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Abstract

This work advances randomized exploration
in reinforcement learning (RL) with function
approximation modeled by linear mixture
MDPs. We establish the first prior-dependent
Bayesian regret bound for RL with function
approximation; and refine the Bayesian regret
analysis for posterior sampling reinforcement
learning (PSRL), presenting an upper bound
of @(d\/H?’Tlog T), where d represents the
dimensionality of the transition kernel, H the
planning horizon, and T the total number of
interactions. This signifies a methodological
enhancement by optimizing the O(v/logT)
factor over the previous benchmark (Osband
and Van Roy, 2014) specified to linear
mixture MDPs. Our approach, leveraging
a value-targeted model learning perspective,
introduces a decoupling argument and a
variance reduction technique, moving beyond
traditional analyses reliant on confidence sets
and concentration inequalities to formalize
Bayesian regret bounds more effectively.

1 Introduction

Reinforcement learning (RL) has become a cornerstone
in the development of intelligent systems (Sutton
and Barto, 2018), propelling the forefront of artificial
intelligence and decision sciences towards creating
agents capable of making autonomous decisions in
dynamically complex environments. The crux of
advancing RL has been the strategic integration of
function approximation techniques and the assimilation
of prior knowledge. Function approximation methods
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have transcended traditional RL boundaries (Bertsekas
and Tsitsiklis, 1996), enabling scalable solutions across
extensive or continuous state spaces, a necessity for
practical real-world problem-solving. Concurrently,
the infusion of prior knowledge—ranging from domain
expertise to insights gleaned from historical data (Wang
et al., 2018, 2019; Agarwal et al., 2020) or pre-trained
models (Yang et al., 2023)—into RL algorithms has
catalyzed a transformative leap in learning efficiency.
This leap is underscored by providing RL systems with
a foundational understanding of advantageous actions,
even before any environment interaction occurs.

Motivation. The nuanced application of priors
within the RL paradigm, especially through Bayesian
methodologies, ushers in a sophisticated equilibrium
between exploration and exploitation—essential for
the practical deployment of RL. By preemptively
incorporating knowledge about the environment’s
dynamics through prior distributions, RL algorithms
are primed for more informed exploration. Despite
its immense potential, the exploration of priors’
role, particularly within the context of function
approximation, remains scant. This uncharted domain
presents a ripe opportunity for enhancing RL’s learning
outcomes and applicability in diverse settings, thus
pushing the envelope of RL’s capabilities and efficiency.

Important Question. Against this backdrop, we
are compelled to address a pivotal inquiry:

How can the symbiosis of prior knowledge
and function approximation be optimized to
elevate the adaptability and efficiency of RL
algorithms?

1.1 Key Contributions
Our exploration into this inquiry yields several seminal
contributions, especially within the context of linear

mixture Markov Decision Processes:

e The introduction of a prior-dependent Bayesian
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regret bound (Theorem 1) within the realm of
RL with function approximation, elucidating the
impact of prior distribution variance on learning
efficiency. This milestone underscores a deeper
comprehension of RL dynamics in scenarios where
environmental distributions are known or can be
approximated.

e The unveiling of a prior-free Bayesian regret
bound for Posterior Sampling for Reinforcement
Learning (PSRL) in linear mixture MDPs; i.e.,
O(dH?/?\/TTogT) Bayesian regret bound for
PSRL in linear mixture MDPs (Remark 1), where
d is the dimension of feature in basis transition
kernels, H is the planning horizon and T is the
number of interactions. Our upper bound improves
the Bayesian regret bound of PSRL by traditional
by a O(log T') factor.

e The advancement of the analytical landscape of
Bayesian regret in RL through methodological
novelties, including a decoupling lemma and a
variance reduction theorem. These innovations
engender a nuanced perspective of regret dynamics,
advancing beyond the conventional frameworks
reliant on confidence sets and concentration
inequalities.

1.2 Preview of Technical Novelty

Our theoretical contributions are underpinned by
substantial technical innovations:

Posterior variance reduction. Our analysis features
a variance reduction theorem that addresses the
heterogeneity of value variance in RL, highlighting
a predictable reduction in posterior variance under
specific conditions. from the value-targeted perspective
of model learning in Section 4. In expectation,
the posterior variance of the true model parameters
will be reduced in a non-uniform way due to the
heteroscedasticity nature of the value variance. The
posterior variance is predictable when we have access to
the true posterior distribution under correct prior and
correct likelihood distribution. Our posterior variance
reduction argument provides a way to measure how
epistemic uncertainty is reduced after new observations
are informed in the learning progresses.

Decoupling argument. We introduce a decoupling
argument (Lemmas 5 and 7) that enhances our
understanding of Bayesian regret by separating the
intertwined dynamics of action selection and value
estimation and relate the Bayesian regret to posterior
variance. The idea of decoupling is inspired by
information-theoretic analysis (Russo and Van Roy,

2016; Kalkanl and C)Zg‘iir, 2020) for the linear bandit.

The statement in Lemma 7 is slightly stronger than

previous literature, which is essential to prove a
better H dependence. In details, this stronger
statement is required to upper bound the absolute value-
targeted error in Proposition 2 and consequently upper
bound the absolute estimation error in Proposition 3.
Extending the previous statement in bandit literature
to this stronger statement is not complicated but new.

Integration of prior knowledge: We provide a unique
characterization of the relationship between the regret
bound and the prior distribution, offering new insights
into integrating prior knowledge into RL algorithms.
In contrast to previous analysis that utilizes confidence
sets, we leverage the decoupling argument and variance
reduction argument to upper bound the Bayesian
regret, essential for deriving the prior-dependent
analysis. Previous Bayesian analysis in RL (Osband
and Van Roy, 2014, 2017) relies on a translation of
frequentist concentration bound to a Bayesian credit
interval, which is essentially a prior-free argument.

Besides, as a by-product of our analysis for the prior-
free result, because of going beyond traditional analysis
relying on the confidence-sets or the notion of eluder
dimension (Osband and Van Roy, 2014; Ayoub et al.,
2020) to upper bound regret, the final regret bound
will be naturally improved by a O(logT') factor?.

1.3 Related Works

Our endeavor distinctly positions itself within the
vast expanse of RL research by concentrating on
the synergistic integration of prior knowledge and
function approximation in linear mixture MDPs.
Contrasting with preceding works that predominantly
focus on tabular contexts or marginally engage with
the potential of prior knowledge, our comprehensive
Bayesian analysis introduces both prior-dependent
and prior-free regret bounds. This dual-faceted
approach meticulously fills a significant lacuna in
existing literature, shedding light on the efficacious
incorporation of prior knowledge into RL strategies.

Linear function approximation. Linear mixture
MDPs (Ayoub et al., 2020) become a widely-accepted
benchmark to understand the synergy of exploration
and model-based function approximation. Many
algorithms including value-targeted regression (Ayoub
et al., 2020) and policy optimization (Cai et al.,
2020) are developed for understand the statistical
complexity of reinforcement learning with linear
function approximation under this setup. Existing
algorithm for linear mixture MDPs that achieves

We also discuss a conjecture on the log T term in the
lower bound Appendix G.
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the near-minimax optimal dependency? is based
on optimism in the face of uncertainty (OFU)
principle (Zhou et al., 2021). For another setup of
linear MDPs (Yang and Wang, 2019; Jin et al., 2020),
a line of works are proposed to understand value-based
function approximation and exploration (Jin et al.,
2020; Agarwal et al., 2023).

Randomized exploration. An alternative category
of algorithms (Strens, 2000), inspired by Thompson
sampling (Thompson, 1933), involves randomized
exploration that samples a set of statistically plausible
action values and selects the maximizing action.
Practically, randomized exploration shows promising
computational and statistical advantages (Chapelle
and Li, 2011; Osband et al., 2019; Li et al., 2022,
2024). Empirical success has prompted a surge
of interest in theoretical analysis for randomized
exploration, e.g.  randomized least-square value
iteration (RLSVI) (Zanette et al., 2020; Osband et al.,
2019) and its optimistic sampling (Ishfaq et al., 2021)
or approximate sampling variant (Ishfaq et al., 2024;
Li et al., 2024). These analyses in linear MDPs mostly
rely on Azuma—Hoeffding concentration inequality that
is unaware of value variance. For linear mixture
MDPs, no specific frequentist analyses of randomized
exploration exist. Notebly, the HyperAgent (Li et al.,
2024) demonstrates state-of-the-art practical efficiency
as well as provable sublinear regret and scalable per-
step computation, bridging theory and practice.

Bayesian regret analysis. The Bayesian regret
analysis in (Osband and Van Roy, 2017; Lu and
Van Roy, 2019; Li et al., 2024) requires independent
Dirichlet prior imposed on the transition probabilities,
tailored for tabular MDPs. Lu et al. (2021) requires the
independent Beta prior on the transition probabilities
since they only analyze a special ring-structured
MDPs provided a conjecture holds. Existing Bayesian
analysis for RL with function approximation did not
give detailed characterization on relationship between
regret bound and the prior distribution. Osband
and Van Roy (2014) provide the prior-free Bayesian
regret for RL with function approximation, borrowing
the notion of eluder dimension (Russo and Van Roy,
2014). Specifically, Osband and Van Roy (2014) gives
a Bayesian regret bound O(E [K*]vdxdgHT logT)
for PSRL with general function approximation, where
K*, dg and dg are the global Lipschitz constant for
the future value function, the Kolmogorov and the
Eluder dimensions of the model class. In the case of

*We focus on the time-inhomogeneous MDPs in this
work. The minimax lower bound for time-inhomogeneous
linear mixture MDPs (Zhou et al., 2021) is Q(Hd+/T). Here
d is the dimension of features for basis transition kernels.

linear mixture MDPs, this Bayesian regret becomes
@(d\/ H3TlogT) 3. In contrast to the existing analyses,
our analysis provides the first prior-dependent Bayesian
analysis of PSRL and an improved prior-free bound
under function approximation; see Theorem 1 and
Remark 1.

2 Preliminaries

We consider the problem where the RL agent learns to
optimize the finite horizon MDP over repeated episodes
of interactions. There are two sources of randomness in
this repeated process: the environmental randomness
and the algorithmic randomness.

Finite horizon MDP. A finite horizon Markov
Decision Process (MDP) 4 (Puterman, 2014) is
described by M = (S, A, P,R, H, p), where § is the
state space, A is the action space, H is the horizon.
In the beginning of an episode, an initial state so € S
is sampled from p. At stage 0 < h < H — 1, given
state sp and action aj, the agent observes a reward
rh+1 sampled from the reward distribution with mean
R(h, sp,an) € [0,1] and a next state s,41 sampled from
transition kernel P(h, sp,ap).

