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Abstract

A deep generative model yields an implicit es-
timator for the unknown distribution or den-
sity function of the observation. This paper
investigates some statistical properties of the
implicit density estimator pursued by VAE-
type methods from a nonparametric density
estimation framework. More specifically, we
obtain convergence rates of the VAE-type
density estimator under the assumption that
the underlying true density function belongs
to a locally Holder class. Remarkably, a
near minimax optimal rate with respect to
the Hellinger metric can be achieved by the
simplest network architecture, a shallow gen-
erative model with a one-dimensional latent
variable.

1 INTRODUCTION

Suppose we have observations Xj,...,X,, that are
i.i.d. copies of a d-dimensional random vector X fol-
lowing the distribution Py, with the density function
po- Developing nonparametric estimators for pg has
been a crucial task in unsupervised learning, and var-
ious methods and related theories are available in the
literature (Hastie et alJ 2009; [Tsybakov, [2008; |Giné
and Nickl, 2016). In recent years, deep generative
models have shown remarkable success in modeling
high-dimensional data, such as images and videos. Al-
though classical density estimation methods provide
direct estimators for pg, deep generative model ap-
proaches can be seen as indirect estimation methods
for pg because they only generate samples from the
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estimated distributions. Despite indirect estimation
methods, deep generative models are very useful in
many applications, including image and language gen-
eration problems.

In our view, popularly used deep generative mod-
els can be categorized into two approaches based on
their data-generating procedures. The first approach
involves constructing an estimator g for a function
g : R% — R? commonly referred to as the gener-
ator. Then, a sample Z is drawn from a known dg-
dimensional distribution such as the standard normal
or uniform, and g(Z) is treated as a sample from the
estimated distribution. Thus, the distribution (or den-
sity) of g(Z) serves as an indirect estimator for P
(or po). Variational autoencoders (VAE) (Kingma and
Welling, 2014; |Rezende et al., [2014), normalizing flows
(NF) (Dinh et al.,|2015; Rezende and Mohamed, [2015))
and generative adversarial networks (GAN) (Goodfel-
low et all [2014; |Arjovsky et al., 2017; [Mroueh et al.|
2018; |Li et all |2017) are important examples.

The second approach involves estimating the score
function, which is the gradient of the log density.
Once an estimator of the score function is obtained,
one can generate samples using score-based Markov
chain Monte Carlo algorithms such as Hamiltonian
and Langevin Monte Carlo (Neal, 2011). Hence, the
limit distribution of the Markov chain can be under-
stood as an indirect estimator of P;. The idea of
score function estimation was originally suggested in
Hyvéarinen (2005) and further developed in [Vincent
(2011)); Song and Ermon| (2019); [Song et al.| (2020).
The score function estimation problem is closely re-
lated to the denoising diffusion model (Sohl-Dickstein
et al [2015; Ho et al., [2020), and it has achieved state-
of-the-art performance in many applications (Song
et al., [2021).

Despite the tremendous success of deep genera-
tive models, their theoretical understanding remains
largely unexplored. This paper focuses on studying
the statistical theory for some generative model ap-
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proaches. Specifically, we investigate the convergence
rate of an implicit density estimator from a generative
model. This estimator is the target estimator pur-
sued by VAE approaches. Although it is empirically
known in the literature that NF, GAN and score-based
methods tend to outperform VAE, it deserves to study
convergence rates of VAE type estimators because the-
oretical study provides a lot of valuable insights.

Under the assumption that the true density py belongs
to a locally B-Holder class, we prove that the estima-
tor achieves the minimax optimal rate n—?/(4+28) yp
to a logarithmic factor with respect to the Hellinger
metric. Remarkably, we show that the optimal rate
can be achieved by the simplest ReLU (Glorot et al.|
2011) network architecture consisting of a shallow net-
work with a one-dimensional latent variable. Thus,
even simple generative models can lead to optimal den-
sity estimators. The proof of the main theorem re-
lies on the well-known result from the nonparametric
Bayesian literature that a smooth density with a suit-
ably decaying tail can efficiently be approximated by
a finite mixture of normal distributions (Ghosal and
van der Vaart, [2001, [2007; [Kruijer et al.| 2010} |Shen
et al. 2013). The key is to find a tight upper bound
for the number of support points of the mixing mea-
sure, which depends on the dimension and smoothness
of the density. We also provide an alternative proof
under additional assumptions, which offers important
insights and suggests an extension to structured den-
sity estimation. This proof relies on the existence of a
sufficiently regular generator for which Caffarelli’s reg-
ularity theory of optimal transport (Caffarelli, |1990;
Villani|, 2008) provides sufficient conditions.

There are several articles that investigate the conver-
gence rates of implicit density estimators from deep
generative models, with a focus on GAN-based ap-
proaches. [Liang| (2021) and [Singh et al.| (2018) proved
that a GAN-type estimator achieves the minimax opti-
mal rate with respect to the Sobolev integral probabil-
ity metric (IPM) (Miiller,|1997). The generalization to
Besov IPMs can be found in [Uppal et al.| (2019). Be-
lomestny et al.| (2021) considered a vanilla GAN and
obtained minimax optimal rates with respect to the
Jensen—Shannon divergence. Note that all these re-
sults guarantee the optimal rate with respect to the
total variation distance for sufficiently regular py. We
would also like to mention earlier works [Pati et al.
(2011) and [Kundu and Dunson| (2014)). Rather than
parametrizing generators by neural networks, they
considered Gaussian process priors and obtained op-
timal posterior convergence rates. Recently, diffusion
models have also been considered in the context of
implicit density estimation, and |Oko et al.| (2023) ob-
tained the minimax optimal rates with respect to the

total variation and Wasserstein distances.

Statistical theories for deep generative models beyond
the nonparametric density estimation framework are
also available in the literature, allowing for the possi-
bility that Py is singular with respect to the Lebesgue
measure. In this case, the parameter of interest is a
distribution rather than a density. Various metrics
have been considered to evaluate the performance of
estimation, including the Sinkhorn divergence (Luise
et al.l 2020), Wasserstein metric (Chae et al., [2023;
Chae, 2022)) and general IPMs (Schreuder et al.| 2021}
Huang et al.| 2021} Tang and Yang,2023,[2024). These
papers employ low-dimensional structures to explain
how deep generative models can overcome the curse
of dimensionality. For example, |Chae et al,| (2023)
and |Chae| (2022)) considered a composite structure on
the generator, while |Tang and Yang] (2023)) assumed a
manifold structure on the support of Py and derived
the minimax optimal rate.

The VAE-type estimator studied in this paper is ana-
lyzed in (Chae et al. (2023]) under the assumption that
P, is concentrated around a low-dimensional structure.
Although the rate in|Chae et al.| (2023)) is not optimal,
it is not significantly slower than the optimal rate, as
discussed in |Chae| (2022)). In contrast, the result in
this paper guarantees that a VAE-type estimator is
(nearly) optimal when Py has a smooth density. Com-
bining these two results shows that, with carefully cho-
sen network architectures, a VAE-type estimator can
achieve a fast convergence rate regardless of the sin-
gularity of Py. This highlights the adaptive nature
of deep generative models to the structure of the un-
known distribution.

The remainder of this paper is organized as follows.
In the following subsection, we provide notations and
definitions. Section [2]introduces basic set-up and deep
generative models. The main results concerning the
convergence rate of VAE-type estimators are given in
Section [3] An alternative proof and extensions to the
structured density estimation are given in Section []
Numerical results with a toy example and concluding
remarks follow in Section[5]and[6] respectively. Techni-
cal proofs are provided in the supplementary material.

1.1 Notations and Definitions

A boldface is used to denote vectors. For x € R? and
1 <p < o0, let ||x||, be the £y-norm of x. For aset A C
R?% and a vector-valued function g = (g1, ...,ga,)7T :
A — R% | let

ds 1/1)
lgll, = (/AZ gi(z)|sz> for p € [1,00),
i=1
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and gl = sup,camax(|gi(z)l,...,[ga,(z)[). Let
@04 be the density function of the multivariate nor-
mal distribution N'(04,0%l,), where 04 and I are d-
dimensional zero vector and identity matrix, respec-
tively. For simplicity, we often denote ¢, 4 as ¢, when
the dimension is obvious from the contexts. Let ¢, * P
be the convolution of P and N(04,0°1,), that is,

(¢U*P /¢UX_ dp()

The Dirac measure at x is denoted as 0x(-). For two
probability density functions p and ¢, the Kullback—
Leibler (KL) divergence and Hellinger metric are de-
noted as

K(p,q) = /p(x) log <Iq)83> dx and

dir(p.q) = ( [ {vta - q(x)}de)l/Q,

respectively. For a (pseudo-)metric space (P, p) and
§ >0, let N(6,P,p) and Npj(d,P,p) be the covering
and bracketing numbers with respect to p, respectively.
We refer to van der Vaart and Wellner| (1996)) for de-
tails about these definitions. The notation a < b im-
plies that a is less than or equal to Cb, where C' is
some constant that is not important in the given con-
text. Similarly, a < b indicates that a < b and b < a.
Finally, the notation C' = C(Ay,..., A;) means that
the constant C' depends solely on Ay, ..., Ag.

