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Abstract

We present a new adaptive algorithm for
learning discrete distributions under distri-
bution drift. In this setting, we observe a
sequence of independent samples from a dis-
crete distribution that is changing over time,
and the goal is to estimate the current distri-
bution. Since we have access to only a sin-
gle sample for each time step, a good estima-
tion requires a careful choice of the number
of past samples to use. To use more samples,
we must resort to samples further in the past,
and we incur a drift error due to the bias in-
troduced by the change in distribution. On
the other hand, if we use a small number of
past samples, we incur a large statistical er-
ror as the estimation has a high variance. We
present a novel adaptive algorithm that can
solve this trade-off without any prior knowl-
edge of the drift. Unlike previous adaptive
results, our algorithm characterizes the sta-
tistical error using data-dependent bounds.
This technicality enables us to overcome the
limitations of the previous work that require
a fixed finite support whose size is known in
advance and that cannot change over time.
Additionally, we can obtain tighter bounds
depending on the complexity of the drifting
distribution, and also consider distributions
with infinite support.

1 INTRODUCTION

Estimating a distribution from a set of samples is a
crucial challenge in data analysis and statistics (De-
vroye and Gyorfi, [1987} [Silvermanl [1986; |Devroye and
Lugosi), 2001). In this work, we focus on the classi-
cal setting of estimating the probability mass function
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of a discrete distribution. A long list of work char-
acterized the error for this estimation problem given
independent and identically distributed (i.i.d.) samples
from the same distribution (Han et al., 2015; Kamath
et al., [2015; |Orlitsky and Sureshl 2015} |Jiao et al.l
2015; |Cohen et al, [2020). The use of the total vari-
ation metric as a measure of error for this problem
is a natural choice that is commonly adopted in the
literature (Devroye and Lugosi, |2001)). It is folklore
that if a distribution has support size k, the maximum
likelihood estimator with n i.i.d. samples has an ex-
pected error upper bounded by O(4/k/n), which can
be shown to be tight (Anthony et al., [1999)).

In numerous applications where samples are collected
over time, it is possible that their underlying distribu-
tion may change. In the distribution drift setting, we
are interested in estimating the current distribution,
given a sequence of past samples that could be gener-
ated by different distributions. This setting has been
recently studied by |Mazzetto and Upfal (2023b)), but
other problems have also been considered in a similar
setting, for example, binary classification (e.g., Barve
and Long, |1996; Long, 1998, and references therein),
agnostic learning (Mohri and Munoz Medinal [2012;
Hanneke and Yang}, 2019; [Mazzetto and Upfall|20234)),
or crowdsourcing (Fu et al., [2020).

Concretely, let X1, ..., X7 denote a sequence of T in-
dependent samples respectively from the discrete dis-
tributions p1,...,ur. Equivalently, we say that the
sequence of samples is generated over time by a drift-
ing discrete distribution. The goal is to estimate the
current distribution g given the sequence of samples.
Without loss of generality, it is sufficient to consider
discrete distributions over the natural numbers, and
given such a distribution g, we let p(i) = Pry, (X =1)
for any ¢ € N. The total variation distance be-
tween two discrete distributions p and 7 is defined
as |1 — nllev = (1/2) e i) — n(i)].

Indeed, the estimation of g7 is possible only if the pre-
vious distributions are related to it. Let Aq,...,Ap
be a non-decreasing sequence of real numbers where

A, = — . 1
. t:&aér”“T pur—¢llrv (1)
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The value A, is the maximum total variation distance
from the current distribution g7 to any of the most
recent r distributions pr_,41,..., . In past work
(Mazzetto and Upfall [2023b)), it is shown that if the
distributions have the same support of size k, a tight
lower bound on the expected error of any algorithm
for the estimation of the current distribution pp with
respect to the total variation distance is given by

Q(min \/E—&-AT) . (2)
1<r<T r

This lower bound is in a minimax sense. For-
mally, given any (possibly adaptive) algorithm, and
a sufficiently small non-decreasing sequence of val-
ues Aq,...,Ar, there exists a sequence of distribu-
tions p1,...,pwr with shared support k such that
maxs.o<¢<r|r—t — prlrv < Ay for any 1 <r < T,
and the expected estimation error of the algorithm is

at least .

