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Abstract

We introduce a technique called graph fis-
sion which takes in a graph which poten-
tially contains only one observation per node
(whose distribution lies in a known class)
and produces two (or more) independent
graphs with the same node/edge set in a
way that splits the original graph’s informa-
tion amongst them in any desired proportion.
Our proposal builds on data fission/thinning,
a method that uses external randomization to
create independent copies of an unstructured
dataset. We extend this idea to the graph
setting where there may be latent structure
between observations. We demonstrate the
utility of this framework via two applications:
inference after structural trend estimation on
graphs and a model selection procedure we
term “graph cross-validation”.

1 INTRODUCTION

Sample splitting, where an analyst divides a portion
of data to train a model and the remaining portion
of data to validate it is a ubiquitously used tool by
statisticians. Unfortunately, this approach is typically
appropriate only in settings with repeated i.i.d. obser-
vations, with few exceptions. In cases where the avail-
able data is dependent or not identically distributed,
for instance time series or fixed-design regression, sam-
ple splitting is generally not practical or easily inter-
pretable. Nonetheless, sample splitting strategies are
often still used due to a lack of alternatives. This often
leads to an analysis pipeline that is heuristic and does
not come with theoretical guarantees.

Building on an idea for post-selection inference in
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linear models (Tian and Taylor, 2018; Rasines and
Young, 2023), recent work by Leiner et al. (2023) pro-
posed a general solution to this problem through use
of external randomization to create synthetic copies of
the data that are i.i.d. by construction and each of
which contain a portion of the information contained
in the original dataset. Such a construction does not
always work: it is only feasible if the distribution of
the data lies in certain known classes. While Leiner
et al. (2023) applied to to varied contexts like estima-
tion after multiple testing and post-selection inference
for trend filtering, follow-up work (Neufeld et al., 2022,
2023; Dharamshi et al., 2023) has provided improved
constructions in several settings and applied it to new
settings like latent variable estimation.

In this paper, we will apply these procedures to the
graph setting and demonstrate their efficacy through
two practical applications: cross-validation for graph-
valued data and inference after structural trend es-
timation over graphs. Graph-valued data presents
unique challenges because in some settings, only a sin-
gle graph is observed and there is a learning or infer-
ence problem on the graph, where one believes that
the graph structure captures the structure in either
the signal or the noise (i.e. either the signal is smooth
over the graph, or the graph captures the correlation
structure of the noise). By extending the aforemen-
tioned “fissioning” idea to graphs, an analyst can gain
access to techniques that are not generally available in
settings without repeated i.i.d. observations, includ-
ing cross-validation to estimate out-of-sample risk and
the creation of independent training, validation and
test graphs (or selection and inference graphs) so that
the analyst may explore different modeling techniques
without violating error control on downstream infer-
ential procedures via “double dipping”.

Contributions. Our main contributions are:

e When the distribution of errors is known and falls
into the “convolution-closed” class (Joe, 1996),
we demonstrate how data fissioning (Leiner et al.,
2023) and thinning (Neufeld et al., 2023) methods



Graph Fission and Cross-Validation

can enable cross-validation on graphs for hyper-
parameter tuning. We demonstrate the utility of
this procedure on trend estimation problems, but
note that it applies generically to procedures that
requires hyperparameter tuning over graphs, such
as the training of graph neural networks.

o We extend the results of Leiner et al. (2023);
Neufeld et al. (2023) to enable inference for struc-
tural trend estimation on graphs in the Gaussian
setting, in the presence of increasing dimensions
and unknown error variance. Existing results all
rely heavily on known specification of errors or
a low-dimensional setting that ensures consistent
estimators of the error variance are available. We
provide a result (Theorem 1) that enables graph
fission in the presence of unknown error variance
in the Gaussian case. This allows for the appli-
cation of these techniques in real-world settings
where the variance is not known a priori.

Paper outline. In Section 2, we review decom-
positions for fissioning a single dataset into m in-
dependent copies and provide examples of how this
method can be used in the context of graph-valued
data. We also discuss common methods for estimat-
ing a structural trend over a graph. In Section 3, we
build on these techniques by introducing graph cross-
validation, which we then use to tune hyperparameters
used in trend estimation. In Section 4, we demonstrate
a second application of graph fission: the creation of
valid confidence intervals after model selection on a
graph. In Section 5, we apply these methods to real
data by constructing confidence intervals on taxicab
usage in New York City. We conclude in Section 6.

2 METHODOLOGY

Let G = (V,E,Y) be a graph with a known vertex
(V) and edge (F) set and a set of observations Y =
(Y15 -y Yn) € R™ over the vertices. We use a standard
nonparametric regression framework, where

Yi = [ + €,
w; = Ely;], and ¢; is a 0 mean random variable. Denote
= (p1y .oy i) and € = (€1, ..., €,).

2.1 Decomposition Rules

We aim to create m new synthetic copies of G, which
we denote as Gy, ..., G,, with corresponding observa-
tions labeled as Y91, ..., Y9 We require the synthetic
graphs to have the following properties:

1. G; has the same non-random structure (i.e. V and

E). Furthermore, E[Y'9] = hy(u) for all j € [m]

and some known deterministic function h;.

