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Abstract

It is often observed that stochastic gradient
descent (SGD) and its variants implicitly se-
lect a solution with good generalization per-
formance; such implicit bias is often character-
ized in terms of the sharpness of the minima.
Kleinberg et al.| (2018)) connected this bias
with the smoothing effect of SGD which elim-
inates sharp local minima by the convolution
using the stochastic gradient noise. We follow
this line of research and study the commonly-
used averaged SGD algorithm, which has
been empirically observed in {Izmailov et al.
(2018) to prefer a flat minimum and therefore
achieves better generalization. We prove that
in certain problem settings, averaged SGD
can efficiently optimize the smoothed objec-
tive which avoids sharp local minima. In ex-
periments, we verify our theory and show that
parameter averaging with an appropriate step
size indeed leads to significant improvement
in the performance of SGD.

1 INTRODUCTION

Stochastic gradient descent (SGD) (Robbins and
Mourol, |1951)) is a powerful learning method for train-
ing deep neural networks. SGD often exhibits higher
generalization performance than many of its variants,
even when they achieve faster convergence with respect
to the training loss (Keskar and Socher} 2017; Wilson
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et al., [2017; |Luo et all 2019)). Therefore, the study of
implicit bias to characterize the parameters obtained
by SGD has become an active research topic.

Among such studies, flat minima (Hinton and
Van Camp| [1993; [Hochreiter and Schmidhuber; [1997)
has been recognized as an important notion relevant
to the generalization performance of deep neural net-
works. |[Hochreiter and Schmidhuber| (1997)); Keskar
et al.| (2017) suggested that the flat minima generalize
well compared to sharp minima, and [Neyshabur et al.
(2017)) rigorously supported this correlation under fs-
regularization by using the PAC-Bayesian framework
(McAllester], (1998 [1999)). |Jiang et al.| (2020) verified
that the flatness measures reliably capture the gener-
alization performance compared to many other com-
plexities. Furthermore, Keskar et al.| (2017)) empirically
demonstrated that SGD prefers a flat minimum due to
its own stochastic gradient noise and [Kleinberg et al.
(2018)) proved this implicit bias via the smoothing effect
brought by the noise.

Along this line of research, there have been several at-
tempts to develop optimization methods with stronger
bias than SGD. Especially, stochastic weight averag-
ing (SWA) (Izmailov et al., [2018) and sharpness aware
minimization (SAM) (Foret et al., [2020) achieved signif-
icant improvement in generalization performance over
SGD. SWA is a cyclic averaging scheme for SGD, which
includes the averaged SGD (Ruppert} |1988; |Polyak and
Juditskyl, [1992) as a special case. It is well known
that averaged SGD with an appropriately small step
size or diminishing step size is a statistically optimal
method for the convex optimization problems (Bach
and Moulines| |2011; Lacoste-Julien et al., 2012; Rakhlin
et al 2012). On the other hand, Izmailov et al.| (2018)
found that an appropriately large step size is rather
preferable to a small step size when training deep neural
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networks with the averaged SGD.

The success of using a large step size can be attributed
to the strong bias towards a flat minimum as discussed
in Izmailov et al.| (2018]). SGD with a large step size
cannot stay in sharp regions because of the amplified
stochastic gradient noise, and thus it moves to a flatter
region. After a long run, SGD will finally oscillate
according to an invariant distribution. Then, by taking
the average, we can get the mean of this distribution,
which is located inside a flat region. Although this
provides a good insight into how the averaged SGD with
a large step size behaves, the theoretical understanding
remains elusive. Hence, the research problem we aim
to address is

When and why does the averaged SGD converge to a
flat region more stably than SGD?

In our work, we address this question by analyzing
the averaged SGD based on the smoothing effect of
stochastic gradient noise.

1.1 Contributions

We employ the alternative view of SGD (Kleinberg
et al., 2018) that connects SGD for the objective f(w)
with the optimization of the smoothed objective F(v) =
E[f(v — ne’)] through the change of variable w — v =
w —nV f(w), where € is a stochastic gradient noise. In
fact, I is a smoothed function because it is basically
the convolution using the stochastic gradient noise, and
the strength of the smoothness is controlled by the step
size 1 as seen in the left figures of Figure

Therefore, an optimization method that can minimize
F with a certain accuracy is expected to converge to a
flat region, and our aim is to clarify when the averaged
SGD can get closer to the minimizer of F' than SGD
under the same step size. Figures [I] and [2] illustrate
toy examples, respectively, where the averaged SGD
works better in the above sense especially when using
a large step size and where the averaged SGD can
approximately optimize F' with n varying.

Our contributions are summarized below:

e We derive the upper and lower bound conditions in
Theorem and Eq. for the SGD error: Dy, =

limp_, o \/T%H ZtT:o |lve — vi]|? such that averaged

SGD gets closer to the minimizer v, = argmin F'(v)
than SGD.

e We estimate the SGD error D, in Proposition [3.4]
and 3.5 under additional lower bound on the stochas-
tic gradient noise and sort of one-point strong con-
vexity for F', with a specific Example [3.0] satisfying
the required condition.

e We empirically observe that averaged SGD achieves
high test accuracy on image classification tasks when
using a relatively large step size that makes SGD
itself unstable.

2 PRELIMINARY

In this section, we introduce the stochastic gradient
descent (SGD) for general problems including the risk
minimization problems appearing in machine learning,
and introduce the alternative view of SGD developed
by Kleinberg et al.| (2018)).

2.1 Stochastic gradient descent

Let f : RY — R be a smooth nonconvex objective
function to be minimized. For simplicity, we assume f
is nonnegative. A stochastic gradient descent, randomly
initialized at wq, for optimizing f is described as follows:
fort=0,1,2,...

wir1 = wy — 1 (Vf(we) + €1 (wy)), (1)

where n > 0 is the step size and ¢;,1 : R? — R? is a
random field corresponding to the stochastic gradient
noise i.e., for any w € R%, {e;41(w)}$2, is a sequence of
zero-mean random variables taking values in R?. A typ-
ical setup of the above is an empirical risk minimization
in machine learning.

Example 2.1. Let ¢(w, z) be a loss function where
w € R% and z € R? represent the parameter and data
example, respectively, and let r(w) be a regularization
function. Let {z;}? ; be training examples. Then, the
regularized empirical risk is defined as follows:

n

! Zé(w, zi) + Ar(w),

n -
=1

where A > 0 is a regularization coefficient. A stan-
dard stochastic gradient at t-th iterate w; is defined
as Vo l(w, zi, ) + AVr(w) where {i;41}72, are i.i.d.
random variables following the uniform distribution on
{1,...,n}. Hence, the stochastic noise is €;11(w) =
Vl(w, zi,,,) — 230 Vil(w, 2;). Furthermore, we
note that the above setup can extend to the case in-
volving the data augmentation by replacing the loss
L(w, z;) with E[¢(w, Z;)], where Z; is a random variable
of an augmented example, and replacing the stochastic
gradient of the loss V., 0(wy, 2;,,,) with V,l(wy, Zs, ).

2.2 Alternative view of SGD

An alternative view (Kleinberg et al.| 2018) of SGD is
key in our analysis connecting the stochastic gradient
noise with the smoothing for the objective function.
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Figure 1: We run SGD and averaged SGD 500 times with the uniform stochastic gradient noise for two objective
functions (top and bottom). Figure (a) depicts the objective function f (green, n = 0) and smoothed objectives
F (red and blue, > 0). Figures (b) and (c) plot convergent points by SGD and averaged SGD with histograms,

respectively.
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Figure 2: The figure plots the original objective (green),
smoothed objectives (blue, darker is smoother), and
convergent points obtained by the averaged SGD
which is run 500 times for each step size n €
{0,1, 0.3, 0.5, 0.7, 0.9}.

This view of SGD translates {w;}?2, into associated
iterations {v;}§2, and we analyze the update of v,
instead of w;. We define v; as a parameter ob-
tained by the exact gradient descent from wy, that
is, ve = wy — NV f(wy). Since w1 = vy — nepyr (we),
we get vep1 = v — Negrr(we) — NV f(ve — e (we)),
where the notation Vf(v; — nerp1(we)) represents
V()| w=v,—nessr(ws)- As shown in Appendix
under a specific setting given later, the translation
w—v=w—nVf(w) is a smooth invertible injection
and its inverse is differentiable. Thus, we can identify
€;41(v) with €,41(w) through the map w + v. Then,

we get an update rule of v;:

Vg1 = Vg — 7752+1(Ut) —nV (v — 77€;+1(Ut))- (2)

For convenience, we refer to the rule as an alter-
native stochastic gradient descent in this paper. Since,
the conditional expectation of € ,(v;) at vy is zero,
we expect that the alternative SGD minimizes the
following smoothed objective function:

F(v) =E[f(v—ne'(v))]; 3)

where € is an independent copy of €, €5, . ... However,
we note that the alternative SGD is a biased SGD
because VF(vy) # E[V f (v, — ne; 1 (v:))] in general ﬂ
unless €;;(v) is free from v.

