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Abstract

Minimax optimization problems have at-
tracted a lot of attention over the past
few years, with applications ranging from
economics to machine learning. While ad-
vanced optimization methods exist for such
problems, characterizing their dynamics in
stochastic scenarios remains notably chal-
lenging. In this paper, we pioneer the use
of stochastic differential equations (SDEs)
to analyze and compare Minimax optimiz-
ers. Our SDE models for Stochastic Gradi-
ent Descent-Ascent, Stochastic Extragradient,
and Stochastic Hamiltonian Gradient Descent
are provable approximations of their algorith-
mic counterparts, clearly showcasing the inter-
play between hyperparameters, implicit reg-
ularization, and implicit curvature-induced
noise. This perspective also allows for a uni-
fied and simplified analysis strategy based on
the principles of Itd calculus. Finally, our
approach facilitates the derivation of conver-
gence conditions and closed-form solutions for
the dynamics in simplified settings, unveiling
further insights into the behavior of different
optimizers.

1 INTRODUCTION

Minimax optimization plays a fundamental role in deci-
sion theory, game theory, and machine learning (Good-
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fellow et al., |2016]). The problem it addresses is finding
the solution of the following optimization problem:

min max
zeEX yey

1N

f(x,y) :N;fl($vy) ’ (1)
where f, f; : X xY - Rfori=1,...,N. In machine
learning, f is an empirical risk function where f; is the
contribution of the i-th data point of the training data.
In this notation, (z,y) € X x ) is a vector of trainable
parameters and N is the size of the dataset. The goal
is to find optimal saddle points (x*,y*) such that

FELY) S FEY) < FxyT)

The most intuitive algorithm to solve Eq. is Gradi-
ent Descent Ascent (GDA). However, its updates are
computationally expensive for large datasets. There-
fore, a common choice is to use mini-batches to ap-
proximate the gradients, which gives rise to Stochastic
Gradient Descent Ascent (SGDA). Unfortunately, it is
known that both GDA and SGDA do not converge on
relatively simple landscapes such as f(z,y) = zy for
(z,y) € R. This led to the design of alternative opti-
mizers such as Extragradient (EG) (Korpelevich, [1976))
and Hamiltonian GD (Balduzzi et all [2018). While
these methods exhibit more favorable convergence guar-
antees compared to SGDA, they are relatively complex
to study and some of their properties are still not well
understood, especially in a stochastic setting.

Vxe X, Vye).

In this paper, we leverage continuous-time models in
the form of stochastic differential equations (SDEs) to
study these minimax optimizers. SDEs have recently
become popular in the minimization community: They
provide a unified and simplified analysis strategy rooted
in It6 calculus which facilitates the derivation of novel
insights about the discrete algorithms, see e.g. (Su et al.,
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2014; |Li et al.| [2017). It is worth mentioning that the
interest in applying SDEs to minimax problems has
been a topic of prior research discussions (Chavdarova,
et al.,[2022). Following the framework of |Li et al.|(2017)
for minimization, our work provides the first formal
derivation — rooted in the theory of weak approxima-
tion (Mil’shtein), [1986)) — of the SDEs of SGDA,

Ze41 = 2k — N, (21), (2)
SEG,
Zpt1 = 2k — N (2 — pEL2 (21)), (3)
and SHGD
i1 = 2K — VM1 42 (21), (4)

where F' is the drift field and H the Hamiltonian:

F’y(z) = F’y(xay) = (vxf'y(x,y)a _vyf'y(l'vy))a (5)
Fl(2)F,(z

Hor 2 (2) = M (6)
Above, n € R>? is the stepsize and p € R is the ex-
tra stepsize of SE The mini-batches {v]} are mod-
elled as i.i.d. random variables uniformly distributed
on {1,---, N}, and of size B > 1.

Formally, these continuous-time models are weak ap-
proximations, i.e. approximations in distribution, of
their respective discrete-time algorithms. We will ex-
ploit these models to derive novel insights into the
convergence behavior, the effect of the noise and the cur-
vature of the landscape, or the role of hyper-parameters
such as the extra stepsize p appearing in SEG.

Contributions.

e We provide the first formal derivation of the SDE
models of popular minimax optimizers. Then, we use
them to make the following additional contributions:

1. Moderate Exploration regime. If p = O(n),
we show that SEG essentially behaves like SGDA;

2. Aggressive Exploration regime (Hsieh et al.,
2020). For p = O(,/7), the dynamics of SEG can
be interpreted as that of SGDA on an implicitly
regularized vector field with additional implicit
curvature-induced noise;

3. SHGD uses explicit curvature-based information.
Thus, it has an explicit curvature-induced noise;

4. We characterize the evolution of the Hamiltonian
under the dynamics of SEG and SHGD;

5. We use the latter to derive convergence conditions
for SEG and SHGD on a wide class of functions.

We also support the cases where the stepsizes and extra
steps depend on time, e.g. 1 and pi, as well as depend on
the coordinates, e.g. 1= (11, ,N4)-

e For Bilinear Games with different noise structures:

1. We explicitly solve the differential equation of
the Hamiltonian, thus elucidating the interplay
of all hyperparameters in determining the speed
of convergence (or divergence) of these methods;

2. We provide necessary and sufficient conditions for
stepsize schedulers to recover convergence.

e We explicitly solve the SDEs for some Quadratic
Games, meaning that we derive the first closed-form
formula for the dynamics of SEG and SHGD on these
landscapes. This allows for a 1-to-1 comparison of
the two optimizers, particularly of their first and sec-
ond moments. One key takeaway of this comparison
is that selecting p is a matter of trade-off between
the speed of convergence and asymptotic optimality:
Our formulas show how a suitable choice of p allows
SEG to match (or outperform) SHGD w.r.t. con-
vergence speed but negatively impacts its optimality
(the iterates converge to a larger neighborhood of the
optimum). Interestingly, the curvature determines
whether SEG or SHGD is faster at converging as well
as more suboptimal. Importantly, we provide the
first experimental and theoretical evidence that neg-
ative p might be advisable for certain landscapes.

e Finally, we present extensive experiments on various
relevant minimax problems: these are meant to verify
that each formula derived from our SDEs correctly
describes the behavior of the respective discrete-time
algorithms. Figure [T] offers a preliminary glimpse at
the accuracy of the SDEs approximations.

2 RELATED WORKS

We start by discussing existing continuous-time analy-
sis for minimax optimization and related applications.
For related works regarding SGDA, SEG, SHGD, and
bilinear games, we refer the reader to Appendix [A]

ODE Approximations and Applications. Several
works use continuous-time models to describe the dy-
namics of minimax optimizers. First, Ryu et al.| (2019)
informally derived ODEs to study Stochastic Gradi-
ent Methods with Optimism and Anchoring. Then,
Lu| (2022) formally showed that different saddle-point
optimizers yield the same ODE and derived High-
Resolution (Ordinary) Differential Equations (HRDESs)
to provide convergence conditions on a wide class of
problems. Similarly, (Chavdarova et al.| (2023)) derived
HRDEs as well and established the convergence of cer-
tain methods in continuous time on bilinear games.
Finally, Hsieh et al. (2021)) modeled a wide class of
zeroth- and first-order minimax algorithms with ODEs
and proved that they may be subject to inescapable
convergence failures, meaning that they could get at-
tracted by spurious attractors. Unfortunately, their
approach based on Robbins—Monro templates cannot
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Figure 1: Empirical validation of Theorem and
The trajectories of the simulated SDEs match those of
the respective algorithms averaged over 5 runs - That
of SGDA gets trapped in limit cycles as well (Top Left);
That of SHGD converges to the optimum of a highly
nonlinear landscape (Bottom Left); The SDE of SGDA
would not be a good model for SEG (Top Right); The
SDEs and the optimizers move along the trajectory at
the same speed (Bottom Right). For a description of
the landscapes and of the simulation settings for the
SDEs, see Appendixlgl

handle ergodic averages, second-order methods, adap-
tive methods, and constant stepsizes.

SDE Approximations and Applications. (Li
first proposed a formal theoretical frame-
work to derive SDEs to appropriately capture the intrin-
sic stochasticity of stochastic optimizers. These SDEs
can be understood as weak approximations of stochastic
gradient algorithms (See Deﬁnition. SDEs open to
a variety of concrete applications that include stochas-
tic optimal control to select the stepsize
or the batch size (Zhao et al., [2022) and scaling
rules (Malladi et all [2022)) to adjust the optimization
hyperparameters w.r.t. the batch size. Additionally,
SDEs give access to the fine-grained structure of the
interaction between stochasticity and curvature. For
example, the study of escape times of SGD from min-
ima of different sharpness @ , the factors
influencing the minima found by SGD |Jastrzebski et al.|
(2018), the convergence bounds for mini-batch SGD and
SVRG derived in |Orvieto and Lucchil (2019), and the
fundamental interplay between noise and curvature of
the landscape for SAM (Compagnoni et al.| 2023). For
more references, see (Kushner and Yin| 2003 Ljung
let all 2012; [Chen et all [2015; [Mandt et all [2015}
Chaudhari and Soattol, 2018} [Zhu et al], [2019; [He et al.
2018; |An et al., 2020). A gentle introduction to SDEs

is provided in Appendix
3 RESULTS & INSIGHTS: THE SDEs

This section provides the general formulations of the
SDEs of SGDA (Theorem , SEG (Theorem ,
and SHGD (Theorem [3.6)). Due to the technical nature
of the analysis, we refer the reader to the appendix for
the complete formal statements and proofs.

Assumption 3.1. We assume that

1. Vf,Vf; satisfy a Lipschij&z condition: 3L > 0
st [Vf(u) = V@) + 22 [Vfi(u) = VSi(v)] <

Lju —vl;

2. f, fi and their partial derivatives up to order 7
have polynomial growth;

3. Vf,Vf; satisfy a}l\}near growth condition: IM > 0
st V(2[4 2= [Vfi(2)] < M(1+ [z]).

Definition 3.2 (Weak Approximation). A continuous-
time stochastic process {Z;}iepo,r) is an order «
weak approximation (or a-order SDE) of a dis-
crete stochastic process {zx} ,Eq;/om if for every polyno-
mial growth function g, there exists a positive con-
stant C', independent of the stepsize 7, such that

maxy—o,... |7/n] B9 (2r) — Eg (Zkn)| < Cn™.

This definition comes from the field of numerical anal-

ysis of SDEs, see Mil’shtein| (1986). When g(z) = ||z||7,
the bound restricts the disparity between the j-th mo-
ments of the discrete and the continuous process.

3.1 SGDA SDE

Theorem 3.3 (SGDA SDE - Informal Statement of
Theorem |C.5)). Under sufficient regularity conditions,
the solution of the following SDFE is an order 1 weak
approximation of the discrete update of SGDA :

dZ, = —F (Z,) dt + /0% (Z1)dWy, (7)

where X(z) is the noise covariance

2(2) = E[&(2)6,(2) ], (®)

and &,(z) := F (2) — F, (2) the noise in the sample F.,.

3.2 SEG SDE

A notable characteristic of SEG is the inclusion of the
variable p that controls the magnitude of the extra step.
This variable plays an important role in the derivation
of the SDE of SEG and one has to differentiate between
two different regimes:



SDEs for Minimax Optimization

1. When p ~ 7, the SDE of SEG is the same as
SGDA, which is consistent with the literature on
ODEs (Chavdarova et al., 2023} [2022). The
formal proof is given in Theorem

2. However, if the extra stepsize p is sizeably larger
than 7 (Hsieh et al., [2020) (i.e. p = O(y/7)),
SEG enters a more exploratory regime, for which
the SDE becomes distinct from the first regime.

Before presenting our main result, we introduce some
notation. Let v := (v',7?%), Fy(2) := VF;1(2)Fy2(2),
and F(z) := E[F,(z)] be its expectation. We denote
the noise in I as &,(z) := F(2) — F'(2) and consider
the mixed (non-symmetric) covariance matrix (z) =
E[&y (2)6(2) ).

Theorem 3.4 (Informal Statement of Theorem [C.8]).
Let

Under sufficient regularity conditions and p = O(y/7),
the solution of the following SDE is the order 1 weak
approzimation of the discrete update of SEG

dZy = —F%C (Z,) dt + /258 (Zy)dW. (11)

Proof. To prove that the SDE is a weak approximation
of SEG as per Definition [3.2] we prove that the first and
second moments of its discretization match those of
SEG up to an error of order n and 72, respectively. [J

For didactic reasons, we now present Corollary [3.5] a
consequence of Theorem that provides a more inter-
pretable SDE for SEG which we will use to establish a
comparison with SGDA (Eq.(7)) and SHGD (Eq.(16)).
Corollary 3.5 (Informal Statement of Corollary .
Under the assumptions of Theorem that v = 72 =
v, and that the stochastic gradients are V,f,(z) =
Vo f(2)+U" and Vy fy(2) = Vy f(2)+UY such that U*
and UY are independent noises that do not depend on

z, the following SDE provides a 1 weak approzimation
of the discrete update of SEG

dZy = — (F(Z) — pVF(Z)F(Zy))dt  (12)
+ (Iog — pVF (Z4)) \/nEdWr.

If instead (under the same assumptions) v* and v? are
uncorrelated, the SDE has a drift regularization term
but no variance reqularization:

dZ; = — (F(Z) — pNF(Z)F(Zy)) dt 4 /nSdW,.

Vector Field: —F(x, y) Vector Field: VF(x, y)F(x,y)
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Figure 2: Graphical representation of the implicit reg-
ularization of the vector field of SEG for f(z,y) = zy:
—F spins the dynamics in a circle (Top Left); +VFF
pulls it towards 0 (Top Right); If p is small, — F+pVFF
combines the two fields and spirals towards the origin
(Bottom Left); If p is large, —F + pVFF is a chaotic
field that makes the dynamics diverge (Bottom Right).

Proof. The noise assumption implies VF,1(z) =
VF(z). Therefore F(z) := VF(z)F(z). Next, note
that & (z) = VF(2)¢,2(2) and therefore $(z) =
E[61(2)6:(2)VF(2)T] = BVF(2)" if 4* = 4* and
is zero otherwise. Next, note that X°¢(z) := ¥ +
PEVF(2)T + pVF(2)S = (Lo + pVF(2))5 (T +
pVF(2)T) + O(p?). Since terms of order p? have a
vanishing influence, this proves the result. O

3.3 SHGD SDE

Theorem 3.6 (SHGD SDE - Informal Statement of
Theorem |C.14)). Let H := H1 42 and let us define

F19(z) 1= VE [y (2)] (13)
BV () = E |&(2)é(2) 7] (14)

where &(z) = FS(2) — V', (2). Under sufficient
reqularity conditions, the solution of the following SDE
1s the order 1 weak approximation of the discrete update

of SHGD ({@):
dZy = —F*"CP (Zy) dt + /nSSH6P (Z,)dWy.  (15)

Once again, we provide a more interpretable SDE under
additional assumptions:

Corollary 3.7 (Informal Statement of Corollary.
Under the assumptions of Theorem that vt = 42 =
v, and that the stochastic gradients are V,fy(z) =
Vaof(2) +U” and V, f(2) = V,f(2) + UY such that
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U?® and UY are independent noises that do not depend
on z, the SDFE is

dZy = —VH (Z) dt + V2 f (Z) VEAW,.  (16)

If instead v' and 2 are uncorrelated, the SDE is the
same but with less variance:

dZy = —VH (Z;) dt + \/szf (Z,) VEdW,.  (17)

Empirical Validation Figure [I] shows the empiri-
cal validation of Theorem [3.4] and Theorem The
top left shows that the SDE of SGDA matches the
algorithm and is also attracted to a limit cycle. The
bottom left shows that the SDE of SHGD matches the
empirical optimization of a highly nonlinear landscape.
The top right shows that the SDE of SEG matches its
discrete-time counterpart for different values of p. Also,
the SDE of SGDA is not a good model to describe the
dynamics of SEG. The bottom right shows the evolu-
tion of the norm of the iterates in time: We understand
that the SDE Zy, and optimizer z; move at the ex-
act same speed along the trajectory — This justifies
their use as investigation tools. Figure [J] shows that
if p = O(n) or smaller, the SDE of SGDA models the
dynamics of SEG accurately. However, if p = O(\/n)
or larger, the SDE of SGDA no longer does so while
the SDE of SEG does. All experiments are averaged
over 5 runs and additional details are in Appendix [G]

3.4 Comparisons

There are three notable observations we immediately
derive from the SDEs presented above:

1. Let us use V := (V,, —V,). Then, one can see
that the drift term F is simply equal to F = V f
for SGDA, while SEG implicitly introduces an
additional regularizer such that

F0 =5 [1+ £ IV, 713 - 19.713]]

Therefore, the dynamics of SEG is equivalent to
that of SGDA on an implicitly regularized vec-
tor field. Figure [2]illustrates this phenomenon.

