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Abstract

We analyze asynchronous-type algorithms for
distributed SGD in the heterogeneous set-
ting, where each worker has its own com-
putation and communication speeds, as well
as data distribution. In these algorithms,
workers compute possibly stale and stochas-
tic gradients associated with their local data
at some iteration back in history and then
return those gradients to the server with-
out synchronizing with other workers. We
present a unified convergence theory for
non-convex smooth functions in the het-
erogeneous regime. The proposed analysis
provides convergence for pure asynchronous
SGD and its various modifications. More-
over, our theory explains what affects the
convergence rate and what can be done to
improve the performance of asynchronous
algorithms. In particular, we introduce a
novel asynchronous method based on worker
shuffling. As a by-product of our analysis,
we also demonstrate convergence guarantees
for gradient-type algorithms such as SGD
with random reshuffling and shuffle-once, and
mini-batch SGD. The derived rates match
the best-known results for those algorithms,
highlighting the tightness of our approach.
Finally, our numerical evaluations support
theoretical findings and show the good prac-
tical performance of our method.

1 INTRODUCTION

Modern machine learning relies heavily on effective op-
timization algorithms. The stochastic gradient descent
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(SGD) method (Robbins and Monro, 1951) and its var-
ious modifications, such as Adam (Kingma and Ba,
2015) and AdaGrad (Duchi et al., 2011) are at the
core of machine learning training, due to their easy
implementation together with strong practical perfor-
mance. However, in recent times, both the size of
state-of-the-art models and the amount of data re-
quired for training have increased significantly. Due
to this growth, optimization algorithms have also been
adapted to the need for efficient training of large mod-
els, and thus distributed and parallel variants of SGD
have started playing a crucial role in modern machine
learning (Bekkerman et al., 2011). In the distributed
regime, training is performed using many computa-
tional nodes (e.g., CPUs or GPUs on a cluster) work-
ing in parallel and orchestrated by a server. Every
worker computes gradients based on available data,
and then a server aggregates those gradients to per-
form one step of an algorithm. Distributed SGD-based
algorithms are also adopted to Federated Learning ap-
plications (Kone¢ny et al., 2016; Kairouz et al, 2021)
where local data is kept private and is not seen by
other workers.

Nevertheless, distributed variants of SGD suffer from
many practical challenges. For example, approaches
such as communication compression (Alistarh et al.,
2018; Khirirat et al., 2018; Mishchenko et al., 2019;
Gao et al., 2024), performing several local steps be-
fore communication (Mishchenko et al., 2022b; Gor-
bunov et al., 2021; Koloskova et al., 2020), decentral-
ized communication (Koloskova et al., 2019; Kovalev
et al., 2021), or their combinations (Condat et al.,
2023; Zakerinia et al., 2022) are designed to improve
the efficiency of distributed training.

Across all these approaches, workers are synchronized,
i.e., the server must wait for the slowest worker before
proceeding to the next algorithm iteration. This may
drastically slow down the performance of SGD if work-
ers have significantly different computational power.
Asynchronous communication, which breaks this lock-
step behavior, is preferable in practice, since it enables
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a more efficient use of resources. In asynchronous-type
algorithms, workers do not wait for each other, thus
a server immediately updates the current model and
assigns a new job to available workers. All of the afore-
mentioned approaches are orthogonal to asynchronic-
ity, and can be combined with it (Nguyen et al., 2022;
Zakerinia et al., 2022).

Recently, (Koloskova et al., 2022; Mishchenko et al.,
2022a) improved theoretical analysis of pure asyn-
chronous SGD in the homogeneous data setting, i.e.,
when workers have access to the same data, and make
a step towards better understanding in a heteroge-
neous regime. Here, we specifically focus on the more
challenging heterogeneous setting, and provide a uni-
fied convergence analysis of asynchronous SGD.

We start from the observation that asynchronous SGD
can be seen as an instance of SGD with arbitrary data
orderings, which include random reshuffling at each
step, shuffle once (at the beginning of training) or
some incremental order. The only difference between
these variants is in the order defined naturally accord-
ing to the computation speeds of the workers. Data
ordering might improve the performance of the algo-
rithm. For example, several works (Mishchenko et al.,
2020; Nguyen et al., 2021) show that SGD with ran-
dom reshuffling and shuffle once is always better than
vanilla SGD in the strongly convex case, and can out-
perform it for both convex and non-convex objectives if
the number of epochs if sufficiently large (Mohtashami
et al., 2022; Lu et al., 2022). Recently, (Koloskova
et al., 2022) analyzed SGD with arbitrary data or-
dering as an algorithm with linearly correlated noise
(Koloskova et al., 2023b). Here, we go further by link-
ing asynchronous SGD and SGD using various data
orderings.

1.1 Contributions

In this section, we summarize the key contributions of
our work.

e We propose a theoretical framework that allows us
to analyze various types of asynchronous SGD in a
unified manner. Besides purely-asynchronous SGD, we
analyze variants of asynchronous SGD when a server
waits for the first b fastest workers or assigns new jobs
according to some scheduling procedure. The analysis
is performed for a constant stepsize schedule, without
bringing any additional hyper-parameters except for
stepsize, as all the parameters used in the algorithm
are known during training.

e Moreover, this unified framework enables us to de-
sign and analyze new asynchronous algorithms. In
particular, we propose a new method called shuffled
asynchronous SGD and show its superiority over com-

petitive methods both theoretically and practically.

e Our framework also recovers popular synchronous
variants of SGD, such as SGD with random reshuffling,
shuffle once, and mini-batch SGD. For these methods,
we derive the best-known convergence results, without
any changes in the analysis, highlighting the tightness
of our framework.

e All of our results have a better or similar dependen-
cies on the maximum delay, compared with existing
work. With bounded gradient assumption, we remove
entirely dependencies on maximum delay used by prior
works.

2 RELATED WORKS

2.1. Asynchronous SGD. The literature on
asynchronous-type SGD algorithms is extremely rich,
starting from (Baudet, 1978), and (Bertsekas and
Tsitsiklis, 1989). The source of asynchrony might
be caused by various factors, such as different hard-
ware (Horvath et al., 2022) or failures (Nadiradze
et al., 2021).

Most existing works are devoted to the analysis of
SGD-based asynchronous algorithms, concentrating
on the homogeneous regime (Cohen et al., 2021; Aviv
et al., 2021; Stich et al., 2021) which typically holds
only for shared memory architectures. In our work,
we concentrate on the more challenging heterogeneous
setting.

The first convergence guarantees were given for con-
stant delays (Stich and Karimireddy, 2020; Arjevani
et al., 2020) which usually is not true in practice.
Follow-up studies provide an analysis depending on
the maximum delay (Stich et al., 2021; Zakerinia et al.,
2022; Nguyen et al., 2022), however, it can be much
larger than the average delay. (Alistarh et al., 2018)
improved the dependency on the maximum delay un-
der the bounded gradient assumption while (Cohen
et al., 2021; Aviv et al., 2021) completely removed
that dependency. (Cohen et al., 2021) propose a
method which sends delayed models together with
computed gradients, and additional parameter tuning
while (Aviv et al., 2021) derived rates involving the
variance of the delays. Nonetheless, in some cases, this
quantity might be proportional to the maximum de-
lay. Recently, (Tyurin and Richtarik, 2023) introduced
a new asynchronous algorithm with optimal conver-
gence guarantees; however, under the assumption that
the computational speeds of workers are fized through-
out the execution. This assumption is too restric-
tive in many practical scenarios, where computational
speeds usually fluctuate during the training. In paral-
lel work, (Even et al., 2024) create a unified framework
to analyze asynchronous algorithms for decentralized
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networks and derive convergence guarantees in that
regime.

Several works consider asynchronous SGD in Feder-
ated Learning, where workers frequently have het-
erogeneous computational power.  (Zheng et al.,
2017; Zhang et al., 2016) utilize delay-adaptive step-
sizes to mitigate the effect of asynchrony while (Yan
et al., 2020; Glasgow and Wootters, 2021; Gu et al.,
2021) proposed variance-reduction-based mechanisms
to handle different worker availability. (Nguyen et al.,
2022) proposed a method that incorporates local steps
and shows its practical superiority, but the analysis is
done under unrealistic assumptions.

Recently, (Koloskova et al., 2022; Mishchenko et al.,
2022a) introduced novel analysis based on perturbed
iterates framework (Mania et al., 2017) which improves
the convergence guarantees for asynchronous SGD for
both heterogeneous and homogeneous regimes. They
propose similar delay-adaptive stepsize schedules that
allow to derive maximum-delay-free rates for asyn-
chronous SGD. Besides, (Koloskova et al., 2022) pro-
posed an algorithm with a special random job assign-
ing procedure to balance the workers in the heteroge-
neous setting. In the same setting (Mishchenko et al.,
2022a) derived convergence guarantees for pure asyn-
chronous SGD. Inspired by (Koloskova et al., 2023a)*,
we propose a new virtual-iterates-based analysis and
cover the results of (Koloskova et al., 2022; Mishchenko
et al., 2022a) as special cases.

2.1 SGD with Arbitrary Data Ordering

The most practical training SGD schemes utilize a cer-
tain order (usually random) of data samples. Schemes
like random reshuffling or shuffle once are consid-
ered a default choice in many real-world applications.
Sampling without replacement allows to leverage of
the finite-sum structure of the problem since all data
points will contribute equally to the solution. How-
ever, the theoretical guarantees for these methods are
much less studied than for vanilla SGD (Rakhlin et al.,
2012; Nguyen et al., 2021). The main complication
comes from the fact that the gradient estimator be-
comes biased. Biased SGD-type methods are typically
considered more challenging to analyze than their un-
biased counterparts.

In the last years, particular attention was given to fed-
erated and distributed methods with random reshuf-
fling (Malinovsky et al., 2022; Sadiev et al., 2022; Yun

"We aware of the technical gap in the proofs in
(Koloskova et al., 2023a). However, a proper choice of cor-
relation period 7 allows to take conditional expectations
correctly. We highlight for each special case the choice of
7 that leads to correct statements.

et al., 2021; Cho et al., 2023). Data shuffling might
provably improve the convergence in this case as well
which is important for the training of large-scale mod-
els.

Here, (Mishchenko et al., 2020) introduce novel tech-
niques to improve the convergence guarantees in the
strongly convex case, whereas (Nguyen et al., 2021;
Ahn et al., 2020) demonstrate the same rates show-
ing the superiority of SGD with random reshuffling
over vanilla SGD. However, in convex and non-convex
regimes this remains an open problem. Existing results
demonstrate better performance of SGD with random
reshuffling in some special cases (Mishchenko et al.,
2020) in convex and non-convex scenarios.

3 SETUP

We consider the classical Empirical Risk Minimization
(ERM) problem of the form

min | f(x) = % Zn: filz)], (1)

rER4 i=1

which covers many optimization problems in machine
learning. Here, € R? denotes the parameters of a
model we aim to train, n is the number of workers
participating in the distributed training, and f;(x) is
the loss associated with data D; available to worker
i € [n] = {1,2,...,n}. For example, the local func-
tion f; can be written as an expectation f;(z) =
Eeop,[fi(z,§)] over dataset D; locally stored at worker
i. Besides, the formulation (1) also recovers the single-
node setting. In this scenario, f represents a loss over
a dataset of size n, and each f; is a loss associated
with i-th data point. We denote the minimum of the
problem (1) by f*, and assume that it is finite.

3.1 Proposed Algorithmic Framework

To solve the problem (1), we apply general asyn-
chronous SGD (Algorithm 1). The backbone of our
algorithmic approach is to analyze updates of the form

Tip1 = Tt — Vi, (Tr, ), (2)

where 4; € [n] is an index of a worker whose potentially
stale and stochastic gradient g;, (z,) computed at an
outdated point x, is applied at iteration ¢.

It is crucial to note that the order of applied gradients
9i, (Tr,) is not controlled by the server. Once an ongo-
ing gradient computation is done by some worker, the
gradient is immediately communicated to the server
and is used to update the global model without syn-
chronizing with other workers. In fact, the order of
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Table 1: Asynchronous algorithms whose convergence analysis is covered by our framework. Here constants (2,

G? such that ||V f;(z) —

V£(@)|? < ¢% and |V fi(2)]|? < G? for all i € [n] and 2 € R 70 and Tpax denote the

maximum number of active jobs and the maximum delay respectively. Fy is the initial functional suboptimality,
the definitions of other constants are given in Section 4. For shuffled asynchronous SGD 7c = n. BG = requires

Bounded Gradients assumption.

