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Abstract

Stochastic multi-level compositional opti-
mization problems cover many new machine
learning paradigms, e.g., multi-step model-
agnostic meta-learning, which require effi-
cient optimization algorithms for large-scale
data. This paper studies the decentral-
ized stochastic multi-level optimization al-
gorithm, which is challenging because the
multi-level structure and decentralized com-
munication scheme may make the number of
levels significantly affect the order of the con-
vergence rate. To this end, we develop two
novel decentralized optimization algorithms
to optimize the multi-level compositional op-
timization problem. Owur theoretical results
show that both algorithms can achieve the
level-independent convergence rate for non-
convex problems under much milder condi-
tions compared with existing single-machine
algorithms. To the best of our knowledge,
this is the first work that achieves the level-
independent convergence rate under the de-
centralized setting. Moreover, extensive ex-
periments confirm the efficacy of our pro-
posed algorithms.

1 Introduction

In recent years, some new learning paradigms, such
as model-agnostic meta-learning (Finn et al., 2017),
have been proposed to handle realistic machine learn-
ing applications, which are typically beyond the class
of traditional stochastic optimization. Some examples
include bilevel optimization, minimax optimization,
compositional optimization, and so on. Of particu-
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lar interest in this paper is the learning paradigm that
can be formulated as the stochastic multi-level compo-
sitional optimization problem. More particularly, we
are interested in the decentralized setting where data
are distributed on different devices and the device per-
forms peer-to-peer communication to exchange infor-
mation with its neighboring devices. Mathematically,
the loss function is defined as f\?llows:
1
a{IEHR%F(x) = Nan(‘r) ) (1)
n=1

where F,(z) = f,(lK)of,(LK_l)o . -ofr(f)o ,(ll)(x), x € R4
is the model parameter of a machine learning model,
N devices compose a communication network, and
F, () is the loss function on the n-th device, for any
ke (L2 K- 1K}, fP() =BV (D)
R% -1 — R ig the k-th level function on the n-th de-
vice, where 57(1]6) denotes the data distribution for the
k-th level function on the n-th device. It can observed
that the input of fT(Lk)() is the output of fr(kal)(-).

The stochastic multi-level compositional optimization
(multi-level SCO) problem covers a wide range of ma-
chine learning models. For instance, the multi-step
model-agnostic meta-learning (Finn et al., 2017) can
be formulated as a multi-level SCO problem. The
stochastic training of graph neural networks also be-
longs to the class of multi-level SCO problem (Yu
et al., 2022; Cong et al., 2021). The neural network
with batch-normalization is actually a multi-level SCO
problem (Lian and Liu, 2018). The challenge of opti-
mizing the multi-level SCO problem lies in that the
stochastic gradient is not an unbiased estimator of the
full gradient when the inner-level functions are nonlin-
ear. To address this challenge, a couple of stochastic
multi-level compositional gradient descent (multi-level
SCGD) algorithms have been proposed recently. For
instance, Yang et al. (2019) proposed the first stochas-
tic multi-level compositional gradient descent algo-
rithm. However, due to the nested structure of the loss
function, the order of its convergence rate depends on
the number of levels K exponentially !, where a larger

!Following (Balasubramanian et al., 2022), throughout
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K results in a slower convergence rate. As such, it can-
not match the traditional stochastic gradient descent
(SGD) algorithm’s convergence rate. Later, some algo-
rithms (Zhang and Xiao, 2021; Balasubramanian et al.,
2022; Jiang et al., 2022) were proposed to achieve the
level-independent convergence rate via leveraging the
variance-reduced estimator. For instance, Zhang and
Xiao (2021) exploited the SPIDER (Nguyen et al.,
2017; Fang et al., 2018) estimator for both the stochas-
tic function value f,(lk)(g fzk)) and the stochastic Ja-
cobian matrix V f,gk)(g ,S")) of each level function to
improve the convergence rate.

However, existing stochastic multi-level compositional
optimization algorithms have some limitations. On
the one hand, they only focus on the single-machine
setting. As such, they cannot be used to solve the dis-
tributed multi-level SCO problem in Eq. (1). In par-
ticular, it is unclear if the level-independent conver-
gence rate is still achievable under the decentralized
setting. More particularly, it is unclear whether the
consensus error caused by the decentralized commu-
nication scheme will make the level-independent con-
vergence rate unachievable. On the other hand, under
the single-machine setting, those algorithms with the
variance-reduced estimator have some unrealistic oper-
ations, limiting their applications in real-world tasks.
In particular, they apply the variance reduction tech-
nique to the stochastic Jacobian matrix of every level
function Vﬂ(lk)(-, gk)) where k € {1,2,---, K}, which
requires the clipping operation, e.g., Algorithm 3 in
(Zhang and Xiao, 2021), or the projection operation,
e.g., Eq. (3) in (Jiang et al., 2022), to upper bound the
variance-reduced gradient. These operations either re-
sult in a very small learning rate or depend on un-
known hyperparameters. These limitations motivate
us to 1) develop decentralized optimization algorithms
for Eq. (1) to enable multi-level SCO problems for dis-
tributed data, 2) propose the practical algorithm based
on the variance-reduced stochastic gradient under mild
conditions, and 3) establish the level-independent con-
vergence rate for the proposed algorithm.

To this end, we developed two novel decentralized
multi-level stochastic compositional gradient descent
algorithms, both of which can achieve the level-
independent convergence rate.  Specifically, they
have the following contributions. 1) Our first al-
gorithm demonstrates how to achieve the level-
independent convergence rate with a novel combi-
nation of the inner-level function estimator and the

this paper, the level-dependent convergence rate means
that the number of levels K affects the order of the con-
vergence rate, e.g., O(e~X), while the level-independent
convergence rate indicates that K does not affect its order
but may affect its coefficient, e.g., O(Ke ?).

momentum technique. Our second algorithm im-
proves the convergence rate with a novel strategy
of utilizing the variance-reduced estimator without
impractical operations. In particular, unlike exist-
ing algorithms (Zhang and Xiao, 2021; Jiang et al.,
2022), which apply the variance reduction tech-
nique to both all stochastic inner-level function val-
ues {fr(zk)(y Szk)) f:_ll and
matrices {V f,(Lk)(g ,(Lk))}szl, our algorithm leverages
the variance-reduced estimator for stochastic inner-
level function values { f,(Lk)(gﬁSLk)) Kot and the gra-
dient VF,(z;&,). As such, our algorithm does not
require the clipping operation for the learning rate
or the projection operation for {Vf,(lk)(g Slk)) K | as
(Zhang and Xiao, 2021; Jiang et al., 2022). Thus, it is
more friendly to implement. 2) Besides the novel al-
gorithmic design, we established the level-independent
convergence rate of our two algorithms for nonconvex
problems under the decentralized setting. In partic-
ular, our first algorithm, which leverages the momen-
tum technique for the gradient, enjoys the convergence
rate of O(e~%) to achieve the e-stationary point. Our
second algorithm, which exploits the variance reduc-
tion technique for the gradient, can achieve the conver-
gence rate of O(e~3) for nonconvex problems. As far
as we know, this is the first decentralized optimiza-
tion work for multi-level SCO with theoretical guar-
antees. 3) Extensive experiments on the multi-step
model-agnostic meta-learning task confirm the effec-
tiveness of our algorithms.

all stochastic Jacobian

2 Related Work

2.1 Stochastic Two-Level Compositional
Optimization

The stochastic two-level compositional optimization
problem has been extensively studied in the past few
years. In particular, to address the biased gradient
estimator problem, Wang et al. (2017) developed the
stochastic compositional gradient descent (SCGD) al-
gorithm for the first time, where the moving-average
technique was leveraged to the estimation of the inner-
level function value to control the estimation error.
However, its sample complexity is as large as O(e%)
for nonconvex problems, which is worse than O(e™*)
of the standard SGD algorithm for non-compositional
optimization problems. Then, Ghadimi et al. (2020)
applied the momentum technique to stochastic compo-
sitional gradient so that it improved the sample com-
plexity to O(¢~*). On the contrary, Chen et al. (2020)
leveraged the variance-reduced estimator (Cutkosky
and Orabona, 2019) for the inner-level function, which
can also achieve the sample complexity of O(e™%).
To further improve the convergence rate, a couple
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of works exploited the variance-reduced technique to
control the estimation error for both the inner-level
function value and its Jacobian matrix. For instance,
Yuan et al. (2019) leveraged the SPIDER variance re-
duction technique (Nguyen et al., 2017; Fang et al.,
2018) to improve the sample complexity to O(e?)
for stochastic nonconvex problems. However, this al-
gorithm requires a large batch size. To address this
problem, Yuan and Hu (2020) employed the STORM
variance reduction technique (Cutkosky and Orabona,
2019), which can also achieve the sample complexity
of O(¢73), but with a small batch size. As for the non-
convex finite-sum compositional problem, a couple of
works (Zhang and Xiao, 2019a,b; Yuan et al., 2019)
also utilized the variance-reduction technique to im-
prove the sample complexity to match the counterpart
for non-compositional problems.

