstrap
MA allows for cheap online updates as long as the block
size remains constant. It occurs a huge cost when-
ever the block size needs to be increased: one must
regenerate all past and current bootstrap weights and
recalculate the bootstrap averages with new weights.
This shows as large spikes in Figure 4. Additionally,
the time it requires quickly increases with time. The
last block update at around just 1700 samples already
takes 20 seconds, where the other two methods remain
in the milliseconds. It is not reasonable to compute MA
on much longer data streams. Our new AR bootstrap
on the other hand remains fast and valid.

5 DISCUSSION

We close with a discussion of potential applications
and current limitations of our method.

5.1 Applications in machine learning

Empirical risk minimizers. Consider a
parametrized prediction model fy, a loss function L
and the empirical risk minimizer

6 =argminy | L(fs. Z:). (1)

i=1

Under some regularity conditions, one usually has (see,
e.g., Giordano et al., 2019)

~ e
00~ -H 1ﬁ§vef:(feo,zi>, 2)

where 0y = argming E[L(fp, Z;)] minimizes the true
risk and H = E[VggL(fo,, Z:)] is the expected loss
Hessian. In machine learning, the uncertainty of pre-
dictions f(x) is more interesting than the parameter
0. A first-order Taylor approximation and (2) give

Ll
f5— foo = —Vofo, H lﬁgveL(feo,Zi)~

Now define the bootstrapped parameter

~

. = Vi
0 fargmem;anL(fe,Zz)a

for which similar arguments yield

n

1 Vi
[ — 3= *Vafeo(ﬂﬂ)H*lE Z 7 VoL (foy, Zi)-

i=1 "
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Applying Corollary 3.7 to the average on the far right
of the last display now shows that the distribution of
[3. — f7 appropriately reflects the uncertainty of f5 —
foo-

SGD and online convex optimization. In prac-
tice, optimization problems like (1) are often solved us-
ing algorithms from online convex optimization, e.g.,
stochastic gradient descent. In the #d setting, it is
well established that approximation (2) also holds for
averaged SGD updates (Ruppert, 1988; Polyak and
Juditsky, 1992; Fang et al., 2018; Zhong et al., 2023).
Similar results for SGD on time series data were es-
tablished recently by, e.g., Godichon-Baggioni (2019);
Godichon-Baggioni et al. (2023); Liu et al. (2023).

Bandit algorithms. Our new bootstrap scheme can
also be incorporated into bandit algorithms, similar
to Wan et al. (2023) in the #d case. In a simple
multi-armed bandit, an agent picks some arm A; €
{1,..., K} and receives reward R; 4, in return, at ev-
ery time ¢. If S, = {¢t: Ay = a} is the set of times
action a was played, the expected reward of arm k can
be estimated as a simple sample average

N 1
Tq = @ Z Rt,a-

teS,

Wan et al. (2023) proposed to use an independent
multiplier bootstrap to quantify the uncertainty about
Ta, and use this to guide the exploration/exploitation-
trade-off of the algorithm. With our new method, the
assumption that rewards R, are independent can be
relaxed.

5.2 Limitations

Stationarity assumption. As mentioned in Sec-
tion 3.1, stationarity of the series (X;);cn is a common
assumption in the time series literature. In applica-
tions, stationarity is often ensured by pre-processing
steps. Technically, these steps should also be ac-
counted for in uncertainty quantification, but this is
difficult to do with generality. Another way to allevi-
ate this issue would be to extend our results to averages
of nonstationary series. Some recent developments in
this field (Merlevede and Peligrad, 2020) can likely be
adapted in future work.

Negative weights. In Construction 3.1, we explic-
itly defined the weights V; to follow a Gaussian AR-
process. This choice is motivated by mathematical
convenience: by construction, the distribution of the
bootstrapped average (conditional on the data) is nor-
mal — no central limit theorem is required. A down-
side is that the bootstrap weights V; can be nega-
tive. When the X,’s are positive variables (counts,

lengths, prices, etc.) and the sample size is small,
this may be problematic. The bootstrapped average
ntyY %/ X; could become negative, which results
in meaninglgss estimates. While this is not an issue
asymptotically, it might be preferable to work with a
strictly positive sequence (V;)_,. To prove the validity
of such schemes would then require new central limit
theorems for time series with increasing dependence,
which is an interesting problem for future work.
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Supplementary Materials

A Proving consistency of bootstrapping schemes
Proving a bootstrapping scheme to be consistent mostly proceeds in the following two steps

S1 Prove that the random variables X; satisfy some central limit theorem and

S2 prove that the bootstrapped random variables X/ satisfy some central limit theorem with the same limit
distribution.