2. Taken together, the individual datasets recover
the original data Y in the sense that there ex-
ists a known deterministic function hy such that
G = hs(G1,...,Gm), and you can not recover G
from any strict subset of graphs G, ...,G,

3. The information contained in Y is divided across
G1,..-,Gm in any proportion desired.

Remark 1. At this stage, we also note the existence of
an alternative less stringent set of requirements. Fol-
lowing the terminology of Leiner et al. (2023), we call
this the P2 regime. Here, we only require the creation
of two synthetic copies of these graphs Gi,Gs. The
properties that they must fulfill are:

o The law of Y92|Y' 9 is known and tractable.

o There exists a function h such that G = h(G1,G2).

Although we will not focus on this idea throughout
much of the paper, we will revisit it in Section 4, as it
s a key ingredient for Theorem 1.

Following the terminology of “data fission” (Leiner
et al., 2023), we call the above task “graph fission”. In-
stead of using the preceding paper’s techniques, we in-
stead employ the decomposition rules of Neufeld et al.
(2023) which provide an algorithm for splitting a ran-
dom variable into m independent copies when the dis-
tribution of that variable is convolution-closed.

Definition 1 (Joe (1996)). Let Fp be a distribu-
tion indexed by a parameter 6 in parameter space ©.
Drawing X' ~ Fy, and X" ~ Fy, independently, if
X'+ X" ~ Fy, 19, whenever 01 + 65 € O then Fy is
convolution-closed in the parameter 6.

Note that many distributions encountered in data
analysis including Gaussian, Poisson, binomial, and
negative binomial are convolution-closed.

A property of many convolution-closed distributions
is that when Xi,...,X,, are each drawn from the
same family of distributions, then the joint density
of (X1,....Xm)| >ir; X; = z is tractable. Hence, m
synthetic samples can then be generated from a sin-
gle sample z by drawing from this joint distribution,
conditioning on their total sum adding up to z. This
intuition is formalized below.

Fact 1 (Theorem 2 of Neufeld et al. (2023)). Assume
X ~ Fy for a convolution-closed distribution in param-
eter 6 € ©. Choose T4, ..., T, such that Z;nzl =1
and 7;0 € ©. Let Gy, ...9,, be the joint distribution of
(X1, X)) it Xi = X when X; are drawn inde-

i=
pendently from Fy,. If X1,..., X5 ~ Grp,... 7.0,then
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Graph data ¥ = (V,E.Y) Sample from Gr‘, ...,G

Results in m new synthetic graphs with the same vertex and
edge structure as the original

Figure 1: Graphical illustration of Fact 1.

the following holds: (i) X; ~ Fr,9; (i1) X1,..., Xm are
mutually independent; (ii) Y ;- X; = X; (iv) when-
ever Fy has finite first moment, E [X;] = 6,E [X].

Fact 1 can be applied whenever the joint distribution
of Y is convolution-closed (a special case of this being
when y; are individually convolution-closed and mu-
tually independent), and the analyst is able to draw
from the distribution G,, .. .. See Figure 1 for an
illustration of this procedure. As a first example, we
will use Fact 1 to fission a graph with Gaussian errors.

Example 1 (Gaussian graph). Assume y; ~
N(pi,02). We draw yf*,...,y7™ from the distribution
(m—-1 -1 ... -1
vl [ o] 1 mey
g . 1 (m—1)

Marginally, yigj ~ N(pi,ma?), j € [m], all mutually
independent. Note that this procedure splits the in-
formation evenly across all graphs, because the Fisher
information Zgi(p;) = # for all j.

Example 2 (Gaussian graph with correlated errors).
The preceding example can be generalized to the cor-
related Gaussian case, albeit with a more compli-
cated decomposition strategy. Assume Y ~ N(u,3),
where X is any (known) covariance matriz. Then
draw Y9 | 'Y ~ N(Y,(m — 1)E) and Y91 =
—my — LYW Marginally, Y9 ~ N(u,m¥) and
Y9-11 ~ N(p,-2-%). Continuing to draw Y9+ |
Vi~ N(Y93, (m — j = 1)2=%) with Y91 =
—m_yG-;

m—=j

sult in Y9 “K N(u,mx).

— #ng“ and proceeding m times will re-
J

One drawback is that the covariance matrix must be
known prior to fissioning. We defer discussion of the
case of unknown ¢ to Section 4. Not all distributions
will have this issue—eg: Poisson errors can be fissioned
without needing to estimate an unknown parameter.

Example 3 (Poisson graph). Assume y; ~

Pois(p;). We can draw a new vector yigl7...7yig’" as
Multinomial (yi, (i,7%)) Then each component
yigj ~ Pois (%) We again note that this divides the
Fisher information evenly across each graph.

Note that in the preceding examples, we index over
both the nodes (i € [n]) and synthetic samples at each
node (j € [m]). For clarity, we keep this notation con-
sistent throughout the paper, with j always indexing
over synthetic samples and ¢ indexing over nodes.

Both of these examples, as well as several more, can
be found in Leiner et al. (2023); Neufeld et al. (2023),
but the latter paper has a more unified treatment.

2.2 Structural Trend Estimation on Graphs

As a unifying example to work with across the paper,
we consider estimating a structural trend over u by
solving an optimization problem of the form,

B :=argmin (Y, 8) + D(S) . (1)
eRt T Penalt
0S8 enalty

The loss can be any convex function, but we will focus
on square loss {(Y,8) :== 1|y — 5“3 for continuous-
valued graph data and Poisson loss £(Y,3) :=
LS (—viBi + exp(B;)) for count data.