2.2 Stochastic Multi-Level Compositional
Optimization

Even though the aforementioned algorithms can
achieve desired sample complexity for the two-level
compositional problem, it is non-trivial to extend them
to the multi-level problem for achieving the same sam-
ple complexity. For instance, Yang et al. (2019) devel-
oped an accelerated stochastic compositional gradient
descent algorithm for the stochastic multi-level compo-
sitional optimization problem, which can only achieve
the sample complexity of O(e~("+5)/2) for noncon-
vex problems. Obviously, this sample complexity de-
pends on the number of function levels K, which is
far from satisfactory. Later, Balasubramanian et al.
(2022) extended the momentum approach (Ghadimi
et al., 2020) to the multi-level problem, obtaining the
O(e~%) sample complexity, which is worse than the
counterpart (Ghadimi et al., 2020) for the two-level
problem. Then, they added a correction term when
using the moving-average technique to estimate each
level function so that the sample complexity was im-
proved to O(e~*), which can match the standard mo-
mentum stochastic gradient descent algorithm. In
(Chen et al., 2020), the STORM variance-reduction
technique is leveraged to estimate each level func-
tion, which can also result in the sample complexity
of O(e™*). In (Zhang and Xiao, 2021), the SPIDER
variance-reduction technique is exploited to estimate
both each level function and its gradient so that it can
achieve the sample complexity of O(e~3). However,
this algorithm requires a large batch size. Moreover,
it requires a small learning rate to guarantee the Lips-
chitz continuousness of the variance-reduced gradient.
Recently, Jiang et al. (2022) leveraged the STORM
variance-reduction technique to estimate each level
function value and its Jacobian matrix, resulting in the
sample complexity of O(¢~3) with the mini-batch size

of O(1). However, this algorithm requires the projec-
tion operation for Jacobian matrices such that they are
upper bounded. Thus, these algorithms with the sam-
ple complexity O(e~3) are not practical for real-world
applications. Moreover, it is unclear how to obtain the
level-independent sample complexity under the decen-
tralized setting.

2.3 Decentralized Compositional
Optimization

Decentralized optimization has been extensively stud-
ied for the non-compositional optimization problem
from both the computation (Lian et al., 2017; Sun
et al., 2020; Xin et al., 2020) and communication
(Koloskova et al., 2019a,b; Gao and Huang, 2020; Song
et al., 2022; Hua et al., 2022; Ying et al., 2021) per-
spectives in recent years. Those algorithms are based
on the stochastic gradient, which is an unbiased es-
timator of the full gradient. Thus, they cannot be
directly extended to the stochastic compositional op-
timization problem because its stochastic gradient is
a biased estimator of the full gradient. Recently, to
address this problem, Gao and Huang (2021) devel-
oped the decentralized stochastic compositional gradi-
ent descent algorithm for the two-level stochastic com-
positional problem for the first time, which can achieve
the sample complexity of O(e~¢). Zhao and Liu (2022)
leveraged the STORM-like technique to estimate the
inner-level function and improved the sample complex-
ity to O(e~*). Moreover, Gao (2023) developed the de-
centralized stochastic compositional gradient descent
ascent algorithm for stochastic compositional minimax
problems. On the other hand, a series of decentralized
bilevel optimization algorithms have been proposed re-
cently, e.g., (Gao et al., 2023; Zhang et al., 2023; Lu
et al., 2022) and the related works therein. However,
all those existing compositional and bilevel optimiza-
tion algorithms only focus on the two-level problem. It
is unclear how to apply them to the multi-level com-
positional optimization problem to achieve the level-
independent sample complexity.

3 Decentralized Stochastic
Multi-Level Compositional
Optimization

In this section, we present the details of our proposed
algorithms under the decentralized setting. Here, it is
assumed the devices compose a communication graph
and perform peer-to-peer communication. The adja-
cency matrix W of this graph satisfies the following
assumption.

Assumption 1. W = [w;;] € RV*N s a symmetric
and doubly stochastic matriz. Its eigenvalues satisfy
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AN < Av-a] < <A < M =1,

Under this assumption, we can denote the spectral gap
as 1 — A where A\ = |A2|. Then, we propose two decen-
tralized optimization algorithms for solving Eq. (1) in
the following two subsections.

Algorithm 1 DSMCGDM
Input: z,0 =29, a>0,8>0, p>0,n>0.

1: fort=0,---,7T—1do
2: uif’i = Tn,t,
3: fork=1,--- , K—1do
5 lft@:() <]3> (k=1 (k)
o: un,t - (unt ;gn,t)7
6: else )
€ uELt & ﬂn)(m AP WS )+
fﬂ ( nt £ )
8: er}gd if i - i
0 ol = ViYWl e,
10: enlg for ot
1 ol = VA @YD),
(1), (2) (K-1) (K)

12: Int = VUntUnt " Unt "Unt'
13:  if t == 0 then

14: Mpt = Gn,ty Ynt = Mnt
15:  else
16: Myt = (L — )My i1+ pn0gn.t,
17 Yn,t = Zn’ENn Wnn'Yn! t—1 + Mpt — My -1,
18:  end if
19: xn,tJr% = anej\/n Wnn'Tn' t — AYnt,
Tnt+1 = Tnt + n(xn,t—i-% - xn,t)y

20: end for

3.1 Decentralized Stochastic Multi-level
Compositional Gradient Descent with
Momentum

Challenges. The momentum technique is com-
monly used in optimization. However, facilitating it
to multi-level SCGD is non-trivial. Under the single-
machine setting, Balasubramanian et al. (2022) devel-
oped the first multi-level SCGD with momentum algo-
rithm, which applies the moving-average technique to
each inner-level function and the gradient. However,
this straightforward extension can only achieve the
O(e7%) sample complexity, which is worse than O(e~*)
of the two-level algorithm. Then, Balasubramanian
et al. (2022) introduced a correction term to the inner-
level function estimator to address this problem. How-
ever, this correction term requires to compute the Ja-
cobian matrix (See its Algorithm 2), which is too com-
plicated and unclear if it works under the decentralized
setting. Especially, it is unclear whether the consen-
sus error caused by the decentralized communication
topology will worsen the convergence rate in the pres-

ence of multi-level inner functions. Therefore, a nat-
ural question follows: How to design an efficient
decentralized multi-level SCGD with momen-
tum algorithm to achieve the level-independent
sample complexity O(e=*)?

To answer this question, in Algorithm 1, we de-
velop the Decentralized Stochastic Multi-level Com-
positional Gradient Descent with Momentum (DSM-
CGDM) algorithm. Specifically, to achieve the level-
independent sample complexity, which can match the
decentralized SGD with momentum algorithm for non-
compositional problem, we leverage the STORM-like
technique to estimate the k-th level function (where
ke{l,2,--- | K — 1}), which is shown below:

— B () — P ey
k k
+fn (u5L7t 1); 7(1,,t))7

where 8 > 0, n > 0 are two hyperparameters satisfying
677 <1, u( ) is the estimation of the k-th level function

fn(nt

It is worth noting that we do not apply this variance-
reduction technique to the stochastic Jacobian ma-

trix v, k) £ Vf(k)( (k= 1),£nt) After we obtain the

stochastlc Jacobian matrlx vn’t of each level function,
we combine them to get the stochastic compositional
gradient g, ; of the objective function F),(z), which is
shown in Line 12. Then, we compute the momentum
of this stochastic compositional gradient in Line 16,
where > 0 is a hyperparameter satisfying un < 1.
After that, we leverage the gradient-tracking technique
in Line 17 to communicate the momentum between dif-
ferent devices according to the communication topol-
ogy, which is defined below:

k
ulf) = (1

(2)

) on the n-th device.

E Wnn'Yn,t—1 + Mpt — Mnpt—1 (3)
n' €Ny,

where N,, = {n/|wy,y > 0} denotes the neighbors of
the n-th device and wy,  is the edge weight of the
communication graph. Finally, we can leverage
to update the model parameter on the corresponding
device, which is shown in Line 19, where @ > 0 is a
hyperparameter.

Note that Eq. (2) has been used for non-momentum
algorithm under the single-machine setting in (Chen
et al., 2020), rather then the decentralized setting.
Therefore, it is still unclear how it affects the con-
vergence for the momentum algorithm or the decen-
tralized setting. In fact, this is the first time to ap-
ply Eq. (2) to the momentum algorithm. We believe
this novel algorithmic design can also be applied to
the single-machine setting to accelerate existing algo-
rithms, e.g., (Chen et al., 2020). Moreover, to the
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best of our knowledge, this is the first decentralized
optimization algorithm for the stochastic multi-level
compositional optimization problem. Meanwhile, this
algorithmic design brings new challenges for conver-
gence analysis due to the interaction between the esti-
mator of each level function and momentum. We will
address these challenges and show this algorithm can
achieve the O(e~%) sample complexity in Section 4.

3.2 Decentralized Stochastic Multi-Level
Compositional Variance-Reduced
Gradient Descent

To improve the convergence rate, in Algorithm 2, we
propose our second algorithm: Decentralized Stochas-
tic Multi-level Compositional Variance-Reduced Gra-
dient descent algorithm (DSMCVRG).

Similar to Algorithm 1, we leverage the standard
STORM technique 2 to estimate each level function,
which is shown in Line 7, where 8 > 0 and 8n? < 1.
Different from Algorithm 1, we do not exploit the mo-
mentum to update model parameters. Instead, we
leverage the variance-reduced gradient for local up-
date, which is defined below:

Mnt = (1 - MUQ)(mn,t—l - gff,t—l) + gn t o (4)

where p > 0 is a hyperparameter satisfying un? < 1,
the stochastic gradients gfb’it and gfoFl are defined as:

g8 = VIO @O e W) el -
va(Kq( (K 2) S(K_l))Vf K)( (K 1) f(K))

n,t

gnt_vf(l)( nt?g(l)) f(2)( nt’g ) :

X VAR g6V a6

(5)

Then, based on this variance-reduced gradient, we ex-

ploit the gradient-tracking technique to update the

model parameter on each device, which is shown in
Lines 17 and 19.