The function is indeed a smoothed function of f by
the convolution using the stochastic gradient noise ne’,
where the step size 1 controls the strength of smooth-
ness. Figure [I] depicts how a nonconvex function f is
smoothened. In this figure, we observe that by using
an appropriately large step size, sharp local minima
of f vanishes and the solution of F' emerges at the
flat area of f. Moreover, by taking Taylor expansion
of f, we see that F'(v) is a regularized objective that
penalizes the high (positive) curvature of f along the

"We see by the chain rule VF(v) = E[I -
1 () () V f(v—n€ (v))]. Here, the notation V f(v—ne' (v))
represents V f(w)|w—y—ne’(v). Hence, VF(v) # E[V f(v —
ne' (v))] unless Jr, (v) = 0.
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noise direction in expectation:

F(0) = 1)+ T (@ 0)¢ () T]) + 0.

Therefore, we can expect that stochastic gradient de-
scent avoids sharp minima and converges to a flat
region.

Kleinberg et al| (2018) showed the convergence to
a point v, € R? under the regularity condition:
E[Vf(v—mne@)]T(v—15) > Fe||v —vo||? via the alter-
native view of SGD. Inspired by their work, we analyze
the optimization capability of the averaged SGD for
approximating the minimizer v, = arg min,cgs F'(v).

3 CONVERGENCE ANALYSIS

Izmailov et al.| (2018)) empirically demonstrated that
averaged SGD converges to a flat region and achieves
superior generalization when using a relatively large
step size such that SGD oscillates. We theoretically
explain this phenomenon by showing that the averaged
SGD can get closer to v, than SGD using the same step
size under certain settings. In the averaged SGD, we

run SGD and take the average as follows: Wy =
1 T+1
T1 2ut=1 Wt-

3.1 Analysis of averaged SGD

Our aim is to show lim7_.., Wr can be closer to v,
than {w;}2, and {v:}§2,. Preferably, the alternative
view of SGD is more useful in analyzing the aver-
aged SGD because the average v = T+H Zfzo vy i
consistent with wr as confirmed below. By definition,
. T
Wre1 =0p + —— wy),
T+1 T+T+1;6t+1( t)

where the noise term >i—o €+1(w:)/(T+1) is zero in ex-
pectation and its variance is upper bounded by o1/(7+1)
under Assumption (A2). Hence, Wry1 — Ur converges
to zero in probability by Chebyshev’s inequality; for
any r > 0, P[|wry1 — vr| > 7] < o¥/(r+1)r> — 0 as
T — o0, and the analysis of limy_,, W reduces to
that of hmT_HX, vT.

We can immediately see that the averaged SGD is
always closer to the solution than SGD in average
because of Jensen’s inequality: E[|vr — v.|?] <
T%_l Zf,T:o E[||[vs — v«?]. We next present a nontriv-
ial bound on the left-hand side of this inequality (i.e.,
the error achieved by the averaged SGD). To do so,
we make the following assumptions on the objective
function and stochastic gradient noise.

Assumption 3.1.

(A1) f: RY — R is nonnegative, twice continuously
differentiable, and its Hessian is bounded, i.e.,
there is a constant L > 0 such that for any w € R%,
—LI <X V?f(w) < LI

Random fields {e;y1}72, are independent copies
each othelﬂ and €;41(w) is differentiable in w.
Moreover, for any w € R? E[e;1(w)] = 0 and
there are 01,00 > 0 such that for any w € R?,
Ellleqs1(w)|’] < oF and E[|J,, (w)]2] < oo,

where J., , is Jacobian of €;.

(A2)

(A3) Hessian of F' at v, is positive definite, i.e., there is

a positive constant y > 0 such that V2F(v,) = ul.
There exist positive constants v and M such that
for any v € R?, |[VF(v) — V2F(v,)(v — v,)| <
v+ Mlv — o2

(A4)

The smoothness and boundedness conditions (A1)
on the objective function and the zero-mean and the
bounded variance conditions (A2) on stochastic gra-
dient noise are commonly assumed in the convergence
analysis for the stochastic optimization methods. Stan-
dard stochastic gradient noises {e¢41}72, defined in Ex-
ample are independent copies. Moreover, if Hessian
matrix satisfies —LI < V2 {(w, 2) < LI in Example[2.1]
then the last condition on J., , also holds with at least

€t41
09 = 2L because J,, ., (w) = VZl(w,z;,,,) — V2f(w).

(A3) and (A4) are assumptions made on the smoothed
objective function and used to connect the error of the
averaged SGD with that of SGD. (A3) ensures the
strict positivity of Hessian V2F (v.). (A4) measures
the linear approximation error of VF at v,. For in-
stance, functions that have bounded third-order deriva-
tives satisfy (A4) with v = 0, which is also assumed
in [Dieuleveut et al.| (2020) to show the superiority of
the averaging scheme for strongly convex optimization
problems.

t4+1

The following theorem describes the relationship be-
tween the errors achieved by SGD and averaged SGD.

Theorem 3.2. Under Assumptions (A1)—-(A4), run
the averaged SGD for T-iterations with the step size
n < ﬁ, then T satisfies the following inequality:

1

E[|[o7 — v.]|] < min {DT, 9) (T‘?)

40’10'217%[;% 2DT+1 + ’Y+MD%}
V3 VT + 1 0 ’

where we set Dp := \/TI_HE [EtT:O [|ve — 'U*HQ}-

2We suppose {et+1}820 are independent copies each
other. That is, there is a measurable map from a prob-
ability space: Q 3 z — e(w, z) € R, and then e can
be written as a measurable map from a product proba-
bility space: Q%20 3 {z,,1}32, — e(w,z:41) € R when
explicitly representing them.

_|_
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Proof sketch. We set R(v) = VF(v) — V2F(v.)(v —
vi). Taking average of R(v) over t € {0,1,...,T},
we get V2F(v,)(0r — vi) = %HZ?:O VF(v) —
T%H E?:o R(v;). Therefore, by taking the expectation
of the norm of both sides, we obtain

ZVF vy)

where we applied (A3) and (A4). Since the first term
of the RHS is the norm of the average of gradients
V F(v;) across all iterations, this term will decrease up
to a small error as the optimization proceeds:

_ 4 s 1 2Drp
O(T™Y?) + —oyo9n? L2 + ——1.
( ) /3717 T+ 1

See Lemma in Appendix for the detailed deriva-
tion of this error. Moreover, Jensen’s inequality yields

Ellor — v.ll] < VE[[or — v.[?) < Dr. 0

HE [[[or — ] < +7v+ MDj,

T+1

The term Dy = \/TlﬂE {Z?:o l|lvg — v*”?} in Theo-
rem [3.2] is the root mean square of the distances be-
tween v, and SGD iterations. Hence Dy converges up
to an error depending on n under certain assumptions
as shown in Proposition later or at least it is uni-
formly bounded as long as SGD performs in a compact
domain. Hence, we suppose Dy, = limr_,oo Dy < o0
in the following argument.

Let us see the relationship between errors finally
achieved by SGD and averaged SGD. Taking the limit
T — o0, we get the upper bound on limy_, o E[||or —

v.]|] as follows:
4 22 MD?
min ¢ Do, 71921 +2 * =5 (4)
eI I
The bound shows nontrivial improvement by av-
eraged SGD over SGD in the sense: limp_, o, E[||or —

V4|]] € Doo when SGD error Do, satisfies the following
condition:

4102 L} +Yep.o<t (5)
V3p f M
Here, the informal notation ¢ < b (for a,b > 0) is
used for describing the situation where b is sufficiently
large such that a/b approaches 0. To discuss the condi-
tion , consider the case where p, M > 0 satisfying
Assumptions (A3) and (A4) can be uniformly cho-
sen with respect to  — 0 and v = 0. Then, the
upper bound Dy < /M = O(1) means the conver-
gence of SGD to some extent. And the lower bound
Q(n?/?) < Dy is also typically satisfied for mildly
small n because SGD oscillates at least of the order
of n if the stochastic gradient does not vanish (see

Proposition .