In practice, a lot of central limit theorems are already well established each covering different assumptions on

the random variables X;, i.e. S1 is given. For the sake of clarity, we assume E(X;) = 0. Lemma 3.4 treats the
non-centered case.

Observe that
1 n
Var’ | —=) VX))

is a random variable induced by X; where we write Var¥ = Var* with respect to the explicit construct X* = VX.
S2 implies

1 ¢ oo
Var¥ | —= ) ViX; | "= o2
in probability on the sequence (X;);eny where o2, denotes the asymptotic (finite) variance
lim V ( ! zn: X) 2
im Var | — i | =05
n— oo \/ﬁ =
Classically, such results are derived by proving
Var¥ 1 i Vi X, 2002 and Var® |Var" 1 i Vi X,
\/ﬁ Pt K2 (2 [ee) \/ﬁ — ? 3

and then using Chebyshev’s inequality. Without loss of gernality assuming E(X;) = 0 (see Lemma 3.4), a
straightforward calculation exhibits

n—0o00

EX — 0,

COV(Xi7Xj),

<
®
VN
Sl
I'M:
>
N——
I
S|
M:

1

%,J

1< 1 ¢
EX | Var” (ﬁ ZViXZ> = Z Cov (V;, Vj)Cov (X5, X;).
i=1 ij=1

This suggests that we need Cov(V;, V;) = 1 for i, j great enough and Cov(X;, X,) % 0. However, calculating

1 n
Var¥ < Z ViXi>
\/ﬁ =1

requires Covv(‘/i,‘/j) =~ 0 for sufficiently many ¢,; to vanish. In the next section we provide corresponding
formal results about the asymptotic variance. These steps will be worked out in detail in the following sections.

n
Z COV(%l’ ‘/;2)COV(Vi3,%4)COV(XZ‘1X,L'2,X1‘SX,'4)

reyia=1

VarX

1
n?
i1
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B Proof of Lemma 3.4

It holds

Now

<.

3

‘We observe
Var(V. :%i v(Vi, V;) %iz (i,i+ |h]) "= 0,
e )

by (iv) of Lemma C.2. Chebychev’s inequality then yields V, Eis E(V;) = 1 and, consequently, 1/V,, —1 = 0.
Now note that

Ly e - E[Xm] =o.

i=1

The law of total variance gives

n

Var [Tll > Vi(Xi - B[X3))

i=1

o
=EY |VarX | = (X, — E[X; VarV |EX
ar nZV( [X:])|| + Var [

n

[ 1
_ RV X | = (Y. _ )
=EY |Var® |~ Z Vi(X; — EB[X;])

by Cauchy-Schwarz and E[V;?] =

IN
| o
NE
NE
2
=
5><
P

n2
i=1 j=1
1
< - Z |CX (n)| using that (X;);en is stationary
hez,
1
=0 () . by assumption (A3)
n

Applying Chebyshev’s inequality again, we have shown

1 1 — 1/2
(Vn - 1) 2 Vi~ BLXI) = on(1) x On(n™"),

and the claim follows. OJ
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C Asymptotic variance

In the following, we consider (X;);en to be a real-valued strictly stationary stochastic process and abbreviate

v(i, j) = Cov(Vi, Vj).

We frequently sum over two indices, i.e. we consider a sum of the form ) ? =1 Gij- The reader convinces himself
=
that

{6, )i, j=1,...,n}
is the disjoint union of
{(i,i+))j=0,....,ni=1,...,n—j}and {(i+4,0))j=1,...,n,i=1,...,n—j}.
If we assume a;; = aj;, then, we identify

n  n—|j

n
E :aij = Z E 4 i+ |51 - (3)
ij=1 j=—n i=1

Lemma C.1. Assume the following:

(i) E(X;) =0 for all i.
(i) |v(i,j)| < C for some C € R and all i,j.
fii1) 500 ICX ()] < o0
(v) for all € >0 and h such that CX(|h|) # 0 there exists n. || such that
11— v(i,i+ ) <e
Jor alli > nep and

(v) lim, o0 % S ne,|h\|CX(|h|)| =0

Then, the asymptotic variance
1 <« 1 w—
Var( ZXZ) "t == Z Cov(X;, X;)
vn i=1 "=
exists,