Method Alg # Citation BG Rate (@)
/2
Mishchenko et al. (2022a) No Lhyre 4 (%‘3‘72 +¢2 ™
Pure . LFo\/TmaxTC L2\ Y2 2
Asynchronous SGD Alg 2 Ours No T * ( o ) +¢
1/2
Ours Yes 7LF°TC + (*Lpi‘lﬁ) + (7LF°TGTC )2/3 +¢?
Pure Ours No LFoy/TmaxTe (LFUcr ) 1/2 e
Asynchronous SGD Alg 3 T\[ 1/2 2/3
with waiting Ours Yes % + (LFTi"bU) + (%) T+
i 1/2 . 2/3
Koloskova et al. (2022) No  Lfoy el 4 (LF%"Z) + L}%H) (LFOTCC
Random . one LFyT LR0?\ Y2 LR\ /2 LFyreG\2/3
Asynendom o@D Alg4  Koloskovaetal (2022)  Yes Ll (L) (LBE) T 4 (LhycC)
LN 1/2 2\ 1/2 2/3
Ours Yes 7LF7‘17C + (*LFQ‘]ﬂH) + (7LFD<2) + (LF”TTCG) /
Random Nguyen et al. (2022) Yes LFD + (LFQQ'U ) + LF"CT"’X> (LFD(;T”‘M)Q/3 ©
Asynchronous SGD Alg 5 ’ 1% 1/2
with waiting (FedBuff) Ours Yes LF“"C + <LF°CQ (LF“” > (LF%CG)Q/3
Shuffled 1/2 2/3
Asynchronous SGD Alg 6 Ours Yes % + (%) —+ (LFDT‘/HC> + (LF%G")Q/S
[NEW]

(a) We present the best-known rates under the same set of assumptions as we use in the analysis.
(b) Mishchenko et al. (2022a) uses delay adaptive stepsizes to get rid of the dependency on Tmax-

(c) If we set m; = %7779 = b,Q = 1 in Theorem 1 Nguyen et al. (2022). The analysis is done under the unrealistic assumption that

{it}?:_ol are distributed uniformly at random.

received gradients depends on the speeds of the work-
ers which can change during the training. We denote
by R: the set of all received jobs? before iteration t.
Hence, before training Rg = &, and once a new job
(it,m¢) is completed (i.e., the gradient g;, (z,,) is com-
puted) we update the set Ryy1 = Ry U {(ir, 1)}

After receiving a completed job (i, ;) and updating
the model parameters x4, the server proceeds to as-
sign a new job. This is the stage when the server
can influence the training by controlling the assigned
jobs. Specifically, the server is allowed to assign any
worker ki1 € [n] to compute a stochastic gradient
at any point z,,,, in the history of model parame-
ters. Similar to the set of received jobs, denote by A;
the set of all assigned jobs before iteration ¢. Thus,
before the training no job is assigned, i.e., Ay = &.
Then, the training starts by the initial job assignments
A = {(i,0): for some workers i € [n]}. Afterward,
once a new job (kiy1,a:41) is assigned by the server,
we update the set A;1o = A U {(ktg1, @et1)}-

By definition, R; C A; since only assigned jobs might
be finished. Besides, the set A;11 \ R; represents the

By job we define a pair (i,4) such that worker i is
assigned to compute V f;(z;) for a model from iteration j.

jobs that are “in flight” at iteration ¢. In particular,
Ari1 \ Rr consists of all jobs that are not finished
within the optimization process.

The power of our algorithmic framework is its versa-
tility to recover various variants of both asynchronous
and synchronous SGD algorithms in one method. The
strength of our approach is that the theoretical anal-
ysis for all of them is covered by unified theory, as
well as the rates obtained by our theory match the
best-known results for those cases or improve them.
We present convergence guarantees for several syn-
chronous and asynchronous methods covered by our
analysis in Table 1 and Section 4 in more details.

3.2 Special Cases

Below we list some interesting special cases covered
by our framework. Detailed description is provided
in Sections C.3 and D.3 while convergence rates are
presented in Table 1.

Pure Asynchronous SGD. In the beginning of the
training the server assigns jobs to all workers at xg.
Then, a new job (for a freshly updated model) is as-
signed back to the same worker which completed the
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Algorithm 1 General Asynchronous SGD

. Input: xy € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = @
: Initialization: for all jobs (i,0) € A;, the server assigns worker ¢ to compute a stochastic gradient g;(zo)

: fort=0,1,2,...,T—1do

once worker ¢; finishes a job (i, m) € Ai41, it sends g;, (zx,) to the server

server assigns worker k¢, to compute a gradient g, , (Za,,,)
server updates the set As1o = Asp1 U{(kty1, aet1)}

: end for

1
2
3
4
5: server updates the current model x; 11 = x¢ — vg;, (xr,) and the set Ry11 = Ry U { (4, m¢) }
6
7
8

previous job, i.e., (kiy1,a41) = (i, t +1). We derive
improved square root dependency on Ty.x in contrast
to previous works, and remove this dependency com-
pletely with bounded gradients assumption. Our rate
matches the best-known result (Koloskova et al., 2022)
in homogeneous regime (i.e., ¢ = 0).

Pure Asynchronous SGD with waiting. In con-
trast to the previous case, the server waits for b > 1
workers to finish their jobs, and then it assigns to them
(i.e., key1 = 4¢ as before) new jobs for the same up-
dated model with a1 = [t+1/b]b. In comparison with
previous method, waiting for b leads to faster conver-
gence while keeping the same dependency Tyax.

Random Asynchronous SGD Koloskova et al.
(2022). In this version, a new job is assigned to the
worker ki1 ~ Uni[l,2,...,n] chosen independently
and uniformly at random among all workers for the
latest model, i.e., az41 = t + 1. Thus, some workers
might receive new jobs without completing the current
one. We obtain the same rates as in (Koloskova et al.,
2022) using more general theory which indicates the
sharpness of our approach.

Random Asynchronous SGD with waiting
Nguyen et al. (2022). This method is a special case
of the FedBuff algorithm Nguyen et al. (2022) with
@ = 1 local steps. Besides, it can be seen as a combi-
nation of the previous two special cases, namely asyn-
chronous SGD with waiting and random assignments.
The server waits for the first b fastest workers and then
assigns new jobs with the same model a;11 = [t+1/b]b
to b randomly chosen workers ki1 ~ Uni[l,...,n].
Unlike (Nguyen et al., 2022), we derive convergence
under realistic assumptions. Moreover, we derive Ty ax-
free rate and show the benefit from waiting for few
workers as the rate improves with b.

Shuffled Asynchronous SGD [NEW]. In this case,
we assume that all participating workers [n] are active
in the training. Similar to random asynchronous SGD
described above, new jobs are always for the latest
model, i.e., ayy+1 =t + 1. However, new jobs are not
assigned to workers independently but rather based
on a random permutation of workers that can be re-

sampled after each cycle or sampled once and reused
throughout the training. More specifically, if x is a
random permutation of indices [n], then k11 = x(j),
where j — 1 = ¢ (mod n) is the remainder of ¢ when
divided by n. In Section D.3.3 we demonstrate that
new method outperforms its random counterpart in
highly heterogeneous regime ¢ > \/ﬁsl/ 2 which typi-
cally holds in Federated Learning.

Mini-batch SGD. This is the standard variety of
SGD method, and a popular method for a single-node
setting. We show that the update rule of mini-batch
SGD can be modified to suit update rule (2) and derive
standard convergence rate. In particular, if we treat
each data point as a separate client then mini-batch
SGD can be viewed as random asynchronous SGD with
waiting where initial number of jobs assigned by the
server is b.

SGD with Random Reshuffling Nedic and Bert-
sekas (2001). SGD with random reshuffling is one
the most used and sometimes a default algorithm in
practice to train neural networks. At the beginning
of each epoch, the dataset is randomly shuffled, and
gradients are computed following that random order.
Similar to the analogy described for mini-batch SGD,
we can view SGD with random reshuffling as a special
case of shuffled asynchronous SGD. Our rate matches
the best known guarantees showing the tightness of
our approach.

4 CONVERGENCE THEORY

4.1 Theoretical assumptions

Below we list the assumptions we use in the theoretical
analysis. All of them are standard in the distributed
non-convex optimization literature.

Assumption 1. Local functions f; are differentiable
and L-smooth for some positive constant L, namely,

IVfi(x) = Vi)l < Lllz —yll, Yo,y eR (3)

For some of our results, we also need a bounded vari-
ance assumption on stochastic gradients.
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Assumption 2. Stochastic gradients Vf;(x,&) are
unbiased estimators of V f;(x), i.e.,

E&“*Di [vfz(xag)] = vfz(fl'), Vx € Rd, (4)

and have bounded variance o > 0, namely,

EENDz‘ U|sz($,€) - sz(m)HQJ S 0’2, Vr € Rd. (5)

This is a typical assumption in the literature, and it
holds, for example, when we have access to the gradi-
ents with Gaussian noise. We denote a realization of
V fi(z,€) by g;(z) for shortness.

Next, we also assume that the bounded function het-
erogeneity assumption holds since in general case it is
not possible to derive any convergence guarantees for
asynchronous algorithms.

Assumption 3. Local gradients V fi(x) satisfy
bounded heterogeneity condition for some (? >0, i.e.,

IVfi(z) = Vi@ < ¢ Yz eR% (6)

Several results require the Lipschitzness of local loss
functions.

Assumption 4. Local functions fi;(x) are G-
Lipschitz, i.e. for some positive constant G they satisfy

filx) = i) < Gllz —yl| Yo,y eRL (7)

Note that, in the case of differentiable f;, this assump-
tion implies that local gradients are bounded, i.e., for
all z € R? |V f;(z)|| < G Bubeck (2015). In contrast
to Mishchenko et al. (2022a), we do not assume the
boundedness of stochastic gradients. Practical imple-
mentations frequently resort to using clipping in the
presence of Byzantine workers or stragglers. The clip-
ping automatically bounds the norms of applied gra-
dient, forcing the constant G2 to be small.

4.2 Notation

Generally, we do not make any assumptions on the
delays — gradients might be received in any random
or deterministic order. We assume that the server can
receive and assign jobs with delays, namely, m; == t—7y
and oy = t — 7y, where 73,7y > 0 are corresponding
delays.? The order might be natural as in the case of
pure asynchronous SGD or be pre-set as for mini-batch
SGD; see Sections C.3 and D.3 for more examples of
how {i;}7—' might look like. Besides, we introduce
the notion of maximum and average delays similar to
Koloskova et al. (2022).

31f 7 = 7 = 0, then there is no delay.

Definition 1. Let {r;}/;' be the delays of all ap-
plied gradients. The average and maximum delays are
defined as follows

T-1
Tan = I-ATlﬁ»ll Z Tt + Z T - ] )
t=0 (1,5)EAT+1\Rr

Tj}. (8)

Tmax = max{ max Ty

Ty max
0<t<T " (i,j)€AT+1\RT

Quantities Tavg and Tmax are defined analogously with
respect to the delays {'Tvt}tT;Ol related to assigning pro-
cess. Moreover, in the analysis, we use the maximum
number of active jobs or concurrency 7¢. This quan-
tity indicates the maximum number of jobs already
assigned, but not yet completed (i.e., active jobs) dur-
ing the optimization process.

Definition 2. The maximum number of active jobs
or concurrency is defined as

TC = OISntaSXT |.At+1 \Rt| . (9)

To utilize available resources in a more efficient way,
in practice, all workers are always busy, i.e., 7¢ = n.
Nevertheless, it might happen that a fraction of all
workers can be unavailable from time to time.

The received {i;:} and assigned {k:} orders of func-
tions define the convergence properties of Algorithm 1.
Hence, we are interested in the correlation between
functions within a certain correlation interval 7. The
final rate depends on how much the functions within
the correlation interval differ from the averaged gradi-
ent. To mathematically describe the aforesaid, we de-
fine the sequence correlation Koloskova et al. (2023a)
below.

Definition 3. For any given correlation period 7 > 1,
we successively split the set of received gradient indices
{z’t}f:_ol into [%1 chunks of size 7. Then, the sequence
correlation of received jobs within k-th period is de-
fined as

2 . min{kr+5,T—1}
Oj,r = max K HZt:kr A, (Tkr)
0<j<r

. a0
where A;(z) = Vfi(z) — Vf(z).

Next, the magnitude of delays affects the resulting con-
vergence rate. We measure the effect of the delays
by the quantity defined below. Note that it does not
involve any correlation period since it is designed to
track how 7; impacts the rate.

Definition 4. For the sequence of received gradient
indices {i;}/," the delay variance is defined as

i

T-1
= Y E {Hz;_}” Ay, (x,)
t=0
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4.3 Analysis of Gradient Receiving Process

In the first theorem, we analyze the gradient receiv-
ing process, i.e., how the order of received gradients
{i;} 1= influences the convergence. We would like to
highlight that this ordering can not be controlled by
the server; it is built naturally depending on the speeds
of the workers.

For the analysis, we additionally construct a sequence
of virtual iterates Mania et al. (2017) with restarts
following the approach created in Koloskova et al.
(2023a). The sequence is defined as Ty = zo and

ift+1#0 mod T,

ift+1=0 mod 7.

In contrast to the sequence {x;}._,, virtual iterates
{z:}/2" are updated using full gradient always eval-
uated for the last model x;. Moreover, we restart the
virtual iterates once in 7 iterations, so we can track
the progress of real iterates within one correlation pe-
riod. More particularly, we use 7 = G(Li,y), where L
and v are the smoothness constant and the stepsize
respectively.

Theorem 1. Let Assumptions 1 and 2 hold. Let
the stepsize v satisfy inequalities 6Ly < 1 and
20Ly\/TmaxTc < 1, the correlation period T = L

and quantities {azj ,EZ)TJ and v? are finite. Then

_1
20L~ |’

E[IVf@r)IP] <O (£ + Lro? + 124%0), (12)

LF)

where Fy = f(xg) — f*, & = LTi}TJk,‘z::OU]%’T +

%Vz, and T is chosen uniformly at random from

{70, 071}

We give a detailed proof of the theorem in Appendix,
Section C. We observe that the rate consists of three
terms. The first one, i{;, is a standard optimization
term that always appears for vanilla GD, and is shown
to be optimal. The second term, Lyo?, appears be-
cause of the stochastic nature of the gradients. The
third term, L?y?®, the most intriguing one, consists
of two parts — the first one represents the effect of
function ordering while the second part shows the im-
pact of delays on the convergence.

Since the first and second terms are standard for
gradient-based algorithms, one asynchronous algo-
rithm differs from another one with a bound on L?v2®.
Intuitively, our goal is to create an algorithm for which
this term is as small as possible in order to guarantee
better convergence. This can be achieved by properly
balancing the workers’ contributions. Moreover, the

stepsize v is decreased by 7'&1/32,( to mitigate the effect
of the delays.