For a fixed integer r, the quantity O(\/k/r + A,) of
(2) is also an upper bound to the expected error ob-
tained by only using the most recent r samples for the
estimation, and it is written as the sum of the up-
per bound to two errors: the statistical error and the
drift error. The statistical error term /k/r is related
to the variance of the estimation, and it decreases by
considering more samples; whereas the drift error term
A, is due to the distribution drift, and it can poten-
tially increase by using samples further away in time.
Equation shows that an optimal estimation is given
by the optimal solution of this trade-off. This trade-
off determines an optimal number of recent samples
to use as a function of the distribution drift. This is
a significant difference with the i.i.d. setting, where
each sample provides useful information, and the ex-
pected error goes to 0 as the number of samples goes
to infinity.

The trade-off between the statistical error and the drift
error is common in the literature on learning with drift
(Mohri and Munoz Medinay, [2012; |Mazzetto and Upfall
2023b). However, the minimization of this trade-off is
challenging as the values Ay, ..., Ar of the drift error
are unknown, and they cannot be estimated from the
data since we only have access to a single sample from
each distribution. For this reason, most of the previous
work required prior knowledge of the magnitude of the
drift in order to quantify and solve this trade-off. For
example, a common assumption is that the magnitude
of the drift is bounded by A > 0 at each step (Bartlett,
1992), which implies A, < (r —1)A for all » < T. In
this case, the optimal solution of the trade-off gives
an estimation error equal to ©((k - A)Y/3) which is
achieved by computing the empirical distribution in-
duced by the most recent O((k/A?)'/?) samples.

1.1 Limitations of Existing Work

In recent work, [Mazzetto and Upfal (2023a)) exhibit
a general learning algorithm that solves the trade-off
between statistical error and drift error (up to loglog
factors) based on the input samples and without any
prior knowledge of the drift. In our setting, this implies
that there exists an algorithm that can adaptively at-
tain the lower bound , which cannot be improved in
a minimax sense. Precisely, there exists an algorithm
that observes the sequence X1, ..., X from a drifting
distribution with a fixed support of size k, and it re-
turns an estimate i of pr such that with probability
at least 0.99:

- _ . k loglogr
lur — fllov =0 <1g}gT [\/:+ Vo A
(3)

While the above error is essentially tight according to
, this result has several intertwined weaknesses.

First, the previous adaptive algorithm can only be ap-
plied to drifting distributions that have finite support,
which cannot change over time. This constraint is
in conflict with the drift setting, where the distribu-
tion, hence its support, can indeed change over time.
For example, consider the drifting distribution of the
items purchased over time from an online retailer: the
support of this distribution can repeatedly evolve due
to changes in inventory, new products, or availability.
Additionally, we are also required to know the value
k of the support size. Since k cannot be determined
precisely using only the input samples, it is necessary
to have prior knowledge of this value, which can be
unfeasible in many practical applications.

Second, the aforementioned algorithm has the crucial
shortcoming of using a distribution-independent upper
bound O(1/k/r) on the statistical error from using r
samples. While this upper bound is indeed tight for
distributions that are roughly uniform over a support
of size k, the actual error due to the variance of the
estimation can be significantly smaller for other distri-
butions. As an example, if we consider a distribution
of size k, where most of the probability mass is concen-
trated in &’ < k elements, we would expect a statisti-
cal error with rate O(y/k’/r). Furthermore, the use of
a distribution-independent upper bound on the statis-
tical error prevents the consideration of distributions
with infinite support (k = 00). In the i.i.d. setting,
it is possible to address this issue by using a sharp
distribution-dependent upper bound on the statisti-
cal error, which also allows us to handle distributions
with infinite support (Berend and Kontorovich, [2013;
Cohen et all [2020). In particular, if we assume that
there is no drift, i.e. p = p1 = ... = pr, the max-
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imum likelihood estimator {1 over T' samples exhibits
an expected error (Berend and Kontorovich, 2013):