A deterministic policy m = {Wh};;lz_ol is a collection of
H functions, each of which maps from a state s, € S to
an action aj, € A. For an MDP M and a policy 7, we
define the h-stage action-value function Qﬂ/{h(s, a) and
the h-stage value function Vﬂ% for every (s,a) € S x A:

) H-1

Muls,a) =B | Y rip
i=h

VM;L(S) = Qgh(s,ﬂh(s)), VYh=0,1,---H —1.

7T,

M=M,s, =s,ap =a,T

The conditional expectation specifies that actions from
stage h+ 1 to H — 1 are determined according to the
policy m when interacting with the MDP M. We define

the terminal value V#‘?H(s) =0 for all s € S. Define
the expected value of a policy m under an MDP M
as Vf =E [Vﬂ{%(so) | M,’JT:|. We say a policy 7™
is optimal for the MDP M if M e arg max, Vﬂ]%(s)

for all (s,h) € S x [H] where [H] = {0,1,...,H — 1}.

_ 7M .
Let V :=V_ be expected value which measures the
performance of a policy w under true MDP M.

3By the property of eluder dimension and Kolmogorov
dimension, E[K*] = O(H),dx = 0O(d),dg =
dimp(F,T™') = O(dlogT) in the class of linear mixture
MDPs where d is the dimension of feature in basis kernels
and T is the total interaction rounds.

“We do not assume finite state-action spaces. The state
space S and action space A can be unbounded.
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Observations and environmental randomness.

The environmental randomness is carried out
when nature samples the reward and next state
given the current state-action pair. During an
episode /¢, the agent applies a policy m, and
obtains the observations up to stage h, which is
Ouvn = (50,0,000,50,15--->50h—1,00,h—1,5¢1)- The
observational history before episode { is denoted as
"9 = (O1,m,...,00-1,1), representing all realized
environmental randomness that the agent could extract
information from.

Algorithm and algorithmic randomness. The
agent’s behavior is governed by a reinforcement learning
algorithm alg. The algorithmic randomness may
be introduced when the agent applies a randomized
algorithm to select actions in a way that depends
on internally generated random numbers. Denote
the random numbers used by alg in episode ¢ as
Uy. The history of algorithmic randomness before
episode ¢ is denoted as H} = (Uy,...,Up—1). At
the beginning of episode ¢, the algorithm produces
a policy m, = alg(S, A, H}, H},Up) based on the
state space S and action space A, the observational
history Hj before episode £ and possibly the history of
algorithmic randomness H} before episode ¢ as well as
the algorithmic randomness Uy used in episode ¢.

Notice that the algorithmic randomness is a different
source of randomness; for each k € N, Uy is jointly
independent of {Uy } ¢, the environmental randomness
and true MDP M. The algorithm alg usually computes
some intermediate quantities in episode ¢ such as the
virtual value functions IA/g,h. Conditioned on Hj and
‘Hy, the policy 7, and the value functions Ve,h at
each stage h € [H] are random only through their
dependence on Uy.

Bayesian RL and regret. We work with Bayesian

reinforcement learning (RL) framework (Strens, 2000).

To deliver our conceptual idea in a clean way, w.l.o.g.,
we assume” the agent understands everything about the
MDP but is uncertain about the underlying transition
P. The agent’s initial knowledge and uncertainty about
P is encoded in a prior (representative) distribution
P(P € -). Thus, P is treated as a random variable
in the agent’s mind. Therefore, the underlying MDP
M is also a random variable with prior distribution
P(M € -). Let 7* = 7™ denote an optimal policy,
where 7 € argmax, V is a function of the MDP M
and is thus also a random variable.

is the gap
and the state

The regret incurred in episode £

between the optimal value V.«

SExtending the algorithm and analysis in this paper to
unknown stochastic rewards poses no real difficulty.

value of alg under true MDP M, ie. Vo —
Vi, The expected cumulative regret over L
episodes in the environment with underlying MDP
M is R(M,alg, L) = 7 Eppatg [Var — Vi, | M],
where the expectation integrates over actions, state
transitions, and any the algorithmic randomness used
by alg, while the MDP M is fixed. It is often useful
to analyze the performance of an agent in terms of
Bayesian regret:

BR(prior, alg, L) = Enroprior [R(M, alg, L)],

where the expectation is taken over the prior
distribution prior := P(M € -) over the true MDP.

Posterior sampling algorithm for reinforcement learning
(PSRL)(Strens, 2000) serves as a popular huristics to
minimize Bayesian regret.

Algorithm 1 PSRL (episode /)
Require: Prior distribution P(M € -) for underlying
model M.
1: Sample M, ~ P(M € - | HY).
2: Solve optimal policy 7, = 7 under M.
3: return

Linear mixture MDPs. We consider a class of
MDPs called linear mixture MDPs, where the transition
probability kernel P in the class P satisfying that for
any ¢ = (h,s,a) € X, P(x) = (65,6(- | )), i.e., the
linear mixture of a number of basis kernels (Ayoub
et al., 2020; Modi et al., 2020; Zhou et al., 2021). Here
é(s'|x) : S x X — R? is a feature mapping, a.k.a,
basis transition kernels. The set ©* = (65,...,605_,)
includes the underlying model parameters which are
random variables that should induce proper transition
probability kernel (6F,é(- | )) when combined with
features.

We sometimes write M := M(©) as a mapping from a
parameter set © to a linear mixture MDP M. In the
class of linear mixture MDPs, the unknown true MDP
M = M(©*) is random only through its dependence on
O*. Therefore, the prior we consider here is over model
parameters P (©* € -). The posterior sampling (line
2 in Algorithm 1) is implemented as first sampling
the set O, ~ P(O* € - |H,) that contains O, =
(ée}o, .. .,ég,H,l) and then constructing transition
kernel Py(z) = (0.1, ¢(- | x)) for all h € [H] as well as
the corresponding MDP M, = (S, A, Py, R, H, p). To
summarize, the posterior sampling algorithm for linear
mixture MDPs is described in Algorithm 2.

Definition 1 (Value-correlated feature). For any
x = (h,s,a) € X, we define the value-correlated
feature induced by any bounded function V and any
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Algorithm 2 PSRL in linear mixture MDPs (episode
t)
Require: Prior distribution P(O* € )
1: Sample ©; = (8,0,...,00,5-1) ~P(O* € - | HY).
2. Construct Py(h,,-) = <é,g,h7¢(- B .)> Vh e [H].
M, =

3: Solve optimal policy 7 under
(S, A, P,,R, H,p).

4: return my

fized feature mapping ¢(s' | z) : S x X — R4, ¢y (z) =
Yoees P (s | x)V (s'). Note that we do not assume
finite state space and thus the summation can be
replaced by integration if the state space is unbounded.
The integration can be attained by an integration oracle.

Definition 2 (Covariance matrix of unknown model
parameters under posterior distribution). We use the
quantity posterior variance of the unknown model
parameters Typp = V(0f | H]) as a uncertainty
measurement.

The covariance matrix serves as a uncertainty
measurement that how much knowledge of the
environment #* the agent is still not captured given
the history of observations Hj.

3 Bayesian regret bound for PSRL

Assumption 1. For any z = (h,s,a) € X, let
o (s | x) S x X — R? be a feature mapping
satisfying that for any bounded function V : S — [0,1],
lov(x)|ly < 1, where ¢y is the value-correlated feature
associated with V' (see Definition 1).

Assumption 2. Unknown model parameters
05, ..., 0%, € R are mutually independent.

Assumption 3. Unknown model parameters have
bounded norm ||0;||, < B a.s. for all h € [H].

Fact 1. If the support of prior distribution is
over norm-bounded model parameters satisfying
Assumption 3, i.e., ||0n]l, < B a.s. for all h € [H],
we have

Ly < E[I6-E1I3] 1

—E |61} - IE 6113] I < B2I

Note that T' = HL is the total interaction steps, we
have the two parts of the results separately stated in
the following. Theorem lis the first prior-dependent
regret bound of PSRL with function approximation
while Remark 1 is a improved prior-free bound.

Theorem 1 (Prior-dependent analysis). For any
prior over models ©* = (0§, ...,0%5_,) satisfying
Assumption 2, PSRL have the Bayesian regret bound
BR(prior, PSRL, L) over L episodes interaction
with the time-inhomogeneous linear mixture MDP
satisfying Assumption 1, bounded by

H—-1
dH3L Y " logdet (I + LT )
h=0

where T'y ), is the covariance of 0; wunder prior
distribution.

We characterize the dependence of the regret on prior
distribution through the variance of the transition
kernel. That is to say, if the agent knowledgeable about
the environment, represented as small prior variance,
then it will soon learn the optimal policy, incurring
minimal regret. The proof can be found in Appendix C.

Remark 1 (Prior-free bound). If Assumption 3
further holds, by the Fact 1, we have the trivial
bound log det(I + dLT ) < dlog(1 + dLB?) which
leads to BR(prior, PSRL, L) bounded by

V3d\/H*Llog(1 + LB?) = O(d\/H3T log L)

Comparison with the regret bound of (Osband
and Van Roy, 2014) Osband and Van Roy (2014)
utilize the technique of eluder dimension and frequentist
confidence set (Russo and Van Roy, 2014) to analyze
PSRL with general function approximation. Their
bound, when specified to linear mixture MDPs, is
O(H??d\/TlogT). Because of not relying on the
union bound over confidence-sets to upper bound regret
as they did, our final regret bound will be naturally
improved by a /logT factor. See more discussion of
this log T term in Appendix G.

4 A value-targeted perspective of
model learning

Dynamic programming. Given the model M ,
value iteration is a classical dynamic programming
solver for optimal policy. For any « = (h,s,a) € X,
given the transition kernel P and next-state value
function Vh+1, we define a short operator form for
the expected next-state value,

PVia(2) =B, _pa {Vhﬂ(sé)] :

We use this short notation in the following Algorithm 3.
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Algorithm 3 Value iteration

Require: M = (S, A, H, P, R, p) and init Vi (-) = 0.
1: forAStage h =H-1,...,0 do

2 Qh('a') = R(th'v') +th+1(ha'v')
3: Vi(-) = max, Qn(,a)

4:  mp(-) = argmax, Qn(-, a)
5
6

: end for
: return Policy 7 = (7 )pera and value (Vi) pepa

Model-based regret decomposition. In episode /,
a model-based algorithm typically construct a virtual
MDP M, with virtual transition model P, based on the
observational history #Hj? and solve a (near)-optimal
policy 7, under M. Then, the RL agent acts according
to the policy 7y in episode £. The regret in episode £
can be decomposed to two terms,

. — —M =DM, —M, —M
Var =V, =V =V, + V., =V, (1)

Pessimism Estimation error

The pessimism term is often made non-positive in
expectation or with high probability via exploration
mechanism induced by the algorithm. Then we
suffice to bound the Bayesian regret by the expected

M, VM

. o L
summation of estimation error B |>7,° V. = —V

The estimation error in episode ¢ is the error of
. . —M . . .
estimating value V' of a particular policy m via the

virtual model M. Let X = [H|xSx Aandlet T = HL
denote the total number of interactions in L episodes.
Generally, we can decompose the estimation error into
the wvalue-targeted model error along the on-policy
trajectory as shown in the following lemma (Kearns
and Singh, 2002; Osband et al., 2013). One can find
the proof in Appendix D.2.