Note that all quantities {U,%,T},ié and v2 depend on 7,
and consequently, on the stepsize v as well. Hence, for
the general case, the inequality (12) is implicit. How-
ever, for some special cases, we are able to compute
all quantities and derive convergence guarantees.

4.4 Analysis of Gradient Assigning Process

Now we switch to the analysis of the order {k;}1
which the server uses to decide the order of assigning
new jobs. Recall that the server is able to control this
order. That is why we can use various randomization
procedures to balance the workers.

The analysis in this case is based on the virtual iterates
{y:}1_, that follow the assigning process. Formally, we
define yg = xg and

Yt+1 = Y= Z(i7j)€At+1\At gi(x;)

téo Yt — V9k, (xat)' (13)

Here we highlight that the server may decide to send
a job at outdated point z,, with bounded by Timax de-
lay.* This enables us to investigate methods where
several workers compute gradients at the same point,
e.g., mini-batch SGD. Hence, it brings even more flex-
ibility to our framework. The real and virtual iterates
can not be arbitrarily far away from each other. The
next Lemma reveals the connection between them.

Lemma 1. Let real {z;}1_, and virtual {y;}]_, iter-
ates be defined in (2) and (13) respectively. Then

Tt — Yt = ’YZ(i,j)eAt\Rt gi(x;).

Based on the sequence {y;}}_, we construct the
restarting sequence {y;}1_, similarly to (11)

Y1 =y1, (14)

- g —yVf(xy) ift#0 mod T,
Yt+1 = .
Ye+1 ift=0 mod 7.

Analogously, we can define the sequence correlation
and the delay variance for the sequence of assigned gra-

r
dient indices {k;}{_;. We denote them by {5} , tL:TOJ
and 72 respectively. Based on this, we present our
second theorem.

Theorem 2. Let Assumptions 1, 2, and 4 hold.
Let the stepsize v satisfies inequalities 6Ly < 1 and
30 Ly max{Tmax, Tc} < 1, the correlation period T =

4In other words, oy =t — 7y where 7; > 0.
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Figure 1: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and full gradient
computation on w7a dataset with various delay patterns. Here n = 10, A = 0.1, d = 300, m = 2505.

L),OIL J quantities {7}, T/ and 7% are finite. Then

E[IVf(@r)?] < O(ZF + Lyo® + 123

+ L2y%(1¢ — 1)2G2), (15)
where Fy = f(y1)— f*, d = LT/J Z U,” 1~2, and
27 is chosen uniformly at random from {z1,...,27}.

The proof of Theorem 2 can be found in Section D. It
gives similar convergence behaviour as Theorem 1, but
for the assigning sequence {k;}7_;. The difference is
in the last L2y2(7¢ — 1)2G? term which is not present
n (12), and it appears because of the bound between
real and virtual iterates.

We emphasize that if 7o = 1, i.e., there is only one
active job at each iteration, then the fourth term is
zero. For example, this holds for single-node algo-
rithms such as SGD with random reshuffling or shuffle
once. Therefore, we recover the same rates for those
methods. Besides, we highlight the fact that the rate
(15) admits the absence of the dependency on Tiax
in particular special cases; the delays affect the rate
through averaged delays only.

Moreover, the term ® depends on sequences {k:} and
{a:} which are fully under the control of the server.
Therefore, the server may change its job assignment
strategy if it observes that the current one leads to
poor performance. In Section D.3 we demonstrate pre-
cisely which assignment strategies can be used.

5 EXPERIMENTS

We conduct experiments on logistic regression with
nonconvex regularization, namely, we consider the
problem (1) with local functions

2

l+z

ful@) %g g(1+e bww)ﬂz

We test the performance of FedBuff (Nguyen et al.,
2022), pure, random, and shuffled versions of asyn-
chronous SGD methods. We use the w7a dataset from

the LibSVM library Chang and Lin (2011), and addi-
tionally construct synthetic datasets following Li et al.
(2018); Safaryan et al. (2022) with control of statisti-
cal heterogeneity through parameters a and 3.° The
detailed dataset generation and parameters setup are
given in Appendix A.6

We assume that all workers start computing gradi-
ents in the beginning, i.e. 7¢ = n. We fine-tune the
stepsize and illustrate the performance with the fine-
tuned stepsize only choosing the best one that achieves
smaller gradient norm and fluctuations.

We conducted experiments in four different settings.
In particular, each worker has a positive parameter s;.
The way these parameters are used is as follows

e Fixed: in this case, r = s;. Such fixed timing implies
that the delay pattern is fixed as well.

e Poisson: for each worker we sample r ~ Po(s;).

e Normal: similarly, we sample s ~ A (s;,s;), and
then set r = |s| + 1.

e Uniform: in this case, we sample r ~ Uni(0, s;).

The number r indicates how many seconds worker i
spends to compute one gradient. Such timing patterns
simulate possible workers’ behavior in practice.

First, we present the practical performance of the three
aforesaid methods with full gradient computation in
Figure 1. We observe that pure asynchronous SGD
gets stuck when the gradient norm becomes about
107! — 1072, The same result holds for FedBuff. The
rest two methods achieve better stationary points with
smaller gradient norms. We also observe that FedBuff
does not benefit from performing several local steps.
Moreover, shuffled asynchronous SGD starts converg-
ing faster than its random counterpart around 10715,
Further, shuffled asynchronous SGD achieves a sta-
tionary point with roughly 10 times smaller gradient
norm.

5The corresponding dataset is denoted as Syn(a, 3).
50ur code is available at https://github.com/
Rustem-Islamov/AsGrad-public/.


https://github.com/Rustem-Islamov/AsGrad-public/
https://github.com/Rustem-Islamov/AsGrad-public/

Rustem Islamov, Mher Safaryan, Dan Alistarh

Syn(0.5,0.5)

Syn(1,1)

—@— Pure Asynchronous SGD
0 —- Random Asynchronous SGD
10 —4— Shuffled Asynchronous SGD 100

21072

107

[V £
Vi

102 1072

@ Pure Asynchronous SGD
- Random Asynchronous SGD
—4— Shuffled Asynchronous SGD

Syn(1.5,1.5)

@ Pure Asynchronous SGD
-~ Random Asynchronous SGD
—4— shuffled Asynchronous SGD

[V £(=")]]

0 10 20 30 40 50 0 10
Iterations, x10%

Iterations, x10%

30 40 50 0 10 20 30 40 50
Iterations, x10%

Figure 2: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and stochastic
gradient computation on synthetic datasets with different levels of heterogeneity and poisson delay pattern.
Here n =10, A — 0.1, d = 300, m = 200, and batch size ™/10.

Next, we conduct the same set of experiments with
stochastic gradients on synthetic datasets changing pa-
rameters a and [; see results in Figure 2.

We observe similar performance in stochastic setting.
Random and shuffled asynchronous SGD are superior
to pure asynchronous SGD. Our proposed method al-
ways finds the stationary point with the smallest error,
and in several cases, the convergence is faster than that
of random asynchronous SGD.

6 CONCLUSION

Our framework provides a deeper understanding of
asynchronous SGD-type algorithms. In contrast to
previous works, we derive a theoretical analysis for few
method simultaneously with improved dependency on
Tmax- In addition, our theory provides the intuition of
what affects the convergence of asynchronous-type al-
gorithms, and how we can improve the convergence
by balancing the workers’ jobs. The analysis high-
lights two terms appearing in the rate due to delays
and data ordering caused by asynchronicity. We show
that different prior techniques and our new proposed
approach, in fact, make those two terms in the rate
smaller, and as a consequence, lead to better prac-
tical performance. Moreover, we do not impose any
assumption on the delay pattern.

Finally, experiments support our theoretical find-
ings. We both empirically and theoretically show that
pure asynchronous SGD converges up to heterogene-
ity level. Besides, we demonstrate that the proposed
shuffled job assigning allows to balance more carefully
the workers’ contributions.
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A ADDITIONAL EXPERIMENTS
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Figure 3: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and full gradient
computation on phishing dataset with various delay patterns. Here d = 68, m = 1105.

In this section, we provide additional numerical results as well as the detailed experiment setup. We consider
logistic regression problem with nonconvex regularization, namely,

n m d 2

1 1 baTa xs
F)= 23R, where  filw) = = Y log (1 e mi) 4230
i M3 Pl

For synthetic dataset, we set n = 10, m = 200, d = 300, and A = 0.1 in all experiments. The initial point o € R?
is sampled from standard Gaussian distribution.

We compare the practical performance of FedBuff, pure asynchronous SGD, random asynchronous SGD, and
shuffled asynchronous SGD. We assume that all workers are active from the beginning which implies that 7o =
n. We perform a grid search for the stepsize over the set {0.005,0.004,0.003,0.002,0.001,0.0005,0.0001}, and
illustrate the performance with the fine-tuned stepsize only choosing the best one that achieves smaller gradient
norm and fluctuations. For FedBuff we perform 20 local steps and wait for one worker only. We set n = 10, m =
200,d = 300, and A = 0.1 in all experiments. The initial point o € R? is sampled from standard Gaussian
distribution.

A.1 Synthetic Dataset Generation
The generation function of datasets has two parameters a and 5. Below we detail the rules of dataset generation:

1. Sample n numbers B; ~ N(0, ).

2. Sample n vectors v; € R? such that each component [v;]; ~ N(B;, 1).

®

For all i € [n] sample m vectors a;; € R? such that a;; ~ N (v;,X) where ¥ is a diagonal matrix with
¥ =7 "2 Aset {a;;}7, will be utilized feature vectors of i-th worker.

Sample n pairs of numbers u; ~ N (0, ) and ¢; ~ N (u;, 1).
Sample n vectors w; € R? such that each component [w;]; ~ N (u;, 1).

Let p;; = o(w, a;; + ¢;) where o(+) is a sigmoid function.

No v

For all i € [n] sample m numbers b;; such that b;; equals to —1 with probability p;; and to 1 otherwise.

The larger o and 3 are, the more heterogeneous local datasets are. In our experiments, we choose these parameters
from the set {0.5,1,1.5}.

A.2 Comparison on phishing Dataset

We consider the same as in Figure 1, but we test the performance of algorithms on phishing dataset Chang and
Lin (2011); see Figure 3. We observe that in all cases random and shuffled asynchronous SGD outperform their
pure counterpart as asynchronous SGD with randomized job assigning finds better stationary points. Besides,
shuffled asynchronous SGD finds a more accurate solution than random asynchronous which happens because of
more accurate job assigning.
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Figure 4: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and full gradient
computation on synthetic datasets with different levels of heterogeneity and various delay patterns.

A.3 Comparison on Synthetic Dataset

First, we test the aforementioned algorithms in the case of full local gradient computation in order to avoid the
effect of stochasticity and illustrate the impact of delay patterns only; see Figure 4. We change the heterogeneity
level controlling parameters o and 3, and delay patterns. We observe that in all cases pure asynchronous SGD
gets stuck much earlier than its counterparts regardless of the delay pattern. However, due to that, we can
choose a larger stepsize which leads to faster convergence.

Besides, we notice that the shuffled asynchronous SGD method finds a better stationary point than the random
version which happens because of the more careful job assigning. Moreover, the shuffled version sometimes can
be even faster (e.g., normal Syn(1,1) and poison Syn(1.5, 1.5)).

Next, we conduct experiments in the same setup, but with stochastic gradients where the mini-batch size is 10%
of the local dataset. Figure 5 shows the same performance as in the full gradient case: shuffled asynchronous
SGD finds a more accurate stationary point than its counterparts.

These numerical results support our theoretical findings. First, pure asynchronous SGD does not converge to the
optimum even when choosing small stepsize—it always gets stuck at the heterogeneity level. Moreover, random
job assigning allows to get rid of this issue, and converge to a better stationary point. Finally, more accurate
job assigning via worker shuffling allows for improving further the performance

B USEFUL LEMMAS

We frequently use several well-known results.
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Figure 5: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and stochastic
gradient computation on synthetic datasets with different levels of heterogeneity and various delay pattern. Here
d = 300, m = 200.

Lemma B.1. Let {v;}; be a finite set of vectors in R%. Then we have

m 2 m
Sl <m il (16)
i=1 =1

Lemma B.2. Let a,b be any two vectors in R%, and a be any positive number. Then we have

« 1
(a,0) < S lall® + 5 bl (17)

The next lemma is useful when we work we double sums in the proofs. Let (¢, ;) be any non-negative function
with two iterate-dependent arguments ¢ and ;. For example, 3(t, 7;) = |V fi, (z,)||? or B(t, m) = ||vs — 2, ||

Lemma B.3. Let 3(¢,m;) be defined as above. If 7¢ is defined in (2), then we have

T—1 t—1 T-1
S5 B < (e - 1) S Bt m). (1s)
t=0 j=m, t=0

Proof. Each term [(t,7;) appears for all ¢ such that t € [my,t'). We need to understand how many such ¢’
might exist at most. Indeed, such term might appear only for ¢’ before ¢, thus, that job should have been
started somewhere in the past but still not been applied. The number of such it is bounded by |A; \ R¢| =
A1 \Re] — 1 <7¢ — 1. O
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C PROOFS FOR ANALYSIS OF GRADIENT RECEIVING PROCESS

For r(t) < m < r(t) + 7, denote

2
m

¢ (@) =E ||| > (V) - Vfi(x))

j=r(t)

Moreover, for shortness we use the following notation

T—1 T—1 T—1
A= S E[la—an )], B=Y_E[Vi@)P], ®=Y o (z.0)
t=0 t=0 t=0
2
T—1 —1
‘lj = E valj(xﬂj)_vf<xﬂ'1)
t=0 J=T7¢

The key part of the proof is bounding the distance between virtual and real iterates. Based on (2) and (11), we
have

Tt = Tr(t) — Z 9i; (@r;), Ty = Tp(t) — 7 Z V().
J=r(t) j=nr(t)
Also, denote

m

A;n = Z (Vf(ﬂf]) — 9i, (xﬂ'j)>‘ (19)

j=r(t)
C.1 Key Lemmas

Lemma C.1. If 20yL7 < 1, then

m m

1 - 25
E[IA7IP] < 4E [ @w)] + 5= D Bl @) + TL Y E[lle; — x|

j=r(t) j=r(t)

T - 2 T
o1 2 E[IVF@)IP] + o
j=r(t)
Proof. Fix any m such that r(t) < m < r(t) + 7, so that the iterates are within one block.