2. The presence of pVF in the diffusion term of
SEG shows that the extra step implicitly adds
(on top of that of SGDA) a noise component that
depends on the curvature of the landscape.

3. SHGD is a second-order method that explicitly
optimizes the Hamiltonian which by definition
uses curvature-based information. The SDE in
Eq. shows how this results in V2f directly
affecting its noise structure.

4 CONVERGENCE CONDITIONS

In this section, we derive the ODE that characterizes
the evolution of the expected Hamiltonian H; along the
dynamics of SEG and SHGD. We use it to derive con-
vergence conditions on a wide class of functions. Then,
we focus on Bilinear Games where we can explicitly
solve the ODE which allows us to single out the role of
each ingredient of the dynamics. Finally, we provide
sufficient conditions to craft stepsize schedulers that
induce convergence.

4.1 SHGD

We begin by introducing an auxiliary result that elu-
cidates the evolution of the Hamiltonian. Here we
denote by Z; the stochastic process that defines the
evolution of SHGD. We also define Hy := E~[H~(Z;)]
and X3M6P .= ¥SUCD (7)) Then,

B[] = —E[IVH|?] + JTr (E[Z""V2H,])
We observe that:

1. —E [||VH,|?] comes from the drift of the SDE
and is pulling the dynamics towards regions with
ZEero energy;

2. 1Tr (E [XZ$HPV2H,]) is induced by the diffusion
term and has an adversarial effect;

3. Convergence can only be achieved if the pulling
force is stronger than the repulsive one, even at
vanishing energies.

We formalize this in Theorem [£.1] and Corollary

Theorem 4.1 (SHGD General Convergence). Con-
sider the solution Z; of the SHGD SDE with ' # 2.
Let vy := E [Ey [[VH, (Zy) — VH~ (Z)||3]] measure
the error in VH, in expectation over the whole random-
ness up to time t. Suppose that:

1. The smallest eigenvalue (in absolute value) p of
V2f(z) is non-zero;

2. |V2H(2)|lop < L7, for all z € R,

Then,

L1 [* .
E[H;) < e 2t [Ho + 5T vseQ“zéds} . (18)
0

Proof. We derive the SDE of H; via It6’s Lemma and
take its expectation to obtain the ODE of E [H;]. Then,
we use the assumptions to derive a bound on it. O
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Corollary 4.2. Under the assumptions of Theorem
if for Ly >0

v < LyE [Hy], (19)
the solution is more explicit:
E[H,] < Hoe(=2 v L)t (20)
If instead
vy < Ly, (21)
we have

E[H] < Hoe 207t ¢ (1 - 6_2“2t> %
2p

Discussion about Assumptions Note that:

1. (Loizou et al., 2020) which first proposed SHGD
assumed independent mini-batches;

2. Lipschitzianity on VH,1 42 and Error Bound on
F imply Eq. ;

3. Bounded variance on VH,1 2 implies Eq. .

Concrete Examples We analyze Bilinear Games for
which we can provide explicit formulas for the results
presented above. We focus on: f(z,y) = 2" E¢ [A¢]y
and f(x,y) = 2" Ay where A and A¢ are square, diag-
onal, and positive semidefinite matrices.

Proposition 4.3. For f(z,y) = 2 "E¢ [A¢]y, Eq.
holds and we have

d
[”ZtH 2)\27770 (2)\ +o; )) (23)
In particular, E[HZ;H ] 20 ifn < 2(;\%?{_2), Vi.
o5 11795

In this case, the noise structure is such that v; scales
like E [H;]. Thus, E [H;] exponentially decays to 0.

Proposition 4.4. For f(z,y) = 2" Ay and covariance
noise 3 := diag(o1, -+ ,04), Fq. holds and

Z ||Zo|| o2\t ‘ (1 B 672,\1%)
2 )

(24)
2
which implies that M f2e0 o Z?:l a? > 0.

HZtH

In this case, vy is bounded, meaning that E [H;] reaches
an asymptotic suboptimality exponentially fast.

Now we provide sufficient and necessary conditions to
craft stepsize schedulers that recover convergence.

Proposition 4.5. Under the assumptions of Prop. [{.J),

E[lIZ:)%]

for any stepsize scheduler n, 5

d i 2 t
S e g meas (Zgﬂ . 770?)\12/ 22 3 nrdrn5d8> .
i=1 0

Therefore,

ElllZ 2 o o]

[”Mt1>0<=>/ nsds =00 and lim 1 = 0.
0 t—o00

(25)

s equal to

2

Among other possible choices of n,

1 E[)|Z:)?]
(t+1) 2

= — 0, fory€{0.5,1}.

4.2 SEG

Let Z; be the solution of the SEG SDE,
ESEG(Zt), Ht = ]E’Y[H'Y(Zt)]’ and FtSEG = FSEG(Zt).
Then,

SEG _
Zt

B[] = - [VH] F™] + 1T (E[ZV2H,))

Once again, we have to study how the pulling and
repulsive forces balance each other in order to dissect
the convergence behavior of SEG.

Theorem 4.6 (SEG General Convergence). Consider
the solution Z; of the SEG SDE with v* # ~%. Let
vy = E[Ey [|[F9(Z,) — FiP¢(Z,)|13]] measure the
error in B¢ in expectation over the whole randomness
up to time t. Suppose that:

1. The smallest eigenvalue (in absolute value) p, of
M is non-zero, where M = diag(Ml 1, Mo 2), with
M = V2 fow +p (szmyv2 — V2 zzx) and
M2,2 = —V? fyy +p (VZfacyvzfxy Vnyy))

2. IV2H (2)||op < LT, for all z € R,
Then,

t
E[Hy] < e 2! {Ho + =T vsez“isds} . (26)

0
Corollary 4.7. The very same result as Corollary[{.2
holds where we substitute p with p,.

Discussion about Assumptions Note that:

1. Independent mini-batches are used in Indep.-
Sample SEG (Du et al., [2022} |(Gorbunov et al.|
2022)), and are not a necessary condition;

2. ki-Lipschitzianity on F,1, ko-Lipschitzianity on
VFE.,1F,, and B-Error Bound on F', imply v; <
52("51 + p?k3)E [Hy;

3. 01-Bounded variance on F,: and 02 Bounded
variance on VF,1 F,z, 1mply vy < 0% + p?os.
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Figure 3: Empirical validation of Prop. [4.4|and Prop. [4.5| (Left); Prop. 4.9)and Prop. 4.10[ (Right): The dynamics
of E [||Zt||2] averaged across 5 runs perfectly matches that prescribed by our results for all schedulers. Both for

SEG and SHGD, n = 0.01, while p = 1.
Interestingly, we notice that increasing p might be
detrimental as it could possibly lead to divergence.

Concrete Examples
Proposition 4.8. For f(z,y) = 2 E¢ [A¢]y, we have

EIZel”] _ S~ IZ6I1° -~ (2p32—no? (1452 (233402))
2 L") '
=1
(27)
In particular, W21 2200 46 vie g, a)
2002 —no? (14 p% (202 +02)) > 0. (28)

Proposition 4.9. For f(z,y) = z ' Ay and covariance

E[|12.]%]

noise ¥ := diag(oq, - - is equal to

(-

,0d),

1Zol* —2pp20 , mo? 1+ p°A]

d
2:: T pA?

which implies that

672”)‘%) , (29)

[||Zt|| t—o0 1 21—|—p A7

Z T >0.  (30)
We derive necessary and sufficient conditions for step-
size schedulers to remediate the convergence deficiency.

Proposition 4.10. Under the assumptions of Prop.

2
for any stepsize scheduler ny and py, E[HZ;” ] 18
equal to
d .
3 o= 2\2p [y mepsds <|Z§”2 (31)
i=1

t
+770'?/ 2P S5 mreedry2(1 4 N2 p2p2)ds ) :
0

E[uztn 142820 i and only if

Therefore,

hm i =0.

(oo}
/ Nspsds = co and hm NPt =
0 Pt

(32)

In particular, when p; =1,

1 E[1zP]

") 2

— 0, forye{0.5,1}.

The left of Figure |3| shows the empirical validation of
Prop. and Prop. [L.5] while its right side shows that
of Prop. and Prop. Figure [7] shows the same
for Prop. and Prop. More details are available
in Appendix [G]

Conclusion:

1. If the uncertainty v; is well behaved as in Prop.

and Prop. the Hamiltonian decays expo-
nentially to 0;

2. When v; is constant as in Prop. [£.4] and Prop.
both algorithms exponentially reach a level
of suboptimality that depends on the curvature
of the landscape (and on p for SEG);

3. Prop. and Prop. provide a recipe to
craft schedulers that recover convergence. We
provide examples of such necessary and sufficient
conditions;

4. Eq. and Eq. clearly show that large p
speeds up the convergence. However, this might
violate Eq. and increase the suboptimality

in Eq. (30).
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5 QUADRATIC GAMES: EXACT
DYNAMICS EXPRESSION

In this section, we derive the exact solution to the
SDEs of SEG and SHGD for the Quadratic Games

!
f(z,y) = LQAT +xT Ay — % where A and A are
square, diagonal and positive semidefinite matrices. We
notice that if A = 0, these are classic Bilinear Games.

5.1 Exact Dynamics - SEG

Theorem 5.1 (Exact Dynamics of SEG). Under the
assumptions of Corollary[3.5, we take the covariance
of the noise on the gradients to be 0?14 and have that

Z, = E(t)R(t) <z + /1o /0 t E(—S)R(—S)MdWS> ,

(33)
=~ E() 0 ~ C(t) —S(t)
50 = o By | B0 =[50 co ]
I,— pA —pA
andM{pUjx p Idp_pA],where

ep(aifkfi)tfadt

) bl

(34)

, COS (th)) ,  (3b)

E(t) := diag (ep(af*)‘f)t*‘llt e
C(t) := diag (cos (5\1t)7 e

S(t) := diag (sin (it),--- ,sin (th)), (36)

and N; = Ni(1 —2pa;). If p (a? = A?) —a; <0:

7

2. The covariance matriz of Z; is equal to

77;"2 |: I, —E(Qt) 04

oo 0% ¢
2 | 04 I, — E(2t) -

b b3
2

B (37)

where Y := diag(B, B) and B is defined as

1— 2 2)2
dlag<( pa1)2+p2 17"
a1 + p(Af — af)

]

(1 paq)® + p2A3>
aqg + p(A% — a?)
(38)

Proof. Since the SDE is linear, the closed-form formula
of the solution Z; is known. We use the martingale
property of Brownian motion to calculate E [Z;] while
that of the second moment uses the It6 Isometry. [

We verify Eq. in Figure [§[in Appendix.

On the sign of p and its magnitude:

If one can chose p; for each coordinate:

1. Eq. implies that SEG converges only if
pi (a? — A?) — a; <0, and that p; (a? — A?) <0
is necessary to be faster than SGDA, meaning
that negative p; might be convenient if a; > Ay;

2. If p; has the correct sign, a larger absolute value
implies faster convergence;

3. Eq. implies that the asymptotic variance
along the i-th coordinate B, ;(p;) explodes if
|pi| is too large or if p; — pran i

4. B, i(p;) is a convex function of p; whose mini-
mum is realized at p, = ai 5. However, if pY
is small, it slows down the convergence.

If one has to choose a single value of p:

1. One has to select it as it will (de)accelerate dif-
ferent coordinates based on its sign;

2. The trace of B is a convex function of p, meaning
that there is an optimal p* that minimizes it.

5.2 Exact Dynamics - SHGD

Theorem 5.2 (Exact Dynamics of SHGD). Under the
assumptions of Corollary[3.77, we take the covariance
of the noise on the gradients to be equal to 0*14 and
have

7, = B(1) (z + o /0 t E(—S)des> L (39)

E(t) — { E(t) 04 X A

04 E(t)}’M:[A :

] , where

E(t) := diag (ef(’\ﬂ“%)t, e ,67(>‘5+“3)t). (40)

In particular, we have that
1. E[Z) =E(t)z "=°0;
2. The covariance matriz of Z; is equal to

by by
n 5 )

o? I, — E(Qt) 04 & t—oo L‘Q S
04 I, — E(Qt) o 2
(41)

where 3 = diag(I4, 1,).
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Figure 4: Comparison between SEG and SHGD on Quadratic Games: (Left), p¥" and p meet the designated
goals, sometimes negative p is desirable as positive ones slow down the convergence. Large |p| induces faster
convergence which in turn results in larger suboptimality. (Right), negative p escapes the bad saddle faster than
SGDA, positive ones induce convergence, and p matches the decay of SHGD. In both experiments, 7 = 0.01.

SEG vs SHGD: Insights

1. The curvature influences the convergence speed
of SHGD, but differently than for SEG, it does
not affect the asymptotic covariance matrix;

2. If (A2 —a?)p > a2+ )22 —a;, SEG exponentially
decays faster than SHGD. However, this means
that SEG has a larger asymptotic variance;

3. IfpY = ﬁ, SEG attains its lowest asymptotic
2
variance %, which is smaller than 23—

reached by SHGD only if a? + A\? — \; > 0;

4. If A\? 4+ a? ~ 0, SHGD is essentially stuck and
SEG is intrinsically faster;

5. If a; <0, Z =0is a bad saddle. While SEG can
escape it, SHGD is pulled towards it.

Conclusion Our results allowed us to carry out a
1-to-1 comparison of the two methods, shedding light
on the role of p in influencing the behavior of SEG w.r.t.
SHGD. The interaction between the curvature and the
noise implies that selecting p; is a trade-off between
the speed of convergence and the asymptotic variance.
There is no clear winner between SEG and SHGD, as
they are preferable for different landscapes. Figure []
shows experiments that support the latter claim.

6 CONCLUSIONS

We have presented and analyzed the first formal SDE
models for SGDA, SEG, and SHGD. We have shown
the tmplicit regularization in SEG in contrast with the
explicit use of curvature-based information in SHGD,

which leads to different noise structures and asymptotic
suboptimality.

Furthermore, we have used these SDEs to fully char-
acterize the evolution of the Hamiltonian under the
dynamics of these algorithms in useful scenarios. We
derived convergence bounds and established conditions
under which stepsize schedulers guarantee convergence.

Finally, our comparative analysis of SEG and SHGD for
Quadratic Games sheds light on the role of p, revealing
a trade-off between convergence speed and subopti-
mality. We also presented the first theoretical and
experimental evidence that, depending on the curva-
ture of the loss, the optimal p might be negative.

Outlook. Our framework offers a unified and struc-
tured analytical approach rooted in It6 calculus to
study minimax optimizers. Our approach not only
facilitates the derivation of novel insights but also en-
ables straightforward comparisons between discrete
algorithms. We believe our findings provide a founda-
tion for future research, which may include the analysis
of momentum, adaptive methods, derivation of scaling
laws, and the design of new optimizers.

Limitations. Modeling discrete-time algorithms us-
ing SDEs hinges on Assumption As documented
(Li et al., [2021)), large values of the stepsize 7 or the
absence of specific conditions on Vf and the noise
covariance matrix can result in an approximation fail-
ure. While these shortcomings can be mitigated by
increasing the order of the weak approximation, our
perspective aligns with the idea that SDEs should pri-
marily serve as simplification tools — to solidify our
intuition — and might not gain substantial benefits
from additional complexity.
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APPENDIX

A ADDITIONAL RELATED WORKS

SGDA is one of the most popular algorithms for solving min-max optimization problems that arise in machine
learning. Since it does not converge even on simple landscapes (Chen and Rockafellar, [1997}; [Noor, [2003} |Gidell
et al., |2019; [Loizou et al., |2021), researchers have derived several advanced extensions such as the Extragradient
method (Korpelevich, [1976) and variants with arbitrary sampling and variance (Gorbunov et all, [2022)), as well as
alternative optimizers such as (Stochastic) Hamiltonian Gradient Descent (Balduzzi et all |2018; Loizou et al.)