§A7(0) = 7= < Bl = llry < Ar) . (4
where
M= Y wit o= Y Vel 6)

ip(i)<1/T i (i)>1/T

The value Ar(p) is a measure of the learning com-
plexity of p that provides a tight characterization of
the variance of the estimation of p with T samples.
By using the Cauchy-Schwarz inequality, it is simple
to verify that if the support of u has size k, it holds
that A,(u) < \/k/r, recovering the aforementioned
distribution-independent upper bound. We highlight
that having a tight bound on the statistical error is
especially important in a drift setting as it can signif-
icantly impact the quality of the estimation, since the
value of this bound determines the number of samples
to use in order to solve the trade-off between statistical
error and drift error.

2 MAIN RESULT

In our work, we address the issues outlined in the pre-
vious section. Our main contribution is to provide an
adaptive algorithm for estimating an arbitrary drift-
ing discrete distribution. The result is formalized as
follows.

Theorem 2.1. Let 6 € (0,1). There exists an algo-
rithm that given X1,..., X, it outputs a distribution
i such that with probability at least 1 — 6, it holds that

lur — al|rv = O( min [AT(MT)

1<r<T

+\/log((log2r—|—1)/5) +ATD |

where A, = maxo<i<,||ptr — pr—¢||TV 0S8 N .

The above theorem shows that there exists an adap-
tive algorithm that can achieve (up to loglog factors)
an optimal solution of the trade-off between statisti-
cal error and drift error, where the statistical error
is quantified using a distribution-dependent measure
of complexity. Compared to the previous adaptive
result , our algorithm works for an arbitrary dis-
crete drifting distribution, and it utilizes a sharper
distribution-dependent upper bound on the statistical
error that we estimate from the data. In particular,
our algorithm does not require any prior knowledge of
the drifting distribution, and it also works for drift-
ing distribution with support that changes over time

or with infinite support. For the special case of drift-
ing distributions with shared support of size k, it holds
that A, (pur) < y/k/r, and we indeed achieve the lower
bound up to logarithmic terms. However, we high-
light that our algorithm uses a distribution-dependent
measure A, (pr) to upper bound the statistical error
of the estimation which could be significantly tighter
than +/k/r even for distributions with support size k.
This enables us to obtain tighter bounds depending on
the drifting distribution’s complexity.

Since A, (p) < Ag(p) for any s < r, in the i.i.d. case,
we can observe that the theorem guarantees with high-
probability (e.g., > 99/100) an estimation such that

. loglog® T
lpr — fllrv = O AT(MT)JF\/? ;

retrieving up to logarithmic terms the tight charac-
terization of the estimation error depicted in for
learning with 7" i.i.d. samples from . The addi-
tional logarithmic term is the cost of the adaptivity,
since the algorithm does not know a priori whether the
samples are identically distributed.

Technical contribution. It is not straightforward
to extend the adaptive strategy of the previous work
(Mazzetto and Upfal, 2023a) to use a data-dependent
bound on the statistical error. In fact, the proof
strategy of that work relies on knowing the exact
rate at which the upper bound on the statistical er-
ror decreases, which is not possible for distribution-
dependent upper bounds. To circumvent this issue, we
develop a new analysis for learning with drift, whose
proof of correctness also uses a novel result that ties
the magnitude of the drift with the change in the learn-
ing complexity of the drifting distribution. We believe
that our novel proof strategy for learning with drift
using data-dependent upper bounds on the statistical
error can also be applied to other learning problems.
To the best of our knowledge, this is the first adap-
tive learning algorithm for discrete distributions to use
data-dependent bounds in the drift setting.