EX

:@(i 3 nomlCX ()l +e S CX(VLI))

h=—n h=—n

and, in particular,

n—oo 2

EX — 0%

1 n
VarV ( Z ViXZ)
\/ﬁ =1

Proof. We observe
1 n n
Var(ZXi> = ) Cov(X;, X;).
vn i=1 i,j=1

Therefore, its asymptotic variance (if it exists) is given by

1 n . 1 00
Var(\/ﬁ;)ﬁ) :)> Ugozﬁ Z COV(Xi,Xj).

i,j=1
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Furthermore, we calculate

1
== Z Cov(Xi, Xiyin|) by (3)

1 n
=52 CF(|hl) by stationarity of (X;)sen

Therefore, the asymptotic variance exists by (iii).

We calculate

v(i, j)Cov (X, Xj). by assumption (i)

VarV (

Hence,
n

o1 . o X
nl;rr;o - Z (v(t,7) — 1)Cov(X;, X;) = lim E

n—00
i,7=1

SDIRe

%\

By (3) and stationarity of (X;);cnv we obtain

1
J— — X y y — . .
Z Z (i,i+|h]) = DCH(|h]) = - Z (v(i,j) — 1)Cov(X;, X;).
h_—n i=1 i,7=1
Therefore, we consider
n—|h|
- Z > (i i +|hl) = 1)C¥(|h))
h_—n i=1
and prove that it converges to zero for n — co.
We split the sum
n—|hl| N |h| n—|h|
> @i+ [a) = HCX () = D (i i+ [a) = HCX () + D> (v(,i+ [h]) = 1)CX(|R])
=1 =1 i=nc p+1

and prove that the absolute values of both summands converge to zero. For fixed h we calculate

n—|n| n—|n|
> (liyi+|h]) - 1)C’X(|h|)‘ < > fCeX(|n)) by assumption (iv).
i:ne"hr‘rl ’L‘:’I'Lgy|h‘+1

=e(n—|h| — Ne |h| — 1)|CX(|h|)|
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for n great enough. Thus,

n n— \h| n
Z > (liyi+|h]) = D)CX(|R])]| < % > (n=|h] = nep—1 — D)ICX(|h])]
h——nz Ne. ‘h|+l h=—n
<= 37 mleX (D)
h=—n
=e Y |cX(n)). (4)
h=—n

We further observe
n
e Y (X (RN "= ey ICH (Al < oo
h=—n heZ
by assumption (iii). Since € might be chosen arbitrarily small for great enough n, we obtain

LSS S (i In - Dex(a)| "o,

h_fnl N ‘h‘—i-l

At last, using assumption (ii) and (iv) we calculate

Ne,|h| Ne,|h|
Z > (i, i+ [n]) = )CX(|A]) <f Z > H(w(iyi A+ |h]) = DIICX(|h])]
h_—n =1 h_—n =1
n €,|h|
< (C+1 Z Z X (1A
h=—n i=1
C+1) &
=D S e n) )
h=—n
200 O

Lemma C.2. Assume the following:
(i) E(X;) =0 for all i.
(i) |v(i, )| < C for some C € R and all i,j.
(iii) for all i € IN the sum ), ., v(i,i+ |h|) = C; € R is finite and
(iv) Tt s 5 0, G = 0
(v) B(X®) < o0 and 372, a(i)? < oo

where « is the dependence coefficient of the a-mizing sequence (X;)ien-

Then,

i=1

1 n
VarX [Varv ( ZViXi>
v

1 oo
<(’)<n22(]i> =0.

Proof. By Lemma G.1, (v) implies

i CX(|n]) = K € R. (6)

h=—00
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Using (i), we calculate

1 n
VarX |Var¥ | — Vi X;

We consider the following term

n

Z v(in, iz)v(is, ia) Cov(Xy, Xiy, Xiy Xi,). (7)

n2 > wlin,ig)vlis, is)(CX (|iy — is])C™ (Jiz — ial) + CX (Jiy — ia])CX (|iz — is])).
i1,..,0a=1

Substituting is = i1 + $1,i3 = 91 + S2,44 = 91 + s3 and using Lemma G.2, (7) is asymptotically equivalent to