2020).

Stochastic ExtraGradient (SEG) is a prominent extension of SGDA that has been studied extensively in recent
years. Indeed, many versions have been proposed and studied: (Nemirovski et al., 2009; |[Juditsky et all [2011)
studied Independent-Samples SEG, while Mishchenko et al. (2020) and |Li et al.| (2022)) showed that the average
iterate of Same-Sample SEG converges to a neighbor of the optimum. While (Chavdarova et al., 2019) showed
that same-stepsize SEG diverges in the unconstrained monotone case, Mishchenko et al.| (2020); |Hsieh et al.| (2020)
focused on two-scale SEG, showcasing how this design choice is crucial by deriving schedulers that guarantee
convergence. Hsieh et al.| (2019) studies the convergence of variations of SEG engineered to mitigate the cost of
the extra gradient. Finally, Gorbunov et al.| (2022)) provides a rich analysis that encompasses several variants of
SEG with different choices of stepsizes and sampling techniques, and ends up designing new promising methods.
The latter endeavor is key for future research: As highlighted by (Hsieh et al.| 2019), existing min-max algorithms
may be subject to inescapable convergence failures in important cases.

Among other works, we refer the reader interested in previous analyses of bilinear and quadratic games to (Hsieh
let al.| 2021} [Li et all, 2022} [Xu et al. [2022; |(Chavdarova et al., 2023)): These give a detailed presentation of the
behavior of GDA, EG and HGD, and their stochastic versions on such tasks.

We highlight that some convergence conditions and some of the convergence bounds derived in the literature for
SEG (see among others (Hsieh et al., |2020; [Mishchenko et al., 2020; Hsieh et al., 2019; (Gorbunov et al., 2022;
2022; [Li et al., 2022))) and SHGD (see (Loizou et al.l 2020, |2021)) are somehow related to those we present in this

paper.

B STOCHASTIC CALCULUS

In this section, we summarize some important results in the analysis of Stochastic Differential Equations [Mao
(2007); |Oksendall (1990). The notation and the results in this section will be used extensively in all proofs in this
paper. We assume the reader to have some familiarity with Brownian motion and with the definition of stochastic

integral (Ch. 1.4 and 1.5 in (2007)).

B.1 Itd’s Lemma

We start with some notation: Let (Q, F, {F;}i>0,P) be a filtered probability space. We say that an event E € F
holds almost surely (a.s.) in this space if P(E) = 1. We call £P([a,b],R?), with p > 0, the family of R?-valued
Fi-adapted processes { f; }a<t<p such that

b
[ i < oc.
Moreover, we denote by MP([a,b], R?), with p > 0, the family of R%-valued processes {f;}a<i<s in L([a,b], R?)
such that E {ff ||ft|\pdt} < oo, We will write h € £7 (Ry,R?), with p > 0, if h € £ ([0, 7], R?) for every T > 0.
Similar definitions hold for matrix-valued functions using the Frobenius norm [|A[l := /3, |As;]?.

Let W = {W;}:>0 be a one-dimensional Brownian motion defined on our probability space and let X = {X;}:>0
be an F;-adapted process taking values on R?.

Definition B.1. Let the drift be b € £* (R+,Rd) and the diffusion term be o € £? (R+,Rdxm). X is an Ito

process if it takes the form t t
X =x9 + / bsds + / osdWs.
0 0
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We shall say that X; has the stochastic differential
dXt = btdt + O'tth. (42)
Theorem B.2 (Itd’s Lemma). Let X; be an Ité process with stochastic differential dX; = bydt + o¢dW;. Let

f (z,t) be twice continuously differentiable in x and continuously differentiable in t, taking values in R. Then
f(Xy,t) is again an It process with stochastic differential

df(Xt, t) = 3tf(Xt, t))dt + <Vf(Xf, t), bt>dt + %TT (otUtTVZf(Xt, t)) dt + <Vf(Xt, t), Ut>th~ (43)

B.2 Stochastic Differential Equations
Stochastic Differential Equations (SDEs) are equations of the form
dXt = b(Xt, t)dt + O'(Xt, t)th

First of all, we need to define what it means for a stochastic process X = {X;};>¢ with values in R< to solve an
SDE.

Definition B.3. Let X; be as above with deterministic initial condition Xy = x¢. Assume b: R? x [0, 7] — R?
and o : R x [0, 7] — R¥X™ are Borel measurable; X; is called a solution to the corresponding SDE if

[t

. X, is continuous and F;-adapted;

[\

. be £ ([0,T],RY);

w

.o € L2([0,T],RP>*™);

>~

. For every t € [0,T]
t t
X :xo—l—/ b(XS,s)ds—I—/ o(Xs,8)dW(s) a.s.
0 0

Moreover, the solution X, is said to be unique if any other solution X is such that
P{X; =X/, forall0<¢t<T}=1.

Notice that since the solution to an SDE is an It6 process, we can use Itd’s Lemma. The following theorem gives
a sufficient condition on b and o for the existence of a solution to the corresponding SDE.

Theorem B.4. Assume that there ezist two positive constants K and K such that

1. (Global Lipschitz condition) for all z,y € R? and t € [0,T]
max{||b(z, t) = b(y, )%, llo(x,t) = o(y, )"} < Kllz —y*;
2. (Linear growth condition) for all x € R and t € [0, T]
max{|[b(z, t)||*, oz, )|} < K1+ [l«]).
Then, there exists a unique solution Xy to the corresponding SDE, and X; € M?([0,T], R?).

Numerical approximation. Often, SDEs are solved numerically. The simplest algorithm to provide a sample
path (&x)k>0 for X, so that Xya; = & for some small At and for all kAt < M is called Euler-Maruyama
(Algorithm . For more details on this integration method and its approximation properties, the reader can
check Mao, (2007)).
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Algorithm 1 Euler-Maruyama Integration Method for SDEs

input The drift b, the volatility o, and the initial condition xg.
Fix a stepsize At;
Initialize o = xg;
k= 0;
while k < L%J do
Sample some d-dimensional Gaussian noise Z ~ N(0, I);
Compute &y 1 = & + At b(dg, kAL) + VAL 0(2y, KAL) Zy;
k=k+1;
end while
output The approximated sample path (jk)OSkSLﬂj'

C THEORETICAL FRAMEWORK - WEAK APPROXIMATION

In this section, we introduce the theoretical framework used in the paper, together with its assumptions and
notations.

First of all, many proofs will use Taylor expansions in powers of 1. For ease of notation, we introduce the
shorthand that whenever we write O (n®), we mean that there exists a function K(z) € G such that the error
terms are bounded by K(z)n®. For example, we write

b(z +n) = bo(2) + nbi(2) + O (n°)
to mean: there exists K € GG such that
[b(z + 1) — bo(2) — nb1(2)| < K(2)n°.

Additionally, we introduce the following shorthand:

o A multi-index is @ = (a1, a9, ..., ay) such that a; € {0,1,2,...};

la] == a1 + as + - + ag;

o ol :=aqlag! -y,
o For z = (21,%22,...,2,) € R", we define 2% := 2{"' 252 - - - 20;
e For a multi-index 3 5‘Wf(z) = Lf(z)'
» B T a[’la[’g...aﬂn )
CL oL

Zn

e We also denote the partial derivative with respect to z; by O,.

Definition C.1 (G Set). Let G denote the set of continuous functions R2¢ — R of at most polynomial growth,
i.e. g € G if there exists positive integers vy, > 0 such that |g(z)| < v (1 + |2]?2), for all z € R??.

The next results are inspired by Theorem 1 of [Li et al.[ (2017) and are derived under some regularity assumption
on the function f.
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Assumption C.2. Assume that the following conditions on f, f;, and their gradients are satisfied:

o V[, Vf; satisfy a Lipschitz condition: There exists L > 0 such that
|V f(u) \+Z|Vfl — V£ (v)| < Llu—vl;

e f f; and its partial derivatives up to order 7 belong to G;

o V[, Vf; satisfy a growth condition: There exists M > 0 such that

IV f(z \+Z|sz )| < M(1+z]).

Lemma C.3 (Lemma 1 Li et al.| (2017). Let 0 < n < 1. Consider a stochastic process Z;,t > 0 satisfying
the SDE
dZ, = b(Z,)dt + \/no (Z;) dW,

with Zy = z € R and b, o together with their derivatives belong to G. Define the one-step difference
A = Z, — z, and indicate the i-th component of A with A;. Then we have

1. EA; = b+ [2?21 bjaejbz} P2 +0 () Vi=1,...,2;
2. EAA,; = [bibj +aagj)} P2 +0(P) Vij=1,...,2;

3. EII5_, Agy) = O (1) for all s > 3,i; =1,...,2d.

All functions above are evaluated at z.

Theorem C.4 (Theorem 2 and Lemma 5, Mil’shtein| (1986))). Let Assumption- hold and let us define
A = 21 — 2 to be the increment in the discrete-time algorithm, and indicate the i-th component of A with
i- If in addition there exists K1, Ko, K3, K4 € G so that

1. |EA; —EA;| < Ki(2)n?, Vi=1,...,2d;

(2)n?, Vs>3, Vije{l,...,2d};

‘EHJ 1 AZ] EHJ 1
4. EHj:1 A, | < Ka(2)n?, Vij €{1,...,2d}.
Then, there exists a constant C' so that for all k =0,1,..., N we have

|Eg (Zky) — Eg (21)] < Ch.

C.1 Formal Derivation - SGDA

In this subsection, we provide the first formal derivation of an SDE model for SGDA. Let us consider the stochastic
process Z; € R?¢ defined as the solution of

dZy = —ngo F (Zy) dt + /(1) o /S (Zy)dWy, (44)
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where
S(2) = E|(F (2) = Fy (2)) (F (2) = F, ()], (45)

and the o symbol represents the Hadamard product. The following theorem guarantees that such a process is a
1-order SDE of the discrete-time algorithm of SGDA

g1 = 2K — M © Fy, (25) (46)
with 2y := z = (z,y) € R? x R?, which is an extension of
Theorem C.5 (Stochastic modified equations). Let 0 < n < 1,7 > 0 and set N = |T/n]|. Let
2 € R?.0 < k < N denote a sequence of SGDA iterations defined by Eq. . Consider the stochastic
process Zy defined in Eq. and fix some test function g € G and suppose that g and its partial derivatives
up to order 6 belong to G.

Then, under Assumption [C.2, there exists a constant C' > 0 independent of 1 such that for all k =
0,1,...,N, we have

[Eg (Zkn) — Eg (21)] < Cn.
That is, the SDE is an order 1 weak approzimation of the SGDA iterations (46)).

Lemma C.6. Under the assumptions of Theorem[C.5, let 0 < n < 1 and consider zj, k > 0 satisfying the
SGDA iterations

Zr1 = 2 — MMk © Fy, (2k)

with zo := z = (z,y) € R x R%. From the definition the one-step difference A = 2, — z, then we have
1. EA; = —niFm Yi=1,...,2d;
2. EAA; = iyl B Fn? + i Zyn® Vi, g =1,...,2d;
3. EIT5-, A, =0(n*) Vs>3, i;€e{l,...,2d}.

All the functions above are evaluated at z.

Proof of Lemma[C.6 First of all, we have that by definition

Elz1 — z] = —nno o F(2), (47)

which implies
EA; = *néFi (z)n Vi=1,...,2d. (48)

Second, we have that by definition

E[(z1—2) (1= 2) | =m0 FGIF()T ong +0E [0 0 (F(2) = By (2)) (F(=) = Fy(2)) T omg
=0 F(2)F(2)" omg +n*(nol") o S(2) o (ml") ", (49)
which implies that

EAA; = mymb Fi (2) Fy (2)0° + mymSaipy (2)n° Vi, j =1,...,2d. (50)

Finally, by definition
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E[[A, =007 V¥s>3, ije{l,....2d},
j=1

which concludes our proof.

(51)

O

Proof of Theorem[C.3 To prove this result, all we need to do is check the conditions in Theorem [C.4] As we

apply Lemma we make the following choices:

o b(z) = —mi o F(2);

o 0(2) = (m17) o /2(2).
First of all, we notice that Vi = 1,...,2d, it holds that

B N UOL

° EAZ 1. Lengnam

—noF; (2)n+ O (%)
Therefore, we have that for some K;(z) € G,
|EA; —EA;| < Ki(2)n?, Vi=1,...,2d.

Additionally, we notice that Vi, =1,...,d, it holds that

o BAA; * ER i B (2) Fy (2) 0 4+ m S (2) 0

o EAA; F B G B (o) By (2) P 4 i S (2) P+ O ().
Therefore, we have that for some Ks(z) € G,

|EAA; — EAA| < Kao(z)n?, Vi,j=1,...,2d.

Additionally, we notice that Vs > 3,Vi; € {1,...,2d}, it holds that

« EIT, Ay o ():

3. Lemma [C.3]
[ ] EH;:I Aij = @ (7’}3)
Therefore, we have that for some K3(z) € G,
E H AZ‘]. —-E H Ah S K3(Z)’I]2
j=1 j=1
Additionally, for some K4(z) € G, Vi; € {1,...,d},

3. Lemma |C.0l

3
EJ]1Au,)| < Ka(2)n*.
j=1

To conclude, Eq. (52), Eq. (53), Eq. (54), and Eq. allow us to conclude the proof.

(52)

(54)

(55)
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Corollary C.7. Let us take the same assumptions of Theorem [C.5. Additionally, let us assume that
stochastic gradients can be written as V fy(2) = Vo f(2) + U® and V, f(2) = V, f(2) + UY such that U”
and UY are independent noises that do not depend on z, whose expectation is 0, and whose covariance
matriz is X. For n, = 1, the SDE becomes
dXi ==V f (Z)dt + /nEdWY, (56)
dYy = +Vy f (Z;) dt + /nZdW{.

Proof of Corollary[C.7 It follows directly by the independence of the noise, the definition of the scheduler, and
the definition of the covariance matrix. O

C.2 Formal Derivation - SEG

In this subsection, we provide the first formal derivation of an SDE model for SEG. Before presenting the proof,
we introduce some notation. Let 7 := (y',7?), Fy(z) := VF,1(2)F,2(2), and F(z) := E[Fy(z)] be its expectation.
We denote the noise in F' as & (2) := Fy(z) — F(2).

Let us consider the stochastic process Z; € R?? defined as the solution of

dZ, = —F5°¢ (Z,) dt + \/nE5C (Z,)dW,, (57)

with
F*6(2) := F(z) = pF(2), (58)
S(2) = 2(2) +p [2(2) +2(2) ], (59)
where 3(z) is defined as
E[¢1(2)E(2)T] =E [(F (2) = Py (2)) (B [VE, (2) Fy2(2)] — VE,i (2)Fye (z))T] . (60)

Theorem C.8 (Stochastic modified equations). Let 0 < n < 1,7 > 0 and set N = |T/n|. Let
2z € R?.0 < k < N denote a sequence of SEG iterations defined by Eq. . Additionally, let us take

p=0(i). (61)

Consider the stochastic process Z; defined in Eq. and fiz some test function g € G and suppose that g
and its partial derivatives up to order 6 belong to G.

Then, under Assumption [C.3, there exists a constant C' > 0 independent of n such that for all k =
0,1,...,N, we have

[Eg (Zkn) — Eg (21)] < Cn.
That is, the SDE is an order 1 weak approximation of the SEG iterations .
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Lemma C.9. Under the assumptions of Theorem[C.8, let 0 < n < 1 and consider zy, k > 0 satisfying the
SEG iterations (3]

Th41 _ Tk —n
Yk+1 Yk

with zo := z = (z,y) € R x R%. From the definition the one-step difference A = 2, — z, then we have

+fory; Tr — pvmf'yg (xkvyk) Yk + pvyf'yz (xk‘a yk) (62)
—Vyfor {2k = pVafyz (T Uk) s Yk + PV frz (Th, Yk)

1. EA; = —Fn+ O (p?) Vi=1,...,2d;
2. EAA; = FFPOFF o + S056n* + O () Vi, j=1,...,2d;
8. Bl Ay, =0 () Vs>3, i;€{1,...,2d}.

All the functions above are evaluated at z.

