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Abstract

The Conditional Gradient (or Frank-Wolfe)
method is one of the most well-known
methods for solving constrained optimization
problems appearing in various machine learn-
ing tasks. The simplicity of iteration and ap-
plicability to many practical problems helped
the method to gain popularity in the com-
munity. In recent years, the Frank-Wolfe al-
gorithm received many different extensions,
including stochastic modifications with vari-
ance reduction and coordinate sampling for
training of huge models or distributed vari-
ants for big data problems. In this paper, we
present a unified convergence analysis of the
Stochastic Frank-Wolfe method that covers
a large number of particular practical cases
that may have completely different nature of
stochasticity, intuitions and application ar-
eas. Our analysis is based on a key paramet-
ric assumption on the variance of the stochas-
tic gradients. But unlike most works on uni-
fied analysis of other methods, such as SGD,
we do not assume an unbiasedness of the real
gradient estimation. We conduct analysis for
convex and non-convex problems due to the
popularity of both cases in machine learning.
With this general theoretical framework, we
not only cover rates of many known meth-
ods, but also develop numerous new meth-
ods. This shows the flexibility of our ap-
proach in developing new algorithms based
on the Conditional Gradient approach. We
also demonstrate the properties of the new
methods through numerical experiments.
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1 INTRODUCTION

In this paper, we are interested in the constrained op-
timization problem

Inin, f(z), (1)
where X is a convex set. This problem is a cornerstone
of applied mathematics, including machine learning.
The problem is at the heart of model training, from
classical regressions (Shalev-Shwartz and Ben-David|
2014) to neural networks (Goodfellow et all [2016).
There are many approaches for solving . When pro-
jection onto a set is expensive (e.g. projection onto the
nuclear norm-ball require a full singular value decom-
position) or not possible at all (e.g., dual structural
SVMs (Lacoste-Julien et al., [2013])), the Frank-Wolfe
method (Frank and Wolfe| [1956)), also known as Con-
ditional Gradient (see a big survey (Braun et al.| [2022)
for more details), is a good option for dealing with ([I}).
This approach is based on considering a linear mini-
mization problem on X'. The Frank-Wolfe algorithm is
one of the classical optimization methods, but it is still
relevant even now. Particularly it finds applications
in submodular optimization (Bach, 2011), multi-class
classification (Hazan and Luo, 2016), vision (Miech
et al., 2017;|Bojanowski et al.||2014)), group fused lasso
(Bleakley and Vert, |2011)), reduced rank nonparamet-
ric regression (Foygel et all |2012)), trace-norm based
tensor completion ((Liu et all 2013)), variational in-
ference (Krishnan et al., |2015) and routing (LeBlanc
et al., |1975), among others.

Current world reality encourages avoiding the deter-
ministic setting of (1) and favoring the various stochas-
tic ones. For instance, we often meet problems
with an expectation form of target function: f(z) =
Een[f(2z,£)]. Here D is usually associated with un-
known distribution, like in terms of machine learning,
it corresponds to some nature of the data. In such a
setting, it is clearly impossible to compute the full de-
terministic gradient. But, despite the fact that data
distribution is unknown, we can sample from D and
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replace the expectation form with approximation via
Monte Carlo integration: f(z) = =37, fi(x) with
n samples. However, modern application problems
become increasingly larger and more computationally
complex. Therefore, even for this sum-type problem,
computing the full gradient is expensive and should be
avoided. We can consider absolutely different random-
ization techniques in methods to be computationally
efficient, e.g., in SGD-type methods stochasticity can
be achieved by choosing data batches (Roux et al.
2012} [Defazio et all, 2014; [Johnson and Zhang], 2013
Nguyen et al.,[2017al), computing gradient coordinates
(Nesterov, [2012; Nesterov and Stich, 2017; Richtarik
land Takac| 2013; |Qu and Richtarikl, 2016)), or even
by using compression operators (Seide et al. [2014a;
Alistarh et all, [2017; [Wangni et all 2018} [Mishchenko
et al.| [2019), client samplings (Cho et al.,|2020; Nguyen
et al.,[2020; Ribero and Vikalol [2020;|Chen et al., [2020))
in distributed and federated settings (Konecny et al.,
2016; Kairouz et al., 2019). Following the trend, we
consider a stochastic version of the Conditional Gra-
dient method: i . .
st = argirél/_r‘}(g ,s— ),

(2)

$k+1 _ (

1 —ne)az® + mps®,
where g* is some stochastic estimator of the real gra-
dient V f(z*).

Over its long history, the Frank-Wolfe method re-
ceived a huge number of different modifications in the
form , most of them in the last decade. Here one
can note modifications related to variance reduction
(Reddi et al., |2016; [Hazan and Luo, 2016; |Qu et al.,
[2018; [Yurtsever et al,[2019;|Gao and Huang), 2020}
giar et all [2020} [Lu and Freund, 2021} [Weber and Sral,
2022; Beznosikov et al. |2023), coordinate randomiza-
tion (Lacoste-Julien et al. |2013} [Sahu et al. 2019),
and distributed computation (Bellet et al.,2015; Wang

extensions?

2. What new stochastic modifications of the
classical Conditional Gradient can we possi-
bly invent based on this unified analysis?

1.1 Owur contribution

e Unified analysis of Stochastic Frank-Wolfe.
We propose a general assumption on the stochastic
estimator ¢gF from Stochastic Frank-Wolfe — see
Assumption [2.1] Below we note in more details that
our assumption is broad and encompasses many spe-
cial cases, in particular, those that could not be ana-
lyzed in a unified way before. Under Assumption [2.1]
we present general convergence results for the problem

()

e Convex and non-convex cases. Motivated by
various applications primarily from machine learning,
we provide the unified analysis in the convex (Theo-
rem and non-convex (Theorem cases of the
target function f. This is also interesting for special
cases, since the authors of some papers do not give an
analysis in both setups.

e Without assumptions of unbiasedness. In our
key Assumption we bound the variance E[||gF —
V f(«*)||?] using universal letter constants and an ad-
ditional auxiliary sequence. Similar assumptions are
made in papers on analysis of the SGD family meth-
ods (Gorbunov et al., 2020; [Li and Richtarik, 2020;
Khaled et al., [2020)). But these works also addition-
ally assume that the stochastic gradient ¢* is unbi-
ased, ie., E[gF | 2*] = Vf(2¥). We avoid this as-
sumption, it extends the class of methods that can
be considered under our assumptions compared to the
works around the SGD-type methods. For example, it
allows to prove the convergence of distributed meth-
ods with biased/greedy compression (Stich and Karim-|

et al., 2016; [Hou et all) [2022). However, all of these
separate practical variants of the Conditional Gradient
method have different intuitions of convergence, var-
ious formal techniques of proving and do not always
cover the same cases of assumptions on the target func-
tion f. Moreover, there remains a rather large gap in
what can still be done in the creation of Frank-Wolfe’s
modfications. Namely, there are advanced SGD-type
methods that have not yet been adapted for use within
the Frank-Wolfe iteration. These include some new
coordinate approaches and approaches to finite-sum
problems. Meanwhile, these two techiques help to ad-
dress the main bottleneck of distributed algorithms —
expensive communications. All of mentioned issues
lead us to the two key questions of this paper:

1. Can we conduct a novel general analysis
of the Stochastic Frank-Wolfe unifying special
cases and providing the ability to design new

ireddy}, 2019} Richtarik et al.| [2021)) or SARAH-based
variance reduced methods (Nguyen et al. [2017D).

e Vast number of new special cases. The previ-
ous point already gives an indication of the breadth
and flexibility of the approach. Our general theo-
retical framework allows us to analyze different vari-
ants of the classical Frank-Wolfe method. Guided by
algorithmic advances for solving unconstrained min-
imization problems we present a new method with
coordinate randomization (SEGA FW), a new variance-
reduced method (L-SVRG FW, SARAH FW, SAGA FW),
new distributed methods with unbiased compression
(DIANA FW, MARINA FW) and biased compression (EF21
FW), and others. Although the SGD-type analogs of
these methods are known for solving primarily un-
constrained minimization problems (Hanzely et al.
2018 [Kovalev et all [2020; [Gorbunov et all [2021

Richtarik et al.| |2021)), they were never integrated into
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the Frank-Wolfe iteration for solving projection-free
free constrained problems. We also demonstrate that
our general theorems allow to obtain convergence for
methods that are combinations of the two basic ap-
proaches, i.e, SAGA SARAH FW and others. Moreover,
we presents absolutely new methods that are not found
in the literature on SGD. This algorithm uses spe-
cial coordinate randomization. JAGUAR is a new co-
ordinate method. Q-L-SVRG FW is a new distributed
method with unbiased compression. This method is
based on non-distributed L-SVRG FW: instead of the
randomness of choosing a batch/term number, ran-
domness from compression is used. PP-L-SVRG FW is
a new distributed method with client sampling also
based on non-distributed L-SVRG FW.

e Sharp rates for known special cases. For the
known methods fitting our framework our general the-
orems either recover the best rates known for these
methods. These methods include SARAH FW, SAGA
SARAH FW (Beznosikov et al., 2023)).

e Numerical experiments. In numerical experi-
ments, we illustrate the most important properties of
the new methods. The results corroborate our theo-
retical findings.

Throughout the paper, we provide necessary compar-
isons with closely related work.

1.2 Technical preliminaries

Notations. We use (x,y) = Zle x;y; to denote
standard inner product of z,y € R? where z; cor-
responds to the i-th component of x in the standard
basis in R?. Tt induces ¢y-norm in R™ in the follow-
ing way: ||z|| := \/{(x,x). Operator E[] denotes full
mathematical expectation and operator E[-|z*] express
conditional mathematical expectation w.r.t. all ran-
domness coming from the kth iteration of (2)). We
introduce f* as a solution of the problem i.e. a
global minimum of f on the convex set X'. For the non-
convex function f the solution f* may not be unique.
We also define Ag := f(2°)— f*, where 20 is a starting

point of .

Throughout the paper, we assume that the target f
from satisfies the following assumptions.

Assumption 1.1 The function f : X — R, is L-
smooth on X, i.e., there exists a constant L > 0 such

that |V f(x) = Vf(y)l < Lllz —yl| for all z,y € X.

Assumption 1.2 The function f : X — R, is convez,
ie., f(x) > fly) +(Vf(y),z—y) foralzyeX.

While we always need the assumption on smoothness
of f, we abandon the convexity in one of the main
theorems. The next assumption is also key for the

design and analysis of Frank-Wolfe-type methods.

Assumption 1.3 The set X is conver and compact
with a diameter D, i.e., for any z,y € X,
|z —yll < D.

For some particular cases of the method , we need
to introduce additional objects and assumptions on
them. This will be done in the corresponding sections.

2 MAIN THEOREMS

In this section, we first present the central part of our
approach that allows us to conduct a general analysis
of the algorithms (Assumption , then we provide
convergence analysis for both convex and non-convex
cases.

2.1 Unified assumption

First, we introduce the central part of our approach,
all subsequent analysis is based on the following as-
sumption on the stochastic gradients g* :

Assumption 2.1 Let {z*}K = be the iterates pro-
duced by Stochastic Frank-Wolfe (see (2)). Let there
exist constants A,B,C,E > 0, p1,p2 € (0;1] and a
(possibly) random sequence {o}}r>0 such that the fol-
lowing inequalities hold

Elllg" = V£(")|*[2"] <1 = p)llg" " = VF(E"H)| 3)
+Aci_1 +neBD* 4+ C,
E[Uz ‘ mk] <(1- P2)0i71 + 771%71ED2- (4)

The inequality [3]bound the second moment of stochas-
tic estimation g*. The sequence {07 }>0 is needed to
capture the variance, which can be reduced during the
algorithm’s work process. Constants p1, po show how
quick this reduction is regarding the previous itera-
tion. B, F provide the information of convergence de-
pending on the previous step size and set’s geometry
(Assumption . Finally, constant C' stands for the
remaining noise that cannot be reduced as oy.