1 ¢ o . ,
3 D> (i +[si))vlia +[sal, i+ [s3])
i1=151,52,53€7Z

A(C¥ (Is2D)C¥ (Is1 = s3l) + C¥ (Iss[)C¥ (Is1 = s2]))).- (8)

We observe further >, ., CX(|h — k|) = 3_,c, C*(|h]) for all k € Z and, hence,

> wlin i+ s )CN (Is1 = ssl) = D wlinyiz + [sa]) D C¥(|s1 — s3])

o1 anez $1€Z S3E7Z
= Z U(i1,i1 + |31|) Z CX(|S=5|)
s$1€Z S3€Z
- Ci1K7

by (iii) and (vi) and similarly

Z U(il,il + |51|)CX(|81 — 82|) = CilK-

81,82€Z

Combined with (ii), we obtain

n

1 n o0 .
(8) < 3 Z 2C;, CK2 "= 0 by (iv). (9)

i1=1

This establishes the claim. O

Lemma C.3. Suppose the following conditions hold:
(i) E(X;) =0 and E(X$) < oo for alli and > ro___ |C*(|h])| < oc.
(i) 352, ali)} < .
(i11) |v(i,7)] < C for some C € R and all i, .
() for all € >0 and h such that C*(|h]) # 0 there exists n | such that
1 —v(i, i+ h])| <e
for all i > ne |y and limy,_yoo 2 370 me i |CX(|A])| =

(v) for alli € N the sum Y, ., v(i,i+ |h|) = C; € R is finite and lim, 0 -5 > 1 C; = 0.

o (i

Then

i Vi(X, — I( XQ)) B2

%\
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Proof. Follows immediately from Lemma C.1, Lemma C.2, and Chebyshev’s inequality. O

Lemma C.4. Let V; be as in Construction 3.1. Then,

1. V; ~ N(1,1) for all i
2. for allh € Z and i € IN it holds

||
0 < Cov(V;, Vig) = [J(1 = (i +k)F) <1
k=1

3. foralle <1, h€Z and ne, = (1 - "V1— 6)7% it holds
|1 — (DOV(VZ-7 Vi+\h|)| <e
Jor alli > ne

4. Ci =3 ez Cov(Vi, Vigp) < 4iP 4+ B for some constant B € R independent of i and, in particular,

1
nl;rgoﬁzcizo.

i=1
Proof. Observe all V; to be normally distributed as sums of normally distributed random variables. Inductively,
we obtain Var(V;) = 1 = E(V;). This proves 1.
We calculate

0 < Cov(Vi, Vigin))

= Pit+n|Cov(Vi, Vignj—1)
1

= H pi+k Var(V;) inductively
k=1
[h]

= H Pi+k
k=1
||
=[Ja-G+k7
k=1
< (L= (i + [p)=7)™
for h € Z and, in particular,
|Cov(Vi, Visn)| < 1
for all ¢, h which proves 2.
Furthermore,

[h]
1= Cov(Vi, Vig)l =1 = [0 = i+ k)P <1— (1 =i Pl
k=1

For any ¢ € (0,1), we calculate
A-—(1-iP)hy<e o 1-iP>WI-e o i>(1-"Wi-e 7.

Hence, we obtain 3.
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Furthermore,
> Cov(Vi, Vigp) <2 Z 1— (i +h)~ %)
hez =0
=9 Z(l —(i+h) )+ Y -+ h)ﬁ)h]
Lh=0 h=i+1
<2} (@-@)H+> a- (2h)_5)h1
Lh=0 h=0
=2 [(20)° + Z(l - (2h)3)h] by the gemoetric series

=(C; < o0,
where the last step follows from
<> (1-(2n)F) < o0
h=0

for all 8 € (0,1). Thus, we calculate

1 & 4
: - E e § -3 > 8 _
0< nhm n2 C = nhm n2 17 < lim n” =0 (].0)

n—o00 N
=1 =1

and, hence, we obtain 4. O
Proof of Theorem 3.6. To prove the parts (a)—(c) of the theorem it suffices to check the conditions of Lemma C.3,

which also imply the conditions of Lemmas C.1 to C.3. Conditions (i) and (ii) are given by assumption of the
theorem. Conditions (iii)—(v) were proven in Lemma C.4.

For (iv) we calculated ne ) = (1 — "W/1— 6)7% in Lemma C.4. We approximate

fle)=1— ”{Vﬁzﬁ

through a first order Taylor series around € = 0. Thus, we calculate

nep = (1= WI—e) % ~ (Vj)ﬁ — O(|h]%).