Proof of Lemma[C.9 First of all, we have that by definition and using a Taylor expansion,

Tpt1 = Tk —NVafy (xk = PVafyz (@i, yk)  yk + PV y fr2 (mkzyk)) (63)

=T — nvmf'y,i (xkayk) + W)Vizfy; (Ikayk) szfy,% (xkayk) - npviyf'yi (zka yk) vyf'y% (I’k, yk) +0 (an) )

and
Yet1 = Ye +0Vyfo (xk = PValyz (@r,yk)  yk + PV y 2 (x/wyk)) (64)
=yt nvyf'yé (T y) — ﬂﬂviyfyg (@k, Yr) fo'y,% (T, yk) + Uﬂvzyfw (@r, yk) Vy Lo (@i, yk) + O (77/)2) ‘
Therefore

21 =2 —nF(2) + npVFE,(2)Fy2(2) + O (n°) (65)

which implies that

E [z — 2] = —nF(2) 4+ npE [VE,1 (2)Fy2(2)] + O (n?)
=2 —nF¥ (2) + O (%), (66)

where F¥¢ (2) := F(z) — pE [VF,1(2)F,2(2)], which in turn implies that

EA; = —F* (2)n+ 0 (n*) Vi=1,...,2d. (67)

Second, we have that

+1PE [(F(2) = B (2) (P(2) = Fr(2) ]

+120 (E[(F () = By () (E[VE (2)Py2(2)] = VEu(2)Fy2(2)) )

2 (E[(F () = Fp () (E[VEp (0P ()] - VP (2)F()T]) +0 (o)

= ? [(F9(2)) (F™()) | + 0?55 (2) + O (i), (68)

which implies that
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EAA; = F™ (2) F{™C () > + X055 (2)n* + O () Vi, j=1,...,2d. (69)

Finally, by definition
EJ[A, =0(n*) Vs=3, i;e{1,...,2d}, (70)
which concludes our proof. O

Proof of Theorem[C.8 To prove this result, all we need to do is check the conditions in Theorem [C:4 As we
apply Lemma [C:3] we make the following choices:

* b(z) = —F*(2);
o o(z) = Y6 (2)2.

First of all, we notice that Vi =1, ..., 2d, it holds that

. EAZ 1. Lerr;nam_FiSEc (2)77+O (772);
o BA, Ve s () 4 0 (n2).

Therefore, we have that for some K;(z) € G,
|EA; — EA;| < Ki(2)n?, Vi=1,...,2d. (71)

Additionally, we notice that Vi,j = 1,...,d, it holds that

R EAlﬁ 2. LemmanEG( )FJSEG (2)n? + Z?:}J(; ()2 +0 (773);

o BEAA, > Peeme O pse ) psec () 2 + 8 (2)n? 4 O (n?).
Therefore, we have that for some Ks(z) € G,
|EAA; — EAA| < Ko(z)n?, Vi,j=1,...,2d. (72)
Additionally, we notice that Vs > 3,Vi; € {1,...,2d}, it holds that

s ~ 3. Lemmal[C9l
b EHj:l A, =

s 3. Lemma [C.3]
b Enjzl Aij =

Therefore, we have that for some K3(z) € G,
EJ[A;, -EJ]A| < Ks(2)n”. (73)
j=1 j=1
Additionally, for some K4(z2) € G, Vi; € {1,...,d},

3. Lemma-
E H 1A6,)] Ki(2). (74)

Finally, Eq. , Eq. , Eq. , and Eq. allow us to conclude the proof.
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Corollary C.10. Let us take the same assumptions of Theorem[C.8 Additionally, let us assume that
v =~% = 4, the stochastic gradients can be written as Vy f(z) = Vi, f(2)+U% and V f(2) = V, f(2)+UY
such that U* and UY are independent noises that do not depend on z, whose expectation is 0, and whose
covariance matriz is . Therefore, the SDE is

dZy = —F(Z) + pVF(Z)F(Zy)dt + /1 (Iag — pVF (Z;)) VEAW,. (75)

Proof of Corollary[C-10. First of all, we notice that
F(2) — pEIVE, (2)Fy ()] = F(z) — pE[VE(2)F, ()]
= F(z) — pVF(2)F(2). (76)
Second, based on our assumption of the noise structure, we can rewrite Eq. of the matrix X% as
= PR [(F(2) — Py (2)) (F() = Py ()]

+120 (E [(F (2) = Fy (2)) (BIVE, (2)Fy (2)] - VE,(2)Fy ()|

b (E[(F(2) - Fy (2)) BIVE (B ()] - VE (B E)T]) +0 ()

=7 |(F(2) = Fy(2)) (F(2) = Fy(2))|

+120 (E [(F (2) = Fy (2)) (EVF ()P ()] - VF(2) ()" ])

+p (E[(F(2) - B (2) EIVFGR ()] - VEOE(:)T]) +007)
=2 (2 + pSVF (2)T + pVF (2) 2) +0 (). (77)

By observing that (Ing — pVF (2))VEVE(Iag — pVF (2) 1) = 2 + pSVF (2)| + pVF (2) £ + O (1), we conclude
the proof. O

Corollary C.11. Let us take the same assumptions of Theorem[C.8 Additionally, let us assume that
! and 4%, are independent and the stochastic gradients can be written as Vo fyi(2) = Vo f(2) + Ul and
Vyfyi(2) = Vyf(z) + U; such that U and U; are independent noises that do not depend on z, whose
expectation is 0, and whose covariance matriz is 3. Therefore, the SDE 18

dZ; = —F(Z) + pVF(Z)F(Zy)dt 4+ /nSdW;. (78)

Proof of Corollary[C-11] First of all, we notice that
F(2) — pE [VF,(2)F,2(2)] = F(2) — pVF(2)F(z). (79)
Second, based on our assumption of the noise structure, we can rewrite Eq. of the matrix 3% as

SSEG — 2 [(F z) — Fyi(2)) (F(z) — le(z))T}
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which concludes the proof.

C.2.1 Continuous-time SEG is equivalent to SGDA if p = O(n)

In this subsection, we provide a formal proof that if p = O(n), the first-order weak approximation of SEG is the
same as that of SGDA. This is consistent with the ODE literature on ODEs for these models (Chavdarova et al.
2023; L, [2022).

We will consider the stochastic process Z; € R?? defined as the solution of

dZ, = —F (Z;) dt + /nSdW,. (81)

Theorem C.12 (Stochastic modified equations). Let 0 < n < 1,7 > 0 and set N = |T/n|. Let
2z, € R??.0 < k < N denote a sequence of SEG iterations defined by Eq. . Additionally, let us take

p=0n). (82)

Consider the stochastic process Z; defined in Eq. and fiz some test function g € G and suppose that g
and its partial derivatives up to order 6 belong to G.

Then, under Assumption [C.3, there exists a constant C' > 0 independent of 1 such that for all k =
0,1,...,N, we have

[Eg (Zkn) — Eg (21)] < Cn.
That is, the SDE is an order 1 weak approximation of the SEG iterations .

Lemma C.13. Under the assumptions of Theorem|[C.13, let 0 <n <1 and consider z, k > 0 satisfying
the SEG iterations (3)

{ Thit ] _ { T } | AVafy (@8 = AV fyz (@ Y)Yk + Yy Fz (2k, yk) (53)

Yk+1 Yk _vyf’y; T — pvxf'yg (mkv yk) Yk + pvyf’y% ('Tka yk)

with zg := z = (z,y) € R x RY. From the definition the one-step difference A = z; — z, then we have
1. EA; =-F;(z)n+ O (n?) Vi=1,...,2d;
2. EA;JA; = F; (2) Fj () n® + ;) (2) n”?+0 (n3) Vi,j=1,...,2d;
3. Bl A, =0 (n*) Vs>3, i;€{l,...,2d}.

All the functions above are evaluated at z.

Proof of Lemma[C.13 First of all, we have that by definition and using a Taylor expansion,
Tpt1 = Tk —NVafy (xk = PVafyz (@i, yk)  yk + PV y [y (xlwyk)) (84)
=T — nvzf'y,i (xkv yk) + npvizf'y,i (xkv yk) fo'yi (xkv yk) - npviyf'yi (:L'ka yk) Vyf'y]% (Zl'k, yk) +0 (77/02) )

and

Yet1 = Ye +0Vyf (l’k = PVafyz (@r,yk)  yk + PV y fr2 (afk,yk)) (85)
= yk + 1V Lo (@Thyk) = 19V 5y 2 (Th Uk) Vafyz (@r,uk) + 10V oy Fri (Tr uk) Vi Fry (2r,58) + O (10%) -
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Therefore
2 =z-nFa(2)+0(n%), (86)
which implies that
E[zk1 — 2k] = —nF(2) + O (1) , (87)
which in turn implies that
EA; = —F;(2)n+ 0 (n*) Vi=1,...,2d. (88)
Second, we have that
E|(:-2) (5 -2) | = [(FE) (FG) | +025(2) + 0 (n) (89)
which implies that
EAA; = F; (2) Fj (2)n* + 205 () + O (n®) Vi, j=1,...,2d. (90)
Finally, by definition,
Eﬁﬁijzo(nfﬁ) Vs >3, i;€{l,...,2d}, (91)
j=1
which concludes our proof. O

Proof of Theorem[C.12 To prove this result, all we need to do is check the conditions in Theorem [C.4] As we
apply Lemma [C:3] we make the following choices:

First of all, we notice that Vi =1, ..., 2d, it holds that

° EAZ 1. Lemgam

—Fi (2)n+ 0 (n%);
o EA,; b benmaCA g (z)n+ 0O (n?).
Therefore, we have that for some K;(z) € G,
|EA; —EA;| < Ki(2)n?, Vi=1,...,2d. (92)
Additionally, we notice that Vi,j = 1,...,d, it holds that

o EAA, > P B gy By () + Sj) ()1 + O ();
o EAA; Lemma 03 p» (2) Fj (2)n* + Sy (2)n* 4+ O (n?).
Therefore, we have that for some K3(z) € G,
[EAA; —EAA| < Ka(2)n?, Vi, j=1,...,2d. (93)

Additionally, we notice that Vs > 3,Vi; € {1,...,2d}, it holds that

e EIT, Ay MO (),

° Eszl Ai]‘ 3. Lengnamo (773)~
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Therefore, we have that for some K3(z) € G

E ﬁ A, —E f[ Ay | < Ks(2)n*. (94)

j=1 j=1

Additionally, for some K4(z) € G, Vi; € {1,...,d}

3 _ 3. Lemma [C.13]
ET[1Aay < KiCon™. (95)
j=1

Finally, Eq. , Eq. , Eq. , and Eq. allow us to conclude the proof.

C.3 Formal Derivation - SHGD

In this subsection, we present the first formal derivation of an SDE model for SHGD. We will consider the
stochastic process Z; € R? defined as the solution of

dZy = —F¥P (Z,) dt + \/nESHOD (Z,)dW ;. (96)

with
FHO0(2) = VE [H, (2)] (97)
HP(2) = B [ &y(2)(2) 7], (98)
£y(2) = FU°(2) = Vi (2). (99)

We remind the following equalities that will come in handy in the subsequent proofs:

S (2) = B [(VE [Hyr 42 (2)] = VHot 42 (2)) (VE [Hys 42 (2)] = Vi 42 (2) '] (100)
Fl (2)Fp (2 Fl (2)VFy2 (2)+ F (2) VF (2
E [7—[71N2 (z)] =E 7()2()] , and E [V’H71772 (z)] =E |2 ) ( )_; 7z =) )

(101)

Theorem C.14 (Stochastic modified equations). Let 0 < n < 1,7 > 0 and set N = |T/n|. Let
2z, € R?24,0 < k < N denote a sequence of SHGD iterations defined by Eq. . Consider the stochastic
process Zy defined in Eq. and fix some test function g € G and suppose that g and its partial derivatives
up to order 6 belong to G.

Then, under Assumption [C.3, there exists a constant C' > 0 independent of n such that for all k =
0,1,...,N, we have

[Eg (Zkn) — Eg (21)] < Cn.
That is, the SDE is an order 1 weak approzimation of the SHGD iterations (4)).
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Lemma C.15. Under the assumptions of Theorem|[C.1} let 0 <n <1 and consider zx, k > 0 satisfying
the SHGD iterations @
Zk+1 = Rk — UV,H‘Y;?Y;% (Zk)

with zo := z = (z,y) € R? x R%. From the definition the one-step difference A = 2, — z, then we have
1. EA; = =0, E [Hy1 p2]n Vi=1,...,2d;
2. EA;A; = 0e,E [Hy1 12] 0c,E [Hyr 2] 0% + SESP0? Vi, j=1,...,2d;
3. B[} Ay, =0 () Vs>3, i;€e{l,...,2d}.

All the functions above are evaluated at z.

Proof of Lemma[C.15. First of all, we have that by definition
Ez1 — 2] = —nVE [H1 42 (2)], (102)

which implies ~
EA; = 0. E [Hy e (2)] 0 Vi=1,....2d. (103)

Second, we have that by definition
E[(z1-2) (1= )7 | = [ VE [Hy1,42 (2)] VE [y 12 (2)] ]

+1PE [(VE [Hy1 52 ()] = Vo 2 (2) (VE [Hyp 42 (2)] = THo 42 (2) ]

=7 [VE [Hos 2 (2)] VE [Hos 42 (2)] | + 25599 (2), (104)
which implies that
EAiA; = 06, E [Hop 42 (2)] 0c,E [Hop 2 (2)] 0* + S50 ()0 Vi j=1,...,2d. (105)
Finally, by definition
EHAij =0(n*) Vs>3, i;€e{l,...,2d}, (106)
j=1
which concludes our proof. O

Proof of Theorem[C.1j} To prove this result, all we need to do is check the conditions in Theorem As we
apply Lemma we make the following choices:

L b(Z) = —VE ['H,Yl’,yz (Z)],
o 0(z) = BSHOD (23,
First of all, we notice that Vi =1, ..., 2d, it holds that

o EA; 1. Lemma 1A —0c,E [H’Ylﬁz (Z)} m

o BEA; N BI g B[4 e (2)] 14 O (n?).
Therefore, we have that for some K;(z) € G,
|EA; —EA;| < Ki(2)n?, Vi=1,...,2d. (107)

Additionally, we notice that Vi,j = 1,...,d, it holds that
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2. Lemma [C. 19 aD 2.

o EAA, 0e,E [Hopr o2 (2)] 0, E [Hop 42 (2)] 0 + i ()0’
o EAA; > P B3y B30 o (2)] 00,E [Hyr 2 (2)] 72 + SSHP (2) 12 + O ()
i ei oy e iy n (i) n m)-
Therefore, we have that for some Ks(z) € G,
|EAA; — EAA| < Ko(z)n®, Vi,j=1,...,2d. (108)
Additionally, we notice that Vs > 3,Vi; € {1,...,2d}, it holds that

x 3. Lemma [C.15]
o ET];_, Ay =0 (1)

. EH;:1 Aij 3. Lerrgnamo (773)

Therefore, we have that for some K3(z) € G,

EHAij —JEHA” < Ks(2)n?. (109)
j=1

Jj=1

Additionally, for some K4(z) € G, Vi; € {1,...,d},

3
_ 3. Lemma [C.15]
EJ]1Aq,| < Ki(2)n*. (110)
j=1
Finally, Eq. (107), Eq. (108), Eq. (109), and Eq. (110]) allow us to conclude the proof.
O
Corollary C.16. Under the assumptions of Theorem . Additionally, let us assume that yv' =~% = ~,
the stochastic gradients are V fy(2) = V5 f(2) + U* and V fy(2) = Vy, f(2) + UY such that U* and UY
are independent noises that do not depend on z, whose expectation is 0, and whose covariance matriz is .
Therefore, the SDE is:
dZ; = —NH (Zy) dt + V2 f (Z:) VEIW;. (111)
Proof of Corollary[C-16, First of all, we notice that
Z)||3 Z)||3 Z)|2 Z)||3
e, 2] - & [ [T GBIVl 0] _p [19af (R 190
E[(U=Y(U*)T] +E [(UY)(UY)" E[(U=Y(U*)T] +E [(UY)(UY)"
+ MOV LEONOT] gy ), ELCICVTLEOIEONT]
x x\ T 1 T
Since E[on@) }JQFE[(UJ)(W) ] is independent on z, we ignore it as its gradient is 0.
Second, based on our assumption of the noise structure, we can rewrite Eq. (100)) of the matrix 251D (2) as
FlL()+FL(z FlL(2)+FL (2 i
E <FT (2) VF (2) — 2 (=) . w )VF(Z) FT(2)VF(z) — 2 ) 5 v )VF(z) (113)
Since y! = 4% = ~, and noticing that F'T (2) VF (2) = V2f (2) Vf (z), we have
TP (2) = VAf (2) BVA [ (2), (114)
which implies that
dZ, = —NH (Z,) dt + V2 f (Z,) VEAW,. (115)
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Corollary C.17. Under the assumptions of Theorem . Additionally, let us assume that v' and ~?2,
are independent and the stochastic gradients can be written as Vy f.i(2) = Vo f(2) + UL and V f.i(2) =
Vyf(z) + U?j such that U: and U; are independent noises that do not depend on z. Therefore, the SDE is:

dZy = —VH(Z;) dt + \/Zv%f (Z:) VZdW;. (116)

Proof of Corollary[C.17 First of all, we notice that

F;'_l (2) VE,2 (2) + F;'; (2) VF,i (2)
2

E[VHyi 2 (2)] :=E =F" (2)VF(2) = VH (). (117)

Second, based on our assumption of the noise structure, we can rewrite Eq. (100)) of the matrix Z5¢P (2) as

T(2)+ FL (2 L (2) + FL (2 !
E [(FT (2) VF (2) — By @)+ Fra )VF(Z)> (FT (2) VF (2) — @)+ Fra )VF(Z)> ] . (118)

2 2

Since 4! and 4?2 are independent, and noticing that F'T (2) VF (2) = V2f (2) V£ (2), we have

SISHED () = %vz’ f(2)SV3f(2), (119)

which implies that
dZy = —NH (Z,) dt + \/zv‘lf (Zy) VEdW,. (120)
O

D BILINEAR GAMES - INSIGHTS

In this section, we study Bilinear Games of the form f(x,y) = 2" Ay, where A is a square, diagonal, and positive
semidefinite matrix.