3.2 Evaluation of SGD error D

In this section, we estimate the value D, under rea-
sonable problem setups. Inspired by Kleinberg et al.
(2018)E|, we make the following regularity condition on
the smoothed objective F' at v,.

Assumption 3.3. (A5) There exists ¢ > 0 such that
for any v € R%, VF(v) T (v —v.) > cljv — vs||%

(A5) is a sort of one-point strong convexity at the solu-
tion v,, but we note that it allows for the nonconvexity
of F. Under this assumption, we obtain the upper
bound on SGD error Dr.

Proposition 3.4. Under Assumptions (A1), (A2),
and (A5), run SGD for T-iterations with the step size

n < then we get
1+ 2770§> .
c

Our result allows for a larger step size than that in
Kleinberg et al.| (2018) because we do not stick to
the convergence of the last iterate. Proposition

implies Dy, < \/21701 + 80’ 01 (1 + 210 2), meaning

convergence of SGD to a point at least at a distance of
the RHS from the minimizer v, of F.

2L7

D} <O (T~

2no?  8n%02L
1)+ 77:1+ ’73‘21 <

The next proposition provides the lower bound on SGD
error Dr under the assumption that the variance of
stochastic gradient noise is uniformly lower bounded.

Proposition 3.5. Suppose that Assumptions (A1)

and (A2) hold, and that there exists o3 > 0 such that

for any w E Re, E[||les41(w)|]?] > 02. Running SGD
2

with n < 32 2L’ we get

2 .2
T <ph o).

Propositions [3.4] and [3.5] with 7" — oo yield the estima-
tion of D,. That is, we get that under the assumptions
made in these two propositions,

nos 2no}  8n?oilL 2no3
— < Dy < 1 . (6
2v2 ~ \/ o e T o

Summarizing the discussion so far, the averaged SGD
achieves a nontrivial improvement if the above estima-
tion Eq. @ satisfies the condition Eq. .

3(AB) is slightly different from that in [Kleinberg et al.
(2018). They assumed E[V f(v—ne (v)]T (v —vo) > c|lv —
von with a point v, which does not necessarily coincides
with v.. If Joo = 0, then v, equals v, and both assumptions
coincide because VF (v) = E[V f(v — ne’(v))] in this case.
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3.3 Example

As a sanity check, we present examples that satisfy
the improvement condition Eq. by instantiating the
estimation Eq. @ of SGD error D, and we confirm
the certain improvement by the averaged SGD. For a
detailed explanation, see Appendix [B] and [C]

SGD

10 10 ¢
\ e Averaged SGD
08

f,F

01 f 014 « SGD
e Averaged SGD /|

f,F
f

Figure 3: We run SGD and averaged SGD for two
problems corresponding top and bottom figures. For
each case, the left figure depicts the original objective
(blue) f and smoothed objective (orange) F' and the
right figure depicts convergent points of SGD (red) and
averaged SGD (blue).

Example 3.6. We consider two examples of functions

f on R which fall into the setting of v =0 or M = 0.

Blue curves in the top and bottom of Figure [3] depict
these functions, respectively. As the stochastic gradient
noises, we take i.i.d. uniform noise on an interval
[-r,7] in both cases. Hence, 0? = 03 = r2/3 and
o2 = 0. Then, the smoothed objectives F' (orange
curves in Figure [3) with an appropriate step size n look
like the quadratic functions that possess the unique
global minimizers v,. In both cases, we observe the
improved performance of the averaged SGD regarding
the convergence to v,. We verify the condition Eq. (5|
below. For the details, see Appendix.

1. First case (top of Figure : An objective is
f(w) = 0.5(w —1)% + gs(w), where gs is a downward
bump of width § and height §. This bump makes
a local minimum of f around v = 0 and f has
the optimal solution v = 1. Lipschitz constant is
L =1+ 0(1/6). In this setting, the smoothing only
affects the term gy, i.e.,

F(v) = %(v — 1)? 4+ E[gs(v — ne')] + (const).

Then, the local minimum of f around v = 0 is

eliminated by the smoothing with an appropriate 7,
and the global solution v, = 1 of F only remains.
In fact, if we take n = O(d/r), we can verify all
assumptions with constants: p =1, ¢=1/3, v =
0, M = 8/9. By instantiating Eq. @, we see

8§ S Do S6+/0(1+T).

Hence, the condition Eq. : 0 < Dy < 9/8
is satisfied under the setting with mildly small §.
Specifically, we have limy_,o E[||[or — v. ] < 3DZ.

2. Second case (bottom of Figure : An objective

is f(w) = 0.5w? + gs(w), where gs is a upward
bump of width § and height §2. f has two global
minima beside the bump. Lipschitz constant is O(1)
regardless of §. As in the previous example, we see

Fv) = %1}2 + E[gs(v — ne')] + (const).

Then, two global minima of f are eliminated by the
smoothing with an appropriate n and a unique global
minimum v, = 0 of F emerges. In this case, we do
not need to make 7 small depending on §. In fact, as
long as nr greater than § by a certain amount, we can
verify all assumptions with constants: p =1, ¢ =
1/2, v = 3C§?/(nr), M = 0. By instantiating
Eq. @, we obtain the estimation of D, as follows.

nr S Deo S /M + 1.

Hence, the condition Eq. (5)): C6%/(nr) < Do < 00
is satisfied under the setting 6% < n%r2. Specifically,
we have limz_, o, E[||[or — v.]|] < C8%/(nr).

4 EXPERIMENTS

We evaluate the empirical performance of SGD and
averaged SGD on image classification tasks using CI-
FAR10 and CIFAR100 datasets. To evaluate the useful-
ness of the parameter averaging for the other methods,
we also compare SAM (Foret et al., |2020) with its aver-
aging variant. For the parameter averaging, we employ
the tail-averaging scheme where the average is taken
over the last phase of training.

We use the CNN ar-
chitectures: ResNet
(He et al) [2016) with

Table 1: Decay schedules
for (averaged) SGD.

50-layers  (ResNet-50), Test
WideResNet (Zagoruyko 1 fnilestones
and Komodakis, [2016) s {80,160,240}
with 28 layers and width {80,160}

10 (WRN-28-10), and l {300}
Pyramid Network (Han
et al 2017) with 272 layers and widening factor 200.

In all settings, we use the standard data augmentations:
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horizontal flip, normalization, padding by four pixels,
random crop, and cutout (DeVries and Taylor] [2017)),
and we employ the weight decay with the coefficient
0.005. Moreover, we use the multi-step strategy for
the step size, which decays the step size by a factor
once the number of epochs reaches one of the given
milestones. To see the dependence on the step size, we
use two decay schedules for the parameter averaging.

Table [I| summarizes milestones labeled by the symbols:
‘s’ ‘m’, and ‘I’. The initial step size and a decay factor
of the step size are set to 0.1 and 0.2 in all cases. The
averages are taken from 300 epochs for the schedules ‘s’
and ‘I, and from 160 epochs for the schedule ‘m’. These
hyperparameters were tuned based on the validation

performance.

For a fair comparison, we run (averaged) SGD with 400
epochs and (averaged) SAM with 200 epochs because
SAM requires two gradients per iteration, and thus
the milestones and starting epoch of taking averages
are also halved for (averaged) SAM. We evaluate each
method 5 times for ResNet-50 and WRN-28-10, and 3
times for Pyramid network. The averages of classifica-
tion accuracies are listed in Table @l with the standard
deviations in brackets. We observe from the table that
the parameter averaging for SGD improves the classifi-
cation accuracies in all cases, especially on CIFAR100
dataset. Eventually, the averaged SGD achieves com-
parable performance with SAM. Moreover, we also
observe improvement by parameter averaging for SAM
in most cases, which is consistent with the observations
in Kaddour et al.| (2022). A similar improvement is
also observed for the cosine annealing learning rate (see

Appendix @[)

0] | b M SGD(WRN)

I - SGD(ResNet)
—— ASGD(ResNet)
I —— ASGD(WRN)

Test classification accuracy

T T v T T T T
260 280 300 20 340 360 380 400

Epochs

Figure 4: Test accuracies achieved by SGD and aver-
aged SGD on CIFAR100 with ResNet-50 and WRN-
28-10.

Comparing results on CIFAR100 and CIFAR10, the
large step size is better, and the small step size is rela-
tively poor on CIFAR100 dataset, whereas the small
step size generally works on CIFAR10 dataset. If we
use the step-size strategy ‘I’ for CIFAR10, then the
improvement becomes small (see Appendix |§| for this

result). This is because the strong smoothing brought
by a large step size can be harmful to simple datasets
such that the normal SGD already achieves high ac-
curacies. Moreover, we note that the averaged SGD
on CIFAR100 quite works well with the large step-size
schedule ‘I, even though SGD itself is unstable and
poorly performs under this schedule as seen in Figure
[ Indeed, the accuracy of SGD temporarily increases
at the 300 epochs because of the decay of the step size,
and it decreases thereafter. However, the parameter
averaging brings significant improvement in accuracy
even under such a situation.