In order to determine an optimal 8 we minimize the MSE

2
1 n
EX [ [ Vary | —=) ViX; | — o2
(v (55w
1 & ? 1 &
Var¥ ( ZWXz) — Jgo + Var® [Varv < ZViXi>
\/ﬁ =1 \/ﬁ =1

for n — oo. From (9) and (10), we get

1 n
VarX [Varv ( Z V'iXi)
Vin i=1

From (4) and (5), we get

(s

S\

S ) }:o(i S nemlCX ()] +e 3 ICX<|h|>|>.

h=—n h=—n
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We determine a sequence of €, — 0 in order to balance both.

Assuming

A=S"1CX(R)], B =Y [RFCX(h) <

hezZ heZ

Then, €, minimizing the sum of

1 n n
=3 X (D and e 7 X (h)

h=—n h=—n

is (asymptotically) given by

>0

1
€n = min(Bellf + Ae).
n

Calculating the derivative with respect to € yields
whose only root is given by

A straightforward calculation shows
1 -4 _ws (A B
—en” e, =n 8 | =fn + €, = 2¢,.
n B

Combined, we obtain the convergence rate

1 n
VarV ( Z ViXZ-> — o2
v

Finally, we pick £ to minimize the MSE

EX (Varv <\/lﬁzn:Vle> - ai)z =0 (n 1+13> +O(n7h).

Minimizing

23
n~ 148 4Pt

for n — oo amounts in minimizing the sum of exponents

208 B*—28—-1
Tt U=
Its derivative is given by
(B+1)* -2
(B+1)?

Thus the optimal 3 € (0, 3) is given by By = V2 — 1.
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D Central limit theorem

Proof of Theorem 3.5. Theorem 1.7 in Bosq (2012) with v = 4 implies that
1 < d
7n Z(Xi - E(X;)) = N(0,03),
i=1

as n — 00, or, written differently,

igglﬂj’ {Vn(T, — E(T,,)) <z} — ®(z/0s)| = 0, (11)

where T),, = n~! Z?zl X; and ® the standard normal cumulative distribution function. It remains to show that
the centered bootstrap average has the same limiting distribution. Recall from Lemma 3.4 that

V(T ~T,) = % PRRCEE % >oXi= % (Vi = DX — BIX]) +on(1),

The distribution of the sum on the right, conditional on X7, ..., X, is normal with mean 0 and variance

1< 1<
o= Var” | —=> (Vi - )(X; —E[X)]) | = Var’ | =) Vi(X; - E[Xj)) | ,
n \/ﬁ gt K3 K3 K3 \/E gt 3 K3 K3
which converges in probability to o2, by Lemma C.3. We therefore get

sup P V(T = Tn) < 2} = (x/000)| < :EPRIP*{\/ﬁ(T;f —Ty) <} — ®(x/on)| + sup |@(z/0m) = B(/00)]

Lo,
where the rightmost supremum converges by the continuous mapping theorem. Together with (11), we obtain

sup [P (V(T; = 1) < @} = P{V(T, ~ B(Tw) < o} |

< sup P*{V/n(T; —T,) <2} — ®(v/0)| + sup P {/n(T, — B(T,)) < 2} — ®(x/000)| 2 0. O

E Details on Moving average block bootstrap

Example E.1 (Multiplier block bootstrap with MA-weights). Consider the moving average (MA) process
Vin =Y bjnCi-jn
JEZ
with

. {mnlu l/ma) il <
=

0 else,

1

3oz and my, ~ Cn'/3 asymptotically. Define the resampling

where C; p, id Gamma(qn, Gn) with ¢, = ﬁ +
scheme X[, = XiVin V.

F Evaluation metrics

Recall that Theorem 3.6 yields a consistent variance estimator, i.e.
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in probability. Furthermore, Theorem 3.5 yields asymptotically consistent confidence intervals C,, at level « for
0 =E(X;) = E(X;) by Lemma 23.3 of Van der Vaart (2000), i.e.

lim inf P € Cp(X1,....Xpn)) > 1—a.

n—oo

Accordingly, given some realizations x1, ..., z,,, we obtain

1 &V
€v1 (x1, ...,xn) = Varv (f Z ‘/’.131)

i=1 " "

v (:L‘ . )_ 1 GeCn(xl,...,xn)
AT S 0 9¢On(l'1,...,17n)

which provide quantities of the accuracy of the bootstrap procedure. Observe

3

]E(evg(Xl, ;Xn)) = P(G S Cn(Xh 7Xn))
and

1 Vi
e'Ul(Xl, ,Xn) = Varv <\/E ; ‘/nX,L>

by the very construction.