Novelty. Here, we would like to emphasize the nov-
elty on the algorithmic design in Algorithm 2. Under
the single-machine setting, existing variance-reduced
multi-level compositional gradient descent algorithms
(Zhang and Xiao, 2021; Jiang et al., 2022) apply the
variance-reduction technique to each level function and
its stochastic Jacobian matrix. For instance, Jiang
et al. (2022) computes the variance-reduced Jacobian
matrix for each level function as follows:

= (1= B ;’“2 1= vﬁ%&’f:f; )

nt*(

2Compared with Algorithm 1, 7 is replaced with 7>
when estimating each level function.

Algorithm 2 DSMCVRG

Input: z,0=29,a>0,3>0, p>0,n>0.
1: fort=0,---,T—1do
2: uglol = Tnt,
3 fork=1,--- K —
4: if t == 0 then
5 With batch size S, compute

WF) = (k)( (k=1), ))

1 do

n t - n t »Sn,t
k
nt_vf” ( nt ’6( ))
6: else(k) w
T Unt = (1 5772)( Upt—1
(k—1)_ +(k
AP @) ¥ AP e,
k— k
8: m—vj“ << 5 €M),
9: end if
10:  end for
11: if £t == 0 then
12: o) =v f V@15 0)) with bateh size S,
13: Mnt = gn,ta yn,t = Mn,t,
14: else
15: n t - vfn( 75 )7
6. mpy = (1—pn )(mn,tfl — g5 )+ e
17: Yn,t = En/e_/\fn Whnn/Yn,t—1 + Mpt — Mp -1,
18:  end if
19: Loyl = Zn’e./\/'n Wnn'Tn' t — AYn t,
Tpt+1 = Tnt + 77($n,t+% — Tn,t),
20: end for

This kind of variance-reduced estimator for each level
function suffers from some limitations. On the theo-
retical analysis side, when bounding the gradient esti-
mation error for VF,(-), it requires v( to be upper
bounded in all levels and iterations. To do that, Zhang
and Xiao (2021) uses a clipping operation, which may
result in a very tiny update (See 7; in Algorithm 3
of (Zhang and Xiao, 2021)), while Jiang et al. (2022)
employs a projection operation to guarantee vflkt) is
upper bounded by the Lipschitz constant of the deter-
ministic Jacobian matrix (See Eq. (3) in Jiang et al.
(2022)), which is an unknown hyperparameter so that
it is not feasible in practice. On the implementation
side, these algorithms are not friendly for practical ap-
plications. For instance, when applying them to the
stochastic training of graph neural networks (GNN),
computing the variance-reduced Jacobian matrix for
each level function (i.e., each layer of GNN) requires
to intervene the backpropagation in each layer, which
is not easy to implement.

On the contrary, our Algorithm 2 just computes the
standard stochastic Jacobian matrix v( ; for each level
function. This can naturally avoid the aforementloned
impractical operations since the standard stochastic
Jacobian matrix is easy to bound under the commonly
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used assumptions. Meanwhile, it is easy to compute.
However, using standard stochastic Jacobian matrix
of each level function may introduce a large estima-
tion error. Then, a natural question follows: Can
Algorithm 2 achieve the O(e~3) sample complexity as
(Zhang and Xiao, 2021; Jiang et al., 2022) when not
using the variance reduction technique for each level
function’s Jacobian? In Section 4, we provide an affir-
mative answer: Our Algorithm 2 can still achieve the
O(e?) sample complexity, even though we don’t use
the variance reduced Jacobian for each level function.

Allin all, our algorithm is novel and we believe our idea
can be leveraged to improve existing single-machine
algorithms (Zhang and Xiao, 2021; Jiang et al., 2022).

4 Convergence Analysis

To establish the convergence rate of our algorithms, we
introduce the following assumptions, which are com-
monly used in existing multi-level compositional opti-
mization works (Yang et al., 2019; Zhang and Xiao,
2021; Jiang et al., 2022).

Assumption 2. For any k € {1,2,--- ,K} and
any yi1,y2 € R¥*1  there exists L > 0 such
that |V f®(y1) = VP ()| < Lilyy — gol and
E[IVF®) (y1;68)) = Vf®) (yo; €] < Lillyr — w2ll-
Additionally, Fy,(z) is Lr-smooth 3 where Ly > 0.

Assumption 3. For any k € {1,2,--- K} and

any y € R, there erists C;, > 0 such that
E[[Vf® (y;6)1P] < CF and [V fP(y)|* < CF.
Assumption 4. For any k € {1,2,--- , K} and any
Y1,y € R¥—1 there exist o, > 0 and 8, > 0 such that
E[|V 5 (y;€) = Vf® (y)|I°] < o and E[[|f*) (y;€) —
FE W7 < o7

Based on these assumptions, we denote A, =

K—1,L;1 [T, Ci 114 HK102

(O Dp (% I i1 Ci))? and B = ==L
K

for k€ {1,--- , K — 1}, as well as Dy, = %

k+1
for k € {0,---,K — 1}. Moreover, we use Z; to de-

note the mean value across devices for any variables
throughout this paper. Then, we established the con-
vergence rate of our two algorithms.

Theorem 1. Given Assumptions 1-4, by setting >
0, B >0, a<min{(1— A)?/Var1/(4Vaz)}, n <
mm{w;c/(&BZK @, O3 k+1(202)) 1/(2aLr),
1/8,1/u,1} for anyk € {1 2,--- ,K—1}, Algorithm 1
has the following convergence rate:

3Based on the smoothness of each level function, it is
easy to prove F, is smooth (Yang et al., 2019; Zhang and
Xiao, 2021; Jiang et al., 2022) so that we directly assume
it is smooth.

5
L

2(F(2o) —
anT

E[|VF(z:)|°] <

K K
+0 +0(B*p?
(27 + Ol ) + O(B
(**K) + O(B*° K) + O(unK) + O(8*nK)
(7)
where @y, = 2((12Ak + 8Dk),u + 24, +
23; k+1(20A C? + 8D;CH)[1_y1(2C7))  for
ke {12, — 1}, and Grar = L3+ 8(2E +
8L2 + 4KDO + sz 1(20Ak0k + kaCk +
SDLCOENCI), &1 = dine + SLL/u? +
32L% + 16KDy + 4Kz (20Ak02 + 20,C? +
8Dk02)(Hk 1(202)), és = QL%/M +8L% +4K Dy +
K Y0 (204402 + 20, CF + 8D C2)(TT521 (2C2)).
Corollary 1. Given Assumptions 1-4, by setting p =
0(1)7 B = O(l)) a = O((l - )‘)2)7 n = 0(62))
T = O((1 — \) 2%, Algom'thm 1 can achieve the
e-stationary point, i.e., t 0 E[|VF(z)]?] <
Remark 1. Given p = O(1) and 8 = O(1), the hyper—
parameters &; (i = 1,2) and & (k € {1,2,--- , K —
1,K + 1}) are independent of the learning rate and

spectral gap. Thus, they do not affect the order of the
convergence rate.

Nl

n°K) 4+ O(p*nK)

PR

Remark 2. From Corollary 1, we can know that the
convergence rate of Algorithm 1 is O((1 — \)~2e7%),
which is independent of the number of function lev-
els. Meanwhile, it indicates that the dependence on the
spectral gap is O((1—\)~2). When the communication
graph is fully connected, the convergence rate becomes
O(e™%), which can match the single-machine momen-
tum algorithm (Balasubramanian et al., 2022). All in
all, the level-independent convergence rate is achiev-
able under the dencetralized setting.

Remark 3. Since the mini-batch size is O(1), the
sample complexity is O((1 — \)~2e~*). Moreover, the
communication complezity is O((1 — \)~2e™?).

Theorem 2. Given Assumptions 1-4, by setling
pw>0,8>0,a<min{(l- )2/\/~1, 1/(4vVaz)}, n <
min{0.5/Gx/ (28 315, &, C2([T- Hl(ch))),l/(mw,

1/f71/f71} fO’f’ any k e {1727' : a - 1}; AlgO-

rithm 2 has the following convergence rate:

T-1

E[|VF(z,)|%] <

2(F(wo) —
anT

)ﬂ‘,_;
-
Il
=)

K K
) T OUqig) + 00 5) + 0(8°K)

52 2K

_|_

o(

)+0(

+ 01’ K) + O(B°n°K) + O( )

+O0(un*K) + O(uB*n°K) + O(1’n°K) |
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where @ = 190k 4 24Dy + 245 + 16371 (5 +
)D C2)( i= k+1(202)) fOT’ k 6 {1727 7K - 1})

Ok42 = 16(5, ((% + 12K)DyC? +

20k C2)(IT521 (2C2)) + Lﬁ + 6KDo) + 2L},
&= 20k + 4K (G + 12)DkCE +
20k CH(Z1(2C2) + e + 6Do], a6y =
K-1 ~ k—1
K35 (G + 12)DkCF + 20, CR(IT21 (267)) +
U + 6K Do.
Corollary 2. Given Assumptions 1-4, by setting y =
0(1)7 B = 0(1)7 o = O((l - )‘)2); S = 0(6_1)} n =
O(e), T = O((1 — X\)2¢73), Algorithm 2 can achieve
e-stationary point.
Remark 4. Given p = O(1) and 8 = O(1), the hy-
perparameters &; (1 =1,2) and @y (k€ {1,2,--- | K —
1,K + 2}) also do not affect the order of the conver-
gence rate.