Next, we observe in Figure [5| that the loss landscape
around the convergent point is in better shape and
forms an asymmetric valley as observed by |He et al.
(2019). Specifically, Figure depicts the section of train
and test loss functions across parameters obtained by
the averaged SGD and SGD. The middle figure is the
close-up view at the edge and plots each parameter.
The right figure depicts the train and test losses, and
the smoothed train losses with Gaussian noises in log-
scale. We observe in Figure 5| the phenomenon that
SGD converges to an edge and averaged SGD con-
verges to a flat side. Our theory helps explain this
phenomenon because the minimizer of the asymptotic
valley can be shifted to a flat side by the smoothing
as confirmed in the right of Figure [5| as well as a syn-
thetic setting (Figure . Moreover, the right figure
indicates the possibility that the smoothed objective
with appropriate stochastic gradient noise well approx-
imates test loss. In fact, we observe that averaged
SGD achieves a lower test loss which makes about 2%
improvement in the classification error on CIFAR100
dataset. These observations are consistent with the
experiments conducted in [He et al.| (2019).

Finally, to observe the non-trivial bias of the averaged
SGD, we run SGD with the smaller step size from the
parameter obtained by the averaged SGD with 600
epochs. Then, we observe in Figure [0 that the test loss
is gradually getting worse, whereas the training loss is
getting better. This result proves that the averaged
SGD with a large step size does not necessarily converge
to a local minimum of the training loss, but converges
to a parameter achieving a smaller test loss. Moreover,
we confirm that the test accuracy also decreases from
83.35 attained by the averaged SGD to 82.42.

CONCLUSION

[zmailov et al.|(2018) observed the averaged SGD with
a large step size finds a flatter solution than SGD and
gave an intuitive explanation of this phenomenon. To
support their observation, we analyzed the convergence
capability of the averaged SGD for the smoothed ob-
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Table 2: Comparison of test classification accuracies on CIFAR100 and CIFAR10 datasets.

CIFAR100 CIFARI10
n ResNet-50 WRN-28-10 Pyramid n ResNet-50 WRN-28-10 Pyramid
SGD s 80.83 (0.21) 81.81 (0.29) 81.43 (0.32) S 95.95 (0.11) 96.85 (0.16) 96.41 (0.22)
Averaged s 82.13 (0.22) 83.13 (0.13) 84.23 (0.03) s 96.58 (0.14) 97.24 (0.07) 97.07 (0.08)
SGD [ 82.87 (0.13) 84.23 (0.10) 85.12 (0.20) m 96.89 (0.05) 97.44 (0.04) 97.28 (0.13)
SAM s 82.56 (0.14) 83.80 (0.27) 84.59 (0.24) s 96.34 (0.12) 97.14 (0.05) 97.34 (0.03)
Averaged s 82.64 (0.12) 84.09 (0.30) 85.40 (0.12) s 96.33 (0.10)  97.21 (0.05)  97.34 (0.03)
SAM [ 82.73 (0.28) 84.55 (0.17) 86.00 (0.04) m  96.31 (0.11) 97.20 (0.06) 97.35 (0.06)
—— Train —— Train
4] — Test 4] — Test
v SGD
3 31 « ASGD
2 a q
S, 32 S
1 I
-10 -8 -6 -4 -2 0 2 -0.5 0.0 0.5 1.0 -0.5 0.0 0.5 1.0
Distance Distance Distance

Figure 5: Sections of the train (red) and test (blue) loss landscapes across the parameters obtained by averaged
SGD (distance=0) and SGD (distance=1) for ResNet-50 with CIFAR100 dataset. SGD is run with a small step
size after running averaged SGD with a large step size. The middle figure is the close-up view at the edge. The
triangle and circle markers represent convergent parameters by SGD and averaged SGD, respectively. The right
figure plots smoothed train loss functions (green, darker is smoother) with Gaussian noises in addition to train
and test losses. The blank circles are the minimizers of smoothed objectives.

—— train loss

400 450 500 550 600 650 700 750 800

—— test loss

400 450 500 550 600 650 700 750 800

Figure 6: For ResNet-50 with CIFAR100 dataset, we
run SGD for 200 epochs from a parameter obtained by
the averaged SGD with 600 epochs. The figure depicts
training loss (top) and test loss (bottom). The red line
is a change point of the methods. The learning rate
for SGD is eventually annealed to 0 from 0.02 used for
the final phase of averaged SGD.

jective F' via the alternative view of SGD (Kleinberg

2018)). Specifically, we derived the upper and
lower bound conditions (Theorem and Eq. (5)) for

SGD error D, so that the averaged SGD converges
closer to v, = argmin F'(v) than SGD. Furthermore,
to verify these conditions, we estimated D, under ad-
ditional lower bound on the stochastic gradient noise
and sort of one-point strong convexity for F'. Finally,
we empirically observed that the averaged SGD with a
large step size achieved superior performance on the im-
age classification task and confirmed that the obtained
parameter differs from that of SGD.

Based on our findings, we suggest using large step
sizes for difficult datasets to learn so that SGD itself
oscillates and performs somewhat poorly. Then, by
averaging the parameters, we can expect a significant
improvement in generalization.

One limitation is that to verify the improvement con-
dition: Eq. , we imposed a sort of one-point strong
convexity on F in Proposition which is difficult to
satisfy for neural networks perfectly. We believe Eq.
is met in a broader problem setting and will help us
understand the actual behavior of averaged SGD in
deep learning. Further exploration of this condition is
left to future work.
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1. For all models and algorithms presented, check if
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(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]
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(a) Statements of the full set of assumptions of
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(b) Complete proofs of all theoretical results.
[Yes]

(¢c) Clear explanations of any assumptions. [Yes]
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produce the main experimental results (either
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perparameters, how they were chosen). [Yes]
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Appendix

A Proofs

A.1 Alternative Stochastic Gradient Descent

Let denote by ¢ : R? — R? a change of variables from w to v introduced in Section e, v=p(w)=w-nVf(w).

Lemma A.1. Under Assumption (A1) and n < i, the function ¢ is injective and invertible, and its inverse
o~ defined on on Imy is differentiable.

Proof. For w,w’ € R?%, we suppose p(w) = ¢(w’). Then, it holds that
/ / / 1 /
lw =" = nllVF(w) = V()| < nlllw o' < Slw —w,

where we used L-Lipschitz continuity of Vf due to (A1l). Therefore, we see w = w’ and ¢ is an injection.
Moreover, since J,(w) = I —nV2f(w) = (1 —nL)I = 1I. Thus, ¢ is invertible and ¢~*, which is defined on Im,
is differentiable because of the injectivity and the inverse map theorem. O

Using ¢, we see € (v) = e(p~(v)) for v € Imyp. Let (2, F, P) be a probability space such that € (v) can be
represented as a measurable map z € Q — €/ (v, z). Note that we use €¢'(v) and € (v, z) depending on the situation.
For a function g : R? — R%, we denote by J,(w) Jacobian of g, i.e., Jy(w) = (3gi(w)/8wj)§{j:1.

Lemma A.2. Under Assumptions (A1) and (A2), we get for any v € Imp C R,
V() = BTS¢ (0)] = 1 [ T4V (0 e (0, )dP().

; 1
Moreover, if n < 55, then

IVE () = E[Vf(v—n¢ ()]l < 2002 VE [V f(0 = ne (v))]]2].

Proof. The first equality of the statement can be confirmed by the direct calculation as follows:
VF(v) = VE[f(v —ne'(v))]
— [ VU@ n2)ape)
= 4= 0IZ @)~ e 0. 2)dPC)
=BV (0 =0 (0)] = [ T4 (0)VS (0~ 0 (0,2)dP(2).

Next, we evaluate the last term below. By the chain rule and inverse map theory,
T,y (V) = Je(o1(0,2)(0) = Je,2) (071 (0)) Jp1 (0) = T2y (971 (0)) I H (7 ().
Note that from assumption for any w € R?, J,(w) = I —nV?f(w) = (1 —nL)I = 1. Hence,

1752y @)1z < ITZH ™ )2l 2y (07 (0))]2 < 20,
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Finally, we get

H/‘” 9 (V)Vf (v =€ (v, 2))dP(2)

< ¢ / 175,y () I3IVF(w = el (v, 2))|PAP(2)

< 202\// IVf(v—ne(v,2))[IPdP(z)
< 200 VE[|[V f(v — e (v)]?]-

This finishes the proof. O

The following proposition is the restatement of the well-known convergence result to a stationary point using the
coordinate v.