3 ALGORITHM

In this section, we present the algorithm that achieves
the guarantee of Theorem First, we formally de-
fine the trade-off between statistical error and drift
error obtained by using the most recent r samples. To
this end, for any 1 < r < T, we define the following
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distributions
T
pr@) =" 30 i) VieN
t=T—r+1
1 T
(i) = = > xe=q VieN,
t=T—r+1

which are respectively the average distribution NL;}

and the empirical distribution ﬂqf] over the most re-
cent r samples. Following the methodology of previous
work, the following proposition provides an error de-
composition into statistical error and drift error for
the estimation of g7 by using the empirical distribu-
tion ﬂgj.

Proposition 3.1. Let 1 <r <T. We have that

TR RN
_ _ + Ar
lpr — pgllrv < g — fy|lry

Statistical Error Drift Error

Proof. By using the triangle inequality, we have that

[r] _

Ipr — A ey < 6 = 2oy + [l — g oy

We can upper bound the second addend of the right-
hand side above using the triangle inequality

T
r 1
e L
t=T—r+1 TV
1 T
=5 Yo e —prllev <A, (6)
t=T—r+1

O

The first term of the right-hand side of this proposi-
tion represents the statistical error of the estimation.
Our goal is to measure this error as a function of the
distribution-dependent measure of complexity A, (ur)
of the current distribution g, which is unknown. Our
algorithm relies on the input data to estimate this
quantity. Following the example of previous work, we
use the empirical counterpart of this measure of com-

plexity. Given an empirical distribution ﬂgﬂ, we define

oAk
o, (Ay)) = = WZ\/NL[](Z) :

1€EN

and we observe that this quantity can be computed
from the samples. The quantity @T(ﬂ[}]) is an em-
pirical measure of complexity that provides an upper
bound to the statistical error with » samples. The next
proposition is proven based on results of previous work

(Cohen et al., 2020).

Proposition 3.2. Let § € (0,1) and 1 <r <T. With
probability at least 1 — §, it both holds:

N R T 7] log(4/4)
lar —pr v < @ (NT) +3 o
and
7] [r] log(4/4)
o a) <o o) /P
Proof. In the appendix. O

This proposition enables us to use the empirical mea-

;[

sure of complexity @, (,uT ) to estimate the statistical

error while guaranteeing that we obtain a result that is
a tight approximation to using the non-empirical mea-

sure A, (u[TT]) as in . Proposition can be seen

as a generalization of the results of |Cohen et al.| (2020]
Theorem 2.1 and Theorem 2.3) for independent but
not identically distributed discrete distributions.

On a high level, the core of our algorithm is a con-
dition that allows us to compare the upper bound to
the estimation error induced by different choices of the
number of past samples without explicitly estimating
the drift error. For ease of notation, we let r; = 27
for any j > 0. As long as this condition is true, the
algorithm iteratively considers a larger number of past
samples, also referred to as window size, starting from
ro = 1. In particular, at iteration j it considers a
window size r; (starting from j = 0), and it evaluates
the condition by comparing the estimation obtained
with 7; to the estimation obtained with ro,...7;_1. If
the condition is satisfied, we can provably maintain a
solution whose upper bound to the estimation error
is up to a constant factor as good as any previously
considered window size (Proposition. Conversely,
if the condition is violated, a non-negligible drift has
occurred, thus using more samples cannot yield a sig-
nificantly better estimation (Proposition . As we
will see, depending on the data, it is possible that we
do not need to consider all the possible window sizes
{rj : j > 0} for the evaluation of this condition, and
only a subset will suffice.

The correctness of our algorithm is conditioned on the
event that the estimation for all window sizes r; = 27
for j > 0 concentrates around its expectation, i.e. we
want to provide an upper bound to the statistical error
as in Proposition for all those window sizes. This
result is formalized in the next proposition and it is
obtained by simply taking a union bound.

Proposition 3.3. Let 6 € (0,1). With probability at
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Algorithm 1: Adaptive Learning Algorithm For A
Discrete Drifting Distribution

L ={0} 1
for j=1,...,|log, T| do 2
if &, < minger &, then 3
for / € L do a

if Al - arol ey > 3¢, + ¢, then s

‘ return j;"" 6

end 7

end 8

L+ LU{j} 9

end 10
end 11
return ﬂ[}”"“”‘L] 12

least 1 — 8, for all 5 > 0 it holds that

||Il[qu] — N[qu]”TV <o, (ﬂ[qtj]) +3 -
j

(7)

and

log ( c(log267-j +1) )

rj

(8)

where ¢ is a constant equal to c = 42 /3.