Remark 5. From Corollary 2, we can know that the
convergence rate of Algorithm 2 is O((1 — \)~2¢73)),
which is also independent of the number of function
levels and has the dependence on the spectral gap with
O((1=X)"2). Moreover, this convergence rate is better
than Algorithm 1. Additionally, when the communica-
tion graph is fully connected, the convergence rate can
match the single-machine algorithms (Zhang and Xiao,
2021; Jiang et al., 2022), but our Algorithm 2 requires
much milder operations than (Zhang and Xiao, 2021;
Jiang et al., 2022).

Remark 6. Since the mini-batch size is O(1) except
the first iteration, the sample complexity is O((1 —
A)"2e73)). Similarly, we can know that the commu-
nication complezity is O((1 — \)"2e73)).

Discussions. Due to the multi-level nested struc-
ture and the decentralized communication scheme, it
is quite challenging to establish the convergence rate of
our algorithms. Specifically, compared with the decen-
tralized two-level compositional optimization problem,
the multi-level nested structure makes the convergence
analysis more difficult. For instance, when bounding
E[Huglkz - ék)(u;’fgl))u?] in Lemma 7, its upper bound
depends on the update of the lower-level function esti-
mator IE[Hu(k H_ (k D)2 %], which further has a quite
complicated upper bound as below:
k—1
Ef|lup; ) -

J=1

k—1 —
+25“2(H (20))Eflluf))_, = £ (2D

j=1 i=j5+1
k—1 kjl

+28% 22( I1 202)5
=1 i=j+1

02 < (TT D)l — w1

On the contrary, in the two-level compositional opti-
mization problem, E[Hu(/C Y nkt 1)H ] becomes the
update of model parameters which is much easier to
bound. On the other hand, compared with the single-
machine multi-level compositional optimization prob-
lem, E[||uﬂf 1= u H ] in Eq. (9) involves the de-
centralized communication operation, which makes it
more difficult to bound.

Furthermore, the multi-level structure and the decen-
tralized communication scheme bring more challenges
to bound the consensus error, e.g., Lemma 11 and
Lemma 24. Last but not least, our algorithm does not
apply the variance-reduction technique to the stochas-
tic Jacobian matrix of each level function. Thus, we
need to carefully bound the gradient estimation error
to guarantee the desired convergence rate. This has
never been studied before so that we need to develop
new strategies to bound the gradient estimation error,
e.g., Lemma 22. All in all, the theoretical analysis is
challenging.

To address those challenges, we developed novel po-
tential functions to establish the convergence rate of
our algorithms. In particular, to prove Theorem 1, we
proposed the following potential function:

1 2
H, = BF(z,)] +woﬁ DB [mas = V@)

RE[l) — £0 Wl )2

Yill#]

(10)
where w; > 0 (i € {0,1,---,K + 2}) are determined
in our proof, which actually is challenging due to the
interaction between the multi-level structure and the
decentralized communication scheme.

1
= Xill7] + wrer2 7 E[IY:

Moreover, since this potential function cannot be ap-
plied to Theorem 2, we proposed the following poten-
tial function to prove Theorem 2:

N K-1

Z Z wiE Hu(k)

nlkl

M, = E[F(z, Bl )12

N
- 1
+wrB[llmy = hel’] + wre1 37 Z Elljmn,c — b

ntl’]

VillE]

(11)
where hnt—Vf ( ) VK ( nKt 1)), and w; >
0(e{l, -, K+ 3}) are determined in our proof.

+WK+2* E[l|X; — Xt||F]+WK+3N [1Y: —
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Figure 1: Regression: The loss function value on support and query sets versus the number of iterations for the

ring and random graph.
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Figure 2: Classification: The loss function value on support set and test accuracy on query set versus the number

of epochs for the ring and random graph.

Based on these two novel potential functions, the task
boils down to studying how each term evolves across
iterations and determining its coefficient. The detailed
proof can be found in Appendix.

5 Experiment

In this section, we apply our proposed algorithms to
the multi-step model-agnostic meta-learning task to
verify the performance of our algorithms.

5.1 Multi-Step Model-Agnostic
Meta-Learning

Model-agnostic meta-learning (MAML) (Finn et al.,
2017) is to learn an initialization model that can be
adapted to a new task via a couple of steps of stochas-
tic gradient descent. Basically, the one-step MAML
under the decentralized setting is defined as below:

min

N
1
it =3 Eip, oDy e, i 5G], (12)
n=1

Where y =T — VE&?LN’D’IL,SHPPOK'ti v‘cnﬂ (x; €’I’L) ) (13>

where Eq. (13) denotes one-step gradient descent, v is
the learning rate, Py, task denotes the task distribution
on the n-th device, Dy query, (Dn.support,) represents
the query (support) set of the i-th task on the n-th de-
vice. This one-step update can be viewed as a two-level

compositional optimization problem. If taking mul-
tiple gradient descent steps, this problem becomes a
multi-level compositional optimization problem (Jiang
et al., 2022; Chen et al., 2020). Therefore, we can ap-
ply our algorithms to the multi-step MAML problem.
In our experiment, we will focus on two tasks: regres-
sion and classification tasks.

5.2 Experimental Settings and Results

Regression. For the regression problem, we follow
(Finn et al., 2017) to generate a sinewave dataset.
Specifically, when generating the sine wave, the am-
plitude is randomly picked from [0.1, 5.0], the phase is
from [0, 7], and the input is from [—5,5]. The model
used for this task is a fully-connected neural network
with the dimensionality as [1, 40,40, 1]. For the sup-
port set, the meta-batch size (tasks) on each device is
set to 200 and the number of samples for each task
is 10. For the query set, the meta-batch size is 500
and the number of samples in each task is also 10.
Moreover, the number of gradient descent updates in
Eq. (13) is 3 so that it is a four-level compositional
optimization problem. The learning rate v is 0.01.

Classification. In this experiment, we use Omniglot
dataset, which has 1,623 characters (tasks) and each
character has 20 images. 1,200 tasks are used as the
support set and the left tasks are used as the query
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set. Following (Finn et al., 2017), we employ the 5-
way-1-shot setting. The model we used has four con-
volutional layers, where each layer has 64 3 x 3 filters,
and one linear layer. The meta-batch size (tasks) on
each device is set to 8. The number of gradient de-
scent updates in Eq. (13) is set to 3 so that it is also
a four-level compositional optimization problem. The
learning rate v is 0.01 too.

In our experiments, we select g and [ from
{1,3,5,7,9}, and fix a to 1.0. Additionally, we set
€2 = 0.1. Then, we set the learning rate n = €2 for
Algorithm 1 in terms of Corollary 1, and n = € for
Algorithm 2 according to Corollary 2. Moreover, we
use four devices in our experiments. The topology we
used includes the ring graph and random graph. Here,
the random graph is generated from an Erdos-Renyi
random graph with the edge probability being 0.4. As
for the baseline algorithm, we use the standard decen-
tralized SGD (DSGD) (Lian et al., 2017) since there
does not exist other decentralized multi-level compo-
sitional algorithms. In our experiments, the learning
rate of DSGD is 0.1

In Figure 1, we report the support and query loss
function values versus the number of iterations for
the regression task. It is easy to find that our
two algorithms outperform the standard DSGD algo-
rithm. The reason is that our algorithms leverage the
variance-reduction technique to control the estimation
error for each level function. Moreover, our second
algorithm DSMCVRG converges faster than the first
algorithm DSMCGDM, which confirms the correctness
of our theoretical results.

In Figure 2, we show the loss function value on the
support set and the accuracy on the query set for the
classification task. It can also be found that our two al-
gorithms outperform the baseline algorithm and DSM-
CVRG converges faster than DSMCGDM, which fur-
ther confirms the correctness of our theoretical results.

5.3 More Experiments

To further demonstrate the performance of our algo-
rithms, we set the number of inner steps of multi-step
MAML to 4 and 5 so that we have the five-level and
six-level compositional optimization problems. In Fig-
ure 3, we show the loss function values on the sup-
port set versus the number of iterations for sinewave
dataset. From this figure, we can still find that our two
algorithms outperform DSGD and our second algo-
rithm DSMCVRG converges faster than DSMCGDM,
which confirms the effectiveness and correctness of our
proposed algorithms.

Moreover, we show the acceleration benefit of our de-
centralized optimization algorithms. In particular, we

—— DSGD 4.0 ‘vw —— DSGD
~ DSMCGDM 3.5 wx@\ ~ DSMCGDM
—— DSMCVRG 3.0 —— DSMCVRG
32'0
. 'W\,\
. WA M
1.0 - 1.0 N T
05 AN 0.5 L
0.0 0.2 04 06 08 1.0 0.0 0.2 04 06 08 1.0
Iteration e Iteration s

(a) Five-level SCO problem (b) Six-level SCO problem

Figure 3: The loss function value on support test ver-
sus the number of iterations for the regression task.
Ring graph is used.

compare the convergence performance when using four
and eight devices. Here, the meta-batch size is set to
200 when using four devices and it is set to 100 when
using eight devices. Other hyperparameters are the
same as previous experiments. In Figure 4, we show
the loss function value on the support set versus the
consumed time for the regression task when using the
ring graph. It is easy to find that using more devices
can accelerate the convergence speed, which confirms
the efficacy of our algorithms.