Proposition A.3. Under Assumptions (A1), (A2), and n < 5=, we get
d 4 2
D E[IV(vr = nepe (o))]P] < %]E[f(%)] + 37701L(T+ 2). (7)
t=0

Proof. It is known that (A1) derives the following (Nesterov, 2004): for any w,w’ € RY,

flw') < f(w)+Vf(w)T(w’—U/)+gllw’—wIIQ- (8)

Substituting the update Eq. into this inequality with w’ = w11 and w = wy, and taking the conditional
expectation E[-|F;], we get

2

E[f (e )] < () = nlV 7 ) |? + LEE (197 ) + i) P17

= st = (1= 2E) 195 + P8 (e 71

< flw) - 29 s 2+ TAE

Thus, we have E[f(ws41)] < E[f(wy)] — ZLE[||V f(wy)||?] + n’ 01 . By summing up this inequality, we get
T+1 4 9

Y E[IVF(w)|?] < %E[f( 0)] + 3mot L(T +2),

t=0

where we used the nonnegativity of f. By dropping the term with ¢ = 0 of the sum in the left hand side and
using wy41 = vy — ey (ve), we finally get

T
S~ BV (o = nefa ()] < 5Bl o)l + S LT +2).
t=0

A.2 Proof of Theorem [3.2]

We give technical lemmas for proving Theorem [3.2]
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Lemma A.4. Under Assumptions (A1) and (A2), run the stochastic gradient descent with T-iterations with the

step size n < 2L, then the alternative SGD satisfies the following inequality:

T 1 T+1
E ZVf(v *7762+1(’Ut)) H < 01\F+5 2 ZE |:||Ut — vy }
t=0
a L s [2
E Z (VF(v)) —E [Vf(ve — nepyr(ve)| 7)) H < 202772O(T2)+20102772\/3L(T+1)(T+2).

t=0

Proof of Lemmal[A.4l By the simple calculation, we get
]E l

Each term in the right-hand side can be evaluated as follows:

T

> V(o - 77€§+1(Ut))|H <E [

t=0

+E

T
Z €141 (ve)
t=0

|

T
Z Vf(ve — 77€t+1(vt))+€t+1 ) H

:

T

Z €141 (ve)

t=0

—_

< -Elllvo = vrq1||] + E

3

1
LBl —vril] < B [Joo —vr ]
1 2 2
V2B [loo = vl + florsa o]

T+1

2 Z E {Hvt - v*||2}.
t=0

IN

IN
\

T

E t+1 (vt)

t=0

r 7

= |E Zuewt)lf]
Lt=0

S Ulﬁu

where we used that for s < ¢, E[e, 1 (vs) €)1 (v)] = E[e, 41 (vs) "E[e} 1 (ve)|F]] = 0.

M=

62+1(’Ut)

| ES—
IN
=

t

Il
<

Next, we show the second statement by using Lemma, and Proposition as follows:

|

T
> (VF(vr) = E [V f(vr = nehyy (v00))| F] |H
=0

E Z HVF(’Ut) —E [Vf(ve — nepyq1 ()| F] H]
t=0

<E |3 2000\ /E[IV (v - n62+1(vt))||2|ft]]

< 205 3 \EIV £ (0 — nel 1 (0)I]

T
< 2noa, [ (T+1) Y E[[|V£(ve — nep 1y (v))]12]
t=0
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2
“no?L(T +1)(T +2)

1
<2 -0(T
_7702\/77 ()+3

2
< 2092 O(T?) 4 20109n? \/3L(T + 1)(T +2).

O

Lemma A.5. Under Assumptions (A1) and (A2), run the stochastic gradient descent with T-iterations with the
step size n < then the alternative SGD satisfies the following inequality:

2L’
1 ) 1 s 4 s 1
" E VFE)| | <o)+ ——— |2 E[u—v* 2]4——00 $L3.

Proof of Lemma[A.5 We consider the following decomposition:

%HE tzT;VF(vt) <7]E zT;VF (ve) = E [V f(ve — nepyq (ve))]|F] ‘H
T
+T7+1]E Zo Vf Ut — n€t+1(7}t>)|ft] Vf(ve — 77€t+1 vt)) ‘H
T
+ mE Zo = ne1(vr)) H .

The first and last terms of the right-hand side can be upper bounded by Lemma The second term can be
evaluated as follows:

Z vf 77€t+1(vt))|]:t] V f (vt 77€t+1 vt)) ‘H
t=0
. >
< |E Z (E [Vf(vt - 7762+1(Ut))|-7:t] =V f(v — 77€f:+1(”t)))

[T
=\ E|D_INE [V (o = netay (00))|Fe] = VF (0r = €41 (vr))) ||2]

t=0

r T
<L|E 4772L22E [HGQH(W))HQ"E”

t=0

< 2nLoq VT ,

where we used that for X; = E[Vf(vy —ne, 1 (v)|F] — V(v — nepyq(v)) and s < ¢, BX,Xy] =
E[XE[X¢|F:]] = 0. Therefore, we eventually obtain the statement of the proposition. O

We here prove Theorem [3.2] which is restated below.

Theorem A.6. Under Assumptions (A1)—-(A4), run the averaged SGD for T-iterations with the step size
n < then the average Ur satisfies the following inequality:

$13 2
E[H@T—v*n]go(T-%)Jri‘wl"Q” CLUNELC Sy R
V3p nu VT +1 [

where we set Dp 1= \/T1+1E [EtT:O [|ve — U*HQ]

2L’
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Proof. We define R(v) = VF(v) — V2F(v,)(v—v,). Then, by (A4), we see || R(v)|| < v+ M|lv—v.||?. By taking
average of R(vt) over t € {0,1,...,T} and rearranging terms, we get

T
2 _
V2F (v,)(Tr — vy) T+1§:VFm T+1;:Rm

Using the positivity of V2F(v,) and taking the expectation, we get
PE[[or — o] < E[[V2F(v.) (@7 —v.)|]

> VF(v)

T

2R

=0
T
>l ]

The first term of the right-hand side can be bounded by Lemma [A.5] Thus, we finally get

+———E

M g
Tt

1 4010217%L% = a 2
uHMT—mmgO(T2)+ e+ T+1 2§ﬁﬂwrwm}+y+fiﬂzéyw—mn.
Moreover, Jensen’s inequality yields E[||tr — v.|]] < /E[||[or — v«]|?] < Dz. This concludes the proof. O

A.3 Proof of Propositions [3.4] and [3.5]

We prove Proposition which is restated below.
Proposition A.7. Under Assumptions (A1), (A2), and (A5), run SGD for T-iterations with the step size

n < 2L, then we get

2 2 2 2L 2 2
D2 §O(T71) + no1 + 8n~o1 1+ 103 )
T c 3c c

Proof. To evaluate |[v;11—v4||? for the alternative SGD , we first give several bounds as follows. By Assumption
(A3), Young’s inequality, and Lemma we get

= 2(ve — v.) "E[V f(ve — nepy (ve))| ]
= —2(v — v.) "VF(ve) 4 2(v — v.)  (VF(vy) — B[V f (0 — nepy (ve)) | Fe])
< =2¢f|vy — va|* + cl|vr — v + %HVF(%) — E[Vf(vr — nej o (0)| F|1?

2 dn*o3 ’ 2
< —cflue —va” + — B IV f (v = net s ()11 F] -
By Assumption (A2) and Young’s inequality again, we get
Efllet 1 (ve) + V f(ve — nep 1 (ve)) 17| F¢]
< 2E[|let 1 (ve) |21 F] + 2E[[|V f (ve — ey 1 (v0)|*[F]
< 207 + 2E[|[V f (v — ney1 (v0) [P F)-
Combining the above two inequalities, we get
Efl[vers — vel?|Fe] = Ellvr — negyy (ve) — 0V f(vr = negy (ve) — v |*| 2]
= Jlos — vl = 2n(vr — v.) "E[V f (0 = nep (ve))|F]
+07E[|l€41 (ve) + V(00 = negyr (v0))II°|F
< (1= en)or — vl + 2707

2no2
+ 2n? <1 + 77(;2> E “Wf(vt - 77€;+1(Ut))”2|]:t} :
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Taking the expectation regarding all histories and summing up over t =0,1,...,T, we get
T
ey Ell|vr = v’ < Ellvo — val*] = Efors1 — va]*] + 2007 (T + 1)
t=0

2no? )
v (14 22} 3B [19 o = s ()P
Py
< Elllvo — ve||?] — Ef[lorg1 — vel?] 4+ 20°0F (T + 1)
8 2no. 4 2no2
+ 3" (1 + 7702> E[f(wo)] + §W3 ( ﬂc 2) ot L(T + 2),

where we used Proposition Therefore, we conclude

T 0_2
L STE[or - 0] € — o — v 2] + (” = ) E[f (wo)

T+1= en(T+1) 3e(T+1) c
2 2 8 2 2 2
Tl (1 + 7702) ot L
c 3c c
2no?  8n? 2o
—o(r )+ 22 L 20 (1 + ’702) o2L.
c 3c c

We prove Proposition [3.5] which is restated below.
Proposition A.8. Suppose that Assumptions (A1) and (A2) hold, and that there exists o3 > 0 such that for

any w € R, E[||e;11(w)]|?] > 02. Running SGD with n < we get

32 2L’

2 2
n-os

8

<D} +0O(T™).