In order to estimate a smooth trend that aligns with
the graph structure given by the vertex and edge set,
most approaches will add a regularization term that
encourages smoothing over adjacent nodes (Kondor
and Lafferty, 2002; Sharpnack et al., 2013; Wang et al.,
2014). Graph trend filtering (Wang et al., 2014) ac-
complishes this by introducing a graph difference op-
erator defined as A € {—1,0,1}"*P, which contain
a single row for each of the p edges in the graph. The
row corresponding to a particular edge e, = (,7) is

AL =(0,...—-1,...1,...0),

v = ( Lot )

7 J

where the position of 1 and —1 is arbitrary. Setting
the penalty D(8) := A HA(I)Bﬂl penalizes any differ-
ences between values of B at adjacent nodes, leading
to a piecewise constant solution across connected com-
ponents. Recursively applying this operator yields,

A _ {(A<1>)T AW = L5 for odd k

ADWAR = AD L3 for even k’

where L denotes the graph Laplacian. The corre-
sponding penalty term HA(’“‘H)B ||1 penalizes higher
order graphs differences in an analogous fashion. For
instance, k = 1 enforces a piecewise linear structure
across connected components, k = 2 enforces a piece-



Graph Fission and Cross-Validation

wise quadratic structure, and so on.

Other ways of constructing the penalty term include
using an Lo penalty term (i.e. D(5) := A ||A(k+1)BH2)
instead of L1, which is equivalent to graph Laplacian
smoothing (Smola and Kondor, 2003), and combining
the two to create an elastic net penalty term by setting
D(B) = A [AEFDB]|, + g ACD 5]

In the case where Lo regularization is used alongside
square loss, the solution can be computed in closed

. -1
form as 8 = (I—i—m\ (A(’”l))TA(’““)) Y. When
L1 regularization is used alongside square loss, Arnold
and Tibshirani (2016) present efficient algorithms to

compute § along any solution path of A which are cur-
rently implemented in the R package GENLASSO.

The solutions corresponding to other convex loss func-
tions can be computed through standard optimization
techniques such as gradient descent, though designing
algorithms that can compute these solution paths most
efficiently is an open area of investigation.

As an illustration, we generate data on a 10 x 10 grid.
Nodes at Manhattan distance 1 share an edge, result-
ing in a graph with 100 nodes and 180 edges. We
then estimate the structural trend using square loss
and a variety of different penalties in Figure 2. In the
case of L penalties, the fitted solutions become piece-
wise polynomials. For the Lo and elastic net penalties,
fewer components are chosen to be exactly 0 so the
structural trend tends to pick up more local variation.

3 GRAPH CROSS-VALIDATION

Across all methods for estimating the structural trends
over graphs, the training of hyperparameters is a con-
sistent challenge. When i.i.d. data is observed, for
instance in random-design linear regression, the most
common method for tuning A is via cross-validation
which does not have a direct analog in the graph set-
ting where data is not identically distributed. Some
existing methods for performing cross-validation on
structured data (Ghosh et al., 2020; Celeux and Du-
rand, 2008) can be applied to the graph setting, but
they rely on an assumption that the structural trend
does not vary substantially within the held-out set
which may not be reasonable for datasets with sub-
stantial variation across nodes. We will not need any
such assumption, as discussed below.

Another alternative to cross-validation is to choose A
is to minimize Stein’s Unbiased Risk Estimate (SURE)
(Stein, 1981), but this approach comes with its own set
of drawbacks. SURE is an unbiased estimate of the
risk only in the case of Gaussian data (though data
fission was recently used to extend SURE to the Pois-

son case (Oliveira et al., 2022)). Moreover, it requires
knowledge of the effective number of degrees of free-
dom of the estimator which may not be readily avail-
able in all instances. Lastly, although SURE and cross-
validation are asymptotically equivalent when the data
is Gaussian, cross-validation often has superior finite
sample performance.

Motivated by these concerns, we apply the method-
ology of Section 2.1 to construct an analog of cross-
validation in the graph setting.

Assumption 1. Assume that the distribution of Y is
convolution-closed and follows distribution Fy.

Under Assumption 1, we are able to generate m new
independent graphs Gy, ...,G,, such that E(Ygi) =
Lyand Y9 ~ Fo for all j € [m] using Fact 1. To per-
form cross-validation, we average m—1 of these graphs
together and leave the remaining held out graph for

testing. Denote Y9-i := Zj# Y9 . By construction,

Yg_j ~ Fenzfl and Yg7 ~ Fei

We can therefore use G_; to estimate ¢ and evaluate
this estimate using the held out graph G; to get an
unbiased estimate of the risk of the procedure. Re-
peating this process m times for each j € [m] mimics
the process of m-fold cross-validation.

Remark 2. If F is a location-scale distribution, we
can rescale Y9-i and Y9 so their distributions are
functions of the same parameter (e.g, Ezample 1).
Otherwise, the analyst will need to be careful to scale
6 appropriately when out-of-the-box estimation proce-
dures are used so evaluation on the test set is compa-
rable with the training data.

