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Abstract

We study best-of-both-worlds algorithms for
K-armed linear contextual bandits. Our algo-
rithms deliver near-optimal regret bounds in
both the adversarial and stochastic regimes,
without prior knowledge about the environ-
ment. In the stochastic regime, we achieve
the polylogarithmic rate w
where A,y is the minimum subof:')lfti‘mality
gap over the d-dimensional context space. In
the adversarial regime, we obtain either the
first-order O(dK+/L*) bound, or the second-
order O(dK+/A*) bound, where L* is the cu-
mulative loss of the best action and A* is a no-
tion of the cumulative second moment for the
losses incurred by the algorithm. Moreover,
we develop an algorithm based on FTRL with
Shannon entropy regularizer that does not
require the knowledge of the inverse of the
covariance matrix, and achieves a polyloga-
rithmic regret in the stochastic regime while
obtaining O(dK VT ) regret bounds in the ad-
versarial regime.

)

1 INTRODUCTION

Because of their relevance in practical applications,
contextual bandits are a fundamental model of sequen-
tial decision-making with partial feedback. In partic-
ular, linear contextual bandits (Abe and Long, 1999;
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Auer, 2002), in which contexts are feature vectors and
the loss is a linear function of the context, are among
the most studied variants of contextual bandits. Tradi-
tionally, contextual bandits (and, in particular, their
linear variant) have been investigated under stochas-
tic assumptions on the generation of rewards. Namely,
the loss of each action is a fixed and unknown lin-
ear function of the context to which some zero-mean
noise is added. For this setting, efficient and nearly
optimal algorithms, like OFUL (Abbasi-Yadkori et al.,
2011) and a contextual variant of Thompson Sampling
(Agrawal and Goyal, 2013), have been proposed in the
past.

Recently, Neu and Olkhovskaya (2020) introduced an
adversarial variant of linear contextual bandits, where
there are K arms and the linear loss associated with
each arm is adversarially chosen in each round. They
prove an upper bound on the regret of order vdKT
disregarding logarithmic factors, where d is the dimen-
sionality of contexts and T is the time horizon. A
matching lower bound Q(\/ dK T) for this model is im-
plied by the results of Zierahn et al. (2023). The up-
per bound has been recently extended by Olkhovskaya
et al. (2023), who show first and second-order re-
gret bounds respectively of the order of Kv/dL* and
K+ dA* (again disregarding log factors), where L* is
cumulative loss of the best action and A* is a notion
of cumulative second moment for the losses incurred
by the algorithm.

The above model of K-armed linear contextual ban-
dits has also been studied in a stochastic setting—see,
e.g., (Bastani et al., 2021). By reducing K-armed lin-
ear contextual bandits to linear bandits, and applying
the gap-dependent bound of OFUL (Abbasi-Yadkori
et al., 2011), one can show a regret bound of the or-
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der of Ad—K In(T') for the stochastic setting, ignoring
logarithmic factors in K and d, where A, is the min-
imum sub-optimality gap over the context space.

In this work, we address the problem of obtaining
best-of-both-worlds (BoBW) bounds for K-armed lin-
ear contextual bandits: namely, the problem of de-
signing algorithms simultaneously achieving good re-
gret bounds in both the adversarial and stochastic
regimes without any prior knowledge about the envi-
ronment. Starting from the seminal work of Bubeck
and Slivkins (2012); Seldin and Slivkins (2014) for K-
armed bandits, there is a growing interest in BoBW
results (Seldin and Lugosi, 2017; Wei and Luo, 2018;
Zimmert and Seldin, 2021). Various bounds have been
established for different models, including linear ban-
dits (Lee et al., 2021; Kong et al., 2023; Ito and Take-
mura, 2023a,b), contextual bandits (Pacchiano et al.,
2022; Dann et al., 2023), K-armed bandits with feed-
back graphs (Ito et al., 2022; Rouyer et al., 2022),
combinatorial semi-bandits (Zimmert et al., 2019; Ito,
2021), episodic MDPs (Jin et al., 2021), to name a few.
However, known BoBW results for contextual bandits
are not satisfying. The algorithm of Dann et al. (2023)
essentially relies on ExpP4, which is computationally
expensive when the class of policies is large. In this
paper, we devise the first BoBW algorithms for K-
armed linear contextual bandits that, among other ad-
vantages, can be implemented in time polynomial in
d and K. Next, we list the main contributions of this
work.

Contributions. We introduce the first BoBW al-
gorithms for K-armed linear contextual bandits. In

the stochastic regime, our algorithms achieve the
(dK)2polyln(dKT)

min

(poly)logarithmic rate . In the adver-

sarial regime, we obtain either a first-order (5(dK VL¥)
bound, or a second order O(dK+v/A*) bound (Theo-
rem 1 and Corollary 1). We also propose a simpler
and more efficient algorithm based on the follow-the-
regularized-leader (FTRL) framework, that simultane-
ously achieves polylogarithmic regret in the stochastic
regime and O (dK \/T) regret in the adversarial regime
(Theorem 2), without prior knowledge of the inverse of
the contextual covariance matrix 3. Our proposed al-
gorithms are also applicable to the corrupted stochas-
tic regime.

Techniques. Our data-dependent bounds are based
on the black-box framework proposed by Dann et al.
(2023), who provide a unified algorithm transform-
ing a bandit algorithm for the adversarial regime
into a BoBW algorithm. Directly adapting to our
setting the results for contextual bandits with finite
policy classes in their work involves a prohibitive

computational cost, since it is known that the num-
ber of policies to consider in the adversarial regime

is of order (TK_Qd_l)Kd (Allen-Zhu et al., 2018;
Olkhovskaya et al., 2023). Within the same framework,
we may also apply the Exp3-type algorithm of Neu
and Olkhovskaya (2020). However, this only results
in zero-order (i.e., not data-dependent) regret bounds
O(VT)—see Proposition 8 in Appendix E.3. In order
to obtain data-dependent guarantees, we instead ap-
ply the continuous exponential weights algorithm for
adversarial linear contextual bandits recently investi-
gated by Olkhovskaya et al. (2023). In particular, we
show that it is possible to choose the learning rates
so as to fulfill the data-dependent stability condition
required in Dann et al. (2023) for applying their black-
box framework.

The data-dependent bounds achieved by the black-box
approach are favorable in the sense that the algorithm
performs well when there is an action achieving a small
cumulative loss or the loss has a small variance. How-
ever, this approach may have limitations as it requires
knowledge of the inverse of the covariance matrix X!
and may not be practical to implement. To over-
come this issue, we show how FTRL with Shannon en-
tropy regularization—which is a much more practical
algorithm—can be run with an estimate of ¥~! com-
puted using Matriz Geometric Resampling (MGR) of
Neu and Bartok (2013); Neu and Barték (2016), thus
avoiding the advance knowledge of X~1. In order to
construct this algorithm, we rely on an adaptive learn-
ing rate framework for obtaining BoBW guarantees
in FTRL with Shannon entropy regularization, pro-
posed in Ito et al. (2022) and later used in Tsuchiya
et al. (2023a,b); Kong et al. (2023). The difference
from their work is that while they crucially rely on
the unbiasedness of the loss estimator, we need to deal
with the biased loss estimator that comes from the
use of the covariance matrix estimation in MGR. Neu
and Olkhovskaya (2020) and Zierahn et al. (2023) ap-
plied FTRL+MGR, which allows controlling the bias
of the loss estimator, but they focused only on the ad-
versarial regime. Moreover, their methods only attain
a sub-optimal regret bound O(v/T) in the stochastic
regime. The derivation of our bounds for K-armed
linear contextual bandits requires nontrivial schedul-
ing of the learning rates and of the adaptive mixing
rates of exploration. With these techniques, we suc-
cessfully provide the first BoOBW bounds for K-armed
linear contextual bandits without knowing 371,

Table 1 summarizes our results in the context of the
previous literature. The upper bound of Zierahn
et al. (2023) is for a combinatorial contextual setting
where the action space satisfies A C {0,1}% and we
assume maxge4 |lalli < 1. The best known lower
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Table 1: A comparison of regret bounds for linear contextual bandits. 9} ignores (poly)logarithmic factors.
The v/C column specifies whether in the corrupted stochastic regime the algorithm achieves the optimal v/C
dependence on the corruption level C' > 0. For the bound in the adversarial regime, we omit additive terms
polylogarithmic in T'. See Section 2 for a formal definition of the quantities appearing in the bounds.

reference stochastic adversarial VG >
Neu and Olkhovskaya (2020) - o (\/TK max {d, X In (TE) } 1n(K)> —  Unknown
Olkhovskaya et al. (2023) - O (KVdA* ~  Known
Olkhovskaya et al. (2023) - O (KvdL* - Known
Zierahn et al. (2023) - o (\/TK max {d, )\lniz“z)} ln(K)) —  Unknown
Propositi o2 (a4 2o ) m(E) T ofyJrrz(a+ ) m(x VA ¢

roposition 8 A ( + /\min(z)) n(K)In ( [+ m) n(K) nown
Theorem 1 o <(XK_)2 In?(dKT) In® T) 14} (dK v A*) v Known
C (dK)? . 2 3 A . A

orollary 1 O( 5 -I"(dKT)In"T O | dKy/min{L*, A} v Known
Theorem 2 (@] <A§m d+ )\:“(TE» In(KT)In T) (@] <\/TK (d + A;i?(%:)) In(T) ln(K)) v Unknown

bound for the adversarial or distribution-free setting
is Q(VdKT) also due to Zierahn et al. (2023), see Ap-
pendix C.

Related work. Despite the vast literature on contex-
tual bandits (Chu et al., 2011; Syrgkanis et al., 2016;
Rakhlin and Sridharan, 2016; Zhao et al., 2021; Ding
et al., 2022; He et al., 2022; Liu et al., 2023), only
a few data-dependent bounds have been proven since
the question was posed by Agarwal et al. (2017a). The
first result is by Allen-Zhu et al. (2018), but the al-
gorithm is not applicable to a large class of policies.
Foster and Krishnamurthy (2021) obtained first-order
bounds for stochastic losses via an efficient regression-
based algorithm. Recently Olkhovskaya et al. (2023)
proved first- and second-order bounds for stochastic
contexts but adversarial losses. Yet, BoBW bounds
are not addressed in these studies. There are some
BoBW results in the model selection problem (Pacchi-
ano et al., 2020, 2022; Agarwal et al., 2017b; Cutkosky
et al., 2021; Lee et al., 2021; Wei et al., 2022). In
particular, Pacchiano et al. (2022) achieved the first
BoBW high-probability regret bound for general con-
textual linear bandits. However, the algorithm achiev-
ing this result has a running time linear in the number
of policies, which makes it intractable for infinite pol-
icy classes. A more detailed review of related works
can be found in Appendix B.

2 PROBLEM STATEMENT

Given a K-action set [K] := {1,2,..., K}, a context
space of a full-dimensional compact set X C R%, and
a distribution D over X, our learning protocol can be

described as follows. At each time stept=1,2,...,T:

o For cach action a € [K], the environment chooses a
loss vector 6, , € R?

o Independently of the choice of loss vectors 8; , for
a € [K], the environment draws the context vector
X, € X from the context distribution D unknown
to the learner

e The learner observes context X; and chooses action
A e [K}

e The learner incurs and observes the loss ¢;(X;, A;).

Assumptions. Like previous works on adversarial lin-
ear contextual bandits (Neu and Olkhovskaya, 2020;
Olkhovskaya et al., 2023; Zierahn et al., 2023) and lin-
ear bandits (Lee et al., 2021; Dann et al., 2023), we
make the following assumptions:

e The distribution D from which contexts X are
independently drawn satisfies E[XX '] = X >~ 0;

e || X|l2 <1 D-almost surely;

o |6:4]l2 <1forallaec[K]andte[T];

o l(x,a) € [-1,1] for all x € X, a € [K], and
te[T].

Further conditions on the loss functions 4;(x, a) as well
as the loss vectors 0;, for each a € [K]| and t are
defined in each regime as follows.

Adversarial regime. The loss function is defined
by £,(X;,a) == (Xy,0y,4), where 0, , is chosen by an
oblivious adversary for all a and t.



Best-of-Both-Worlds Algorithms for Linear Contextual Bandits

Stochastic regime. The loss function is defined by
U( X a) == (X4,0,) + e:(Xt,a), where 6, for each
action a is fixed and unknown, and e;(X¢,a) is inde-
pendent and bounded zero-mean noise.

Corrupted stochastic regime. The loss function
is defined by €;(X;,a) := (X, 01,q4) + €.(Xy, a), where
e¢(X¢t,a) is independent and bounded zero-mean noise
and the vectors 8, , are such that there exist fixed and
unknown vectors 61, ..., 0k and an unknown constant
C > 0 for which Zle max,e(k] [|0,a—0all2 < C holds.
Note that C' = 0 corresponds to the stochastic regime
and C = ©(T) corresponds to the adversarial regime
with additional zero-mean noise.

Let IT be the set of all deterministic policies 7 : X —
[K] mapping contexts to actions. We define 7* € II as
the optimal policy:

T

Zﬁt(m,a)] vee X, (1)

t=1

7" (x) := argmin E
a€[K]

where the expectation is taken over the randomness by
loss functions. Then, the learner’s goal is to minimize
the total expected regret against the optimal policy 7*:

t=1

T
Rr=E lz (Et(Xta At) - gt(Xtv W*(Xt)))] ’ (2)

where the expectation is taken over the learner’s ran-
domness as well as the sequence of random contexts
and loss functions.

In the (corrupted) stochastic regime, given 61, ...,0k,
let Apin(T) 1= Mingsre (2) (T, 00 — Or+(a)) for all €
X. Then, we define the minimum sub-optimality gap
by Apin := mingexy Amin(z) > 0.

We denote the cumulative loss incurred by the op-
timal policy by L* := E[Zle 0( Xy, 7 (Xy))] and
the cumulative variance of a policy choosing actions
Ay, A, ... with respect to a predictable loss sequence
my, € R? for action a by A* := E[ Zthl(Et(Xt, Ap) —
(Xp,mia,))?]. We use A := E[ 37, (£:(Xe, Ay) —

(X1,0))%] with 8 := L S°T S™F g, .