Proposed assumption takes into account specificity of
the Frank-Wolfe analysis in terms of upper bound con-
taining component D? as irremovable part of such type
inequalities.

2.2 Convergence results

Convex case. The following theorem describes the
convergence rate of stochastic Frank-Wolfe based
methods under the convexity of f:

Theorem 2.2 Let Assumptions and

be satisfied. For any K choose step sizes {ni}r>1 as
follows:

if K < d, Nk =
if K > d and k < ky, Mk

Il
- alm
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if K> d and k > ko, e =

2
2d+k—Fo’
where d = m, ko = [%1 Then the output of

Stochastic Frank-Wolfe after K iterations satisfies

2
E[rres1] = O(TO exp (—3q) + %5

D> [Bps+AE K D2 Cpy
+% +d\/ + ,

pP1P2 K+d p1p2
where the Lyapunov function ry is defined by ri =
f(@®) = 5+ M ||V f(2*) — g% ||+ Mao? with My, My >
0.

The proof is provided in Section Note, that with
zero noises (C' = 0 in Assumption [2.1)) this theorem
reflects sublinear convergence O (%)

Non-convex case. To obtain our convergence results
for the non-convex objective function we introduce the
Frank-Wolfe gap function (Jaggi, 2013|) as a conver-
gence criterion:

gap(y) = max(Vf(y),y — z)

Such type of criterion is standard for analyzing the
convergence of constrained optimization algorithms in
the non-convex case (Reddi et al., [2016). It is shown
in (Lacoste-Julien) 2016) that FW gap is an affine in-
variant generalization of standard convergence crite-
rion ||V f(y)| and therefore a meaningful measure of
non-stationarity. In terms of FW gap we derive the
following general convergence result:

Theorem 2.3 Let the Assumptions and [2.]]
be satisfied. Then, there exist constants My, My such

that for any K there exist constant {nx}r>1 = \/% for

, thus
~ M) — of zo 4 D2 BpatAE
E[os%ﬁﬂgap(x )} B O(\/’? * \/E[L’L \/T}
2 Cpz
/D28,
where 1o := f(z°) = f* + M|lg° = Vf(a°)|? + M2og
with My, My > 0.

See the proof in Section [B:2] Note, that in the case
of zero noises (C' = 0 in Assumption this result

establishes as O (\/%)
3 WIDE VARIETY OF SPECIAL
METHODS

In this section, we fulfill the promises made in the in-
troduction and show how many existing and new tech-
niques fit our framework. Due to space restrictions,
the comparison and the full listing of algorithms are
described particularly in Section [A]

3.1 Stochastic methods

As already mentioned in Section (I} in modern applica-
tions we often deal with finite-sum optimization prob-

S = {Vf(a:’““),

lems (so-called empirical risk minimization):

mingex f(z) = %Z?:l fi(z). (5)
An important detail of this setting is that calling the
full gradient of f is expensive, only small batches
%Z?Zl Vfi(z) can be typically used. Therefore, for
the theoretical analysis, we need not only the smooth-
ness of the function f, but also of all summands f;.

Assumption 3.1 Fach function f; : X — R is L;-
smooth on X, i.e., there exist constants {L;} > 0 such
that ||V fi(x) =V fi(y)|l < Lillz —yl| for all 2,y € X.
We also define L as L> = L 3" | 2.

L-SVRG FW. One of the most popular stochastic
algorithms for with X = R? is SVRG (Johnson
and Zhang, |2013). We consider its loopless variant
(Kovalev et al., |2020) called L-SVRG that uses SVRG
idea but is a bit more friendly for theoretical analysis.
In more details, we need to compute g* as follows:

x¥,  with probability p
{ (6)

9 =1 e, (VA = T fh )] + 9 f k),
where batches of indexes Sj size of b are generated
uniformly and independently. The essence of this ap-
proach is that the probability p is taken close to zero,
then the full gradient at the point w**! are computed
quite rarely and in most cases we use the approxima-
tion ¢g**! via stochastic gradients on mini-batches of
random indexes Sy, size of b.

w®,  with probability 1 — p,

Lemma 3.2 Under assumptions [1.1), [1.9, [3-1] the al-
gorithm + @ satisfies assumption with: p1 =

2 T2
E(1-8), B=5E, C =0, 02 = ok —ut|?,

N
&
Il
oo |

Using this lemma, one can get the convergence of
+ @ in both convex and non-convex cases.

Corollary 3.3 For the algorithm +@ in the con-
vexr and mon-convex cases accordingly the following
convergences take place:

E[f) ~ 1] = O (Agexp (~52) + L22 [14 L1}

gap(a:k)} :O<§—%+% [14—%L )

E[ min
0<k<K-1

See more details in Section [B.3.1]

SARAH FW. Another common algorithm for solving
the unconstrained version of is SARAH (Nguyen
et al., |2017b). In particular, it has better theoretical
results in_both convex (Nguyen et al., 2017b|), non-
convex (Li et al., [2021) target functions and also bits
SVRG on practice. As in the previous method we look
at the loopless version of SARAH (Li et al. [2021)):

with probability p,

gk + %Ziesk [Vf1($k+1) _ sz(axk)L Oth.7 (7)
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where batches of indexes Sj size of b are generated
uniformly and independently. The methods main idea
here is very close to SVRG since it also computes the
full gradient only with small probability p. However,
the approximation of the gradient ¢**' in SARAH is
done not by the old point w**! as in SVRG, but more
smoothly using the current and previous points: z*+!
and z¥.

Lemma 3.4 Under Assumptions ., 2)), .
the algorithm (2] +@ satisfies Assumptzon with:
p1:p,Azo,B:“TPZZ,Czo,ak:o,pgzl,
E=0.

Corollary 3.5 For the algorithm +@ in the con-
vexr and non-convex cases respectively the following
convergences take place:

Elf()— /') = O (Boexp (—-52) + L2 [1+ £L ],

. | — o Ao , LD? L 1
E[og;?élﬁqgap(x )] N O(\/%—i— VK [1+ L\/ED'

The details are provided in Section[B.3.2} It is easy to
see that with the same p the results for SARAH FW is
better than for L-SVRG FW (Corollary [3.3).

SAGA FW. The final algorithm of provided lineup
for is SAGA (Defazio et al., [2014)):

kil Vfi(xF), foric Sy,
Yi = k . (8)
Yz, for i ¢ S,

! :%Ziesk [Vfi(karl) k+1] + = Z] 1y;€+17
where batches of indexes Sy, size of b are generated uni-
formly and independently. The essence of the SAGA
technique is different from SVRG and SARAH. In this
case, we do not compute full gradients even rarely, but
we need to store an additional set of vectors {y*}2_;.
The vector y; stores information about the last gradi-
ent of the function f; that was computed during the
operation of the algorithm. Thus one can state that
we collect "delayed" full gradient in + 2?21 yy.-

n

Lemma 3.6 Under Assumptions the al-
gorithm + satisfies Assuanption with: p =

_ b _ 2L? n _
L4 = Led), B = (4R, C =0
= IZ] IV iz ") - yj+ 1%, p :%7E:27nl’2'

Corollary 3.7 For the algorithm + in the con-
vexr and non-conver cases the following convergences
take place:

Elf@") = 1] = O (Mo exp (~42) + L2° [1+ £,

i K| — @ (Ao 4 LD? L _n_
]E[ogi%lﬁq gap(x )} =0 (\/107 + VK {1 Tz b\/ED )

The full statement together with its proof can be found
in Section One more method (SAGA SARAH FW)

for the stochastic setting will be analyzed in Section
A comparison of the presented and already exist-
ing methods is provided in Section In particular,
there we analyze Corollaries [3:3H3.7] with the substi-
tuted optimal parameter value of p.

3.2 Coordinate methods

Previous approaches reduce the cost of gradient com-
puting by selecting small batches, but there are other
strategies. In particular, wide range of algorithms use
random sampling of coordinates for gradient evalua-
tion (Nesterovl |2012; Richtarik and Takad, |2013; |Qu
and Richtarik, |2016). This technique can also signifi-
cantly decrease the computational cost. Then, in this
section, we focus on methods, where gradient estima-
tor stochastically depend on function’s partial deriva-
tives.

SEGA FW. The original algorithm developed in
(Hanzely et al., |2018]) covers a general setting, instead
of which we use a slightly more simplified version. Par-
ticularly, we update ¢ as follows:

= (D s() - ), 9

g = (Vi f(@H) = hiDes, + A ¥
where coordinate iy, is chosen uniformly and indepen-
dently. The idea of this approach is in some sense close
to SAGA. We also have some memory buffer, but un-
like SAGA, where we save the last calculated gradient
on ith batch, here in h; we save the last partial deriva-
tive V; f calculated for the ith coordinate.

Lemma 3.8 Under Assumptions the algo-
rithm +@D satisfies Assumption with: p1 =1,
A= d; B = d2L2; C= 0, U}% = ||hk+1 - vf(xk)||27
p2 = 57, B =3L%d.

Corollary 3.9 For the algorithm (@+(@ in the con-
vex and non-conver cases the following convergences
take place:

E[f(") ~ '] = O(Bgexp (— &) + L2° - avd),
5], oape] = (G + e Vi)

See details in Section Despite the fact that
SEGA has recommended itself as an effective coordi-
nate method, theoretical estimation of demanded steps
to converge has undesired component dv/d (while the
original algorithm has only d). Therefore, it makes
sense to introduce a new algorithm, which has theo-
retically better convergence.

JAGUAR. An important feature of SEGA is the fact
that it uses unbiased gradient estimation: E[g"¥ | 2¥] =
Vf(z¥). On the one hand it is good and helps to sim-
plify the theoretical analysis. But experience shows
that stochastic methods with biased gradient approxi-
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mation can outperform unbiased ones. The example of
SARAH (biased) and SVRG (unbiased) supports this.
Therefore, we propose to consider the following form
of g":

gk+1 = €y, (vlk f($k+1) - gfk) + gkv (10)
where coordinate iy is chosen uniformly and indepen-
dently.

Lemma 3.10 Under Assumptions the algo-

rithm + satisfies Assumption with: p1 =
1,A=0, B=3dL?, C=0, 02=0, po=1,E=0.

Corollary 3.11 For the algorithm + in the
conver and non-convexr cases the following conver-
gences take place:

Blf") 1] =0 (Soexp (&) + 4 d).

; By — Aq | LD? |
E [Oggélfré_lgap(x )} =0 (\/% + % d) .

One can found the full statement together with its
proof in Section [B:4.2] A comparison of the presented
and already existing methods is presented in Section
A2

3.3 Distributed methods with compression

In this section, we focus on distributed versions of
Frank-Wolfe algorithm for solving finite-sum problems
7 where {f;}1, are distributed across n devices con-
nected with parameter-server in a centralized way and
each device has an access only to f;. Here we allow
different machines to have different data distributions,
i.e., we consider the heterogeneous data setting. For
such type of problem, the bottleneck commonly is a
communication cost (Kone¢ny et al.; 2016[), which mo-
tivates to use compressed communication (Seide et al.|
2014b). To formally describe compression we intro-
duce the following definition.