Lemma 1. Define the short notation xj, := (h, sh,ap).
For any MDP M and policy m,

H—

=

—M —M ~ ~ ~
Vﬂ' _Vﬂ' = ]E|: (P_P> V%+1(mh) |M7M77Ta

7T7

h=0

value-targeted model error

where P is the transition model under M and T 18
rolled out under the policy m over the MDP M.

4.1 Value-targeted model learning

As shown in Lemma 1 and (1), the value-targeted model
error is a sufficient condition for bounding estimation
error and thus bounding the regret. Then, we conclude
the following rule:

A wirtual model is a desideratum for a task if it is
accurate enough to help predict future high values.

We can also treat the value-targeted model error as
a tracking signal for the learning progress of a model-
based RL algorithm. Motivated by this observation,
through this work, we take the value-target perspective
for model-based learning. This perspective is related
to the value-targeted regression (Ayoub et al., 2020).

Let P be a general transition function class. Let
B(S, H) denotes the set of real-valued measurable
functions with domain S that are bounded by H. Let
V C B be the set of value functions. For any tuple
x = (h,s,a) € X, any value function V' € V, and any
underlying transition model P € P, let the next-state
be s’ ~ P(x) and let the value at sampled next-state be
Y =V(s]). Let the expected value at next-state given
the z and V' be fp(z,V) = Ey p(o) [V(s})]. Note
that the input (x,V’) and transition model P can be
random variables. We have the conditional expectation
and the conditional variance of the outcome Y,

E[Y|P5'T7V] :fP(xaV)

From the value-targeted perspective, the information
acquisition of transition model can be made possible
through the sequence of input (z,V) and observed
outcome Y = V(s)):

Y =fp(z,V)+ Z, (2)

where Z is the noise term with conditional variance
V(Z|Pxz, V)=V (Y| P,x,V). The noise Z involves
the transitional noise when sampling next state and
the value at the sampled state.

To explicitly represent the input and outcome
sequentially, we define a new notion of history. Denote
‘A/M = Vw]\;{fh for h € [H] and let V&HH = 0 and
a¢.g = a € A be constant dummy variables. We are
ready to define the value-augmented observations up
to stage h in episode /£,

Ocu,h = (500,000, Va1, - 80,0, @tk Viht1)

= (20,0, Ve,15-- s T,y Viont1)

where the short notation is x5 := (h, Se.n, aen). We
define the history up to the beginning of episode ¢ as

He = (Wl,ol,H, . -,ﬂe—17OZ—1,H)
and the history up to the stage h of episode ¢ as
Hf,h = (Hb e, Of,h)~

By definition, the input (.’:ﬂ[’h,‘?{_’h%_l) at stage h of
episode ¢ is o(Hg,p)-measurable while the outcome
Yo nt1 = Ve nt1(se,n+1) is 0(He,n+1)-measurable. This
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is a sequential representation of the information process
and will be useful throughout the presentation.

Similarly to Lemma 1, we have a generic regret
decomposition from value-targeted perspective.

Lemma 2 (Estimation decomposition conditioned on
history). Define the estimation error in stage h of
episode € by Agp(s) = Vﬂz‘f‘;L(s) — Vﬂj\;{h(s) for any fized
state s € S, we have

H-1
Een [Aen(sen) =Eon | Y e [(Pe - P) Ve,j+1($e,j)}
j=h

4.2 PSRL from value-targeted perspective

In this section, we state a key observation for analysis
and show the posterior distribution for the unknown
true MDP M given the observational history is the
same as the posterior given the history.

Lemma 3. For any o(H], 1y, Us)-measurable random
variable &, we have P(M € - | H)) =P(M € - | §,HY).

Lemma 3 is due to the following key observations.

P(M € -|H7) =P(M € - [HE, Hi, Us)
]P(ME '|53H27HZL3UZ)
P

(M e-[&H).

The first equality is due to the independence between
M 1L Hyy, M L U; and U, L Hp.  The
second equality is by definition ¢ is o(Hg, Hy, Us)-
measurable.  The third equality is also due to
the independent algorithmic randomness. For any
historical episode ¢ < ¢, the historical policy my
and the historical imagined value functions { Vi j, }1-4!
are o(Hg, "}, Up)-measurable by definition and thus
o(H?,Hy,Ur)-measurable.  Recall the difference
between of Hj and H, is exactly the historical policies
and historical imagined value functions. Therefore, by
Lemma 3, the posterior distribution of true MDP M
conditioned on the observational history is equivalent
to the one conditioned on history: P(M € - | HY)) =
P(M € - | Hy). By posterior sampling, we have
P(M; € -|HY9) =P (M € - | H9). Therefore, for any HY-
measurable function g, we conclude P(g(M) € -|H)) =
P(g(M*) € - | H2). This is noted by (Osband et al.,
2013; Russo and Van Roy, 2014) and has an immediate
consequence on the pessimism term:

vy

T )

—M =N,
Ve =V,

™

E H| =E

| o

Due to the posterior equivalence on MDP M between
‘H9-conditioning and H,-conditioning and to promote
the value-targeted perspective of model learning,

we use Hy-conditioning later in the presentation.
Also, for the purpose of simplicity, we sometimes
use the following short notations Py, (-),Epp [-] and
Ve,n (+) to donote conditional probability P(- | Hen),
conditional expectation E [-|#,] and conditional
variance V (- | Hy,5) respectively.

4.3 Posterior variance reduction

In linear mixture MDPs, to mathematically quantify
the reduction of uncertainty of the unknown
environment when new information gathered in, we also
relate the posterior variance of I'y j, in Definition 2 to
value targeted perspective. First, we notice by Lemma 3

Lo =V (0 [H7) =V (0 [ He).

Recall the definition of function fp in Section 4.1.
Specifically, for the class of linear mixture MDPs; i.e.
P(z) = (05,¢(- | x)) for all z = (h,s,a) € &,

fp(@,V)=PV(z)= Y (0} (s, | 2)) V(s})

sl ES

- <9;;, > s | :c)V(s;)> = (05, ¢v (2))
sheS
(3)

Recall the relationship between the input (z,V) and
outcome Y in (2), combined with (3), we have the
following important observations,

Y = <9;7 ¢V(x)> +Z

is a noisy linear model with non-Gaussian prior over
0; and non-Gaussian noise Z.

Definition 3. Define the short notation X, =
D0, s @en) = by, (B Sen, aen).

Definition 4. Define Yy p41 := ‘7[7}7’+1(3£,h+1).

Recall the definition of value-augmented history
He and H,p in Section 4, we can see Xpp is
o(He,p)-measurable since X,j; is a deterministic
function of (Sf’h,a[’h,f/[’}%i,l) which is included in
He,p. Similarly, since Y 41 is a deterministic function
of (‘A/re’h+1,s,e’h+1) which is included in H¢pq1, we
conclude Yy 11 is 0(H ¢ p+1)-measurable. Then with
the fact that sgp41 ~ P(xen), by (3), we can verify
that,

E [Yont1 | O Hen) = (05, Xen)

and the variance of Y7 511 conditioned on history He p,
and true model ©* is defined as o7, which is

V(Yo nt1 | O Hen) =V (Ve,h+1($e,h+1) | M, H[,h)
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By Assumption 2, conditioned on history H,, the
trajectory (s¢,0,a0,0,---,Se,h, Ge,n) Up to stage h of
episode ¢ is independent of true transition kernel
P(h,-,-) and thus independent of true model parameter
0} . By definition, conditioned on history H,, the policy
7 and imagined value functions {‘A/g,h}thl are random
only through its dependence on algorithmic randomness
Uy, which is also independent of 6. Therefore, we have
the following important relationship on the posterior
variance,

V(65| Hew) =V (03 | Heme, On )

=V (9; | HZ7 ¢, 50,0, 00,0, Vé,l; <oy S0, QY hy VZ,thl)
=V (6, | He) = Trp

Similarly, conditioned on history #¢ p+1, the trajectory

(Se,h42y Q0 ht2, -5 S0,H-1,00,H—1,S¢,17) after step h+1
in episode ¢ is independent of §;. Then, we have,

V (65| Henn) =V (6 | He e, Or )
=V (0 | Her1) = T

Now we are ready to apply Lemma 11 (posterior
variance reduction lemma for general prior and general
likelihood in noisy linear model) to the above noise
linear system and obtain the Theorem 2. It shows
that, in expectation, the posterior covariance of the
true model parameters will be reduced. The reduction
depends on the variance in the direction of the value-
correlated feature vector quantified with the prior
distribution of true model parameters. The reduction
also depends on the variance of value due to the
transitional noise. Denote short notations aﬁ’h =

Ven (%,h+1(3€,h+1) | M) and Xy, := ¢y, (zen).
Theorem 2 (Posterior variance reduction).

.
LonXenXepLen

Eop [Log1.n] 2 Top — 5 - ;
Ee,n {af,h} + XonlenXen

where A < B for any two matrices A and B iff
B — A is a positive semi-definite matrix.

Remark 2. For any &y, such that 5, > Eyp, |:0'Zh:|
almost surely, Theorem 2 implies

.
LonXenXepLen
g n+ X TonXen

Eon[Tog1,n) 2T —

Further, by Sherman-Morrison formula, Theorem 2
implies (assume invertible)

11, 1 T
Een[Corin] ™ =2 Ty, + == XenXep-
4,h

In the analysis, we choose oy}, s.1. 62,1 =Epn {O'Zh} \Y,
o2 We choose omin = H. Note that the Theorem 2

min*

still holds if the parameter égyh does not induce a proper
transition kernel.