2
E[|AP]?] <E Z Vi, (@r,) = V()| | +70°
j=r(t)

2 r 2

4F Z vflj (‘T7(t)) - Vf(fﬂ,(t)) + 4E Z vflj (:CT(t)) - vflj (I])

IN

2 ) 2
+HAE || > Vi (x5) = Vi, (@n)|| | +4E war(t) — V()| | + 702

J=r(t) j=r(t)

< AR [¢7 ()] +ALPT D Bl — 2a,|?] + 8L Y | B[z — 2o |*] + 707 (20)
Jj=r(t) J=r(t)
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Next, we bound the third term involving E [||z; — @, [%].

2
m m j—1
Y Efllzj —awl®l =+ Y E || Y galen)
j=r(t) i=r®) | |=r)
. 2 . 2
m j—1 m 1
< 22D B Y gilan) = VE@)| | +292 Y] E||| D] V@)
j=r(t) I=r(t) j=r(t) I=r(t)
2
m M. 2
= 22 Y E|[ai ] +29? Z E Z V(1)
j=r(t) - j=r(t) l=r(t)
(20) 2 [ =1 PR 2
< 82 Y B[] (wa)| 169703 Y Z [Nz = 200 |1]
j=r(t) j=r(t)l=r(t)
j_
b 30 S Bl 2 3 S E IV (@)|?] + 242202
j=r(t) l=r(t) j=r(t) l=r(t)
< 8y Z (617 (@ew)] + 16921272 Z llz; — 2,0 I7] + 892227 Y E [l — 2, %]
j=r(t) J=r(t) j=r(t)
b29272 37 B[V HGI] + 29772
j=r(t)
where we use the fact that 7¢ > 1. Choosing vLT < 2—0, we cancel the term |lz; — azr(t)||2 from the right hand
side:
G 25 - 25 .
> Ell -zl < F9* Y E[6 @) + 30 Y Efley - I
J=r(t) j=r(t) J=r(t)
25 i 01 25
+ 5 %E IV £@)IIP] + TrPr%e™.
j=r

Plugging this inequality back to (20), we get

E[JAPIP] < 4B [¢7(@re)] +4L°7 > Ellla; — 2x, ] + 8L Y E[llz; — o]

j=r(t) j=r(t)
200 < -
< AE [¢7 (zr)] + 772L27' Z E [Qﬁ 1(xr(t))}
j=r(t)
0 50
b 3 Bl —on ]+ Y B[IVAGI] + D
Jj=r(t) j=r(t)

Using the relation v2L%72 < ﬁ further, we can simplify the above bound as

m

1 i
E[IAPIY] < 4E[6](ew)] + 5= 3 E |61 @)| + TL S E oy - o]
J=r(t) j=r()

m

2

+ o1 O E[IV/@)IP] + 550
J=r(t)
Since 16 > ﬂ we conclude the proof. O
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Lemma C.2. If 20yL7 < 1, then

T—1 25 T—1 1 T—1
SEflz 77 < 2 S E[ @w)] 4ax S E [le — 24, )1%]
96
t=0 t=0 t=0
= =A
1 T—-1
2
+ 5500 ZE[HW@»H | +51o. (21)
=B

Proof. Notice that for r(t) < j <t it holds 7(t) = r(j). Hence, we can replace ¢ " (7r1)) by gb Ya T,(;y) in the
summation below. If j < r(¢), then qb{*l(xr(t)) =0.

2
T-1 T-1 t—1

> E (|l — 2] = VY B Y g, (2a,) = VI(z))

t=0 t=0 j=r(t)

T-1
= Y R[]
t=0
o T—1 t—-1

Lemma C.1 9 T-1 i1 fy
< 4y Z E [of (@) 7_ Z E { T(t))i|
t=0

t=0 j=r(t)

~+

T—-1 t-—1

s 2 3 Eflle; — 7] L{Z Z [194)I?]
t=0 j=r(t) t=0 j=r
2

T o2
—o°T
+ 24
25 T—1 =
< e Z E [¢} " (@rm)] + 55 ; E [l — 2x,|]
2 2 T-1
T E (V7 @olIP] + 57
Using the bound on the learning rate we conclude the proof. O
Lemma C.3. If 20yL\/Tmax7c < 1, then
T—1 ;] Tl
2
— <
S Ele-anl?] < g 2 B|IVA@)I] +5 707
t=0 t=0
=A =B
100~2 T=1 t—1 2
33” STE|Y V(@) — Viaa,)
t=0 J=T7¢
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Proof. Recall that m; =t — 7.

]E[”(Et—
< 7E
J=m¢
t—1
< w7 ||%
J=me
+ 39°E
_j:
<

2

t—1
L, ”2] = 72E Z gij (xﬂj)

J=m

2

Z Vfi, (xr)) + 7y 0?

J=m

t—1

2 2
t—1
Vi (@n,) = V@) | +37°E || > VS(ar,) = V(@)

2

t—1
Z V)| | +myo”

Tt

2

372 L1 > B [|len, —a)°] + 39K ||| Y Vi, (2r,) — V(@)

J=m

+ 3927 3 IV S () + myo

J=m

Then we add summation over the entire iterates and count the number of times (which is < 7¢) each term

appears in the sum:

T-1
> E[len, — )]
t=0

IN

IN

IN

T—1 t—1 T—1 t—1
3'72L27—max ZO Z E I:Hxﬂ'] l‘]“ + 37 Tmax 2; Z [va Lj || ]
t=0 j=m t=0 j=m;

2

+ 342 Z E Z Vi, (xx;) = Vf(zg,) + Tavg Ty 0

J=m
T-1 T-1
3’72L2Tmax7_c Z E [Hx‘ﬂ't - xtHQ} + 3’}/27-11(1ax7—0 Z E |:||vf(‘rt)||2i|
t=0 t=0

2

T 1
+377 Y B Vi () = V@) | +raveT0”

J=me
3 T-1 3 T-1

2 2
00 20 B llom = l) + g 2B IV £(ae)I?]

2

T 1
+ 372 Z E Z Vfij (xﬂj) - vf(xﬂ-g) + Tang720'2a

J=m

provided that v2 L2 TaxTo < ﬁ. After cancellation, we get

T-1
’ 2_2
;E [llze — 2, 2] < 132L2 Z (195 (@) ] + 270770

2
o T—1

Z E i Vi, (@n;) = Vf(2x,)

J=m¢

1007
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Since Tavg < Tmax and Tavg < 27¢ (the latter holds because of the Remark 5 in Koloskova et al. (2022)), then we
finally derive

T—1
27,
SEfle—2nl?] € oy Z IV F @] + 5ot T
P 132L 20L, /TmaXTC
2
10072 T—1 t—1
ZE valj(xﬂ])_vf(xﬂj)
J=m¢
< —T
= 132L2 Z IV 7 @] + 5770
T—1 t—1 2
100’y2 —
ZE valj(xﬂj)_vf(‘rﬂj)
J=m
O
We can combine all the previous lemmas and bound E [||z; — Z;[|%] in the following lemma:
Lemma C.4. If 20yL7T < 1 and 20yL./Tmax7c < 1 hold, then
T—1
~ 1 1
E(loe 2 ]°] < 570470+ oo Bt gm0 T, (22)
t=0
Proof. Summary of obtained inequalities
T—1
- Lemma C.2 25 1 1 ,YQT
2 2 2
t=0
Lemma C.3 1 100
< —— B+ 20+ LTo?
= 322 T3 Y s
Hence, using the restriction 20vL7T < 1 we get
T—1
~ 25 1 1 y
E -%|*] < Yo+ —A B 2
; e =7} = 57"+ 5o A+ gea0r2 B + G027
25 , 1 1 1 5 11yTo?
< —70 B B+ —~*¥
= 6% 96 13222" T 900L2 307" T TT00L
1
2
= S+ - BP0t L Ty
et saeore T aaop
O

C.2 Proof of Theorem 1

Theorem 1. Let Assumptions 1 and 2 hold. Let the stepsize v satisfy inequalities 6Ly < 1 and 20Ly\/TmaxTc <

1, the correlation period T = {ﬁJ, and quantities {01%,7 ,E:’;/OTJ and v? are finite. Then

E[IVf(@r)|2] < O (5 + Lyo® + 1240 , (12)

T

where Fy == f(xo) — f*, & = ﬁ i O’l%ﬂ_ + %VQ, and &7 is chosen uniformly at random from {xo,...,xr_1}.
k=0
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Proof. The analysis starts from deriving a descent inequality for the virtual iterates 7, defined in (11). Consider
two cases for virtual iterates: depending on whether restarts happen or not.

Iterations without restart: If restarts do not happen, namely (¢t + 1) mod 7 # 0 then from the smoothness
assumption of f and (11), we have

E(fFen)] < ELFE)] - BUVFE). V@) + L EVf@ >\|]
= E[f(@) - E[IVF@IP] —E [JIVF(@)l?] + JE[IVIE) - Vi)|?]

2

+ LRV )P)

< E[@)] - 2ENIVFEIP) - LE V@I + 5 E (17 - ol
+ BB 19 s
2
< E[f@)] - JE[IVF@EI?] - JE[IVA@)I?) + T3 E [F - adlP’].

Iterations with restart: If a restart happens, namely (¢ + 1) mod 7 = 0 then

Tep1 = Tpp1 = Tt — 79, (Tx,)
= Ty + (xe — 7)) =YV f(ze) + WV f(21) — 790, (Tr,))

= T —Vf(ze) + Z V() = gi;(@n;) -

J=r(t)
=At
Then we use smoothness of f to get

E[f(@i41)]
< BU/(@E)] - [(VFE). V() - ) + L [195() - g1
< E[f@E)] - 1EUVFGE), VI @)) +E [(Tf @), A)] + Ly [V (2] + L2°E [I1A])]
< E[f@)] - 3E [IVF@IF] - JE[IV/ @] + ZE[IVF @) - VI @o)|?)

+ B IV @) +40L7E [|B4P] + L7 [IV £ )] + 17 [nﬁinﬂ

_ v _ L%y _ . _

< EU@E)] - JENVIGEI) - 1E V@I + 5 E (17 - ] + oo E V@I,

where in the third inequality Young’s inequality is used.

If we denote by & the indicator function of restart event at ¢ + 1, namely ;.1 = 1 for all K > 1 and is 0
otherwise, then we can unify the descent inequality for both cases as follows:

E[f@E)] < EUG)] - JE[IV/ENR - JE V@) + 51E 17 - o))

1 t
* (160L IV @] +41L9°E [IIAt||2]> &, Vit>0. (23)

Next, we apply summation over the entire iterates and bound the terms that appear only in every 7 iteration.
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T—1
lﬂ«:[nw(@)n?] = LLZ IV f () II7]
=0

-1 T—1
< Liz 1Y/ @) — V1G] + 1= 3B [I9Ge-)I]
j=0
2L — _ _ 9 T—1 B
< = E[uxt—xt,jnﬂ+EZE[HW(M>HQ]
3=0 j=0
1 t—1 2 1
2072 & - 2
< T’y ZE Z Vf(.%‘l) FZ |vf Tt—j H ]
j=0 I=t—j Jj=0
T7—1 t—1 —
< 292 Y 3 E|IVS@)IP] + 7 Z 1V @5
7j=01l=t—j j=0
T—1 2 T—1 _
< 20y’r Y E (V@) + = Y E[IVFGey)I]
j§=0 Jj=0

T—1 =
< 15 2 B[IVF @) + 807 S E[IVFGe) ]
=0 =0

provided that 5 < Ly7 < o5 (e.g., 7 = Lﬁj) Then we can use this bound to derive

T-1 1 ’Y T-1 ’YT_l
> TooE IV @I & < 55 t_OE[IVf zll?] + 3 L ENV@I (24)

Then we use Lemma C.1 to bound Al:
T-1

T-1 1t
Y E[IAlP) & < 4L72ZE SL(z0)] & + Z Z 617 (@ow)| &
t=0 t=0 j=r

t

Ly TZ > Elllz —anl’] &

1=0 j=r(t)
t T-1
SIS S B9 6+ e Y e
t=0 j=r(t) t=0

Notice that summation over the entire iterates with weights &; is equivalent to division by 7.