2 A LIKELIHOOD APPROACH TO
DEEP GENERATIVE MODELS

This section presents a likelihood approach for deep
generative models commonly used in practice. As pre-
viously mentioned, this method involves an estimator
employed by VAE-type methods, which will henceforth
be referred to as a VAE-type estimator.

Our goal is to construct an estimator g of the generator
g : R% — R? 5o that the distribution of g(Z) serves
as an estimator of Py, where Z is a dp-dimensional
random vector following a known distribution. In par-
ticular, we aim to model g using neural networks.
Throughout this paper, we assume that Z is a stan-
dard uniform variable on [0,1]%. While likelihood-
based approaches are a natural choice for construct-
ing an estimator g, deriving the likelihood for g(Z)
is difficult, and even the density of g(Z) may not ex-
ist. Flow-based methods directly utilize the density
of g(Z), but this approach can limit the flexibility in
designing network architectures.

To overcome this difficulty, a VAE-type method em-
ploys an additional random vector and model X as

X = g(Z) + €. Here, € is independent of Z and follows
the normal distribution N'(04,%I4). Then, X always
allows the Lebesgue density

peat) = [ oo(x-gl@)dz ()
[0,1]%0

provided that o > 0. Hence, one can obtain a max-
imum likelihood estimator by maximizing the log-
likelihood function (g,0) — Y., logpg - (X;) over
G X [0min, Omax), Where G is a class of functions from
[0,1]% to R? and 0 < opin < Omax < 00. Formally,
for a class P of probability density functions and a se-
quence (7,,) of nonnegative real numbers, an estimator
p € P is called an 7),-sieve MLE over P if

*Zlogp

Note that P, often called a sieve (Geman and Hwang}
1982)), is allowed to depend on the sample size, and 7,
can be understood as the optimization error. When
P consists of densities of the form with g
parametrized by deep neural networks, several algo-
rithms approximating a sieve MLE have been sug-
gested in the literature (Kingma and Welling), [2014;
Rezende et al., |2014; [Burda et al., 2016} [Dieng and
Paisleyl |2019; Kim et al.| [2020)).

) > sup — ZIng i) = -
peP T

To be more specific, for a positive integer m and a
vector b = (by,...,b,)Y € R™, let pp(-) : R™ — R™
be the ReLU activation function defined as
T
Pb (X) = bma 0})

for x = (z1,...,2,)T. For L € N, F;,M > 0 and
d = (do,...,dL+1) S NL+2 with dL+1 = d, let G =
G(L, F,d, M) be the class of functions g : [0, 1] — R4
of the form

g(z) =Wrpp, -

with W; € RdHlei, b; € Rdi,

(max{zi — b1,0},...,

max{x, —

WlprWOZ
Igllc < F'and

<

s (max (Wil i)} < M,

where by = 04, and ||W;]|« is the entrywise maximum
norm.

In Section [3] we analyze the convergence rate of an
Nn-sieve MLE over

P = {Pgo 1 8 € G(L,F,d, M),0 € [0min, Oma] }

with L = 1 and d = (1,d;,d). That is, the dimen-
sion of the latent variable Z is 1, and the generator
is parametrized by a shallow network with d; hidden
units. Note that parameters such as (F,dy, M, omin)
are allowed to depend on the sample size.
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3 MAIN RESULTS

This section presents the main results of the paper.
We first outline the assumptions on the true density pg.
Specifically, we will assume that pg belongs to a locally
Holder class with a suitably decaying tail. This class
of density functions has been studied in [Shen et al.
(2013)) to analyze the convergence rate of the posterior
distribution in a Dirichlet process mixture model. A
slight improvement has been made in Chapter 9 of
Ghosal and van der Vaart| (2017).

3.1 Assumptions on True Density Function

For a multi-index k = (ki,...,ka)T € (Zx0),
denote D¥ the mixed partial derivative operator
% Joxtr - 9z where k. = Z?Zl k;. For any 8 >
0,79 > 0 and non-negative function L : R — R, let
CALT0(A) be the class of every real-valued function
f on A C R? such that sup,c, |[D¥f(x)| < oo for
k. <|B], and

(D*F)(x +y) — (D*f)(x)] < L(x)e™WIE||y) =17

for k. = |fl,x € Aand y € {z: x+ 2z € A}, where
| 3] denotes the largest integer strictly smaller than S.

We will assume that pg € C*L70(R9) for some 3, 7o
and L. We also make the following two technical as-
sumptions on the tail of pg.

(Tail 1) For any k € (Zx0)? with k. < |3],

(00Y", (Dm0 F]

po(X) po(X)

where E denotes the expectation with respect to Fp.

(Tail 2) There exist 71, 72,73 > 0 such that po(x) <
71 exp(—T7o||x||7?) for all x € RZ.

The above assumptions, in particular the tail assump-
tions, are satisfied by a large class of densities. For ex-
ample, suppose that pg is the d-dimensional standard
normal density. Then, for any k € (Z>0)?, we have
D¥po(x) < (1 4 ||x/|l1)*po(x) because the standard

normal density ¢ satisfies ¢'(z) = —x¢(x). Therefore,
|(D*po) (x +y) — (D*po) (x)]

1
s [ V(kao)(x+tY)dt‘
0

Syl sup [0+ -+ )" oG+ 1)
tefo,1

2 2
Iyliz — _lixll5

Sy ll2(1+ (Il + [y [l)* ez 720w

for every a > 0, where the last inequality holds be-
cause [|)x + tyl|3 > [Ix|[3/(1 + ) — |ly[|3/c for all ¢ €
[0, 1]. Hence, for any 8 > 0, if we take & = 1/2, 79 > 1
and L(x) = c(||x||%m+1 +1)e~xl3/3 for a large enough
constant ¢ = ¢(,d, 1), then py € C#L70(R?) and
two tail conditions are satisfied with 7 = (27)~%2,
T2 — 1/2 and T3 — 2.

As another example, suppose that pg is the d-fold
product density of the Laplace distribution, that is,
po(x) = 2= %e~II¥ll1, Simple calculation yields that

Ipo(x +y) — po(x)| = 9—de=lIxll |1 — g=lxtylli+lixl
< 27d||y||167”x”1

for x,y € R? where the inequality holds because
1—e® < gforal z e R Since |yli < Vd|yl2,
po belongs to CHEO0(RY) with L(x) = vd2-de~ Il
Furthermore, two tail conditions are satisfied with
71 =279 175 =1and 73 = 1 because ||x||o < ||x]|1.

3.2 Convergence Rate of a Sieve MLE

Under the assumptions stated in Section it has
been proven in |Shen et al| (2013)) (and Chapter 9 of
Ghosal and van der Vaart| (2017))) that the posterior
distribution, which is based on the Dirichlet location
mixture of normal prior with a Gaussian base measure
and an inverse Wishart prior on the covariance matrix
parameter, contracts to pg with a minimax rate up to a
logarithmic factor. An important technique used is to
approximate pg by a finite mixture of normal distribu-
tions. The following lemma summarizes the result, and
its proof can be easily derived from Lemmas 9.11 and
9.12 of |Ghosal and van der Vaart| (2017). Hereafter,
C = C(all) means that C' is a constant depending only
ond, 3, L and 7;’s.

Lemma 3.1. For any density function py €
CHLmo(RY)  satisfying assumptions (Tail 1) and
(Tail 2), and small enough o > 0, there
exists a discrete probability measure H(:) =
Eﬁil w0 () supported within a compact set E, =
[—C{log(1/0)}™,C{log(1/c)}™]¢ such that

A (po, &0 + H) < 0 {log(1/0)}""
and N < o~ Hlog(1/0)}+4 where C = C(all).

The approximation error improves as the smoothness
of the density py increases, according to Lemma [3.1
This lemma has been used in|Shen et al.[(2013) to con-
struct a sieve with metric entropy suitably bounded.
We utilize it to approximate py by a density of the
form with g a shallow ReLU network. Theorem
31 below is our main result.
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Theorem 3.1. Suppose that py € C5L70(R?) and as-
sumptions (Tail 1) and (Tail 2) are satisfied. Then,
there exists a constant Coy = 50(2111) such that for ev-
ery constant C > 50, an Ny -sieve MLE p over

P = {Pgo 18 € G(L F.d, M),0 € [0min, mas] }
with d = (1,dy,d), omin =n~ Y@+ g =1 and

F = é(logn)"'s , dy = Lénﬁ (logn)'r;guu»dJ7

~ 2842d43

M = Cn 25+

satisfies
Py (dH(po,ﬁ) > en) < 5exp (fAnei) +n " tlogn

for every n > 51, where 51 = él(all, 5’), 52 =
Co(all, C), n, = €2 /48,

~ B 273d+273+2d+1
€n, = Con™ 25%4 (logn) 2

and A > 0 is an absolute constant.