Gaussian Data with Unknown Variance. Ify; ~
N(u;,0?) and o2 is known, then Fact 1 can be applied
directly. When o2 is unknown, it will need to be esti-
mated. Estimating the error variance in high dimen-
sional regression problems is difficult. Most estimators
are only provably consistent under assumptions that
are not verifiable in practice (Fan et al., 2011) and
rely on techniques like cross-validation (Reid et al.,
2016) which we do not have access to. Nonetheless, a
heuristic that works empirically is to estimate

52 ;:éuy—éA , (2)

n — df(5y)

where BA is fit using a fixed A lasso penalty. Since A
is typically chosen either through cross-validation or
by minimizing SURE (which pre-supposes knowledge
of 02), we unfortunately have to use a pre-determined
version of A to make this selection. We choose A =
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Figure 2: Example of synthetic data points and corresponding structural trend solution B when fit using square
loss and a variety of penalties. From left to right: piecewise constant (||A(1) 6”1), linear (HA(Q) BHl), quadratic

(HA(3)5H1), ridge (HA(DﬂH;), and elastic net (a ||A(1)ﬂ||1 +(1-a) HA(DﬂHE)'

\/7 1"% since many results require that A grow at this
rate to ensure consistency (Yu and Bien, 2017).

Simulation. We apply this method to the problem
of estimating an optimal A\ for structural smoothing
problems as described in Section 2. We again use
a node set aligned in a grid such that each vertex
v € [1,10] x [1, 10] where nodes at Manhattan distance
1 are connected. A ground truth trend p is constructed
by randomly choosing a percentage of nodes to be ac-
tive nodes that permit a structural change relative to
adjacent nodes. We then generate piecewise polyno-
mials over the connected components of the inactive
set of nodes and draw observations as y; ~ N (;,1).

The structural trend /3’ is estimated using square loss
and a penalty term as described in Section 2.2. When
using graph fission to select A, we consider a rule which
picks the A that minimizes the average test error (over
each of the m folds) as well as the so called “one-
standard error” rule which picks the largest value of A
(i.e. the most parsimonious model) which falls within
one standard deviation of the minimum error.

As a point of comparison, we compare graph cross-
validation with “ordinary” cross-validation in the form
of structured cross-validation proposals (Ghosh et al.,
2020; Celeux and Durand, 2008), adjusted to the graph
setting. These amount to selecting a subset of nodes
Z C V to hold out for evaluation. We then estimate
a structural trend B,I by ignoring the data in Z, and
define the trend Sz in the holdout set to be the average
of adjacent nodes in the training set for each point.
This amounts to assuming that all the nodes in the
held-out set are inactive so the structural trend can be
interpolated from the training set. This approximation
makes the most sense when there is minimal structural
change within Z, which corresponds to a smooth trend
over the graph with few breakpoints.

To illustrate this disadvantage, we vary two parame-
ters during simulation. The first is the percentage of
nodes that are allowed to be active. The second is the
overall size of discontinuities that are allowed at each
of the active nodes. Results are shown in Figure 3.
When the structural trend is smooth (i.e. fewer active
nodes and smaller jump sizes), there is little to no dif-
ference between the approaches, but trends that are
volatile benefit significantly from using graph fission.

In the Appendix, we repeat this experiment with mis-
specified errors (drawn from ¢, skewed normal, and
Laplace distributions), and the results are nearly iden-
tical compared to the correctly specified case. These
results suggest that a central limit theorem in the vein
of Austern and Zhou (2020) may hold for graph cross-
validation, but we leave theoretical guarantees an area
of future investigation.

4 INFERENCE AFTER TREND
ESTIMATION

After selecting A via graph cross-validation, an analyst
may wish to perform inference on the structural trend
in addition to having a single point estimate. Unfor-
tunately, even for fixed A, out-of-the-box inferential
procedures are not available because the active set of
variables are chosen adaptively based on the data.

Leiner et al. (2023) provides a method for confidence
interval construction in the case of univariate trend
filtering, and when Assumption 1 holds, this general
framework applies here with slight modifications. To
summarize, an analyst can apply Fact 1 to generate
two synthetic graphs G*¢! and G™. Then, Y9 can
used to select a basis that the analyst constrains B to
fall into the span of. 9™ is then used to calculate
B by projecting the held-out graph onto the chosen
basis. Since choosing a basis was done independently
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Percentage of Active Nodes Percentage of Active Nodes

(a) Piecewise constant trend filtering (k = 0)

0.25 0.50 0.75 0.25 0.50 0.75
Percentage of Active Nodes Percentage of Active Nodes

(b) Linear trend filtering (k = 1)

Figure 3: We vary the size of jumps at breakpoints (colors) along with the percentage of active nodes in the graph,
and compare graph cross-validation against ordinary cross-validation (with L; penalty, o2 = 1, 10 folds). The
relative performance of graph cross-validation (dotted) compared to ordinary cross-validation (solid) increases
with both the size of jumps and number of breakpoints, indicating that less smooth trends benefit the most from

using graph fission to tune A.

of the projection step, standard methods for producing
confidence intervals will have proper coverage.