D.1 SEG

Theorem D.1 (Exact Dynamics of SEG). Under the assumptions of Corollary for f(z,y) = 2" Ay and
noise covariance matrices equal to oly, we have that

Zy =E(t)R(?) (z + \/770/0 E(s)R(s)MdWS) , (121)
= E(t) 0 ~ C(t) —S(t) I, —pA
with B(t) = [ o B ],R(t) _ [ s¢] o } and M — { b } where
E(t) := diag (e_p)‘ft, e 7e_p)‘it), (122)
C(t) := diag (cos (A1t),- -+ ,cos (Agt)), (123)
and
S(t) := diag (sin (A1t),- - ,sin (Agt)). (124)

In particular, we have that

t—00

1. E[Z]=E®)R(t)z =°0;



Enea Monzio Compagnoni, Antonio Orvieto, Hans Kersting, Frank Norbert Proske, Aurelien Lucchi

2. The covariance matriz of is equal to

1o [ f)cjl— E(2t) ?jf E2t) ] 52 28
where
o [3 %]
and B = diag (L4225, - L)

3. If p =0, SGDA would indeed diverge.

Proof. The SDEs of SEG are:
dX; = —AY,dt — pA*Xydt + \/LiodW — /nopAdW}
and
dYy = +AXdt — pAYtdt + /nolaWi + \/nopAdW;,
which can be rewritten as
dZ, = AZdt + /noBdW,
where

[ —=pA? A | Ia —pA
A—[ } and B_[pA I, .

Therefore, the solution is

We observe that A = A + Ay s.t.

—pA* 04

] and A2:|:0d _A],

A 0y

and that since these two matrix commute, et = eA1teA2t, Clearly, we have that

B ALt _ g —pA2t = pAit —pA3t —p)\zt): E(t) 04
E(t) :=e dlag(e 1. TPl eTPMY L. TP |:0d B(t) |’

where E(t) := diag (e—Pkft, e ’e—pA(zit)_

Regarding Ao, we observe that

(Axt)® = diag (\t)* (=1, -+, (Aat)* (=1, (\at)* (=1, -+, (Aat)** (=1)")

and that
0q P
A t 2k+1 = d )
( 2 ) { Q 04
where
P = diag (M) (—D)M - (at) 1 (—1)F )
and

Q := diag (AMt)** T (=1D)F, -+, (Aat)*FH(=1)F).

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)
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Therefore,
_ o o o0 (Agt)% o0 (A2t)2k+1
R(t) = e *kzzo (25)! *kzzo 2k £ 1)
1 cie o 0 =S(t) | | C) -S(t)
16" Co ] LS o] =156 e | (13%)
where
C(t) := diag (cos (A1t),- -+ ,cos (Agt)) (139)
and
S(t) := diag (sin (A1t),- - ,sin (Agt)). (140)
Automatically, we get that
—A1s _ E(_S) 0
e A1 = [ o) Ed(_s) ] (141)
and
_a.s | C(s) S(s)
e A = [ ~S(s) C(s) ]’ (142)
which imply that
_[E® 0 J[Cw -S0)](,
“= [ 0, E() } { SO ]
"TE(-s) 0 C(s)  S(s) I;, —pA [ dwe
+\/77"/0 { 0i  B(es) ] [ ~S(s) C(s) } [ oA I, } { AW D (143)
To conclude, we have that
Z; = B(t)R(t) <z + \/50/0 E(—s)f{(—s)MdVVs) , (144)

o Id 7pA
WhereM—{pA I, }

We observe that since the expected value of the noise terms is 0, we have that

E(t) 0 C(t) —S(t)
E[Z] = [ 04 Ed(t) ] [ S(t) C(t) }Z (145)

Therefore, the expectation of Z; converges to 0 exponentially fast, while spiraling around the origin. We observe
that larger values of p encourage a faster convergence of E[Z;] to 0.

Let us now have a look at the covariance matrix of this process:

E(2t) 04

} R(t)Var(V)R(t)T, where
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E(—s) 04 C(s) S(s) I, -—pA dW?
o w50 A T
[EQQ«X@+¢§S@» ngxa@—wAcw»}{dwg]
E(—s)(pAC(s) — S(s)) B(—s)(Cls)+ pAS(s)) | | WV’

[ lte”)‘?s(cos (A18) + pAsin (Mg s))dW2Er + b ePATs (sin A15) — pA1cos (A1s))dWHt
0 s 0 s

t
Vt::/
0

t

!

fqi ep)‘gis(cos (Aas) + pAsin (N\gs))dWZd + fot et’»‘czisgsin (Aas) — pAgcos (Ags))dW ¥4
Jo €215 (—sin (A1s) + pAcos (A18))dWZH + [ ePA15(cos (A1) + pAq sin (Ags))dW ¥

L J ePa%(—sin (Ags) + pAcos (Ags))dWEd + [ ePas (cos (Ags) + pAgsin (Ags))dW e |
[ ai*(t) +a3' (1) ]

a7 (1) + al (1)

T e () +a () (146)
[ a3?(t) +a3" (1) |
Therefore,
v12(+ Cl.2.3.4(¢

VaT(V;) = C1,2,(3,21(t) V3’4(t)( ) ) (147)

such that
VI2(t) = Var(af (1)) + Var(a} (1)), Vi€ {1, .d}, (148)
V3A(t) = Var(al () + Var(al (8), Vi€ {1, ,d}, (149)

and

C;’f»&“(t) = Cov(a¥ (t), al (t)) + Cov(a¥ (t),a¥ (t)), Vie{1,---,d}. (150)

Using the well-known It6 Isometry:

o[(f )]l

we get that

t t
Var(ai(t)) + Var(ay (t)) = / 62”)‘?8(008 (\is) + pA;sin (\;s))?ds + / 62’()}\%8(8111 (\is) — pA; cos (N\is))?ds
0 0

t
= / e*P2i% [(cos (Ais) + pA; sin (A;s))? + (sin (A;s) — pA; cos (\;s))?] ds
0
t
= / 20N [1 + p2)\?] ds
0

_ L+ (20t -1).

oo (151)

We observe that if p = 0, this quantity is equal to ¢.
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Then, we do a similar calculation:
t t
Var(aZi(t)) + Var(al (1)) = / 2P (—sin (Ass) + pA; cos (Ais))2ds + / 2P25 (cos (\;s) + pisin (\;s))2ds
0 0
t
= / 2PN [(—sin (Ass) + pA; cos (Ais))® + (cos (A;s) + pA; sin (\;s))?] ds
0

t
= / 2PN [1 +p2)\$] ds

0

1+ p2)2
- % (ew?t B 1) : (152)
(3

We observe that if p = 0, also this quantity is equal to .

A ol

2P #(cos (A;s) + pA;sin (A;s))(—sin (A;s) + pA; cos (A;s))ds

Remembering now that

we have that

Cov(af' (1), a5' (1)) + Cov(a;

-

hc\

+ [ e (sin (A;8) — pA; cos (A;s))(cos (A;is) + pA;sin (\;s))ds = 0.
(153)
To conclude, the covariance matrix of Z; is
I,-E(2¢t) O o t—00 S
_ 2| Ld d a 2
Var(Zy) =no { 0y 1, — B(2t) } Y ="no"y, (154)
where
= | B 04
3= [ 0, B ] (155)
. 2A2 2)\2
and B := diag (1;[’:)\%1 e I;SAE‘Z).
Of course, if p = 0 the covariance matrix is actually no?tI;, meaning that the variance of SGDA diverges. O
Lemma D.2. Let us define the variance B, ;(p) = 1;5;;‘? and consider it as a function of p. The following hold:
1. limeO B“(P) = 00y
2. llmp_)oo Bz,z(p) = o0,
3. Bii(p) is convex in p;
4. p= )\i realizes the minimum and B; ; ()\i) = %;
o X5z
5. The trace of X2 is minimized by p = -

Proof. The first four points are obvious while we spell out the last one. We observe that the trace of B is convex
as the sum of convex functions and its derivative w.r.t. p is

d

d
d Z 1+ p?A Z 1 1
dp ( 2pX; - i=1 2 20207’ 150

=1

>
which implies that the optimal p is indeed p = - O

>
B
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Insights - The trade-off in selecting p The curvature of the landscape influences the speed of convergence.
Indeed, larger values of \;, which correspond to stronger interaction, speed up the exponential decay in the
expected value of the iterates. Additionally, p impacts the convergence speed in expectation as larger values
boost such a decay. However, the peculiar way in which the noise and the landscape interact implies that larger
values of p might actually result in larger asymptotic variance. One observes that both p — 0 and p — oo result
in infinite asymptotic variance. On the bright side, p; = Ai is the optimal choice to reduce the variance along the
i-th dimension. Unfortunately, this could possibly be very small and thus slow down the convergence. Finally, if
one can only select a single p across all parameters, then one might want to minimize the trace of the covariance
32

matrix using p = T

D.2 SHGD

Theorem D.3 (Exact Dynamics of SHGD). Under the assumptions of Corollary for f(x,y) =2 " Ay and
noise covariance matrices equal to oly, we have that

Zy = B(t) (z + /1o /Ot E(—s)MdWS> , (157)

on-[20 ty |- [3 e

E(t) := diag (e*A?t, . ,e*ﬁt). (158)
In particular, we have that

1. E[Z] =E(t)z "£°0;

2. The covariance matriz of Z; is equal to

’7%2 [ %)i_ He ?j — E(2t) ] 2T e, (159)
where
S = [ (I)ffi ?j } . (160)
Proof. The SDEs of SHGD are:
dX; = —A*X,dt + /no AdW} (161)
and
dY; = —A?Ytdt + /no AdW}, (162)
which can be rewritten as
dZy = AZydt + \/noBdWs, (163)
where A2 o, 0, A
A<[oF %] wa Bo[% AT -

Therefore, the solution is
t
Z;, = et (z + \/770/ e_ASBdWS> . (165)
0

Clearly, we have that

- o LAt _ 3 R S 2T L L S . 12 S E(t) 04
E(t) :=e —dlag(e D B A O LI d)—[od B(t) |’ (166)
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where E(t) := diag (e”‘%t, e ,e”‘it). Automatically, we get that

e As = [ OE;*S) %d(_s) ] (167)

which implies that

s [0 wo (o 187 s [ SLmED e

To conclude, we have that

Z, = E(t) <z + o /Ot E(s)MdWs> , (169)
where M = [ ?{l gd ] We observe that
E[Z,] = [ OEd(t) OEd(t) }z (170)

because the parts dependent on dW are martingales. Therefore, E[Z;] converges to 0 exponentially fast.

Let us now have a look at the covariance matrix of this process:

E(2t) 04
— 2
Var(Z;) =no { 0, B(2t) } Var(V;), where
Vo T E(—s) 04 [0, A dw?z
K A ¥ E(-s) | [ A 04 dwy
[ o desawy T an() T
| Sixaerisawa || ava(t) )
= fot AleAdeWsa:l - a®1 (t)
L[S Agetisawze | L) ]
Therefore,
_ [ Vi) 04
Var(Vy) = 0, vie@) | (172)
such that
V() = Var(a¥(t), Vie{l,--d}, (173)
and
Vi) = Var(a™(t), Vie{l,---,d}. (174)
Using the well-known It6 Isometry
t 2 t
E (/ HSdWS> =E [/ Hfds] ,
0 0
we get that
t
1
Var(a¥(t)) = / eQA?S)\?ds = - (62/\?t - 1) . (175)
O . 2
Similarly, we get that
t
1
Var(a®(t)) = / eQA?S)\?dS =— (e”ﬁt - 1) . (176)
0 2
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Therefore, we conclude that the covariance matrix of Z; is

2
5 o0 N0 &

Var(Z;) = no? { (I)ii E(2t) ;);_ B(2t) } P 5 >, (177)

where
5 [ {;; ?: ] (178)
O

Insights Just like for SEG, the curvature influences the speed of convergence of the algorithm. On the other,
the asymptotic variance is independent of the curvature.

SEG vs SHGD We notice that if p = 1, the exponential decay of SEG and SHGD is the same. However, in
such a case, the asymptotic variance of SEG along the i-th dimension is no (1 + ﬁ) which is larger than that

of SHGD which attains ”‘T . Differently, one can select py = which realizes the minimum variance of SEG

)\ b
along the i-th dimension. Thus the resulting variance is ‘;\2 which is smaller than 22 if and only if A\; > 1. In

such a case, SEG can be more optimal than SHGD, but since p; = )\,_ < 1, it will converge more slowly than
SHGD.

Therefore, selecting the size of p or p; leads to a trade-off between the speed of convergence and the asymptotic
variance. To conclude, there is no clear winner between the two methods as their performance depends on the
curvature of the landscape.

E QUADRATIC GAMES - INSIGHTS

R . ; . _z'A T TAy
In this section, we study Quadratic Games of the form f(z,y) = =% +2' Ay — ¢,

square, diagonal and positive semidefinite matrices. We notice that if A = 0, these are classic Bilinear Games.