Additional notation. We denote by Ex|[-] the ex-
pectation over a random variable (r.v.) X. We denote
by Ex[-|Y] the expectation over X conditioned on Y.
When we write E[X]-E[X|Y], we take the expectation
conditioned on Y with respect to all sources of ran-
domness in X. We denote by F; = 0(Xs, As, Vs < 1)
the filtration generated by all the random variables
X, and the set of actions A,, for each s < t. Then
we write E;[-] = E[-|F;—1]. For any semi-definite ma-
trix B € R4, we use Ayin(B) to denote the smallest
eigenvalue of B, and write |Jul|p = Vu'Bu for u €

R?. We also define the probabilistic policy mapping
each context x to a probability distribution 7 (- | )
over [K] (i.e., an element of the simplex A([K])). For
the analysis of data-dependent bounds, we use the no-
tion & .o = (l(X¢,a) — (X4, myq)) € R with a loss
predictor my , for ¢t € [T] and a € [K]. We write 1 []
to denote the indicator function.

3 FOLLOW-THE-REGULARIZED-
LEADER

Following the existing BoBW algorithms, we rely on
the FTRL framework. Given context X;, we consider
the FTRL predictor in A([K]) defined as

p(1X,) € argmin {Zm@(xt» + w)} ,

reA([K]) =1

where £4(X;) = ((X1,041),..., (X1, 0.x)) € RX,

and 6, , is an estimator of the linear loss 6; , € R, We
use the (negative) Shannon entropy v (r) = —% as
the regularizer, where H is the Shannon entropy and
7 > 0 s a learning rate. It is well known that p.(-|X;)

is equivalent to the EXp3-type prediction

exp (= 22;11<Xta as,a>)
2 ber] €XP (=1 S(X, 0,0))

The learner’s policy m:(+|X:) € A([K]) that selects the
next action usually combines p;(-|X;) with some ex-
ploration strategy to control the variance of the loss
estimates.

We next introduce the Optimistic FTRL (OFTRL)
framework (Rakhlin and Sridharan, 2013). In
OFTRL, a loss predictor m;, € R¢ for each action
a is available to the learner at the beginning of each
round t. OFTRL can be viewed as adding m., to
the objective as a guess for the next loss vector. The
OFTRL prediction p.(-|X;) is then defined as

pi(alXe) = (3)

arg min {z_}r,is(xt» + (r,my (X)) + 1,Dt(7‘)} ,

reA([K]) —1
where m(X;) = (<Xt, mya), ..., {(Xe, mt,K>) € RX.

In the following sections, we apply OFTRL in Theo-
rem 1 exploiting the predicted loss m;(X;) to achieve
first- and second-order regret bounds, and in Theo-
rem 2, we apply FTRL to obtain a worst-case regret
bound in the adversarial regime, while guaranteeing
the polylogarithmic regret in the stochastic regime.

4 DATA-DEPENDENT BOUNDS

In this section, we discuss how the reduction frame-
work is adapted to K-armed linear contextual bandits.
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We design an algorithm, MWU-LC, that satisfies the
data-dependent stability conditions (Proposition 1), so
that we can use it as a base algorithm in the black-box
reduction of Dann et al. (2023) and obtain the desired
BoBW bound for arbitrary my;, (Theorem 1). By
choosing the appropriate loss predictor m, o, we also
show how to simultaneously achieve first- and second-
order bounds (Corollary 1).

MWU-LC (Algorithm 1) is an instance of OFTRL
using a multiplicative weight update. Notably, such
an approach has been taken by Ito et al. (2020) for
adversarial linear bandits where they use truncated
distribution techniques to make an unbiased loss es-
timator stable. Recently, Olkhovskaya et al. (2023)
extended Ito et al. (2020) to the adversarial K-armed
linear contextual bandits. MWU-LC is built upon
the algorithm of Olkhovskaya et al. (2023), but in a
setting where a loss is observed with some probabil-
ity q;. The design of the learning rate is significantly
modified in order to achieve BoBW bounds. In par-
ticular, we show that MWU-LC achieves a stability
condition called data-dependent importance-weighting
stability (see Definition 4 in Appendix E).

Additional assumptions. If the density function
h : RY — R>g has a convex support and In(h(y)) for
y € R? is a concave function on the support, we call
the distribution log-concave. As in Olkhovskaya et al.
(2023), we assume that (i) context distribution D is log-
concave and its support is known to the learner, and
(ii) the learner has access to X!, the inverse of the
covariance matrix of contexts. However, these assump-
tions will be both dropped in Section 5. We assume
that loss predictors satisfy (X, my,) € [—1,1] for all
t and a € [K]. Finally, when we discuss first-order
regret bounds, we assume 0 < £;(X;,a) < 1 for all ¢
and a € [K], which is a standard assumption to ensure

that L* = E[zlezt<xt,n*(xt)) > 0.

Continuous MWU method. The learner has access
to a loss predictor m, , € R4 for each action @ at round
t, also called the hint vector. The learner computes the
density p;(-|X;) supported on A([K]) and based on the
continuous exponential weights w;(-|X;):

wi(r]X,) = exp (—nt (ZM(&» i mt<Xt>>>>7

s=1

wy (7| X:)
pe(r|Xy) == ,
() fA([K])wt(y|Xt) dy

(4)

where r € A([K]), n: > 0 is a learning rate, and és,a is
the unbiased estimate for the loss vectors 8 4, which
will be determined later.

For the rejection sampling step in Algorithm 1-1, we

use the following covariance matrix it’a € Rdxd,

Sia = Ex ympe(1x) [yt(a)QXXTLFt—l] . (5)

The number of steps required for the rejection sam-
pling is O(1), which can be shown via the concen-
tration property of the log-concave distribution (e.g.,
Lemma 1 of Ito et al. (2020)) and the log-concavity of
D. The truncated distribution p:(|X:) of pe(-|X:) is
defined as:

(101 | S 2 < aRR

ﬁt(T|Xt) = <
Py~pt('\Xz) |:Za—1 y2||Xt||2§:1 < dK"YE}

for r € A([K]), where 7; > 1 is the truncation level
to be specified soon. Thus, @Q; € A([K]) is sam-
pled from the truncated distribution p;(:|X;) and the
learner chooses an action A; ~ ;. The probability
that the learner can observe a loss, ¢; € (0,1] (cal-
culated in Algorithm 5 in Appendix E), is given to
the base algorithm in the reduction framework. If the
learner observes a loss, then upd, is set to 1, otherwise
upd, is set to 0. Then MWU-LC constructs an unbi-
ased estimator ét’a of 0, , for each a € [K] as follows:

d ~_
uz . Qt(a)zt,;tht,a]l [A¢ = a],
t

é\t,a: =Myt + (6)
where & o = (04(X¢,a) — (Xy, my ) and f)t’a € Rixd
is given by:

ia = Ex [Qi(a) XX T|Fi] - (7)
For MWU-LC with update probability g;, we design

a novel update rule for the learning rate n; > 0 as
follows:

800dKA2 <= f;
e == - i + & )

minj<iq; = 4
where we set 3; := 16%253’& and 7 := 41n(10dKt) for
t e [T].

Theoretical results. The following proposition
implies that MWU-LC satisfies the data-dependent
importance-weighting stability. The proof is provided
in Appendix F.

Proposition 1. Assume that X;, in (5) and ¥,
in (7) are known to the learner at each round t and
action a € [K]. Given an adaptive sequence of weights
q1,G2, - - - € (0,1], suppose that MW U-LC observes the
feedback in round t with probability q:. Let R(T,a*) =
E[>,_ (X, Ay) — (X, a*)] for round 7 € [1,T)
and comparator action a* € [K|. Let k(d,K,T) =
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Algorithm 1: Continuous MWU (MWU-LC)

Input :Set of K arms
Receive update probability g;
fort=1,2,...,T do
Observe X;;
do

| Draw Q ~ p:(:|X;) defined in (4)
while Y, Q(0)?| X;|% 1 < dK77 ;

Qi + Q € A([K]);

Choose an action A; ~ Qy;

With probability ¢;, observe the loss £;(X¢, Ay)
as a feedback;

Compute 6, , for a € [K] as in (6);

Update p.(:|X:) as in (4);

Update n; as in (8);

32KdIn(10dK7)In(r). Then, for any T and a*, the
regret R(,a*) of MWU-LC is bounded by

T

d 2
w(d, K,7) | |E [Z”pti“‘} +E

t=1 £

VBH0dK ]

mlanT Qj

Owing to Proposition 1, if MWU-LC is run with the
black-box reduction procedure (Algorithms 3 and 5
in Appendix E) as a base algorithm, we obtain the
following BoBW guarantee.

Theorem 1. Assume that ¥;, in (5) and Xy, in
(7) are known to the learner at each round t and
action a. Let ki(d,K,T) = K2d*In*(dKT)In?*(T)
and ko (d, K, T) = (dK)*>?In(dKT)In(T) be problem-
dependent constants. Combining the base algorithm
MWU-LC (Algorithm 1) with Algorithms 3 and 5, it
holds that

Rr=0 <\/51(d7 K, T)A*In*T + ko(d, K, T) 1n2(T))

in the adversarial regime and

Rr =0

k1(d, K, T)In(T) L (d, K, T)InTC
Amin Amim
C
Amin

in the corrupted stochastic regime.

+ko(d, K, T)In(T) In

For a concrete choice of my , for each a € [K], which in
turn determines A*, we utilize the online optimization
method. For any positive semi-definite matrix S €
R4¥4  define the predictor My, as a vector in M :=
{m € R? | (x,m) < 1, Vx € X} that minimizes the

following expression:

t—1

ImlE + > 1[4; = a] ((6j0 —m, X;)*  (9)

Jj=1

Based on Ito et al. (2020), we construct S via the
barycentric spanner for X (Awerbuch and Kleinberg,
2004), which is given by (26) in Appendix F. Then,
we show the following corollary using S, which im-
plies that we obtain the regret bound depending on

\/min{L*, A}, see Section 2 for a definition of A.

Corollary 1. Let my, at each t € [T] and a € [K] be
given by the minimizer of (9). Then, under the same
assumptions as Theorem 1 and for any m* € M, Rr
is bounded by

T
O| Kd, |min {L*,E[Z(Xt, 0;.4, — m*ﬂ }+ K2d?

t=1

for the adversarial regime, and is the same regret as
Theorem 1 for the corrupted stochastic regime.

Remark 1. Although the first-order bound is ob-
tained by just setting m;, = 0 (see Corollary 2
in Appendiz F'), computing the minimizer of (9) as
my, allows a single algorithm to achieve first- and
second-order bounds simultaneously. Compared with
Olkhovskaya et al. (2023), our results only have an ad-
ditional factor v/d in the adversarial regime while also
providing gap-dependent polylogarithmic regret in the
(corrupted) stochastic regime.

We just saw how our first approach in this section
achieves theoretical advantages and a polynomial-time
running time due to the log-concavity of D. How-
ever, removing the prior knowledge of £ ~! seems chal-
lenging, as computation of (5) and (7) involves ex-
pectation depending on both D and a learner’s pol-
icy. Moreover, the continuous exponential weights in-
cur a high (yet polynomial) sampling cost, resulting in
O((K5 +In T)ggt) per round running time, where gs,
is the time to construct the covariance matrix for each
round (see Section 3.3 in Olkhovskaya et al. (2023) or
Section 4.4 in Ito et al. (2020) for detailed discussion).
To address these issues, we next devise a simpler solu-
tion using FTRL instead of relying on the reduction
framework.

5 UNKNOWN X! CASE

We present a computationally efficient algorithm,
called FTRL-LC, based on FTRL with negative Shan-
non entropy. This algorithm does not require knowl-
edge of 37!, and only needs access to context distri-
bution D and minimum eigenvalue Apin(2).
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Algorithm 2: FTRL with Shannon entropy

(FTRL-LC)

Input :Arms [K]

Initialization: Set 0~0,a =0 for all a € [K].
Initialize 1, and v; by (13). Set M; < 1.

fort=1,2,...,7 do

Observe Xy;

Compute p¢(-|X¢) by FTRL in (10) with
regularizer ¢ (r) = —% (r);

Set

ma(alX0) (1= 7)pelalX) + g5 (1)

Sample an action A; ~ m:(-| Xy);

Observe the loss ¢;(X;, A;) and compute 0~t7a
for all a € [K] using (12);

Update n; and ~; by (13);

Update M, by (14);

Proposed method. Recall that, given context
X, FTRL computes the probability vector p.(-|X¢) €
A([K]) as follows:

pe(-|X¢) := argmin {Z (r,£,(X2)) +1/Jt(7")} , (10)

reA([K]) s=1

where 9;: A([K]) — R is the convex regularizer,
és(Xt) = (<Xt,0371>,...,<Xt,03,K>) S RK, and
0s.. € R is the (possibly biased) estimator for 6y ,.
Then, the policy (| X};) that selects the action A; is
defined by mixing the probability vector p;(-|X;) with
uniform exploration, where the adaptive mixture rate
v € [0,1/2] is defined later in (13). For the regular-
izer in (10), we use the (negative) Shannon entropy
i(r) = —-H(r) as introduced in Section 3, where
the learning rate n; > 0 will be specified later. The
pseudo-code of FTRL-LC is given in Algorithm 2.

Loss estimation. Here we describe the method for
estimating 6; ,. Given the covariance matrix ¥, , :=
E([1[A; = a] X;X,], it is known that we can construct

the unbiased estimator 6, , defined by
ét,a = EE;Xtﬁt(Xt, At)]]. [At = (Z] s Ya € [K]

While this estimate is unbiased, E; [ét’a] = 0, com-
puting this estimator is computationally inefficient as
its construction requires computing the inverse of the
d x d covariance matrix 3 ,. Such a heavy computa-
tion requiring time equal to O(d?) is prohibitive when
d > 1. Furthermore, this estimation approach as-
sumes that the covariance matrix is known in advance,
which is not the case in most real-world scenarios.

To avoid such practical problems, we consider rely-
ing on the approach of Matriz Geometric Resampling

(MGR) developed by Neu and Barték (2013); Neu and
Bart6k (2016) and later used in Neu and Olkhovskaya
(2020); Zierahn et al. (2023). The MGR procedure,
detailed in Appendix G.1, has M; > 0 iterations
and outputs EL as the estimate of Et_; MGR can
be implemented in O(M;Kd + Kd?) time (Neu and
Olkhovskaya, 2020). Using f]tfa, we can define the
estimator of 8, , by

gt,a = i;ﬁtaXtﬂt(Xt? At)]]. [At = a] s Ya € [K] (12)

+

t,a
finite, implying that the estimator gm in (12) may
be biased (although Et[flja] = E;; when M; — o0).
This biasedness needs to be handled when designing
the learning rate (n;); for FTRL.