4.4 Decouple regret to posterior variance

We are now ready to see how the regret is being
translated to the posterior variance over models from
the value-targeted perspective. All details of analysis
can be found in Appendix B. Denote the estimation
error in stage h of episode ¢ shortly by Agn(s) =

Vﬂ]tlf}l (s) = VM, (s) for any fixed state s € S. The first
step is to translated regret into inner product between
model parameters and value-correlated features under

linear mixture model assumptions.

Lemma 4 (Regret to model posterior deviation over
feature directions).

Eon [|Aen(sen)l] < Eep }fEé,j H<é1€,j - 9;,X£,j>H
i=h

The key to relate regret to posterior variance is the
decoupling argument.

Lemma 5 (Decoupling lemma). Let 6%, 0 and ¢
be arbitrary random vectors in R%. If 0 is an i.i.d
copy of 6%, then

E[|(9- 0*,¢>H2 < 2dE [¢V (6%)¢)] .

Note that the above inequality holds even when ¢ €
RY is dependent on 0* or 6.

With Lemmas 4 and 5 in hand, we now give the
general regret decomposition that is essential for prior-
dependent Bayesian analysis of PSRL.

Proposition 1 (General regret bound (Informal)). For
any episode £ and any stage h, E [24%:1 |Ag7h(3€,h)|:|

is bounded by a term including the sum of posterior
variance in the on-policy trajectory,

L H-1
dE lz > ||Xé,h||i[7h‘|

{=1 h=0

Notice that this relationship does not require any
assumption additional to linear mixture MDPs.

With the general regret bound and the posterior
variance reduction argument to track the learning
process, we are ready to prove Theorem 1. The sketch
and detail of the proof can be found in Appendix C.
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5 Discussions

We now discuss the generality of the techniques we
developed and their possible applications for analyzing
other problems:

e The posterior variance reduction technique in
Section 4.3 and Appendix F.1 is applicable to
any prior-likelihood model as well as any learning
algorithm. It measures the posterior variance
reduction of model parameters only through
features in the history (see the comparison between
Remarks 4 and 5) which in some sense recover
the property of Gaussian posterior. This key
observation may also enable mis-specification
analysis of Gaussian approximation of environment
that is not Gaussian.

e The ability of posterior variance reduction lemma
to characterize heterogeneous noise likelihood in a
predictable way for the sequential decision problem
may enable some rigorous understanding of the
benefit of information directed sampling compared
to thompson sampling.

e The decoupling technique Lemmas 5 and 6 is
possibly applicable to other randomized algorithms
when the imagined virtual model 0 is not exact
identically distributed as the true model 6*.

Acknowledgements

The work of Y. Li was supported by the presidential
Ph.D. fellowship and SRIBD Ph.D. fellowship. The
work of Z.-Q. Luo was supported by the Guangdong
Major Project of Basic and Applied Basic Research
(No0.2023B0303000001), the Guangdong Provincial Key
Laboratory of Big Data Computing, and the National
Key Research and Development Project under grant
2022YFA1003900.

References

Agarwal, A., Jin, Y., and Zhang, T. (2023). Vo ¢
l: Towards optimal regret in model-free rl with
nonlinear function approximation. In The Thirty

Sixth Annual Conference on Learning Theory, pages
987-1063. PMLR.

Agarwal, R., Schuurmans, D., and Norouzi, M. (2020).

An optimistic perspective on offline reinforcement
learning. In International Conference on Machine
Learning, pages 104-114. PMLR.

Agrawal, S. and Goyal, N. (2013). Thompson sampling
for contextual bandits with linear payoffs. In
Proceedings of the 30th International Conference
on International Conference on Machine Learning

- Volume 28, ICML’13, page II1-1220-111-1228.
JMLR.org.

Aver, P. (2003). Using confidence bounds for
exploitation-exploration trade-offs. J. Mach. Learn.
Res., 3(null):397-422.

Ayoub, A., Jia, Z., Szepesvari, C., Wang, M., and
Yang, L. (2020). Model-based reinforcement learning
with value-targeted regression. In International
Conference on Machine Learning, pages 463—474.

Azar, M. G., Munos, R., and Kappen, H. J. (2013).
Minimax pac bounds on the sample complexity
of reinforcement learning with a generative model.
Machine learning, 91(3):325-349.

Bertsekas, D. and Tsitsiklis, J. N. (1996).
dynamic programming. Athena Scientific.

Cai, Q., Yang, Z., Jin, C., and Wang, Z. (2020).
Provably efficient exploration in policy optimization.
In International Conference on Machine Learning,
pages 1283-1294. PMLR.

Chapelle, O. and Li, L. (2011). An empirical evaluation
of thompson sampling. In Advances in Neural
Information Processing Systems, pages 2249-2257.

Dani, V., Hayes, T. P., and Kakade, S. M. (2008).
Stochastic linear optimization under bandit feedback.
In Conference on Learning Theory, pages 355-366.

Hamidi, N. and Bayati, M. (2021). The randomized
elliptical potential lemma with an application to
linear thompson sampling. arXiv, 2102.07987.

Ishfaq, H., Cui, Q., Nguyen, V., Ayoub, A., Yang,
Z., Wang, Z., Precup, D., and Yang, L. (2021).
Randomized exploration in reinforcement learning
with general value function approximation. In

International Conference on Machine Learning,
pages 4607-4616. PMLR.

Ishfaq, H., Lan, Q., Xu, P., Mahmood, A. R., Precup,
D., Anandkumar, A., and Azizzadenesheli, K. (2024).
Provable and practical: Efficient exploration in
reinforcement learning via langevin monte carlo. In
The Twelfth International Conference on Learning
Representations.

Jin, C., Yang, Z., Wang, Z., and Jordan, M. 1. (2020).
Provably efficient reinforcement learning with linear
function approximation. In Conference on Learning
Theory, pages 2137-2143.

Kalkanli, C. and Ozgiir, A. (2020). An improved regret
bound for thompson sampling in the gaussian linear
bandit setting. In IEEFE International Symposium
on Information Theory, pages 2783-2788.

Kearns, M. and Singh, S. (2002). Near-optimal
reinforcement learning in polynomial time. Machine

learning, 49(2):209-232.

Neuro-



Prior-dependent analysis of PSRL

Lattimore, T. and Hutter, M. (2012). Pac bounds for
discounted mdps. In International Conference on
Algorithmic Learning Theory, pages 320-334.

Li, Y., Wang, Y., and Zhou, Y. (2019). Nearly minimax-
optimal regret for linearly parameterized bandits. In
Beygelzimer, A. and Hsu, D., editors, Proceedings of
the Thirty-Second Conference on Learning Theory,
volume 99 of Proceedings of Machine Learning
Research, pages 2173-2174. PMLR.

, Y., Xu, J., Han, L., and Luo, Z.-Q.
(2024). Hyperagent: A simple, scalable, efficient
and provable reinforcement learning framework
for complex environments. arXiv preprint
arXiw:2402.10228.

Li, Z., Li, Y., Zhang, Y., Zhang, T., and Luo, Z.-Q.
(2022). Hyperdgn: A randomized exploration method
for deep reinforcement learning. In International
Conference on Learning Representations (ICLR).

Lu, X. and Van Roy, B. (2019). Information-theoretic
confidence bounds for reinforcement learning. In
Wallach, H., Larochelle, H., Beygelzimer, A., d'Alché-
Bug, F., Fox, E., and Garnett, R., editors, Advances
in Neural Information Processing Systems, volume 32.
Curran Associates, Inc.

Lu, X., Van Roy, B., Dwaracherla, V., Ibrahimi, M.,
Osband, I., and Wen, Z. (2021). Reinforcement
learning, bit by bit. arXiv preprint arXiv:2103.04047.

Modi, A., Jiang, N., Tewari, A., and Singh, S. (2020).
Sample complexity of reinforcement learning using
linearly combined model ensembles. In International

Conference on Artificial Intelligence and Statistics,
pages 2010-2020.

Munos, R. and Moore, A. (1999). Influence and
variance of a markov chain: Application to adaptive
discretization in optimal control. In IEEE Conference
on Decision and Control, pages 1464-1469.

Osband, I. and Van Roy, B. (2014). Model-based
reinforcement learning and the eluder dimension. In
Advances in Neural Information Processing Systems,
pages 1466-1474.

Osband, I. and Van Roy, B. (2017). Why is posterior
sampling better than optimism for reinforcement
learning? In International Conference on Machine
Learning, pages 2701-2710.

Osband, I., Van Roy, B., and Russo, D. (2013).
(more) efficient reinforcement learning via posterior
sampling. In Advances in Neural Information
Processing Systems, pages 3003-3011.

Osband, I., Van Roy, B., Russo, D. J., and Wen,
Z. (2019). Deep exploration via randomized value
functions. Journal of Machine Learning Research,
20(124):1-62.

Li

Puterman, M. L. (2014). Markov Decision Processes:
Discrete Stochastic Dynamic Programming. John
Wiley & Sons.

Russo, D. and Van Roy, B. (2014). Learning to optimize
via posterior sampling. Mathematics of Operations
Research, 39(4):1221-1243.

Russo, D. and Van Roy, B. (2016). An information-
theoretic analysis of thompson sampling. The
Journal of Machine Learning Research, 17(1):2442—
2471.

Strens, M. (2000). A bayesian framework for
reinforcement learning. In International Conference
on Machine Learning, pages 943-950.

Sutton, R. S. and Barto, A. G. (2018). Reinforcement
learning: An introduction. MIT press.

Thompson, W. R. (1933). On the likelihood that one
unknown probability exceeds another in view of the
evidence of two samples. Biometrika, 25(3/4):285—
294.

Wang, Q., Li, Y., Xiong, J., and Zhang, T.
(2019). Divergence-augmented policy optimization.
Advances in Neural Information Processing Systems,
32.

Wang, Q., Xiong, J., Han, L., Liu, H., Zhang, T., et al.
(2018). Exponentially weighted imitation learning
for batched historical data. Advances in Neural
Information Processing Systems, 31.

Yang, L. and Wang, M. (2019). Sample-optimal
parametric g-learning using linearly additive features.
In International conference on machine learning,
pages 6995-7004. PMLR.

Yang, S., Nachum, O., Du, Y., Wei, J., Abbeel, P.,
and Schuurmans, D. (2023). Foundation models
for decision making: Problems, methods, and
opportunities. arXiv preprint arXi:2303.04129.

Zanette, A., Brandfonbrener, D., Brunskill, E., Pirotta,
M., and Lazaric, A. (2020). Frequentist regret bounds
for randomized least-squares value iteration. In
International Conference on Artificial Intelligence
and Statistics, pages 1954-1964.