E.1 SEG

Theorem E.1 (Exact Dynamics of SEG). Under the assumptions of Corollary for f(z,y) = QCT% +

zT Ay — Ay and noise covariance matrices equal to olg, we have that

Z, = E(t)R(t) <z + /o /O E(S)R(S)des) : (179)

B0 = [ 50 By | RO=[ S oy | amaar =t oA oA L] e
E(t) := diag (ef’(“f”f)t*‘“t, o e, (180)

(cos , COS (S\dt)) ) (181)
iag (sm ,sin (th)), (182)

and \; = Ai(1 = 2pa;). In particular, zfp( )\%) —a; <0:

1. E|Z) = E(t)R(t)z "=° 0;
2. The covariance matriz of Z; is equal to

I, — E(2t) 04

¢ t—oo 24
| o, I, - B(2t) Y= no%y, (183)
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where
= | B 04
Z._[Od B }7 (184)
B — (1—pa1)®+p>23 (1—paa)®+p°27 .
and diag (2(a o) ’2(ad+§(A3*ai)d))’

3. If p=0, SGDA would indeed always converge.

Proof. The SDE is

dZt = Dtht + \/?]UBth, (185)
where (A2 2) ( )
| p(AT =A%) - A —A(Ig—2pA | Ig—pA —pA
D=1 Am—20A) pa2—a2)—a | @ B=1 ) To—pA | (186)
Therefore, the solution is
t
Z, = Pt <z +\/no / eDSBdWS) : (187)
0
We observe that D = D + D3 s.t.
_ p(A2 - AQ) —A Od _ Od —A(Id - 2,0A)
D, = [ 04 p(A2— A2y —A | @ D=\ g o) o, (188)
and that since these two matrix commute, eP? = eP1?eP2* Clearly, we have that
B(t) = Lot = | B Oa (189)
: 0. B@) |

where E(t) := diag (ep(a%_’\f)t_‘“t, e ,ep(ag_ﬁ)t_“dt).
Regarding D5, we observe that (Dst)?* is equal to

diag (O (1= 20a0)) (=1)", -, Ol = 20000 (=1, (a1 = 20a1)t)™ (=1)" -+, (\a(1 = 2paa)t)* (~1)" ) (190)

and
(Do) +! = [ gd oPd } : (191)
with
P := diag (A1(1 = 2pan)t) 1 (=) - (Aa(1 = 2pag)t)* 1 (-1)") (192)
and
Q := diag (A (1 = 2pa0)t) " (=1)F, -, (Na(1 = 2pag)t)* 1 (=1)"). (193)
Therefore,
_ > (D, X (Dyt)2k+1
R(t) := P2 = Z D t —|— Z ]:2)]:_’_ 01
k=0 ' k=0
_| C® o (t) _| € =S
o S st oSS e ) o
where
C(t) := diag (cos (A1 (1 — 2paq)t), - ,cos (Ag(1 — 2pag)t)), (195)
and

S(t) := diag (sin (A1 (1 — 2pai)t), - - ,sin (Ag(1 — 2paq)t)). (196)
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Automatically, we get that

o~Dis _ [ OEd(*S) OEd(—s) } (197)
and
o—Das _ { (_EéS()S) 2((2)) ] , (198)

which implies that

(30 3189 )
o[8[ B 2 l[55]) oo

We observe that since the expected value of the noise terms is 0, we have

E(f) 0 cit) -s()
Elzi) = [ 0 () ] [ S(t) C(t) }Z (200)

Therefore if p(a? — A?) — a; < 0, E[Z;] converges to 0 exponentially fast, while spiraling around the origin.
Let us now have a look at the variance of this process:

E(2t) 04
04 E(2t)

v 1o e IS S T [t ]
[/ EOC 00— oASIED BaNS(01— o) —phCle) | [
o | BC9)oACE) ~ S()(Li—pA)) BI-5)(Clo)la — pA) + pAS(s) | | aw

i fot e“ls*p(ai*xﬁs(cos (A18)(1 = pa1) + pA1 sin (Xls))dW:l + fJ e”ls*p(”%fﬁ)s(sin (A18)(1 — pa1) — pAi cos (ils))dW;"l

Var(Z;) = no? { } R(t)Var(V)R(t)T, where

ft aqs=p(ad=ND3 (cos (Aas)(1 — pag) + pAa sin (has))dWd + Sl emas= plag— wS(bm (Aas)(1 — pag) — pAg cos (Ags))dW2d
ft ars—p(a =27 2 (pAg cos (A1s) — sin (A1s)(1 — pay))dW=1 + ft ars—p(af -2} 1% (cos (A1s)(1 — par) + pA1 sin (A1s))dW¥1

L fot eads"’(“?l’*%)s(p)\d cos (Ags) — sin (Ags)(1 — pag))dWid + I e“ds*p(agf’\f)s(cos (Mas)(1 — pag) + pAasin (Ags))dWwe |

at (1) +af' (1) ]

_ | e (@) +ay'(t) = (1 — 200
= | @i (t) + ol (1) and A; := X\ (1 — 2pa;). (201)

a5 () + ali(t) |

Therefore,
Var(Vi) = Xll,f,;fl(t) S,ii(gt;l(t) ; (202)
such that
Vi (t) = Var(al'(t) + Var(a§ (t), Vie{l,---,d}, (203)
V?”f(t) =Var(a3' (t)) + Var(ay (t)), Vie{l,---,d}, (204)
and

CHPP(t) = Cov(al (1), a3 (t) + Cov(al'(t),a4i(t), Vie {1, ,d}. (205)
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Using the well-known It6 Isometry,

E l(/OtHdes)z :E[/OtHfds],

we get that
. . t 2 2 ~ ~
Var(ali(t)) + Var(a¥ (t)) = / e2(@i=p(ai=A0)3 (cos (A\;s) (1 — pas) + pAisin (A;s))ds
0
¢
+ / 62(“i*p(“?*)‘?))5(sin (Ais)(1 — pa;) — pA; cos (Ais))?ds
0

t
= / e2(ai—p(a?=A7))s [(1 _ pai)2 + p2)\?] ds
0

_ (]‘ - pa’i)2 + p2>\12 <62(ai+p()\?7a?))t o 1) . (206)
2(a;i + p(A? — af))
Then, we do a similar calculation and find that
i i (1 — pa’i)z + p2)\$ 2(a; AZ2_q?
Var(a (1) + Var(af (1) = 5 T (e (aitp(Af=ad)t _ 1) . (207)

Remembering now that

([ ) [ )] -] 5]

Cov(aji(t), a3’ (t)) + Cov(a¥ (t),a (t)) = /0 62’0/\?3((305 (Ai8) + pA;sin (A;s))(—sin (N\;8) 4+ pA; cos (A;s))ds

we have that

t
+ / e2PAi% (sin (A\gs) — pA; cos (Ais))(cos (Ass) + pA;sin (A;s))ds = 0.
0

(208)
Therefore, we conclude that the covariance matrix of Z; is
I,-E(2t) 0 = t—00 =
_ 2 d d —C 2
Var(Zy) =no { 0, I, — E(2) } Y= noty, (209)
with
= | B 04
Y= { 0, B ] , (210)
where 2 2)\2 2 2/\2
1-— 1-—
B:_diag(( pa1) ;”21’...,( pad) 2+p2d> (211)
2(ar + p(Af — ai)) 2(aq + p(A7 — a3))
Empirical validation of Eq. (211) is provided in Figure
O

N2 242
Lemma E.2. Let us define the variance B, ;(p) = %

hold:

and consider it as a function of p. The following

1. p; (a? — A?) < 0 is necessary to converge faster than SGDA;
2. If \i > a; and lim, . B, ;(p) = oo;
3. If Ni < a; and lim, Bii(p) = oo;

4. hmp% .

i

77‘1732 B%i(p) = 00y
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o 1 . .. o . 1 _ 770'2 )\i .
5 p= o realizes the minimum of B, ; and B, ; (7>\7’,+0«7‘,) = S

6. The trace of B is is strictly convex in p, meaning that there is a unique minimizer.
Proof. All points above can be proven easily and are left an exercise for the reader. O

Insights - The trade-off in selecting p The curvature of the landscape influences the speed of convergence.

Indeed, larger values of a;, which correspond to stronger convexity/concavity, speed up the exponential decay in

the expected value of the iterates. Differently, the relative size of \; and a; influences the convergence depending

on the sign of p. First of all, if p; (a? — A?) > 0, SEG is slower than SGDA at converging and p; (a? — A\?) < 0 is

necessary to converge faster than SGDA. This means that negative p; might be convenient if a; > A;. Therefore,

if p; has the correct sign, a larger absolute value implies faster convergence. However, we also have that the
Za;

asymptotic variance along the i-th coordinate B; ;(p;) explodes if |p;| is too large or if p; — 7*5. On the
; i—a

bright side, B; ;(p;) is a convex function of p; whose minimum is realized at oY = o, - However, if py is small,
it slows down the convergence. Finally, if one has to choose a single value of p, one has to carefully select it as
it will (de)accelerate different coordinates based on its sign. Fortunately, the trace of B is a convex function of p,

meaning that there is an optimal p* that minimizes it.

E.2 SHGD

Theorem E.3 (Exact Dynamics of SHGD). Under the assumptions of Corollary for f(xz,y) = % +

z Ay — # and noise covariance matrices equal to olg, we have that
~ t ~
Z, = E(t) (z + \/ﬁa/ E(—s)MdWS> ) (212)
0

withE(t):[OE;t) %d(t)],M:[i j_‘A],whem

E(t) := diag (ef(’\ﬂ“%)t, e ,ef()‘gﬂli)t). (213)
In particular, we have that

1. E[Z) =E(t)z "=°0;

2. The covariance matriz of Z; is equal to

77%2 [ E‘Z_E(%) ?j—E(Qt) ] S 2 0?s, (214)
where
S = [ E‘Z ?j } . (215)
Proof. The SDE is
dZ; = DZdt + /o BdWy, (216)
where
D= ad(A2+A2) (1d(A2+A2) } and B= [i j_‘A}. (217)

Therefore, the solution is

t
Z, = Pt <z + \/ﬁa/ e_DSBdWS) . (218)
0
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Clearly, we have that

B ;:eDt:diag<e—(ﬁ+a§)t’...76—(A3+a3)t’e—(kf+a§)t7...76—(A3+a3)t):[OE(ft) %d(t)]’ (219)

where E(t) := diag (e_()‘f"’“?)t7 . ,e_(>‘3+“3)t). Automatically, we get that

which implies that
=[50 8 o (50 8][2 ][]

To conclude, we have that

t
Z, = E(t) (z + \/ﬁa/ E(—s)MdWS> ) (222)

0

A A
where M = [ A A ]
We observe that since the expected value of the noise is 0,
_ | E@®) 04

E[Z:] = { 0, B(t) } z. (223)

Therefore, it converges to 0 exponentially fast.

Let us now have a look at the covariance matrix of this process:

Var(Z,) = 1o’ [ SR } Var(Vy), where,
v [[] E(=s) 04 A A AWz
Y A 1 ¥ E(—s) A —A dwy
_ fot Ale(xf-i-af)deSyl _|_f0t a1€(kf+a?)8dW;‘1 T r aalﬁl(t) +a:t2/1 (t) -
B fot AgePatadsqwye 4 [FageXitadsqwze || a®e(t) + ad?(t) (224)
T e aeitesqwa 2 eOitadsqwy | T | ag! () +af (1)
fot )\de(/\3+a§)deS:cd + fot ade(/\§+a§)sdwsyd | a3?(t) +af(t) |
Therefore,
. V1’2(t) Od
VCLT‘(V%) - Od V3’4(t> ) (225)
such that
VAt = Var(al'(t)) + Var(a§ (t), Vie{l,---,d}, (226)
and
V?f(t) =Var(a3' (t)) + Var(ay (t)), Vie{l,---.,d}. (227)

Using the well-known It6 Isometry

El(/OtHdes)2 E[/OtHEds},
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we get that
‘ t t , 1
Var(a(t)) + Var(ad'(t)) = / 62()‘?+“12)s)\?ds —|—/ 62()‘%'*"1?)%?(13 =3 (62(’\12+“?)t - 1) . (228)
0 0
Similarly, we get that
. 1
Var(ag(t)) + Var(af () = 5 (62@?”?” - 1) . (229)
Therefore, we conclude that the covariance matrix of Z; is
L[ Li—E@2t) 04 o 100 107 o
Var(Z;) =no [ 0, I, — B(2) Y= 5 3, (230)
where
- I 04
O

SEG vs SHGD Interestingly, for both algorithms, the curvature of the landscape influences the speed of

convergence. However, the asymptotic covariance matrix of SHGD is not influenced by it. Much differently, the

speed of convergence of the expected value of Z; is strongly influenced by the values of a;, A;, and for SEG also

by the sign and magnitude of p. For example, if (\? — a?)pH > a? + A2 — a;, SEG exponentially decays faster

than SHGD. However, this results in SEG having a larger asymptotic variance. Another interesting choice is to
1

reduce the asymptotic variance of SEG by selecting p;’ = =~ In this case, SEG attains its lowest asymptotic

variance %, which is smaller than % reached by SHGD only if a? + A\? — \; > 0. Finally, if a; <0, Z =0
is a bad saddle that one wishes to escape. While SEG can escape it, SHGD is pulled towards it.

Therefore, selecting the size of p or p; leads to a trade-off between the speed of convergence and the asymptotic
variance. To conclude, there is no clear winner between the two methods as the entire dynamics depend on the
curvature of the landscape.

F CONVERGENCE GUARANTEES

In this section, we provide a complete and precise characterization of the dynamics of the Hamiltonian under
the dynamics of SEG and SHGD. We then use the latter to derive convergence bounds and establish conditions
under which stepsize schedulers guarantee asymptotic convergence. For simplicity, we write O(Noise) for the
terms that depend on dW, as they vanish once we take an expectation.

In this section, we will often make use of the following shorthand:

L Hy = E’Y[H'Y(Zt)] =E, 142 [’nyl,»ﬂ (Zt)] =E, [ 5

2. LSHOD .— FSHOD(7,) and RO 1= TG (Z,);
3. F, = F(Z), VF, = VF(Z), Vf, = V{(Z;), and V2f, = V2 f(Z,).

F.1 SHGD

Lemma F.1 (Dynamics of Hamiltonian). Let Z; be the solution of the SDE of SHGD. Then,
E {Ht] =—-FE [||VHt||2] + gT,r. (E [EfHCDV2Ht]) .

Proof. The SDE for SHGD is:

dZy = =V~ [Hoy (Z1)] dt + /717 S50, (232)



SDEs for Minimax Optimization

Therefore, by It6’s Lemma we have

dBy (1o (Z0)] = = | VEq [Hy (Z0)]I3dt + T (V/EFPV2Ey [Hy(Z0)] VEFP) di + O(Noise).  (233)
Therefore,
dE [Ey [y (Z0)]] = — E [|VE, [Hy (Z)]3] dt + L Tx (B | VEFOVIE, [Hy (2] VEF® ) dt, (234)
which implies that
E [Ht] — —E [|VH,|]?] + gTr (E [25"° V2 H,)) . (235)
]

Theorem F.2 (SHGD General Convergence). Consider the solution Z; of the SHGD SDE with v # ~+2. Let
vy :=E [Ey [|VH (Z)) — VHy (Z,)|3]] measure the error in V', in expectation over the whole randomness up
to time t. Suppose that:

1. The smallest eigenvalue (in absolute value) p of V2 f(z) is non-zero;

2. IV2H (2)||op < L7, for all z € R,

Then,
—2p2t nLr [* 2u?s
E [Ht] S e M H() + T Vg€ #ids| . (236)
0
Proof. Under these assumptions,
dH; = — | VHy||?dt + gTr (VZH,23"P) dt + O(Noise)

= — |F,"VE|dt + gﬂ (V2H,23"P) dt + O(Noise)
= — | V2,V ) 2dt + gTr (V2H,X5"P) dt 4 O(Noise)
< — 12|V £ 2dt + g||V2Ht||OpTr (579) dt + O(Noise)

< — 2|V fPdt + gETTr (S5P) dt + O(Noise), (237)

where we used that Tr(AB) < Tr(A)||B|lop if A is a real positive semi-definite matrix and B is of the same size.
Then, we observe that

E[Tx (55°)] = E [E, [IVH (Z,) — VA, (Z)I3] = v, (238)
which implies that

dE [Hy) < B [|[V £:|*) dt + 3 Lrvidt

— —24°E [H,] dt + gETvtdu (239)
which in turn implies that
Lr [ ‘
E[H, < e 2+t [Ho + "TT vse%zéds} . (240)
0
O

Corollary F.3. Under the assumptions of Theorem[F.Z, if for Ly >0

(% S EV]E [Ht} 5 (241)
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the solution is ,
E[H,] < Hye(2#+nvir)t

If instead
vy < £V7

we have
6—2/L2t> nEV[’T

—2u%t
E[Hy| < Hoe ™ " + (1 - 2012

In more generality, if
v < LyE[Hy Y, a€[0,1)U(1,00),

the solution is even more interesting as:
1. Ifa>1,E[H] —0 ase 25t;

1
2. Ifa<1, E[H] — (M) e

2u2
Proof. Let us first consider the case where, for some Ly, > 0,
Ut < CvE [Ht] .

This implies that
dE[H,] < —242E[H,] dt + gcchE [H,] dt.