The statement of Theorem [3.1] has strong restrictions
on the model parameters due to our attempt to mini-
mize unimportant constants. However, it can be in-
ferred from the proof that the parameters can be
chosen more flexibly. For instance, one can choose
Omin = 1~ for a constant ¢; > 1/(26+d), Omax = C2
for a constant cg > 1, F = n® for a constant ¢z > 0,
and M = n® for a constant ¢4 > (26+2d+3)/(28+d).
The key is to control the order of dy, which determines
the approximation and estimation errors for the den-
sity estimation.

The proof of Theorem [3.] involves several technical
details and is provided in the supplementary material.
Here, we provide an overview of the key ideas behind
the proof. For convenience, we use the informal nota-
tion a Sieg b to indicate that a is less than or equal to b
up to a poly-logarithmic factor, such as logn, |loga|?,
and |loge,|™. Similarly, we use the notation =i.

To establish a convergence rate for the sieve MLE
over the class P, we rely on the general theory devel-
oped in Wong and Shen| (1995)), specifically Theorem
4. In essence, Theorem 4 states that a sieve MLE can
achieve a suitable convergence rate if the KL diver-
gence between the true density py and the class P is
small enough and the bracket entropy of P is suitably
bounded. More specifically, if

inf K(po,p) Siog ei and
peP (3.1)
log Nyj(€n, P,dr) Siog ne2,

then a sieve MLE over P attains a convergence rate
of €, with respect to the Hellinger metric. Note that

each inequality is used to bound the approximation
and estimation errors. Since K(po,p) <iog d%;(Po,p)
under a mild integrability condition (see Theorem 5 of
Wong and Shenl (1995) and Lemma B.2 of |Ghosal and
van der Vaart| (2017)), the first inequality in can
be replaced by infpcp di(po, p) Siog €n-

If we take o < n~ 1/ 28+ in Lemma we have
dH (pOa ¢o * H) Slog €n and N S,]og TLE?L,

where H(-) = Zf\il w M (+) is the discrete measure
in Lemma, [3.1l Therefore, it suffices to show that the
density function ¢, * H can be approximated by the
class P of shallow ReLU network functions, with an
approximation error of €, with respect to the Hellinger
metric and bracket entropy of ne2. For this purpose,
we construct a ReLU network function g : [0, 1] — R¢
so that the distribution of g(Z) is sufficiently close to
the discrete measure H, where Z is a standard uniform
random variable.

The main_idea of constructing such a g is illustrated
in Figure We first define g(z) = vazl x(M1; (2) for
consecutive intervals Jy, ..., Jy that partition the unit
interval [0, 1], where u(J;) = w®, and u denotes the
Lebesgue measure. It is easy to see that H equals the
distribution of g(Z). Next, we approximate each sum-
mand x(¥1,(-), which is a constant function on the
interval J;, with a piecewise linear function, or equiva-
lently, a shallow ReLU network. Since g is the sum of
N indicator functions, the number of hidden units re-
quired for the shallow ReLLU approximation is of order
O(N). Therefore, by defining P as in Theorem (3.1} we
can achieve the first inequality of . Since the num-
ber d; of hidden units is of order O(N) Sjog O(ne2),
the log of the €,-covering number of the shallow net-
work class G(1, F,d, M) with respect to the uniform
norm || - ||« is also of order O(N) up to a logarith-
mic factor. This leads to the bracket entropy bound
in , completing the proof of Theorem (3.1

It is worth noting that while Theorem is limited to
the ReLU activation function, other choices of activa-
tion functions are possible. From the previous sketch
of the proof, we can see that the primary role of neu-
ral networks is to approximate the indicator function
15,(-). As ReLU networks are piecewise linear, they
can easily approximate 1, (-) as in Figure [I}(b). Al-
though not as straightforward as the ReLU activa-
tion function, it is possible for other activation func-
tions to approximate 1, (-). In particular, Lemma 4 of
Imaizumi and Fukumizu (2022) shows that commonly
used activation functions such as Sigmoid, LeakyReLU
(Maas et al., |2013]), SoftPlus (Dugas et al. [2000), and
Swish (Ramachandran et al., |2017)) can also approxi-
mate 1;,(-) well. Thus, these activation functions can
replace the ReLU in Theorem [3.1]
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(a) ¢o * H = pg , for some g
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(b) Approximation of g by a ReL.U network g

Figure 1: (a) A finite mixture ¢, x H can be represented as Pz, for some function g : [0,1] — R%. (b) If g is a
sum of N indicator functions, it can be approximated by a shallow ReLU network function with O(N) units.

An important implication of Theorem is that the
minimax optimal rate for nonparametric density esti-
mation can be achieved by the simplest network ar-
chitecture. While some mathematical properties of
shallow networks have been studied in the literature,
most of them focus on the approximation properties
of network functions. It is well-known that shallow
networks have universal approximation capability (Cy-
benko, [1989). Furthermore, Mhaskar| (1996) obtained
nearly optimal numbers of hidden units to approx-
imate a smooth function with the sigmoidal activa-
tion function. Although Mhaskar| (1996)) did not con-
sider a statistical problem, the approximation theory
might lead to optimal convergence rates for statistical
problems, such as nonparametric regression. Recently,
Yang and Zhou| (2023]) proved that shallow networks
with ReLU activation function can lead to an optimal
rate in nonparametric regression. To the best of our
knowledge, the mathematical and statistical proper-
ties of shallow generative models, particularly those
with a one-dimensional latent variable, have not been
studied in the literature.

4 AN ALTERNATIVE PROOF AND
STRUCTURED DENSITY
ESTIMATION

In this section, we present an alternative approach
to obtain the convergence rate in Theorem using
deep generative models rather than shallow networks.
While this alternative approach requires additional as-
sumptions, it sheds light on potential extensions to

structured density estimation and provides valuable
insights. Moreover, our investigation has revealed a
potential limitation of VAE-type estimators for struc-
tured density estimation.

In addition to the [S-regularity of py, we assume the
existence of a (8 + 1)-regular function go : Z — R¢
such that P is the distribution of go(Z), where Z fol-
lows a known distribution supported on Z € R%. The
regularity theory of optimal transport by |Caffarelli
(1990) provides a sufficient condition for the existence
of (8+1)-regular go under the assumption that pg is 8-
regular. See Theorem 12.50 of |Villani (2008) for a gen-
eral and rigorous statement, and |Cordero-Erausquin
and Figalli (2019)) for state-of-the-art results. These
statements involve several intricate notions from the
Monge-Ampere equation, so we also refer to Lemma
10 of |Chae et al.| (2023) for readers who are not fa-
miliar with these notions. Note that the existence of
a (B + 1)-regular gy has been assumed in [Belomestny
et al.| (2021) to prove that the vanilla GAN achieves
the minimax rate n~?/(2f+d) for nonparametric den-
sity estimation.

For 7 > 0, the global Holder class CP(4;7) is de-
fined as the class of function f € C*70(A) satisfying
Supyea |D*f(x)| < 7 for k. < |B]. For a vector valued
function, we denote f € C?(A;7) if each component of
f belongs to C?(A; 7). Now, we specify additional as-
sumptions used for the alternative approach.

(Support) There exists a constant 74 > 0 such that
{x:po(x) >0} C [~74, 4]
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(Generator) There exists a constant 75 > 1 such
that Py is the distribution of go(Z) for some gy €
CP*1([0,1]% 75), where Z is a uniform random vector
on [0,1]4.

We will also assume that § < 2 for technical reasons
described below. Although it is unclear whether it
is possible to achieve the minimax rate to the case
B > 2, the case 8 < 2 is sufficient to discuss the bene-
fit of the alternative approach and structured density
estimation. Under these additional assumptions, we
consider a sieve MLE p over P = {pg. : 8 € G},
where G = G(L, F,d, M, s), the set of functions g €
G(L, F,d, M) with the number of nonzero network pa-
rameters bounded by s.

Theorem 4.1. Suppose that py € CPL (R with
B8 <2 and assumptions (Tail 1), (Support) and (Gen-
erator) are satisfied. Then, there exists a constant
Co = 50(d, B, T4, T5) such that for every constant C >

Cy, an n,-sieve MLE p over

7) = {pg#f ‘g € g(L7FadaMa S),O’ S [Uminyo'max]}

with d = (ddy,...,dy,d) € NL+2

n~Y/@B+d) 5 =1 and

» Omin =

L=|Clogn|, F=C, dy = Lg‘nﬁL
M=1, s:énﬁ logn,

satisfies
Py (dH(p(),ﬁ) > En> < bexp (—Anei) + n_l

for every n > Ci, where C; = él(all, 5), Cy =
02(3113 C)) n = 6%/487

~ 8
€, = Con™ 28+d logn
and A > 0 is an absolute constant.