Proof. Let us evaluate the term E[[|w; — v,||?] as follows. On one hand, by using the update rule of SGD, for
t>1,

E [[Jw; — va]?] = E [Jlwe—1 = 0V f(we—1) = ner(wi—1) — 0.’
= E [[Jwi—1 = nV f(weo1) = va|* = 2ner(wi—1) (w1 =V fweo1) — vi) + 02 [ler(wi—1)[1?]
ZE[Hwt 1=V f(w )—U*H2+?72||€t(wt71)||2]
> o

where we used ]E[et(wt,l)—r(wt,l —nVf(wi_1) — ve)] = E[E[es(wi—1)|Fi—1] T (wi—1 =V f(wi—1) — v,)] = 0. On
the other hand, by using vy = wy — nV f(wy),

E [[lwe — vi|*] = E [[loe + 0V f(we) — v.]?]
< 2E [[lve — val* + 0 [V f (wi)|*] -

Hence, by taking the sum over t € {0,1,...,T}, we have

!

t=0

T

1 1

Sllwo = v + 572037 < S B [fog — val?] + 72 DB [IVF(w)]
t=0
T

M=

E [Joe = velP] + 0% Y CE [V (wern)IIP] + 7?1V f (wo) |>.
t=0

“
i
=

Since wy1 = vy — Nepy1(wy), we get by apply Proposition
T

1 1 4 2
Slhwo = vul? + 572037 < ST B [Joe = val?] + GuELf (wo)] + Sn* o LT +2) + 7|V f (o) .
t=0
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Figure 7: The left figure plots the mollifier g5 (blue) and smoothed mollifier G5 (orange), and the right figure
plots the objective f (blue) and smoothed objective F' (orange). Hyperparameters are set to § = 0.3, r = 1, and
n=0.3.

Therefore, we have

T

Loo 43 1 2 1 4 2 2 1 2
iR oiL < Tr1 ;:o]E [lve — val?] + Tr1 gﬁE[f(wo)] + 07|V f(wo)l|” — §||w0 — ol
;I
_ 2 -1
7T7+1§ E [|lve — v.|’] + O(T ™).
t=0
Since < 395 h In202 < in?262 — 29362 L. Theref the ab i lit ludes th f O
1 < 35047, we have gn?of < 10’03 — 3’0 L. Therefore, the above inequality concludes the proof.

B DMotivating Example 1

We present an example that demonstrates the implicit bias of SGD and averaged SGD. Moreover, we theoretically
and empirically verify that averaged SGD can get closer to a flat minimum than SGD.

B.1 Problem Setup

In this section, we present a motivating example that verifies the convergence to a flat minimum and a certain
separation between SGD and averaged SGD. We consider a one-dimensional objective function f: R — R defined
below: for § > 0,

1
Flw) = 5w =17+ gs(w), 9)
where g5 : R — R is a scaled mollifier:

—d exp <1 - 1_(115)2) (Jw| < §),
0 (|w| > 6).

gs(w) =

gs(w) = dg1(w/0) is a scaling of the well-known mollifier of g; which is an infinitely differentiable function with a
compact support. That is, gs is a smooth function whose support is [—6, d]. Note that the function f(w) has a
local minimum in [—§, 6], which becomes sharp when § is small. See Figure m which depicts graphs of g5, Gs, f,
and F.

The maximum values of the first and second derivatives of g; are bounded. Thus, we define constants C,Cs by

€1 = max {1, max g (w)|} , €3 = max|gf (w).
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Since g§ (w) = +g7(w/§), we see the second derivative of gs is bounded by C20~'. Hence, Lipschitz smoothness
(boundedness of Hessian) L of fis 1+ Cy6~ 1.

Next, we consider the uniform noise on the interval [—r,r] for » > 0, i.e., € ~ U[—r,r] and suppose €(w, z) =
€(z)(= € (v, z)) where Q 3 z — €(w, z) is an explicit representation of the random noise. In other words, noise

distribution does not change in w. In this case, we see 07 = 0% = E[¢?] < g and o2 = 0. The smoothed objective
F with the noise € and step-size 7 is

F(v) =E[f(v—né)]
= %(v — 1?4+ n%0? +E[gs(v — ne')]

~ 300 =17 + Elgs(v - ).

We consider the following problem setup:

1
< - -
o< 4(1+2C)’ (10)

r> %401(6+02)- (11)

Note that we can choose arbitrarily small § > 0 and large r which satisfy the above inequalities. Under these
conditions, we can choose the following step size 7 for appropriate smoothing.

2C416 1 1) 30
<p< _— 12
r = mm{4r 7’ 32(5+C’2)} (12)

2
We note that the above step size satisfies n < min {%, 323;%} required in Propositions and since
1

36 3 303

__ 3 _ 3 2% L
32(6+C2) — 32L — 320%L 2L"

B.2 Evaluation of SGD and Averaged SGD

Under the above setup 7, we can estimate constants appearing in the convergence results of SGD and
averaged SGD as follows (for the detail see the next subsection):

Cg 2 277“2

1 8
L:1+?701:0—3—§, *,WZO,M:§ (13)

oo =0,p=1, 0:3

Moreover, the minimum of the smoothed objective is v, = 1, and a sharp minimum (~ 0) can be eliminated by
smoothing.

Therefore, for SGD we obtain by Proposition [3.4]

Z [llve = va|?)

=0

2 2 2
<oT )+ 2no? N 8n?oiL (1 N 27]02)
c 3c c

<0 (T_l) + 6nr? + 8n’r? (1 + C;) .

We see from this inequality, n, = %15 is the best choice of the step-size, resulting in

Dy <0 (T—W) + \/12016r + 32026 (8 + C),

and

Q
>,

< Dy < 2\/(37“ + 801C2)C1(5 + 4\/5015,

SIS
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Figure 8: The figures plot the convergent points of SGD and averaged SGD for the problem @D For the left case,
weset 0 =0.1, r =1, n =§/r = 0.1 and for the right case, we set 6 = 0.3, r =1, n =4§/r =0.3.

where we applied Proposition for the lower bound. This result means SGD avoids a sharp minimum (i.e.,
v ~ 0 under small § > 0) and converges to a flat minimum v, = 1, and a too large noise will affect the convergence
to v,.

Hence, Eq. (B): 0 < Dy < 9/8 is satisfied under the above setting with mildly small §, meaning that the error of
averaged SGD is strictly smaller than that of SGD since limy_,« E[|[vr — v.[|] < $DZ by Eq. . We empirically
observed this phenomenon in Figure [§ in which we run SGD and averaged SGD for problems with small § = 0.1
and relatively large 6 = 0.3.

B.3 Estimation of Constants

We verify the estimations of constants in . L, 02, and o, are already obtained, thus, y,c, and M remain.

Minimum and estimation of p. We first see that under our problem setting, the local minimum around the
origin is eliminated and 1 is the optimal solution of F, i.e., v, = 1.

The smoothed function Gs(v) e Elgs(v — ne')] and its derivative G’(v) are calculated as follows:

" 1
Gs(v) = / gs(v — nt)gdt,

" 1
Gs(v) = 5(v—nt)—dt.
50 = [ dho-m;
By taking into account supp(gs) = [—9, ], the smoothed objective Gs(v) is constant on {|v| < nr — 4§} U {|v| >
nr + ¢}, and thus, G is non-zero only on supp(G%) = [-nr — §, —nr + 6] U [nr — &, nr + §]. For graphs of g5 and
Gs, see Figure [7] (left). Since nr + 6 < 1/4 under (12), Gy is a constant around v = 1, that is, v = 1 is still a local
minimum of F.