. 4577

4.0 s‘“ —— DSMCGDM-4devices 4.0 —— DSMCVRG-4devices

3.5 \“?ﬂ‘ —— DSMCGDM-8devices 35 \@»\ ——— DSMCVRG-8devices
L3071 U, 30 \
825/ 1\ Zo50 1M
- < | \M -

2.0 N . 2.0 b

W 1.5 "\ \
1.5 "V Vi, S \M\
1.0 R M T
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(a) DSMCGDM

0 25 50 75 100 125 150 175
Seconds

(b) DSMCVRG

Figure 4: The loss function value on support set versus
the consumed time for the regression task and ring
graph.

6 Conclusion

In this paper, we developed two novel decentralized
stochastic multi-level compositional optimization algo-
rithms. They both can achieve the level-independent
convergence rate with practical operations. In partic-
ular, we developed a novel strategy for applying the
variance reduction technique to estimate the gradi-
ent. Extensive experimental results confirm the ef-
fectiveness of our algorithms. We believe our novel
algorithmic design and theoretical analysis strategies
can benefit the development of multi-level composi-
tional optimization problems for both single-machine
and distributed settings.



Decentralized Multi-Level Compositional Optimization

References

K. Balasubramanian, S. Ghadimi, and A. Nguyen.
Stochastic multilevel composition optimization al-
gorithms with level-independent convergence rates.
SIAM Journal on Optimization, 32(2):519-544,
2022.

T. Chen, Y. Sun, and W. Yin. Solving stochas-
tic compositional optimization is nearly as easy
as solving stochastic optimization. arXiv preprint
arXiv:2008.10847, 2020.

W. Cong, M. Ramezani, and M. Mahdavi. On the im-
portance of sampling in training gcns: Tighter anal-
ysis and variance reduction. arXiv e-prints, pages
arXiv—-2103, 2021.

A. Cutkosky and F. Orabona. Momentum-based vari-
ance reduction in non-convex sgd. In Advances
in Neural Information Processing Systems, pages

15236-15245, 2019.

C. Fang, C. J. Li, Z. Lin, and T. Zhang. Spider:
Near-optimal non-convex optimization via stochas-
tic path-integrated differential estimator. Advances
in Neural Information Processing Systems, 31, 2018.

C. Finn, P. Abbeel, and S. Levine. Model-agnostic
meta-learning for fast adaptation of deep networks.
In International Conference on Machine Learning,
pages 1126-1135. PMLR, 2017.

H. Gao. Achieving linear speedup in decentral-
ized stochastic compositional minimax optimiza-
tion. arXiv preprint arXiv:2307.13430, 2023.

H. Gao and H. Huang. Periodic stochastic gradient
descent with momentum for decentralized training.
arXiv preprint arXiv:2008.10435, 2020.

H. Gao and H. Huang. Fast training method
for stochastic compositional optimization problems.

Advances in Neural Information Processing Sys-
tems, 34, 2021.

H. Gao, B. Gu, and M. T. Thai. On the convergence
of distributed stochastic bilevel optimization algo-
rithms over a network. In International Conference
on Artificial Intelligence and Statistics, pages 9238—
9281. PMLR, 2023.

S. Ghadimi, A. Ruszczynski, and M. Wang. A sin-
gle timescale stochastic approximation method for
nested stochastic optimization. SIAM Journal on
Optimization, 30(1):960-979, 2020.

Y. Hua, K. Miller, A. L. Bertozzi, C. Qian, and
B. Wang. Efficient and reliable overlay networks
for decentralized federated learning. SIAM Journal
on Applied Mathematics, 82(4):1558-1586, 2022.

W. Jiang, B. Wang, Y. Wang, L. Zhang, and
T. Yang. Optimal algorithms for stochastic multi-

level compositional optimization.
arXiv:2202.07530, 2022.

A. Koloskova, T. Lin, S. U. Stich, and M. Jaggi. De-
centralized deep learning with arbitrary communica-
tion compression. arXiv preprint arXiv:1907.09356,
2019a.

A. Koloskova, S. Stich, and M. Jaggi. Decentral-
ized stochastic optimization and gossip algorithms
with compressed communication. In International
Conference on Machine Learning, pages 3478-3487.
PMLR, 2019b.

X. Lian and J. Liu. Revisit batch normalization:
New understanding from an optimization view and
a refinement via composition optimization. arXiv
preprint arXiw:1810.06177, 2018.

X. Lian, C. Zhang, H. Zhang, C.-J. Hsieh, W. Zhang,
and J. Liu. Can decentralized algorithms outper-
form centralized algorithms? a case study for decen-
tralized parallel stochastic gradient descent. arXiv
preprint arXiw:1705.09056, 2017.

S. Lu, S. Zeng, X. Cui, M. Squillante, L. Horesh,
B. Kingsbury, J. Liu, and M. Hong. A stochastic lin-
earized augmented lagrangian method for decentral-
ized bilevel optimization. Advances in Neural Infor-
mation Processing Systems, 35:30638-30650, 2022.

L. M. Nguyen, J. Liu, K. Scheinberg, and M. Takac.
Sarah: A novel method for machine learning prob-
lems using stochastic recursive gradient. In Inter-

national Conference on Machine Learning, pages
2613-2621. PMLR, 2017.

Z. Song, W. Li, K. Jin, L. Shi, M. Yan, W. Yin, and
K. Yuan. Communication-efficient topologies for de-
centralized learning with o(1) consensus rate. arXiv
preprint arXiv:2210.07881, 2022.

H. Sun, S. Lu, and M. Hong. Improving the sam-
ple and communication complexity for decentralized
non-convex optimization: Joint gradient estimation
and tracking. In International Conference on Ma-
chine Learning, pages 9217-9228. PMLR, 2020.

M. Wang, E. X. Fang, and H. Liu. Stochastic compo-
sitional gradient descent: algorithms for minimizing
compositions of expected-value functions. Mathe-
matical Programming, 161(1-2):419-449, 2017.

R. Xin, U. A. Khan, and S. Kar. A near-optimal
stochastic gradient method for decentralized non-
convex finite-sum optimization. arXiv preprint
arXiv:2008.07428, 2020.

S. Yang, M. Wang, and E. X. Fang. Multilevel stochas-
tic gradient methods for nested composition opti-
mization. SIAM Journal on Optimization, 29(1):
616-659, 2019.

arXiv preprint



Hongchang Gao

B. Ying, K. Yuan, Y. Chen, H. Hu, P. Pan, and
W. Yin. Exponential graph is provably efficient
for decentralized deep training. Advances in Neural
Information Processing Systems, 34:13975-13987,
2021.

H. Yu, L. Wang, B. Wang, M. Liu, T. Yang, and
S. Ji. Graphfm: Improving large-scale gnn training
via feature momentum. In International Conference
on Machine Learning, pages 25684-25701. PMLR,
2022.

H. Yuan and W. Hu. Stochastic recursive momentum
method for non-convex compositional optimization.
arXiv preprint arXiw:2006.01688, 2020.

H. Yuan, X. Lian, and J. Liu. Stochastic recur-
sive variance reduction for efficient smooth non-
convex compositional optimization. arXiv preprint
arXiv:1912.13515, 2019.

J. Zhang and L. Xiao. A composite randomized incre-
mental gradient method. In International Confer-
ence on Machine Learning, pages 7454-7462, 2019a.

J. Zhang and L. Xiao. A stochastic composite gra-
dient method with incremental variance reduction.
In Advances in Neural Information Processing Sys-
tems, pages 9078-9088, 2019b.

J. Zhang and L. Xiao. Multilevel composite stochastic
optimization via nested variance reduction. SIAM
Journal on Optimization, 31(2):1131-1157, 2021.

Y. Zhang, M. T. Thai, J. Wu, and H. Gao. On the com-
munication complexity of decentralized bilevel opti-
mization. arXiv preprint arXiv:2511.11342, 2023.

S. Zhao and Y. Liu. Distributed stochastic compo-
sitional optimization problems over directed net-
works. arXiv preprint arXiv:2208.11074, 2022.