However, ¥, is biased in general when M; > 0 is

Learning rate. To achieve BoOBW guarantees while
dealing with a biased estimator, we need to design a
learning rate 7, and a mixture rate ; achieving O(v/T)
regret in the adversarial regime and O(poly(InT')) re-
gret in the stochastic regime. To achieve this goal, we
define the learning rate and mixture rate as follows:

/
€1

I+ W E) 5 Hpa (X))
B =max {2,¢4,InT, B3},

1 4K In(t)
nt:E7 Yt = Qg - Mg, at:m7

52-5-1 = 5£ +

)

(13)

Amin(X) ) In K min ()’

we set 31 = ¢} > 1. These definitions ensure 0 < v <
1/2 and 0 < < 1/2.

where ¢] = \/<3Kd+ QKIHT) T o — 8K and

Unlike the existing algorithms, which are designed for
the adversarial regime and use a fixed number of iter-
ations of MGR (i.e., My = M for some M > 0 at all
t € [T] (Neu and Olkhovskaya, 2020; Zierahn et al.,
2023)), determining M; adaptively is also crucial to
prove BoBW guarantees. We set M; at round ¢ > 1 to

4K
My = {%)\mm(z) hl(tﬂ (=1). (14)

Theoretical results. Here, we formally state the
main result and sketch a summary of the key analysis
to guarantee the regret upper bound. The complete
proof of Theorem 2 and the following lemmas can be
found in Appendix G.

Theorem 2. Let ¢y = O(fln((g In(T)) be a problem-
dependent constant. The regret Ry of FTRL-LC (Al-

gorithm 2) for the adversarial regime is bounded by

Ry = (9<\/T (d+ )mli;%;)) Kln(K)ln(T)+C4>.
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For the stochastic regime, the regret is bounded by

K InT
RT N O<Amin (d + )\min(z)

) In(KT)In T> D R3O,

and for the corrupted stochastic regime, the regret is

bounded by
Rp = O(R?O + \/CR%‘)).

Our bound achieves O \/ TK max {d, Amj():)}) re-

covering the best-known result in the adversarial
regime (Neu and Olkhovskaya, 2020; Zierahn et al.,

2023) up to log-factors when T >

performance comparable to AK In(7T) in the stochas-
tic regime. In the corrupted stochastic regime, we have
the desired dependence of v/C for the corruption level
C>0.

W and has a

Regret analysis. For the sake of simplicity, in our
analysis we introduce a variant of our bandit problem
that we call auziliary game, where the context vector
x € X does not change over time, and for each trial
t € [T] the incurred loss is obtained replacing 6, , by a
(possibly biased) loss vector estimator 5,5,,1 as follows.
Let 9~t,a € R? be an estimator of the loss vector 0.
with bias b;, € R? and a € [K]. Suppose that the
learner’s action Ay is selected by a probabilistic policy
m(-|x) € A([K]). Then, the regret in the auxiliary
game against the comparator 7*(x) defined in (1) for
the estimated loss is defined as

T

E | (@.60,4,) -

t=1

ET(CL') = <$7§t,‘n’*(m)> . (15)

As in Neu and Olkhovskaya (2020); Olkhovskaya et al.
(2023); Zierahn et al. (2023), we define a ghost sample
Xo ~ D, which is drawn independently of the entire
interaction history, i.e., Xy is independent of any of
X1,..., X used to construct the loss estimators 8y ,.
With this notation, it is known that Ry is bounded
as follows (see Eq.(6) in Neu and Olkhovskaya (2020)
and Lemma 7 in Appendix D):

T

Ry < E[Rr(Xo)] +2Y  max [E[(X¢, byo)]|.

aG[K

Thanks to this upper bound, it suffices to bound the
regret of the auxiliary game and control the bias. To
do so, we start with Lemma 1, which can be proven via
the standard analysis of FTRL with Shannon entropy
while taking the context into account.

Lemma 1. Suppose that maxgcxy |77t<:c,§t,a>| <1
holds, and A; is chosen by m(-|x) defined by (11) for
x € X. Then, we have

Z ﬁt—f—l

- T K
+Y me Yy milalz)(@,6:.0)° + U(), (16)
t=1 a=1

H(pes1(|z)) + f1In K

where U(x) = ZZ;I Ve D atnr () %(.’I:,gm) is the re-
gret due to the uniform exploration.

We next state the following lemma, showing that our
careful parameter tuning allows us to bound the RHS

of (16).
Lemma 2. Suppose that n, < %, v = a; -

2
N, and set My as in (14). Then, it holds that

(1) B [(X0, B0 — Bra)]| < exp (— 220 M) < 172
and (ii) (@, 0,.0)| <1, VYa € X.

Thanks to (ii), the requirement of Lemma 1 is met by
our parameter tuning. The statement (i) is useful to
bound the penalty term caused by the biased 6, ,, i.e.,
E[U(X0)] and 1y maxoeqr) [BLX0, by o)l

From Lemma 1, we can derive Lemma 3 providing an
upper bound on the expected regret of the auxiliary
game dependent on the sum of the Shannon entropy
over [T].

Lemma 3 (Entropy-dependent regret bound for the
auxiliary game). Let Xog ~ D be a ghost sample drawn
independently of the entire interaction history. Let

3Kd+ 25l ) InT
k= vVInK + ( 2 ) If A is chosen

i G
civVin K

by 7 (+| Xo) defined by (11) for Xg, then, the expected

regret of the auziliary game E[Rr(Xy)] is bounded by

KInK

———InT
+ )\min(z) .

O [ |E [Z H(pu(|X0))

t=1

We introduce the following notation for the further
analysis: Let go(7*) := Z?:l(l — pe(7*(X0)| Xo)) and
oxr, (1) = Yi_, (1= pi(7*(X)| X)) Now, we are
ready to sketch the proof of Theorem 2.

Proof Sketch of Theorem 2. For the adversar-
ial regime, by the fact that H(p:(-|Xo)) < In K, we
immediately have the desired regret bound from the
above lemmas. To analyze the corrupted stochastic
regime we start with a lower bound on the regret. We
can show that Ry > %E[Q(Xt)?ﬂ(ﬂ*)] — 2C from
the definition of the stochastic regime with adversar-
ial corruption (Lemma 21 in Appendix G). For the
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upper bound depending on go(7*), we use the inequal-
ity of 3,y H(pi(-|X0)) < eo(r*) In L5 (Lemma 22
in Appendix G). When go(7*) < e, then we have the
desired bound trivially from this inequality. In the
case of go(7*) > e, using E Zthl H(pt(o|Xo))] <
Eloo(7*)]In(KT), we have Ry = O(poly(InT) -
v/ E[oo(7*)]+c4), where ¢4 is a problem-dependent con-
stant. Here, we use the fact that Xy and X; follows the
same distribution to show E[gx,)r (7*)] = E[oo(7")]
(Lemma 20 in Appendix G). Then, the final part can
be done via standard self-bounding techniques. Plug-
ging the above upper and lower bound on Ry into
Rr = (1 + A)Rr — ARyp for A € (0,1], taking the
worst-case with respect to E[go(7*)], and then opti-
mizing A € (0, 1] completes the proof for the corrupted
stochastic regime. O

6 Conclusions

We proposed the first algorithms for K-armed lin-
ear contextual bandits to achieve the BoBW guaran-
tees. The first approach is to use a continuous MWU
method with a reduction framework, thereby attain-
ing either first- or second-order regret bound in the
adversarial regime and polylogarithmic regret in the
(corrupted) stochastic regime. We also designed a sim-
pler FTRL with Shannon entropy that does not re-
quire the knowledge 3, ; at each round ¢ for action a,
and achieves the worst-case regret in the adversarial
regime without sacrificing the polylogarithmic regret
in the (corrupted) stochastic regime.

It is important to develop a computationally efficient
algorithm that can achieve data-dependent bounds
without relying on knowledge of £~!. Even without
this knowledge, the FTRL-LC algorithm achieved the
optimal worst-case regret up to log factors in the ad-
versarial regime. However, in the stochastic regime,
additional In(7") and In(KT') terms arise due to MGR
and Shannon entropy, respectively. An additional log
factor is also common when using FTRL with Shan-
non entropy in other bandit settings. Therefore, it
would be interesting to explore alternative regulariz-
ers. Another direction is to extend the current results
to the contextual combinatorial bandit setting.
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5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Applica-
ble]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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Best-of-Both-Worlds Algorithms for Linear Contextual Bandits:
Supplementary Materials

A NOTATION

In this appendix, we provide Table 2 summarizing the most important notations used in the paper.

Table 2: Notations.

Symbol Meaning

[K]:={1,2,...,K} Finite action set

deN Dimension of loss vectors and contexts

X CRY A context space of a full-dimensional compact set

D e A(X) Context distribution over X

3 € Réxd Covariance matrix of contexts, Exp[XX ]

0, €R? Loss vector of action a € [K] at round ¢ € [T

0, €R? Fixed and unknown vectors of action a € [K] at round ¢ € [T] (corrupted and stochastic regime)
C e [0,T] Corruption level, upper bound of Zthl maxX,e(k] |0t,a — Oall2

(- | x) € A([K]) Probabilistic policy mapping each context & to a probability distribution

II Set of all deterministic policies 7 : X — [K]

mell Optimal policy

Ampin >0 Minimum sub-optimal gap over a context space, Minge x MiNg4r+ () (X, Oa — Or«(z))
m;, € RY Loss predictor for action a € [K] and t € [T]

L E[Z;Zl 0(Xp, 7 (X))

A E[thzl(et(Xt,Ag — (Xe.mua,))?] .

A ]E[Zt:l (ét(Xh At) - <,th,7 0))2} with @ := ﬁ Zt:l Za:l 0t,a~

&a€R (Le( X1, a) — (Xy,my o)) with a loss predictor my , for for action a € [K] and ¢t € [T
0, €R? Unbiased estimator for 0; , for a € [K] and ¢ € [T]

£s(X;) € RE Estimated loss vector for X; at round ¢ € [T, ((X,051), ..., (X, 05 k)

my(X;) € RX Predicted loss vector for X; at round ¢ € [T7], ((Xt, mea), ..., {(Xq, quK))

Ry(x) Regret of auxiliary game for context @ and unbiased loss estimator 8, 4 at round ¢, E [Zil(w, 6,.4,) — (x, @J*(m)}]
§m e R4 Biased estimator for 6, , for a € [K] and t € [T

£s(X;) € RE Estimated loss vector for X; at round ¢t € [T, ((X,051),- .., (Xs, 05 k)

I:ET(m) Regret of auxiliary game for context x and loss estimator 6~?t7a at round ¢, E [Zle(m, 5,5_ a,) — (z, §m*(m)>]
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B ADDITIONAL RELATED WORK

There is another line of research dedicated to studying the problem of model selection. A few notable works
in this area include Pacchiano et al. (2020, 2022); Agarwal et al. (2017b); Cutkosky et al. (2021); Lee et al.
(2021); Wei et al. (2022). Among these, Pacchiano et al. (2022) addressed the general contextual linear bandit
problem with a nested policy class. They achieved the first high probability regret bound, recovering the result
of Agarwal et al. (2017b) in the adversarial regime, and attained a gap-dependent bound in the stochastic regime.
They also showed a lower bound for the stochastic regime, indicating that a perfect model selection among m
logarithmic rate learners is impossible. Formally, this implies that the optimal dependence of the complexity
parameter for the largest policy class cannot be improved over a quadratic, i.e., R(HA""*).QI“T, where R(I1,,) is the
complexity parameter for the largest policy class. In their best-of-both-worlds model selection algorithm, the base
learners aggregated by the meta-algorithm are required to satisfy anytime high-probability regret guarantees in
the adversarial regime, along with notions of high probability stability and action space extendability. Although
a high-probability variant of EXP4 of Auer et al. (2002) could be a viable option as a base learner to meet these
requirements, its running time, however, is generally linear in the number of policies. This makes it intractable
for an infinite policy class of 7 : X — [K], where X C RY. Leaving aside the computational issues, Pacchiano
et al. (2022) have not addressed data-dependent bounds in the adversarial regime, nor have the corrupted regime
been explicitly investigated.

Since Lykouris et al. (2018) first proposed the stochastic K-armed bandits with adversarial corruptions, different
problem settings including contextual bandits, have been well-studied in the literature. Zhao et al. (2021); Ding
et al. (2022); He et al. (2022) extended the model studied in Abbasi-Yadkori et al. (2011) under the corruption
framework by Lykouris et al. (2018) for the linear contextual bandits. For further extensions, Bogunovic et al.
(2020) introduced the kernelized MAB problem. Ye et al. (2023) recently studied nonlinear contextual bandits
and Markov Decision Processes, and Kang et al. (2023) introduced Lipschitz bandits in the presence of adversarial
corruptions. We also mention a few works of Jun et al. (2018); Liu and Shroff (2019); Garcelon et al. (2020);
Bogunovic et al. (2021) in this line of research that studied a different adversary model, where the adversary
may add the corruption after observing the learner’s action A;. Garcelon et al. (2020) examined several attack
scenarios and showed that a malicious adversary could manipulate a linear contextual bandit algorithm for the
adversary’s benefit. It is also notable that regret can be defined in different ways, taking into account losses
after corruption or losses without corruption. However, the difference between the two definitions is negligible,
at most O(C), where C'is the corruption level. For a more detailed discussion on these different notions of regret,
refer to Gupta et al. (2019); Ito (2021).

Algorithms for linear contextual bandits that provide regret guarantees have been developed with various as-
sumptions on the losses and contexts. The stochastic linear contextual bandit is the most extensively studied
model among them. Here, the context in each round can be arbitrarily generated while an unknown loss (reward)
vector is fixed over time (Chu et al., 2011; Abbasi-Yadkori et al., 2011; Li et al., 2019). Efficient computational
techniques have also been developed to take advantage of the availability of a regression oracle (Foster et al.,
2018). Foster et al. (2020) studied the misspecified linear contextual bandit problem for infinite actions with an
online regression oracle. In addition, Foster and Rakhlin (2020) extended oracle-based algorithms for a general
function class.

Despite the rich history of contextual bandits literature we described above, few results have been known for
data-dependent bounds as the question was posed by Agarwal et al. (2017a). Allen-Zhu et al. (2018) first
affirmatively solved this question for adversarial losses and contexts. However, their algorithm only works for a
moderate number of policies. Foster and Krishnamurthy (2021) provided the first optimal and efficient reduction
from contextual bandits to online regression with the cross-entropy loss, thereby achieving a first-order regret
guarantee, but the loss function is assumed to be fixed over time. The work of Olkhovskaya et al. (2023) first
achieved the first- and second-order bounds for adversarial losses and i.i.d contexts case. The critical difference
between the above-mentioned work and our study is that these have not investigated the BoBW guarantee.