Following standard practice, we estimate the mean E; and variance Es of evq (X7, ..., X,,) as well as the expected
value F3 of evs (X1, ..., X;,) by sampling M = 250 times from the underlying bootstrap distribution, i.e. realize
V14, ....Un,; € R according v; ; ~ V; for j = 1,..., M and calculate

1 M 1 n Vi i 2
. _ . ©J .
€V (L1 ey T) = M—1 <\/’71 Z Un xl)

6%2(1‘17 ,l’n) = {

where én(xl, ..., Ty, ) denotes corresponding estimate of Cy,(z1, ..., Tp).

G Auxilary results

Lemma G.1. Assume

E(X}) < oo
and -
Za(i)% < 00.
i=1
Then, .
Y 1CX(nl)] < oo
h=—oc

Proof. We apply (corollary 1.1 Bosq) to p = % and r=q = %. A straightforward calculation exhibits

‘We obtain 1 )
|ICX(|h])] < 2pa(|h])2B(XT)2
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by stationarity of (X;);ew. Hence,

> IcX(|hl)] < oo
h=—o00
follows from
Za(i)% < 00.
i=1

O

Lemma G.2. Let (X;);en be a zero mean, real valued, strictly stationary strong mizing stochastic process with
eitgth moments existing.

Then, for all a,b,c,d € N
IE(XoXpXcXa) — B(XoXp)E(XcXa) — E(Xo Xe)E(XpXa) — BE(Xo Xa)E(Xp X))
S Coz(max{ig — il, i3 — ig, i4 - 23})%
with {a,b,c,d} = {i1,12,13,94} such that iy < iz < i3 <i4 and C € R independent of a,b,c,d € IN.
In particular, fixing a, we obtain
E(XoXp X Xq) — BE(X, Xp)E(XcXq) = E(X, Xo)E(Xp Xq) — E(Xo Xo)E(Xp Xe) + €pc.a

with €pc.q — 0 if some b, c or d tends to infinity

Proof. In order to remain clarity, we only outline the proof rather than going into detaill.

Since
IE(X, Xp X Xg) — E(X, Xp)E(XXg) — E(Xo X )E(Xp Xg) — E(X, Xg)E(Xy X,)|

is invariant under permutation of the a,b,c,d, we may without loss of generality assume a < b < ¢ < d, i.e.
a =1q,...,d =14. Then, we obtain

by applying Corollary 1.1 in Bosq (2012) with ¢ = r = 4,p = 2 to the respective covariance and by using
Cauchy-Schwarz inequality. Combined, triangle inequality yields

|IE(X Xp X Xg) — E(X . Xp)E(X.Xy) — E(X, X)) E(Xp Xg) — E(XX0)E(XX,)]
< Calc—1b)>.
for some C independent of a, ...,d. By the very same argument we derive
|E(XoX5)| = [Cov(X,, Xe)| < Ka(b—a)'/?E(X{)!/?

4
1
IE(X,X.)| = |Cov(Xp, X¢)| < Ka(b— a)l/QE(Xf)l/z
|E(X,X4)| = |Cov(Xp, Xe)| < Ka(b— a)1/2E(Xf)1/2

Next, we apply Corollary 1.1 in Bosq (2012) with ¢ = 8/3,7 = 8 and p = 2 in order to obtain

IE(X XX Xg)| = |Cov(Xa, Xp X . Xg)| < Ka(b—a) ?E(XHVEE((Xp X X4)%/3)3/8
< Ka(b—a)?E(X$)Y/?
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where we applied Holder’s inequality in the last step. Thus, triangle inequality yields
|IE(X, Xp X Xg) — E(X . Xp)E(X.Xy) — E(X, X)) E(Xp Xg) — E(XXa)E(XpX,)]
< Ca(b- a)%

and the same argument yields
|IE(X,Xp X Xg) — E(X . Xp)E(X.Xy) — E(X. X)) E(Xp Xg) — E(XXa)E(XpX,)]
< Ca(d - c)%

for some constant independent of a, ...,d. This proves the first claim.

The last claim follows by the strong mixing property of (X;). This completes the proof.
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