Definition 3.12 Map Q:R? — R? is an unbiased
compression operator, if there exist a constant w > 0
such that for all x € R?

E[Q(z)] ==, E[|Q(z) - 2/ < wlla].

Examples of such operators are random coordinate se-
lection or randomized roundings (Beznosikov et al.|
2022)). The usage of unbiased compression has been
extensively studied. The first and simplest idea that
comes to a mind is to apply compression directly on
the gradient estimator when forwarding to the server
(Alistarh et al.} [2017)). But this kind of approach has a
problem, namely for a fixed step it guarantees conver-
gence only to the neighborhood of the solution. There-
fore, we propose to consider more advanced techniques
that compress some difference that tends to zero dur-
ing the course of the algorithm.

DIANA FW. We start with the DIANA technique
(Mishchenko et al.l 2019). Its essence lies in the fact
that it maintains the "memory" variables h¥ at each
worker i and compresses gradient differences V f; (z*) —
hk. In particular,

Af = Q(VF = hE), BTN = hf+a- A,
L= o LY AR, (1)
ghtl = phtl 4 %2?21 Ai§+1’
where first two equations belong to the local computa-
tions and last two — to parameter-server computation.

In is important to highlight that we need only com-
pressed differences A¥ for the server updates.

Lemma 3.13 Under Assumptions the

algorithm (2) +(11) satisfies Assumption with:
T2

p=1A4=2% B=20 c_g 52 =

it IV fi(@®) =hEN?, p2 = gty B = 2(w+1)nL?.

Corollary 3.14 For the algorithm + in the
conver and non-convexr cases the following conver-

gences take place:
B[ ()~ ') = O(Bgexp (- £) + L& (1 LI ) )
Lot om0 (3 5 (1)

The full proof and convergence results are presented

in Section [B.5.11

MARINA FW. Next, as a natural generalization of
the idea of compressing gradient differences, we arrive
at the fact that gradient estimator could be biased.
We have already seen this idea take place with the
examples of L-SVRG FW vs SARAH FW (Section , as
well as SEGA FW vs JAGUAR (Section [3.2). Therefore,
we consider the work by (Gorbunov et al.,[2021)), where
the authors bases their method on SARAH technique
but with compression stochasticity instead of @) Our
algorithm utilizes this idea and performs the update

rule with
Rl {Vfi (zFF1) — gk, with probability p,

E‘ [V

! Q(V fi(z*) — Vfi(z"™1)), otherwise,

gt =g + ! (12)
g =g+ L T

where gf“ are computed on the local devices and
gFt1 — on server side. In fact, with p close to
zero, one can note that to compute ng we typi-
cally need only compressed differences: ¢*t! = ¢* +
LS L OV fi(a*Th) — Vf;(2*%)). But rarely (with
probability p) we need to send the full uncompressed
gradients.

Lemma 3.15 Under Assumption the algorithm
+ satisfies Assumption with: p1 = p,
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_ _ _ (1—p)wlL?
pr=1, A=0, B = 1=pel®

,C=0,0,=0, E=0.
Corollary 3.16 For the algorithm + in the
conver and non-convex cases respectively the following
convergences take place:

E[f(fK)_f*] O(Aoexp ( pK) +
oty oot - o( 35+ 5+ 2)).

One can find the full statement with its proof in
of Appendix.

EF21 FW. To complement our results of distributed
methods with compression we now introduce biased
COMPressors:

Definition 3.17 Map C : R® — R? is a biased com-
pression operator, if there exist a constant § > 1 such
that for all x € RY

Bllc) - ol < (1- 5 ) P

This is a broader class than unbiased operators. Here,
for example, one can find the greedy choice of co-
ordinates (Alistarh et al., 2018), sparse decomposi-
tions (Vogels et al. 2019) and other operators in-
teresting in practice (Beznosikov et al., 2022). In-
tuition suggests that using biased/greedy compres-
sors may improve convergence over unbiased opera-
tors. But biased compression are less "suitable"
theory than unbiased ones. Indeed, one can con-
struct a simple convex quadratic problem for which
distributed SGD with Topl compression diverges ex-
ponentially fast (Beznosikov et al.l [2022). This issue
can be resolved using error compensation technique
(Seide et al.| 2014a; Stich and Karimireddy, |2019; |Qian
et al., |2020). Then we consider one of the state-of-art
algorithms with error compensation techique for bi-
ased compression (Richtarik et al., |2021)):

gi = g" "+ C(V fila®) — i), (13)

F= Xl =g L L OV - g .
Here as in the computation of g¥ takes place
on the local devices and the computation of g* — on
the server and for that only compressed differences

C(Vfi(z*+1) — gF) are needed. Note that does
not send uncompressed packages at all.

Lemma 3.18 Under Assumptions[I.]] the al-

gorithm + satisfies Assumption with: p1 =
LA=1B=0,C=0 o0} = ;2" g -

Vii(@)? p2 = &, E = 20L°.

Corollary 3.19 For the algorithm + in the

convez and non-convex cases respectively the following

P E )

convergences take place:

E[f(z") — 7] = O(Ao exp(— &) + LD* [1 + ;(;D,
min

]E[ngg.K—l gap(xk)] (9(\4/\&_;_ VE [1+ L(SD

The full statement together with its proof is provided
in [B:5.3] One more method with compression will be
presented in the next section. A comparison of the
presented and already existing methods is provided in

Section

3.4 Combinations of different approaches

In this section, we show that combinations of already
presented methods can also be analyzed using As-
sumption 2]

SAGA SARAH FW. Here we combine ideas of two
approaches: SARAH FW and SAGA FW. Such method is
preferable because it obtains benefits of both methods:
better rates from SARAH and missing full gradient
calculations from SAGA. We get the following gradient
estimation:

P =13 ies [V fi(zh) = V(@b )] + (1 — \)gh 1+
A (3 Sies, (VA it + 25, 05).
ki1 ) ViSi(zh), i€ Sk,

where A\ = % and batches of indexes S}, size of b are

generated uniformly and independently.

(14)

Lemma 3. 20 Under Assumptions [1.1, [1.2, [5]] the
algorithm + satisfies Assumption with:

2
P1:%7A22227B:2§;C:0;0’1%:
T2
S IVEER) =y o = g, B = 2

Corollary 3.21 For the algorithm + in the
conver and non-convexr cases the following conver-

gences take place:
i -0 (s () + 2 1+ )

. N Ag LD?
E {oglgglré—l gap(x )] =0 (\/7 + %
The full statement together with its proof can be found
in Section [B:6.1] The estimates from Corollary [3.2]
are the same as for SARAH FW (Corollary and this
estimates are the best in the literature on Stochastic
Conditional Gradient — see Section [A.I] for more de-
tails.

Also different combinations of techniques can be con-
sidered in the distributed case. In all approaches from
Section [3.3] we considered that we have a full gradient
available for each f;. But for example we can assume
that f; also has the finite-sum form f; = ZT:1 fij-

1+ ££))
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Thus one can add the techniques from Section
We leave this in Appendix [B] In the main part, we
consider another illustration.

Q-L-SVRG FW. As we noted above, MARINA
is based on SARAH. Then we can do exactly the
same manipulation with L-SVRG and convert it from a
method for stochastic sum-type problem into a method
with compression:

xk,

k+1 :% Z?:l Q(Vfl(l'k_‘—l) _

The same way as in , to compute ¢g*T! on the

server we typically need only compress differences

Q(Vfi(x*+1) — Vfi(w**1)). But with small proba-

bility p we need to transfer on the server full packages
and compute new V f(w**1).

with probability p (15)
with probability 1 — p,

Lemma 3.22 Under Assumptions[I.]] the al-
gorithm + satisfies Assumption with: p1 =
1, A = wl?(1-2), B = wi? (1+@), C =0,

wh|?, pp =2, B =1+ 512

UI%:Hmk =3

Corollary 3.23 For the algorithm + in the
conver and non-convet cases accordingly the following
convergences take place:

1+ )

Elf(@") - 1] = O (Agexp (~42) + £
E[og}?%i[%—lgap(xk)} —0 (% I [1 . %D |

See the proof in Section

4 EXPERIMENTS

In this section, we present experimental results to sup-
port our theoretical findings.

K+1

Setup. We consider the logistic regression problem:

mingey f(2) = 5 3270, log(1 + exp(=b; - 2"a;)), (16)
where z are weights and {a;,b;}7; are training data
samples with a; € R? and b; € {~1,1}. We choose
X as the l;-ball with radius 7 = 2 - 103. The linear
minimization oracle, i.e. argmingex (g,s), for this
constraint set can be computed in the closed-form:
s* = —sign(g;)e; with ¢ = argmax; |g;|. We take Lib-
SVM datasets (Chang and Lin, 2011)).

For further details about the experiments and addi-
tional experiments see Section [C]

Stochastic methods. In this experiment, we test the
performance of proposed stochastic Frank-Wolfe-based
methods (SAGA SARAH FW, L-SVRG FW) and compare
them to deterministic version of it. The performance
is measured in number of full gradients computed. Hy-
perparameters of the methods are chosen according to

Vfi(w’““)) + VI,

theory and all methods starts from zero. The results
are provided in Figure One can note that SAGA
SARAH FW outperforms competitors. It confirms our
theoretical conclusions perfectly.

Sparse Logistic Regression: wla Sparse Logistic Regression: rcvl

2

2

w WH M ‘

— R i

Relative FW gap
g

Relative FW gap

3] — SAGASARAH FrankWolfe

2

— Frankwolfe
2x10° 3x10°4x10° 6x10° 107
Number of gradient evaluations

rcvl

107 2x107 3x107
Number of gradient evaluations

wla
Figure 1: Comparison of methods for solving in
the stochastic case. SARAH FW, SAGA SARAH FW are
considered. The comparison is made on LibSVM
datasets wla, rcvl.

In addition, we compared the methods with stochas-
tic baselines chosen from (Lu and Freund, 2021),
(Mokhtari et al., 2020), (Négiar et al., [2020):

Sparse Logistic Regression: wla Sparse Logistic Regression: rcvl

Relative FW gap

106 10
Number of gradient evaluations

106 10
Number of gradient evaluations

wla rcvl
Figure 2: Comparison of stochastic methods with
baselines. SARAH FW, SAGA SARAH FW are considered.

The comparison is made on LibSVM datasets wila,
rcvl.

Based on the obtained results, one can see, SAGA
SARAH FW overcomes all competitors on both datasets.

Finally for this section of methods we introduce a
comparison with methods for constrained optimization
with Euclidean projection instead of linear minimiza-
tion. It is presented in Section [C] of Appendix.