C LOWER BOUND

An algorithm is said to be orthogonal if it does not use the information from rounds in which X; # X for s < ¢
to make a prediction at round t (Zierahn et al., 2023). For the class of orthogonal algorithms, Zierahn et al.
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(2023) proved the following regret lower bound for the combinatorial full-bandit setting in the adversarial regime.
In the combinatorial full-bandit setting, the action space satisfies A C {0,1}% and max,c 4 ||la]j; < S.

Proposition 2 (Theorem 19 in Zierahn et al. (2023)). Suppose T > dSK and K > 2S. In the combinatorial
full-bandit setting, any orthogonal algorithm satisfies

S3/2\/dKT
192 + 96 In(T))"

>
Br 2 16(

In their proof of the lower bound, they construct the S instances of n-armed bandit problems for n = % e N.
Therefore, the statement for S = 1 implies the lower bound for the K-armed contextual bandit case:

Ry = Q(VAKT),

which we are interested in. Also note that both FTRL-LC and MWU-LC with m;, = 0 are orthogonal, as
formally stated in the following lemmas.

Lemma 4. Suppose that X consists of only basis vectors i.e., X = {e1,...,ex}, and pick some t € [T]. Let
Xy # X¢ and let a € [K]. Then, (Xy,0;q) = 0 holds for the biased estimator 0, in (12) of FTRL-LC, and
(X, 0¢4) =0 holds for the unbiased estimator 0y o with m; o =0 in (6) of MWU-LC.

Proof of Lemma 4. We follow the proof of Lemma 17 in Zierahn et al. (2023). First consider 6, , in (12). Let
E:f ., be a sample of the MGR (Algorithm 7) with M-iteration and it can be written as

Mk

St.=0Y [[@-Bra).

k=0 j=1

Notice that By, = 1 [A(k) = a] X (k)X (k)" is diagonal since D has the support of X = {ey,...,ex}. So as ZA];LG
for all a € [K]. Let Xy = e; and Xy = e; and pick a € [K]. Then we see that
<Xt’7 5t,a> = €¢T9~t,a
= el B Xuli (X1, AN [A, = d
= e;rflgfaejft(Xt,At)]l [A; = a
= (Bfa)iglo(Xe, AL [Ar = d],

concluding that (X, 6t,a> =0if i # j.

Next, we consider 4/9\757@ in (6), where f][; is given by (7) and &, = ({(Xi,a) — (Xy,my,)). By a similar
discussion, we have
<Xt’7§t,a> = e;ré\t,a
upd,
qt
upd =_
= e/ (Mo + Tt ()2, ejéal [Ar = d])
t

Qt(a)igéthna]l [A; = a])

= e/ (Mo +

. ~ upd
=ma(i) + (24)ij . :
t

Qi(a)§t,al [Ar = a].

Therefore, we conclude that (X, 5,57@) =0if i # j and m;, = 0, since f]t,a is diagonal in this case.
O

Lemma 5. Suppose that X consists of only basis vectors i.e., X = {ei,...,ex}. Also, suppose that in round t,
the context is a basis vector in the direction i € [K|. Then, in FTRL-LC and MWU-LC with my, = 0 for each
a € [K], the observation obtained in round t does not affect the algorithm’s prediction in all subsequent rounds
such that the context is a basis vector in direction j # i.
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Proof of Lemma 5. Lemma 4 implies that when X; = e;, then p;(:|X};) in (11) in FTRL-LC can be written as

pi(e;) = argmin { ST (e + «/»t(r)} ,
s<t:Xs=e;

reA([K])

where £,(e; := ({e;, 051),..., <ei,F0VS,K>)—r € RE. Also, we can write w;(r|X;) for 7 € A([K]) in (4) of MWU-LC
as

wt(r|ei) =€exXp | =N Z Ta <eia Z gs,a + mt,a> s
]

a€[K s<t:Xs=e;

where m; , = 0. These equations mean that both algorithms do not use the information at round s < ¢ wherein
Xy # Xs. O

D USEFUL LEMMAS

This section presents some known results from existing literature, such as basic regret bounds in FTRL and basic
regret decompositions often used for K-armed linear contextual bandits.

D.1 Analysis of FTRL

We introduce a standard FTRL analysis (e.g. Exercise 28.12 of Lattimore and Szepesvari 2020) when it is applied
to K-armed linear contextual bandits with a fixed context @ € X'. The following Lemma 6 will be used to analyze
the regret of the auxiliary game given by (16) in Lemma 1.

The Bregman divergence from p € A([K]) to ¢ € A([K]) is defined as

Dy(q,p) = ¥e(q) — Ye(p) — (Ve(q), ¢ — p)-

Lemma 6. Let p.(-|x) be a FTRL prediction with loss estimators gt,a for each a € K], which is given by (10)
with any convex regularizer 1y (-). Suppose that Ay is chosen by m(-|x) :== (1 —v)p¢(-|x) + V7, where v, € [0,1]
is the mizture rate. Then, for any context x € X, we have

Ea, [Z ((@.01..) — (. 5t,w*<w>>)]

t=1

T
Z Vi (pe+1(12)) = Vi1 (Pe+1 (@) + Yra (7 ([2)) — Y1(p1(-|x))

t=1

+ 3 (1= ((pell2) = praa (@), £e(@) ) = Dilpros (o). pul o)) + Ul@),
t=1

where U(x) = Zle Vi <%1 — 7r*(|:c),zt(a:)>, and ™ (alz) =1 if a = 7*(x) otherwise 0.

Proof of Lemma 6. From the definition of the auxiliary game and the design of the algorithm, for any « € X,
we have

T
Ea, [z ((@,8e.a,) - <m,5m<w>>)] =3 > (milale) - 7 (al@)) (@, 6.0)

W

t=1 t=1 a€c[K]
T ~ T 1 ~
= Z(l — ’Yt) Z (pt(a|w) — 7T*(a|w))<w, 0t,a> + Z'Yt <K1 — ﬁ*(w),‘et(m)>
t=1 a€[K] t=1

I
M=

(1=7) D (pilalw) — 7" (alz))(@, 61.0) + U (w).

1 a€[K]

o~
Il
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By the standard analysis of FTRL (see, e.g., Exercise 28.12 of Lattimore and Szepesvari 2020), the first term in
the RHS above is further bounded as

T

Y (=) Y (pilalz) — 7" (ala))(x, B;.0)

t=1 a€[K]

<> (1= ((pell2) = peaa (1)), Eel@)) = Dolpraa (o). pu(-|2)))

-
—

+ Y Wepesi (12)) = Yes1 (peea (@) +Yrpa (77 (|2)) = ¥a(pi ().

t=

—

Combining the above arguments completes the proof. O

D.2 Fundamental bounds for K-armed linear contextual bandits

First, we introduce a fundamental regret decomposition using the auxiliary game in (15).

Lemma 7 (c.f. Equation (6) of Neu and Olkhovskaya (2020)). Let X ~ D be a ghost sample drawn independently
from the entire interaction history. Then we have

R, < BIR,(X0)] + 23 max [E[(X;. by
t=1 ¢

Next, we introduce the following lemma for analysis related to a ghost sample X, which will be used to prove
Proposition 7 and Lemma 3.

Lemma 8 (c.f. Lemma 6 in Neu and Olkhovskaya (2020)). Let X ~ D be a ghost sample drawn independently
from the entire interaction history. Suppose that X; is satisfying || X¢lla <1, and 0 < p < % Then, for any time
step t and an estimator 0y o, we have

K
E, Zm(a|X0)(Xo,0~t7a>2‘| < 3Kd. (17)

a=1

Lastly, we introduce the following lemma, which will be used to prove Lemma 2 to control the biased term caused
by MGR procedure.

Lemma 9 (c.f. Lemma 5 in Neu and Olkhovskaya (2020)). Let ét,a = E;;Xtét(Xt,At)]l [A; = a] for all
a € [K], and let gt’a = flzaXtZt(Xt,At)]l [A; = a] for all a € [K] where f]fa is obtained by MGR with p = % of
Algorithm 7. Then, we have

0, 0, )‘min b))
|E[<Xta et,a - 0t,a>|]:t71]| < exp (—fyt2[{<)Mt> )

E APPENDIX FOR REDUCTION APPROACH

We summarize the known results of the black-box reduction framework of Dann et al. (2023), when it is adapted
to our K-armed linear contextual bandit problem, although Dann et al. (2023) provided for several other different
problem settings. Then, as a naive adaption of Dann et al. (2023), we describe a base algorithm for K-armed
linear contextual bandits with adaptive learning rates and provide its analysis, resulting in Proposition 8. For
notational convenience, we use R(7,a*) to denote the pseudo-regret of E [>~;_; €,(X;, Ay) — £,(X¢, a*)] for round
7 € [1,T] and comparator action a* € [K] fixed in hindsight. All the pseudo-codes of reduction algorithms are
also detailed in this appendix to make the paper self-contained.

E.1 Zero-order bound via reduction framework

Inspired by the techniques of model selections, the reduction approach of Dann et al. (2023) relies on an algorithm
satisfying the following condition, called a-local-self-bounding condition (LSB).
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Algorithm 3: BoBW via local-self-bounding (LSB) algorithm, Adaption of Algorithm 1 in Dann et al. (2023)

Input :LSB algorithm £

Ty < 0; To<+ —coInT;

Ay ~ unif ([K]), t < 1;

for k=1,2,...do

Initialize £ with candidate action ﬁk;

Set the number of pulls Ni(a) for all a € [K];

fort=T,+1,T,+2,...do

Observe Xy;

Choose action A; according to £, and advance £ by one step;

Ni(ar) < Ni(ay) +1; R

if t — T > 2(Tx — Th—1) and 3a € [K]\ {4y} such that Ny(a) > == then
Ak-&-l & a;
Thy1 < &

break

Algorithm 4: LSB via Corral, Adaption of Algorithm 2 in Dann et al. (2023)

Input :candidate action @ € [K], 3-iw-stable algorithm B over [K]\ {a} with constants ¢; and c;

Define: ;(q) = —% ?:1 V@i + % Z?Zl In i

BO = O,
fort=1,2,...do
Observe Xy;
Compute
t—1 0 1 1
G,  argmi S - + L (11— — )3+ -—=1
e (03~ [ | uo) e (- g)ne
: 1 _ 1.
with 7, < s b= Seq)
Sample i; ~ qy;
if i, = 1 then
| Choose A; = a and observe £;(X;, A¢);
else

| Choose A; according to base algorithm B and observe £;(X;, A;);

L (X A+ D[l =i] 1 1 .
L Define Pt < Qt,i Land By /e ET:l qr,2 + min-<¢ gr,2”’
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Definition 1 (a-local-self-bounding condition or a-LSB, Adaption of Definition 4 of (Dann et al., 2023)). We
say an algorithm satisfies the a-local-self-bounding condition if it takes a candidate action a € [K| as input and
has the following pseudo-regret guarantee for any stopping time 7 € [1,T] and for any a* € [K]:

R(7,a") < min {céaE[T]o‘, (ciInT)'~E Z(l —1[a* =a]lp:(a™|Xy))

t=1

} +cInT, (18)

where cg, c1,c2 are problem dependent constants and pi(a*|Xy) is the probability choosing a* at round t.

For a reduction procedure, detailed in Algorithm 3, that turns any LSB algorithm into a best-of-both-world
algorithm, its BoBW guarantees are stated in the following proposition.

Proposition 3 (Adaption of Theorem 6 of Dann et al. (2023)). If an algorithm L satisfies a-LSB with (co, ¢1,¢2),
then the regret of Algorithm 3 with L as the base algorithm is upper bounded by O(cy™ *T* + ¢y In?(T)) in
the adversarial regime and by O(c; In(T)A_ =% + (c; InT)'=*(CALL)® + coIn(T) In(CA L

min min )) in the corrupted
stochastic regime.

Since algorithms satisfying the LSB condition are not common, Dann et al. (2023) further introduced the notion
of the importance-weighting stability (iw-stable), and presented a variant of Corral algorithm (Algorithm 4) (Agar-
wal et al., 2017b) that runs over a candidate action @ and an importance-weighting stable algorithm B over the
action set [K]\ {a}.

Definition 2 (iw-stable, Adaption of Definition 8 of Dann et al. (2023)). Given an adaptive sequence of weights
q1,92,--- € (0,1], suppose that the feedback in round t is observed with probability q.. Then, an algorithm is
%—importance—weightz’ng stable if it obtains the following pseudo-regret guarantee for any stopping time T € [1, T
and any a* € [K]:

C2

mintgr qt

(19)

Proposition 4 (Theorem 11 of Dann et al. (2023)). If an algorithm B is §-iw-stable with constant (cy,c3), then

Algorithm 4 with B as the base algorithm satisfies %-LSB with constants (¢g,¢1,C2), where ¢g = ¢ = O(c1) and
Co = 0(02).

E.2 First- and second-order bounds via reduction framework

Next, we introduce a reduction scheme that can also be adapted to obtain a data-dependent bound relying on a
notion of data-dependent local self-bounding (dd-LSB) (Dann et al., 2023), when it is applied to our setting. In
order to make the paper self-contained, we detail the pseudo-code of a Corral algorithm (Algorithm 6 of Dann
et al. (2023)) in Algorithm 5.

Definition 3 (dd-LSB, Definition 20 of Dann et al. (2023)). An algorithm is said to be dd-LSB (data-dependent
LSB) if it takes a candidate action @ € A as input and satisfies the following pseudo-regret guarantee for any
stopping time T € [1,T] and action a* € [K],

R(r,a") < |e1ln(T)E Z(Z<pt<a|Xt>£?,a—ﬂ[a*=a]pt<a*|xt>2faa*>) +e T

t=1 “a€[K]
where c1,co are problem-dependent constants and pi(a*|X}) is the probability choosing a* at round t.