T—1 t , T—1 t—1 T—1 t—1 T—1
Z Z Qbi_ xr(t) Z Z ¢t xr(t Z Z ¢; Lr(j )ft < Z¢§(xr(t))'
t=0 j=r(t) t=0 j=r(t) t=0 j=r(t) t=0
Hence
T—1 B T—1 1112
4Ly Y E[IAP] & < 164L9 Y E[6)(@nw)] & + —o 3 B oo
t=0 t=0 t=0
T—1
+1T1LY 1 Y DR ([l — 24, ||
t=0
=A

T-1

41
fL’yZT E [HVf x| } + 4L72 a?T.
t=0



Rustem Islamov, Mher Safaryan, Dan Alistarh

where A < 13575 B + %?72\11 + 7?22 due to Lemma C.3. Therefore,

T-1 T-1 41L’Y2T 1
41272 Y B [|AYP] & < 1640y > E [ (wr1)] & + ZIE &4 (2r(1))]
t=0 t=0
171 171
2 L~?7B + 520L3~4 10 LA?o’T
+ gl TB TTEE 1007
2, TTZIJE[W(Q: W] + 2 LyPoT
24 t 24
T—1 T—1
41L72 171
< 164L~? E [ E|[ —— Ly?7B 4 26L%y3 ¥
Y ; ¢t Ty ( t) ft Z ¢t wr(t + 132 Y TD +
171 41
~—I~%0*T + — L~*7B —L 252T
+1007" T trTE gt
fant 793
< L2 E [¢t(x, —— 4B+ 26L*~y3V + 4L+%0°T.
< 6950L%y ; [¢t(x,(t))]+5280’y + 26 +4I~%0

Plugging (24) and (25) (and lemmas as well) into (23) and adding summation, we have

— — T-1
~ e . L2y _
E[f(@r) - )] < 5 E[IVf(@)|?] - 3 E [|IVf(z)lP] + - Z]E 17 — 2]
t=0 t=0 t=0
1 T-1 T—-1
+ TooL th IV £@IP] + 4105 > & [ AF7]
t=0
5 T-1
< 52 IV F(@))17] —*B
t=0
L2y T-1 1 1
— M E] 2y B T
2 (’Y ; o) + 7Y+ e B gpore >
~y -1
T g+ IV E )|
+1e007 * g 2 EIV/GOI]
T-1 793
+6950L%7% ) " E ¢} (z,1))] + =507 B+ 26L%7*W + 4Ly20T
t=0
YT — Y 793
< (=141 E|[ . B
< (-3+3) tZ [IVF@EoI7] + ( 3 To9m0 * Ta00 * 52807>
5 T— T-1
+ §L2 ~3 E (68 (@r(1))] + 6950L°9* > " E [¢h(r(r)] + 27L*7° T
t=0 t=0
+ 5L72%0°T
T-1 T-1
< 5B+ o2 VD B¢ (@e)] + 6950L%9 > T E [ ()] + 27L2 W
t=0 t=0
+ 5LA%0°T

According to the statement of the theorem, we assume that

min{k7r+7,T} 2
- = sup max E Z (Vfi,(xpr) — Vf(zgr)) ,

0'2
k
zER? Osj<r t=kt
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Algorithm 2 Pure Asynchronous SGD

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &

2: Initialization: for all jobs (i,0) € A;, server assigns worker ¢ to compute a stochastic gradient g;(xo)
3: fort=0,1,2,...,7T—1do

4 once worker ¢; finishes a job (i, m) € Ai41, it sends g;, (zx,) to the server

5: server updates the current model x; 11 = x¢ — vg;, (xr,) and the set Ry11 = Ry U { (3¢, m¢) }

6 server assigns worker i; to compute a gradient g;, (z¢41)

7 server updates the set Ao = Asp1 U{(it,t+ 1)}

8: end for

and
T—1 t—1 2
v =Y B || D (Vi (@x,) — V(@)
t=0 J=m¢

are bounded. So v? upper bounds ¥ term in the above inequality while 0277 upper bounds (biil and ¢! terms.
Then, by averaging we get

T-1 [£)-1
1 2 5(f($0)—f*) 2 2 1 3 2 L, 2
— < N J S . —
7 2 EIVI@) < S PE g 3 bkt | +2800%, (20

where P := 35000, and we use the fact that Zop = g by the definition (11).

C.3 Convergence Guarantees in Special Cases

We emphasize that in the choice of stepsizes, we omit numerical constants for simplicity, and show the dependency
on the parameters of the problem only.

C.3.1 Pure Asynchronous SGD

At the beginning of the algorithm, the server assigns each worker to compute a gradient at zg, i.e. A; =
{(#,0): i € [n]}. As soon as one of them (denoted by i;) finishes its job, the server assigns him back new job at
the updated point, i.e. k; = ;. We present the convergence for pure asynchronous SGD.

Proposition C.1. Let Assumptions 1, 2, and 3 hold. Let the stepsize v satisfy inequalities 20L7y/Tmax7c < 1

and 6Ly < 1. Let 7 = Lﬁj Then the iterates of Algorithm 2 satisfy

E[IVF(@)]?] < 0 (fT Iyo?+ <2) , (27)

where #; is chosen uniformly at random from {xo,...,2r_1} and Fy = f(zo) — f*. Moreover, if we tune the
stepsize, then the iterates of pure asynchronous SGD satisfy

1/2
E [va(i,t)HQ] <0 (LFO\/;maxTC i (L?02> n <2> 7 (28)

Proof. We need to bound quantities a,%’T and v2. If within interval [k, k7 + j] all indices from [n] appear, then
we do not have to consider them since

n

> (Vfilz) = Vf(x)) =0.

i=1
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Thus, we have

kT+j
> (Vi) = V@) =D (Vilx) = Vf(x)),
t=kt €S

where |S| < 7, and hence, we continue as follows

kT+j 2
S (Vi (@)= Vi@)| = |[D (Vi) - Vi)
t=kt €S
< S IVSile) - Vi@
€S

As.3
% |S|2C2 <722
Next, we bound the term with v2. We have

2

T—1 || t—1
v’ > (Vi (xx,) = V(2x,))
t=0 ||j=m¢
T—-1 -
Lemma B.1
S Tt Z ||Vf11 (Em Vf(l'ﬂ-t)Hz
t=0 j=m
Lemma B.3
< TCTmaXCQT-
Thus, the final rate is
Fy L7) i
E o 2 < -V L 2 L2 2 2 .9 L _ 2T
[va(xt)H } < O ’}/T + Lvyo® + ~y LT TJ T C + TTCT C

k=1

F
@ <’yr} + L’yU2 + L27272<2 + L272TCTmaXC2> .

Using the stepsize restriction and the value of 7, we get
A 2 FO 2 2
E(IV/G@I7) < O+ Lo’ +¢).

1 Fy \1/2
Tymo (LGQT) , then we have two cases

Now we need to tune the stepsize. If we choose v = © (min{

. 1f’y:@(wﬁ),then

E [V f(&:)]]

IN

F F 1/2
( 0 /LTmaXTc+LO' < QT) +C2>

LFy/fmm7c . (LFo0®\'*
= 0 T + T +¢ .

+ 7=0((cir)"") . then
12 By (LT (R N\
E[IVf@)l7] < O<T( 7 ) o\ Leer) tC

1/2
() ")

It is left to choose the stepsize to be the minimum over two cases. O

AN
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C.3.2 Mini-batch SGD

First, we show that the iterates of mini-batch SGD suit the update rule (2). The standard iteration of mini-batch
SGD has the following form
i
Zq+1 = Zq — > Z Vfi(zg)."

i€B,

Let By = {ig.1,...,%q} be the batch at iteration ¢, i.e. ig; € [n] for all ¢ and [, and By is sampled from [n]
uniformly at random without replacement. We initialize 2o = 2o, and the stepsize 7 = 7. Then let us consider
the following chain of updates

Tgbtl = Tgpyi—1 — ?Vfiq,l (Jiqb) fori=1,...,b.
Then,
Tgprb = Tabro—1 — TV fig s (Tgp)
= zg—7 ) Viize), (29)
i€B,

which is exactly the mini-batch update. Besides, we have that x4 = z,.

Let us give now the values for 7.« and 7¢. At the beginning of each step of mini-batch SGD the server selects
uniformly at random b workers and sends them current model z,. Then, workers send one-by-one evaluated
gradients while the server does not assign new jobs until the last worker finishes its job. Observing (29) we
conclude that the maximum delay is Tax = b — 1 < b for the slowest worker while 7 = b — 1 < b which is
attained at the beginning of the batch.

Now we apply Theorem 1. For that, we need 7 to be a multiple of b. This is achieved by carefully choosing the
stepsize and T restrictions.

Proposition C.2. Let Assumptions 1 and 3 hold. Let the stepsize  satisfy 20Ly < 1. Let 7 = bLﬁJ Then
the iterates of mini-batch SGD with batch size b satisfy

. Fo | In¢?
E A<o|—= 30
sG] < 0 (T2 + 25, (30)
where Z; is chosen uniformly at random from {zg,...,xr_1} and Fy := f(xg) — f*. Moreover, if we tune the

stepsize, then the iterates of mini-batch SGD with batch size b satisfy

E[IIVf(@)]?] <O (LTFO +1/ ”Tb@) : (31)

Proof. We run mini-bathc SGD from Algorithm 1 point of view with stepsize 7 = ¥. Then we should choose T
such that 20L7y7 < 1. So we can choose T = bLﬁJ. Now we have two restricitons on ¥
7 < L =< i
~ 6L ~ 6L’
~ 1 1
7S 20L\/TmaxTC =S 20L°

That is why we should assume that v < 20% with previously chosen 7.

With the choice 7 we have, every chunk of size 7 consists of several full batches (each chunk has the same number
of batches). This choice of 7 is needed in order to apply conditional expectation correctly. Indeed, let us take the
conditional expectation depending on all the events before iteration (K — 1)7. This means that x(,_1), is fixed
as well since it is computed using the gradients before iteration (k — 1)7.

"Here we denote iterates by zq in order not to confuse them with the notation of the paper
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Let us assume that each period of size 7 consists of m > 1 batches. Then we can compute the conditional
expectation from the definition of O‘]%,T splitting it into m independent conditional expectations for each batch.
Note that in this case, the maximum over j in (10) is always attained for j = 7 — 1. Thus, we have

2

kt4+71—1
or. = Eg 1) Z (Vfi,(@r—1)7) = VI(xm-1)r)
j=kt
C2
= m- b2? =mb(* = 1¢%

where in the last step we use the variance bound of the mini-batch estimator. Note that in one node setting (?
plays the role of standard variance bound of stochastic gradient estimator.

Taking conditional expectations one by one we can bound each 0'%77_ term by 7¢2.

Now we switch to the v? term. Note that in this case, the delayed iterate for gradients within one batch is the
same, i.e. for j € [gb, (¢ + 1)b) we have m; = b, thus we can compute expectations correctly. We split 2 is split
into % terms ug of the form

(g+1)b—1 [ =1 ?
Vz? = Z Eqp Z (vfzj (wﬂj) - vf(‘rﬂ'g))
t=qb J=me
(g+1)b—1 [ +-1 ?
= > Ea||[D(Vfi(ag) - Vi)
t=qb j=qb
(q+§1 , 2
< (t —qb)
= (t —qb)
(g+1)b—1
= > (t-a)¢
t=qb
b 5
< —(-.
< 3¢
Here we again need to take conditional expectation w.r.t x4, and afterwards compute bounds for Vg one by one.
Saying that, we have 12 < %%CZ < Th(?. Now we apply Theorem 1.
. F ~ ~
E[IVf@E)I*] < O (5; + L2320 4 L272b§2)
E Ly¢?
< offo ) (32)
'7 b b

where we use Ly7T = O(1), ¥ = 7, and 7 < 537. Note that T iterations of Algorithm 1 are equivalent to %

iterations of mini-batch SGD. That is why the right-hand side of (32) is a standard rate of mini-batch SGD.
However, we observe that the left-hand side of (32) is slightly different from what we expect; there we get
convergence for all intermediate iterates as well. In order to get the standard rate we need to modify restarting
virtual iterates in the following way

= Ty =YV f(xy,) ift+1#7kforany k > 1,
Gl Ti41 if t4+ 1 = 7k for some k > 1,
then the left-hand side of (32) will be transformed to

1 T/b—1p—1 T/b—1p—1 T/b—1

LS SRV ] = = S S E[IV ) 7] =Ti/b S E [Vl
q=0

q=0 [=0 q=0 1[=0

N
’ﬂ
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Algorithm 3 Pure Asynchronous SGD with waiting

1: Input: 2 € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &, batch size b > 1,
gradient estimator g = 0 and number of received gradients r = 0

2: Initialization: for all jobs (i,0) € A;, server assigns worker i to compute a stochastic gradient g;(x)

3: fort=0,1,2,...,7—1do

4: server sets g;0 = 0 and R g = Ry

5 for j=1,...,bdo
6: once worker i, ; finishes a job (it j,7,;) € A¢y1, it sends g, ; (2, ;) to the server
T server updates g: ; = g¢.j—1 + 9, ,; (Tx, ;)
8: server updates the set Ry ; = Ry j—1 U { (4, m5)}
9: end for
10: server updates the current model 441 = 2 — %gt’b and set Riy1 = Rep
11: server assigns worker i; ; to compute a gradient g;, ;(z441) for all j € [b]
12: server updates the set Ayi1o = Ajrg U{(ig1,t + 1)U U{(igp,t +1)}
13: end for

which is exactly what we want. We only need to change T" to T if we want to present the rate w.r.t. the number
of mini-batch SGD steps.

Now, if we choose stepsize 7 = © (min {%, £/ %}), then we have two possible options

o if v =0O(4) we have

IN

Fy L2 | Fyb
O(iTer LT(2>

LEy  [LEC?
O( T "V )

T Z ||Vf z¢) || ]
t=0

IN

. if’y:@( Fob)wehave

ITC?
LS E(vser] < o /M 1 [ R
T 2 o = T\ Fb Ty \ITC?
LFyC?
o< Ry )

It is left to set the stepsize to be the minimum over two cases. O

A

IN

C.3.3 Pure Asynchronous SGD with waiting

This case is similar to the previous one; the only change is that the server waits for the first b fastest workers
and assigns them new jobs back. Formally, the update has the following form

Zq+1 = 2q — 7 Z gi(zﬂq"i)7 (33)
1€By

where 7,; is the iteration counter where worker i evaluated its gradient (possible delayed).®. Let B, :=
{ig,15---,iqp} be the set of b fastest workers at iteration g. Then, we can rewrite this update in the follow-
ing form with xy = zg.