Coordinate methods. In the second experiment, we
check the convergence of alleged coordinate methods:
SEGA FW, JAGUAR and compare them to the original
Frank-Wolfe method. The performance is measured in
number of full gradients computed. Hyperparameters
of the methods are chosen according to theory and all
methods starts from zero. The results are presented

in Figure

Distributed methods. In the last experiment, we
consider the distributed setup of , in which we as-
sume that the information about f; is available for
worker ¢ only. Here we compare distributed meth-
ods proposed in this paper: MARINA Frank-Wolfe,
VR-MARINA Frank-Wolfe, DIANA Frank-Wolfe and
EF21 Frank-Wolfe. The performance is measured in
number of bits communicated from workers to the
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Sparse Logistic Reg

Sparse Logistic

fiut ji

Relative FW gap
s o
5

B -

Relative FW gap
5

s
2

N3

108 2x10°  3x10° 4x10°
Number of gradient evaluations

6x10°

s
x10% 3x10° 4x10° 6x10°
Number of gradient evaluations

mushrooms wla
Figure 3: Comparison of methods for solving
in the coordinate case. SEGA FW, JAGUAR are consid-
ered. The comparison is made on LibSVM datasets
mushrooms, wla.

server. Hyperparameters of the methods are cho-
sen according to theory and all methods starts from
zero. In MARINA and DIANA algorithms RandK (ran-
dom sparsification) compression is used, while in EF21
TopK ("greedy" sparsification) compression is imple-
mented. Convergence performance is shown in Figure
[ The advantage of using compressed communication
is clearly observable in every case.

Sparse Logistic Regression: mushrooms Sparse Logistic Regression: rcvl

2

107 oy e N —

2

Relative FW gap
H
s

Relative FW gap

2

g 107
Number of bits communicated Number of bits communicated

mushrooms rcvl
Figure 4: Comparison of methods for solving in
the distributed case. MARINA FW, VR-MARINA FW, EF21
FW, DIANA FW are considered. The comparison is made
on LibSVM datasets mushrooms, rcvi.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [No]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. |Yes|

(b) Complete proofs of all theoretical results.
[Yes]

(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Not Applicable, small experiments,
easy and fast to rerun]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable, small ex-
periments]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable, small ex-
periments with simulation of real distributed
setting — no need in large computational pow-
ers|

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes|

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(¢c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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B.6.4 PP-1-SVRG Frank-Wolfel

C _ADDITIONAL EXPERIMENTS

|C.1 Point projection|
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A MISSING COMPARISON AND DETAILS
A.1 Stochastic methods

Table 1: Summary of complexity results for finding an e-solution stochastic finite-sum non-distributed
constrained minimization problems with n terms by projection free methods. Convergence is measured
by the functional distance to the solution in the convex case and by the gap function in the non-convex case.
Complexities are given in terms of the number of stochastic gradient calls.

blue = results of our paper (in particular, |Reddi et al.| (]2016[) do not give a proof in the convex setting).

Method Link Reference CVX nCVX
Frank-Wolfe Alg. 1 Frank and Wolfe} 1956), (Lacoste-Julien, |2016 o(%) O(%)
SVRG FW Alg. 3 Reddi et al| (2016 X O(n+ =3%)
SVRG FW Alg. 1 Hazan and Luo| (2016 O(n+ %) X
SPIDER FW Alg. 2 Yurtsever et al.| [2019 O(%) O(n+ E—@)
SFW Alg. 1 Négiar et al.| (2020 o (2) X
GSFW Alg. 1 Lu and Freund, 2021 o(%) X
SVRG FW Alg. 3 Weber and Sral (2022 X O(n+ n:2/3)
SAGA FWl Alg. 3 Reddi et al 2016 O(n + 222y O O(n + =252y @
SARAH FW Alg. 2 Beznosikov et al.| 2023 O(n + @) WO + ?‘/?) @
SAGA SARAH FW | Alg. |10 Beznosikov et al., 2023 6(n + @) WO + g) 1)
L-SVRG FW Alg. |1 NEW, (Kovalev et al., 2020 On+22) W O+ 222y M)

() In the main part of the paper, we give these results with depending on the parameters p and b. The optimal
choice of them are given in the original paper (Beznosikov et all [2023) (SARAH FW and SAGA SARAH FW) or in the
corresponding subsections of Section [B] (SAGA FW and L-SVRG FW).

It is important to note that in Table [I] we only covers works on the finite-sum stochastic optimization. However,
there are many papers where the authors also consider a stochastic version of the FW algorithm, but under the
(additional) assumption of bounded variance of the stochastic gradients (Hazan and Kale, 2012; Lan and Zhou,
[2016; Reddi et al.l [2016} |Qu et al. [2018; [Yurtsever et al. [2019; [Mokhtari et al., [2020; |Zhang et al., 2020)).
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A.2 Coordinate methods

Table 2: Summary of complexity results for finding an e-solution constrained minimization problems with
dimension d by coordinate projection free methods. Convergence is measured by the functional distance to the
solution in the convex case and by the gap function in the non-convex case. Complexities are given in terms of
the number of coordinates derivatives computed.

blue = results of our paper.

Method | Link Reference CVvVX nCVX
BCFW Alg. 3 | (Lacoste-Julien et al.l |2013) O(d+2) X
SGFFW Alg. 1 (Sahu et all 2019)*) O(d+2) X
SGFFW | Alg. 2 (Sahu et al., 2019)®) Od+ %) | 0d+%22)

SEGA FW | Alg. 4l | NEW, (Hanzely et al} [2018) | O(d+ 22) | O(d+ %)

JAGUAR | Alg. |5 NEW O(d+ ) O(d+ %)

() Zero-order methods.

A.3 Distributed methods

Table 3: Summary of complexity results for finding an e-solution distributed constrained minimization
problems with n devices by projection free methods with compression with parameters w and § (see

Definitions and [3.17). Convergence is measured by the functional distance to the solution in the convex case
and by the gap function in the non-convex case. Complexities are given in terms of the number of transmitted

coordinates if we choose RandK and TopK as particular cases of compressors.
blue = results of our paper.

Method Link Reference Any compression? CVX nCVvVXxX
dFW Alg. 3 (Bellet et al.||[2015) X ol) X
DIANA FW Alg. |7| | NEW, (Mishchenko et al.|2019) v (unbiased) O+ + %)) o(%H(L+ £29)
MARINA FW Alg. |8 NEW, (Gorbunov et al.|[2021) v (unbiased) o1+ 1(l4+ ﬁ)) O(&(2+v))
VR MARINA FW | Alg. [12|| NEW, (Gorbunov et al.|/2021) v (unbiased) O+t + 7)) O(%(L+v))
EF21 FW Alg. [9| | NEW, (Richtarik et al.||[2021) v o1+ 1) o(%)
Q-L-SVRG FW | Alg. [11 NEW v/ (unbiased) OYE+LE+ =) | 0GE + V)

Here one can also highlight two papers on distributed Frank-Wolfe algorithms, but without compression (Wang
et al., |2016; [Hou et al., [2022).
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B MISSING METHODS, DETAILS AND PROOFS

In this section, we first provide complete proofs of our two main Theorems 2.2 and Then we discuss the zoo
of special cases, in particular we provide the full listing of algorithms, detailed convergence rates and proofs for
methods from Section[3] Moreover, we present some statements and algorithms for them that are not encountered
in the main part.

B.1 Technical facts

In our proofs, we often apply following inequalities that hold for any a,b € R? and a > 0:
1
o+l < (1 +a)lal + (1+ =) el (17)

1
2(a,b) < —|lall* + offb]* (18)
Lemma B.1 (Lemma 1.2.3 from (Nesterov, 2014))). Let the Assumptz'on be satisfied. Then for all z,y € R%:
L
() = @) = (Vi@),y = o) < Sllz =yl (19)
Lemma B.2 (Lemma A.1 from (Lei et al., 2017)). Let z1,...,zy € R? be arbitrary vectors with

N
i=1

Further let S be a uniform subset of [N] with size b. Then

1 R
ngﬂi < WZH@HQ- (20)
i1

€S

Our further analysis relies heavily on work conducted in (Stich, |2019), but it seems to us that there is a typo
in the main part. Furthermore, as we will deal with nonreducible "noises", we will need to adjust proofs by a
little. For convenience of the proof, we split the result into three following lemmas:

Lemma B.3 Consider two non-negative sequences {ry}, {nx}, that satisfy
Tra1 < (1 —n)re +ang +b, (21)

for all k > 0, constants a > 0, b > 0 and for positive stepsizes {ni} with n < é, d > 1. Then there ezists n,

such that Yk > 0, nx, = n

K
ri < 7Toexp |~ | + = + bK. (22)
d d
Proof:
Set m, =n, Vk > 0. Unroll inequalities:
K—1
r;(g(l—n)r;(_1+ar]2+b§(1— r0+a772 —|—bK
1:0
<(1- —i—anQZ bK< (1—1)%ry+ an + bK.

k=0

Put 7 = 1 and use, that for Vo >0, 0 <a <1 — (1 —a)® < exp(—az). Hence,

K
rr < Troexp [_d] +%—|—bK. (23)
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Lemma B.4 Let the non-negative sequence {ry} satisfy the conditions of Lemma . Then there are decreasing
stepsizes My = ﬁ, such that
4d?r K+1 b (K +1)(24d? + 12dK + 2K? + K)

4 — . 24
2+ K2 2d+ K2 6 2d+ K)? (24)

TK+1S(

Proof:

Rearrange :
0 S (]-_77k)7"k — Tk+1 +an,§+b

Divide both parts by n:
1 —
Mk e — Tk+1
Nk

Multiply both parts by 2 - (2d + k) and use, that z - (z — 2) < (z — 1)%

0<

b Tk Tha1 2 2d + k
— =2d+k—-2)— — (2d+ k )
+a77k+77k (2d + )2 (2d + k) 5 +a2d+k+ 5

0<(2d+k—2)(2d + k) — (2d + k)*7p 1 + 4a + b(2d + k)2
2

<
< (2d+k—1)*rp — (2d + k)*riy1 + da + b(2d + k)?.

We obtain a telescoping sum, hence:

K
0<(2d—1)%rg — (2d + k)*ricq1 +4a(K + 1) + b Y (2d + i)

i=0
b(K +1)(24d? + 12dK + 2K? + K
< Ad%rg — (2d + k)?rgc 41 + da(K + 1) + B+ 1) +6 * + ).
Finally, we can gain the original inequality by rearranging the terms. O
Lemma B.5 Let {r;} satisfy . Then there exist stepsizes ny,
Zf K < d7 e = év
if K > d and k < ky, ﬂk:%7
if K > d and k > ky, nk:m7
where ko = | % |, such that
K a
=0 —— +bK 25
TE41 <7‘Oexp( 2d>+d+K+ ) (25)
Proof:
If K <d we'll take n = é, hence using Lemma we obtain
K K
ri < roexp [_d] + g + bK < rgexp {_d] + % + bK.

=

As%/ﬁ:ﬂg%g d and exp (— &) /exp (- &) =exp (- &) <1, thus (25) is correct for K < d.

IS

e 2
If K >dfork <ky:= f%1 we'll take n, = é and for k > ko: n =
obtain

2 .
3a7h—r - Therefore, according to (22) we

k
Ty < T0 €XP (—;) + % + bky.

Using Lemma [B4] with k1 = K — ko we get

ddPry, K41 b (k1 4 1)(24d? 4 12dk; + 2k3 + k)

2d+ k)2 “(2d+ k)2 6 (2d + k)2

Tk+1 < (

Combining inequalities we derive

Ay, AR (kY a N ke dad L dbkd?
Qd+E)2 = 2d+ k)2 \°FP\Ta ) T T =P\ ) T 0d k)2 T (2d + k)2
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Since & < [5] < K and & < | 5] < K we can replace all ko, ky with K in fractions in O-notation. We gain

the replacement in the exponent, as —[%1 < —%. Thus,

_0 KN, _ad d*bK L oK +bKd2+K2
TR = B0 T ) T A+ K2 T AT K2 [d+ K)? d+K)?