Decentralized Multi-Level Compositional Optimization

Supplementary Materials

A Appendix

A.1 Terminologies

Before presenting the detailed proof, we first introduce some terminologies as below. First, we denote the function
up to the k-th level as below:

EP (2) = P (@) P ED (@) - D ERD (@) fO (FED (@) (14)

where fr(bk)(~) [f(k)( €] and €) denotes the random sample. It is easy to know F,(z) = F7(LK)(CL') =
fﬁl)(x)fflz)(ﬂ(,,l)( DEE i 1)( (K- 2)( ) (K)( (K- 1)( )). Then, the gradient of VF7(Lk)(J;) can be represented
as below:

VER (@) = VD @)V P (FED (@) - VI DEFD (@) VR (FF D (@) (15)
where V£ () = E[V £ (56®)].
Throughout the proof, we assume Hf a; = 1 when ¢ > k. Additionally, we denote X; = [331 L NS
Y, = [yl,t7"' >yN,t]7 M; = [ml,t7"' 7mN,t]7 Gy = [gl,ta"' >gN,t]7 X = [% fo:l Tpty - 7NZn 12, t] Yt =
- N N
[% 27]2;1 Ynits "y % 2521 yn,t]a M, = [% anl Mty % 27,,:1 mni]’

A.2 Proof of Theorem 1

Lemma 1. For k€ {1,---,K — 1}, given Assumptions 2-4, we can get

) — PO tH<Z( I G- 7S (16)

= _]+1

Proof. When k = 1, we have ||u5111 - F,(Ll)(mn,t)H = Hu(l) - fy(Ll)(u(O))H. Assume for k£ > 1, we have

n,t
k
Wt} POl <3 ( TT ) 1008 a7)
j=1 i=j41
Then, for k + 1, we have
H (k+1) k+1 (xn t)“
= | “““ FEFDE® (2, )|
< Julk (1) (’““)(un})\l + D ) — FEED (B (2,0)]
k
< D = £ @ED |+ Crpa ) —F"“mt)\l (18)
k k 1
snu;;” £l H+Cz«+12( L1 )i
j=1 i=j+1
k+1  k+1
_Z( II cz)||um FOWETN,
=1 i=j+1

which completes the proof.
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Lemma 2. Fork € {2,---, K}, given Assumptions 2-4, we can get
k—1
k 1 k 1 0 ; j—1
Eflutf; - w202 < ([T @CH)Ellul) -, — a1 +2ﬁ2n22( g (269) )Ellul))_, = £ @)1
Jj=1 =1 i=j+1
k—1 k—1
4222 ( I1 202)5
Jj=1 i=j+1
(19)
and
(k— k k— k— _ k—
Efulf; D — a7 < 202 Ellul ) — ul P12 + 282 02E [ul ) — £ D @D + 2820262, . (20)
Proof. For any k > 1, we can get
k 1) k—1)
Efllul ) — bt )17
k— — k k— — k k— k
fE[n(lf m () — FED @ 2 e + D @l Y5 — w1
E[]| — Bn(ul; ” — FED @) + £ (u fjf*ff)—fﬁ Dl 2el )
—fé’“‘”( ;’2 23, R e (T Al (21)

k _ k _ k— _ k— k—
< 2E[| - 8 n(u&,tf)fﬂk IO 3£>+fn’“ D2y = pF=D @2 ey 2
+2E[| - £V W el 1)+f(’“‘”( oy %m N2
k k— k—
< 202_ E[||uf ) < TN+ 28%0PE ul ) - rE D WD+ 2820267

[7(Lk—1)( (k—2) ., é»(k 1))] :fr(Lk_l)( (k— 2))

where the last step holds due to Assumption 3 and Assumption 4, and E Upy g 15 Up 1)

Then, by recursively expanding this inequality, we can get

k—1 (k-1 = 0
Ellluy ) — il (Hch) )y = wi )

(22)
k—1 - k—1 -
+2/32n22( H (202))Elllu)_, — £9 2D +262n22( H (262)) 9
= 1=7+1 = 1=75+1
U
Lemma 3. Given Assumptions 2-4, we can get
~ Z IVED @EDVED (@) - VE D @l ™) VO @)
foﬁl)(wn,t)Vfﬁz)(Fél)( ) VD EF D (@, )V (EED (2,0)) |12 (23)

N K-1

ZZA ) — £ @))%

Z\N

2
_ K—=1 (Lja [T, Ci 1y
where Ak = <Zj=k: (ﬁ i=k+1 C’L .
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0
Proof. Because u 1

n7

= Ip,, We can get

VO @DV D @) - v ED @) v 00 ()
— VI @) VI (ED (@) - VIED(EE D (2,0)) VL (EE D (@0,0) |
= VD (@) V2 ) - D @l ()
— VIO (@0, ) VIR (ED (2, V£ (1 i%) LV 1><u£t N W)
+ VI (@0 ) VIR (ED (@0, )) VD (W) - VD @) w00 @l )
= VI ) VAP (ED (@, D)V IO ES (,0) -+ D (gl VIO )
+ VI (@0, ) VIR (D (w0,)) - - VKD (R 2)(xn,t))Vf(K( )
— VIO (@) VIR (ED (24)) - - VFED(EE=D (2, )V, ><F,5K D (@)
< IV (@0, )V D @) -V FED @2 (Wl Y)
VIO (@, )V SO (ED (20,))V ) (u <2,1>-~fo*1< E=2) B @)
VD (@0, ) VD (FD (2,0)) V£ (u (2))~-~Vf£K‘”(U§£ N £ (] <K Y)
— VI (@0 ) VD (FD (20, ) VSO (D (@00)) - VLE D WP)w f<K>< S| (24)
IV @) VID D () VRS DES D )10 e )

= VI @) VD ED (@) - VLD EF D (2,0)) VT (Fy(LK V(@)

L C . C
< Pl Op ) e, 1 4 B G ) po, )
L C
+.--+%H Y = B ()]
K—
_ M” ®) _ F) ()
— Crt1 " 7
K—1
Lin [, C 1
<3 bellim G Z I &) - 90
k=1 Chta = <1 =j+1 )
3 J
C
- Lin I, G C FO) (Y
- k=1 <§ ( Cin 7,1;-[i-1 ) Hu (u” )H 7

where the second to last step holds due to Lemma 1. Then, we complete the proof by taking the squared
operation on both sides.

O
. . (IS, O Ly
Lemma 4. Given Assumptions 2-4 and Dy, = e where k € {0,--- , K — 1}, we can get

E[|[V70 @) VAR @) ) VAE D @DV D)

2

— VIO @DV @) -+ AE D @l )|
K—1 o
< KDGE[tns — wi-1]2] +2K 3 DGRl ) — ulky V)2 (25)

k=1

K—-1 K—-1
+ 2622 > DRE[lulf)_y — FP @)1+ 28207 K Y Did?
k=1 k=1
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Proof.
B[ VA0 @) )V @ @l ) VAR @) v @)
- o 2
- VIO @D VID @) - T @l )9 0wl )]
= E[|| VA0 ) )V @) ) VAE D @DV D)
= VD )V ED (g y) - VAR uif,i DI (i 2))
+ VI DV AP (gt o) - VI (20 VA (a))
= VP VD () - VI (VA ()
+ VIV I W) - VD @) VO oY)
_va)(u;?i)w,?)(uSi)--.wf-”(u;fi‘% Vi)
< KE[[ /0 @) ) V2 @) ) - VD @) v i)
— VIOV (i) ) - VAR Wl ZQ))WELK)(U(K:”)H ]
+ KE[|[ VP @) VI il ) - VD (il @l D)
(26)
O )T IO @) - VD WD) O @) ]
+ KE[[VAO @DV P @ll) - VD @) v 0 wll)
— VIO @D VIP @) - T @) 0 @) H |
IS CHIE 0 LIS I3
< K Bl — b |+ K== — Bl — o ]
(s OV g ey e
R o A (S
K
K-1
< KDOE|lan, = @ne-alP)+ K 7 DeE(lusfy — i) 4]
k=1
K-1
< KDoE(|en,e = a7 + 2K Y DhCRE(luy ) = wyy V|1°)
k=1
K-1 K-1
k k—1
+26°0°K Y DiElllusf)y — £ () [P) + 268707 K Y Dy
k=1 k=1
K 2 2
where Dy, = %, and the last step holds due to Lemma 2.
k+1
O

Lemma 5. Given Assumptions 2-4, we can get

N

K
_ _ 2 o?
[HN D00 = VA AD () VA VAl R NESS PP A e
=1

K 2
H] 1 CQ
k

where By, =
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Proof.

) )

{7 X tona— VA @D @D VI )0l

nt

N
1
[ 32 (s oD < OO 5Ol

0 2 K—-1 K 0 1 K—1 K
+ VD@0 o) - D WOV D (W) ol

nt

+ VD (g DV 2 (i) -+ VD (@l oy
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+KE(| 5 EN:(Vfﬁ”(u Do) oS D) O @O ) o) ]

N
1 B o 2
”“E[HN (Wé”(u&?i)Wﬁ(u&{b~--W§" Dl 2>)v£f,?)H }
=1

2
~ VD@DV () - EED v (ugilb) H }

s )t

<KZHJ 1020’“,

where the last step holds due to the fact that the sampling procedure on different workers and different levels
are independent. For instance, for the first level, we can get

N
1 1 2 K—1 K 0 2 K—1 K
B[] 30 (o o5l - VD ) ol

]

N
n=1
1 al 2
1 1 0 2 K—-1 K
= B[ D] (o) = VA @) ol) ol ]
n=1

N N
1 1 0 2 K—1) (K 1 1), (0 2 K—1) (K
B[S T (- A D) D, (o2 - TPy o] )
1 N
1 0 2 K-—1 K
L[S (o8 - TG o]

K 2
< Hj:l Cj U%

= 012 N,

where the third step follows from the fact that the sampling procedure on different workers and different levels
are independent.

O

Similarly, we can prove the following lemma regarding the stochastic gradient on each device.

Lemma 6. Given Assumptions 2-4, we can get

|

K
2
gns = VIO @IDVIO @) - VD @)V @l ] < kY Bot . (30)
k=1
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K 02
where Bj, = H] .

Lemma 7. Fork e {1,---, K — 1}, given Assumptions 2-4 andn < 1, we can get

k k— k k—
Ef|ul) — £& @) < (1 - BnE[falf)_ — £ @)1
+ 202E a1 — bV + 2620267

Proof.