The performance of an algorithm with dd-LSB condition is guaranteed as the following proposition.
Proposition 5 (Theorem 23 of Dann et al. (2023)). If an algorithm L satisfies dd-LSB, then the regret of

Algorithm 8 with L as the base algorithm is upper bounded by O(\/clE [Zthl giAt} In?T + ¢ In?(T)) in the

adversarial regime and by O (cklt(? + CIAII:H?;C + o In(T) ln(CAI;iln)) in the corrupted stochastic regime.
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To achieve the dd-LSB condition, Dann et al. (2023) also proposed a variant of Corral algorithm of Agarwal et al.
(2017b), which is detailed in Algorithm 5. This Corral algorithm is run over two base algorithms with refined
weights (q;): one is to play the current candidate action @ and the other is an algorithm with the data-dependent-
importance-weighting-stable (dd-iw-stable) condition over the action set of A\ {a}, given in Definition 4. It is
guaranteed that the Corral algorithm (Algorithm 5) satisfies the dd-LSB condition when a base algorithm is
dd-iw-stable, formally stated in Proposition 6.

Definition 4. [dd-iw-stable, Adaption of Definition 21 of Dann et al. (2023)] Given an adaptive sequence of
weights q1,qa, - .. € (0,1], suppose that the feedback in round t is observed with probability q;.. Then, an algorithm
is %—dd—z’w—stable (data-dependent-iw-stable) if it satisfies the following pseudo-regret guarantee for any stopping
time T € [1,T] and for any a* € [K]:

T d, - 2
R(T, a*) S ClE [Z updy gt,At‘| + E |:02:| ’
t=1

2 .
q; ming<r gt

where upd, =1 if feedback is observed in round t and upd, = 0 otherwise.

Proposition 6 (Theorem 22 of Dann et al. (2023)). If a base algorithm B is §-dd-iw-stable with constants (cy, cz),

then Algorithm 5 with B satisfies %-dd-LSB with constants (C1,¢2) where ¢ = O(c1) and ¢ = O(y/c1 + (/C2).

Algorithm 5: dd-LSB via Corral, Adaption of Algorithm 6 in Dann et al. (2023)

Input :candidate action @ € [K], 3-iw-stable algorithm B over [K]\ {a} with constants (ci, cz)

. N2 1 —0-
Define: ¢(q) :=>;_;In, By :=0;
fort=1,2,...do
Observe Xy; _

Let B output an action Ay;

Receive predictors my , for all a € [K], and set y; 1 = (Xt,mt’ﬁ and yy 2 = <Xt’mt12t>5

Compute

t—1
0 1 1 1
g, i . - — g (1-=)g+—1,
e L (O S P R SRR (R LR

where 7  (InT)? (zj;ll(n lir =] — 4,22 4+ (1 + ) In T)7 :
Sample i; ~ q;

Nl

if i; = 1 then
| Choose A; = a and observe £;(Xy, A¢);
else

L Choose A; = A; and observe ¢ (X, Ay);

TR
o (X A=y )L =i] , b Lo, =2 e
Define z;; + e +uyiiand By /a1y = T

E.3 Naive adaption

As we discussed in Appendix E.1, the work of Dann et al. (2023) devised a black-box reduction framework
to obtain a zero-order regret bound in the adversarial regime as well as the regret in the form of ﬁ in
the (corrupted) stochastic regime. In this section, we demonstrate that a basic EXP3-type algorithm with an
adaptive learning rate satisfies the importance-weighting stability (Definition 2), where its pseudocode is detailed
in Algorithm 6. Specifically, the base algorithm is built upon REALLINEXP3 in Neu and Olkhovskaya (2020),
but we assume that 37! is known to the learner.

Proposition 7 (iw-stable condition of ADAPTIVE-REALLINEXP3 as a base algorithm). Assume that 71 is
known to the learner. Then, RealLinExp3 with adaptive learning rate (Algorithm 6) for K -armed linear conteztual

2
bandits is %-importance-weighting stable, where ¢; = O (111(]()[(2 (d + é) ) and co = LK

Amin (32) T Amin(X)
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Algorithm 6: RealLinExp3 with adaptive learning rate (ADAPTIVE-REALLINEXP3)
Input :Arms [K]
Receive update probability ¢; € (0, 1];

: [ Ik 1
Let n, < mln{ Z“ s 50 Mils<y qs} A
s=1 9s

Initialization: Set §0,i =0 for all i € [K];
fort=1,2,...,T do
Observe X, and for all a € [K], set

(a|Xt = €xXp ( T/tz Xta ) )

Sample an action A; from the policy defined as

K .
Amin ()’

pe(al Xy) 1
m(alXe) = (1 —m)=— v TN
Zbe[K] pe(blXy) K
With probability qt, observe the loss £;(X;, a;) (in this case, set upd, = 1, otherwise set upd, = 0);

= U3 X (Ko, A)L A, = d for all a € [K];

Compute 0,5 e

The proof of Proposition 7 will be stated soon. Using Propositions 3, 4, and 7, we have the following proposition.

Proposition 8 (BoBW reduction with a base algorithm of ADAPTIVE-REALLINEXP3). Assume that 37!
known to the learner. Combining Algorithms 3, / and 6 results in the following the regret bound: for the

adversarial regime,
RT =0 (\/ ClT + co 1112 T) y

and for the corrupted stochastic regime,

_ c1InT cInT C
RT_O<Amin +4/ A C+021n(T)ln<Amin)>,

2
uhere 1 =0 (hl(K) K (d+ k) ) and ¢ = 3y

Proposition 8 implies that we obtain desired BoBW bounds if the learner access to 3 (} = Ey[1[A; = a] X3 X,
for computing the unbiased estimator 6; , at each round ¢ and a € [K]. However, it only gives the zero-order
bound in the adversarial regime. To obtain data-dependent bounds we use a continuous MWU approach as
described in Section 4. Importantly, removing the prior knoweges of 3, , is addressed in Section 5. In what
follows, we state the proof of Proposition 7.

Proof of Proposition 7. While 7* € II is a deterministic policy, we will also write it using the notations of a
probabilistic policy: Let 7*(a|x) = 1 if a = n*(x) otherwise 0 for a € [K], and € X. Let Xy ~ D be a ghost
sample chosen independently from the entire history. Then, we have

E¢[(Xt, 01 r(x,))] = Ee[(Xo, Ot x(x0))]-

We define ET(:IJ) as the regret of auxiliary game for context & and unbiased loss estimator é\t,a at round t¢:

T
Rr(x) :=E Z(%@,AJ — (2,04 7+ (a)) | - (20)

t=1
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Using this property and unbiased estimator @,a, as also analyzed in Lemma 3 in Olkhovskaya et al. (2023), we
have

R, =E i <€t(XtaAt) - ft(XtaW*(Xt)))l

Lt=1

-E Z(z (Xo, Ay) — li(Xo, 7 ]
Lt=1

X))
5|3 ((X0.60) — (X0.01m-x)) |
Lt=1

Then, by the definition of Ry (z) in (20), RHS of (21) can be written as IE[]TET (X0)]:

E[R(Xo)] Z]Et > (mi(alXo) — 7 (alXo))(Xo, 0.0)
a€[K]

We begin with the following lemma using a basic FTRL analysis.

Lemma 10. For any context x € X, and suppose that é\t,a satisfies |ni{x, §t7a>| < 1. Then, for any time step T,
we have

~ - mK] <& < -
E[R,(x)] < QZEt [v] + E {777] + ZEt lﬁt Zm(a|:c)<a:,0t,a>2

t=1 t=1 a=1

Proof of Lemma 10. Since my(a|z) = (1 — v,)pi(a|z) + v: % where we recall that p;(a|x) is given in (3):

pt(a‘aj) exp (_77t Zt71< >2 >) for a € [K]v

Zbe (K] exp (—n Z < 0

we see that

ZEt 3 (milalz) — 7*(ale)) (@, By.0)

a€[K]

<Y B |7 Y (ulale) — 7 (@l Bua) | + D Fe [ (@, 80) — (800 0)

a€[K] t=1 a€[K]

As discussed in Section 3, p:(-|x) can also be described as the FTRL with negative Shannon entropy:

peA(K]) | s=1

pi(a) € argmin {i@, O(2)) + «Mp)} , (22)

where ¢y (p) = —iH(p) = n—lt EaG[K] po Inp,. By a standard FTRL analysis as in Lemma 6 and similar analysis

of derivation of (46) in Lemma 1, we have
DB (=) Y (vhlalz) — 7" (alz))(x, Br.a)
t=1

a€[K]
E [ln K} .
U

T K
< ZEt lm Z m(alz)(@, 810)°
t=1 a=1
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Since
ZEt TN (@, 000) — (@810 ) ZEt TN (@, 000) — (2,01 | <23 Ee [y
ae[K] ae[K] t=1
by [(@,0;,,)| <1, combining above equalites gives the desired result. O

We next introduce the following lemma, which is implied by Lemma 8, for known X, ! and unbiased estimator

Ot,a in Algorithm 6 of Algorithm 6.

,a

Lemma 11. Let Xy ~ D be a ghost sample chosen independently from the entire interaction history. Then for
any time step t, we have

K K _ _
S m(al Xo) (Ko Bun)? | < P Beltr(Bea T 0o Ti,)] _ 3Kd (23)
i yYt,a = = .
) a at
Then, we are ready to prove Proposition 7. We first show |n:(x, §t7a)| <1.
~ ~ upd; t -
(@, Or.a)| = mel (@, 0p.0)| =m0 |2 qttEt,;XtEt(Xt,a)ll [A; = a]| < %W’th,;Xﬂ (24)

U 1 <M K <1

ts—1 2
Ay -max ||x||* < - )
|| t,aHOP po H || " )\min(zm) T Amin( )’Yt B

where we used ¢;(X;,a) < 1 in the first inequality, Amin(Z¢q) > 'y‘)‘“‘T‘“(E) in the forth inequality, and the

definition of v; = in the last inequality.

e K
/\min (E

Next, we will give the bound of }_/_ 1 . Since we have

T T t

1 1 1 1
> PR = =23 |\ 2 o “
t=1 ZS:l I \/ZS 1 Qb \/ZS 1 Qb t=1 s=1 s=1

and using the definition of 7;, we obtain

<\/72

1 4t

Furthermore, by the definition of 7, it is easy to see that

1
1 < |2 @ c
Nr In K minth qt

Therefore, by combining the above inequalities, we have for any ¢* € [K] and 7 € [T],

XT: (X040 —Et(Xt,a*))] —E i (X0, 40) —ét(Xo,a*))]

t=1 Lt=1

<E|Y’ (ét(Xo,At) - ft(Xovﬂ'*(XO)))]

Lt=1

=K Z ((Xo,gt,AJ - <X0a§t,7r*(X0)>)‘|

Lt=1

R(r,a*) =E

=E :fA?T(Xo)]
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<23 B +E = +2Et [ntzm alX0) (X0, 81.) ]

t=1 a=1

e an} M
<2 E +IE{ +3Kd-E
> e[ >
1 2cln K
< (2c+3Kd) , [4InK Y —+ szf 4ocemr
= a ¢  ming<, gy
2cln K
< |(4(2c+3Kd)?+1) IHKZ— 4oemr
t— 1% ming<r gy
2 T
1 1 (2) In K
< 36K2<d+) In(K f+mm77
Amin (2) (K) fz:; q ming<, q;

where the first and second equalities follow from the property of Xy and the fact that ét,a is unbiased for all ¢
and a, the first inequality follows from the definition of the optimal policy 7*(Xy), the second inequality follows
from Lemma 10, and third inequality follows from the definition v; and Lemma 11, the fourth inequality follows

from (25) and the definition of 7;. Lastly, we have the statement plugging in the definition of ¢ = AL(E)

O

F APPENDIX FOR DATA-DEPENDENT BOUNDS

In this section, we describe how to find a positive semidefinite matrix S € R%*? to compute a loss predictor
my,, in (9) for each round ¢ and a € [K], and provide omitted proofs for both Corollary 1 and Proposition 1.
Combining Proposition 5, 6, and Proposition 1 immediately implies Theorem 1.

F.1 Concrete choice for a loss predictor

As in Tto et al. (2020) for linear bandits, if we have the prior knowledge of the support of D, i.e., context space X,
we can find an appropriate matrix S such that Hm*||§ = O(d) for any vector m* € M, and maxgex ||@||3-, =
O(d) in our case. Xspan = {@1,...,2q} C X is said to be 2-barycentric spanner for X' if each & € X' can be
expressed as linear combination of elements in Xspa, with coefficients in [—2,2]. Define S € R4x4 a9

d
M = (x1@2- - x4), S:MMT:Zwiw;r. (26)

Then, for m € M, we can easily confirm ||m|| =m"' (Z?zl a:m:j) m<dand |z, =x' (1\/171)T M-lz =

u'u < 4d using some u € [—2,2]? such that £ = Mu. Due to Proposition 2.4 in Awerbuch and Kleinberg
(2004), computation of 2-barycentric spanner for X can be done in polynomial time, making O(d? In d)-call for
linear optimization oracle over X.

F.2 Proof of Corollary 1

We prove Corollary 1 based on Lemma 12 with a concrete choice of a loss predictor. Lemma 12 provides the
upper bound of E {ZtT:l EE’AJ if we choose m, 4 by (9).

Lemma 12. Let M := {m € R? | (x,m) < 1, Vx € X}. For a € [K] and any positive semi-definite matriz
S € R4 define the predictor my , as

t—1
Myq € argmln |3 + Z]l [A; =a] ({0, — m,Xj>)2
j=1
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Then, for any m* € M, it holds that
T

=3
t=1

where & a, = ((0,4, — My a,, Xy1)).

T
* 2 %112 T
<E |3 (O, — ' X)? |+ K [+ 85 (14 ol ).

Proof of Lemma 12. The proof can be shown in a manner similar to Lemma 3 of Ito et al. (2020) and Theorem
11.7 of Cesa-Bianchi and Lugosi (2006), by carefully considering contexts and definition of the predictor of my q.

For any a € [K] and any m* € M, we first need to show

T

T T
> 1[Ar=a] (010 — Mia, Xi)° Z (A = a] (810 —m", X))+ [m7 (5 + 8> [ Xillg - (27)
t=1 t=1 t=1

From this, we have that
T
Z Z At—a atva*mtya,Xt>2§Z Z ]lAtfa Ota m Xt> +K||m*HS+8KZ”XtHG 1.
t=1 ac[K t=1 ac[K] t=1

Therefore, we obtain

T
E Z (6,4, — mt,A“Xt>2]
t=1

A
=E|Y Eanq[(6r4, — mquXt)ﬂ

Lt=1
T

=E Z Z At—a etya_mt,a;Xt>2

L t=1 a€[K]

T T
<E|Y Y 1A =a (00— m* X2+ K |m" |2+ 8K 3 X015
L t=1 a€[K] t=1

T
> ||Xt||ét-1] : (28)

r T
<E|Y (014, —m* X0)?| + K [m* |} + SKE

t=1

Fort=0,1,...,T, we define convex functions f; : M — R and F; : M — R as follows:

folm) = 3 |3,
film) = S1 A4 = a] (180 —m. X,))° (t e [T]),
Fi(m) = _ fi(m) (tef{0,1,...,T}).