K a d* + K*?
—O<7"0€Xp (_2d> +[(—|—d+bK(d—~—[()2>7

where second equality is implied by d, K > 0, d* + K? < (d + K)?. O
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B.2 Unified main theorems
In this section, we provide complete proofs of our main results.

Lemma B.6 If z* is upgraded due to Algorithm (@, then for all a > 0:
) — Lu ) L
E[f(@") = f(@")] < (1= n)E[f (@) = (@) + ZEIIVF(2%) = g*|I*] + —FE[lls" — 2[|"] + [ s* - 2"[]%].
Proof:
First, we assume that f(z) satisfies Assumptions and
P < fab) (TR, A - ak) b a2
With update of ¢!, according to Algorithm ([2):
L 2
FEH) = @) < f@h) = f@) el VF@ER), sF = ak) + s — 2|
= @)~ @)+ melet st — o) £l VFR) — g, 8 — o)+ Tk kP,
The optimal choice of s* in Algorithm (2 gives (g*, s* — 2*) < (¢¥,2* — 2*). Then
. " X Ln?
Fa) = fa) < Fa) - f) et ot — ) me(F ) — gt F - k) 4 Tk gk
= f@@®) = @) +mV (@), 2" —ab) + (" — Vf(ab), 2" — ")
L 2
+ (V") = b5t —ak) + st - |
* x o Ln?

= f@*) = f@) + m(VHb), 0" —aF) 4 (VEb) = gF 5" —a®) + TE||sh - a2

Using Young’s inequality here we state for any positive a:
* * * «
FE) = @) < f@5) = F@) +mlVEEY), 2" —2") + 2V - g
2 2
R L
Since f satisfies Assumptionwe have (V f(z%),x* — o) < —(f(2*) — f(=*)). Thus,
* * * &%
FE@ = f@*) < f@®) = f@) = m(f (=) = f@) + ZIIVf(ﬂfk) - 4"

L772 k L772 k k
+ Ty - o+ SE st — ok

(1w — 1) + LI - o
b B g Bkt

Taking the full mathematical expectation finishes the proof. O
Now we are ready to proof our main result. We start with the convex case, where f satisfies [I.2] For readers
convenience, we restate the theorems below.

Theorem B.7 (Theorem [2.2). Let the Assumptions and be satisfied.  Then there exist
Nk < min(py, p2) for Algorithm and constants My, My, o such that:

K min(pq, LD? Bps + AE K C
rk+1 =0 <r0 exp (— flpl ,02)) + T + D? P2 5 + i I Plzy)’
T Sintor02) 012 (K + M) min(p1.p2) P1P2

where 1y, = B [f(2%) — f(z.) + Mi||g* — Vf(2*)]|? + Mao?].
Proof:
Since Assumption [2:1] holds, we can derive the following inequality:

mer = BIf@M) = f@7) + MV (") = g+ Maoi) (1= m)E[f(2") = f(a)]
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SRS - )+ (5 + 5 ) Dk M0 plg* - VAP
My Ao} + MiniBD? + M,C + My(1 — p3)oi + Myni ED?
(1= mE[f ") = F@)) + (T + (1= p0) | E[IVF(") = g*7] + MaA+ Ma(1 = p2)) o

+ o+

L L
+ <a + 5 + M, B + MgE) n,%DZ + M, C.

My = A e got

With constants M; = 02

ﬂlL’

E[f (@) = f(@)] + MiE[|Vf (@) = g"|°] + Maoiyy < (1= m)E[f (") = f ()]
1 P2 L L 2B 4AE 20
+ (1= 2) MBIV I - 1P+ (1- 2) Mook + (2 tyt e Wa) s

Using Lemmawith d= m and 7y, = Ei[f(2%) — f(2.) + My ||V f(2F) — g¥||* + M20}] we obtain

L 2B 4AE
+ p2+

K LD? a T p1p2L 2 20/)2
— = D+ K .
TK+1 O(roexp< 2d)+2(K+d)+ K+d + aplsz

This estimation holds for any a > 0, and thus to obtain optimal estimation on the K-th iteration we shall
minimize this to «. It is easy to see, that minimum of xa + % is located at a = \/g and equals to 2,/xy.
Therefore taking optimal « as

LD?
@ MK5;+ 2Cps °
p1p2L(K+d) pipal
we get
=0 (e () #55 E + an)
It completes the proof. -

Theorem B.8 (Theorem. Let the Assumptions and be satisfied. Then, there exist ny for Algorithm
@), that
D? Bps + AE Cpo
E| min a x’“}z@ Tfo_,_f L+ + K . 26
{0<k<K1 gap(”) (JE VK p1p2 D2%p1ps (26)
Proof:

With the Assumption we can use :
L
FEHY < @) # (T f (), M -k + 5\\56’”1 — b2,
With update of z**!, according to

F@M) = @) < f@h) = f@) + eV f(2"), s* —96>+L777’%Hsk—x’“ll2

* Lng
= F) S 4l s ) (VA ) b s o) 4 DRk

kosk —2k) < (gF x —2%) for all x € X. Then,
k

The optimal choice of s* in I gives (g
fla™) = fa*) < @) = @) +mlg",z —a®) + m(VF(ab) - g*, " —a*) + LTn'illsk — "

(

) —

= f(&@") = @) + (V") 2 — 2F) + (" — Vf(¥),z — 2F)

L2
+ (V@) — b sF — o) 4 2k gk k)2

= J) @) (V) aF) (V) o, )+ DRkt
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Using Young’s inequality here we state for any positive «:
* * C « v
fE) = f@) < f@*) = f@) + V"), w = o) + TIVFE") - g
Ln? Ln?
b kg2 g Sk o2
After small rearrangements one can get:
X » a
m(VI@h), 2t —z) < f@h) = @) = (P = @) + ZIVEEY) - oM
Ln? Ln?
R L e A
o 2

Maximizing over X, taking the full mathematical expectation and bounding the distances by diameter, we get:

nklE[maxwf( ),z —x>] < E[f(xk)—f(x*)]—E[f(xk“)—f(x*))]+%1E[\\Vf(x’“)—g’“\\2}

,LD?> ,LD?

After multiplying by the positive constants My, My (which we will define below) and summarizing with
previous inequality we have:

nE[m(V1.a - 0)] < B[ - 1@+ (1= gt g ) MITFE) - P

ML
M A
+ <1 T > Mgai}

— E[f@M) = £@) + MUV - g + Moot

L L
+ D%y} ( + S + M:B + MzE) + M, C.

2
With M; = Lipl, My = % and summarizing over all k from 0 to K — 1 we have:
K-1
S B [max(VF@*), ok )| < 0 = f@) + 195E) — ) + ool
k=0
K—1
L L B AF
+ D+ =4a(—+ n+ KMC.
(2 (PlL P1P2L>) ,;) T '

Assuming mink<K Nk = Nmin, WE gain:

anE[maxwf( et —a)] < FE0) = @)+ IV = I + oo

+ D2<L+L+ <B+AE+ ))Kl
—+—4al|l— .
2« piLl pip2L 1anmD2 = T

0

2
With a = —LP 5 one can obtain:
plL (BD +"Emn )+P1P2L ED

K-1

> BVt —a)] < 76 - He) V) - o P

K-1
L Bp, + AE 1
+ D*| - +2 +
(2 \/ p1p2 77mmD20102 ;)77

If we take n = #, then 7y = \/% Divide both sides by \/E7 then:

1 f(@°) = f(@) + IV (%) = ¢°lI* + llool®
E| g ma(V ), ot - )] < Ve —+

D? <L+2\/Bp2+AE+K Cpa )

+7 —
VE\2 p1P2 D2p1ps
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Finally, we obtain the needed estimation.

B.3 Stochastic methods

In this section, we provide the detailed convergence rates and proofs for some specific methods (see Section [3.1))

in the finite-sum case of the constrained optimization problem .

In the following, we prove that some specific methods, i.e., L-SVRG, SARAH and SAGA satisfy our unified Assumption
and thus can be captured by our unified analysis. Then, we plug their corresponding parameters (i.e., specific
values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to obtain the detailed convergence rates

for these methods.

B.3.1 L-SVRG Frank-Wolfe

We first restate our Lemma for L-SVRG FW method (Algorithm [1)) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to

obtain the detailed convergence rate.

Algorithm 1 L-SVRG Frank-Wolfe

Input: initial 20, w® = 29, ¢° = V f(2°) step sizes {ny }x>0, batch size b, probability p € (0, 1]

for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
seX

Update 2**1 = (1 — ng)a* + nps”

xF,  with probability p

Update wkFt! =

wk,  with probability 1 — p

Generate batch S with size b
gk+1 _ % ZS; [vfi(xk:+1) o Vfi(wkﬂ)] + Vf(wk+1)
ic
end for *

Lemma B.9 (Lemma . Under Assumption Algorithm |1 satisfies Assumption with

L2 » 8?2
P1 ) b ) ’ pb ’ C 07

2 k k|2 p 8
= - ==, BE=-.
ot = et = =G B =
Proof:
According to Lemma 3 from (Li and Richtérik} |2020]) we get an estimation:

E2
Ex[llg"(I”] < Tllw’“ — w2+ [V F(")].

Since g is unbiased gradient estimator previous inequality turns to:

1.2
Ei[[Vf(z*) = g"|°] < ?ka —w|?.
Considering Algorithm [I] we have:
Exlla® —w®|”) = pEx [z — "% + (1 — p)E[l|lz" — "]

et [ B R A 0 | G e I i

o e o R S 1 e M
+2mk(1 = p)ER[(a* ! — wh L L — phh)

= R EsE TP (1 p) R -
+2(1 = p)Ex[(@ ! — T (5 =2 ))].

According to Young’s inequality for any positive 8 there are:

1
<J)k_1—k_1, (Sk—l _ xk_l)nk> < ﬁ”l’k_l _ wk—1||2 4 Eni—lusk_l _ $k_1||2.

(27)

(28)
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Hence,
Eplla® —w|?] < iy D?+ (1= p)[la* ! — w2+ 2(1 = p)Bllat Tt — w1 (29)

1—p _ _
+27an—1(8’“ P—ah )P

< (1 20t (- 2yt - (30

Finally, choose 3 = £. It leads to:

A-p+28) < (1-5).

2
Then,
k k2 8 o 2 p k-1 k—1(2

Bella — ) < oD+ (1) It bR,

and
82 L? P _ _
R Y (o LA

This finishes the proof. O

Corollary B.10 (Corollary . Suppose that Assumption holds. For Algorithm in the convex and non-
conver cases the following convergences take place:

Kp\  LD? 1
Elrg41] =0 ((f(xo) — f(z.)) exp <_8> + K+l LM]) :
: o _ o f@) —f@) LD | L 1
E{Oggéliré_lgap(aj )} =0 < Wicd + Nice 1+ AT
Proof:
It suffices to plug parameters from Lemma [B.9]into Theorems [2.2] and [2.3] O

We proved results for L-SVRG FW depending on the parameters p and b to be tuned. Let us find the optimal
choices of p and b for L-SVRG FW. To find the optimal choice of p, one can note that on average we call the
stochastic gradients (pn + 2b) times. In more details, at each iteration we compute a batch size of b in two points
z* and w* and with probability p we call the full gradient in the new point w”*. From Corollary we know the
estimate on the number of iterations of L-SVRG FW, then we can get an estimate on the number of the stochastic
gradient calls by multiplying this result by (pn + 2b). Then the new estimate can be optimized first by p (in the
convex case, we need to minimize (1 + ﬁ)(pn + 2b)) and obtain that the optimal p ~ b'/%/n'/2. Then with

already optimized p, the estimate on the number of the stochastic gradient calls can additionally be optimized
by b (actually we need to minimize b*/*n'/2 + b + n/b'/?) and find the optimal b ~ n2/3. The final result for
L-SVRG FW is presented in Table

B.3.2 SARAH Frank-Wolfe

We first restate our Lemma for SARAH FW method (Algorithm [2) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to
obtain the detailed convergence rate.
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Algorithm 2 SARAH Frank-Wolfe
Input: initial 20, g° = V f(2°) step sizes {nx x>0, batch size b, probability p € (0, 1]
for k=0,1,2,...K —1do
Compute s = arg min(s, g*)
SEX

Update 2**1 = (1 — ng)a* + nps”
Generate batch S with size b

V f(zk+1), with probability p
Updat k+1 _
paate g gt + %XS: [V fi(z"T1) = Vfi(z¥)],  with probability 1 — p
1ESK

end for

Lemma B.11 (Lemma . Under Assumption Algorithm @ satisfies Assumption with:

1—p~
P1L =D, AZOa B:TpL27 0207

0,=0, po=1, E=0.