Zhang, T. (2021). Feel-Good Thompson Sampling
for Contextual Bandits and Reinforcement Learning.
arXiv e-prints, page arXiv:2110.00871.

Zhou, D., Gu, Q., and Szepesvari, C. (2021). Nearly
minimax optimal reinforcement learning for linear
mixture markov decision processes. In Belkin, M.
and Kpotufe, S., editors, Proceedings of Thirty
Fourth Conference on Learning Theory, volume 134

of Proceedings of Machine Learning Research, pages
4532-4576. PMLR.



Yingru Li, Zhi-Quan Luo

Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical
setting, assumptions, algorithm, and/or
model. [Yes]

(b) An analysis of the properties and complexity

(time, space, sample size) of any algorithm.

[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.

[Yes]
(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed
to reproduce the main experimental results
(either in the supplemental material or as a
URL). [Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Not Applicable]

(b) The license information of the assets, if
applicable. [Not Applicable]

(c) New assets either in the supplemental
material or as a URL, if applicable. [Not
Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or
offensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to
participants and screenshots. [Not
Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(¢c) The estimated hourly wage paid to
participants and the total amount spent on
participant compensation. [Not Applicable]
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A Notations

In this section, we collect all appeared symbols in the Table 1.

Table 1: Symbols

Symbol  Meaning

M Underlying true MDP for the environment.

o* The set of model parameters for underlying linear mixture MDP ©* = (6§,...,05_,).
M, Virtual MDP constructed by the agent in episode ¢.

ég The set of model parameters ég = (égvo, .. ,éng_l) in episode ¢ sampled by PSRL.
So.h state encountered in stage h of episode ¢ by the agent.

ag,p action encountered in stage h of episode ¢ by the agent.

Zoh short notation for (A, s¢p, agn).

‘A/g’h the virtual value function VWJ\Z‘;L at stage h computed in episode /.

Xon future-virtual-value-correlated feature gbwhﬂ(w’h) =05 !L‘g,h)w’thl(S/).

Yon virtual value Vg,h(sul) at the state encountered in stage h and episode /.

Agp(s)  Estimation error of policy mp using virtual MDP My, i.e. VWI\Z%(S) - Vl‘f)h(s).

U

Oup, Observations (S¢,0,@e,0, - - -, Se,h, Gop)-

H7 Observational history H§ = (O1,u, ..., O¢,m) up to the beginning of episode .
Hi Observational history 17 = (H§, Og,n) up to the stage h of episode £.

OAg’h Value-augmented observations (s, ar,0, f/e,l, ey Sehs Qg h, Vg,hﬂ).

Hy History (my, OALH7 e, T, OAg_LH) up to the beginning of episode /.

Hen History (Hg, 7y, Oz,h) up to the stage h of episode £. Note H, g is exactly Hoq1
Pe(-) short notation for conditional probability P(- | H,).

Pyn(-)  short notation for conditional probability P(- | He,p)-

Ey [] short notation for conditional expectation E [- | H,].

E¢p[]  short notation for conditional expectation E [- | He ).

\720 short notation for conditional variance (covariance) V (- | Hy).
Ven (-)  short notation for conditional variance (covariance) V (- | Hep).

E[]? The p-th power to the expectation (E [-])”.

Lyn the posterior covariance matrix Vy (6}) of the true parameter ;.
UZ A virtual-value variance only due to transitional noise V5, (w7h+1(3[7h+1) | M )
Omin a deterministic constant for the convenient of analysis.

T random variable (/Eyp, {03 h} V Omin-
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B Regret decomposition

Define the estimation error in stage h of episode ¢ by Ay p(s) = v M (s) — Vﬂﬂz/{h(s) for any fixed state s € S.

e, h
Recall the definition of X, ;, in Definition 3 and & in Remark 2, we have the regret decomposition

Proposition 2 (Regret decomposition). For any episode £ and any stage h,

L H-1 L H—1 2
Z|Az,h(se,h)|] <[22 (S5 BN 1A ]
(=1 h=0 (=1 h=0 Gen Ton

Furthermore, if Assumption 2 holds,
Lo o L H-1 L H—1 X, |12
7 T 0,h

IR N SEAE D SR
=1 =1 h=0 =1 h=0 Teh llry,

B.1 Regret decomposition

Recall the short notation of estimation error in stage h of episode ¢, Ay p(s) = VWJ\Z (s) — Vﬂj\fh( s). We have the
following lemmas prepared for Proposition 2.

Lemma 6 (Regret to model posterior deviation over feature directions).

Eop [Avn(sen)] = Een Z E,; |:<0A27j - 0;,Xe,j>}

m

mu

Eon[|Acn(sen)|] < Eep Eg; H<@,j - 07, XZ,j>H
h

<.
Il

Corollary 1. If Assumption 2 (mutual-independence of unknown model parameters) holds, a corollary of Lemma 6
18

Eon [Aen(sen)] =Een Z Eg ; Kéz,j - E, {éz,j} 7X£,j>}

B.2 Decoupling

In order to bound the RHS of Lemma 6, we utilize the idea in (Russo and Van Roy, 2016; Kalkanh and Ozgiir,
2020) for linear bandit. The Lemma 7 shown here is slightly stronger than previous literature. This stronger
statement is essential to bound the absolute value-targeted error in Proposition 2 which is required for proving
a better H dependence by bounding the absolute estimation error |Ag ;| in Proposition 3. Extending previous
statement in bandit literature to this stronger statement is not difficult but new. The proof of Lemma 7 can be
found in Appendix F.2.

Lemma 7. Let X7 and X5 be arbitrary i.i.d., R™ valued random variables and f1, fo measurable maps such that

fifo s R R with B [ fy (X0)IE]E [z (X0)I3] < 00, then

B[l R oo < |(na Rew) .
Specifically, let X1 = (X, Z), fi(z,2) =z, fo(x,2) = z, and Xy be a i.i.d copy of X1,

E[|XTz]]" <dTr (B [XXT|E[227])
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Corollary 2. Let 6%, 6 and ¢ be arbitrary random vectors in R?. Ifé s an i.i.d copy of 0%, then
2 [(0-5 [0l <y
E[|(6-0", ¢>H2 < 2dE [¢7V (6%)¢)] .
Note that the above inequality holds even when ¢ € R? is dependent on 0* or 6.

Proof. Notice the Lemma 7 do not require the independence between X and Z. Therefore, we can apply Lemma 7
with setting X = 6—FE [é} and Z = ¢ to yield

E H<9 _E [é] ,¢>H2 <dTr (V (é)]E [¢>¢T]) © 4k [¢7V (6%)¢)]
where (b) is from V (§*) =V (é) by the i.i.d condition and the linearity of expectation and trace operator.

Slmllarly, to upper bound the RHS of the second inequality in the corollary, we can apply Lemma 7 with setting
=0—0*and Z = ¢. Notice that by i.i.d condition between #* and 0

E [(9 ~0) (v é)T] —E [(e ~E[']+E 0] -0) (0" ~E[0"] +E [9] é)T]

v (¢* —E[e*})+v(é—1@ [9}) — 2V (¢")

. 2
Then we derive, E [|(0 - 0,6)||” < 24 [¢7V (6)¢] . O
B.3 Proof of Proposition 2
Proof. Recall the definition of H j, = (He, e, OA“L)7 we have

E[|Aen(sen) | He] =EE[|Aen(sen) [ Hen] | He] = Ee [Eon [|Aen(se,n)]]] (4)

With application of Lemma 6, we have

H-1 H-
Eg [Een [|A0n(se,n)|]] <Ee |Egp Z Ky ; H<éf,j - 9;;X2,j> ] = Z H<95,3 Xe,j> } (5)
j=h j=h
Combining (4) and (5) yields,
H-1
E¢ [|[Aen(sen)]] < E, H<0€,j - 9;,Xz,j> } (6)
j=h
Recall the definition Ago(s) = VW]\[fI‘}l( ) — VM, (s). Since the initial state spo ~ p, we have V%e - Vﬁf =
E [Ag,o(Sg,o) | ]\ng,M, 774. It follows that,
M, —M
E, [V f - Vﬂe} =T [Aro0(500)] = E¢ [Eg0 [Ar0(se,0)]] (7)
By applying Lemma 6,
H-1 R H-1 A
E¢ [Eeo [Aeo(se0)]] =Ee |Eeo Z Eg,; |:<9Z,j - 0;7X£,j>:| = Z E, [<9e,h - 9;7Xl,h>} (8)
3=0 h=0




Yingru Li, Zhi-Quan Luo

If Assumption 2 holds, by Corollary 1, we can further derive,

E¢ [Eeo [Ar0(se,0)]] =Ee [Egpo HX_:lEé,j [<é£,j - E, [éf,j:| 7X€,j>} = Hz_:lﬁe [<é€,h - E, [éé,h} ,Xe,hﬂ 9)
j=0 h=0
Combining (7) and (9) yields,
E, [fo Vﬁﬂ = Hz_:l E, [<é€,h —E, {ée,h] 7Xé,h>} (10)
h=0

Notice that ég7h is an i.i.d copy of #; conditioned on history H, by the algorithm of posterior sampling. Recall
the definition of T'yj, = V, (6}), with Corollary 2, we have

E, H<él,h - E {éz,h} ,Xe,h>H2 < dE [ X, TonXon] (11)

E, H<é“ _ QZ,Xg’h>H2 < 2dE; (X, TonXen) . (12)

The RHS of the above inequality is possibly larger than the valid range of LHS. Therefore, we try to tighten the
upper bound by clipping. First, note that for any = = (h, s,a) € X, any MDP M and any policy m, we have the
following equality holds

‘(P - P)VMhH(x)] - ‘Pvﬂ%l(x) —PVM (@) <H as

Tr?

Recall that (é&h —0;)" Xop = (P—P)\A/Ah(x&h) < H. Therefore, for any constant oy, > H/v/d and any random
variable &4, 2 omin almost surely,

E, H<é€,h —E, [éé,h} 7Xé,h>

By |(en — 03, Xen )| < VR [0, 1 A (Xen/300) TRen(Xen/oe0)]

1/2
} SVAE, [63, - 1A (Xew/Gen) Ton(Xen/Ton))] / (13)

1/2 (14)

Recall we choose 5?,,1 = E¢n {azh} V o2, for analysis and thus Equation (13) and Equation (14) are valid.
Finally, by plugging (13) into (10),

E

L M, M
N, —
E V” wa

=1

1
L H-1 1/2
< \/Q]E [Z Z E, [5?& 1A (Xg’h/ﬁe,h)—r[‘g’h(Xg’h/(}g,h)] ]
(=1 h=0
L H-1 1/2
<VAY D E (67, 1A (Xen/Gen) Ten(Xen/5on)]
l=1 h=
*) L _o 11/2 _ T _ 1/2
<SVAY D E[67,]7 E[1A(Xen/en) Ton(Xen/oen)]
(=1 h=0
L H-1 L H-1
< | dE lz > Jl%h] ‘E [Z LA (Xe,h/a'é,h)Tré,h(XZ,h/Ué,h)]
=1 h=0 (=1 h=0

Here, opin = H.
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C Proof sketch of Theorem 1.