Proof. Let 6; = 6(6/72)/(j + 1)%. We have that with
probability at least 1—¢;, the event of Proposition@
holds with error probability J; and window size r;.
The statement follows by substituting the definition of
d;, and taking a union bound over all possible events

for j >0, since Y., 0; = (6/72)5 Y5, 1/j* =6. O

The value § € (0,1) of the above proposition is a pa-
rameter of the algorithm, and it denotes its failure
probability. Throughout this section, we assume that
the event of Proposition 3.3 holds, otherwise our algo-
rithm fails (with probability < ¢). We denote with

. R log(c(log?r; +1)/8
grjzcﬁTj(u[Tﬂ)+3\/ g(c(log” r; + 1)/9)

Tj

the upper bound to the statistical error for the window
size r; given by the empirical bound in Proposi-
tion [3.:3] By using Proposition we have the fol-
lowing upper bound to the error of estimating pur by

using the empirical distribution ﬂ[;:j}:

U(ry) = &, + A, > |lur — oy, ¥j>0. (9)

log ( c(10g25rj +1) )

The algorithm is looking for the window size r; that
minimizes the upper bound U(r;). We remark that
this is a challenging problem due to the fact that the
drift error is unknown and it cannot be estimated from
the data, since we have access to a single sample from
each distribution. Additionally, the sequence (&;);>0
is not necessarily strictly decreasing, and it does not
have an analytical closed formula that depends only on
r;. This is a requirement of the proof strategy of the
previous adaptive work Mazzetto and Upfal (2023a)),
which exploits the a priori knowledge of how much
the statistical error is reduced by doubling the window
size. Therefore, their proof strategy does not apply to
our setting.

By an inspection of U(-), it is clear that if 4, > &;
for some n > 1, then U(r;) < U(7;4n) since the drift
error is non decreasing with respect to the window size.
Thus, we can only consider a sequence of window sizes
for which the upper bound to the statistical error is de-
creasing. Formally, we consider the following sequence
of indexes L = (¢1,...,¢x) where K < 1+ log,(T)
that is built iteratively as follows. We let ¢; = 0.
Given #1,...,¥¢;, the element ¢;;1 is added (if it exists)
as the first index j > ¢; such that §; < &,, thus we
have &, , < &, for any 1 < 7 < K — 1. Moreover,
given j > 0, we let v(j) = ¢ be the largest value £ € L
such that £ < j. Observe that by construction, the
following relation holds:

U(T'y(j)) < U(Tj) . (10)

Therefore, we have minger, U(ry) < mini<;j<p U(rj),
and we can only consider window sizes r, with values
le L.

The pseudo-code of the algorithm is reported in Al-
gorithm The algorithm iteratively builds the list
L. Once a new element j that belongs to this list is
found (Line 3), the algorithm compares the empirical
distribution ﬂ[;j ]
ﬂ[{f] with ¢ € L such that ¢ < j. This comparison
provides the iteration condition that is the core of our
algorithm. The statistical error &, using 7; samples
is less than &, for all such ¢, however the drift error
could be larger. The main idea is that if all those
empirical distributions are sufficiently close (Line 5),
then their distance with respect to g cannot be that
large, and we can guarantee that the estimation error
obtained by using ﬂgfj ]

achieved with any ﬂ[;:” for all such ¢. In this case, we
can keep iterating. This intuition is formalized with

the following proposition.

with all the empirical distributions

is as good as the estimation

Proposition 3.4. Assume that the event of Proposi-
tion[3.3 holds. Let j € L. If

1A — a ey <3¢, + 6, We<jitel
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then, we have that:

_ ’“[Tj] < . 3
lpr — " [lrv <5 ggg}U(w) .
<j

Proof. Let ¢ € L such that ¢ < j. By using the triangle
inequality, we have that:

lur = g lley < e — a5 oy + 125 -
We upper bound the first term of the right-hand side
using @, and the second term by using the assump-
tion of this proposition. We obtain:

lpr — A oy < & + Ar, + &0, + 36,
S 557’@ + AT‘@
<5-U(ry) .