Theorem is a special case of Theorem Here,
we only provide an overview of the key ideas behind
the proof. By the well-known approximation prop-
erty of deep neural networks (Schmidt-Hieber, 2020;
Ohn and Kiml, [2019; [Yarotskyl, 2017} | Telgarskyi, 2016)),
there exists a network function g € G such that
g0 — glloo Stog s~ PHD/4. Combining this with a
convolution approximation dg (po, ¢s * Po) < o (see
Lemma and Chapter 4 of |Giné and Nickl| (2016)
and Lemma in the supplementary materials leads
to an approximation error bound

8_(ﬁ+1)/d

inf d <iog 07
peP H(p07p) ~log + =

The d-entropy of G with respect to the uniform met-
ric is of order O(slog(1/0)) up to a logarithmic fac-
tor, which provides a similar bound on the bracket-
ing entropy of P. By choosing s <jog n¥/ (24 and
o = n~1/(28+d) the general approach of [Wong and
Shen)| (1995), see also (3.1)), leads to the Hellinger con-
vergence rate of €, Xjog n A/ (2A+d),

Note that dg(po, do * Po) < 0 does not hold for g >
2. For an extension to 8 > 2, more technical details
should be involved as in [Kruijer et al.| (2010]) and [Shen
et al.| (2013)). We leave this as future work.

Although the alternative approach requires additional
assumptions, it can be used to develop a statistical the-
ory that explains the benefits of deep generative mod-
els compared to shallow ones. Specifically, we consider
structured density estimation, where the structure of a
density is imposed through the generator. We assume
that in addition to the regularity assumptions on pg
and g, go has a composite structure of the form

gothth—lo"'ohlohO

with hz = (hila ceey h,wH_l)T [ai, bl}vl —
[@it1,big1]"+*. Here, vg = vg41 = d and ¢; is the max-
imal number of variables on which each component of
h; depends. For any ¢ € Z>o,v = (vo, .. .,qu)T S
NIF2 ¢ = (tg,...,t,)T € NI*L 3 = (By,...,B,)T €
(Rs0)? ! and 7 > 0, let F(q,v,t, 3, K) be the class of
every real-valued functions of the form satisfying
hij € CP([a;,b;]t; 7) and max(|a;|, |b;]) < 7. Let

(4.1)

. t;
1, = argmax —,
1€{0,...,q} Pi

ﬁ* = 51‘* and t* = ti*.

Then, the assumption can be represented as follows.

(Structured generator) Py is the distribution of gy(Z)
for some gy € F(q,v,t,3,76), with min; 5; > 1, where
Z is a uniform random vector on [0, 1]<.

This composite structure has been previously studied
in the context of nonparametric regression by |Schmidt-
Hieber| (2020) and Bauer and Kohler| (2019) to ex-
plain the benefits of deep neural networks. In the
context of deep generative models, |Chae et al.| (2023)
and [Chae (2022)) have used this structure to impose a
low-dimensional structure on singular distribution es-
timation problems.

Similarly, we consider this composite structure on the
generator for nonparametric structured density esti-
mation. The general approach of [Wong and Shen
(1995) can still be used to obtain a convergence rate.

Theorem 4.2. Suppose that py € C5170(R?) and as-
sumptions (Tail 1), (Support) and (Structured gener-
ator) are satisfied. Let 8 = min(S3,2). Then, there
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exists a constant Co = 5’0(6774, q,v,t,3,7) such that
for every constant C > Cy, an n,-sieve MLE p over

P = {p870' ‘ge g(LvFadan 3)70— € [Uminaamax]}

with d = (d,dy,...,d;,d) € NL+2
B

n t@ED+288. g =1 and

; Omin

~ ~ ~ (Bt
L= LClognJ, F=C, d = LCn2B6*+t*(6+1)J’
tx (B+1)

M=1, s= 6’n256*+t*(§+1) (log n)’

satisfies
Py (dn(po,5) > en) < 5exp (—Ane2) +n”?

for every n > Cy, where Cy = 5’1(all,q,v,t,ﬂ,6~'),
02 = CQ(&H, q7vataﬂ7 0)7 T = 6127,/487
~  ___ BBs
€n = an 2BBx+tx(B+1) (1og n)
and A > 0 is an absolute constant.

Note that Theorem is a special case of Theorem
A2 with ¢ = 0,t, = d, B = B+ 1 and 75 = 6.
Roughly speaking, a class G of deep neural networks
with s nonzero parameters can approximate gy with
an approximation error of s~#+/t+. Also, the §-bracket
entropy of P = {pg.- : & € G} can be bounded by
slog(1/0) up to a logarithmic factor on o. Hence, the
general approach leads to the convergence rate €, <iog

0P + s=B+/t o 1+ \/s/n. By taking

ty (B+1)

— P __Bx
§ X ntx+B+D+288«  and o X s t(BFD

we obtain the Hellinger rate of
_ BB
€n log N 28Bx+tx (B+1)

Note that the rate depends on the dimension only
through t¢,, which might be much smaller than d. Ad-
ditionally, it depends on both 8 and ., where 8 rep-
resents the smoothness of pg and B, is the smoothness
of the worst component functions of gj.

The structured density estimation described above has
not been studied in the literature; thus, the minimax
optimal rate is unknown. It is worth noting that since
we only need to estimate the generator gg, it seems
undesirable for the convergence rate to depend on £,
the smoothness of py. However, with a VAE-type esti-
mator considered in the present paper, the dependence
on [ appears to be inevitable due to the convolution
approximation error dg (po, ¢o * Po) < 0. The NF ap-
proach could be a promising alternative for obtaining
the optimal rate because it directly utilizes the density
of g(Z). It is empirically known that NF outperforms
VAE in many applications; therefore, in the future,
it will be worth studying the convergence rate of NF

approaches in structured density estimation

5 NUMERICAL EXPERIMENTS

In this section, we conduct small numerical experi-
ments to assess the actual performance of a shallow
generative model with a one-dimensional latent vari-
able. Data are generated from a two-component Gaus-
sian mixture with d = 2. More specifically, the true
density is defined as pg(-) = 0.5¢(- — m) + 0.5¢(- + m)
with m = (1.3,1.3)T. We consider a shallow ReLU
network function gy parameterized by 6 with 50 hid-
den units. Since the likelihood function pg, , of the
form is computationally intractable, we approx-
imate it using two approaches, Monte Carlo integra-
tion and auto-encoding variational Bayes (AEVB) al-
gorithm (Kingma and Welling, 2014; Rezende et al.|
2014).

For the Monte Carlo method, the log-likelihood is ap-
proximated as

Laic(0,0;%) = log (;L Z%(X - ge(%))) ;

where Z1,...,Z,, are standard uniform random vari-
ables. Then, one can obtain an implicit estimator p
by maximizing 7, Lac(, o; X;), which will be re-
ferred to as VAE-MC.

Alternatively, one can maximize a lower bound of
the log-likelihood using variational methods (Jordan
et all [1999). Define the variational density z +—
qy(2]x) as the density of NV (puy (x), 07, (x)), where piy(-)
and 2logoy(-) are parameterized by neural networks,
specifically as shallow ReLLU networks with 50 hidden
units for the experiments. For each iteration, define

T . _ pe,U(XiﬂZi))
Lagvs,i(0,0,9;X;) 10g( w(ZIX) )
where Z; is a sample from gy (-|X;), poo(x,2) =
do(x — go(P(2)))d(z) and @ is the cumulative dis-
tribution function of the standard Gaussian distri-
bution. Then, one can obtain p by maximizing
Dy ﬁAEVB’i(& o,1;X;), which will be referred to as
VAE-AEVB.

Both ﬁMC and L AEVB are maximized using the Adam
optimization algorithm (Kingma and Bal [2015) with
a mini-batch of size 20. The learning rate is fixed at
2x 104 for 1000 epochs and m = 10° is used for ﬁMC.