C.1 Quantify information gain of the environment via posterior variance reduction

The first step is to mathematically quantify the reduction of uncertainty of the unknown environment when
new information gathered in. We use the quantity posterior variance of the unknown model parameters
Ty =V (6} | He) defined in Definition 1 as a uncertainty measurement. From the perspective of value-targeted

model learning stated in Section 4, with the input as Xy, := ¢y, h+1($g7h) = ees® (s | xen) "Z&h{,] (s") and

response as Yy p41 = Vo n+1(Se,n+1), we establish Theorem 2 on posterior variance reduction on the unknown
model parameters as following:

1

E[Coprn| Hen " = F;flz S S |
E [Ul%h \ ’Hé,h}

T
XZ,hXLha

where U%,h =V (17@7;L+1(547h+1) | M, H@,h) is the variance of value due to the transitional noise for sampling

Se.h+1 ~ P(zen) given the true MDP M and history Hep = (He, 7, 200, ‘7[’1, co T h, %7h+1). This is the key
enabling technique with which we can measure the reduction involving with the information of value variance
under posterior probability measure without using any concentration bounds.

C.2 Regret decomposition to cumulative posterior value variance and cumulative potential

The second step is to decompose the regret into the the so-called cumulative variance and cumulative potentials
which will be explained later.

o To facilitate the analysis, we define a bounded-below sequence &, 5, such that
_ 2 2
Uf,h =E I:O-Z,h | H&h] \Y O min-
In the analysis, we have twp different choice of oy, leading to two different bounds.
— Choice 1: choose opin == H

e Since the regret is equal to the estimation error in expectation. By Proposition 2, we bound the estimation
error by

L i v L X 2
M 7 Z _92 Z 4,h
E E Vﬂ'é — Vﬂ'l § d E U€7h E 1A —
— —1 b —1 b O¢h I
/=1 ¢=1 h=0 {=1 h=0 £,h
Estimation error Cumulative variance Cumulative potential

e The cumulative variance term is approximately the expected summation of the value variance
\% (W7h+1(sz7h+1) | M, H[7h> due to the transitional noise.

e The cumulative potential is the expected summation of the estimation error of 67 in the direction of the
variance-normalized feature Xpy j,/Gmin conditioned on the historical data available in the beginning of episode

Xon
T¢,n

[, ie.

Ton

C.3 Bounding cumulative variance

Proposition 3 (Cumulative variance of value under virtual model). Recall the definition 55’ n=E¢n [af, h} Vol

where aih =V (‘A/[’h+1(8[’h+1) | M, 'Hz_’h),
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1. If omin = H, we have

For choice 2 of oyin = H/v/d: We bound the cumulative variance with O(LH?) by Proposition 3 provided the
condition d 2 H. The proof is to relate the variance of virtual value functions V <‘72,h(52,h+1) | M, Hg7h> to the

variance of true value functions V (VW]‘Z{ n(sehy1) | M, Hg,h) The proof sketch is as follows

e By Lemma 13, we upper bound the variance difference

v (ij\ﬁh(se,h—kl) | M, Hep) =V (W,h(%,hﬂ) | M, Hz,h),
which is a dominated term.

e (Dominant term.) Then, by Lemma 12, we use a conditioned version of law of total variance to relate the
expected summation of variance of value to the variance of summation of rewards:

H-1 H-1
E Y V(A (sensr) [ M Hen) | =E |V [ D> R(we;) | M, Heo | | < H. (15)
h=0 =0

A naive upper bound the summation of the value variance will be H3. Therefore, with the time-varying
variance information in hand, (15) has a direct consequence on the v H factor improvement in the final
regret bound.

C.4 Bounding cumulative potential

Proposition 4 (Cumulative potential). Under the above assumptions and definitions, for any L € Z4 and any
h e [H],

2
E

L
Xon
1A’_’

O¢,n

LH?
1 < 2logdet <I+ 5 I‘Lh)
o

min

Cen
where Ty, is the prior covariance of 05 .
If Assumption 3 holds, we can further upper bound the RHS by the Fact 1

logdet(I + (LH?/o2:,)T1.1) < dlog(1 + LH*B?/o2.) (16)

min min

1. Omin = H, the upper bound becomes O(dlog L)

C.4.1 Put everything together
Putting everything together, by Proposition 2

1. omin = H, we obtained the upper bound O(dHS/Q\/Tlog T) in Theorem 1 and Remark 1.

D Technical details for regret decomposition

D.1 Generic estimation error decomposition

Lemma 8 (Estimation error decomposition). For any MDP M and policy m, let P be the transition model under

M and s1,...,sg_1 is rolled out under the policy © over the MDP M. Define Ap(s) = VWI%(S) - Vﬂ%(s) and we
have,

An(sn) = (P = P) VI 1y snymlsn)) + Asa(sna) + di ()

Bn(sn)| < |(P = P) Vo (hosnymlsn))| + [Ansa (o) + dnl| Bnsa):
where dp(A) = [PA](h, sp, 7(sh)) — A(Spt1)-
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Proof. Now we derive the decomposition of the value gap,
An(sn) = VM (sn) = VM (sn)
PR, 1 (s m(sn)) = PV (b sn,m(sn)
= (P= P) Vi a(hsnom(on)) + P (VA0 = VML) (hsiom(sn)
= (P = P) VI (hosnm(s0) + Psan (b sn (o))
= (P = P) V¥hia(hysn m(sn)) + Ansalsnen) + dn(Anga).

And similarly the decomposition for absolute value gap,

[Bnlsn)| < |(P = P) V¥ (o snymlsn))| + |P (Vi%s = Vi) (s snyme(sn)
<|(P = P) Vil Orsnym(sn))| + P| (Vs = V¥iir) | O snym(sn)
= |(B = P) Vs m(0)| + P LA ] (hy s, w(51))
= (P P) w1 (B sy m(sn)) | + [An1(sna1)| + din (| Anal)-
where |A|(s) = |A(s)]. o

Lemma 9. If a function A is measurable w.r.t the sigma-algebra generated by random variables Z and P(h,-,"),
then, for any © = (h,s,a) € &), and s, ~ P(x), the conditional expectation

E [PA(.’E) - A(slx) | Z’ P(ha " )] =0,
where PA(x) := Ey p(o) [A(2)]-

D.2 Proof of Lemma 1 in Section 4

Proof. Note V,FM - ny =E [Ao(so) | M, M, W]. We can verify that A, = Vm — VM is measurable w.r.t the

T,

sigma-algebra generated by 7, P([h : H),-,-) and P([h : H),-,-). Also note that conditioned on 7, the action is
7(sp) = ap. Therefore, together with Lemma 9, the conditional expectation is

E [[PAhH](h, s, m(sn))) | M, M, w} —E [[PAh+l](xh) | M, M, w} —E [Ah+1(sh+1) | NI, M, w} .
By recursive application of Lemma 8 form h =0 to h = H — 1 and noticing
E [dn(Ans) | M, M, 7| =0,
we conclude the result. O
D.3 Proof of Lemma 2 in Section 4.1

Proof. Recall the definition of value-augmented observations OM and the definition of history H, and H,,p in
Section 4. Also recall the short notation Egj, [-] := E [- | He,p] and E; [-] :=E [- | HJ,

Egn[Aen(sen)] =E[Aen(sen) | Hen] =E [Aé,h(SE,h) | Hzﬂm@,h} (17)

An application of Lemma 8 yields,
Eon [Aen(sen) =E; [(Pe — P) Vi1 (hy sensme(sen)) + Dons(sens1) + den(Donst) | 7, Oe,h}
=E, [(15@ - P) Vi1 (@en) + Dopnir(senir) + den(Donsr) | 7o, Oi,h}
@ E, [(15@ - P) Vins1(zen) + Aenir (Sens1) | 7, Oé,h}

=E;n [(Pz - P) Vonsi(zen) + Eept [Aé,h+1(5€,h+1)]:| (18)
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where the second equality is due to mg-conditioning with short notation xp = (h Se.nsaep). The equality (a)
holds by Lemma 9 with the fact that the function Ay, = Vﬂf\ﬁ her — Vi = =Viohs1 — VM, 4 is measurable
w.r.t the sigma-algebra generated by M, my, Vé,h+1 and the fact M contains h-stage transition kernel P(h, -, "),

E¢ [den(Appy1) | M, me, Opp) = Ey {PAE,h+1($é,h) — Appy1(Sent1) | M, me, Op -1, Se,h, e, Vé,h+1:|

=E, [Pﬁahﬂ(fve,h) — Appr(sepsr) | M,ymo, Vo, O&hflaxé,h}
=0.

Further expand the recursion of Equation (18), we obtain

Ho1
Egn [Aen(sen)] = Een Z E,; [(134 - P) Vl,j+1($£,j)}
i=h

Similarly, by applying Lemma 8, we have

H-1
Een (|Acn(sen)] S Een | Y Eey H (pe - P) Ve,j+1(fw,j)H
j=h

D.4 Proof of Lemma 6: Error decomposition in linear mixture MDPs from value-targeted
perspective

Recall the short notation of estimation error in stage h of episode ¢, Ay p(s) = ijt“h( ) — Vm 1(s). We have the
following lemmas prepared for Proposition 2.

Proof. For any = = (h,s,a) € X, recall that ¢y (z) = 3., ¢(s' | )V (s"). For any MDP M in the class of linear
mixture MDPs, the transition kernel can be represented as P(z) = (05, ¢(- | z)). Then, we have the following
property

PV (@) = 3 (0, 0(s | 2) ) V(s) = <e > ol | z>v<s’>> = (n ov(@)).

s'eS s'eS

With the short notation Xy, = ¢y, th1(5613,;1), we have (Pg - P) %7h+1(13g7h) = <ég,h — 0;,X57h>. As a corollary
of Lemma 2,

Eon [Aen(sen)] =Een filEf,j [(Pz - P) Vijr(zes) } =E;p Z E¢; [<9z,g Xz,jﬂ (19)
i=h

and similarly from Lemma 2,

Eon [|Aen(sen)|] <Egp Z Eg,; H<é£,j - 07, XZ,j>H

D.5 Proof of Corollary 1

Proof. Since X¢, = ¢y, - (xe,1,) is a deterministic function of x, ; and Vé,h+17 by recalling the definition of Hy s,
we conclude X j, is o(H, 5 )-measurable, resulting the following equation,

Eep [(0h, Xen)] = (Een (03] Xen) (20)
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Notice z, is rolled out from initial stage to the stage h by policy 7, under M. Therefore, conditioned on H,,
the state-action pair x, 5, = (h, S¢n,arn) is dependent on (65,...,65_;) and O, but is independent of 0; by
Assumption 2. Also notice the fact that conditioned on H,, the imagined value function W’h+1 is dependent on
O, but is independent of ©*. We conclude that X = ¢‘7Lh+1 (xe,n) is independent of 8} conditioned on H,.