O

Conversely, we want to show that if one of the condi-
tions in Line 5 of the algorithm is violated, then we

can stop iterating. If there exists a distribution /,L[” ]

that is far enough from H[TJ] for a £ € L such that
¢ < j, then a significant distribution drift must have
occurred. In particular, we can show a lower bound to
Ay, > &, and thus U(ry,) > &, for any n > j due to
the drift error. Since U(ry) = &, + A,,, and the drift
error from using r, samples is less or equal to the drift
error from using r, samples, we are able to conclude
that U(r,) cannot be significantly smaller than U(ry),
and in particular U(r,) < 2U(r,). This provides a
certificate that we can stop iterating since the window
size ry provides a value of the upper bound U(-) that
is up to constant as good as the one obtained with any
window size 1, with n > 7. This result is formalized
with the following proposition.

Proposition 3.5. Assume that the event of Proposi-

tion [3.3 holds. Let j € L. If there exists £ € L with
{ < j such that

a5 — ahley > 3¢, + €,

then U(re) < 2U(ry,) for anyn > j.

Proof. By the triangle inequality, we have that

1A% — a7 ey
<k = pl ey + Al - b ey
Hlpkd — u#”hv
< &y &+ Il — ey (11)

A ey

where the last inequality follows from the assumption

that the event of Proposition holds. Using the

triangle inequality again, we obtain

7= i ey < 16§ = ey + I3 = prlev
<A+ A, <24,

| e

)

where in the last two inequalities we used relation @
and the fact that the drift error is non-decreasing with
the number of past samples. By combining the above
upper bound with , we have

1AL — alley < &) + 6+ 20,

We use the assumption of the proposition and obtain
the following lower bound to the drift error

NI
For any n > j, we have that
2U (1) = 26, +240,, 220, > &, + Ay, =U(re) -

O

Proposition and Proposition can be used to
prove that our algorithm finds a window size # = 27
for some j > 0 such that U(#) = min; U(r;). We
can express this upper bound using the measure of
complexity Az(-) thanks to (8). However, this is not
sufficient to prove Theorem since we are only con-
sidering window sizes r that are powers of two, and we
want to compare against any possible selection of the
window size 1 < r < T'. For window sizes that are not
power of two, Proposition does not provide direct
information on the statistical error. To prove the theo-
rem, we need to relate the magnitude of the drift with
the change in complexity of the drifting distribution.
The following proposition provides this result.

Proposition 3.6. Let u and n be two discrete dis-
tributions over N. For any integers 1 < r < s, the
following two inequalities hold:

|Ar () = Ar(m)] < 2|l = |1y

T(N ,
S(N) - S/ )

=

=

Proof. We start by proving the first inequality. We
partition N into four sets: Spo = {i : p(i) < 1/r A
n(i) < 1/r}, Sor = {i : p(i) < 1/r An(i) = 1/r},
S0 = {i : pu(@) > 1/r An(i) < 1/r}, and S11 = {i :
p() > 1/r An(i) > 1/r}. We have the following
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decomposition

1€S00
1) — @ @— 7
I CCRIES B (R
+%Z(W—M)

i€S11

The sum over Sy is upper bounded simply as

Y (w() - < > ln) -

i€S00 i€S00

For the sum over S11, we have that

Vi) - v"@} Z (u(l) n(i))
vr Zesl V(i) + /n(i)
<3 f Z [

1€S11

:ZW ;77(2 ’

i€S11

D

€511

where in the inequality we used the fact that +/p(7)

and /n(i) are both at least y/1/r for any i € Sii.