Unique complications arise in the graph setting when
nuisance parameters need to be estimated from the
data prior to applying Fact 1. Focusing on the Gaus-
sian setting, prior work (Leiner et al., 2023; Neufeld
et al., 2023) only provides inference procedures with
rigorous guarantees when the error variance is known
a priori or when the dimension of the problem is fixed.
Since nodes and edges come online in tandem, the di-
mension of the penalty matrix will increase with n,
invalidating the validity of these procedures. Some
asymptotic guarantees in a high dimensional setting
are explored in Rasines and Young (2023), but this
work still relies on having access to consistent esti-
mates of the error variance which is an assumption
that tends not to hold in practice.

We first discuss how the framework of Leiner et al.
(2023) can be applied to this problem for the case of
known nuisance parameters in Section 4.1. We then
extend this methodology to the Gaussian case when
the error variance needs to be estimated in Section 4.2.

4.1 Inference Under Assumption 1

Let Y ~ P, for some convolution closed distribution
in parameter space © with corresponding density func-
tion p(y, ). At the selection stage, we recommend us-
ing L penalties to select a model because the basis
structure of these estimates is well understood — see
Algorithm 1 for an explicit formula for extracting a
basis from a trend fit using an L1 penalty. That said,
because G%! and G are independent, the analyst is
free to choose a basis in a completely arbitrary way if

Algorithm 1 Basis construction for L; penalties

Require: Fitted trend 3, order of penalty matrix (k),
graph Laplacian matrix (L)
if k is even then
C «+ L§B
Identify unique values of C, denoted c1, ..., ¢y.
fort=1,2,...,¢ do
Let ¢; be a vector with an entry of 1 whenever
a row of C is equal to ¢; and 0 otherwise.
end for
B+ (L)
else
C« LB
Identify A C {1,...n} corresponding to the non-
k+1
zero rows of C. Let B be (LT)% with only the
columns corresponding to A included.
end if

B+ [1 B]

[N

[T .. ]

desired. For instance, one can use an L penalty tuned
with graph cross-validation as an initial step, but then
manually adjust the basis via visual inspection or ex-
pert judgement. This contrasts with other methods
for post-selection inference on generalized lasso prob-
lems (Chen et al., 2022; Hyun et al., 2018) that are
only valid when the analyst commits to using an L,
penalty in a deterministic way.

Lemma 1. For a graph G and corresponding Lapla-
cian matriz L, let 8 be the solution of (1) with k € N
and D(B) == A HA(’“)BHI. Let B be the output of Al-

gorithm 1 using B, k, and L as inputs. Then B i
contained in the column span of B.
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Figure 4: Examples of confidence intervals (red)
constructed from Theorem 1 for two example runs.
Ground truth (blue) generated from piecewise con-
stant (left) or quadratic (right) bases.

After selecting a basis B € R™ using ng, solve for

4 := argmin <ZP - T)vai)> :
1

’YGR”I

where b; denotes the i-th row of B. Our estimate for 0
in this context is simply B#%. The target for inference
then becomes By where v := argmin, Dky,(FPs| Ps,),
is the projection parameter which minimizes the KL
distance between the true distribution and the work-
ing model. Inference can then be performed on this
parameter using sandwich estimators for variance, as
described in Theorem 4 of Leiner et al. (2023).

4.2 Inference with Nuisance Parameters

A key assumption that we relax is that the distribu-
tion of errors is known ezactly. In particular, Fact 1
requires knowledge of o2 for Gaussian data which is
unlikely in application. Instead of using Fact 1, we in-
stead work within the P2 regime defined in Remark 1
which weakens the requirement that Y9 1L Y9 and
only requires that the law of Y9™ Y9 is known. This
allows us to consider errors of the form ¢; ~ N(0,0?)
where o is unknown.

To this end, we construct Y9 = v + 27 by adding
user-generated noise Z ~ N (0 o2l ) for an arbitrary
choice of oy and let Y9" .= Y. After selecting a
basis using ngl, we base inference on the conditional
. . . sel T  gse (U') 2
distribution of Y|Y9™". Let 7 := YIi(lu) = %07 be
the proportion of the total Fisher information that is
allocated to the selection step. Then,

YY9' ~ N (,u(l ) +rY9 21— T)In) e

Given a selected basis B € R"*™ we define the tar-
get for inference as the projection of the structural
trend onto the chosen basis B(BT B)~'BT . In what
follows, we aim to construct confidence intervals that
cover any component j of this projection which we la-
bel Ty = e;‘-FB(BTB)_lBT,u for brevity. Since the
selection of a direction to project onto is based only
on Y9 we assume 1 = h(Yng), where h is some
unknown deterministic function of the data.

Under these assumptions, we can create a pivot to con-
struct confidence intervals using Proposition 1 below.

Proposition 1. AssumeY ~ N (u,021,) and Yo =
Y + Z where Z ~ N(0,02) is independent of Y. If
= h(ng) for some deterministic function h, then

Vi—71 (nTY — TnTYgSEZ
1

o [|nll, -7

sel
—nTu>Yg ~ N(0,1).

Furthermore, if 6 is a consistent estimator of o con-

ditional on Y9 and # := then

52
62+02 7

7Y 9" w
T | Y9 S N, 1).