Proof:
Using Lemma 3 from (Li et al [2021)) we can obtain:

_ _ 1-—p~ _
B [IVF@h) — g 7] < (Q=p)IVF@EH) =g 2+ L2 ab —

IN

_ _ 1-p+
(1 =PIV = g" P + — =L, D*.
O

Corollary B.12 (Corollary. For Algom'thm in the convex and non-conver cases the following convergences

take place:
Kp LD? L [1-p
_ 0y _ * it -
Emﬁﬂ—0<0u> ) exn 4)+K+; + L m]>.
. o] _p (f@) = f@)  LD* | L [T—p
E {0511%11%—1 ap(x )} (9( Ti + i 1+ AT .

Proof:
It suffices to plug parameters from Lemma into Theorems and O

The choices of p and b for SARAH FW are presented in the original paper (Beznosikov et al.,[2023)). The final result
for SARAH FW is presented in Table [I]

B.3.3 SAGA Frank-Wolfe

We first restate our Lemma for SAGA FW method (Algorithm and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to
obtain the detailed convergence rate.
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Algorithm 3 SAGA Frank-Wolfe
Input: initial 20, Vi € [n] y? = V f;(2°), ¢° = V f(2°), step sizes {nk }x>0, batch size b
for k=0,1,2,...K —1do
Compute s* = arg E}Iéi)f(l(S,gk>

Update 2**1 = (1 — ng)a® + nps”
Generate batch S with size b
Vfi(xk), for i € S

yr, for i ¢ Sy
Update glc+1 _ % Z [Vfi(karl) k+1} + 1 Z ykJrl
1€SE

end for

Update yk‘|r1

Lemma B.13 (Lemma . Under Assumption Algorithm @ satisfies Assumption with:

1 b L? 2n

1 <& b o ~
72 IV f5(@*) =y Y% o= o, B = 12
n =1 n

Proof:

We bound the difference between estimator and exact gradient:
2

fllgt = Vi) = B ||y S VARG -]+ ny
1€Sk
1 1o ’
= E 7 Z[Vfi(:vk)—yﬂ— EZ[ij(wk)—yﬂ ]
i€Sy j=1
n n 2
biz V(e ’?—(izwﬁ(m’“)—yﬂ)
Jj=1 i=1
1 n
< G IVnE -
S Y IVAEY - VAR i (14 )an )
j=1

L? 1 1
< T(1+a)7713—1D2+5 <1+a> T
for Vao > 0 (in particular, we can put a = 27" to obtain the needed estimates). The second inequality holds, since
n
13" can be described, as an expected value. And E[lz — Ez||> < E||z||>. Then we need to bound the second
i=1
term:

Ex[o7]

gznij) 7| = (1-5) 5 S IV e

) an LV 4 VA ) — P

:\0"

(1-

- _ b 1\ ~ _
< n) 14+ 8)— Z;Wf] by — 1||2+(1n) <1+ﬁ)L2|xkxk 2.

INA
S3
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With g = % we have:
b 2n ~
Exlo?] < (1 - 2n> o+ ?LQni,lDz.
This finishes the proof O

Corollary B.14 (Corollary|3.7). For Algorithm@ in the convex and non-convex cases the following convergences
take place:
L n )

Kb) LD? L
NG

Elrg41] =0 ((f(xo) - f(:c*)) €xp < sn ﬁ%n

. f(@®) = f(a*) LD? L n
E[ k } = 1= 1.
Ogrﬁréllrg_lgap(x ) O ( e + Nie + NG
Proof:
It suffices to plug parameters from Lemma [B.11]into Theorems [2.2] and [2.3] O

To find the optimal choice of b, one can note that we call the stochastic gradients 2b times. In more details, at
each iteration we compute a batch size of b in two points z* and w*. From Corollary we know the estimate
on the number of iterations of SAGA FW, then we can get an estimate on the number of the stochastic gradient
calls by multiplying this result by 2b. We need to minimize b(1 + nb~%/2) and obtain that the optimal b ~ n?/3.
One can notice that Algorithm [3|is required to store n extra vectors {y;} requiring O(nd) extra memory. The
final result for SAGA FW is presented in Table

B.4 Coordinate methods

In this section we provide the detailed convergence rates and proofs for specific methods (see Section of the
constrained optimization problem . These methods use partial derivatives with respect to coordinates instead
of taking gradients of terms of finite sums.

In the following, we prove that some specific methods, i.e., SEGA and JAGUAR (new proposed method) satisfy our
unified Assumption and thus can be captured by our unified analysis. Then, we plug their corresponding
parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to obtain the
detailed convergence rates.

B.4.1 SEGA Frank-Wolfe

We first restate our Lemma for SEGA FW method (Algorithm [4) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to
obtain the detailed convergence rate.

Algorithm 4 SEGA Frank-Wolfe
Input: initial 20, h® = Vf(2°), ¢° = V f(2°) step sizes {nx}r>0
for k=0,1,2,...K —1do
Compute s* = arg géi;l(s,gk>

Update 2! = (1 — ng)a® + nes®

Sample iy € [d] uniformly at random

Set hFtt = hk +¢;, (Vi f(a*) — hE)

Update g"+! = de;, (Vy, f(a*F1) — h{FY) 4 pEH
end for

Lemma B.15 (Lemma . Under Assumptions Algorithm |4 satisfies Assumption with:
pr=1, A=d, B=d*L? C =0,

1
op = |RFTT =V (@M, p2 = 5q B =307
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Proof:
We first bound the difference between estimator and exact gradient:

Ex [lg" — VF(a")|?] Ey [|ldei, ef, (V (") = h¥) + h* =V f(a")]]?]
= B [II(1 = dey, el )(R* = V£(ah))I]
= Ep [(h* = V(") — deyei )" (I degef, )(h* =V f(a"))]

ik

= (hk — V(") E, [I — 2deikez; + dQeikeg;] (hF =V f(z*))
= (W =V I =2-T+d- 1] (A" - Vf(a"))
= (d=1)|r* = V@)
< (d=1DA+a)|h* =V Y)? 4+ (d-1) (1 + ;) n?_L?D?%
Then,
Ei [|R*TH = VFEMIP] = Ex [IR" + eigel, (Vf(z") = %) = Vi (@")))?]

= B [~ e )0 — VP
<1 _ ;) IBE — V()2

< (1-g) st - v (1-3) (1 5 ) i

g
If =55 then (1— 4)(14 ;) <1— 25 and (1 — 2)(1+2d) < 2d, then as d > 1:

1 _
Ex [In4 — V()] < (1 - ) IR — VY|P + 3dL% D2,

2d
Taking o = %, we obtain the needed constants. O

Corollary B.16 (Corollary. For Algorithm in the convex and non-convez cases the following convergences
take place:

Efrg 1] = O <(f(x0) - f(:c*)) exp (g) L LD® [1 + d\/&D .

K+d
| o1 (1@ = f@) | LD
E {0<1£211%1 gap(x )} =0 ( i + Nics [1 + d\/&} .
Proof:
It suffices to plug parameters from Lemma [B.15]into Theorems [2.2] and [2.3] O

B.4.2 JAGUAR

We first restate our Lemma for JAGUAR method (Algorithm [5)) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to
obtain the detailed convergence rate.

Algorithm 5 JAGUAR
Input: initial 20, ¢° = V f(2°), step sizes {n }x>0
for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
SEX

Update zF ! = (1 — ng)a® + nrs®

Sample ij1 € [d] uniformly at random

Update gk+1 = eik+1 (Vik+1 f(xk) - gf}wl) + gk
end for

Lemma B.17 (Lemma|3.10). Under Assumptions Algorithm @ satisfies Assumption with:
—,A=0, B=3dL*, C=0

2d7 ) ) )

02 =0, pp=1,E=0.

p1 =
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Proof:
We first bound the difference between estimator and exact gradient:

Ex [llg" = Vf(z")]?] Ep, [lles.ef, (V1) = ") + g5 = Vf(a")|?]
Er [lles el (VA1) = ") + g7 = Vf(a") + V(") = V"]
= Ep [l — esei )(VF(=" 1) = g" 1) + V(") = Vf(2")|?]

ik

< (14 AEL[IU - el ) g — VI + (1 T ;) W L2D?
= @40 (1 5 )18 = O (14 ) a2

If 3= 5; then (1—3)(1+ ;) <1—5; and thenasd >1:
Ey [llg" = V)] < (1 59) lg"~" = VF(@*1)|1? + 3dni_, L>D?.
This finishes the proof. O

Corollary B.18 (Corollary [3.11)). For Algorithm @ in the conver and non-convex cases the following conver-
gences take place:

. K\ LD?
Elrgs]=0 ((f(ffo) - flz )) exp <_8d> + K+d [1+ Cﬂ) .
- | _ o (f@%) = fa)  LD?
E LK’?EII%I gap(x )] =0 ( Wie + Wie 1+d).
Proof:
It suffices to plug parameters from Lemma into Theorems and O
B.4.3 ZOJA

We introduce Z0JA (Zero-Order JAGUAR) method and provide proof of its convergence. The essence of this
method is that in some setting we cannot compute the direction derivatives, but only approximate through

zero-order information:
f(mk + Te’ik+1) - f(xk)

T

Vier f(z%) = Vi, f(2) =

This can be used instead of the real directional derivative in the JAGUAR FW method, but it is worth considering

the error that arises due to the approximation. We derive corresponding parameters (i.e., specific values for
A,B,C,E,0},p1,p2) into our unified Theorems and to obtain the detailed convergence rate.

Algorithm 6 Z0JA (Zero-Order JAGUAR)
Input: initial 20, ¢° = Zj:l M
for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
SEX

, step sizes {ng tr>0,7 >0

Update 21 = (1 — ng)a® + mps®
Sample ij1 € [d] uniformly at random

\V/ zF+re; (R
Compute Vikf(xk):f( trei, )~ f(a¥)

Update gF*! = eikH(ViHlf(xk) — gfkﬂ) +gF
end for

Lemma B.19 Under Assumptions Algorithm [ satisfies Assumption [2.1] with:

1 5dL%72

—,A=0, B=,3dL* C =

4d7 b ) 4 )
02 =0, pp=1,E=0.