To evaluate the estimation performance, the squared
Hellinger distance d% (p, po) is computed for VAE-MC,
VAE-AEVB and the Gaussian kernel density estima-
tor (KDE). Silvermann’s method is used to estimate
the bandwidth parameter in KDE, implemented in
Scikit-learn (Pedregosa et al., |2011)). Note that the

numerical integration implemented in SciPyv ([Virtanen
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dA(po, P)
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Log-likeilhood
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(a) d% (P, po) for KDE and VAE-type methods
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(b) Training log-likelihood values

Figure 2: The means and standard deviations of the squared Hellinger distances and training log-likelihood

values. All results are based on 50 repetitions.

et al.| |2020)) is applied to compute the Hellinger dis-
tances. The results with varying sample sizes are de-
picted in Figure (a). While VAE-MC performs com-
parably to KDE, VAE-AEVB performs significantly
worse than KDE. This discrepancy is mainly due to
the highly non-convex nature of the objective func-
tion used in the AEVB algorithm, leading to the fail-
ure of the SGD-based algorithm to maximize the log-
likelihood. (Note that the number of parameters in
the VAE-AEVB objective is about twice as great as
in the VAE-MC objective.) To confirm this, we ob-
tained network parameters with a high likelihood value
using a brute-force method, which relies on the un-
known structure of pg. The brute-force method sets
o = 1 and defines a piecewise linear function gy(-)
that closely approximates the sum of two indicator
functions m{1j9,0.5)(-) — 1j0.5,1(-)}, as shown in Fig-
ure (b) Specifically, gy is constructed as shallow
ReLU networks with 8 hidden units as in , with
k = 1075, Figure (b) compares the training log-
likelihood values of the VAE-type methods and brute-
force method, confirming the failure of the SGD-based
algorithm in maximizing the log-likelihood value.

6 CONCLUSIONS

The VAE is an important class of inferential meth-
ods for deep generative models, but it is widely known
that other methods, such as GAN, NF, and score-
based methods, often outperform VAE in various ap-
plications. However, our paper shows that even the
VAE with the simplest network architecture can pro-
duce a nearly optimal estimator in the nonparametric
density estimation framework. This finding highlights
the importance of considering further structures of the
density or distribution being estimated to explain the
superior performance of deep generative models over
classical nonparametric methods.

We suggest that the composite structure on the gen-
erator, as discussed in Section |4} could be a promising
structural assumption to investigate in future studies
of density or distribution estimation problems. Such
studies could lead to a better understanding of the
benefits of deep generative models over classical non-
parametric methods, and potentially inspire the de-
velopment of even more powerful and efficient deep
generative models.
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A  PROOF OF THEOREM [3.1]

We first state and prove several lemmas needed for proving Theorem

Lemma A.1. Let py € CPL70(R?) be a probability density function satisfying assumptions (Tail 1) and (Tail
2). Then, there exist positive constants C1 = Cy(all), Cy = Ca(all), C3 = Cs(all), Cy = Cy(all) and a probability
measure Hy supported within [—ay,as]? such that dg(po, oo * Ho) < Cac? and 1 — Py([~ae,as]?) < C30*P+8
for every o € (0,min(C4, 1)), where a, = Cy {log(1/0)}™

Proof. This is a re-statement of Lemma 9.11 in |Ghosal and van der Vaart| (2017) except for the assertion
1 — Py([~aq,as]?) < C30%°+8 which can be easily derived from the proof of Lemma 9.11. O

Lemma A.2. For any functions f,g : [0,1]% — R? and o > 0,

If —gll3

2
dH (pf,vag,O') < 802

Proof. Note that pf »(x) = f[o 140 Po (x —f(z))dz and pg »(x) = f[o 140 Po (x — g(z))dz. We can rewrite squared
Hellinger distance as

d%{(pﬂmpg,a)

:/{pf,a( X) + pg.o(x 2\/;?\/%0 }dx
-/ [ [ {000+ 0 gt an - 2W\/pgﬁ(x>] dx

Holder’s inequality implies that

\/(7250 X - f \/¢¢T X g dZ < \/pfa pg,

[0,1]%

Hence,

dH Pf,o, Pg, o)

S R T T A RN (N ) R

{
S Lo {m ) e
X

/ &2 (60 6o (- — g(2)))dz,
[0,1)40

where the last equality holds by Fubini’s theorem. The squared Hellinger distance between A (u1,%1) and
N (uz2,¥2) is known as

det (£1)'/" det (%)'/" L o <21 + 22)‘1 ( )
— X —_— — _— — .
det (ZutZ2)/? Py Tgi e 2 pr

Using that, we have

f(z) —g(2)|3
dH(pf’owpg,o') >~ /[0 1]d0 {1 exXp < 80_2 dZ

= gll3
- 802

since 1 — exp(—=z) < z for all z € R. O



Hyeok Kyu Kwon, Minwoo Chae”

Corollary A.1. Definep:R? = R as p(x) = 3, wD pg(x —xD) with Dy w® =1,w® >0, and x» € R4
Jor each i. For 0 <w' < w® and x' € R?, define p' : R = R as p'(x) = w'¢g(x — x') + (0 — w')py(x —
x(D) 4 57w, (x — x). Then,

A = x MY 3+ x5
w <w

d2 <
H(pvp)— 80’2 40_2

Proof. Let ¢ = 0 and ¢ = ¢0=Y +w® for i € {1,...,n}. Consider functions g, g’ : [0,1] — R such that
g(0) = xW, g'(0) =/,

=1

g'(z) = x'l(qw)’w,](z) + X(l)l(w,’qu)](z) + Zx(i)l(q(i—l)’q(i)](z).

=2

Then, pg » = p and pg' » = p’. By Lemma

r_ (1)H2
2 ls -8’z _ /I = x5
H(pvp) — Ro2 802

Since ||x’ —xM]2 < 2||x’||2 + 2||xV)||2, we obtain the results. O
2 2 2

The proof of Lemma below is almost the same as that of Lemma 1 in[Chae et al.| (2023)), which is limited to
a fixed F.

Lemma A.3. Suppose that 0 < omin < 1/\/5, Omax > 1 and F > 1. Let G be a class of functions from [0, 1]
to R such that ||g|lec < F for every g € G. Let P = {pg.s : & € G,0 € [Omin, Omax|}- Then, there exist positive
constants Cs = C5(d), Cs = Cs(d) and C7 = C7(d) such that

C 54 d+2
log Nj(6, P, dp) <log N Zmin Gl lleo

Fo2h [{108(0max/omin)} + F21]

C60_?ndat<1 |:{10g(o'max/0'min)}d + FQd}
S4o d+1

mm

+ log

for0 < <Cr.

Proof. For g1,82 € G and 0 € [0min, Omax] With ||g1 — 82]|cc < 11, We have

Pgi o ( ) Pgs,0 (

[ et mn {1 S e
:/[071]% (x — g1(z {1_eXp< [x — g2(z )|22;2x—g1(Z)llz>}dz
]

</ |x — g2(2)]13 — I|x — g1(z )I%}dz
~ Jjo,140

2
z)|13 — [lg1(2)]|3 — 2x" {g2(z) — g1 (2
-/ %(x_gl(z)){llgz( I — g 01 =2 g0) 0] o,
[0,1]%0

20

202

For g1(z) = ({g1(2)},,-...{g1(2)},) and g2(z) = ({82(2)}, .- ... {81(2)},), note that [g:(2)3 — llg1(2)[I3 =
Y1 {82(2)}] — {g2(2)}] < 2Fdny. Also, it holds that |x (g2(z) — g1(2))| < ||x]l2]lg2(2) — g1(2)l|2 < [|x[l2v/dm.
Simple calculation yields that ||x|l2 < [|[x — g1(2)|]2 + [|g1(2)[]2 < 1 + ||x — g1(z)|3 + FVd. Combining with the
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last display, we have

Pg1,0 (x) - pgz,o(x)
_ 2
< b0 (x — g1(2)) 2Fdn; + 2v/dny + 2vdm, Ix — g1(2)|3 + 2Fdn, W
252
[0,1]%0 P

2Fd ++d Vdlx — 2
< /[071]d0¢a<xg1<z)>< VA Vil 0§1<z>||2> .

_ 2 _ 2
_ m(zmz)fdn/ exp ( Ix gl(z)Q) <2th v | Vix gl(z)2> ,
1)

0 202 o o?

2Fd d 2vVd
Sn1(2770'2)d/2< +\[+ \f>’

o2 e

where the last inequality holds because for any ¢t > 0,e™* < 1 and te™* < 1/e. Then, there exists a positive
constant Dy = D1 (d) where the last display is further bounded by r]lDlU;?n_QF forevery FF > 1 and 0 < opin <
Ve.