8Here we again use z; iterates notation in order not to confound with the updates of Algorithm 1
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Tap+b =  Tabro—1 — VGigy 1 (Tab—ryp 1)

b—1
= Tgb — Vzgiq,z(xqb*‘rq,l)'

=0

We extend one iteration of (33) to b intermediate iterations of Algorithm 1, i.e. the total number of iterations
increases by a factor b. We also highlight the fact that the server does not assign new jobs before all the workers
from the batch send the gradients. This means that workers always send gradients at points . Note that 7¢
remains the same while 7, might increase b times in the worst case. We are ready to apply Theorem 1.
Proposition C.3. Let Assumptions 1, 2, and 3 hold. Let the stepsize 7 satisfies 20Lv/brnax7oy < b and
6L~y < 1. Then the iterates of Algorithm 3 satisfy

0.2
BV @) <0 (254105 +¢2). 34

where #; is chosen uniformly at random from {zq,...,zp—1,Tp,.-.,T26—1,---,Zp—1} and Fy = f(xg) — f*.
Moreover, if we tune the stepsize, then the iterates of pure asynchronous SGD with waiting satisfy

s FoyFamsic . (LEo®\'?
E[VﬂmW]SO< 0y () +<>. (35)

Proof. We again need to find restrictions on the stepsize. We have
~ b
67 <1 = < —,
T= T=5L
- b
20Ly\/bTax7c <1 = < ———.
TV OTmaxTC 7 20L/bTmaxTC

Then we choose 7 = Lﬁj, and similarly to the case of pure asynchronous SGD we bound o < 72¢* while
12 < b1 TmaxC2T. Then the rate is

T—1b-1
! 2 o ~ 2 2~2 2.2 2~9 9
Th Z ZE [”vf(xqb-i'l)” ] <0 (m + Lyo” + L°5°7°¢° + L*3°bTcTmax(

q=0 1=0
Iy o? 2
<O|—=+Ly—+ .
< <7T v ¢
It is left to set the stepsize choice in a similar way as for pure asynchronous SGD. O

C.3.4 SGD with Random Reshuffling

In the beginning of each epoch the server sample a random permutation x, of [n], and then gradients come
following that order. We initialize xq = zg. The chain of updates in this case has the form as follows

Tgn+n = Tgndn—1 — ’vaxq(nq) (an-i-n—l)

n—1

Tgn — Z V fxa@ (Tqnt1)-
1=0

Note that in this case, the server receives gradients from the workers one by one without delays, i.e. Tyax = 0.
This means that we have the only stepsize restriction v < 6% since the other one 20L7,/Tmax7c < 1 holds for
any choice of ~.

Moreover, since we take expectation only once at the end of the proof, we cover the case of SGD shuffle as well
without any additional changes. Now we apply Theorem 1 to derive convergence guarantees in this case.



AsGrad: A Sharp Unified Analysis of Asynchronous-SGD Algorithms

Proposition C.4. Let Assumptions 1, 3 hold. Let the the stepsize v satisfy 20nLvy < 1. Let 7 = anOlej.
Then the iterates of SGD with random reshuffling satisfy

E[IVf@E)P] <O (fT ; LW@) , (36)

where #; is chosen uniformly at random from {zq,...,Zp_1,Zn,...,Tan—1,-..,27—1} and Fy = f(zo) — f*, and
T is the total number of gradient evaluations. If we tune the stepsize, then the iterates of SGD with random

reshuffling satisfy
LFyn [ LEy/nc\*?
B (Iv@ol?) < 0 ( Z9 + (K5 ) ). (37)

Proof. We need 7 to be a multiple of n in order to be able to correctly apply conditional expectations (the same
trick as for mini-batch SGD). We force the stepsize v < 20%. Then we automatically satisfy the restriction
6Ly < 1 Now we need to choose 7. We need 20Ly7 < 1, so let us choose 7 = n| |, then 20L~y7 <

20Lynssi— 5 < 1.

_1
20Lny
20L

We use the computations from Koloskova et al. (2022), Section C.2. Thus, we have J%T < min{7,n}¢2. The fact

that 7 > n implies o . < n¢?. Since we do not have delays in this case, then #* = 0. This gives us the following

result applying Theorem 1.

T/n 1n—1

5> ZE IVf @gnst) 7] < 0< Qn%c?).

=0

Now, if we need to tune the stepsize. Similarly to mini-batch SGD we should consider two cases.

o if v = O(£) we have

IN

£y Y £y 2/3
O(LlnTJrL n¢ (L2nTC2>

LEn  [L2F2nc?\'?
< .
ol (o1

TZ ||Vf z¢) | ]
t=0

o ify=0 (<L2"TC2)1/3> we have
T-1 F L2 T 2\ 1/3 F 2/3
> eivseor] < o F(55E) e () )

t=0
o ((L2F3n<2 ) 1/3>
T2 ‘

To get the final rate after tunning we need to set the stepsize as the minimum over two cases. O

N

Nl

IN

D PROOFS FOR ANALYSIS OF GRADIENT ASSIGNING PROCESS

In this section the iteration counter starts with 1, i.e. we consider y; as an initial point. Following (13) and (14),

we have
t—1 t—1

Yt = Yrt) =7 Z 9k, (xa_,»)a Y = Yrt) = Z Vf(xj)7

Jj=r(t) j=r(t)

where gy, (4,) is an unbiased stochastic estimator of V f, () with variance bounded by o2.
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Analogously to the proofs of Theorem 2 we define
2

= Y V@) =gk, (1)), 7M@) = || D Vi, (@) - Vi)
J=r(t) j=r(t)

In this section we use shortcuts

. T-1 T-1 N T-1 .
A = S E[G-val?, B=Y E[Vi@)?], &= E[5 (@)
t=0 t=0 t=0
2

B T-1 -1
U= Z E Z Vi (2a;) = V(za,)

J=m

D.1 Key Lemmas

Lemma D.1. Let real {z;}, and virtual {y;}]_, iterates be defined in (2) and (13) respectively. Then

Y= Z gi(z5).

(1,7)EANR,

Proof. We prove the statement by induction. The base is trivial zo — yo = 0 by definition while Ag = Ry = &
as well. Let the statement hold at iteration ¢, now we show that it is true at iteration t 4+ 1 as well. Indeed,

Tt4+1 — Yt+1 = (xt - vfit (xﬂ't)) - (yt - ’yvfkt (wat))
=y > Vi) (Vi (@a,) — fi (). (38)

(4,4) €A\ R
Now we note that the connection between sets is updating as follows
A \ Repr = (AeU{(ke, an)}) \ (Re U {(ie, ) })
= (A \Ry) U{(ke, )} \ {(ie, m)}-
Plugging this into (38) we get x441 — Y41 = Z(i,j)eAt+1\Rf,+1 V fi(z;). O
Lemma D.2. At time step ¢ the following inequality holds
E [llye — 2¢]*] <~*(7¢ = 1)°G* + (1 — 17?0, (39)

Proof. Loaded with Lemma D.1

2 2

Y’E > gl | <7 E Y Viila)| | +7P0t(re -1)

(1,5) €A\ R (4,7)€AN\R

< Ylre-1) > E[IVFilay)P] +4%0*(rc — 1)
(i,j)EAt\Rt
< Ao = 1)2G? + %0 (¢ — 1),

since |Agy1]| = [ A + 1.

E [[lye — 2]

Lemma D.3. If 30Ly7 < 1, then

~ ~ 4 @ ~i_
E [1A71P] < 4B 37 (e)] + 2Ly Y B[ ()] + g0~ 1°C 4 (e — 1o
J=r(t)

90 2
e 0 S B [l -, ]+ o 3D E[IV )]+ v (40)

J=r(t) J=r(t)
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Proof. Using Young’s inequality we have

2
E[IAT2] <E || > Vi, (@a,) = VF(@y)|| | + 7o
j=r(t)
2

=E Z Vi, (@a;) £V fi, (@) £V fio, (@r) £ VF(@r0) — V()| | + 707

J=r(t)

B 2 2
<SAE ||| Y Vi, (@a,) = Vi (@)|| | +4B ||| D2 Ve, (25) = Vi, (@)
Jj=r(t) j=r(t)
2 27
HAE || D Vi (zr) = VE@w)|| | H4E ||| Y. V(@) — V)| | + 70
Jj=r(t) j=r(t)

We continue as follows

E[IA7?] < 4B [Gilw,w)| + 40T Y B [la; - oo, 2] + 8220 > E [la; — o]
J=r(t) j=r(t)
+ 10

< 4E [qbz"(m))] +120°7 > E[llz; — yll® + 195 — Yo, II” + [10a, — 2o, 1]
Jj=r(t)

m
+24L°1 > E[llzg — yil” + 195 — vro I + vee) — e lIP] + 70°
Jj=r(t)

For the terms of the form ||z, — y,||* for some a we use Lemma C.1. Using the above and the stepsize restriction,
we have

~ ~ 2 m
E[IAPIZ] < 4B |87 (@nw)| + 5z (re = 126G + 1207 Y E [lly; — o, I?] + 70
j=r(®)

- 2
+24L°1 > E [llyrey — will] + 25 (T = 1)o?, (41)
J=r(t)
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For the last term, we have

2
m m Jj—1
ST E e —wil?] = D VE ||| D gk(za)
Jj=r(t) j=r(t) I=r(t)
2 ] 2
m m Jj—1
< 272 Z E Z Ik, (Ta,) — Vf(x1) + 242 Z E Z Vf(x)
j=r(t) I=r( j=r(t) l=r(t)
— 242 Z E [I18717] + 2427 Z Z E [V f(21)]?]
J=r(t) j=r(t) I=r(t)
4 u =
J— 1 2 272 2
Z (6 )] + 5570 — 1@ 7+ 20°L27 3D B Y e
j=r(t) j=r(t) I=r(t)
m J—1 m
+48Y°L%1 > > E(llyey —will®] +29°7 D Z IV £(@0)[?] +29%7%0
j=r(t) I=r(t) j=r(t)i=r(t)
4 2
—1
+ 527 V(¢ —1)0?
4
< 892 Z 0 (@) + 577 (0 — 1)?GPT + 2097120 Z Y5 = o, |I”
Jj=r(t) j=r(t)

m m 4
H48Y° L2 > Nyey — il + 29772 ) IVF (@)l + 29° 7207 + 22 (¢ — 1)o”

, , 25
j=r(t) j=r(t)
4
<8y’ Z 0 (@) + 57 (e = 1) G2r+f Z 15 = o, |17
j=r(t) ] r(t)
4 & - 4
o= Ol —wilP+29772 3 IV @)IP +29°7%0% + 9% (r0 = 1)
= j=r(t)
Hence,
2 m
z 1Y) — y5l? <*72 Z & @) (0*1)2G27+ﬁ > Y5 = va, I1?
j=r(t) j=r(t) j=r(t)
50 i 150 12
+ 2ot Y V@) + e + 210 (e — e (42)

Jj=r(t)
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Plugging (42) in (41) we get

B (A7) < 4B [ (o) + 2 (7~ VPG + 1222 3 E [lys — i ]

25
Jj=r(t)

60 " ~ 12 2 &
+2ULT (9" Y E [(bi 1(%@))} + =7 (0 = PGP+ = D7 Elly — v, ]

J=r(t) j=r(t)

150 150 12
72 Z IV £ @] + —7*7%0" + 9P (7o = 1)o
j=r(t)

=4 FS{”(J:T@)} + 7L’y Z E [ag_l(xr(t))} + %(TC — 1)2G2

g=r(t)
2 6 2
e 30 E Iy~ o, ]+ o 3 VS @)+ aro® + (e~ 1)
J=r(t) j=r(t)
where we again use the fact that Lyr < %. O
Lemma D.4. If 30Ly7 <1 and 30Ly7¢ < 1, then

T
~ 6
> (I~ ) g72znz[ )]+ 77 e =) G2T+7OZE e = 3o ]

! ZE[nvmt)n?] + 2ty 2
=1

_ ~ 1), 43
+15975L2t 35 717 (e = Do (43)

. 1
Proof. Using L1 < 55

2
T t—1

SE w5l =Y E ||| 3 gk (@a,) - VA@)| | =22 Y E [IA7]

=1 ||li=r()

T
g 192 Y E [0 )] + %7 (ro — 1)2G2T + - Lv?’z Z E 617 (@)

t=1 t= 1] T(f)
T t—1 2
+ L2 g Z Z (1Y = Yo, 1I?] 1 WP+ 55770 T
t=1 j=r(t) t=1 j=r(1)
+ 32— 1)0?
71’7 TC
6 T m
ZE[% r)] + (e~ 1PGT+ 212213 S B [l — e IP)
t=1 j=r(t)

27 o 2 6
2 2
;; IV £ ()] + gvaJrﬁ’v(c—l)U

We continue as follows
T

T

~ 44 ~_ 6
ZE [Hyt - yt||2] < 7’)’2 ZE [¢§ l(xr(t))} 71’}’ (TC -1 GzT"‘ Y ZE Yt — Yo |l ]
t=1

t=1

T
1 9 6
1 Ny SV S
+ Tpomare 2 BUIVI@IIP] + g57°70*T + 77720 — 1)o?
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Lemma D.5. If 30LyTyax < 1, then

2

T 9 100 T t—1
D E[lye —val’] < 5577 (e = 1P T+ 5597 Y E || 7 Vi (wa,) = V(2a,)
t=1 t=1 Jj=ay

1 2
E [ — T+ — —1)o?T.
* 59712 Z IV £ (z)?] + 15LU * 397 (o —1)o

Proof. We have

t—1
E [llye = o, I?] = VB ||| Y 9k, (za,)