Then, the definition of m, 4 in (9) can be rewritten as:

my,, € argmin Fy_q1(m). (29)
meM

By applying this fact repeatedly, we can derive the following for arbitrary m* € M.

Fr(m*) > Fr(mpy1,4) = Fro1 (Moryi16) + fr (Mryie) > Fro1 (M) + fr (mrg )

T
= fr—o (Myq) + fr—1 (Myo) + fr (Mry14) > - > fo(ma,e) + Z fi (Mri1,4)
t=1
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HMH

mT+1 a .
From this, we have
T T
D 1A= a] (B0 — mua, X)) =D 1[Ar = a] (81,0 —m*, X))
t=1 ) t=1
=2 mt a) =2 Z ft
t;l .
=2 fi(ma) =2 (Fr(m”) = fo(m")) < 2fo (m Z fe (M o) — fi (Mriaa)
t=1 =1

T
= m* (15 + 2> (fi (Mea) = fi (Mri1a))

t=1

We next show
fe(mia) — fe (Mri16) <4 ||Xt||?;;1 ;

where we define positive semi-definite matrices G, € R**? for t =0,1,...,T by
t
G =S+ XX
j=1

For positive definite matrix S, fo(m) is strongly convex with respect to the norm |u||%. Also note that f;(m)
for t € [T] is a convex function. Therefore, F; is Gy-strongly convex, i.e., it holds for any m, m’ € M that

F, (m') > Fy(m) + (VE,(m),m’ —m) + |m —m]%, . (30)

Further, (29) implies that
<VFt_1 (mtﬂ) ,m — mt,a> 2 0 (31)
for any m € M and t € [T]. From (30) and this inequality, we can show that

Je (Mia) — fr (M7y14)
=F (mye) — F (mpi14) — Fior (myg) + Fiog (Mg )

<(VF (Myq), Mg —Mri1,e) — |[Meg +(VF—1 (Mri1a), Mriia — Myq)

<(VF;(myq) —VF_1 (M) , My g — Mri1a)
+(VF—1 (mri1a) = VE (Mri1,0) ,Mrgpia — M) — ||[Myq — mT-l—l,aHQGt
= <vft (mt,a) ) mt,a - mT+1,a> - Hmt,a - mT+1,a||ét - <vft (mTJrl,a) 7mT+1,a - mt,a>

=(Vfi(meo) +Vfi(Mri1a) , Me o —Mryi1e) — ||[Meq —

2
<IVfi(mia) + Vi (mrialg-r [mea —mrivae, = 1mea —mrialg,
1 1
< 1 IV fi (mia) + VS (mT+1,a)||é;1 =1 [((mi,q — Ot .0, Xi) + (Mri1,0 — 014, Xi)) Xt||2g;1
S 4 HXtHé;l )

where the first and second inequalities follow from (30) and (31) respectively, the third inequality follows from
the Cauchy-Schwarz inequality, the forth inequality follows from the fact that a® — ab + b*/4 = (a — b/2)?> > 0
for a,b € R. Therefore, we obtain

T

T T
S U[Ar=a] (010 — Mo X)* =Y 1[Ar=a] (B0 —m", X;)? < |5 +8) ||Xt||é:1 ,
t=1 t=1 t=1
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which is (27). We next show
T
Z||X,g||2 -1 <dln 1+Zmax||w||2,1 . (32)
t=1 G S

Using Lemma 11.11 and similar analysis of Theorem 11.7 in Cesa-Bianchi and Lugosi (2006), we have

Indet G; —Indet G;_; = — (ln det (Gt — XtXtT) — Indet Gt)

= —ndet (G, ¥ (G~ X, %) G, ) = —Indet (1 - G; * XX G, *)

— —In (1 _ HG;%Xt

2 _% 2 9
) = lectx], =i

2

_1 _1 _1
where the forth equality holds since the matrix (I -G, ’ XX/ G, 2) has eigenvalues A} = 1— HGt Xy , and
Ay =Ny =--- =X, =1, and the inequality follows from In(1 + y) <y for y > —1. Therefore, we obtain
_ det Gt
XJG X, <ln ————.
e = et Gy

Let A1, Ag,..., Ag > 0 be eigenvalues of Zthl S*%XtXtTS*%. Then, we have

T T d
> HXt||é;1 < Indet G; — Indet G = Indet (I + Zs—éXtXth—%> => In(1+N).
i=1

t=1 t=1

Z?Zl In(14X;) <dln (14 4 maxzex ||@||4-1) which gives us (32). Combining it with (28), we obtain

Since we have Z?Zl A = tr (Zthl S*%XtXtTS*%) = Zthl ||Xt||é,1 < Tmaxgex |31, it holds that

T
E lz <0t,At - muAHXt)Q}
t=1
T T
<E Z<9t,At —m*, X;)?| + K ||m*|[§ + 8KE lz ||Xt||ét1]
t=1 t=1
d T
* 2 * 12 2
<E ; (0,4, —m*, X3)"| + K |m*|5 +8Kdln (1 + - max |a:||sl) ,
which concludes the proof. O

We are ready to prove Corollary 1.

Proof of Corollary 1. Since we choose S by (26), it holds that ||m*||§ = O(d) and maxgex 2|3, = O(d).
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Then, by Lemma 12 and Theorem 1, it holds that for any m* € M,

T
> &

t=1

Ry =0 J k1(d, K, T)E In? T + ko(d, K, T) In*(T)

=0 ( k1(d, K, T) (E

+ko(d, K,T)1n*(T))

T
> (814, —m*, X))
t=1

12 T 2
+ K [[m*||g + KdIn (1 + Ermneaggﬂwﬂé_l In*T

=0 dKT(

T
Z (0,4, — m*th>)2
=1

+ Kdln (1 + T)) In? T + ko(d, K, T) In*(T)

> (8.4, —m*, X))

t=1

= O | KdIn(dKT)In*(T) <IE

+ Kd 1n(T)> + (dK)3? In(dK'T) In®(T)

= O | KdIn(dKT)In?*(T) + (dK)*? 1%/ (dKT) In®(T)

T
E Y (84, —m*, X0))*
t=1

+ (dK)3/2> :

in the adversarial regime. Therefore, we obtain

Rr=0 (Kd\lE

On the other hand, for m* = 0, we also have that
R T
=L < \|m(d,K.T) ( > (X1,614,))
¢ t=1
T
<A\E D (X004, | + Kdln (14 T)\/k1(d, K, T)In* T + ra(d, K, T) In*(T)
t=1
T
<\/k1(d, K, T)In®T,|E Z (Xt,0;.4,)

where € is a universal constant and the second inequality follows from 0 < E[(X}, 0, 4,)] < 1. By the definition
of Rr =E {Z?:1<Xt7 at,At>} — L*, and solving the quadratic inequality for E {Z?ﬂ(Xt, Ot’AJ}, we obtain

JE lZ<Xhet,At>]

t=1

\/k1(d, K, T)In* T + \/m(d, K,T)In®T +4 (L* + /K1 (d, K, T)In* T\/KdIn (1 + T) + ra(d, K, T) 1112(T))
< 2

T

=0 Kdd E lz (61,4, —m*, X1))

t=1

T

> ({14, —m*, Xy))?

+ (dK)3/2) =0 (Kd\/f - (dK)3/2) . (33)

+ Kdln (1 + T)) In? T + ko(d, K, T) In*(T)

+\/k1(d, K, T)In* T\/KdIn (1 + T) + ry(d, K, T)In*(T),

ki(d, K, T)In®T + k1 (d, K, T)In> T + 4 <L* +/k1(d, K, T)In* T\/KdIn (1 + T) + ko(d, K, T) 1112(T))
5 .

IN
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This indicates that

J li (X, 001, 1 _0 <\/L + K242 W?(dKT) 1n4(T)>

L* + K2d2>

/_\

Therefore, in this case, we obtain

Ry =0 (\/ r1(d, K, T)In? T\/ L* 4+ K242 In*(dKT) In*(T)

+1/k1(d, K, T)In* T\/KdIn (1 +T) + ka(d, K, T) ln2(T)>
=0 (Kdln(dKT) InX(T)VI* + K2d?n?(dKT) 1n4(T))
=0 (Kd\/EJr K2d2) .

From (33) and this, we conclude that

Rr=0 (Kd\/min{L*,A} + K2d2> :
O

We note that instead computing m,, in (9) at round ¢ for each a € [K], we can still get the first-order regret
bound in the adversarial regime, just by setting m;, =0 € R4,

Corollary 2. Let k1 (d, K,T) = O (K?d?*In*(dKT) In*(T)) and ks(d, K,T) = O ((dK)*/?In(dKT)In(T)). Com-
bining Algorithms 1, 3, and 5 results in the following the regret bound

Rr=0 <\/m(d, K, T)In®T - L* + In T3 %k, (d, K, T)%* + ko(d, K, T) 1n2(T)> .

in the adversarial regime, and

Ry — o [ 1 K. T)In(T) +\/m(d, K,T)InTC

Amin Amin + k2 (d’ K7 T) ln( ) ln(CA

mm)

in the corrupted stochastic regime.

Proof of Corollary 2. Taking m, , = 0 in Theorem 1, for a universal constant ¢ > 0, we have

RfATS w1 (d, K, T)In*T -
¢

T
E | (X, 0:,4,))?| + r2(d, K, T) n*(T)

\

#1(d, K, T)In*T - + ko(d, K, T) In*(T),

T
E | (X604,

t=1

where the second inequality follows from 0 < ¢;(X;, A;) < 1. By the definition of Ry = E [ZtT:l<Xt, 0., An>} —
L*, and solving the quadratic inequality for E {Zzﬂ:ﬁXt,Ot,Atﬂ, we obtain E [ZZ:1<Xt50t7At>:| = O(L* +

InT+/k1(d, K,T)). Therefore, we have

Rr=0 (\/m(cL K, T)In*T - L* + (InT)*?k,(d, K, T)** + ko(d, K, T) 1n2(T)> ,
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which completes the proof.

F.3 Proof of Proposition 1

Before we state the proof, we introduce the concentration property of a log-concave distribution, which is proved
in Lemma 1 in Tto et al. (2020).

Lemma 13 (Lemma 1, Ito et al. (2020)). If y follows a log-concave distribution p over R? and Ey,[yy '] < I
we have

)

Pr[|lyll3 > do?] < dexp (1 — «)

for arbitrary o > 0.

In order to proceed with further analysis, we introduce several definitions. For a probability vector r € A([K])
and d-dimensional context ¢ € X, we denote the dK-dimentional vector z(r,x) := (ri-x',...,rg-x ") € R,
We define the dK x dK matrix ¥p(t) := diag,c(x)(Xt,q) € RIE x R a5 a block diagonal arrangement of the
covariance matrices per arm, where X; , is given in (5). Similarly, we also define Sp(t) = diagaE[K](iw) €

R x R where 3, , is given in (7). Using these notation, we can rewrite the p;(r|x) for r € A([K]) and a
context © € X as follows:

pi(r|z)1 [Za 1rallelig- < dE } pe(r|z)1 [||z(r,a:)||2 » _dmt}
ulrlw) = - ) B

Pyncio [Za_lysnwgﬁﬂw’] P Clo) | 12002, < 4

For a context x, we define Q:(x) as a sample generated from p;(-|x) in (34), and define Q(x) as a sample

generated from py(-|&) in (4) wherein X, is replaced with @. Let 6, := (8/,...,0; ;)" € R and let its
estimate be 6, := (é\t':l, . .,H:TK)T € R, We denote my := (m/,,...,m] )T € R,

For notational convenience, we also define random vector Z(z)" € R4 for context z and Q(z) ~ p;(-|x) as
Z(x) = 2(Q(x),z) = (Qi(z)-=,...,Qk(x) ") € R,
And, we define Z,(x) for context = and Q,(x) ~ p;(-|z) as:

Zs(fﬂ) = 2(Quz), ) = (Qra1(x) - x’, Qi x(T) wT)T e R,
For the optimal policy 7* € II and context x, we define Z*(x) as:
Z*x):=0",...,x",...,0")" € R¥,

where the term of x is placed on 7*(x)-th element and 0 € R? is placed on other elements. Finally for the

uniform distribution over K-action pig = (%,..., =), and context x, we define Z(x) as:

1 1\
Z(x) := (KwT, e, K:I:T> € R,

Proof of Proposition 1. Using the above notations, the regret can be decomposed as:

R, =E Z(Et(Xt,At) - ft(Xtaﬂ*(Xt)))]

t=1

T

—E Z<Zt - Z*(Xy), 9>]

—E z<z<xt>—2<xt>,et> +HE (D (2(X)) - Z7(X0),61) | (35)
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Following the idea of the auxiliary game as presented in (15), for the optimal policy 7* € II, the unbiased
estimate of loss vectors @;, and a fixed context € X', we define

R (z):= iﬂit [<Z(m) ~ 7" (x), §t>} .
t=1

Let Xy ~ D be a ghost sample drawn independently from the entire interaction history. Then we have

T

E ST (Z(X) - 2*(X,).6,)

t=1

S {(2(X) - 2°(X0).8) | = EIR, (X0)), (36)

t=1

=E

where we used the property of unbiased estimates §t and the fact that X is independent of any past history to
constract 6;.

For further analysis, we introduce some lemmas from the prior analysis. The following lemmas hold for our
unbiased estimator @ and definitions of ; and 7, since we sample Q(x) from the distribution p;(-|x) defined in
(4) and Q¢(x) from the truncated distribution p;(-|x) defined in (34) for context . We begin with Lemma C.1
of Olkhovskaya et al. (2023), implying that Z(x) follows a log-concave distribution under the assumption that
the underlying context distribution D is log-concave.

Lemma 14 (c.f. Lemma C.1 of Olkhovskaya et al. (2023)). Suppose that z(q, @) = X ,c(x) dap(®,a) for
q € A(K]) and ¢(z,a) = (07,...,x",...,0) such that = is on the a-th co-ordinate and Q(z) ~ p(-|z) for
log-concave p(-|x). If X ~ px(-) and px(-) is log-concave and Z(X) = z(Q(X), X), then Z(X) also follows a
log-concave distribution.