-7

VI—7 (qTY -
& ||l 1

The challenge in using this pivot is to find a consistent
estimator for o. When the graph-fused lasso is used to
estimate p, Padilla (2024) provides a consistent esti-
mate of the error Variance under the assumption that

|l is bounded and [1a®w]l, — 0 . However, in the

more general case, empirical studies (Reid et al., 2016)
confirm that common estimators of variance are down-
ward biased in high-dimensional settings. In these
cases, we can still bound o2 between a conservative
estimate and anti-conservative estimate and then use
these bounds to construct a confidence interval.

Theorem 1. Assume we have access to Ghigh, Clow

: 2 A9 ~92 gsel _
such that lim,_,o P (a € [070w Oignl | Y ) = 1.
Also, define:
2 )
7A—l _ Ulow Th b= thgh
ow — 9 27 ]
low + 9% thgh + 0

. sel . sel
nTY — TlownTYg 77TY — T}”'gh’I]TYg

Ay = min{ . . }
1- Tlow ’ 1- Thigh ’
N sel ~ sel
4 'Y — f0un” Y9 0TY — Fpignn’ Y9
o = max{ - , - .
1- Tlow 1- Thigh

Then, an asymptotic 1 — o CI for n™ u is given by:

||77||2 Ohigh

\/ 1 — Thign

”n”zghmh Ay ts

\/ - Thzgh

Ci_a = |A] — 2,
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sumption that & is consistent.

Figure 5: CI length (left) and coverage (middle) for

linear trend filtering (kK = 1). Intervals designed using

Theorem 1 ensure adequate coverage, while naively constructed intervals undercover for target 1 — a = 0.9.
The conservatism of the intervals from Theorem 1 are driven by the difference between conservative and anti-

conservative estimates of o (right).

That is, limy, o P (nTu €01y | Yg“’) >1-a.

The price of not having consistent estimators of & is
that these CIs will have an irreducible length, even as
n — co. We quantify this gap explicitly in Corollary 1.

Corollary 1. Assume the conditions of Theorem 1
hold and ||, — 0 as n — 00, Glow > Tlow, Thigh —
Ohigh for some Opigh > 0, and oo < 0. Then, the
length of C1_, converges in probability to

n" (

The upshot of this result is that the CI length is re-
ducible by constructing more precise estimates of o.
In the case that the analyst manages to construct es-
timators that are indeed consistent, the CI length will
converge to 0, and the interval will cover at an approx-
imately 1 — « level instead of being conservative.

2 2 2 2
Ohigh — Olow . Ohigh — 9low
o2+ 03

2 2
Ohigh — Olow

2 2
99

g

In the worst case, we can select 62 := 0 and use the
sample variance as an overestimate, letting o7, =
5" (y; — §)?, which Tibshirani et al. (2018)
demonstrate is a provable overestimate under mild reg-
ularity conditions. However, the length of intervals
constructed using such loose bounds may be undesir-
ably wide. More intelligent estimates can be chosen us-
ing empirical studies such as Reid et al. (2016). For an
overestimate, estimators in the form of (2) where X is
chosen via graph crass-validation and a “one-standard
error rule” have a tendency to be conservative. For
an underestimate, first choose a basis through a lasso

penalty and graph cross-validation. An estimate of the
the variance using the residual standard error from an
OLS regression fit on the same data using this choice
of basis will be downward biased due to not adjusting
for the selection step. We leave rigorous guarantees
for estimators of this type an open line of inquiry.

4.3 Simulations

We construct synthetic datasets with a ground truth
mean g in exactly the same manner as Section 3. We
choose o( using the estimator defined in (2). After
creating G5! and Qi“f, G5! is further split into multi-
ple graphs to select A via graph cross-validation and a
one-standard error rule as described in Section 3. ClIs
are constructed using Theorem 1 (note examples for a
single trial with £k = 0 and k£ = 2 in Figure 4). For
comparison, we also consider the naive approach that
assumes o was estimated correctly using (2) and con-
structs G*°' and G using Fact 1 without adjustment.
Although confidence intervals are constructed under
the assumption of normally distributed errors, we also
investigate the effect of misspecified errors (drawn
from ¢, skewed normal, and Laplace distributions). We
repeat these experiments over 500 trials for £k = 1 and
report the results in Figure 5. Results demonstrate
that confidence intervals constructed from Theorem 1
have proper coverage and the high and low estima-
tors indeed bound the true o. Naive confidence in-
tervals constructed assuming consistent estimates of &
severely undercover. Additional results detailing con-
struction of confidence intervals for Poisson distributed
count data are contained in the Appendix.
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Figure 6: Confidence intervals around dropoffs (red means fewer and white means more than average) at each
intersection. Confidence intervals correctly cover the known ground truth signal occurring due to road closures.

5 APPLICATION

We conclude with a real-world application, building
on an example given in Wang et al. (2014) that uses
grand trend filtering to smooth a trend on the number
of taxi drop-offs occurring at different intersections in
Manhattan. The dataset was provided by Doraiswamy
et al. (2014), who obtained the dataset from the NYC
Taxicab and Limousine commission, and consists of
nodes representing junctions (intersection between two
streets) in Manhattan. Edges exist between two junc-
tions if they are connected by a road. In total, there
are 3874 nodes and 7070 edges in the dataset.