By renaming r; := E [Hy], we have

dry < —2prdt + nLrLyrdt,
which results in ,

E[Ht] S H(]e(72u Jr’r]l:vﬁ”r)t.
If instead

Ut < ‘ch

we automatically have

BIH(Z0) < H(Zye o+ (1- ) 12

More in general, if we assume that for some Ly > 0,
vy < LyE [Hy)”,

we have
dry < —2pPredt + nLyLyridt,

which implies that for a # 1:

nLy LT

2

re < “(/ rg “e@= V2% (rg2p% — nLyLyrg) + nlrLy

2p

In these cases, we have that the bound b; converges or diverges depending on the magnitude of a:

L. Ifa>1,b —0ase 20t

1
11—«

2 Ma<1, b — (15562)

th

(242)

(243)

(244)

(245)

(246)

(247)

(248)

(249)

(250)

(251)

(252)

(253)

(254)

O

Corollary F.4. 8-Error Bound on F' and L-Lipschitzianity on VH.1 2 and VH, implies that vy < 8L2B%E [Hy).
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Proof.

v =E [Ey[|VHy (Z0) = VH(Z:)3] = E [E5[IIVHy (Z0) = Ho (Z7) + VH(Z7) = VH(Z) ]3]
<2E [E4[[[VHy (Z0) = Hey (Z) 3] + 2E [E5[VH (Z%) = VH (Z,)|3] < ALE [||Z, — Z7|I3]
<4B°L’E [|F(Z:)|3] = 8L*B°E [Hy] . (255)

O

The following corollary exemplifies the case where v; is bounded and we achieve convergence only up to a certain
ball.

Corollary F.5. Under the assumptions of Theorem for f(x,y) ==z Ay, we have:

[HZtH tﬁwnz 2y (256)

Proof. 1t is easy to see that

7 2 Zz 2
1Z:? tll ZH H (257)

where Z% := (X*,Y?), and that

Zi 2 Zz 2
d (” 5” ) = —2)\2 I ” dt +no? \2dt + O(Noise). (258)
This implies that
E (|| Z:||2 E [lIZ{]?
d ([HQH]> _ _wwdt +no? AZdt, (259)

which implies that

DN

[HZZH ] HZO||26—2)\ th(1— 6—2Aft)L‘z2 t—o0 105

5 5 5 (260)

O

Interestingly, one can recover convergence by allowing stepsize schedulers. In the following result, we derive a
necessary and sufficient condition to craft such schedulers. Then, we provide two concrete examples.

Corollary F.6 (SHGD Insights). Under the assumptions of Theorem for f(z,y) := x" Ay, for any positive
scheduler n; we have

2 d i (12 t
A [HZt” ] _ Ze—%f J3 meds (||Z6 +770i2)\?/ 62/\§ N nrdrngds) ) (261)
2 P 2 0
Therefore,
EllZ 2 o 0o
M 2900 — / Nsds = 0o and lim 7 = 0. (262)
2 0 t—o0

In particular,

1. my = 1 implies that
E[1Z:)?] 1500
2

l\-')\d

d
> o7 > 0; (263)
=1

[”ZtH ]

2. (t+17for’ye{05 1}, — 0;



Enea Monzio Compagnoni, Antonio Orvieto, Hans Kersting, Frank Norbert Proske, Aurelien Lucchi

1 E[|Z.|1?]
3. = t+12> 2 - 0.

Proof. For f(x,y) := x| Ay, with the noise on gradient assumption, the SDE when we include a scheduler 7; is

dZy = AZmdt + /o BdWy, (264)
where A7 o, 0, A
A:[Od _AQ} and B:{A 0d:|. (265)
Therefore, 4 .
d (”ZQZ||2> = —2)\p, ||Z§||2 dt + na? in?dt + O(Noise), (266)
which implies that
d (E [H?”Z] ) = —2A§L‘ [”?”2] mdt +noF Ajnidt, (267)
which ultimately implies that
- “l?”ﬂ = e\ Jo mds (252]”2 +no2\2 /Ot e Jo "’“drnde) : (268)

Let us write out the necessary conditions for this quantity to go to 0:
a2
1. For the first part, e~ fo ”SdS@ goes to 0, if and only if fooo Nsds = o0;
2. For the second part, we need 770'?)\226_”‘12 Jg mads fot e JS 1rdrp2ds to go to 0 as well.

Let us rewrite the second condition in a more convenient way:

2 rs
227 [ anrngdS

t t
S L L (269)

0 62)\12 fot nsds
Since fooo nsds = 0o, both the numerator and denominator diverge. Therefore, we can use L’Hopital’s rule:

t oX2 [5p.dr, 2 222 [t pn.ds, 2 2
fO e fo Tr 'r’SdS B 1 2)\2 e fo MNs snt B 1 770i
> 1t = am no; i ot . — 1m —-
277 Jo nsds t— o0 227 o Wsds2)\2nt t—oo 2
3

: 242
tlggo noi Aj Tt (270)

which converges to 0, if and only if lim;_, ., 7 = 0.

Note that, if the first condition is violated, the first component does not go to 0. If the second condition is not
satisfied, the second component does not go to 0.

In particular,

—oxa2o1 (12512 2
E[zi2] _ ¢+D 2N 1(%(D?—l)(tﬂﬂ-na?k?((t+1)”1—f—1)> t—s00

1

L. m = 7 and 202 £ 1 = 5 = ST 0,
1 2 E[1Zi12] VA% L0202 t0g(141) tp0 o

2. = g and 207 =1 = S5 = e =0

3om = iy = AP _ et (40P 0t g 9022 (Bi(aNVETT) — Ei(4X2)) ) 25 0;

Vi1
) N 72)\%t
4. p = 1L EIZP] _ 1217 -2 22 | (AXEHANH2)em T (AN D42(41)’) | b0
M= Gz T 2 T 2 no; A X0 SAC(E+1)2 :
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O

Now we study a case where the noise structure itself is enough to guarantee the convergence. In this case, v;
scales with E[H,].

Corollary F.7 (Noise on Data). For f(x,y) =z E¢ [A¢]y such that A¢ is diagonal, we have

1. E[Z] =E(t)z "£°0;

o E[lZI’] _ 5 2R (237 -mo? (20t o) )t

2 i=1" 2
E[||Z:]? 2
In particular, M = 0ifn< 2L

01.2 (2)\f+0i2) ’
Proof. The derivation of the SDE is straightforward and the formula is

dZ, = AZ,dt + /iBdW,, (271)

where

A= { —A? 04 } and BBT = [ 2A2032 4+ 3% 2A%20%2 4+ 34 } [ diag(X; 0 X;) diag(X;oY;)

0, —A2 IA20%2 + ¥4 2A20¥%2 4 34 diag(X, 0 Y;) diag(Y; o Y3)
(272)
It is easy to see that
122 _ 5~ 12 (273)
2 & 2
where Z% := (X*,Y?), and that
E Z’i 2 E Zi 2 E Zi 2
J ( 121’ ) = o BUAPL y  prione 1 o2 ELZ, 21
which ultimately implies that _ 4
E [”fi”ﬂ B @iy, (275)
Empirical validation of this result is provided in Figure [7] O
F.2 SEG
Lemma F.8 (Dynamics of Hamiltonian). Let Z; be the solution of the SEG SDE. Then,
E|f] = —E[VHTF] + ] Tr (E [PV H,]) (276)
Under the additional assumption that B~ [VFy(Z;)Fy(Z:)| = VF(Zy)F(Zy), the formula simplifies and is
dE [Hy) = — E [F (VF, — p(VF,)?)F] dt + gTr (E [257°V?H,)) dt. (277)
Proof. The SDE for SEG is
dZ, = —F5 (Z,) dt + \/1\/SFECdW,. (278)

Therefore, by It6’s Lemma we have
B [ (Z0)] = — VE [Ho (Z)] T FS*Cdt + gTr (\/EEEGV2E7 [Hy (Z0)] \/zgh‘c) dt + O(Noise).  (279)
Therefore,

B[] = -E [VH] F™] + I T (B [ZV2H,)) (280)
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Theorem F.9 (SEG General Convergence). Consider the solution Z; of the SEG SDE with v* # ~%. Let
vy =B [By [|F5¢(Z,) — F559(Z,)|I3]] measure the error in FSF¢, in expectation over the whole randomness up
to time t. Suppose that:

1. The smallest eigenvalue (in absolute value) p, of M(z) is non-zero, where M(z) = diag(M; 1(z), M2 2(2)),
with My 1(2) = V2fua(2) + p (V2 fay(2)V2 fay (2)T = (V2 f0u(2))?), and Maa(z) = —V2fy,(2) +
P (Vszy(Z)vzfmy(z)T - (V2fyy(z))2);

2. IV2H (2)||op < L7, for all z € R,

Then,
2 ’r][,"/‘ ¢ 2
E[H,] < e 2Het [Ho + 5 Use2“rﬂsds} . (281)
0
Proof. From the previous theorem, we have that

dE[H,) = —E[F, (VEF, — p(VE,)?)F] dt + gTr (E [Z"9V2H,)) dt. (282)

After observing that
FT(2)(VF(2) - p(VF(2)))F(2) = F(z) M(2)F(2). (253)

We have that
dE[H,) = —E[F, (VF, — p(VE,)?*)F] dt + gTr (E [ZF9V2H,)) dt
= —E[FMF] dt + Tr (E [S7°V2Hy)) dt
< — 12E [| R[] dt + g]E [ V2H, |l op T (Z5°€)] dt
< — wE[I|IF]3] dt + MTT]E [Tr (2559)] at, (284)

where we used that Tr(AB) < Tr(A)||B|lop if A is a real positive semi-definite matrix and B is of the same size.
Then, we observe that

E [Tr (Ei‘hc)] =K [Ev [H(F(Zt) —Fa(Z)—p (VF(Zt)F(Zt) — VF i (Z)F,2 (Zt)))||2]] = vy, (285)
which implies that

dE[H,) < —p2E || Fy||?] dt + gﬁTvtdt

— —%2E [H,)dt + gﬁTvtdt, (286)
which in turn implies that
t
E[H; < e~ 2mpt [HO + ULTT USeQ“?JSds} ) (287)
0
O

Corollary F.10. Under the assumptions of Theorem [F.9, if for Ly > 0

Ut < £vE [Ht] s (288)
the solution is )
E[H,] < Hyel~215nEvET)t, (289)
If instead
vy < Ly, (290)
we have
nLy LT

E[H] < Hoe 24! + (1 - e~25") - (291)
Hp
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More in general, if
v < LyE[H Y, Ly >0, a€l0,1)U(l,00). (292)

The solution is even more interesting:
1. Ifa>1, E[H] — 0 as et
L
2. Ifa <1, E[H] — ("‘;7“) -,
Hp

Proof. The proof is the same as Corollary [F.3] where we substitute p with y,. O

Corollary F.11. kq- Lipschitziamty on F1, ko-Lipschitzianity on VE,1 F.», and ($-Error Bound on F, implies
that v, < 1682 (k3 + p?k3)E [Hy).

Proof.

v =E By [|F(Z) = Fyr (Z) = p (VF (Z0) F (Z)) = VE (Zy) Fye (7)) |1%]]
(B [|1F (Z) = By (Z0)%]) + 20°E [By [IVF (20) F (Z4) = VEp (Z4) Fy2 (20)|1]]

< 2E
< 8(ki + P’ R)E( Ze — Z7|13] < 85%(k1 + p*K3)E[| F(Z:)|[3] = 166° (w1 + p*3)E [Hy] . (293)

O

The following corollary exemplifies the case where v; is bounded and we achieve convergence only up to a certain
ball, and that selecting a proper p has a crucial role: If it is too large, it might increase the suboptimality of the
algorithm.

Corollary F.12. Under the assumptions of Theorem for f(x,y) == 2T Ay, we have:

Z I 1+ 22
[H t“ t—><>o Z 2 ;‘[/)\2 > 0. (294)
Proof. Tt is easy to see that:
7,112 4 117012
207 _ 5 1z (295)
i=1
where Z% := (X, Y?), and that
[l 2||ZZ\| 2y2
d 5 2007 L dt 4 no? (1 + p?AF)dt + O(Noise). (296)
This implies that
E Zz 2 E Zi 2
d( [II;H ]) — 23 [||2tU dt +no?(1+ p?A2)dt. (297)

Which implies that

E [Hf;”ﬂ _ ||Z28.||2€72p)\?t + (1 _ 672)\?75)

no7 (L4 p°A}) too0 o (L+p*A7)

5 N2 = no; N2 (298)

O

Interestingly, one can recover convergence by allowing stepsize schedulers. In the following result, we derive a
necessary and sufficient condition to craft such schedulers. Then, we provide two concrete examples.
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Corollary F.13 (SEG Insights). Under the assumptions of Theorem for f(x,y) := x T Ay, for any positive
schedulers 1y and p; we have

2 d 7|2
E(1Z] _ 3 e Ji nepuds (ZOH + na?/ 2N o eerdry2(1 4 \2p? p2)ds ) (299)
2 — 2 0
Therefore,
E [ Z:||? 0o o
M ti> 0 <— Nspsds = oo and lim npy = lim e _ 0. (300)
2 0 t—o0 t—o0 Py

In particular, consistently with (Hsieh et al., |2020),

1. ny = py = 1 implies that
d
E [|1Z:]?] 100 21+ P22
_— 1t >0 301

A
2. m = s and pp =1, v € {0.5,1}, EiZ 7]

E[|| Z:|?
3. m = (t_H)Q and py =1, [”2 1] - 0.

Proof. In this case, the SDE when we include the schedulers 7; and p; is

dZt = AZt’I’]tdt + \/ﬁntUBth (302)
where A2 A A
_ | —Ppe - | Ig —ppe
A= [ A —ppA? } and B = [ opA 1, ] . (303)
Therefore, ' .
IZi1PY _ o v IZEIP 2 5 :
d 5 = —2pA\; P11 5 dt + no? (1+Xp pt) n;dt + O(Noise), (304)
which implies that
E Zl 2 E Zz 2
d (“';”]) = —2p)\12ptntwdt+ no? (14 X p?p}) nidt, (305)
which implies that
Zz 5 Zz‘ 2
[||2 ” ] 72)\ pjo nNspsds (” 3” _|_,r]0,i2/ 2)?2 i J5 neprdr 2( + )\2p pé)d ) ) (306)
0

With arguments similar to Corollary the necessary and sufficient conditions for convergence are the following:

)12
1. For the first part 2% Jo psnsds@ to go to 0, we need fooo Nspsds = 00

2. For the second part to go to 0, we need both % and n.py to go to 0.

For the schedulers above, the proofs of their convergence or divergence are the same as Corollary with different
constants. O

Now we study a case where the noise structure itself is enough to guarantee the convergence. In this case, v,
scales with H;.

Corollary F.14 (SEG Insights). For f(z,y) = x"E¢ [A¢]y such that A¢ is diagonal, we have

t—>oo

1. E[Z] = E(HR(t)z 0;
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9 ]E[HZQtW] — Z?Zl HZ§H2e—(QpA?—naf(1+p2(2>\§+ai2)))t.

2
In particular, IE[HZ;H ] — 0 1f 2pA7 —no? (14 p* (20 + 02)) > 0, Vi.

Proof. The derivation of the SDE is straightforward and is

dZy = AZdt + \/nBdWs, (307)

where
[ el [E B[R B

where
Dy = diag((Y; + pAX;) o (Yy + pAXy) 4+ p°%% 0 (A? + £%) 0 YV 0Yy), (309)
Dy o = diag((X; — pAY;) o (X; — pAY;) + p°2% 0 (A2 + ¥2) 0 X, 0 X), (310)

and D; 2 and D3 do not matter for this calculation.

It is easy to see that

@ _ Z HZ;’H{ (311)
i=1
where Z¢ := (X*,Y?), and that
d <]E [”?”2] > = —Qp)\?L [”?”2] dt + 1o} (1+ p(2X7 + af))L I QZHQ] dt, (312)
which ultimately implies that
E [H?"HQJ _ HZgH?e*(2prfno?(1+p"’(2A%+o?)))t, (313)
Empirical validation of this result is provided in Figure O

G EXPERIMENTS

In this section, we provide the details of the experiments we carried out to validate the theoretical results derived
in the paper. We highlight that since we always use diagonal matrices, it is enough to validate our results in two
dimensions. In the following, the choice of the initialization points does not have a special reason. When there is
one, it is explained in the respective paragraphs.