To see that the first term of E {2;1 <Z(Xt) — Z(X4), 0t>] in (35) is a constant, we make use of Lemma C.2

in Olkhovskaya et al. (2023), which is the analog of Lemma 4 Tto et al. (2020). This lemma implies that Zt(Xt)
is close to Z(X;), and also provides a useful relation between covariance matrices X1,(t) and Xp(t). The log-

concavity of Z(X;) is crucial in the proof to utilize its concentration property stated in Lemma 1 of Ito et al.
(2020) (Lemma 13).

Lemma 15 (c.f. Lemma C.2 in Olkhovskaya et al. (2023)). Suppose that ¥; > 4In(10dKt) and {(ri 2", ... rx -
x'),0,) € [-1,1] for any t, a policy r € A([K]) and context X; € X. Then, we have

E; |:<Zt(Xt) - Z(Xt)70t>” < %

Further, we have

FONDES NGRS NOE (37)

Next, we introduce Lemma 4.4 in Olkhovskaya et al. (2023), the analog of Lemma 5 in Ito et al. (2020), which
can be shown via standard the OMD analysis (Rakhlin and Sridharan, 2013).

Lemma 16 (c.f. Lemma 4.4 in Olkhovskaya et al. (2023)). Assume that ni11 < 1y for all't, let po be a uniform
distribution over [K] and ¥ (y) = exp (y) —y — 1. Then, the regret R.(x) for fited x € X of Algorithm 1 almost
surely satisfies

T

R < Y (20 - 22@).0) + K0T 1 30 L, [p-n(2(@).0 - mi). (38)

-
t=1 U Pl

Next, we introduce Lemma 6 of Ito et al. (2020) to evaluate the third term of RHS of (38).

Lemma 17 (Lemma 6 in Ito et al. (2020)). Ify follows a log-concave distribution over R and if E[y?] < &5, we
have

E[v(y)] < ]E[yz] + 30 exp ( ) < 2]E[y2} where ¢¥(z) =exp(y) —y — 1.

Efy?]
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Now, we start by evaluating the term E, [(— (Z(Xo), 0, — mt>)2}. We recall that the definition of ét,a is given
by

Y UPdt
Ht,a =My g

Qt a(Xt)Et atht a [At = a] s

where & o := ({s(Xy,a) — (X¢, my4)). Then, we have that

EQ(x0)~pe (-1X0),upd, ~a: {(—WKZ(XO),@ —my))? | ftq}

5 upd? -1

~ B, 1250 €24, 200075 (020X 200 B0 (02(%0) |

2 upd; 2 Ts Las s !
g, | T 62,2000 TR (O(0Z (02(x1)]

4 5 upd? 2 Ts Ly (5

3 Bupd |z B [0 200) B (0005
t

4 upd? —~ —1

BB, | 5B [0, 20608 (0200

IN

(02(x0)

1

< 27]1& upd,~q; [updt E, ft AtZ(Xt)Tzibi (t)Z(Xt)H

upd
— 0B g, | DB [0 120N |

2dK77t ’Yt 2
— s Et |:€t7At:|

1
< — 39
= 100’ (39)

where the first and second inequalities follow from Lemma 15, the third inequality follows from Algorithm 1 in

Algorithm 1 of ||Z(Xt)||L_1( 9 < dK72, and we used n; < %’1}(% and the assumptions that |, (X, A¢)| <1

and [(Xy,my 4,)] <1 in the last inequality. Then using Lemma 17 for y = —7775(Z(X0),§t — my) and (39), we
obtain

1 ~ 2 ~ )
CE[Pn{Z(X0),00 —ma))] < B |(-mi{Z(X0), 80— m)
< MK, g7, ). (40)

From the fact that (ry - @,...,rx -x) ' 6; € [~1,1] for any t, r € A([K]) and & € X, we also see that the first
term of RHS in (38) is bounded by a constant:

t=1 P

E

Now, we are ready to prove the main statement. For any stopping time 7 € [1,7] and a* € [K], we have that

E Z(et(Xtaat) — Le( X, a*))]

t=1

<E [Z(@(Xuat) - Zt(XtﬂT*(Xt)))]
=K

(Ze(Xe) — Z(X4),0:) | +E Z (Z(Xy) — Z7(X4), 00)

t=1

M-

t=1
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=E ;;(Zt(Xt)— (X),04) | +E[R(Xo,7")]

SZ;JFIE ii(zm)—z (xo.8)| +E [ 27| v Z ~, [w(—nt<Z(Xo)>§t—mt>)”
<3+E [K;”] +E ; %Et V(- (2(X0), 0, mt>>]1

<3+E {Kli”] +E ZWE [@%J] :

where we use Lemma 16 in the first inequality and we use (41) in the second inequality and we use (40) in the
last inequality.

Recall that f; := 1637€7 4,, and 7; = 4In(10dKt). Also, recall that the learning rate 7, is defined as follows:

1

Ne = = .
800d K 72 t—1 B;

We also define 7; as follows:

1

M= = :
800dK~? t—1 B,
ERy
j<t—14j J q;

. 800dK ~2 t B
Using 57 < \/y — Vy — & for z = g‘,y = minjsx;j +D =1 o> we have that

Bt ~ ~ t—1
Bt K 2 K~2 .
9, | B00dK~? Zt B; min;< q] 4qj M <t g; j
min; <y q; Ji=11q;
_ | B00dKF? | (~ ;| 800dKFE Z Bi
| minj< gj P’y minj<;—1¢; 4=
1 1
= 7 YA (42)
M1 "t
7, S . i . . . . .
where we used minj; ” > min];til 5 0 the second inequality. Summing up over t =1,..., 7 gives

!
Mv1 Nre1r ™ Nry1 min;<, QJ —

il 1 1 1 1 1 800dK72
Z( _/>: 7 _TS 7 = Zﬁj (43)
t=1

Therefore, using the definition of 7; and f3;, we have that

" 4dKnA?
E[z KT ¢

— qt

- ZdKﬁtn _E i:dKBt 1
—~ dq = 4q \/800qu3 Sl 8

min; < q; J=1gq;

800dK 72 s N1 min;j<rq; - = 4

min; <y q; J=1 E

dK 3 1 800dK72 <~ B,
<E|> t\/ - <dKE[ <_,>]gdmﬁ ———Tr 3y
t J t=1
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800dK72 T 167767 4,

=dKE -
min;<r g; qt

t=1

504K T\ & 4,

<4dKF,E || ————
IIllIljST Qj

- Tt

min; < g; = @

dK ”. upd,&?
— 16dK n(10dK7), | —2 g [Z “ptgtA} ,

2
where we used % < B00dK%; iy the first inequality and the second inequality follows from (42), and the third

— minj<; g

inequality follows from (43).

Next we evaluate the term E [%}

-

K1 K72 167762
E[ HT] < KIn7E M-ﬁ- %75”
N minj<rq; = G
dK . upd, &7
< 16K In(r) In(10dK7) - | 28 g Zptfé“‘
min;<r g; - @
Therefore, we conclude that
E | (X, a0) Et(Xt,a*))]
t=1
50dK . upd, &}
< 16K In(10dK7) (In(r) + d) - | — E ZL{;A +3
i< g; - G
" upd, &} V50dK
< 32KdIn(10dK7)In(7) | ,|E Z% +E | —-=—
= G min;<r g;

O

Remark 2. We omitted the proof of Theorem 1 since using Proposition 5 and 6 , and the dd-iw-stable condition
proved in Proposition 1 immediately implies Theorem 1.

G APPENDIX FOR FTRL-LC (ALGORITHM 2)

In this appendix, we describe the detailed procedure of MGR and all the technical proof for analysis of FTRL-LC.

G.1 Matrix geometric resampling

We detail the whole procedure of MGR in Algorithm 7 (Neu and Bartok, 2013; Neu and Bartdk, 2016; Neu and

Olkhovskaya, 2020). MGR takes inputs of context distribution D, policy 7, action a € [K], number of iterations
M, and constant p, and outputs Eza =pl+ pZiV[:tl A} o as the estimate of the inverse of the covariance matrix
1

Zt_; In this work, we set p = 3.

G.2 Useful lemma for the entropy term

First, we introduce the following lemma, which implies that the definition of 5, based on entropy terms is
crucial in the analysis for FTRL with Shannon entropy regularizer. The proof follows the similar argument as
Proposition 1 of Tto et al. (2022).
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Algorithm 7: Matrix Geometric Resampling (MGR) (Neu and Olkhovskaya, 2020)
Input :Context distribution D, policy ¢, action a € [K], number of iterations My, constant p = %
for k=1,2,...,M; do

Draw X (k) ~ D and A(k) ~ m(-| X (k))

Compute By, = 1[A(k) = a] X (k)X (k)T

Compute Ay o = II5_, (I — pBy.q)

Output:f]t = pI—l—ka ‘L Ak

Lemma 18. Let 3] be updated by (13) for each round t. Then for a ghast sample Xy, we have

t=1

E[Z (Bi41 = Br) H(per1 (1Xo)) | = JZE H (p:(+[Xo))]

Proof of Lemma 18. From our definition of 3}, we have

T T /
Brs1 Bt H (pr41 (-] X, ))] =E a H(pi+1(:1X0))
Lzzl i e ; \/1+(1nK)—1Z§:1H(ps('|Xs)) o
s [ )
A K + 4 Hp. (X))
e B0

= wnK 3 Hpe (X)) + /K + S H(pa(1X.)

<2¢,VInKE | H (pr+1(:|X0))
=1 \/Zt+1Hps (-] X)) +\/ZS L H(ps(1X.))

where in the last step we used the fact that H(ps(-|Xs)) < H(p1(-]X1)) = In K. Using the property that

Ex, s ~D[H (pt4+1(-|Xe41))|Ft] = Exoan[H (pr4+1(-| X0)) | F], we have

)

2 VI KE |3 H (pi41(-|Xo))
= 1¢zt+1 (o (1X.)) +y/Shy Hpa(1X,)

7 H(pit1(-|X0)) (\/ZtJrl (ps(-|Xs)) — \/22_1H(Ps('|Xs)))
=1 H(pe1(-[Xi41))

=2¢)VIn KE

= 20&\/anE

= QC&VIHKE H(ps(-|Xs)) — vV H(p1(-|X1))

<2¢,VvIn KE

where in the last step we again used the fact that H(ps(:|Xs)) < H(p1(:|X1)) = In K. Hence, again using the
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fact that X and X; follows the same distribution D and the linearity of the expectation, we obtain

E i(ﬁéﬂ—ﬁ;) H(Pt+1('|X0))] = ( JZE H(pe (| Xt) ]) = ( JET:]E H (p:(+| Xo) ])

t=1 t=1

which concludes the proof.

O
G.3 Proof of Lemma 1
The proof follows the standard analysis of FTRL with the negative Shannon entropy.
Proof of Lemma 1. By Lemma 6, for any context € X', we have
~ T ~ ~
Fr(@) = Ea, [Z (@000 — (= et,ﬁ*@»)]
t=1
T
< WP (12) = o1 (P (|2)) + o (77 (|2) = ¢a (o1 (-|2))
t=1
T ~
+ (1 =) ((pi(12) = pesa (@) £e(@)) = Dilpesa (). pul-le))) + U ). (44)
t=1

We first bound the stability term <pt(|a:) - pt+1(-|w)),zt(x)> — Dy(pt+1(-|2), pe(-|x)). Since the function f(q) =
>aeix)(Pelalw) — g(a))(w, 6, ) — Di(g,pe(-|x)) is concave with respect to ¢ € A([K]), its maximum solution is

)
obtalned by computing the point where its derivative is equal to zero. For each a € [K], we have

0 ~ ~ 1
39(a) aez[;q(pt(alw) ~4(@)(@,010) = Dila, pil2) | = =(@,61.0) = -(Ing(a) — Inpy(alz)),

and thus the maximum solution is obtained for ¢*(a) = p:(a|x) exp(—n:(x, §t7a>). Hence, we can show

Z (pe(al@) — prs1(alz))(z, 5t,a> = Di(pesr (-[@), pe(-|))

a€[K]

< Y (milalz) — 4" (@) (. 0:.0) — Dilg", pi-|z))

a€[K]

= (<-’B, O1.0) (pe(alx) — ¢*(a)) — %(q*(a) Inpi(alx) — pi(alz) Inp(ale) — (Inpe(ale) +1)(¢" (a) — pt(alw))))

a€[K]
~ 1
= (z,010)p(al@) + —(¢"(a) — pe(alx))
aez[;q ( p T q p )
=L S paf) (exp(=m(@. 81.0)) +m(@,0,0) — 1) (45)
n a€[K]

Using the inequality exp (—z) < 1 — 2 + 22 that holds for any # > —1 and the assumption that |n;(x, 5t,a>| <1,
we can bound the RHS of (45) is bounded as

=S pilafa) (exp(—niw, Ba)) + mle,Ga) ~ 1) <mc Y pilale) (e84,
]

ek a€[K]

implying that

(=) Z pir(al@) — pryr(alz))(@, ) — Di(pepa (|2), pi(w) < (1= ve)me > pi(ala) (@, 0,.4)°.
€[K] a€[K]
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Since pi(alx) = 17—1%(7&((1@) — %) from the definition of 7;(alx), we obtain

(1=7) Y. (pelale) = pryr(alz))(@,010) = Di(pega(l2), peClw) <me > melalz)(z, r4). (46)

a€[K] a€(K]

For the penalty term, using 0 < H(p) < In K that holds for any p € A([K]), we can show
T
D @i (1) = Yera (P (@) + o (7 () — ¢a (pr(-|2))
t=1

<D (B = ) Hpe (|2) + b In K. (47)

t=1

Combining (44), (46), and (47) completes the proof of Lemma 1. O

G.4 Proof of Lemma 2

Proof of Lemma 2. Let ||- ||Op be the operator norm of any positive semi-definite matrix. Recall that definitions of
the baised estimator Gt o= 2 "o Xt (X, Ap)1 [Ay = a] and unbiased estimator Ot o= 2 Xtét (X, A1 [AL = a].
The first statements of (i) can be shown by using these definitions and adapting a surmlar analysis for Lemma
5 in Neu and Olkhovskaya (2020) (Lemma 9). For Et ., the output of MGR procedure in Algorithm 7 with

p = %, we have Et[Am] = E; [H?Zl (I—- pB;W)} = (I — %Em)k for each a € [K]. Then, it gives Et[ija] =

- M; . . . . ~
i k o (=332 ) = Et; —(I=1i20)™ Et; Using these expressions, for the biased estimator 8, , of each
action a € [K ], we have that