Also, for 01,02 € [Omin, Omax) and g € G with |07 — 02| < 12, we have

Pg,01 (X) — Pg,02 (X)

_ Ix—g(z)|3 (1 1 o1
B /[o,ﬂdo P (x — 8(=)) [1 P {—2 (o—a - o%) +dlog @H d

HX—g@Wg(l 1) m}
< o (X — gz — = = - — | —dlog — 7 dz.
< /Wﬁ (x g >>{ 2Ol (- ) - g2

Simple calculation yields that |o5 2 — o7 2| < 07 205 2(01 + 09)n2 and |log(aa/01)| < 172/ min(oy, o2). Combining
with the last display, we have

Pg,o1 (X) — Pg,o2 (X>

<o [ ontse o) (rree o, _d 1,

20202 min(oy,02)
2 2
- - +0oo)|lx — g(2)[l3 d
— 1o (9702 d/Q/ _ [x —g(=)|3 (01 d
12 (27 (0,1]40 P 203 20203 + min(oy, o2) z
_ + o2 d
< ny(2m0?)~ 42 ] 2L .
< m2(2ma) eos * min(oy,02)
Then, there exist a positive constant Dy = Do(d) where the last display is further bounded by 772D20';1idn_1.
Given 0 < e < 1, set 1 = ¢/(4D10,"2F) and 1y = ¢/(4Da0 %" "). Suppose {g1,...,gn,} be m-covering set
of G and {o1,...,0n,} be np-covering set of [Oumin, Omax). Then, {pg, o, 17 € {1,...,N1},5 € {1,..., Na}} forms
an €/2-covering set of (P, || - ||o) for every F' > 1 and 0 < omin < 1 < 0max. Define [;; and u;; as

lij(x) = max {pg, o, (x) = €/2,0} and  w;(x) = min {pg, o, (x) + /2, H(x)}
for each (i, j), where H(x) = sup,cp p(x). Note that

2
H(x) < (270%,,) % sup exp (—”"y”)

2
[¥lleo<F ZUrrlax

d
_ x||3 — 2dF? V20 max dF?
< anei)tesp (I >_< v (305 ) i 0

max Omin max

where the last inequality holds because || x —y/||3 > ||x]|3/2— |ly|I3 > [|x]|3/2 — dF? for ||y||cc < F. For any t > 0,
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Gaussin tail bound implies that foH ot Do (X)dx < de=t*/(4950) | Since opax > 1, we have that

d
) exp

V20 max

Omin

/ H(x)dx < <
lIxlloo>B

dF?
(5 ) [ 0 (i
lIx[loc>B

d
<d \/éo'max e dF? B? _
- Omin P\ 402, ) ¢
where
1 max | d dF? 1/2
B = 20ax <log+dlogJ +1og2++logd) .
€ Omin 2 2
Hence,

/ {135 — 1i (%)} dx
Rd

[uij — lijll =
S/ edx+/ H(x)dx < {(2B)? + 1} e.
lIxllec <B 1%l 00> B

Define § = \/e{(2B)? + 1}. Since d% (u;j, li;) < |[uij — lij]|1, we have
Omax — Omin

for every FF > 1 and 0 < omin < 1 < 0pmax.
There exists a positive constant D3 = D3(d) such that for 0 < o < 1/v/2 and 1 < opax,

(Y e () o

Since € < e{log(1/€)}%/2 < /e for € < €1, where €; = €;(d) < 1 is a constant, we have

< 6D3(7d

max

6% =€(29B? +1)

d/2
6% < eDsol .. Hlog <Zmax)} 4
Hence,
odt2 gdt+2s4
N =€ min_ > min -
o 4D1FD?2>Ur2r{iax [{IOg(O'max/amin)}d/2 + Fd}
D4640_d-'!-2
> min
Fo2d [{log(omax/amin)}d + F2d}
and
gd"rl O,d—‘!-154
Ny =€ min min -
e 4D2D§01%{1ax [{IOg(Um;aux/amin)}d/2 + Fd}
D5540_d—'!-1
Z min
Jr2r;iax [{log(gmax/amin)}d + F2di|

for Dy = D4(d),D5 = Ds(d) and 0 < § < Dg < 1, where Dg = Dﬁ(d)

constants.

The assertion follows by re-defining
O

The proof of Lemma below is a straightforward extension of Lemma 5 in |Schmidt-Hieber| (2020), which can
only be applied to the case of M = 1.
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Lemma A.4. For any 6 >0 and d = (1,d;,d), we have

8M?32d
l0g V(3. 6(1,00,d. M), |+ ) < di(d + 2o (P ).

Proof. Let z — g(z) = Wopp,Wiz and z — g/(2) = Wipp W1z with g, g’ € G(1,00,d, M). Given € > 0, assume
that all parameter values of g and g’ are at most € away from each other. Then,

Ig(2) = &'(2)lloo < [WappWiz = Wapry Wizlloo + [Wapr Wiz = Wi pp Wizl

= [Walou Wiz — oo Wi2) oo + [[(Wa — W) py Wizl
< Mdy | po Wiz = p Wiz oo + edi | oty Wizl

where the last inequlaity holds because for any matrix W € R¥*% and x € R%, we have |[Wx[lo <
di W o [[x[|oo- It holds that [|psWiz — pWizlleo < [[(W1 = Wi)zlleo + [Ib = b'[loc and [lop Wiz[lee <
IW{z|loo + ||b']|co. Combining with the last diplay, we have
I18(2) = 8'(2) oo < Mdy {[|(W1 = Wi)z|loe + [[b = bl } + edi {[Wi2]loc + [ID] o0}
< eMdy (||2]leo +1) + eMdy ([|2]|oc + 1)
§4€Md1.
Note that the total number of parameters in g is equal to di(d + 2). Define § = 4eMd;. Then,
N (6,G(1,00,d, M), |- loc) < N (e [=2, M2 |1 )
_ % dl(d+2) B 8M2d1 dl(d+2)
—\ e N 5 '
The assertion follows by taking a logarithm. O

Proof of Theorem . We will apply Theorem 4 of [Wong and Shen| (1995) with o« = 0+. Let ¢1,...,¢cq be the
same positive constants defined in Theorem 1 of [Wong and Shen| (1995). These constants can be chosen, for
example, as ¢; = 1/24, ¢ = 2/26001, c3 = 10 and ¢4 = (2/3)°/?/512. By Theorem 4 of Wong and Shen| (1995),
it suffices to prove that

\/ﬁsn
/ \/log Ny(6/cs, P, dy) d6 < cqv/ne?

728

and there exist g, € G(1,F,d, M) and 0. € [0min, Omax] satisfying

/log <p:(7)g(j(()x)> dPy(x) < iclei (A1)

/ {log (p°<x)> }2 dPy(x) < iclei log n, (A.2)

Pg. 0. (X)

for every n > 51, where 61 and 52 are large enough constants and €, is defined as in Theorem |3.1

To derive (A.1) and (A.2), we firstly approximate py by Gaussian mixture densities and then construct ReLU
networks to approximate the mixing measure. Techniques approximating py by Gaussian mixtures are originally
developed by [Shen et al.| (2013]) and slightly refined in |Ghosal and van der Vaart| (2017)).

Let C4,...,C4 be constants in Lemma and a, = Cy {log(1/0)}™. Let 0 € [0min, Omax) be small enough as
described below. By Lemma if 0 < min(C4,1), there exists a probability measure Hy supported within
[~as,a,]? such that

dH(po,d)U*Ho) S 040'6. (A3)
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If, furthermore, ¢ is small enough so that a,/c > 1, then Lemma 9.12 of |Ghosal and van der Vaart| (2017)
implies that there exist positive constants Dy = D;(d, ), D2 = Ds(d, ) and discrete probability measure
Hy() = Zﬁiﬂl w3+ (-), where 0, (-) denotes the Dirac measure at x, supported inside [—a,, a,]? such that

Ny < Dyalo {log(1/0)}* = D1Cfo" {log(1/)} ™

and
di (65 * Ho, 65 % Ho) < |65 % Ho — 6  Holl}/* < Dao” {log(1/0)}"/*. (A4)
Moreover, Hy can be constructed so that x(1, ..., x®™o) are distinct, w® > 0 and
{x(l), o ,x(NO)} C {(nl, o ,nd)azﬁ'|r1 n; €Z,0=1,... ,d} N [—ag,ag}d. (A.5)

Without loss of generality, we may assume that w(® > ... > w(No) Let

Ny = Ht cw® > o2fT2d+2 1,...,]\70}

)

where | - | denotes the cardinality. If o is small enough, we have 1 < Ny < No. Let Hi(-) = w0 (-) +
Ei\; w® ) (+) where wt) = w® + dsN, w® . Corollary implies that