We evaluate the bound on G5 on supp(GYj) below. For v € [nr — §,nr + 6] the support of g5(v —nt) in t € R is
[(U - 6)/777 (U + 6)/77]7 we get

" 1
0<Gh(w) = [ gilo—nt)5

—-r

> 1

< lg5(v —nt)] 5 -dt

/_Oo 2r
v+d

" (o — )| —at
= v — —
v—4 95 " 27’

n
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v+

71 C16
< —dt = —
>~ Cl /ﬂ 2Tdt nr 9

where we used |g5(v)| = |g1(v/d)| < Cy. A bound on [—nr — J§, —nr + §] is also obtained in the same way. Thus,
we see

R < Giv) <0 (Ve[ b, —nr +4)),
0< Giv) < S (ve [npr— 6, +6)),
Gs(v) =0 (else).

If there are additional stationary points of F', they should exist in [nr — &, nr 4+ 6] = supp(G%) \ [—nr — 6, —nr + ]
because of the sign of G and supp(Gj) C (—o0,1/4). However, since nr+§ < 1/4 and 6;7—1;5 < 1/2 under , we
see
Ci6 1 1 1
Fl(v) < -1+ 20 < 14— 2
UG[UE%;(]TJr&] (U) - (777" + ) + nro 4 + 2 4

Hence, v, =1 is the unique local minimum (i.e., optimal solution) of F' and we can conclude p = 1.

Estimation of ¢. From the above argument, we get

F'(v)(v = 1) = (v=1)* + G5(v)(v - 1)

(v—1)2 (v € [-nr — &, —nr +4)),
> (=12 4+ -1)> (v-1)+5(v—1) (vepr—3nr+d),
(v—1)2 (else).

Clearly, 1/2 < 2(1 —v)/3 for v < nr+ 4 < 1/4. Thus, F'(v)(v—1) > (v —1)?/3 on v € [yr — §,nr + 6] and we
conclude ¢ = 1/3.

Estimation of v and M. Noting v, =1 and F”(1) =1, we have
[F'(v) = F"(vi) (v = vi)| = (v = 1) + G5(v) = (v = 1)| = |G5(v)].

Because of the problem setup, it is enough to verify v = 0, M = § satisfy |G5(v)] < M|v—1|*> on v € [gr—§,nr+4].
Since |G%(v)| < 1/2 and v < 1/4 for v in this interval, we have

1 9
IG5 (v)| < 5 < MTG < M(w—1)>~%

This concludes vy =0, M = %.
C DMotivating Example 2

We provide an example for which SGD and averaged SGD behave in significantly different ways. For this example,
the convergence of SGD cannot be guaranteed whereas averaged SGD can converge.

C.1 Problem Setup

We consider a one-dimensional objective function f : R — R defined below: for § > 0,

1
Flw) = 50 + gs(w), (14
where g5 : R — R is a scaled mollifier:
5%e 11—t w| < d),
ga(w) =4 PTGy ) (el
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Figure 9: The left figure plots the mollifier g5 (blue) and smoothed mollifier G5 (orange), and the right figure
plots the objective f (blue) and smoothed objective F' (orange). Hyperparameters are set to § = 0.2, r =1, and
n=0.2.

The function f is symmetry and has two local minima. Taking the derivative at v = ad (a > 0), we see

F(ad) = ad (1 _ ﬁexp (1 - 1_1a2>) _

Therefore, the value of @ > 0 such that f’(ad) = 0 is independent of §, meaning optimal solutions of f are O(4).

Let € ~ U[—r, 7] be the uniform distribution as in Section [Bl Then, the smoothed objective F' with the noise ¢’
and step-size 7 is

1
F(v) = 5v* + 107 + Elgs (v = ne')]
1
~ 2% + Elgs(o — )]

Figure [0 depicts the above functions. We note that gs is slightly different from that in the previous section.

We define constants C, Cy as follows:
Cy = max |g) (w)], Cp = max{1, max|g}/(w)[}.

For sufficient smoothing, we consider the following problem setup:

C16% < (e = 9), (15)
Cad < % (16)

Note that for a given nr > 0, the above conditions can be satisfied if § > 0 is sufficiently small.

2
Lipschitz smoothness L of f is L = 1 4 Cq, and hence 7 should satisfy 1 < min {323;%, i} = % = m
We note contrary to the case in the previous section, L does not suffer from ¢. Hence we do not need to make 7

small depending on §.

C.2 Evaluation of SGD and Averaged SGD

Under conditions and , we can estimates constants appearing in the convergence results of SGD and
averaged SGD as follows (for the detail see the next subsection):
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2 1 C 6%
+ Ca, %51 03 3 y 02 y K , C 27 v nr

, M =0. (17)

Moreover, the smoothed objective F' has a unique solution v, = 0 as shown in the next subsection.

Therefore, for SGD we obtain by Proposition

T
7= D Elllve — ]
T t *
T+1~
2 2 2 2
<o)+ 2no? N 8n?c?L (1+ 27702)
c 3¢ c
-1 2, 16 5 5
<O(T™) +4nr T (1+Cy).
That is,
—-1/2 2, 450
Dy SO(T )—!—2 nr —|—§77 r2(1+ Cs), (18)
and
nr 1+ Cy
—— < Dy <2/nr +4nr )
206 Vi =g

where we applied Proposition for the lower bound. Taking into account , we see the right hand side of
this bound is ©(d). Then, since the optimal solution of f is also O(4), we can see that upper-bound on SGD
cannot distinguish solutions of the original function f and the smoothed objective F.

On the other hand, the condition Eq. : C162/(nr) < Doy < oo is satisfied under the setting 62 < n?r2. Then,
we have limy_, o E[[|[o7 — v.||] < C182/(nr) by by Eq. . Since, § can be small independent of ) and r, averaged
SGD can approach a solution v, = 0 of F' up to O(6?).

This difference between SGD and averaged SGD is intuitively understandable. In the case of using a large step
size compared to d (i.e., 62 < n?r?), SGD does not converge to a point and hence oscillates in the valley. Then,
its mean should be located almost at the origin (i.e., v,), meaning the convergence of averaged SGD. In the case
of using a small step size, both SGD and averaged SGD do not converge to v, but converge to a minimizer of f.
Indeed, we empirically observed this phenomenon in Figure [I0] Both SGD and averaged SGD using small step
size 7 = 0.01 compared to § converge to the solutions of f because of the weakened bias and precise optimization.
On the other hand, when using a relatively large step size n = 0.2, SGD cannot converge, whereas averaged SGD
converges to the solution v, = 0 of F' very accurately.

C.3 Estimation of Constants

Minimum and estimation of y. In a similar way to Section [B] the smoothed function G5(v) = Elgs(v — nt)]
and its derivative G satisfy the following. By taking into account supp(gs) = [—9, 6], the smoothed objective
Gs(v) is constant on {|v| < nr—40}U{|v| > nr+ ¢}, and thus, G is non-zero only on supp(Gfs) = [—nr — 0, —nr +
0] U [nr — &, nr + &]. Specifically, we obtain

0< Gj(v) < C%f (ve[-nr—206—nr+4d),

2
—GE < Giv) <0 (ve =8+,
Gs(v)=0 (else).

It is verified that the derivative of F' vanishes only at v = 0 as follows. If there is a point so that F’(v) = 0 other
than v # 0, v should be in supp(Gs). For v € [nr — §,nr + 6], we get

162

F'(v)=v+G5v) >nr—46 — >0,
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Figure 10: The figures plot the convergent points of SGD and averaged SGD using small step size n = 0.01 (left)
and appropriately large n = 0.2 (right). For both cases, we set § = 0.2 and r = 1.

where we used (15). In a similar way, we have F'(v) < 0 on v € [-nr — &, —nr + 4]. Moreover, F'(0) = 0 clearly
holds. Thus, v, = 0 is a unique solution.

Since Gy is constant on [—nr 4+ §, nr — 6] under the condition , we see G (0) = 0. Therefore, we get F”'(0) = v,
and hence p = 1.

Estimation of ¢. From the above argument, we get

F'(v)v =v* + G§(v)v

v+ S8y (v € [—gr — 8, —r + ),
>4 v =Gy (ve[pr— 8 +4)),
v? (else).