Efl[ulf) — £ (a2
=E[(1 - Bn)(u) ) — Pl €D) + 1B @l 68 — £ )
=E[I(1 - By — £ )
+ (U @E) = 1P @) = 79 @) + rB el
+ Bn(FP @€l — £ @I
=E[(1 - Bn)(u) y — fP @)
+E[IEE @) = £ @) — f O e + £l e)
+ Bn(f® Wl — £ @)
< (1= Bn)?Elllu)_y — £ i, )]
+2E[£P ul) — P @) - P e + £ @l €S
+ 2822 B 1) (568 — £ (D1
< (1= Bn)2E[ul)_y — fF @)
+ 2] £ @l €8)) — £ D5 0D 17 + 2820267
< (1= B)Elul) s — P DI + 202wl — ul V)12 + 2820267 |

where the second to last step holds due to Assumption 4, the last step holds due to Assumption 3.

Lemma 8. Given Assumptions 2-4, if un € (0,1), we can get

N N
S ED SRS L

N 1 N 2
< (1—pun) H‘N Z L Y Zan(afn,tfl)H }
n=1 n=1

1 N K-l
+2/mKNZ AkEH = P @) H }
n=1 k=1
N K-1
+4punK Nz kck”u(k Y (k I)H}
n=1 k=1

K-1

K 2
o
n xm—%lw]+wm3K;£M@+u Kgfﬁﬁ.

(31)

(32)

(33)
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Proof.
]

- E[H% g: ((1 = i) (M1 = V(1)) + (1= pn)(VEp(2ne-1) = VEn(2n))

1 & 1 Y
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N
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ST £ S EWmemﬁ&ilﬂ
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where the second to last step holds due to a = 5 f”n and Lemma 5, the last step holds due to Lemma 3. Then,
by combining it with Lemma 7, we complete the proof.
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Lemma 9. Given Assumptions 1-4, we can get

1— A2 - 2na?
5 E[X: — Xell7] + ——

E[| X1 — Xen1llZ] < (1 =1

Proof.

(1= (L + QE[IX, — X3+ 7°(1 + a ™ E[| X,y — Koy |2
(1= E[| X — Xel2] + nEl|X sy — Koy s [2]

(1= mE[|X; — Xe[[3] + nE[|X,W — aY; — X, + Vi3]

(1= )E[|X; — X [2]

(1-n)E| 1

14+ 22 _ a?(1 4+ \2
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1— )2 . 2na’? =
< (10— JElX - KulF) + Tl - TilF

IN

(1 = mE[IX; — Xl7] +

E[|[Y;

where the third step holds due to a = %, the last step holds due to a = %

Lemma 10. Given Assumptions 1-4, we can get

El| Xerr — Xell7) < SPPE[IXe = Xl 7] + 40®n’E[|Y: = YellF] + 4o E[| Me||7] -

Proof.
E[|Xe1 — Xl E]
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Lemma 11. Given Assumptions 1-4, we can get

B ~ 4u2772 N
E[[|Yit1 — Ve ll3] < AE[Y; - Vil 7] + 1% > Elllmns = VEn ()]
n=1

N K-1
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I°]

(35)

(37)

(39)



Decentralized Multi-Level Compositional Optimization

Proof. - - - -
E[[|Yig1 = Y l7] = B[[Y;W + Myy1 — My — Yy — Myyy + M7
< (L+a)E[|VaW = Vill3] + (1 + a™ DE[[|Mip1 — My — Myyr + My|[7]
< (L +a)NE[|Y: = Vil F] + (1 +a™ HE[| Mys1 — Me||7] (10)
- 1
< AE[|lY; - Y7 + f)\E[H(l — )My + pn Gy — My|%]
22
= XE[|; - Fill3] + L EIM, ~ Gl
where the second inequality holds due to a = % Furthermore, by combining it with the following inequality,
we can complete the proof.
N
B[|M; = G l|F] <4 El[[mans — VEy(wn)]*]
n=1
N
0 1 _ K—2 K 1
+4 Y BV (2a0) = VD gDV () - VI (s ™) VA ()]
n=1
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k k 1
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n=1 n=1 k=1
N N K-1
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n=1 n=1 k=1
N K- K—1
+852772KZ Z sty = £ (unty )P+ 88°0° KN 3~ Didy +4KNZBkak
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N N K-1 K—1
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N K-1
+ 4K Dy ZE lners — 2] 48K SN DyCREJulf, ™ — w212 ]+4KNZBkak ,
n=1 n=1 k=1 k=1
(41)
where the third step holds due to Lemma 3, Lemma 4, and Lemma 5.
O
By following the proof of Lemma 8, it is easy to prove the following lemma.
Lemma 12. Given Assumptions 2-4, if un € (0,1), we can get
N 1 N
L 30 ENERTTRUNN | FHIRES 5F| MRRRTA
n=1 n=1
Lo\~ (k) (k=13 || RS (k=1) _ (k=1)
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Based on these lemmas, we prove Theorem 1 below.

Proof.

L
F (Zp41) < F (@) + (VF(@0), 21 = 8) + - [Tear = 20l

o?n?L
— F(2,) — an(VE(@), my) + —==E [, ||
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where the fourth step holds due to n < 5 LF

To prove Theorem 1, we introduce the following potential function:

1 N 2 N K-
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(44)
Then, based on Lemmas 7, 8, 12, 9, 11, we can get
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Then, according to Lemma 2, we can get

Hiv1 — He
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Based on Lemma 10, we can get
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In the following, we enforce the coefficient of the last six terms to be non-positive. Specifically, by setting

2.2
wg =, we can get om unwg < 0. Moreover, we set wr 1o = (1l — A) and wg 4o 4{‘_’;\

— punwo = 0 so that we
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This is equivalent to enforce

2n2 o 4un
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wi, = ((lek + 8D+ 24, +28 Y (20A C2 48D, 02)( I1 (203))) . (53)
K j=k+1 i=k+1
Here, we represent w, = aK&j,, where @ = 2((12Ak + 8D + 24, + 208 Z] k41 (20AjC’J2 +
8D, 02) ( - k+1(201»2))>. Then, we can simplify the upper bound of 7 as follows:
W,
(54)

S50 2 (I 202))
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Based on the value of wy where k € {0,1,---, K} and wg 42 , due to n < 1, we can get
2L% 2L%, 41%n?
— — KD
nwK—Fwo ) + Wk K+277y o
K—1 82?2 k—1
+3 (4wKunKAkc,§ + dwomK ApC2 + 2w, C2 + wic 4o 1’1’& Kch,z) ( H(ch))
k=1 j=1
o2 K—1 k—1 (55)
= = 8aLi+ daK Dy (4anK ALCE + 160K A,CF + 20K, CF + 8aK DiCE) (T (202))
k=1 j=1
2L K—1 k—1
< P | 8aL2 +4aK Do + oK (QOAkC,f + 20,02 +8ch,3) ( H(%f)) .

b
I

1 j=1

Furthermore, we enforce

2

212 2L2 41,2 2
wrt1 + 877 | “Ewik + wo—L + wr o i K Dyg
un Hun

omL% — T\

b

8u’n —
+ 1 (4wK/u7KA;€C’k + 4w0,m7KAka + kaCk + wrgpo—— Y KDka) ( 1;[ 202 ))

=~
Il

- )\2 2 L K—1 k—1
< anli — Wicar + 8772( Z UF +8aL% +4aK Dy + oK (2OAkC,3 +20,C2 + 8Dk0,3) ( H(2Cf))
k=1 j=1
<0.
(56)
Similarly, due to n < 1, we can set
2 L2 — 2 ~ 2 2 = 2
w1 = ) L2 +8 Tt 8L2 + 4K Dy + K (QOAkC’k 4 20,C2 + 8Dka) ( H (2¢2) ) . (57)
k=1 j=1

A ~ ~
Here, we represent wx 1 = (13%2)0.);(“, where W11 =

L% +8 (25} +8L% +4KDy+ K Y o (20AkC,§ -

20,C2 + 8ch,§) (Hj‘f(zc;))>

In addition, we enforce

2na’? 97,2 97,2 2,2
ﬁwi{-‘rl — (1= Nwry2 + 4042772 (H;wk + woﬁ + Wi 2 1 _U)\ KDy
K-1 8% _
+ (4wK,mKAkc,3 + dwopn K ApC2 + 20,02 + wicso 1" KDka) ( H (2¢2) ))
o 7=1 (58)
2na 200 9
< 2 ke —a(l— A
SToeaoayernel=A)
202 Kol k1
+da?? | 2 K Y (204xC + 20002+ 8DkCE) ([T 2CD) | <0
12 — L
Due ton <1and 1+ A > 1, we can get
(1-))?
<
o (59)

\/4wK+1 + L%/ + 32L3 + 16K Do + 4K S5 (204,07 + 201G} + 8DkCE) (TTI21 (209))
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And we enforce

212 212 41202
40”n? (/“fwK eroﬁ + W2 il K Dq

1-—A
K- 82172 k-1 o
+ Z <4wK/mKAkC’,f + 4W0/L77KA}CO]% + 2wkC’,% + WK 42 1.\ KDka) (]]:{(20?))) — Z (60)
k—1