A (¢o * Ho, o + Hy) < \/E(No — Ny)ayo? T
(A.6)

d d
< 5%1\7006*‘1 < \/;chf"'laﬂ {log(1/c)} 2t 7etd

For t = 1,..., Ny, let U; be the intersection of [—ay,a,]? and x®) + B(0?#*1/3), the fy-ball with the radius
02P+1/3 centered on x® . Since xM, ..., x(™) are on grids , Ui, ..., Uy, are mutually disjoint. One can
extend {Uy,...,Un, } to {Uy,...,Un,} so that the latter forms a partition of [~a,,a,]? and the fo-diameter of
U; is at most o for all t < Nj. Since

d
N (gv [*amaa]da | - ||2) <N <2\J/g, [—aa,aa]d, |- |Oo> < <4\/3a0’> :

one may construct a partition so that Ny < Ny + (4\/&ag/0)d. Hence,

Ny < Ny + (4Vday /o) < No + (4Vda, /o)t < Dyo~? {log(1/a)} 4+
where D3 = D3(C4,D1). Define i(t) as i(t) = X(t) for ¢t < Nj and choose i(t) e U, for Ny <t < Ns. Let
Hy() = 02 @650 (+) where @) = w(H) — (Ny— Ny )00 +24+2 () = () for 1 < ¢ < Ny and @) = g2P+2d+2

for Ny < t < Ny. Since w™ > w® > Nyt > 0¥{log(1/0)} ™4 and Ny < o4 {log(1/0)}**¢, we have
wM > 2842442 for small enough o. Corollary implies that

- . d
du(¢o * Hi, ¢ * Hz) < \/Q(Nz — Ni)ago™*
d B+d d B T3d+73+d
< §aUN20 < §D304O' {log(1/0)} .
Consider function g = (g1, ...,94) : [0,1] = [~ae,as]¢ such that
N»
g(0) =x" and g(z) =Y X101 g01(2),

t=1

where ¢(© =0 and ¢ = 22:1 @) for t < Ny. Then, ¢, * Hy = Pg,o- Note that g; : [0,1] = [—as,a.] is a step

function with g;(0) = 5551) and g;(z) = iV:zl .;E,Et)].(q(t—l)ﬂ(t)](z). Define g*l(-t) €G(1,a,,(1,4,1),k7 1) as

0.0() = 7 [max {0’ % (- - q<t1>>} ~ max {o, % (2= (a0 + m))}
s o (4 mf ()]
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B

I( )l(q, I q(z)]( )

—

0 q(t_l) q(t_l) _|_ K q(t) — K q(t) 1

Figure 3: Step function approximation with ReLU network

which approximates %gt)l(q(t—1)7q(t)}(') as described in Figure |3] where k = ¢26724+3 /2 and we have k! > a,

for small enough o. Define g.; € G(1,a,, (1,4Na,1),k71) as g.;(2) = Zt 1g*gt)( ) for each i € {1,...,d} and
define

g+« € g (aaa (1’4N2’d)7’€71) as g*(z) = (g*l(’z)" c ,g*d(z))'

Then,

Ig - g*llr/ Z{gz — gui(2)} dz
d [N, 2
:/ 2 lZ {7 g0 gen(2) - g*?)(z)}] "
[0,1] 3=

t=1
d N

/[OI]ZZ 01 g goi(2) — 0. ()} dz

i=1 t=1

d Ny < =0 \?
:222/{0 ] ;) — TZ dz
— = Jow

Combining with Lemma [A72] we have

dH(d)U * E2apg*,o) = dH(pg,mpg*,a)

rgdt2rgtd
”g g+l2 _ VdN2Ka, < D4O_2/3+2d+1 {log(1/0)} gd+27a+ 7
Q\fo 2\/§U
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where Dy = v/dD3C4/(2v/6). Combining (A.3)), (A.4), (A-6) and (A7) with the last display, we have

4 d .
A (po, pg. o) < Cao? + Dao” {log(1 Jo)i & \/;Dlef'Haﬁ {log(1 /o)y Hmstd

d T3d+2T d
+\/;D30405 (log(1/0) 754 | Do 55 {log(1/0)} "7
< Dso® {log(1/0)} 4T+

where D5 = Cy + Dy + /d/2D,C3T + \/d/2DsCy + D,.

For any x € [—a,, as]?, there exists s € {1,..., Ny} such that x € U,. Since X*) € U, and ||x®) —x||5 < o, we
have

Pg.o(X) > / 6o (x — g2 (2))dz
{lIx—g«(2)||2<0}

_ 2
/ o~ exp (_ 1% g*z(Z)Iz) &
{Ix—g(2)ll2<o} 20 (A.9)

Z (271')_%0'_[1/ e_%dz = (27()_%6_%0-_‘1({5(3) _ 2/4;)
{x()=g.(2)}

284+d+2
>D60-B++7

vl

= (2m)”

where the last inequality holds because min; w® > ¢2#+24+2 and Dg = (2r)~%2e~1/2/2 . For any x € R? with

Ix]|cc > ao, we have
s Ix — g«(2)|3
et | (R,
g« (2)]loc <aq 202

2d||x||3
Z (27‘()7%0'7(1 exp <_ ”)2(”2) ,

g

Combining with (Tail 2) assumption, it follows that po(x)/pg. - (x) < 71(2m)%20% exp (2d|x[|3/0?) . Hence,

2
o (2 < p, , 201
pg*,ﬂ(x) o?

where the last inequality holds because ||x — g.(2)[|2 < 2|13 + 2|lg(2)]13 < 2/x[|3 + 2d||g.(z )||2 < 4d|x||3.

where D7 =log, + dlog(27)/2.

Assumption (Tail 2) and (A.9) implies that pg, »(x)/po(x) > A for all x € [~a,, a,]¢, where A = Dgo?P+d+2 /7.
It follows that {x : pg, »(x)/po(x) < A\, x € R} C {x: [|X|lcc > a0, x € R%}. Hence,

/{} s (52275 }are

S/ {log< )}
tlixlloo>as} Pg..o(x
4 2
<2 <D2 =l )dpo
{lIxllco>as}

8d
<2D211 - Py ([~ag,a,)* —/ 3 dP
<20}{1- P (lomarl )} + 75 | Il AR

<202 {1~ Py ([-a0,a01") } + 25 = (1151} {1 - 7o ([0 0l”)}

S D802Ba

where Dg = Dg(C3,Cy, D7, 71,72, 73) and the last inequality holds by Lemmaand (Tail 2) assumption. Since
A is sufficiently small for small enough o, Lemma B.2 of |Ghosal and van der Vaart| (2017) implies that there
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exist positive constants Dy = Dg(Dg,d, 8, 71) and D19 = D19(D5, Dg, Dg) such that

< d%(po, pe..) [12 + 2{log(1/A)}?] + 8/{% U(x)q} {log (195),5)20) }QdPo(x)

P (%)

< Dod3;(po, Pg. ) {log(1/0)}* + 8D
S Dloa_zﬁ {10g(1/0’)}27—3d+27—3+2d+2

[ 1o (%) dPy(x)

< 02 (po, P ) [1 + 2log(1/M)] +2/{pg* s <Po(>) APy (x)

and

pg*70'

po ()

< ng%(po,pg“g) log(1/0) + 2/{pg*,a<x><>\} {IOg <ppo(>z)x)> }2dP0(X)
T C g .o

< Dod% (po, pg. .o ) log(1/0) + 2Dgo*”
S D100_25 {10g(1/0)}2T3d+2T3+2d+1 )

For o, =< n~Y/(8+4) with 0, € [omin, Omax), if 7 is large enough, we have

/ log (pO(X) ) dPy(x) < Dyyn~ 75 (logn) 227204 pq (A.10)
Pg..o. (X)
2
/ o (M?Q dPy(x) < Dyyn~ 757 (log ) >t 2712042 (A.11)
Pg. .0\ X

where Dy = Dyo/(283 + d)?7sd+27s+2d+2,

Let Cs,...,C%7 be constants in Lemma, Then, there exists a positive constant D12 = Dia(all) such that for
every 6 < C7 and large enough n,

d+2
CgD 2p+d
log Nj(0,P,dy) <log N (05D1254n_ ﬁi,g, I| - ||OO) + log (612”) .

54
Combining with Lemma we have
log Nj(0,P,dy) < Dlgnﬁ (logn)™%*4 {logn + log(1/6)} ,

where D3 = Di3(all). Note that for every e < min(c3C7/v/2,1/¢), we have

// \/logN (6/cs,P,dg) do
2 /98

< V3ey/ Dugni/25+0) (log m)st+{log n + log(ca2% /e2)}

< Dun¥7 (logn) 7 ¢ {log n + log(1/€)} % ,
where Dy = D14(D13,d, 3). Therefore, for all large enough n, the last display holds with e = ¢, and is further
bounded by c4\/ne?, where

8 273d+2734+2d+1
€n = D1sn” 28+ (logn) 2

and Dy5 = Di5(D11, D14,d, 8,73) is a large enough constant. If Dy is chosen so that D5 > 4D11/c1, (A.10)

and (A.11)) is further bounded by ci€2 /4 and ci€2 logn/4, respectively. By re-defining constants, the proof is

complete. O
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B PROOF OF THEOREM [4.2]

In addition to Section [A] we state and prove lemmas needed for proving Theorem

Lemma B.1. Let py € C%L(R?) be a probability density function satisfying an assumption (Tail 1).
Then, there exist a positive constant Cs = Cg(d, 8, L) such that dg(po, e * Py) < Cgo™B2) for every

o € (0, min(1/+/47,1)].