Since C;—f < ”T;‘s < —% on [-nr —§,—nr 4+ 4] and C;]—EQ < %76 < § on [nr —d&,nr + 4], we have F'(v)v > %
Thus, ¢ = %

Estimation of v and M. Since G§(0) = 0, we have F'(v) — F"(0)v = G%(v) for any v € R, leading to
|F'(v) — F"(0)o| = |G} (v)] < S22, Hence, v = 2% and M = 0.

nr nr

D Additional Experiments

Table 3: Comparison of test classification accuracies on CIFAR10 dataset. All methods adopt the multi-step
strategy for the step size schedule.

CIFARI10
n ResNet-50 WRN-28-10
SGD S 95.95 (0.10) 96.85 (0.16)
s 96.58 (0.14) 97.24 (0.07)
A‘géa]%ed m  96.89 (0.05) 97.44 (0.04)

l 96.27 (0.16) 97.05 (0.09)

We run SGD and averaged SGD on CIFAR10 dataset with the step size strategy I’ under the same settings as
in Section [ Table [3]lists the results including this case. We observe that the large step size 7’ does not work
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Figure 11: The figure depicts the curve of the trace of Hessian V2 f(w) and test loss functions achieved by SGD,
SGD with large step size, and averaged SGD. Each algorithm is run to train the standard convolutional neural
network on Fashion MNIST dataset.

so well on CIFARI10 dataset compared to other schedules. We hypothesize this is because CIFAR10 is not so
difficult dataset and does not require stronger bias induced by a larger step size.

We also validate the cosine annealing strategy for the step size, which is frequently used due to its excellent
performance. We used the symbols ‘s’, ‘m’, and ‘I’ for the cosine annealing depending on the last step sizes
which are set to 0, 0.004, and 0.02, respectively. The parameter averaging for averaged SGD is taken over the last
quarter of the training. From the table, we observe the usefulness of parameter averaging for the cosine annealing
schedule as well.

Table 4: Comparison of test classification accuracies on CIFAR100 and CIFAR10 datasets. All methods adopt
cosine annealing for the step-size schedule.

CIFAR100 CIFAR10
7 ResNet-50 WRN-28-10 Pyramid 7 ResNet-50 WRN-28-10 Pyramid
SGD S 82.26 82.68 82.97 s 96.58 97.00 96.66
Averaged s 83.89 84.28 85.14 s 97.01 97.28 97.07
SGD l 83.21 84.49 85.47 m 96.86 97.51 97.32
SAM S 83.35 84.64 86.24 s 96.40 96.89 97.61
Averaged s 83.18 84.94 86.79 s 96.56 97.14 97.55
SAM l 83.58 85.26 86.84 m 96.51 97.19 97.48

Finally, we run SGD, SGD with a large step size, and averaged SGD to train the standard convolutional neural
network on Fashion MNIST dataset to confirm how efliciently sharpness and classification accuracy can be
optimized by each method. We note the large step size used for SGD is the same as that for averaged SGD. We
plot the trace of Hessian V2 f(w) and test loss functions in Figure From this figure, we observe that the
averaged SGD converges to a flatter region and achieves the highest classification accuracy on the test dataset as
expected in our theory.

E Related Literature and Discussion

Flat Minimum. [Keskar et al.| (2017) and Hochreiter and Schmidhuber| (1997) showed a flat minimum generalizes
well and a sharp minimum generalizes poorly. However, |Dinh et al.| (2017) pointed out that the flatness solely
cannot explain generalization because it can be easily manipulated. Neyshabur et al| (2017)) rigorously proved
the sharpness combined with ¢3-norm provides a generalization bound and |Jiang et al.| (2020) confirmed this
strong correlation through large scale experiments. [Keskar et al| (2017) also argued that SGD converges to a flat
minimum and argued that the averaged SGD tends to converge to an asymmetric valley due to
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the stochastic gradient noise. Indeed, several works (Kleinberg et al., 2018} |Zhou et al.l 2020)) justified the implicit
bias of SGD towards a flat region or asymmetric valley. Moreover, Izmailov et al.| (2018)); [Foret et al.| (2020);
Damian et al (2021); |Orvieto et al.| (2022); Kaddour et al. (2022)) studied the techniques to further bring out the
bias of SGD with improved performance. In particular, SAM and SWA achieved a significant improvement in
generalization. In our paper, we show that parameter averaging stabilizes the convergence to a flat region or
asymmetric valley, and suggest the usefulness of the combination with the large step size for the difficult dataset
which needs a stronger regularization. Besides, several authors proposed methods that explicitly inject noise for
improving generalization (Chaudhari et al| [2019), in particular for the large batch setting (Wen et al., |2018;
Haruki et al.l |2019; Lin et al., |2020)).

Markov Chain Interpretation of SGD. Dieuleveut et al.| (2020); Yu et al| (2020) provided the Markov
chain interpretation of SGD. They showed the marginal distribution of the parameter of SGD converges to an
invariant distribution for convex and nonconvex optimization problems, respectively. Moreover, Dieuleveut et al.|
(2020) showed the mean of the invariant distribution, attained by the averaged SGD, is at distance O(n) from the
minimizer of the objective function, whereas SGD itself oscillates at distance O(,/7) in the convex optimization
settings. [Izmailov et al. (2018)) also attributed the success of SWA to such a phenomenon. That is,
(2018) explained that SGD travels on the hypersphere because of the convergence to Gaussian distribution and
the concentration on the sphere under a simplified setting, and thus averaging scheme allows us to go inside of
the sphere which may be flat. We can say our contribution is to theoretically justify this intuition by extending
the result obtained by |Dieuleveut et al.| (2020]) to a nonconvex optimization setting. In the proof, we utilize
the alternative view of SGD (Kleinberg et al., [2018) in a non-asymptotic way under some conditions not on
the original objective but on the smoothed objective function. Combination with the Markov chain view for

nonconvex objective (Yu et all [2020) may be helpful in more detailed analyses.

Step size and Minibatch. SGD with a large step size often suffers from stochastic gradient noise and becomes
unstable. This is the reason why we should take a smaller step size so that SGD converges. In this sense, the
minibatching of stochastic gradients clearly plays the same role as the step size and sometimes brings additional
gains. For instance, Smith et al.| (2017) empirically demonstrated that the number of parameter updates can be
reduced, maintaining the learning curves on both training and test datasets by increasing minibatch size instead
of decreasing step size. We remark that our analysis can incorporate the minibatch by dividing o7 and o3 in
Proposition and by the minibatch size, and we can see certain improvements of optimization accuracy as
well.

Edge of Stability. Recently, |Cohen et al|(2021) showed the deterministic gradient descent for deep neural
networks enters Edge of Stability phase. In the traditional optimization theory, the step size is set to be smaller
than 1/L to ensure stable convergence and we also make such a restriction. On the other hand, the Edge
of Stability phase appears when using a higher step size than 2/L. In this phase, the training loss behaves
non-monotonically and the sharpness finally stabilizes around 2/7. This can be explained as follows
; if the sharpness around the current parameter is large compared to the step size, then gradient
descent cannot stay in such a region and goes to a flatter region that can accommodate the large step size. There
are works (Arora et al] 2022} [Ahn et all [2022]) which attempted to rigorously justify the Edge of Stability phase.
Interestingly, their analyses are based on a similar intuition to ours, but we consider a different regime of step
sizes and a different factor (stochastic noise or larger step size than 2/L) brings the implicit bias towards flat
regions. We believe establishing a unified theory is interesting future research.

Averaged SGD. The averaged SGD (Ruppert), [1988; [Polyak and Juditsky}, [1992) is a popular variant of
SGD, which returns the average of parameters obtained by SGD aiming at stabilizing the convergence. Because
of the better generalization performance, many works conducted convergence rate analysis in the expected
risk minimization setting and derived the asymptotically optimal rates O(1/v/T) and O(1/T) for non-strongly
convex and strongly convex problems (Nemirovski et al., 2009; Bach and Moulines, 2011} [Rakhlin et al. |2012;
[Lacoste-Julien et all, [2012). However, the schedule of step size is basically designed to optimize the original
objective function, and hence the implicit bias coming from the large step size will eventually disappear. When
applying a non-diminishing step size schedule, the non-zero optimization error basically remains. What we do in
this paper is to characterize it as the implicit bias toward a flat region.
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E.1 Technical difference.

The proof idea of Proposition relies on the alternative view of SGD (Kleinberg et al., [2018) which shows the
existence of an associated SGD for the smoothed objective. However, since its stochastic gradient is a biased
estimator, they showed the convergence not to the solution but to a point at which a sort of one-point strong
convexity holds, and avoid the treatment of a biased estimator. Hence, the optimization of the smoothed objective
is not guaranteed in their theory. On the other hand, optimization accuracy is the key in our theory, thus we
need nontrivial refinement of the proof under a normal one-point strong convexity at the solution.
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