Jj=o

t—1
SYE ||| 3 Vi (@a,) £ V(@) £ V()| |+ 70

Jj=o

2 2

<B3YVE ||| Y Vi, (@a,) = VI(@a,)|| | +37E ||| D] V(a,) = VF(x;)

Jj=o Jj=on

2
+39°E ||| Y V)| | +7*mo
Jj=ay

2
t—1

<BL°F Y R [[za, — 2507] +37°E | || Y Vir, (2a,) = VF(2a,)

Jj=o Jj=ay

t—1
+3927 Y E (VS ()] + 120’

J=o
Then we add summation over the entire iterates and count the number of times each term appears

2

T T t—1
Z]E [”yt Yoo || ] < 3L2’Y27—maxz Z ||x0‘j - $j||2] + 3'72 ZE Z V fk, (xa]‘) - Vf(waj)

t=1 t=1 j=o t=1 Jj=o

+ 3y Tmaxz Z ||Vf €L i } "‘;an’YZUQT

t=1 j=a
2

t—1
< 3L2’Y Tmax Z]E |I0¢t - xtH =+ 372 ZE Z vfkt, (x(lg) - vf(xaj)

Jj=ay

+3’7 max ZE va(xt)n } +7'4vg'}/ o T
t=1
2

T T 1

1

< %ZE[IIM —al?] 32 E ||| Vi (2a,) = Vi(2a,)
t=1 t=1 Jj=ou

T
1 2 ~ 2 2
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where in the second inequality each term in the double sum appears at most 7.y times. Using Young’s inequality
we continue as follows

S

ZE 1y = e lI”] Z [z, = yal? + 19ar = yell* + lze = 5el|*] + Tavgy®oT

2

T t—1 1 T
+392 Y B || D2 Vin(@a,) = Viza))| | + 55572 2 E IV @)’]
t=1 j=o t=1

T
1 1 ~
< %'y 2T ((te — 1)2G*T + (1¢ — 1o 10 ;E Ya, — yt||2] + Tavg’}/QUQT
2
T -1 1 T
+39° > B || Vi (za,) = Vza,)|| | + 30052 SCE[IVF))?]
t=1 j=ou t=1
where we again use Lemma D.2. After cancellation, we get
2
d 2 100 5
ZE [||yt ~ Yo, ||2] < @72(70 - 1)’G°T + §72 ZE Z Vi (xa;) = Vf(2a,)
t=1 t=1 J=o

- v 2 )
i 2071 ;E V7 @)IF] + 15LU T 99'y *(r¢ = 1)o°T,

where we use the stepsize restriction.

O
We can combine all previous lemmas into one.
Lemma D.6. If 30yL7 < 1 and 30yL max{Tmax, 7o} < 1 hold, then
4 1 1 1
E [lye — 5:lI?] < 87%® + 2V + —~%(1¢ — 1)2G*T + —~>(1¢ — 1)2G>T B
t; [llye = Gl?] < 87°® +9°¥ + =92 (70 = 1°G*T + 57 (r0 = 1)°G°T + ooy
27, 4
ST (45)

Proof. Summary of obtained inequalities

. Lemma D.4 44 6 1
ZE[”yt_ytHﬂ < 772<I)_~_77 (tc —1)*G*T + A+ — B+

2
T
7 71 707 T 1597512 357 i
6 2
~ Lemma D.5 2 2 100 1
A < —1)2G?*T + —~?(1c — 1)o®T ~2 0 B
= 597 (¢ = 1P*C° T+ 5o7*(re = 1)o*T + 227"V + 5
02
+ 15LO’ T.

Hence, using the stepsize restriction 30LyL7tc < 1

6 1 1 6
E —l?] < = 2@ — —1)%*G*T B T —1)o?T
SOE [l — ) < T8+ (e~ G + s +525Lw + =17 (o = 1o
1 (2 2 100
— —1)2G*T + = — 10T + —~2¥ B+ L o*T
ST (99 (e — 1T+ 5578 (e~ Do T + 5y + 297L2 M

- 1 1 10 ,~
< 8V2P + —~2 (10 — 1)2G*T + —~2(1¢ — 1)a*T B 2T+ —~20.
<870+ 157 (e — )G + 1577 (re = Do T+ grasrs B+ oosr 0 Tk o0y
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D.2 Proof of Theorem 2

Theorem 2. Let Assumptions 1, 2, and 4 hold. Let the stepsize ~ satisfies inequalities 6Ly < 1 and

LT/ 7J

30 Ly max{Tmax, Tc } < 1, the correlation period T = {301L’7J quantities {Jk - and 7% are finite. Then

E[|Vf(@r)?] < O(% + Lyo? + L?4*®
+ L2y% (10 — 1)2G2), (15)

LZ]
Z + 702, and &7 is chosen uniformly at random from {1, ..., xr}.

where Fy == f(y1) — f*, ®

Proof. Again, we analyze separately iterations of restarts and without.

Iterations without restart: If restarts do not happen, namely (¢ + 1) mod 7 # 0 then from the smoothness
assumption of f and y; update rule, we have

~ ~ ~ L’Yz 2
fWer) < F@) —v(VF(W), V(@) + T”Vf(fft)ﬂ
2
= S~ JIVIEI - LIVFI? + LIV G — Vil + 21V ol

_ ~ L2 ~ L 2
< F@) — SIVF@I = SIVF @I + =T — 2l + - [V F (o)

~ ~ Y ~
f(e) = %IIVf(yt)ll2 = 3 IVF@IIP + L2915 = wall* + L2 lze — el

IN

Iterations with restart: If a restart happens, namely (¢ + 1) mod 7 = 0 then

Y41 = Y41 = Yt — V9%, (Tay)
= Y+ (W —y) =YV Sf(2) + (VV [ () — V98, (T0a,))

= G- Vf@)+y > V(@) — g (za,)

J=r(t)

=A?

Then we use smoothness of f to get

F(@ie1)
~ Nt L’72 Nt)2
< f@e) =YV (), V(ze) — AY) + THVf(l‘t) — Agl
< F @) = UV @), V@) + 1V @), AL + Ly? ||V f o) | + Ly?|| A2
< @) = ZIVGI = SIVF@I2 + SIVEGR) = Vfae) 2
240L||Vf<yt>|\2+6om AL + Ly2(|V f (@) |2 + Ly? | AL 2
< L@ - IVF@I - IV + %H@t — | + 240an(y»nQ + 61L7 1AL
< L@ = SIVFGIE = SNVF@IP + L2 = vl + L2 llwe = el + 107 IVF @2

160L
+61L~|| AL,

where in the third and fourth inequality Young’s inequality is used.

If we denote by & the indicator function of restart event at ¢ + 1, namely -1 = 1 for all £ > 1 and is 0
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otherwise, then we can take expectation and unify the descent inequality for both cases as follows:

Elfm+1)] < E[f(m)] - %E [IVF@IIP] - *]E IV f(a)lP] + L*9E (17 - yell?]

+L%E[||yt—xt||2]+(2m 95+ e [IE1]) 6 o

for allt > 0.

Next, we apply summation over the entire iterates and bound the terms that appear only in every 7 iteration.

“E[IVfGI?] = Z IV @OI?)
=0
9 -1 9 T—1
< L—Z (V£ @) = V£ Ge-)IP] + 7= DB [IVF @) ]
=0
2L & 2 =
< 72E[||yt G571+ = DB IV @)1
j=0 j=0
27, 2 7—1 t—1 2 —
< ZEYENY Vi) Z [19£ @)1
j=0 I=t—j j=0
7—1 t—1 2 T—1
< 22y S E[IVA@)I?] + TZIE IV £ @e-i)I?]
7j=01l=t—j Jj=0
T—1 9 T—1 B
< 2y Y E[IVF )] + = Y E IV Gy
j=0 j=0
— T—1
< 1152 195 @) ] 41207 S E IV @i
=0 j=0

provided that & < Ly < & (e.g., 7 = Lﬁj) Then we can use this bound to derive

T

T T
> saor IV @I < g SB[V ] + 3 SR (9@l (47)

Then we use (40) to bound E [||Af||?]:

A

IS

h
2

- 1)’G%

YR [IMEI

t=1

2ZE[ (e }& 71
T
- Z 7 TC*I )& + L3 2 Z Z E [lyj = ya, II’] &

t=1 t=1 j=r(t)
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Notice that summation over the entire iterates with weights &; is equivalent to division by 7.

t—1

Xt: ]E[ (@) }&—XT: E[%i( } XT: E[ r(]))]ﬁ

1j=r(t) t=1 j=r(t) t=1 j=r(t)

<28 [ftanc)].

t=

Ma

o~
Il

=

Hence,

T
61272 Y E [ 1212 &

t=1

T
~ T T
15100L2~3 ZE [(ﬁﬁ(mr(t))} + GLWQ;(TC —1)%G* + 6L’)/2;(Tc —1)0?

<
t=1
2 183 244 a
+ =720 T+ — 13 o S B [l — ] + LY E [V (@)
t=1 t=1
Lemma D.5 T ~
< 15100123 ZE [gb; (xr(t))} 43601243 (¢ — 1)2G2T + 360L%% (10 — 1)0T
183 2 100
Ly?o?T + — 17 —1)%G’T + = —1)oT N
T v(ggwc PGT 4 2y~ Do°T + 2y
1 v 122
MDY TR Ty T) 106577
T
< 15100L%* Y "E [(Zﬁ(xr(t))} +361L%y3 (10 — 1)2G?T + 361 L%*y3(1¢ — 1)0°T
t=1
9 49837 ~
ZLy0?T B L*y30,
Tl T Sagors 1B TR0

Plugging (47) and (48), lemmas D.2 and D.4 into (46) and adding summation, we have

S

E[f(yr+1) — f(y1)]

IN

T
2 0
-3 LENVIGIP] - 3 LEV/ @)

w \

T T

+L272E WFe — well?] + L2 S"E [l — yell?]
t=1 t=1
T

0 Z IV 7 (@) +61L7225t [12412]

t=1 t=1

IN

HMH

T
i 2 v ~ )12

A _JIpis T g2

5 Z_: VI = 35 + 55505 + 3 2 B IVIGOIF]

1OA+ ! —— =B+ 37270

44 6
L? VP4 — —1)2G*T
* 7( + 7 (o — 1PGT + 1597502 ' 35

77 71 7

6
+ -7 v (e — 1)02T> + L*¥3(1c — 1)2G*T + L*y3(1¢ — 1)o*T
T ~
+151002%9° 3B [1(w,0))| + 361125 (ro — 1)2G2T
t=1
~ 49837
361L%y3(1¢ — 1)0T + 2L~%0T + 80L*+* ¥
+ v (tc — 1)o°T + 2Lv*0°T + vy +2460157
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Algorithm 4 Random Asynchronous SGD

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &

2: Initialization: for all jobs (i,0) € A;, server assigns worker ¢ to compute a stochastic gradient g;(xo)

3: fort=0,1,2,...,7T—1do

4 once worker ¢; finishes a job (i, m) € Ai41, it sends g;, (zx,) to the server

5: server updates the current model x; 11 = x¢ — vg;, (xr,) and the set Ry11 = Ry U { (3¢, m¢) }

6 server assigns worker ky11 ~ Uni[l,...,n] to compute a gradient gy, (z¢41) die, o =t
7 server updates the set Ao = App1 U{(kty1,t+ 1)}
8: end for

Rearranging terms we have

~ ~ gl v v 49837y 2 2
E _ < B B B B+ 4L720T
) = F@)] = =3B+ 3655 B+ g B+ 46015 T 4070

+ 3641273 (10 — 1)*G>T + 3641y (10 — 1)02T

L243® + 811243 W 1 _B+i151 L*+*Y E
+8 +8 + g5 B + 15100 ; (Gt

IN

%B 4 4L7%0%T + 8L*3% + 81L24°T

T

+ 151002297 3B [ (w00))| + 36412 (7 — 1)2G2T
t=1

+ 3641243 (1¢ — 1)0*T.

Using the same argument as in the proof of Theorem 1, the above leads to

T

1 _ *

= § E[|Vf(z)]?] < W 4 2600L%*y2(1¢ — 1)2G? + 2600 Lo
t=1

~

\7/7)
1 1
1 L2 2 ~2 T2
+ 1060002792 | ,?: 5r 7

D.3 Convergence Guarantees in Special Cases

D.3.1 Random Asynchronous SGD

The algorithm Koloskova et al. (2022) is almost identical to pure asynchronous SGD. The difference in the
assigning process; the server chooses a new worker uniformly at random from all the workers regardless it is busy
or not. Such choice allows to equalize the contribution from all workers. In this case, we always assign a new
job at the last available model, i.e. 77 = 0.

Now we derive the convergence guarantees for this algorithm.