The dataset allows us to evaluate whether confidence
intervals constructed using graph trend filtering have
correct coverage because during certain time periods,
we have ground truth knowledge that certain roads
are blocked off entirely and the number of drop-offs
and pickups will be 0 at specific junctions. One such
event that we focus on is the Gay Pride parade, cor-
responding to a specific time period: 12:00-2:00pm on
June 26, 2011. The ground truth is taken from de-
scriptions in the news, which state that the Gay Pride
parade started at 36th St. and Fifth Ave. and ended
on Christopher St. in Greenwich Village.

A baseline seasonal average was constructed by averag-
ing drop-offs over this specific time period on the same
day of each week across the nearest eight weeks. The
measurement was then the difference in the amount
of drop-offs during this specific time period and the
seasonal average. We consider a given trend estimate

as correctly reflecting the ground truth if both the
lower and upper bound for the confidence intervals at
these intersections are highly negative, reflecting the
fact that there are significantly fewer drop-offs at these
junctions due to road closures. The results (Figure 6)
demonstrate that the ground truth is correctly covered
by confidence intervals constructed using Theorem 1.

6 CONCLUSION

We extend a set of techniques for splitting informa-
tion in non-i.i.d. datasets to the graph setting. We
also introduce graph cross-validation, which allows for
the creation of multiple folds of data with the same
graph structure to select hyperparameters in graph
learning problems. We apply this method to the prob-
lem of structural trend estimation on graphs, and in-
troduce new results which enables inference when vari-
ance need to be estimated in the Gaussian case. Em-
pirical studies show that hyperparameters chosen us-
ing graph cross-validation (nearly) minimize the risk
of the estimator, and confidence intervals constructed
using graph fission have correct coverage.

We note several open questions. For applications,
graph cross-validation can be used for other estima-
tion problems on graphs, such as hyperparameter tun-
ing for graph neural networks. On the theoretical side,
graph fission requires an assumption of correctly spec-
ified errors. Empirical results show the procedure is
nonetheless robust to modest levels of misspecification,
suggesting that asymptotic guarantees are possible.
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CHECKLIST

1. For all models and algorithms presented, check if

you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes/No/Not Applicable]

. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. |[Yes/No/Not Appli-
cable]

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable]

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable]

. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes/No/Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Yes/No/Not Applicable]

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data

providers/curators. [Yes/No/Not Applica-
ble]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research

with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Yes/No/ Not Appli-
cable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Yes/No/Not
Applicable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applica-
ble]
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Graph Fission and Cross-Validation:
Supplementary Materials

A DEFERRED PROOFS

A.1 Proof of Lemma 1

This follows from a result in Wang et al. (2014), which we recall here.

Lemma 2 (Lemma 1 from Wang et al. (2014)). Assume without a loss of generality that G is connected (otherwise

the results apply to each connected component of G). Let D, L be the oriented incidence matriz and Laplacian

matriz of G. For even k, let A C {1,...m}, and let G_4 denote the subgraph induced by removing the edges
indexed by A (i.e., removing edges eg, ¢ € A). Let Cy,...Cy be the connected components of G_ 4. Then

k

null (A(fj{l)) = span{1} + (L") ? span{lc,,...,1¢,}

where 1 = (1,...,1) € R”, and 1¢,,... 1o, € R™ are the indicator vectors over connected components. For odd
k, let AC{1,...n}. Then

null (A(ljl)) = span{l} + {(LT)k2+1 Viv_g = 0} .

Since the penalty term enforces sparsity in A® 3, we know that supp (A(k) B) = A for some active set A C
{1,...,m} which implies that B € null (Agﬁ,@) Working backwards, this implies that for even k

~ k
Lgﬁ eL: span{l} + L® (LT) *span{lc,,...,1¢.} =span{le,,...,1c,}.

So, the connected components can be identified by noting the unique values of Lgﬁ and seeing which nodes
share these values in common. For odd k, we have that

k+1

L5 B e L™ span{l} + L% (L)

k+1
2
=

kgl
where v contains 0 at the non-zero components (A). However, the term {(LT) 2 wiv_p= O} is equivalent
k+1

to removing the corresponding columns from (LT)T and requiring v € R4 instead of R™, leading to the
construction given in Algorithm 1.
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A.2 Proof of Proposition 1

We start by recalling that Y|f(Y) ~ N (u(1—7)+ f(Y)7,0%(1 — 7)I,)). By assumption 7 is a deterministic
function of f(Y). Therefore Y|n = 7, f(Y) is equal in distribution to Y|f(Y) for all /. Thus, we will treat
n as fixed conditional on f(Y). Standard properties of the multivariate normal give us that n?Y|f(Y) ~
N@Tp+Q=7m)n" f(Y),n"nu(l — 7)). We then rearrange terms to arrive at the pivot

T (Y i J)
olnl; \ 1+

-mmyﬂm~N@m

Finally, if & is consistent conditional on f(Y'), then so is 7 by the continuous mapping theorem. We can therefore
apply the continuous mapping theorem once again to conclude that

ﬁf%(ﬂY—ﬂFﬂw

& [|nll, 1-7

d
) 1£0) 4 N(0.)
A.3 Proof of Theorem 1

Let E1 = {Giow > 0} and Eg = {Gnigh < 0}, and E3 = {G1ow < 0} ({0 < Ghigh}. We then have that

lim P (B|f(Y)) = lim 1 —P(E1UE2|f<Y))

= lim 1P (E\f(Y)) —P(E2lf(Y))
=1.