Ey[0r0) = B[S, X, 0(Xp,a)1 [A; = a
= B[ JE X, (Xy, 01,0)1 [A; = d]
= B[S JE[X. X, 1[A = a]] - 0,
= E[3/ ]800t

,a

1 My
1 <1 — QEM) zt,;> 2 a0t
M
(I - 7Et a) Ht,av

Et[et,a - et,a} = - (I - 22t,a> 0t,a~

M
1 t
(I - =3 a)
2 )
op

’yt)\min(z) ’Vt)\min(z) 1
< V)< —_ 7. < —
= (1 2K = OxXP 2K Mo)<

I
S
M
B

implying that

Therefore, we obtain

Ee[(X1, 010 — Or.0)] < | Xe]|2]10r.all2 <

op

where we used || X;|| < 1 and [|0;4]l2 < 1 in the second inequality, we used the fact that the policy m(-|X;)
employs the uniform exploration with mixing rate +; in the third inequality, and the last step follows by M; =

[7% o (5 In t—‘

Next we consider the second statement of (ii), which can be shown via our careful tuning of learning parameters.
For the output of MGR procedure in Algorithm 7 with p = 1 and any « € X, | (z, 0, ,)| for each a € [K] is
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bounded as follows:

(@, Or.0)| = me| (0, B, Xl (Xo, AL [Ay = 1))| < e T (2, X0)| < nel| Zallop
M
1 M, +1
< i o (I—>Bra < M’ (48)
2 2k ) 2
op

<m | |IpI+pd_ Ak
where the first equality follows from the definition of 0~t1a, the first inequality follows from ¢;(X;, A;) < 1, and

k=1

the second inequality follows from maxgzey ||x]2 < 1. Setting M; = [%)\7() In t—‘ gives

1 2 2 2
= ST (M),
n Tt QT uiz Ve Mt

where we used the deﬁnition of v = ayny for ay = 4K l(nzt) Therefore, from the definition of n; < 1, we have
2< % -My -1 e < +1 Combining it with (48) guarantees that |n:(z, 6, )| <1, as desired. O

G.5 Proof of Lemma 3

Proof of Lemma 3. By Lemma 2 and the definitions of 8¢, n:, v and My, we can see that |n (X, gt,aﬂ < 1 holds,
which allow us to use Lemma 1 for fixed Xy. Then we have

T
E[Rr(Xo)] SE | (Bir — Bt) H(prar (1X0)) | +E Znt > mi(alXo)(Xo, 04.0)? | +E [U(X0)] + S In K.
t=1 t=1 a€[K]

term A term B

(49)
Using the definition of 8; = max{2,c¢5InT, §5;}, we have

filnK <chbInKInT. (50)

Next, we will evaluate term B and E[U(Xy)]. From the definition of 5 in (13), we see that

t—l ,
/ 1 ot

ﬁt:‘jl
31\/1 (I K)~1 37 H(pu(1X0) \/l—l—an) IS Hp([X,)

and thus

Z\/H (InK)~' S H(ps(|X,))
— cht

T
1+InT InT
< 1+ (IEK)"S Hp (X)) =0 | —— , 51
7 (In K) ; (ps (X)) NS (51)
where we used H(p1(-|X1)) =In K.
By Lemma 8 and (51), we obtain
d ~ 3Kd-InT
term B =E alX)(Xo,0.0)% | =0 - H(p:(-| X
2o - mlalXo)(Xo, O Y (p(1X0))
= a€[K]
3Kd-InT d
=0 [ Z——\|E|D_H(pl |X0] , (52)
t=1

AvinK
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where we used the fact that Ex,p[p:(:|X0)|0:] = Ex,p[pe (-] X¢))|6:].
For E[U(Xy)], from Lemma 2, we have |[E[(X, gt,a - 5t7a>|}}_1]| < % <1, and thus

E[U [Z Yt Z ( - (a|X0)> (w,évt’a>] <E lz ~v¢ max (X, 0t a— Ht o+ 0t a )]

=55 a€[K)

<E lZ% (;TEI[S«X]<X0,9t a at a> +£t(X07 ))1 <E lz Ve (;TEI%P((] }<X07§t,a - é\t,a>‘ + 1)
t=1

T

thl : (53)

t=1

where we used E[ém] = 0, and E[{;(Xo,a)] < 1 in the second and third inequality. From the definition of
and (51), we have

<2E

AKInT KInT lnT a
’}/t = ]E Oé{l’];| < E 77t = O . [ H pt |X0 ] . (54)
Z Z )\mm(z) )\min(z) ;
Thus from (53) and (54), we obtain
d KIn®T
E[U(Xo)] <2E Y 7| =0~ ZH (pe(-1Xo0))| | - (55)
—1 clAmin(E)

Finally, we will evaluate term A. Let to be the first round in which §; becomes larger than the constant F' :=
max{2,chInT}, ie., to = min{t € [T] : B; > F'}. Then, by the definition of §;, we have that

T

E (Bty1 — Br) H(pt+1('|Xo))]

t=1

to—2 T
=E | (Ber1 — B) Hpra1(1X0)) + (Bro — Bro—1) Hpry1 (1X0)) + Y (Brsr — Br) H(pt+l<-|xo>)]
t=1 t=to

T
<E |0+ (8], = Blo—1) Hpen (1X0) + > (Bar = B) H(Pt+1('|X0))]

_ ( \IZE H(p:(-|Xo) }), (56)

where the first inequality is due to the fact that 5; is the constant while ¢ € [tg — 1], 8; < B; for any ¢, and
B; = B¢ for t > tg. The last step follows by Lemma 18. Hence using (56) and the fact that Xy and X; follows

the same distribution D, we obtain
=0 (c’lv In K \J E

Combining (50), (52), (55), (57) with (49), we obtain

rT
<E Z ﬁt+1 H(pi41(-|X0))
Li=1

T
Z Bi+1 — Be) H(pey1(-|X0))
t=1

t=1

T
ZH(pt<-|Xo>>D : (57)

KlnT
E[Rr(Xo) =0 | | 4VInK + (3Kd+§"‘“‘(z))lnT E XT:H(p ([X0))| + b KInT
! VInK o 2 ’

and plugging ¢} = )\87122) to this bound concludes the proof.
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G.6 Proof of Theorem 2

Proof of Theorem 2. Using Lemmas 7 and 3, we have

T
Ry <E[Rp(Xo)] +2) max [E[{X0, ba)]
t=1°

(3Kd+ L) T T
— O c/l /an+ min E
AvinK ]
where in the second step we used Lemma 2 with M; = {T(E) In t-‘ to have
T

T
1
EXba —<

Setting

ZH(pt('|Xo)) +chIn KInT + 4

;L 2KInT \ InT
a= \/ <3Kd+ (%)) I K

gives

KinT
B / (Kd + Amin(m) T T
Rr=0|[dvinK + E

AvinK

KInT

InT
=0 d4+ — | KInT-E
( Umm@)) »

t=1

T
S" Hpu(-1Xo0))

t=1

M=

H(p([Xo))

t=1

where we used ¢, =

X Slf 3 in the third equality.

For the adversarial regime, due to (59) and the fact that ZtT:1 H(p:(|Xo)) < Tln K, it holds that

Rr=0 <\/ T (d+ Arii(TE)) K In(T) In(K) + 7Amm[((2)

as desired.

ZH(pt('|Xo)) +chInKInT

+cdInKInT

+ L
>\min (2)

Applying self-bounding techniques. Now, we will apply self-bounding techniques (Zimmert and Seldin,

2021; Wei and Luo, 2018) to proceed with further analysis.

Lemma 19. For any corrupted stochastic regime, the regret is bounded from below by

—2C.

T
ZAXt (At)

t=1

Rr > E

Proof. Recall that A, (a) is defined as A, (a) := (x,0, — O (z)) for £ € X and each action a € [K].
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We have

oy

}ﬂ

Il

=
M=

(€ (X, Ar) — £e( Xy, m°(X1)))

Li=1
r T T

=E ) (X0.004, = Opnex) | +E|D (Xi,04, = 04,) | +E | D (Xi, 00 (x,) — 07\'*(Xt)>‘|
Lt=1 t=1 t=1
T T T

=E Z(XtveAt — O (x)) | +E (Xt,004, —64,)| +E Z Xt, 07 (x,) et,w*(Xt)>‘|
Lt=1 J t=1 t=1
r T T T T

> B Z<Xt70At - 07\'*(Xf,)> —E Z ‘<Xt7 015714’; - 0At -E Z ’ Xt’ o (Xe) 0t77r*(Xt)>"|
t=1 t=1 t=1

(Xt,04, — 0(x,)) | —2E

T
A + A;) —2E max |0 a*Oa ’
x,(41) L;aem 6. ||2]

V
=
-
L ——|

~

> m ma [|X 2.0 — eana]

t:l

[~

t=1

AXt, (At) - 207

M=

t

1

where we used the definition of Ax,(A;) in the third inequality, and we used the definition of the corruption
level C' > 0 in the last inequality.

O

We further show the regret upper bound based on the following notation. For the optimal policy 7* € II,

T T
= (1= po(a"(X0)|Xo))s oz, (7)== (1= pu(m"(X0)| X)), ox(7") :=Elogx,r , (7*)]. (60)

Note that it holds that 0 < oy (7*) < T. We also confirm the property on them in the following lemma.

Lemma 20. Let 7 be the optimal policy defined in (1). Then we have 9y (7*) = E[go(7*)].

Proof of Lemma 20. Notice that since the optimal policy n* € II is the deterministic policy, it holds that
EXON’D[ (Xo)] EXtND[ (Xt)] Let Ot (Ot 1y-- 0@]{) Then we have

E¢[pe (7 (X0)| Xo0)] = Exonppe (7 (X0)| X0)0:] = Ex,~p[pe (1" (X1)| X1)|0:] = Eulpe (" (X1) | Xy))-

Hence, we have
ZEt pe(m"(X0)|Xo)] Z]Et pe(m" (X)) | X)),

which concludes the proof.

We next show that the regret is bounded in terms of gy (7*).

Lemma 21. In the corrupted stochastic setting, the regret is bounded from below as

Amin,
Ry > 5 ox (™) —2C. (61)
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Proof of Lemma 21. Recall that Ag(a) := @ (0 — () for a € [K]\ {7*(x)}, where 7* is the unique optimal
policy given by (1). Also recall that Apin(2) := Mingr+(2) Az(a) and Ay = mingex Amin(x). Then, using
these gap definitions and Lemma 19, the regret is bounded from below as

Rr >E ZAX, (A;) —2C| =E Z > m(a|X)Ax, (a) | —2C
t=1 a€[K]\{r* (X:)}

>E > > (1 —ve)pe(alXe)Ax, (a) | —2C

| t=1 a€[K]\{m*(X,)}

%E Z Z pi(a|Xy)Ax, ()| —2C

v

v
|
&=

T
1
X i A —20
5 > > pt(al t)ae[K}I\I%;I}f(Xt)} x.(a)

t=1 ac[K|\{7*(X:)}

T
1
:§E Z Z pt(a|Xt)Amin(Xt) -2C
| =1 ae K]\ (n (X))}
1 [T
2515 Z pt(a|Xt);nEi)T§Amin(w) —2C

| t=1 ae[K]\{m*(X+)}

A T
=$]E Z Z pe(alXy) | —2C

| t=1 ae[K]\{m*(X¢+)}

Amin - | —
= T]E ; (1 = pe(m™(X0)| Xe)) | —2C
Amin I * Aminf *
= SRR gy, ()] - 20 = Sy (n) - 2C,
where the second inequality follows by (11), the third inequality follows by 7 < %, and the last steps follows by
the definitions of g x,yr (77) = th:l(l = (7" (X1)[X4)) and 0y (77) := Elo(x,yr (7). O

The following lemma that bounds the sum of entropy in terms of go(7*) follows by a similar argument as Lemma
4 of Tto et al. (2022).

Lemma 22. For any w € Il and for a fixed ghost sample Xy, we have

> Hpu(4%0) < o) I %

where go(m) = 23:1(1 — pe(m(Xo0)|Xo))-

Proof of Lemma 22. By the similar calculation of (30) in Ito et al. (2022), we see that for any distribution
p € A([K]), and for any i* € [K], it holds that

H) < 0= pe) (im0 1),

— py=

Using this inequality, for a fixed X, it holds that

K—-1
;H pe(-|X0)) < 2:: (1 = pe(7" (Xo)[ Xo)) ( 1 = pi(m*(Xo)|Xo) - 1)
o (K=1)T -
g Qo(’ﬂ' ) <1ngo(ﬂ_*) + 1) S QO(W )ln Qo(ﬂ.*)’
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where the second inequality follows from Jensen’s inequality. O

Using Lemma 22, we have Zthl H(p:(:|X0)) < eln(eKT) + e~! in the case of go(7*) < e, which gives us the

desired bound. Next, we consider the case of go(7*) > e. In this case, we have Zthl H(p:(-]X0)) < go(m*) In(KT).
Hence, for #* € II we obtain

B < E[oo(n") (K T)] = E [ox,7, (+*) (KT)| = 2 (") W(KT), (62)

T
> Hpi(-1Xo))
t=1

where we used Lemma 20 in the first equality.

Let ¢4y = /\7(2) In(K)In(T') + 4. Therefore, by Lemma 21, (59), and (62) for any A > 0, it holds that

Rr = (1+ A)Rp — ARy

InT Aminf
<E (1+>\)\/<d+)\?(E)>KlnTln(KT)-gX(7r*)—A2gx(w*) +A-2C+ 1+ Nea
1+ N)2(d+ 2L )K InTIn(KT
_of! Ut x) ( )+/\C+)\C4
AAII]lH
o (d+ 5 20) K In T In(KT) ) (d+ x20) K In TIn(KT) o
Amin Amin
(d+ BL)KInTIn(KT)
R (21) ( + e |
Amin')\

where we used a+/z — b—T <3 “ for any a, b,z > 0 in the first equality.
By letting 0 < A <1 to be

(d+ LK InTIn(KT)ALL

)\In]n( ) min
A= ’
(d+ A,ifi (TE) YKInTIn(KT)AZL +C + ¢4

we have

Rr=0

min (2)
AInin

(d+ 52 75) K In TIn(KT) \/(d+ 2L K InTIn(KT)
+ A .C

\/ 4(d+ x5 K In T In(KT)
* A

(d+ ifey) KInTIn(KT) — [(d+ 5 205) K In TIn(KT)
= O + -
AIIlll’l AmlIl
d+4 T ) K)In(KT)
,\mm(z) ( Amin (X)
KInT
T n Amin

which concludes the proof of the theorem. O
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