1=
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Proof:
We bound the difference between estimator and exact gradient:
Ex [l = VI = B [lew (Vi @) = gkh) + 6" = V1))

= Ei[llen (Vi S5 = 6570 + 6571 = VA() + V(R = V)2

< (4 [len (Fas S0 = ghh) 4 470 = OrA IR+ (145 ) o220
= (L4 BB [T = e, el ) (0" = V@) + €4, (Vi (51 = T S D)) ]
et

< @epta)(1-5) s - VAP

b (14 5) B e ) - ) - (O re)

n <1 + ;) Me—1L?D?
' 2.2
(1+8)(1+a) (1 - iz) lg" ™" = VIEHIF+ 1 +8) (1 " ;> L4T

1
+ (1 + > ni_,L*D*.
g
If B =55, then (1—3)(1+ 55) <1-—55. And with o = 7, we get
2
Ei [llg* = VF@)IP] < (1= 45) 9"~ = Vf(*D|? + 3dnj_ L2 D? + 245
This finishes the proof. O

Corollary B.20 For Algorithm[g in the convex and non-convez cases the following convergences take place:

e, iy, go0tsb)] =0 (f(zO)ﬂ?f e M@D .

Proof:
It suffices to plug parameters from Lemma into Theorems and O
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B.5 Distributed methods

In this section, we provide the detailed convergence rates and proofs for specific methods (see Section [3.3)) solving
constrained optimization problem with finite-sum form in distributed /federated setting, i.e.,

. 1¢

min {f(ﬂf) = ; fz(x)}'
Each device ¢ has an access only to f;. Furthermore, we allow that different machine can have different data
distribution, i.e., heterogeneous data setting.
As we have already emphasized (see Section, the bottleneck for such type of problem usually is communication
cost. Therefore, we focus on methods with compressed communication.
In the following, we prove that some specific methods satisfy our unified Assumption[2.I]and thus can be captured
by our unified analysis. Then, we plug their corresponding parameters into our unified Theorems and to
obtain the detailed convergence rates for these methods.

B.5.1 DIANA Frank-Wolfe

We first restate our main convergence lemma for DIANA FW method (Algorithm @ and provide its proof for various
stochastic gradients. Then we plug its corresponding parameters (i.e., specific values for A, B,C, E, J,%, 01, P2)
into our unified Theorems and to obtain the detailed convergence rate, depending on the stochastic
gradient we use. After that we provide readers with convergence rate for + method.

Algorithm 7 DIANA Frank-Wolfe
Input: initial point 2°, Vi € [n] hY = V f;(20), h® = L 3" | hY, step sizes {nx}rz0 , & >0
for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
SEX

Update 21 = (1 — ng)a® + mps®

Update hF 1 = hF 4 - L 370 AP

for i=1,...,ndo
Compress shifted local gradient A¥* = Q(V f;(z¥+1) — h¥*1) and send A to the server
Update local shift h¥*t = b + o - Q(V fi(zF+1) — hEFT)

end for

Aggregate received compressed gradient information gh*! = pF+1 4 L5~ ARH

end for

Lemma B.21 Under Assumption with a = H% Algorithm @ satisfy Assumption with:

2 1)L?
plzl’ 14:%7 B:%) C:O,
- 1 _
ok = Z IV fi(z®) = BE|%, po = e E=2(w+1)nL?
1=1

Proof: Deriving inequalities from the proof of Theorem 7 from (Li and Richtarikl [2020), we get

SOV EE) - hi”]
=1

> IVAGH) - han] < (1-20+ 4 204 0) S R IvaG) - e
i=1 1=1

Ei [lg* - VA < SE

Ex

n

+ 1+ 8) D E[IVAi) - Vi)
=1
for VB > 0. Chooseﬁzﬂ%,then
n 1 n 2
kY k2 <w+§ (k=1 _ pk—1p2 20 +w+1
;Hm(x) m] < wH;Ek[Wﬂ(x ) — B+ =

w+1 nzzn%71D2a

Ex




R. Nazykov, A. Shestakov, V. Solodkin, A. Beznosikov, G. Gidel, A. Gasnikov

1 - k—1 k—1)12 72,2 2
< - ; — nt .
< (1 2 —|—w)> ;Ek{Hsz(x )—h: 7l ]+2(w+ )nL*n;_,D
E. [lld* — W f(zF)12] < inE VF (2R — pEely2 28 NI2n2 . D2
ellg" =TI < 5 S EIVAEEY - mER 2w+ R D2,
i=1
This finishes the proof. U

Corollary B.22 (Corollary|3.14). For the algorithm + in the convex and non-convez cases the following
convergences take place:

soset = o((r-si) oo (i) + 5

:EO — x* 2
E[ min gap(xk)}:(9<f( ) — f( )+LD

142

=~
©
+
=
B
[
SN—

1+£%

I va

B

0<k<K-—1 VK VK

B.5.2 MARINA Frank-Wolfe

We first restate our Lemma for MARINA FW method (Algorithm [§) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems and to
obtain the detailed convergence rate.

Algorithm 8 MARINA Frank-Wolfe
Input: initial 20, Vi € [n] ¢0 = Vfi(2?), ¢° = V f(2°), step sizes {n }r>0, probability p € (0,1]
for k=0,1,2,... K —1do
Compute s* = arg gréi)r(l(&gﬂ

Update 21 = (1 — ng)a® + mps®
Broadcast ¢g* to all workers
fori=1,...,ndo
Vfi(zh ) — gk, with probability p
Update cf+1 = ' '
Q(Vfi(x*+1) — Vfi(2¥)), with probability 1 —p
Send cf“ to the server
Update gft! = gF + cF+?
end for
Set g"tt =gk + L300,
end for

Lemma B.23 (Lemma(3.15)). Under Assumption Algorithm @ satisfy Assumption with:

(1 —p)wL?
n

p1:p7A207B: 70207

O'kZO7 p2=1, E=0.
Proof:
Using the Theorem 2.1 from (Gorbunov et all [2021) we can obtain:
1 —pwL?
Eflg — v < ST R ke k) 4 - p)E [l - V6]

— p\wl?
= QB8 (st — o4)7] + (1~ E [lg* — V()]
(1 - pwL?

= —— =D’ +(1-pE[llg" - VI(@=")|?].
0

Corollary B.24 (Corollary [3.16)). For algorithm @ in the conver and non-convex cases the following conver-
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(1-pw
\/ np
1+ “_I’)‘“D
n
Proof:

It suffices to plug parameters from Lemma into Theorems [2:2] and 23] O

gences take place:

Elrici] =0 ((f(x% — f(a")) exp (_pf) LD*

E[ min gap(*)] =0 (f(mo) —J@) | %

0<k<K-—1 VK

We proved results for MARINA FW depending on the parameters p to be tuned. Let us find the optimal choice of
p for MARINA FW. To find the optimal choice of p, one can note that on average we send pd + (1 — p)k coordinates
from a single worker per iteration. In more details, at each iteration with probability p we call the full gradient
in the new point z**! or 5end the compressed difference of gradients. It is optimal to choose p from the condition
pd = (1—p)k, hence p = =+ + 7+ From Corollary , we know the estimate on the number of iterations of MARINA
FW, then we can get an estimate on the numer of the stochastic gradient calls by multiplying this result by
(pd + k), also knowing that for RandK w ~ ¢. The final result for MARINA FW is presented in Table |3

B.5.3 EF21 Frank-Wolfe

We first restate our Lemma [3.18| m 8| for EF21 FW method (Algorlthm E[) and provide its proof. Then we plug its
corresponding parameters (i.e., specific values for A, B,C, E, 0%, p1, p2) into our unified Theorems [2.2) . and [2.3[ to
obtain the detailed convergence rate.

Algorithm 9 EF21 Frank-Wolfe

Input: initial 20, Vi € [n] ¢0 = V f;(29), ¢° = %Z?:l g2, step sizes {nx }r>0
for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
SEX

Update z**1 = (1 — np)a* + nps”
Broadcast "1 to all workers

fori=1,...,ndo
Compress ckJr1 C(V fi(z*+1) — g¥) and send to the server
Update g; k1 gl 4 ekt
end for
Update gFt! =gk + 1 Zl Lt
end for

Lemma B.25 (Lemma(3.18). Under Assumption Algorithm @ satisfies Assumption with:
p=1 A=1, B=0, C=0,

I d+1 ~
o = 52 lgi = Vi(@™)|?, p2 = 982 E=25L°

Proof:
First, let us notice:
2

ZEk[Hm ~ViEHIF]

Similar to the Proof of Theorem 1 from (Richtarik et al., [2021), we can derive:

L2 flat VA = LSl T - o - TG

(1- )Zug VN

Ex[llg" - V(")) = B Hi > (o - Vb))

IN
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< (1-5) 0rag Ml - TAE R (1 3) (4 3) P

for any a > 0. Choose a = 25, hence
1< S+1\1
- Y Bl - VA < (1- 5 ) gz VAP 4 20E D
i=1 im1

O

Corollary B.26 (Corollary [3.19). For Algorithm @ in the convex and non-convex cases the following conver-
gences take place:

E{TKH} = O((f(xo) — f(x*)) exp ( — g) + % 1+ Ed )
ooy gants)] = O(f(xo)Jff S )

Proof:
It suffices to plug parameters from Lemma [B.25]into Theorems [2.2] and [2.3] O
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B.6 Combinations of different approaches

In this section, we provide the detailed convergence rates and proofs for specific methods (see Section (3.4))
solving constrained optimization problem using combinations of methods, presented earlier. This approach
may outperform existing methods, as they combine advantages of both algorithms.

B.6.1 SAGA SARAH Frank-Wolfe

We first restate our Lemma m O for SAGA SARAH FW method (Algorlthm 110)) and provide its proof. Then we plug
its corresponding parameters (i.e., specific values for A, B, C, E, 0%, p1, p2) into our unified Theorems and .
to obtain the detailed convergence rate.

Algorithm 10 SAGA SARAH Frank-Wolfe
Input: initial 20, y? = Vf;(29), g° = Vf(a?), step sizes {nx }r>0, momentum A, batch size b
for k=0,1,2,...K —1do
Generate batch S, with size b
Compute s* = arg 21?)1{1(5, g")

Update z* ! = (1 — ng)a® + nes®
Vfi(x*), forie Sy,

yr, for i ¢ Sy

Update g+ = § 52 [V (’““)—Vfi(afk)H(l—/\)g’“rA(},Z[Vfi(xk) g4 L zy’m)

1€Sk

Update yk+1 =

end for

Lemma B.27 (Lemma(3.20). Under Assumption Algorithm |10 satisfies Assumption with:

b b 272
pl_%’A_ﬁ’B_T’C_O’
1 Joh b 2nL>
- — E= .
n§:? IV (x 1) o2 =5 X

Proof:
Using Lemma 2 from (Li et all [2021)) we can obtain:

IV =g < (1—A)QIIVf(xk‘l)—gk‘lllg+&lZI|Vfa =yl

2L
+ 7||.,L,k xk_1H2

2L

222 1 < B
< (I—A)QIIVf(I’“)—g’“ll2+752||ij(m’“ H—yhIP+ 5 e D
j=1

Additionally Lemma 3 from (Li et all [2021) with 8 = % gives us:

1 b\ 1 _ 2nL2 B
PSR - s (1m0 ) R IO -+ e -t
j=1

j=1

b\ 1< k—1 kN2 4 2nL? 2
< (1= 50) 2 T IVHE) - obP+ a0,

j=1

With A = 2 we have:
b _ 2L
B I916H -] < (15 ) Ivset 1>—gk||2+—72|| £ 12+ 2 .