Computational Infrastructure All experiments have been performed on Google Colaboratory without any
premium subscription. The code to replicate the experiments is available at https://github.com/eneamc/
MinimaxSDEs

G.1 SDE Validation: Figure

In this subsection, we provide the details to replicate the experiments shown in Figure |[I} The objective is to
provide empirical validation to Theorem [3.4] and The trajectories of the simulated SDEs match that of the
respective algorithms averaged over 5 runs.


https://github.com/eneamc/MinimaxSDEs
https://github.com/eneamc/MinimaxSDEs
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SGDA This paragraph refers to the top left of Figure [I} Inspired by Example 5.2 in (Hsieh et al., 2019), wi
study Nonbilinear Game # 1 f(z,y) := z(y — 0.45) + ¢(z) — ¢(y) where ¢(z) := 12% — 321 + zﬁ In the
figure, we show the comparison between the average of 5 realizations of the trajectories of SGDA with the average
of 5 simulations of the trajectories of the SDE of SGDA.

For each of the 5 trajectories of SGDA, we initialize each trajectory at (zo,y0) = (2.0,2.0) because this point
is outside of the limit cycle that surrounds the optimal saddle point. We use a stepsize n = 0.01, and run the
optimizer for N = 10000 iterations. The noise used to perturb the gradients is Z ~ N(0,02I;) and ¢ = 1.0. Each
trajectory is run with a different random seed.

For each of the 5 trajectories of the SDE of SGDA, we initialize each trajectory at (zg,y0) = (2.0,2.0), use a
discretization step dt = & = 0.001 for the Euler—-Maruyama method, and integrate the system for N = 100000
iterations. The noise used to perturb the gradients is Z ~ N'(0,02%I3) and o = 1.0. Each trajectory is run with a
different random seed.

SHGD This paragraph refers to the bottom left of Figure [I} As a variation on Example 5.1 and Example
5.2 in (Hsieh et all [2019)), we study Nonbilinear Game # 3 f(z,y) := zy + ¢(x) — ¢(y) where ¢(z) :=
ézQ 424 + %zﬁ - %28. In the figure, we show the comparison between the average of 5 realizations of the

trajectories of SHGD with the average of 5 simulations of the trajectories of the SDE of SHGD.

For each of the 5 trajectories of SHGD, we initialize each trajectory at (zg,yo) = (0.7,0.7). Given the extreme
nonlinearity of this landscape, this initial point allows the use of sizeable stepsizes: we use a stepsize n = 0.0001.
Going further away from (0,0) would require extremely smaller stepsizes to avoid numerical instabilities. We run
the optimizer for N = 100000 iterations. The noise used to perturb the gradients is Z ~ N(0,0%I,) and o = 1.0.
Each trajectory is run with a different random seed.

For each of the 5 trajectories of the SDE of SHGD, we initialize each trajectory at (zo,yo) = (0.7,0.7), use a
discretization step dt = 75 = 0.00001 for the Euler-Maruyama method, and integrate the system for N = 1000000
iterations. The noise used to perturb the gradients is Z ~ N(0,02%I3) and o = 1.0. Each trajectory is run with a
different random seed.

SEG This paragraph refers to the top right and bottom right of Figure|ll Inspired by Example 5.1 in (Hsieh
et all [2019), we study Nonbilinear Game # 2 f(z,y) := zy — ed(y) where ¢(z) := 2% — +2* and € = 0.01. For
two different values of p, we show the comparison between the average of 5 realizations of the trajectories of SEG
with the average of 5 simulations of the trajectories of the SDE of SEG. Additionally, we show the comparison
with the average of 5 simulations of the trajectories of the SDE of SGDA.

For each p € {0.1,1}, we repeat the following procedure: For each of the 5 trajectories of SEG, we initialize each
trajectory at (zo,y0) = (1.0,1.0), use a stepsize n = 0.01, and run the optimizer for N = 10000 iterations. The
noise used to perturb the gradients is Z ~ N(0,0%I,) and o = 1.0. Each trajectory is run with a different random
seed.

For each p € {0.1,1}, we repeat the following procedure: For each of the 5 trajectories of the SDE of SEG, we
initialize each trajectory at (zg,yo) = (1.0, 1.0), use a discretization step dt = 7t = 0.001 for the Euler-Maruyama
method, and integrate the system for N = 100000 iterations. The n01se used to perturb the gradients is
Z ~ N(0,0%I3) and o = 1.0. Each trajectory is run with a different random seed.

For each of the 5 trajectories of the SDE of SGDA, we initialize each trajectory at (zg,y0) = (1.0,1.0), use a
discretization step dt = {5 = 0.001 for the Euler-Maruyama method, and integrate the system for N = 100000
iterations. The noise used to perturb the gradients is Z ~ N (0,0%I3) and ¢ = 1.0. Each trajectory is run with a
different random seed.

For the top right figure, we plot the average of the trajectories. For the bottom right figure, we plot the average
norm of the iterates E [||zx||> + |lyx||?] for the SEG and E [|| X,z [|* + ||Y;k[|?] for the SDEs. We did not report
the average norm of the SDE of SGDA as it diverges and would spoil the informativeness of the figure.

G.2 Schedulers Validation: Figure

In this subsection, we provide the details to replicate the experiments shown in Figure [3] The objective is to
provide empirical validation to Prop. [£-4] Prop. £.5] Prop. [£.9, and Prop. [£.10] Consistently with the assumptions



SDEs for Minimax Optimization

Norm of Iterates - SHGD Norm of Iterates - SEG
10724 \5}& === Exper.y=0 10724 \: =sm1 Exper. y=0
o W TUEI ) wel Sl
E 10-41 \\ e —— —~ Theor. y=0 E 10-4] \\\\\%Y\ Theor. y=0
~ h Theor. y=0.5 ~ AN Theor. y=0.5
g 10-54 \\\\ Theor.y=1 g 10-51 “\‘ ‘“%h Theor.y=1
E -6 | \ E \\‘\“ A% ..: - SRETRTTY VORI T
10 e T T YU 1076 b vrm;::-:-wwv‘;
10_7 10—7 ey ’tﬁv:”"
0 250 500 750 10001250150017502000 0 250 500 750 10001250150017502000
lterate k lterate k

Figure 5: Empirical validation of Prop. and Prop. (Left); Prop. and Prop. (Right): The dynamics
of E [||Zt||2] averaged across 5 runs perfectly matches that prescribed by our results for all schedulers. Both for
SEG and SHGD, n = 0.01, while p = 2.

of these theorems, the landscape is that of the Bilinear Game f(z,y) = 2xy.

SHGD This paragraph refers to the left of Figure As we use the stepsize scheduler 7; := ﬁ, for
~v € {0,0.5,1.0}, we compare the average norm of the iterates across 5 realizations of the trajectories of SHGD
with the exact dynamics of such a quantity prescribed in Prop. [£:4] and Prop. [£:5] For each of the 5 trajectories
of SHGD, we initialize each trajectory at (zq,y0) = (0.1,0.1), use a stepsize n = 0.01, and run the optimizer for
N = 2000 iterations. The noise used to perturb the gradients is Z ~ N(0,0%I;) and o = 0.001. Each trajectory
is run with a different random seed.

The left of Figure 5| reports an additional experiment with the same setup apart from f(z,y) = zy, ¢ = 0.01, and
p=2.

SEG This paragraph refers to the right of Figure As we use the stepsize scheduler 7, := ﬁ, for
~v € {0,0.5,1.0}, we compare the average norm of the iterates across 5 realizations of the trajectories of SEG with
the exact dynamics of such a quantity prescribed in Prop. [£:4] and Prop. For each of the 5 trajectories of
SEG, we initialize each trajectory at (zo,yo) = (0.1,0.1), use a stepsize n = 0.01, extra stepsize p = 1.0, and run
the optimizer for N = 2000 iterations. The noise used to perturb the gradients is Z ~ N(0,02I3) and o = 0.001.
Each trajectory is run with a different random seed.

The right of Figure [5| reports an additional experiment with the same setup apart from f(z,y) = zy, o = 0.01,
and p = 2.

G.3 Role of p: Left of Figure

In this subsection, we provide the details to replicate the experiments shown on the left of Figure [4l The objective

is to provide empirical validation to the insights derived in Paragraph and Paragraph Consistently with
the assumptions, the landscape is that of the Quadratic Game f(z,y) = %xQ + xy — %yQ.

Let us remember that p is meant to replicate the speed of the exponential decay of SHGD while pV is meant to
achieve the lowest possible asymptotic variance of SEG. Finally, this is a case where negative p converges to
the optimum faster than SGDA and than any positive p. Of course, this particular choice confirms that large

(absolute) values of p result in larger suboptimality. It is key to notice that we indeed verify all these insights
clearly in this Figure.

The left of Figure |§| reports an additional experiment with the same setting but f(z,y) = 2% + 3zy — y*. In these
cases, positive p are the ones inducing fast convergence.
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Figure 6: Empirical validation of the comparison between SEG and SHGD on Quadratic Games: (Left), p¥
and p'! clearly meet the designated goals. Large |p| induces faster convergence which in turn results in larger
suboptimality. (Right), positive p escapes the bad saddle faster than SGDA, negative ones induce convergence,
and pf even matches the decay of SHGD. In both experiments, n = 0.01.

SHGD We plot the average norm of the iterates across 5 realizations of the trajectories of SHGD. For each of
the 5 trajectories of SHGD, we initialize each trajectory at (zo,y0) = (1.0,1.0), use a stepsize n = 0.01, and run
the optimizer for N = 1000 iterations. The noise used to perturb the gradients is Z ~ N(0,02I) and o = 0.1.
Each trajectory is run with a different random seed.

SEG For different values of p, we repeat the following procedure: We plot the average norm of the iterates
across b realizations of the trajectories of SEG. For each of the 5 trajectories of SEG, we initialize each trajectory
at (xo,yo0) = (1.0,1.0), use a stepsize n = 0.01, and run the optimizer for N = 1000 iterations. The noise used to
perturb the gradients is Z ~ N(0,02I3) and o = 0.1. Each trajectory is run with a different random seed. The
values of p we used are p = —5, pl = % = —0.875, pV = ai)\ = %, and p = 0 which corresponds to SGDA
in the Figure.

G.4 Escape from Bad Saddles: Right of Figure

In this subsection, we provide the details to replicate the experiments shown on the right of Figure @] The
objective is to provide empirical validation to the insights derived in Paragraph and Paragraph with a
special focus on the ability of SEG to escape bad saddles compared to SHGD that gets trapped. Consistently
with the assumptions, the landscape is that of the Quadratic Game f(z,y) = f%xQ + 22y + %yQ. We indeed
observe that consistently with the theory, SHGD is attracted by such undesirable saddle points while suitable
choices of p allow SEG to escape the saddle. Interestingly, unfortunate choices of p replicate the regrettable
behavior of SHGD.

The right of Figure |§| reports an additional experiment with the same setting but f(x,y) = —32% + 2y + 3y%. In
these cases, positive p are the ones inducing fast divergence while negative ones induce (undesirable) convergence
to the saddle.

SHGD We plot the average norm of the iterates across 5 realizations of the trajectories of SHGD. For each of
the 5 trajectories of SHGD, we initialize each trajectory at (zo,yo) = (1.0, 1.0), use a stepsize n = 0.001, and run
the optimizer for N = 2000 iterations. The noise used to perturb the gradients is Z ~ N(0,02I) and o = 0.1.
Each trajectory is run with a different random seed.

SEG For different values of p, we repeat the following procedure: We plot the average norm of the iterates
across b realizations of the trajectories of SEG. For each of the 5 trajectories of SEG, we initialize each trajectory
at (xo,y0) = (1.0,1.0), use a stepsize n = 0.001, and run the optimizer for N = 2000 iterations. The noise used to
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Figure 7: Empirical validation: Corollary and Corollary (Left) and detail of SEG vs SHGD when their
convergence speed matches (Right).

perturb the gradients is Z ~ N(0,02I5) and o = 0.1. Each trajectory is run with a different random seed. The

values of p we used are p = —1, pfl = % =2, pV = a_%)\ =1, and p = 0 which corresponds to SGDA in the
Figure.

G.5 Empirical Validation of Figure [7]

In this subsection, we provide the details to replicate the experiments shown in Figure The objective is
to provide empirical validation to Corollary and Corollary Consistently with the assumptions, the
landscape is that of the Stochastic Bilinear Game f(z,y) = 2" E¢[A¢]y such that Ag, where A = 2I5 and
& ~N(0,0%I,), and o = 1.0. We indeed observe that the average behavior of the norm of the iterates of SEG
and SHGD matches that prescribed by Corollary [F~7 and Corollary [F.14]

SHGD We compare the average norm of the iterates across 5 realizations of the trajectories of SHGD with the
exact dynamics prescribed by Corollary [F.7] For each of the 5 trajectories of SHGD, we initialize each trajectory
at (zo,yo) = (0.1,0.1), use a stepsize n = 0.01, and run the optimizer for N = 200 iterations. Each trajectory is
run with a different random seed.

SEG We compare the average norm of the iterates across 5 realizations of the trajectories of SEG with the
exact dynamics prescribed by Corollary [F.7] For each of the 5 trajectories of SHGD, we initialize each trajectory
at (zo,y0) = (0.1,0.1), use a stepsize = 0.01, extra stepsize p € {0.5,1,2}, and run the optimizer for N = 200
iterations. Each trajectory is run with a different random seed.

G.6 Empirical Validation of Figure The asymptotic variance of SEG is influenced by p

In this subsection, we provide the details to replicate the experiments shown in Figure |8 The objective is to
provide empirical validation to Eq. Consistently with the assumptions, the landscape is that of the Quadratic
Game f(z,y) = 22 + 2y — 2. We indeed observe that the experimental average asymptotic variance of SEG
matches the one prescribed by Eq. 211}

For different values of p, we repeat the following procedure: We compare the average asymptotic variance of the
iterates across 5 realizations of the trajectories of SEG with the exact formula prescribed by Eq. For each of
the 5 trajectories of SEG, we initialize each trajectory at (zg,yo) = (0.01,0.01), use a stepsize n = 0.01, and run
the optimizer for N = 200000 iterations. Each trajectory is run with a different random seed. The values of p

11121
used arepe{—g,O,g,g,g,i}.
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Figure 8: Empirical validation of Equation (211)).
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Figure 9: Comparison in terms of E [||z[|?] with respect to p - Nonbilinear Game # 1 (Left); Nonbilinear Game
# 2 (Center Left); Nonbilinear Game # 3 (Center Right); Quadratic Game (Right).

G.7 Empirical Validation of SDEs: Figure [9]

In this subsection, we provide the details to replicate the experiments shown in Figure [9] The objective is to
show that if p = O(n) or even smaller, the SDE of SGDA models the dynamics of SEG accurately. However, once
p = O(y/n) or even larger, the SDE of SGDA no longer models the dynamics of SEG correctly while the SDE of
SEG does so. To simulate the SDEs, we use Algorithm

Nonbilinear Game # 1 In this paragraph, we provide the details of the Nonbilinear Game # 1 experiment.
We optimize the loss function f(z,y) := z(y — 0.45) + ¢(z) — ¢(y) where ¢(z) := 122 — 12* + 126, The noise
used to perturb the gradients is Z ~ N(0,0%I3) and o = 1.00. We use = 0.001, p € {0.0001,0.001,0.0316,0.1}.
The results are averaged over 5 experiments.

Nonbilinear Game # 2 In this paragraph, we provide the details of the Nonbilinear Game # 2 experiment.
We optimize the loss function f(z,y) := zy — ed(y) where ¢(z) := %22 — iz‘l and € = 0.01. The noise used to
perturb the gradients is Z ~ N'(0,0%I3) and o = 1.00. We use n = 0.01, p € {0.001,0.01,0.01,0.3}. The results

are averaged over 5 experiments.

Nonbilinear Game # 3 In this paragraph, we provide the details of the Nonbilinear Game # 3 experiment.
We optimize the loss function f(z,y) := zy + ¢(z) — ¢(y) where ¢(2) := 32% — J2* + 225 — £25. The noise used
to perturb the gradients is Z ~ N(0,0%I3) and o = 1.00. We use n = 0.0001, p € {0.00001,0.0001,0.01,0.1}. The
results are averaged over 5 experiments.

Quadratic Game In this paragraph, we provide the details of the Quadratic Game experiment. We optimize
the loss function f(z,y) := 22+ 2zy —y>. The noise used to perturb the gradients is Z ~ N(0,02I,) and o = 1.00.
We use n = 0.01, p € {0.001,0.01,0.1,0.5}. The results are averaged over 5 experiments.
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