Similarly, conditioned on H,, the random variables x, 0, V¢ 1, ..., 2Ze.n—1, Vo,n, Tens Vo,nt1 and me are all independent
of 07. Thus, we also have

Ee [0 = E [0 | Heome, O] = E [0 | He] = e [67]

By posterior sampling, we have _
B, 6] = e [fus)]
It follows that

Esn [<é£,h — HZ,Xe,h>] =Ky :<é£,h —E, [éé,h] ,Xé,h} .

Then, one can derive from (19),

Eon [Aen(sen)] =Een Z Ee ; Kéz,j - E, {éé,j] 7X€,j>}

E Proofs of propositions in Appendix C

E.1 Proof of Proposition 3: Bounding cumulative value variance

Proof. For the first case o, = H, since W’thl < H almost surely, we have 62 n=H 2 almost surely, then the
cumulative variance is trivially bounded.

For the second case, the Lemma and Corollary used in the proof can be found in Appendix F.3. To upper
bound the cumulative variance of value under virtual model, we need to first bound the variance of true value
by Corollary 3 and then relate the variance of virtual value to the variance of the true value by Lemma 13 and
Proposition 2.

The first step is to upper bound the LHS to the summation of posterior variance of virtual variance. Since

min?

Uzh —Egh{aeh}\/a

L H-1 L H-1
E\>_ D> oln| SE|D. D ol +om
{=1 h=0 {=1 h=0
L H-1
=E |33 Vea (Vensa(sensn) | M) | + LHoZ, (21)

By Corollary 3, there is an sharp upper bound on the cumulative variance of true value,

L H-1

DY Ven (VM i (sengn) | M)

{=1 h=0

< LH (22)

Note that an naive upper bound on LHS of Equation (22) would be LH?. The sharp LH? upper is indeed the
source of improvement on the dependence of horizon factor H in the final regret bound. Therefore, the second
step is to relate the variance of Vg h= V h to the variance of VMh7 i.e.

ol
Ve (Vﬂ]\ﬁh+1(54,h+1) \ M) =Von (V1 (sens1) | M) + Spp,
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T T

where ;5 1= Vg p, (V]\lz2+l(35,h+1 | M) —Ven (V]‘;{h+1(s£’h+1) | M) is bounded by Lemma 13,

L H-1
E [Z 5“] < 2HE

£=1 h=0

L—-1H-1
Z Z |Aé7h+l(3€7h+l)|1 .

£=0 h=0

By Proposition 2,

L—1H-1 L H—1 L H—-1 Xou |2
2|33 bl <) 2w |35 a2 | S aa | K] ]
(=0 h=0 1 h=0 (=1 h=0 Tehllr,,
Combine the above results and (21), we have
L H-1 L H—1 H—1 PONE
E [Z > 53,,1] < LHo% + LH? +2H% |2dE |> 3 a2, |E |3 1a 250 1
(=1 h=0 (=1 h=0 (=1 h=0 Tehllry,,
5
Since z < a/z + b implies = < 2(a® 4 b), finally we derive
L H-1 3
E [ > a}ih] <3 (HLo2, + H>L +8dH"S),
(=1 h=0
2
where § = |30, Sy LA |52 . ] O
’ £2,h

E.2 Proof of Proposition 4: Bounding cumulative potential

The proof of Proposition 4 is by the recursive application of Theorem 2 and the following Lemma 10. Note
that various version of the potential lemma (Auer, 2003; Dani et al., 2008; Agrawal and Goyal, 2013; Li et al.,
2019; Hamidi and Bayati, 2021) is used for analyzing linear bandit and reinforcement learning with function
approximation. We apply the following version of potential lemma in the proof of Proposition 4. The proof of
Lemma 10 can be found in Appendix F.4.

Lemma 10 (Potential lemma (Hamidi and Bayati, 2021)). For x > 0 and positive semi-definite matriz X2, define
f(X,z) =logdet(I +xX). Then, for any vector V € R, we have

log (L+VEV)+ f(X,2)< f(Z,z+V'V)

where
VVTy VvV Xs .
Y=Y —— =32 |- | X"
1+VTXV < 1+VTXV

and equivalently X'~' = X1 + V'V, using Sherman-Morrison formula.

[N

By the assumption of the feature vector and the fact value is bounded by [0,H], for each episode ¢ and each stage

2

! 2
H¢ ¢ (sh.ap) E o(s' | sp, ap) Ve h+1( S <H
1\4 yh+1 s'ES
Since 57 ), = max(0Z;,, Een {Uzh]) > o2, , we have
Xon H
— || <
O¢,h Omin
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2 >
Tyn

Define the short notation )_(gﬁ = Xy.1/54,n, we will prove the proposition by mathematical induction: For base
case L =1,

For any = € (—1,+00), we have 1 A x < 2logy(1 + x) and therefore

2
Xon

0¢,h

Xon
O¢.h

1A

< 2log <1+

Ten

— 2 — —
log(1+[| X147, ) = logdet (I + T}/ X, X[, T}7)

2

min

H?
< log det <I + r}ﬁﬁr}f)
oz Ty

H2
= log det <I+ 5 I‘Lh>

by the fact (1+XTX) =det(I+XXT) and AAT < ||A|* 1.
We use the induction hypothesis for L — ¢ with prior P(- | Hey1), that is

- . L—0H?
E¢r1 [ Z 1A HkahHi‘k h] < 2logdet (I-|— (2)F€+17h>
k=(+1 min

Define function f(X,z) = logdet(I + 2X') and denote

Moo, ConXen X Ton
eh = L1eh 1 JrXZhI‘e,hXé,h.
We have
L I L _
Eon | Y UAKiallp, | = Een [Besn | 3 1A Zknllf,
k=0+1 k=41

L—0H?
< 2logdet (I + (27)Eé,h [Fe+1,h])

min

(a) L—0H? TopXen X, T
< 210gdet I+ % I‘&h — bh 7l;h e7h7£,h
L+ X, LenXen

= 2f(r2,h7 (L - E)H2/Jr2nin)
where (a) is by the condition Gy 5, > Egp, [04,] and Theorem 2.
Now we use potential lemma (Lemma 10) to step forward,

L

L
1A !|Xk7h||§k,h] = 1A [ Xenlly, , + e l > 1A HXk,hHik,h]
k=t k=041

< 2 (lOg(l + XZhI‘e,th,h) + f( lé,ha (L - Z)Hz/o’?nin))
b

Ee p

®
< 2f(Copn, (L= L+ 1) H? Jor,;,)

min

where (b) is by Lemma 10. Notice the fact that RHS is o(#,)-measurable, by taking E, [-] on both sides of the
inequality, we conclude that the statement holds for L — £ + 1 with prior P(- | H,).

F Technical lemmas and facts

F.1 DPosterior variance reduction for general prior and noise distributions

Posterior variance reflects how uncertain we are about a random variable based on existed information. The
progress of learning can be measured by how much variance is reduced when new information comes in. This
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section provides a tool to track the variance reduction when prior and noise distribution is not Gaussian. For the
purpose of simplicity and generality, we state the lemma in a different set of short notations.

Let (2, F,P) be a probability space and Fy C F; C --- C F be an increasing sequence of o-algebras that are
meant to encode the information available up to time ¢. Let 8* : @ — R? be the true parameters vector. Let X,
be a random variable that is possibly dependent on the history and some external source of randomness.

Assumption 4. Assume X; is Fi-measurable.

More information about 6* is then made available sequentially through a sequence of inputs X, X1,---: Q — R?
and a sequence of observations Y7,Ys, -+ : Q — R.

Assumption 5. Assume Y1 is Fiiq1-measurable. Assume that for allt > 0,
By [Yie1 | 07] = (0%, X4)
and there exists some random variable oy : Q — R,

Vi (Y1 | 0%) =07 as.

One possible way to generate the filtration satisfying the above assumptions is as following,

‘Ft :0-<X07}/1;X17'"7Xt717}/t7Xt)'

Lemma 11 (Variance reduction). Define T'y := V; (0*) as the posterior covariance of 6*. When Assumption 4
and Assumption 5 hold, for allt > 0

X, X, T,
E[r Fl =T — g t
[Fen [ F] 2T E[02 | F] + X, T.X,

a.s.

Remark 3. Note that (Hamidi and Bayati, 2021) give a similar lemma as Lemma 11. But they consider a fized
constant upper bound for noise variance instead of the predictable heterogeneous noise variance [af \ .7-}], which
is essential for the purpose of this work.

Proof of Lemma 11. Denote the short notation for conditional expectation E,[] = E[- | ;] and conditional
variance Vi (-) = V (- | ;). To make things clear, we first prove the claim for 8* assuming E; [6*] = 0. It suffices
to prove that for any d-dim real vector v € R,
v E; [Tipa]v = By [Varg ((6%,0))]
(X[ Tyw)?
]Et [O'?] + Xt—r:[‘tXt

< vTI‘tv —
Denoting by F/ the set of Fi-measurable random variables. For any fixed v € R?,

]Et [Vart_H (<0*, ’U>)] = Et

inf B [((6%,0) - €)°]

t+1

< E; l:iIEI#REt+1 [(<9*’U> - aY;+1)2H
< ilelnf&Et |:Et+1 {((9*,1}) - aY}+1)2”

- i (0 -]

By completing the squares, we have the following important equality

II
inf (B, [(0%,0) — avia)?]) = By (0, 0p?] B LO00) Yerr”
aeR( [ +1 }) L;_l E, [I)I/t}l]
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For the first term I, we have
E; [(0*,1})2} =E [’UTQ*Q*T’U] =9 T
For the second expectation in term I7, the numerator can also be computed as
Ee [(67,0) Yia] = E¢ [Ee [(0%,0) Vi | 07]]
¢ [(0%,v) - By [Yiqa | 67]]
¢ [(67,0) (6%, X¢)]
¢ [ X070 T o]

E
E
E

—

@ XTE, [0°0" ] v
= X, T,
where the equality (a) is by Assumption 4 that X; is F;-measurable. Finally, for the denominator IT17,
E [Yi] =E {Vart (Yegr [07) + By [Yiq | 9*]2}
= Et I:UtQ] +Et |:<0*7Xt>2:|
=E; [07] + X T X,
For the case that E;[#*] # 0, we could recenter 6* by its posterior mean. Define p* := 6* — E;[6*] and
Ziy1 =Y — Ey [Yt+1] =Y — <Et [9*] 7Xt> .
Note that Var; (u*) = Var; (%) = Ty and
Bi [Zi1 | 0] = E¢ [Zeg1 | 07] = (07, Xo) — (Be [07], X)) = (0", Xo)
Var, (Zy41 | p*) = Vary (Zy41 | 07) = Vary (Yey1 — B¢ [Y3] |07) = Vary (Yiq1 [ 07).