Proof. For any x,y € R, Taylor’s theorem for multivariate functions yields that

o= ) (D*po)(x) Z {(D*po)(x — ty) — (D*po)(x)}

k! k!
1<k.<|8] k.=8]

po(x—y)—

for a suitable t € [0,1], where (—y)¥ = Hle(—yi)ki and k! = Hle kil Let my = Hle myg, and my, =
/ #(y)y*idy, where my, denote the k;-th moment of standard normal distribution on R. In particular, my, = 0
if k; is an odd number. Since [ b (y)y¥dy = myo®* and combining with the last display, we have

(60 + Po)(x / 60 (¥) {po(x — ¥) — po(x)} dy

S (—o)* mli{(!D Po)(x) 3 /Rd ¢a(Y)(*Y)k{(DkP0)l(j!<*tY)*(kao)(x)}dy
1<k.<|B] k=B8]

< 3 cnelCEmIROlL 5 B8 oy iyl
1<k.<|B) ' k=g R

where [y[* = [T, |y:|* and the last inequality holds by the definition of C%L7 (R%). Note that e™¥l3¢, (y) <
2d/2¢f (y) because 19 < 1/(40%). Also, it follows that |y|k\|y||§_mJ < Z?zl |y;|P— LA H;l:l ly;|% and

[z, (y)lyl* ||y||2 Blay < (V20)Pd(my5)42)¢ for k. = |B]. Since my = 0 for k. = 1 and combining with the
last display, it follows that

(6o % Po)(x) — po(x)| < Dyo™™P2 | N [(D¥po)(x)] + L(x) | ,
2<h.<|B)

where Dy = D;1(d, 8). Hence,

Y B (R 1CO B (20 O N
dy (po, ¢ * o) /Rd{ ( )} d

Vo (¥) + /(07 Po)(x
2 2min(5,2) L(x) \* (PPN g
=D LiGe) = 2 (™) jone

2<k.<[B]
< D20'2 min(ﬁ,Q),

where Dy = Ds(D1,3, L) and the last inequality holds by the assumption (Tail 1). The assertion follows by
re-defining constants. O

Proof of Theorem[].3 The proof follows a similar approach to that of Theorem [3.1] We will apply Theorem 4
of Wong and Shen| (1995) with o = 0+. Let ¢1,..., ¢4 be the same positive constants defined in Theorem 1 of
Wong and Shen| (1995)). These constants can be chosen, for example, as ¢; = 1/24, ¢, = 2/26001,¢3 = 10 and
c4 = (2/3)°/2/512. By Theorem 4 of Wong and Shen| (1995)), it suffices to prove that

fen

\/logN[](6/03,73,dH) ds < cyv/né?

€2 /28
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and there exist g, € G(L, F,d, M, s) and 0, € [0min, Omax] Satisfying

/log (pgpt)ix()x)) dPy(x) < 30163

J (i)} <

for every n > 517 where 61 and 62 are large enough constants and €, is defined as in Theorem |4.2

Let Cg be a constant in Lemma and o € [Omin, Omax] be small enough as described below. Combining Lemma

and Lemma if o < min(1/v/479,1), we have

3 go— 8
05100, Dg.o) < A1t (D> o % o) + it (pgy s P.s) < Cso® + 18282

220

for any function g : [0,1]% — RY, where the first inequality holds because ¢, * Py = pg, . Lemma 5 of

(B.1)

Chae et al| (2023) implies that there exist a constant D; = Dy(8,q,Vv,t,3,76) satisfying [|g0 — 8«||co < oh+1
== ~ ~ = ~ ~ " (B4t

for some g, € G (L,oo,d,l,s), where L = | D;ylog(1/0)],d = (d,ds,...,d1,d) with d; = | Do Er | and

- _ (Bt . . .

§= Do 7 log(l/o). Since [|g«lloc < [Ig8x — olloo + lI80[loe and [|golls < 74 by (Support) assumption, it

follows that

lgo — gl < o°*' for some g. €G (E,ﬁ,&, 1,’§> : (B.2)
where F = T4+ 1.
Combining (B.1) and (B.2)), we have
du (po, Dg..s) < (Cs +/d/8)0”, (B-3)

where the inequality holds because ||go — g|l2 < Vd||go — &||oo-

Assumption (Structured generator) implies that for any x € R? with po(X) > 0, there exists z € [0, 1]¢, such
that X = go(z). Note that z does not need to be unique. For any z € [0,1]%, simple calculation yields that
1% = g.(2) |2 < X —g0(2) |2 + [|80(2) — 8(2)[l2 < Vd||go(2) — 80(2) |0 + V|0 — &x|oc. Combining with (B.2),

we have
{z€10,1]": |lgo(@) — go(2)ll <0} C {z € 10,1]%: |X - g.(2)]|2 < Vd(o + JEH)}
C {z e (0,1 % — g.(2)]2 < 2\/&0}.

Note that gy =hgo...ohg and h; = (Ri1, ..., Riv,,0) T ¢ [as, bi]% — [ai, bV, Since hy; € CPi([az, b;]'; 76) and
|1 D%hij]l00 < 76 for k. = 1, it follows that for any z\”, 2% € [as, b:]", |hi(2"”) — hi(z) |0 < 76]128” — 257 oc.
Then, simple calculation yields that ||g0(z§0)) - go(zéo))Hoo < T@q“Hng) - zéO)HOO. Combining with the last
display, we have

{20,017 -2l < 75~ Vo} {2 € [0,1]: llgo(@) — g0(2)] < 0}
c {z €10,1%: X — g (2)||2 < 2\/&0} .

Hence,

Pg..o(®) > / 60 (% — g.(2))dz

{IX—g.(2)]|2<2Vdo}

> 2
o=4exp (_ lx g*(z)|2) dz

vl

— (2m)"

/{Ii—g*(Z)Iggm/Ea} 202

> (271’)_%0'_d6_2d/ dz
{I%~g«(2)ll2<2Vdo}

> (27r)_%a_de_2d/ dz > Do,

{IZ—z]lco <76 (et Do}
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where Dy = (27)"2e~ 247594+ and o is small enough so that 74~ Dg < 1/2. Since ||polles < o0, we
have pg, »(x)/po(x) > A for any x with po(x) > 0, where A = 27 min{Ds||po||=},0.4}. Then, it follows that
{x: pg. o (x) < Apo(x),p0(x) > 0} C {x: po(x) = 0,x € RY}. Lemma B.2 of |Ghosal and van der Vaart| (2017)
and implies that

e (25 amo

< dir(Po, Pg. o) [12 + 2{log(1/N)}?] + 8/{ HEPN! { (195,520) }2dP°(X)

Tpo) =

= DgUZE

Jros ez ) e

< dH(po,pg* o) [1+ 2log(1/N)] + 2/{pg* d(x)<)\ log (%) dPy(x)

and

S D30’
where D3 = (Cs + /d/8) [12 + 2{log(1/))}?].

B o
For o, xn t(F+D+206. with 0, € [Omin, Omax), if 1 is large enough, we have

_ 2BBx
/log( Po(x) >dP0(x) < Dsgn 286.+t(B+D  and (B.4)
Pg. 0. (X>
2 ___ 288
/log (po(x)) dPy(x) < D3n 2Bhetta(BD) (B.5)
Pg..o(X)

Let Cs,...,C7 be constants in Lemma [A33] Then, for every § < C7; and large enough n so that
Omin F[{log(1/omin) }* + F??) < 1, we have

Bx (d+2)_
Cgnt«B+1)+266x

__ Butdts)_
log Njj(6,P,dp) <log N (055471 wBD+266. G || - oo) + log 5

Lemma 5 of Schmidt-Hieber| (2020) implies that there exists a constant Dy = Dy(d, 3,74, ¢, V,t, 3, 76) such that

ty (B+1)

log Njj(6, P, dp) < Dyn235-+03+0 {(logn)? 4 log(1/6)} .

Note that for every e < min(c3C7/v/2,1/e), we have

/ \/1ogN (6/cs, P, dgr) b
€2/28
_tx(B+1)
< V2e\| Dyn?55- 00 {(log n)? + log(c328/€2) }

ty (B+1)

< Dyn#36-+26.+1) ¢ { (log n)? +log(1/e)} ,

where Dy = Ds5(Dy,d, 8,q,v,t,3). Therefore, for all large enough n, the last display holds with € = ¢,, and is
further bounded by c4+/ne2, where

__ BBx
€, = Dgn  268:+t:(5+D) (logn)

and Dg = Dg(D3, Ds,d, 8,q,v,t,3) is a large enough constant. If Dg is chosen so that Dg > 4D3/c1, (B.4) and
(B.5) are further bounded by c1€2 /4. By re-defining constants, the proof is complete. O
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