Now, observe that for ¢ € Sp1, we have that p(i) =

V(i) - /(i) < /(i) /r. Using this inequality and
proceeding similarly to the previous case, we have that

S L) ()

1€S01
< > (i) -

1€S01

For i € S19, we observe that p(i) > 1/r, hence 1/\f <
p(i). Therefore, it holds that /p(i)/r < \/p(i)

p(i) < p(i), and

> ( @ —n(i)> < Z (u(i) —n(@) .

1€S10

We can conclude:

Ar(p) = Ar(m) < (i)

€N

—n(i)] <2||p —nlrv -

To prove the second inequality, we use instead the fol-
lowing partition of N into Sp = {i : p(i) < 1/s}, S1 =
{i:1/s<p(i)<1l/r}, and Sy = {i : 1/r < u(i)}.

For any ¢ € S1, we have that p(i) < /u(i)/r =

\/8/r\/(i)/s. We obtain the following result:

uiiy+ 3 /2

ieSo 1651 1€ Ss
f T T
S\/EAS(M)-

O

We can finally prove Theorem

Proof of Theorem[2.1, We assume that the event of
Proposition holds, otherwise we say that our al-

gorithm fails (with probability < ). The algorithm

[

returns an empirical distribution fi.’ I for some j >0,

and it guarantees that

I = ey < U(ry)
Consider the function Q(r) : {1,...,T} — R defined
as
) log(c(log?r 4 1)/8
Q) = Ar(ur) +\/ slelos 12D/ 4,

where ¢ is the same constant in Proposition Let
r* = argming ., «pQ(r). In order to prove the theo-
rem, it is sufficient to show that U(r;) = O(Q(r*)).
Let v be defined as in , and let ¢ > 0 be such that
~(r*) = r;. We distinguish two cases: (a) r; < r; and
(b) 7; > r;. For both cases, we will use the following
result:

U(ri) = 0(Q(r7)) . (12)

Equation is proven as follows. Let n be the largest
integer such that 2" < r*. By construction, we have
~(rn) = 7, thus inequality shows us that U(r;) <
U(ry). By definition, U(ry,) =&, + A,,, and

6 — o)+ 3 \/log(c(log2rn+1)/5)

Tn

*

< an, (u) 4+ 12 \/log(c(10g2T*+1)/6) )

where we used and the fact that »* < 2r,.
Through, Proposition [3.6] we obtain the following up-
per bound

A, (plyr))
Arn (NT) + 2Arn

\% */T’n A lJ‘T +2AT7

4A,- (,UfT) +2A,-,

INIA A
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where in the second inequality we also used @7 and in
the last inequality we used the fact that the drift error
is non-decreasing and that r* < 2r,. If we combine
the above inequality with , we have that

log (0(10g25T*+1))

/r*

U(Tz) < U(Tn) < 16/\7«* (/J,T) +12

+9A, =0(Q(r")) .

Equipped with , We will now show that U(r;) =
O(Q(r*)) for both cases (a) and (b).

Case (a). Since i € L, we have U(r;) < 5U(r;) due to
Proposition We conclude by using equation (12)).

Case (b). The algorithm chooses the window size
r; < r;. This means that when the algorithm con-
siders the next element ¢ € L after j, where ¢ < i,
there exists an index ¢’ € L with ¢ < j such that the
condition of Line 5 of the algorithm is satisfied. Propo-
sition applies, and we have that U(ry) < 2U(ry,)
for any n > ¢ > j. By construction, this is also true
for n equal to i, and U(ry) < 2U(r;). On the other
hand, since the algorithm returned r;, it means that
all the If conditions on Line 5 must have been sat-
isfied when considering j € L, and Proposition [3.4]
gives us U(r;) < 5min,<;j..er U(r;), and in particular
U(rj) < U(re). Thus, U(rj) < 10U(r;). We obtain
the statement by using equation . O