We already know from Proposition 1 that

Y = fY) o olnll, oY =t S ol
1 — T 04/2 \/ﬁ7 1 —r a/2\/ﬁ

is a valid 1 — « confidence interval. Letting

o]

Cy = As + Za )2

Ay 2 Il i |mwmﬂ7

2 —, —
/ v/ 1 — Thigh v/1 — Thigh
n"Y " f(Y)

we note that f(r) = T is monotonic and continuous with respect to 7 € [0,1). If Giop <
0 < Ohigh, then Thigh < 7 < Tiow. We conclude by invoking the intermediate value theorem to see that
Y- f(Y)

1—7

Chigh > o
Inllyy/1=hign — InllavI=7
because T monotonically increases with o and is bounded in [0,1]. These two arguments taken together imply
that {nTp € CLL} N E3 C {nTu € Cly} N Es.

Therefore, lim,,_,o, P ({nT,u € CIQ}) = limp 00 P ({UT/L € CL} N Eg) > limy,—oo P ({nTu e CLi}N E3) =
limy, 00 P ({n" 1 € CI;}) = 1 — a, concluding the proof.

[A1, A2] whenever E3 holds. We also note dnigh > o implies that

A.4 Proof of Corollary 1

Inll2Gnigh

1—7high

The confidence interval length is given by [A; — Aa| + 2242 By assumption [|n|, — 0 so we only

have to concern ourselves with |A; — As|. We further have that 7oy B ow, Thigh LN Thigh, Olow LN Olow,
Ohigh EN Ohigh €ither by assumption or via the continuous mapping theorem. This implies that 4; — Ay will
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converge in distribution to a variable that we will label A with conditional distribution of

2 2 2 2 2 2
b Olow ~ Phigh Olow — %high  %low — high
Alf(Y)NN<77TM< 2 g>_77Tf(Y)< = 2 g)a

2 2
oh 0°+ 0§ o

2 2 2 2
g — Oy g — Oy.;
||,'7||2 0_2(1 - 7_) < low high ~ “low 5 h1gh> In> '

02+08 o

Because ||7]|, — 0, the conditional and unconditional variance of this variable will converge to 0 and the marginal
expectation will be equal to:

2 2 2 2 2 2
b P Olow ~ %high , %low — Zhigh  Plow — %high
E[A] ZE[E[AIf(Y)]} =77Tu< e S )
0 0

Taking everything together and then applying the continuous mapping theorem gives us the result that

2 2 2 2 2 2
of. . — O Oty — O ot . — O
P T high low high low high low
[A1 — Ao =57 p 2 2 2 2 :
g agg o° 4+ g

B ADDITIONAL EXPERIMENTAL RESULTS

B.1 Confidence Intervals for Poisson Data

We repeat the experiments in Section 4, but with Poisson distributed data. We note that because no unknown
parameters do not need to be estimated in this case, the methodology is more straightforward. Fact 1 can be
applied directly, and confidence intervals from standard software packages generally have correct coverage of the
structural trend. In particular, we use the decompositions defined in Example 2 to construct Gs and Giue. In
particular, the procedure then becomes:

1. Using only Gge, fit B as the solution to the optimization problem,

n

3= argmin © 3" (~yifs + exp(5)) + 161

peR™ T

2. The solutions will be sparse, so construct a basis B using Lemma 1 as before.

3. Fit a new trend 4 using any implementations of GLMs with B as the set of corresponding covariates. To
generate confidence intervals, we recommend using sandwich estimators of variance as described in Leiner
et al. (2023). For instance, those implemented in theCLUBSANDWICH package in R.

4. The confidence intervals will cover the projection parameter v := argmin, Dk (FPp||P p), where Py denotes
the Poisson distribution with parameter 6.

Experimental results are shown in Figure 7 and are broadly consistent with the case of unknown Gaussian errors.

B.2 Additional Simulations for Graph Cross Validation

We repeat the cross-validation experiments, but investigate how sensitive the methodology is to a misspecified
model for the error distribution. In particular, we experiment with three different choices for the error term:
Laplace, skew normal distribution with scale parameter equal to 1 and shape parameter equal to 5, and a t-
distribution with 5 degrees of freedom. In all cases, the error terms are also rescaled to have 0 mean and unit
variance. Results are shown for £ = 0 in Figure 8 and £ = 1 in Figure 9. We note the trends are nearly identical
across all permutations.
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Figure 7: CI length and coverage (against target 1 — o = 0.8) as magnitude of underlying trend 6 increases
for Poisson-distributed data with k& = 0 (solid) and & = 1 (dashed) graph penalties. The procedure guarantees
correct coverage empirically, with confidence intervals increasing with larger 6.
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Figure 8: Degrees of freedom and error when constructing B using piecewise constant trend filtering (k = 0) with
graph cross-validation. Results are shown across possibly different choices for misspecification of the errors. We
note that results are nearly identical across all of these permutations. This suggests that the procedure is robust
to moderate levels of misspecification, and a Central Limit Theorem may apply in this case.
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Figure 9: Same view as Figure 8, but for linear trend filtering with £ = 1. We again see similar behaviors across
all error types. The spread between quantitative results across distributions is relatively larger than the case
where k = 0, though interestingly misspecified errors lead to lower risk when using cross-validation. This is an
interesting area for future investigation.