Proposition D.1. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30L7cy < 1, and 7 = Lﬁj
Then the iterates of Algorithm 4 satisfy

F
E[|VF@)]2] < 0 (w  Lye? 4+ In¢? + LQTWG?) 7 (49)

where Z; is chosen uniformly at random from {zi,...,zr} and Fy = f(y1) — f*. Moreover, if we tune the
stepsize, then the iterates of random asynchronous SGD satisfy

2\ 1/2 2\ 1/2 2/3
E (V@) <0 (LFT”C H(555) () () ) . (50)
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Proof. The proof is similar to that of pure asynchronous SGD. In this case we have

kT+j
> (Vir (@) =D (Vfi(z) - VF(x)),
t=kt €S

where |S| < 7. Therefore, we can continue in the following way using the fact that k; is always sampled
independently

kr+j 2 2
E || (Vi ()= V() = E||D_(Vfi(z) - V()
t=kt €S
= Y E[IVfilz) - VI(@)|]
€S

Asm. 3
US| <

This gives o} . < 7¢* bound. Since a; =t in this case, then v* = 0. This means that the rate is given by

F
E[[[Vf(z)|*] <O (% + Lyo® + Ly¢* + L27%72G2> :
Y
Now we need to tune the stepsize. Now we have three cases to consider. Indeed,

. ifv:@(ﬁ), then

&=
<
g
gb
5
AN
Q
/N
T
+
=
Q
(V]
+
TN
N
I/
s
N
=
(V]

IN
Q
/N
h
o
q
I/~
h
e
Q
[\V]
+
N
N
S~
=
(V)
7N
:u
N
Q
Q
S~
no
~
w
~_—

o ify=0 ((L%rz)l/z)’ then

Fy [ LTo2\'? Fo\Y?
A~ 2 < 71 2 1
E [va(mt)H } < O (T < F ) + Lo (LT02>

) Fl 1/2 5 9 F1 2/3
N ey

o [ (LEo’ 1/2+ LF 2 1/2+ FiLreG\ /3
T T T '

IN

1/2
. lf’y—e((Lilcz) >,then
F, (LT¢\Y? Fo\Y?
~ 2 < 71 2 1
E[va(fﬂtﬂu > O<T< F ) +Lo <LT02>
F 1/2 F 2/3
2 1 2_2 2 1
+ L (LT<2> LG <L2TgTG2>

o [ (Lo 1/2+ LF 1/2+ FiLteG\ /3
T T T '

IN
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Algorithm 5 Random Asynchronous SGD with waiting

1: Input: 2 € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &, batch size b > 1,
gradient estimator g = 0 and number of received gradients r = 0

2: Initialization: for all jobs (i,0) € A;, server assigns worker i to compute a stochastic gradient g;(x)

3: fort=0,1,2,...,7—1do

4: server sets g;0 = 0 and R g = Ry

5 for j=1,...,bdo

6: once worker i, ; finishes a job (it j,7,;) € A¢y1, it sends g, ; (2, ;) to the server

T server updates g: ; = g¢.j—1 + 9, ,; (Tx, ;)

8: server updates the set Ry ; = Ry j—1 U { (4, m5)}

9: end for

10: server updates the current model 441 = 2 — %gt’b and set Riy1 = Rep

11: server samples new batch of workers {k;y1.1,...,ki11,5} of size b

12: server assigns worker k;11 ; to compute a gradient gy, ,, ;(z+41) for all j € [b] qie, ap; =t

13: server updates the set Aipo = Ay U {(kip11,t+ 1)U U {(kg1p,t+1)}
14: end for

1/3
. lf’y:@((Lw}?Tm) ),then
P (12727G2\ ' oY
E -, 2 < -1 C L 2
V7@l < CJ(T’(FH +Lo? (L
P 1/2 P 2/3
L 2 L2 2 2
+ L (LT@) T LG pree

< of (LB 1/2+ LF(? 1/2+ FiLteG\??
= T T T '

To get the final rate after stepsize tunning we need to set the minimal stepsize over all cases. O

D.3.2 Random asynchronous SGD with waiting

The algorithm we consider in this paragraph is a special case of FedBuff Nguyen et al. (2022) when we perform
only one local step (because this is out of the scope of our work). The difference with the previous algorithm is
that the server waits for the first b workers before performing one step, i.e. one step has a form

Zg1 =24 =7 Y Vi ilen,.), (51)
kEB,
where 7 = §. Next the server uniformly at random chooses new b workers B, = {kq0,...,kqp-1}, and send
them new jobs. The update of {y;}/"
Ygbrb = Yapro—1 — TV frg s (Tap)

= Ypp—7 Z V fi(@gp),

keB,

so that now it satisfies (13). As we can see, 7y changes from 0 to b — 1 within one batch, i.e. Trax < b. That is
why we choose stepsize such that 30Ly max{b,7¢} < 1 and 6L7 < 1, then all stepsize constraints are satisfied.
Now we set 7 = bLﬁJ, so that 7 is a multiple of b which is needed to take correctly conditional expectations.
This gives the bound 30L%T < 1 we need in the proofs as well.

Proposition D.2. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30Ly < 1, and 7 = b|

1
3()L~/J'
Then the iterates of Algoritm 5 with waiting satisfy

. F ¢ +o? 72
B(IVS@IP) <0 (T + 1S5 + 2926235 ). 52)



Rustem Islamov, Mher Safaryan, Dan Alistarh

Algorithm 6 Shuffled Asynchronous SGD

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &, random
perturbation of workers x, worker counter » = 0

2: Initialization: for all jobs (i,0) € A;, server assigns worker i to compute a stochastic gradient g;(x)

3: fort=0,1,2,...,7—1do

4: once worker i, finishes a job (iy, ) € A¢41, it sends g;, (x,) to the server
5: server updates the current model z;1 = 2y — vg;, (z,) and the set Ryy1 = Re U { (i, m)}
6: server assigns worker x(r) to compute a gradient g, (y(7:11) and updates r <7 + 1 die,ap =t
7 server updates the set As1o = Arp1 U{(x(r),t+ 1)}
8: if r = n then
9: server samples new perturbation of workers y and set » = 0
10: end if
11: end for
where Z; is chosen uniformly at random from {x1,...,%p,..., T2, ..., 27} and Fy = f(y1) — f*. Moreover, if
we tune the stepsize, then the iterates of random asynchronous SGD with waiting satisfy
1/2 2\ 1/2 2/3
LFlTC LF102 LF1< FlLTcG
E[||Vf(@)|?] <0 — . 53
IV @IF] < ( () () (PR (53)
Proof. We again start with stepsize restriction. The effective stepsize ¥ = I should satisfy 6L’y < 1 and

30Lymax{b,7¢} < 1. This is implied if v satisfies 30Ly max{b,7¢} < b. Next we choose T = bLBOL,YJ
First, this choice allows to apply conditional expectation correctly. Second, it satisfies the restriction 30LyT =
30L3bg55) < 1.

Now we need to compute 5,%77 and 72 quantities. We start with the first one. Each chunk of size 7 in this case
consists of m > 1 full batches of size b. Every batch is independent of others, therefore we need to compute
sequence correlation within one batch and then sum altogether. The sequence correlation within one batch is
the same as in the case of mini-batch SGD since a batch is chosen uniformly at random, thus, 5,3)7 < 7¢% P
term is similarly bounded by Tb¢? since for all delayed gradients within one batch the argument «; is the same,
and therefore we are able to take conditional expectation correctly. Thus, the rate we derive is

1 T

Tb

q

I
-

b—

,_.

13 _ N _
E[|Vf(za)l)] < O < e+ L7602 + L*727¢? + L35%b¢? + L27372G2>

F 02+C2 2 22T
— + Ly L —= .
O(7T+ T + Ly G 32

Il
=]

=0

It is left to tune the stepsize. We have three cases similar to the previous case, therefore we skip computations
for that part.

O

Remark. We observe that waiting for b workers improves the second and third terms. However, we pay for
that by waiting time. In practice, there is a trade-off between the number of workers we need to wait and the
convergence speed.

D.3.3 Shuffled Asynchronous SGD [NEW]

This method is inspired by the superiority of SGD with random reshuffling and shuffle once. In random asyn-
chronous SGD workers might have different amounts of work depending on the random seed. However, we want
to ensure that all workers have the same number of jobs in order to have a balance between all of them, but we
still want to do it in random order. Therefore, we sample a permutation x, of [n] at epoch ¢ and then assign
new jobs according to x,. We can sample permutation before every epoch, or just once in the beginning. Here
we want to utilize all available resources, i.e. 7¢ = n.
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Now we present the method formally. Before epoch ¢ we sample a permutation x, of [n]. Then one epoch of
shuffled asynchronous SGD has the following form

Tttt = Tgnt = YV iy (Try) VEE[0,n —1], (54)

where mgp,4; is the iteration counter of the model where the corresponding gradient has started to be computed.
The sequence of virtual iterates {y;}7_ is computed as follows

Ygn+14+1 = Ygn+l — 'vaxq(l) (an) (55)

Again, 7; = 0, therefore, the stepsize restrictions are 30Lyn < 1 and 6Ly < 1. We choose 7 = nLﬁj, SO
that 7 is a multiple of n in order to take conditional expectations correctly. Note that we satisfy the condition
30L~yT < 30L7nm =1 as well. We are ready to apply Theorem 2.

Proposition D.3. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30Lyn < 1, and 7 = n|z-+— |.

30Ln
Then the iterates of shuffled asynchronous SGD satisfy !
F
B(IVS@)IP) <O (24 + bro® + Pouc? + 124°6%72 ). (56)
where Z; is chosen uniformly at random from {z1,...,Zp,...,%2n,..., 27} and Fy = f(y1) — f*. Moreover, if

o ) 1/3 1/3
the stepsize is set as v = min {30an, (szﬁ) , (MW) } , then

E[IV/G0I7] < 0 (L"Fl ; (LF“’Q)W . (M)/ ; (LG”F)/> | (57)

T T T T

Proof. We have already shown that the choice of stepsize v and period 7 satisfy the conditions of Theorem 2.

Now we need to bound 5,%,7 and 72. This is done analogously to SGD with random reshuffling. We have that

5,%,7_ < n¢?, and 72 = 0 since we do not have delays during assigning. Thus the convergence guarantees for this

method are

F
EIVIGP] < 024 1o+ otuc? + L2262,
Y

since 7c = n in this case. We observe that both third term depends on v? while the convergence of random
asynchronous SGD the term with ¢2 depends on v only.

Similarly to the previous two cases, we can tune the stepsize. We skip this part as it is almost exactly the same.

O

Remark 1. Let us set 7¢ = n in random asynchronous SGD Koloskova et al. (2022) in order to compare it with

1/2
shuffled asynchronous SGD proposed in this work. The difference in the rates comes from (%142) for random

2/3

asynchronous SGD and (%) for shuffled asynchronous SGD. Both terms become dominate in highly
heterogeneous regime, i.e. when ¢? is large. If we want to achieve E [||V f(#¢)|*] < &, then random asynchronous
SGD requires O (Ll:lfz) iterations while it is O (Lﬁ}{ﬁ() for the shuffled asynchronous SGD. This means that

shuffled asynchronous SGD needs less iterations if ¢ > y/ne'/?, i.e. if we consider strongly heterogeneous regime
which is typically the case in Federated Learning.

D.3.4 Pure Asynchronous SGD

We consider exactly the same algorithm that was covered in Proposition C.1 but with an additional assumption
of bounded gradients. In this case oy = ¢, i.e. 7> = 0. Similarly, we bound &} . < 72¢*. Applying Theorem 2 we
derive the following convergence guarantees.
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Proposition D.4. Let Assumption 1, 2, 3, and 4 hold. Let the stepsize «y satisfy conditions 30Ly7¢ < 1 and
6Ly <1.Let = Lﬁj Then the iterates of Algorithm 2 satisfy

F
B(IVS @] < 0 (T + 26 +¢2)), 58)
where #; is chosen uniformly at random from {z1, ..., z7}. Moreover, if we tune the stepsize, then the convergence
rate is 2/3
. Lo F L1cGF:
E[IVF@)IP] < 0( T 1+( T 1) +c2>. (59)

Proof. Since 7, = 0, then we have to satisfy two stepsize conditions that are indicated in the proposition state-

ment. In fact, we only need to satisfy 30Ly7c < 1 as then 6L~ < 1 will be automatically satisfied. Since we

have 51%,7 < 72¢2% and 7% = 0, then applying Theorem 2 we get

F
BIVA@I) < 0k + 2rc + 122r¢?) (60)
Fy 2.2 22 2

Now we switch to the tunning of the stepsize. We have two cases.

. if’y:@(ﬁ),then

E [V £ ()]
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« ify=6 ((WFIGTT) ) then
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E 2 2 < -1 C L2 2 2 2
VsG] < O(T (F25)  +on6 (aer) +¢

o (t=amy" ).

It is left to take the minimum over two cases. We highlight that the rate does not depend on the maximum
delay, it only depends on 7¢ which is proportional to T,y (Koloskova et al., 2022). O

IN

D.3.5 Pure Asynchronous SGD with waiting

We consider the same algorithm from Proposition C.3, but with additional gradient bound assumption 4. If we
apply Theorem 2 we get the following statement.

Proposition D.5. Let Assumption 1, 2, 3, and 4 hold. Let the stepsize «y satisfy conditions 30Ly7¢ < 1 and
6Ly <1.LetT= Lﬁj Then the iterates of Algorithm 3 satisfy

B(IV@IP) <0 (g + 16?4 ). (62)

where Z; is chosen uniformly at random from {z1,...,Zp, Tp41,...,T2p,...,ZTp}. Moreover, if we tune the
stepsize, then the convergence rate is

2/
E [||Vf(:fct)||2] § O (LTCFl + (LTCGFl) 3+<2> . (63)

Tb Th



AsGrad: A Sharp Unified Analysis of Asynchronous-SGD Algorithms

Proof. First, we start with the stepsize conditions. Note that when we rewrite the iterations of pure asynchronous
SGD with waiting so that they suit (2), then we increase 7; by b at most, but 7¢ remains unchanged. This gives
us even better improvement w.r.t. b. Indeed, we still need to satisfy 30Ly7¢ < 1 and 6L~ < 1. If the first one
holds, then the second one as well. Now we apply Theorem 2. Note that T iterations of pure asynchronous SGD
with waiting are T'b iterations of Algorithm 1. Then we have

Fy

E[IVfGE)2] < O <7Tb L IP3GR L27272<2)

IA

B 2,222 | 2
O(fyTb+L7TCG +¢° ).
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If we choose the stepsize v = © (min {Lic, (%) }) , then we get the second statement of the propo-
C

sition.
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