That finishes the proof. O
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Corollary B.28 (Corollary [3.21)). For Algorithm in the convex and non-convex cases the following conver-

gences take place:
L Vn
14 2V"
2 ])

Elrg1] =0 <(f(:c0) - f(:c*)) exp (‘l;];) + [(sz

. | _ o [ f°) = f(z*)  LD? Lyn
E L)qgrg}rél gap(x )] =0 < e + i 1+ — A
Proof:
It suffices to plug parameters from Lemma into Theorems [2.2] and O

The choice b for SAGA SARAH FW is presented in the original paper (Beznosikov et al.l 2023]).

B.6.2 Q-L-SVRG Frank-Wolfe with compression

We first restate our Lemma m 2| for Q-L-SVRG FW method (Algomthm . and provide its proof. Then we plug
its corresponding parameters (i.e., specific values for A, B, C, E, 0%, p1, p2) into our unified Theorems n and .
to obtain the detailed convergence rate.

Algorithm 11 Q-L-SVRG Frank-Wolfe
Input: initial 20, w® = 2, step sizes {ny }x>0, batch size b, probability p € (0, 1]
for k=0,1,2,... K —1do
Compute s¥ = argmin(s, g*)
SEX

Update 2! = (1 — ng)a® + mrg®
zF,  with probability p
Update w**+! =
wF,  with probability 1 —p

Broadcast z**! to all workers
fori=1,...,ndo

Compress c’chl = C(V f;(z**1) — gF¥) and send to the server

Update g]“'1 =gk + ci-”l

end for

Update g**! = QVfi(a™H) = V fi(w 1)) + Vf(w*)

Mz

S

=1

end for

Lemma B.29 (Lemma |3.22 m Under Assumptions m Algorithm n \11) satisfy Assumption with:
L2 L2 1-
1A el (1_p),B:w<1+8<P)>7C:07
n n P

2

8(1 —
o=t~ b2, =B, =14 )
p
Proof:

2

Ex [|lg* — V£ (=")?]

B || D0 QVAGEH) - Vi) + V) - V")
i=1

% [V fila®) = Vfi(wh)) + Vfilw®) = Vfi(e")|[’]
[<Q (Vila*) = Vfi(wh) + V fi(wh) = T fi(a"),

S

QVf;(a*) = Vi (wh)) + Vi (") = V(b))
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w n
< —QZ IV fi(2*) = ¥ fi(w")[|?]
wL?
< et -t (31)
since Q(V f;(z*) — Vfi(w¥)) and Q(ij( ) — V f;(w)) are independent. According to we derive:
2(1 —
Ballet -t < (14 2072 ni_1D2+(1fp)(1+2ﬁ)Hx’“’1fw’“’lllz-
Finally substituting it in we get
wl? 201 —p wlL? _ _
BV - o P < (1 T g 0t S 2w
With 8 = § we have
1—
ulle — P < (10 BB g 02 (1= Bt -t (32)
D 2
and
L2 8(1—p) wL?
kY _ k2] < ¥ p 2 27 _p k=1 k—1y2
BV h) - o < 2 (14 B ) g o2 28 (1 B it - it
(]

Corollary B.30 (Corollary [3.23)). For Algorithm in the convex and non-convex cases the following conver-

gences take place:
Efrici1] = O ((f<x°> - f(a) exp( Kp) n lﬁf n ﬁp\ﬂ)

E[ min gap(xk)} — O<f(x0) — f(z*) n LD?

0<k<K-1

Proof:
It suffices to plug parameters from Lemma [B.29]into Theorems [2.2] and [2:3] O

We proved results for Q-L-SVRG FW depending on the parameters p to be tuned. Let us find the optimal choice
of p for Q-L-SVRG FW. To find the optimal choice of p, one can note that on average we send pd + % coordinates
from a single worker per iteration. In more details, at each iteration with probability p we call the full gradient
in the new point w**! and also send the compressed difference of gradient and its estimator. From Corollary
:23] we know the estimate on the number of iterations of Q-L-SVRG FW, then we can get an estimate on the
number of the stochastic gradient calls by multiplying this result by (pd + g) Then the new estimate can be

optimized first by p (in fact, we need to minimize (1 + ‘G)(p + 1) and obtain that the optimal p ~ (nw)~7.
The final result for Q-L-SVRG FW is presented in Table [3]

B.6.3 VR-MARINA Frank-Wolfe

Developing the idea of combining different approaches, we present a modification of the MARINA FW, which is an
adaptation from (Gorbunov et al., [2021). We first present the algorithm, and then provide detailed convergence
result together with its proof.
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Algorithm 12 VR-MARINA Frank-Wolfe
Input: initial 20, g° = V f(2°), step sizes {n } x>0, batch size b, probability p € (0, 1]
for k=0,1,2,..., K —1do
Compute s* = arg min(s, g*)
SEX

Update 2**1 = (1 — ng)a® + nps”
Broadcast ¢* to all workers

fori=1,...,ndo
Generate batch |Si| =b
V fi(xh+1), with probability p
Update gf“ =
g+ 9| X (Vfija*t) =V fi, (xk))> , with probability 1 —p
end for IS
Set gkttt =1 Zz 19 f“

end for

In this section, we assume that the local loss on each node has either a finite-sum form:

= % > i)
j=1

Assumption B.31 (Average L-smoothness). For all k > 0 and i € [n] the minibatch stochastic gradients
difference AF = %g}; (Vfij (@) = V fi;(a%)) computed on the i-th machine satisfies:
b

[Ak | o 2k }
L;
[”Ak AF|2 | 2* szrl} < ?” g k|2,
with some L; > 0 and AF = V f;(xF*+1) — V f;(zF).
This assumption is satisfied in many cases. In particular, if S;k ={1...,m}, then £; =0, and if S;)k consists of
b iid. samples from the uniform distributions on {1...,m} and f;; are L;j-smooth, then £; < max;¢[m) Lij-.

Under this and the previously introduced assumptions, we derive the following result.

Lemma B.32 Under Assumptions[3.1) [B.31] Algorithm [1] satisfies Assumption [2.1] with:

2
pr=p, A=0, B:L )(wL2+7(1+:)£ ), C =0,

0, =0, po=1, E=0.

Proof:
Using the Theorem 3.1 from (Gorbunov et all 2021), we can obtain:

_ w 2
Bl - V7] < TP rr ¢ BEDE g ot aki2) 4 (1 p)E gt~ V(b))

_ ;P)(sz + (1 +g‘1)£2
(14 w)L?
b

iR [||s* — «"|1°] + (1 — p)E [||g" — V£ (=")|?]
yniD? + (1= p)E [|lg* — V f(=")]?].

(]

Corollary B.33 For Algorithm[13 in the convex and non-convez cases the following convergences take place:

? —p) (wL? + L2
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E| mi Y] =
Og%llg_lgap(x )| =0

s sy 2 [ [0 err s )
VK VK np
Proof:
It suffices to plug parameters from Lemma [B-32]into Theorems [2.2) and 23] a

B.6.4 PP-L-SVRG Frank-Wolfe

Combining ideas of L-SVRG and distributed methods, one might introduce PP-L-SVRG, decentralized method,
that is similar to SAGA when size of batch equals to 1, with only exception - there is no fixed size of batch.

Algorithm 13 PP-L-SVRG Frank-Wolfe
Input: initial 20 = w", step sizes {ny }x>0, batch size b, probability p € (0,1]
for k=0,1,2,... K —1do
Compute s = arg min(s, g¥)
sEX

Update 2! = (1 — ng)2® + mrg®

k . ..
x with probability p
Update w*+! = { ’

w®,  with probability 1 — p

Sample i) € [d] uniformly at random

Update gk+1 Vf ( k+1) _ sz'k (wk+1) + Vf(wk+1)
end for

Lemma B.34 Under Assumption Algorithm [13 satisfies Assumption with
2
p1=1, A_1+— B = L2< ) C =0,

n

ot =S IVAE) o, o= B B -T2
i=1
Proof:
We bound the difference between estimator and exact gradient:
2
K[ =VIEMIP] = Ei || Vi (@) = Vi (w ij ~ V(")
=2 2

< Z Vii(a®) = Viiw ( Z Ve Vfi(w’“)}>

S|

I

HVfJ ij(wk)

IA
| = S|+
= WM: i

IN

£ o) SOV ) - VAP + ( )ZWJ E1) U (b))

j=1

~ 1
L*(1+a)n;_D* + (1 + a) oi_,

IN

n
for Voo > 0. The second inequation holds, since & Z can be described, as an expected value. And E||z —Ez||? <

E||2||?. Then we need to bound the second term:

E[o7]

ES ) - V@RI = (- p) - SV - Vb))
Jj=1 j=1

= (1-p) %Z IV £5(2") = V f;(a"71) + V(257 = V(")
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1\ ~
) LQHZEk _ (Ek_lHQ.

S A-p) (0% S IVHE - ThwhIE+ -0 (145
Jj=1

With g = £ we have:
2~
Ek[oi] S (1 — g) 0']%71 + ;L277]%71D2.
Taking a = %, we obtain the needed constants. O

Corollary B.35 Suppose that Assumption[I.1] holds. For Algorithm[13 in the convex and non-convex cases the
following convergences take place:

) _
Pl =9 <(f(z0) S ew (Igp) " zglj T |1 %119 ) '
i f(@%) — f(z*) = LD? 1
E{Oﬁlgr%lll}—lgap(xk)] O< VK * VK llJer )

Proof:
It suffices to plug parameters from Lemma into Theorems [2:2] and O



Stochastic Frank-Wolfe: Unified Analysis and Zoo of Special Cases

C ADDITIONAL EXPERIMENTS

In this section, we provide additional experiments comparing convergence results for several methods from Tables
[[l B and Bl Since one of the main goals of our experiments is to justify the theoretical findings of the paper,
in the experiments, we use the stepsizes from the corresponding theoretical results for our methods. As already
described in Section @, we assume the particular case of finite-sum constrained optimization problem with f(x)
specified as:

Fla) = 3" log(1 + exp(—bi "),

i=1

where {a;,b;}7, is i-th data-label pair with a; € R? and b; € {—1,1}. We choose X as the [; norm ball with
radius 7 = 2-10%. One can show that for given X' the linear minimization oracle, i.e., arg mi)r(1 (g, 8), can be
se

computed as:
s* = —sign(g;)e;, with ¢ = argmax |g;|.
j

The data and labels are obtained from LibSVM datases wla, mushrooms and rcvi.

C.1 Point projection

Here we intoduced missing experiment of comparison L-SVRG FW and SAGA SARAH FW with effective O(n) time
point Euclidean projection method [Duchi et al. (2008): SGD , as well as SVRG:

10°
10°
S 107
=
<% ©
R E
=
o 1072
s 8
Qo
$ a
D107
o L0
[] =
o o
(]
4
102 .
—— Duchi, J. et al.(2008) 10 —— Duchi, J. et al.(2008)
—— Constraint SVRG —— Constraint SVRG
—— L-SVRG FW —— L-SVRG FW
—— SARAH-SAGA FW —— SARAH-SAGA FW
10 10-°
10° 10° 10* 10% 10° 10°
Number of gradient evaluations Number of gradient evaluations

Figure 5: Comparison of Frank-Wolfe-based algorithms and methods with projection for the stochastic problem.
L-SVRG FW, SAGA SARAH FW as wel as SGD and SVRG with projection are considered. The comparison is made
on LibSVM dataset mushrooms.
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