We can apply the result (for the case E; [0*] = 0 ) by replacing 8* with u* and replacing Y;41 with Z;11 and then
obtain directly
I X,X,T,

E; I’ =E, [V N < T, —
¢ [Ley1] ¢ [Vargq (u*)] 2 Ty E, [of]+XtTI‘tXt

O

Remark 4. Let 6; be any random variable s.t. 2 > E [JE | }"t} almost surely. By sherman-morrison formula,
_ _ 1
E[Cir | F) =T + XX/
t

Remark 5. Recall that in the Gaussian prior and Gaussian noise case, 1";11 =T+ %XtXtT.
t

Remark 6. Lemma 11 demonstrates that the posterior covariance reduces in expectation. However, in general,
the reduction does not necessarily hold almost surely.

F.2 Proof of Lemma 7

Proof. Let {ei}f-l:l be a set of eigenvectors of E {fl (X1) f1 (Xl)T} and an orthonormal basis for R?, i.e. Ijxg =

d T
> iq€ie; . Then we have,

B | (n 00 R x)| -

=Y E[(A 00 en) (X0 )| E[(f2(X2) en) (fo(X)en)|  (23)
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Since {ei}?zl are orthogonal eigenvectors of E {fl (X1) f1 (Xl)T} , we have

E (A (X0 en) (A1) en) | = eRE [A1(X0) f1 (X)) ] en =0

for any m # n. Then we can simplify (23) to

[ (0T )] - ZE (nxTa) e [(m o7 e)]

< )

< (3o l0r o) (s o))

e[ (n e e) (e e) )
r

Consequently, we have

> (fl (x1)" €n) (f2 (x1)" en)

n=1

(fiE [EYCONE <X1>H)2 -

f2 (Xl)T €n

The above inequality (4) is by Jensen’s inequality and above inequality (i¢) is by the Cauchy-Bunyakovsky-Schwarz
inequality. The main lemma is now proved.

Observe that the RHS can be further written as,

E {(ﬁ (X)) fo (X2)>2] =Tr (E [f1(X1) f1(X1) " |E [fo(X2) f2(X2) T]),
Specifically, let Xy = (X, 2), fi(z,2) =z, fa(z, 2) = 2, and X5 be a i.i.d copy of X, we have
E[|xT2|)" <dTr (BE[xXT|E[227]).
O

Remark 7. The idea of using orthonomal basis in the proof is adapted from (Kalkanl and Ozgiir, 2020). Our
statement is stronger than previous literature since E [|f1(X1)f2(X1)|] = E [f1(X1)f2(X1)] and we provide the
upper bound on E [| f1(X71) f2(X1)]]-

F.3 Variance relationships

Lemma 12 (Cumulative variance of value under true model Vj@i). For any policy m, let the sequence xp =
(h, sp,ap) from h =0 to h = H—1 be generated by the interaction of policy m and MDP M. Define the observation
history Oy, = (zg, ..., xR), we have

H-1
\Y% (Z R(xp)

h=0

H-1

Z v (Vﬂ%+1(8h+1) | M, Oh) ‘ M, x, OO‘|
h=0

M,?T,Oo> =E
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Proof. By the law of total variance, we can decompose V (ZJH:;Ll R(x;) | M, m, Oh> as

H-1
ZR(xj)’M,w,ohH ’M,W,Oh +V [E | Y R(z)) | M,7,0n41 ‘M,W,Oh
; =

(a) (b)
Since xj, is deterministic conditioned on Oy, we rewrite (a) as
H-1
(@) =E V[ > R ‘ M, 7,0p41 ‘ M, 7,0

j=h+1

Also, we can further rewrite (b) by the definition of VM

e, h+1
H-1
(b) =V | R(zen) +E | Y Rl(x;) | M7, 0npa ‘ M, 7,0
j=h+1
[ H-1
=VI|E Z R(h; Sh,ﬂ:h) M77Ta0h+1 ‘ Maﬂ-th
j=h+1
[ H-1
=V I|E Z R(h, sp,7(sn)) ‘ M, 7, Opy1 ‘ M, 7, O
L j=h+1
=V <Vﬂ%+1(5h+1) M7 ™, Oh)

By recursive application of the above result, we obtain

H—-1 H-1
> R(z;) | M,m,00 | =E | >V (VM1 (sn1) | M, 7, 04) | M, 7,04
j=0 h=0

Corollary 3. Recall the definition of He,p, we can apply Lemma 12 with setting m = m, and get,

H-1
> R(ze,) | M| =Fep
j=0

H-1
ZVM Vol (se.n41) | M) ‘M]
h=

Beside, we could derive the following upper bound for summation of variance

L H-1
E[ > Vi (VA1 (senia) |M] ZIE Voo ZR% |M || < LH

{=1 h=0

Remark 8. The proof of Lemma 12 is by the sequential conditional version of the law of total variance, which
is similar to the proof in the frequentist literature (Munos and Moore, 1999; Lattimore and Hutter, 2012; Azar
et al., 2013).

Lemma 13 (Variance difference). For each stage h of each episode £,

Vi (VWI;{,’”}LH(SMH) | M) —Von (VA i1 (senn) | M) < 2HE g [|Agni1(sens)| | M]
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Proof. First, we rewrite the difference of the variance,

Ven (VA1 (sensn) | M) = Ve (VA (senn) | M)

. 2 9
=mﬁwﬁawmm)uﬂ—w4m%ﬂwMM|M}

(a)

2 2
—E¢n [VWAZZH(S@,hH) | M} +Eon [V (sensn) | M7

(b)

We further bound (a) by,

(@) =E¢pn K[Vﬂ]\ﬁﬂ - Vﬂ%m} (Se,h+1)) ([VW%H + Vﬂ]‘z{hﬁ-l} (3€,h+1)) |M}

< 2HEp [[Vw]\%ﬂ - sz\la/[,h+1:|+ (Se,h+1) | M] .
Similarly, bound (b) by,

(b) =Eq¢pn H:V‘:rj\zeh—i-l - ij\ﬁhﬂ] (s¢,n+1) | M} Eqp, Hvﬂj\%ﬂ + VW]\Zh—&-l (senv1) | M]

S 2HE HVWAZI,ZH - Vﬂ]\f,h-&-l} (se,nt1) | M]+

M
< QH]EZ,h |:[V7Te§z+1 - an-\f,thl]Jr (Sé,h+1> | M] :
Putting all together,

(a) +(b) = 2HE,n HVwJZZH - VTrI\Z/I,h+1:| N (5€,h+1) + [Vnﬂﬁhﬂ - Vw]\f,l;z+1} N (Se,h+1) | M}

=2HE,,, { VWAZZH(S&hH) — Vﬂ%h+1(54,h+1)' | M}
=2HE ¢, [|A¢ns1(Se.n+1)| | M].

F.4 Proof of Lemma 10

For completeness, we give a proof of potential lemma which is adpated from (Hamidi and Bayati, 2021).

Proof. First, assume that X is invertible. In this case, we have X’~! = X~! 4 VV T using Sherman-Morrison
formula. Due to the fact VVT < VTVI,

f(Zw+VTV) =logdet (X} (57 42l +VTVI) 5¥)

[N

> logdet (Z# (E7' + 2l +VVT) BH)

(
— log det (2% (2’*1 + :cI) 2%)
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We can further rewrite,
log det (2% (2’*1 n :cI) 2%) — log det(X) + log det (2’*1 n xI)
boEATaTal >
VI
AP %
1+VTXV
=log (1+ VT ZV) + log det (2'% (2'*1 + xI) 2/%)

= log det (X’) — log det (I — > + log det (2’_1 + a:I)

© log det (X') — log (1 > + log det (2’_1 + :Z:I)

(X ,2)
where (c) is from det (I +ZZ") =1+ Z"Z.

We remain to prove the argument for the case of non-invertible matrix X. In this case, for € > 0, we define
Y. =23 +el and
> VvTy
=y - =
€ 1+VTXV

Clearly, X is invertible. Therefore, we can apply the previous results to X, to obtain
log(1+ V' EV)+f(ZlLa)< f(Ze,z+V'V)

The claim then follows the continuity of the above expressions with respect to € on [0, o] O

G Lower bound conjecture on the dependence of interactions

For the bandit and RL analysis that relies on confidence bounds, one O(y/log T') term arises from a union bound
over all T interaction periods. All previous analysis for reinforcement learning® relies on various types of confidence
bounds and thus suffers this additional terms.

A recent improved lower bound Q(d/T logT) in linear bandit (Li et al., 2019) shows the fundamental difference
between problems with the finite action spaces and infinite action spaces that is changing over times. From their
evidence, we conjecture that the lower bound for the class of linear mixture MDPs with changing and infinite
action spaces should be Q(dH+/T logT). Since being a model based algorithm, PSRL can naturally handle the
infinite and changing action sets scenario. Therefore, our analysis for PSRL would match the lower bound up to
constants if the conjecture holds.

Conjecture 1. Suppose the number of episodes L > poly(d, H, B) for some large d and H. There exists a prior
distribution over © such that the Assumption 2 and the Assumption 3 holds with B > 1, such that, for any
algorithm, the expected regret is lower bounded as follows:

EoR (Mo, L) > Q(dH+/TlogT)

where T'= LH and Eg denotes the expectation over the prior distribution over © and the probability distribution
generated by the interconnection of the algorithm and the MDP instance.

SA concurrent work (Zhang, 2021) established the decoupling coefficient approach for analyzing randomized exploration
algorithms for contextual bandits and a specific class of reinforcement learning problems with deterministic transitions.
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