4 RELATED WORK

The problem of learning with distribution drift was in-
troduced in the context of binary classification (Helm-
bold and Long| |1991; [Bartlett, [1992; [Helmbold and
Long, 11994). This line of research led to the re-
sult that if any two consecutive distributions have a
bounded L distance A, the expected error for learn-
ing a family of binary functions with VC dimension
v is O((vA)Y/3) (Long, 1998), and the upper bound
is tight (Barve and Long, [1996). Under mild assump-
tions, Mohri and Munoz Medina| (2012) extend the
analysis of agnostic learning with drift to any family of
functions. In particular, they provide an upper bound
to the learning error for a given window size that uses
the Rademacher complexity to quantify the statistical
error, and a problem-dependent upper bound to the
drift error called discrepancy that is based on previous
work in domain adaptation (Mansour et al.| 2009; Ben-
David et al 2010). Recent work relaxes the indepen-
dence assumption and provides learning bounds un-
der mixing condition (Hanneke and Yang, [2019). This
previous work either requires a priori knowledge of the
drift error to solve the trade-off between statistical er-
ror and drift error, or assumes that multiple samples

can be obtained from each distribution to estimate the
drift error (Mohri and Munoz Medina, [2012; |Awasthi
et al|2023)). There are two work that provide an adap-
tive algorithm for learning a family of functions with
drift: Hanneke et al.|(2015) address the realizable case,
and Mazzetto and Upfal| (2023a)) address the agnostic
case.

Recent work characterizes the minimax error for the
problem of learning discrete and continuous smooth
distributions with distribution drift, but it assumes
a prior knowledge of the drift to attain this error
(Mazzetto and Upfal, |2023b). In a more specific set-
ting, |Gokcesu and Kozat| (2017)) provide an adaptive
algorithm for learning a parametric family of exponen-
tial densities, where the parameters can slowly drift
over time. We finally point out that several algorithms
have been proposed for estimating a density in the on-
line setting (Kristan et al. [2011; |Garcia-Trevino and
Barriay, [2012)), but they do not provide an analysis of
the estimation error.

5 CONCLUSION

We provide an adaptive algorithm for the problem of
learning a drifting discrete distribution. Unlike pre-
vious work, our method solves this problem for any
drifting discrete distribution, and it does not require
any prior assumption on the support of the distribu-
tion. Additionally, our algorithm utilizes the input
data to estimate the statistical error, and it can pro-
vide a tighter bound than existing methods depend-
ing on the complexity of the drifting distribution. To
the best of our knowledge, this is the first adaptive
method for learning a discrete distribution to use data-
dependent bounds in a drift setting.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]
(¢) Clear explanations of any assumptions. [Yes]
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3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Not Applicable]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A DEFERRED PROOFS

Proof of Proposition[3.4 The proof of this proposition is based on previous work in the literature. The first
inequality of the proposition immediately follows from the proof of|Cohen et al.[ (2020, Theorem 2.1). Specifically,
with probability at least 1 — 4/2, it holds:

r r 10 4 (5
)~ ey < @, (A + 3y B0 (14)

r

The proof of the second inequality of this proposition proceeds as follows. By invoking Fubini’s theorem, we

have that
Ea(al) E(ZF) e (Vako) =12 (Vi)

Consider a value ¢ € N, and let C; = ru[;:]( ). The crucial observation is that

T T T
1 Z r
ECZ =rkE (r E 1{Xt—i}> = E ]E]-{Xt:i} = [,Lt( ) = T;I,[T]< ) .

t=T—r+1 t=T—r+1 t=T—r+1

The remaining of the proof follows the same argument in previous work (Cohen et al.l 2020). Since the square
root is a concave function, we have that E+/C; < +/EC; by using Jensen’s inequality. Furthermore, we can
exploit that /C; < C; as C; € {0,1,...,r}, to show E/C; <EC;. We obtain:

E () ZE\ﬁ

LS min {ruin o
_ u¥]<i>+% S W)

i) (i) <1/r il (1) >1/r

=A(p []).

| /\

Since changing a single sample among {X7_,41,..., X7} can change the value of ®(jx [r]) by at most 2/r, we
can use McDiarmid’s inequality to show that with probablhty at least 1 — §/2, it holds that:

log(2/9)

(g) <E@(ay)) + /==

(15)

We conclude by taking a union bound so that both events and hold with probability at least 1 —4. O
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