=

2 L2 K—-1
< da2p? (Z%F +8aL} +4aK Dy + oK > (204,CF + 25,CF + 8D, CF ) (20%)) - <o.
k=1 i

Similarly, due to n < 1, we can get

< 1
(0% .
- _ _ 61
4\/2L§,/u2 +8L3 + 4K Dy + K $45" (20447 + 25,CF + 8D} (TT12H (202)) (61
In summary, by setting
wo = doyun
wr = aKwy, Vk € {1,2,“‘ ,K*].} s
«
WK = —,
o
200 .
WK+1 = WWKJFI )
wWirto =a(l =),
0 < - (62)

86315 0,02 (T (2€2))
(1=
\/ Adgcyr + 8L2 /2 + 32L% + 16K Dy + 4K K1 (20AkC,§ + 20,02 + 8ch,§> (Hﬁ;}@c;))
1

a <

a <
4\/ 2L% /2 + L3 + 4K Dy + K 45 (204407 + 254CF + 8Dy} ) (1121 (203))

)

where @, = 2 ((12Ak + 8Dp)p + 24, + 26 Z] k+1 (2014]46}2 + 8DjC’J2) (Hg_kﬂ(QC‘f))) and Wi 1 = L% +

8 (255 +8L% +4K Dy + K 3K (20Ak0,§ + 20,02 + 8ch,§) (Hf_}@c}))> , we can get

Ht+1 - 7'[t
K—-1 K—-1 K
< ——||VF< D7 + 88?1’y K Y Dyo} + dop nQKZBkak +16ap’Bn K Y Apd; + dapn’ K Biog
k=1 k=1 k=1 =
K-1 K-—1
+ 4o K Z Apd3 4 apn KZBk —|— 28°n°aK Z Q07
k=1 = k=1
K-1 K-1 7
+ 20820’ K > (204,63 + 20502 +80;¢2) (] 2¢B) |t -
k=1 Lj=k+1 i=k+1

(63)
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Then, it is easy to get

1 T-1
= S EIVF(@)|?
t=0

2(H0_HT) 2 3 = 2 202 3 = 3.2 X 2
< S 168% K > Dydj + 8nu KZBM +320° 80K > ASi + 8p*n® K Y Biop
n k=1 k=1 k=1 =

K-1 K-1 (64)
+88%K > ARd} + 2/u7KZBk +4nB2K Y ooy
k=1 k=1 k=1
K-1[ K-1 J
+ang?K Y0 | S (204,63 425563 + 8D,3) (] 2ch) |7
k=1 Lj=k+1 i=k+1
According to the initial value, we can get
1
N E[||Yo — Yol|7]
1 N N
2 K—-1 2
:NZ [”Unovig)”'vflo )U n,0 Z nfov(/)o"' Unio n’OH ]
n=1 r—1
N
1 - _ _
= & 2 Ellvherty oty Vol = VD @)V () - VIO ) VA )
n=1
+ VD (i) VP (ui) - Vfé’“)(Uiﬁ_”)vfém(ug%_”)
N
1 _
= 2 VI @)V D ) VAT (g )V (s )
n’'=1
1 N
1 (0 2) K—-1 K—2 K K—-1
5 2 VI @RV ET ) VAT g )V )
n’'=1
RS R NG T
_Nz Upr0Uns0 " n/O”]
V=1 (65)

N
1 2 K—1 K 0 1 _ K—-2 K—1
Z Efol 302 - ol D0l v O @)W @ ) - v £ E D @) v £ (WD) 1)

2

1
+355 2 BIIVAD () VAP (up) -+ VI D (w0 (y™)
n=1

N

Z WID ) Vi @l eI @l 1)
1 Nﬁ
1 2 1 K 1 K— 2 K K—-1
+35 D E| II*ZVf( VA () -+ VI D (g )V £ (g )
n=1 n’=1
1 N
1 2 K 1 K
N Z (')0”7(1')0 ( ) ( || ]
n’=1
K HK L2 k—1 k—1
§6K23k0k+12KZ 2862 IT ®c3),
k=1 Jj=i+1

where the last step holds due to the following inequality:
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N

Z VD@DV D @) - v ED W) O W)

Vf(”( OVED W) VD W v 0O @) 1)
El(V£0 i) ZV IRV @) VD @) A i)

Bl S v D) (VA2 (i) = VAP @) -+ VAE D ()W A0 @l )

n’l

+

2\
1M = Z‘H
||M2 HMZ M ”MZ

Zv @DV @) VAT @) (VA @) = ViSO @l 12

K 2\72
C )L;, _
<O+4KZ Z Mims gy 0 _ g

H 02 L2 k—1 k—1
<4KZ J 2862 II ¢ .
J=i+1
(66)
where the last step holds due to the following inequality:
1
k 1) (k=1
w 2 Bl mo ) —ay V7]
n=1
1N
k—2) ., p(k—1) k—1), (k-2
= 2 BP0 el NZ S| B
. v
k—1) - k—2 k—2
= 5 2 BIA D@l e — D e ) + £ () = 5 (g )
e (67)

_ k:2 k—1 k2 k—1) k2 k— (k—2
+f(k 1) ) Zf( ) ( Zf( ( o Zf( 1) ,0)7 )H]

n/l n’l n’l

k— k—
<8CP_, ZEW R 7 [ [N

k—1 k—1
<> 85 I 8¢3) .
i=1 j=i+1

Moreover, we can get

E[l|uly — £ (w2 = B[ £ @l €)= £8P < 62 (68)

n7
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and
1 & 1 & 2
el ¥ 2 o=y ZVF"(%’O)H ]

2
1) (2 K—1) (K 0 1 _ K—2 K—1
<2E[HNZ 1(12)'023) : 20 ) 510) zvf 1) ())Vf 2)( ()) fo,,K 1)(ufw ))VfﬁbK)(ufw ))H ]

+
[\
_H
2TH
Mz

VD () VI () - VD (i) VIO ()

N
1 _ _ B 2
— % Y VI @) VP ED @) -+ T EED (0,0 VSO FED )| ]
n=1
K o2 K N Kl
(k-1
<KD" B ZE 422 3 S AGE(|ull) — 0l )
"N TN
k=1 n=1 k=1
K 0_2 K—-1
<2K Y B ]\’;+2K Apb?
k=1 k=1 ( )
69
as well as E[Hmno VE,(zno H } <2sz lBkak—l-QKZ Ak52 Then, we can get
1 N 1 N K- ( )
_ 1 £ (ko
Ho = Fla) +on 3B [0~ Euan)|[ ] + N;; Bflufh — £ (uliy ™)I1)
1
+wKE[Hfzmno ZVF eno)|[ ]+ wicar Bl — Koll3] + w2 EllYo — Foll2
n=1
K K—1 K-1 <7O)
< F(zg) + 8aunK ZBkO']% + Z Apd?) + aK Z OR0%
= k=1 k=1
K K—1 2 2 k—1 k—1
20K 2 C2)L?
222 ZBkJ—Nk Y4 kék)+6aK(ZBkak+2Z(Hf ! 2862 I1 805)).
H k=1 k=1 k=1 Jj=i+1
Finally, we can get
1 T—1
TZ E[|VF(z)]]
t=0
K K—1 K—-1
2(F(xo) — F(xx))  16uK o o 2K o
< + Byoj, + Apdi) + W0
K K-1 K K K 2 k—1 k—1
4K o2 12K (L= CHLE
+ = (B ZAka,i)Jr—(ZBka,%JrzZ 2852 I1 80?))
unT k=1 N k=1 77T k=1 k=2 Jj=i+1
71)
K-1 K—1 (
+168°u*n° K Y Dyop +8nu2KZBkak+32M BPPK > ARS} +8u3n2KZBkak
k=1 k=1 k=1 k=1
K—-1 K-1
+83%n°K Z Ayo7 +2unKZBk— +4nB*K Z Q07
k=1 k=1
-1 K-1 J
+anBK Z > (204563 + 20,02 +80;¢2) ([T 2cB)) |7 .
k=1 Lj=k+1 i=k+1
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A.3 Proof of Theorem 2

Lemma 13. Given Assumptions 2-4, we can get

K-1

+ t k 1 k 1
Elllgss — 95 -11%] < KDoE[||2ns — wne1||?] + 2K > DRCZE[|ul7 ) — ull7 V|12

k=1
Ko Ko (72)
+26%0 K > DyE[lul)_ — FP @D + 2820 K > D
k=1 k=1
where Dk:mczﬂ.
k+1
Proof.
E[lgS, — g5, 1||2]
= E[|VF) (u m,g > £ (u m,g ) VD T eIV RO @D )y
VD@ eV D W) el v 1< D eI D )17
SK]E[HV n ( SLO%v nt)vfn ( 5Llr)€7 T(Lt) van 1)( (K 2)7 ﬁf,{ 1))vf ( (K 1)5 nt))
VIO @) eV D @l ‘”) VFED (4 £fi 2’,5“ NV 1 (u ;K RIS
+K1E[||Vf(”( e >Vf<2>< DRl v ED @2 DY £ (o <K 1,5<K>>
~ VD ) 15 VIO @ el v ED Wl <K TSR\ A el (T <K e 2
+ KE[|VO ) NV P ;€2 - v D @l e v O Wl D))
~ VIO @ eMDVEP @) 5el)) VD Efi e VIO @S EE 73
(1<, )13 Pl peYerls
< KBl — b |+ K= —Eluny — o]
1
(I, e
o KBl — )

K-1

= KDoE[|zn: — zns-1?] + K > DeE[ulf) —ulf)_, [

k=1
K-1

< KDoE[[|Zn,t — ne-1]1%] +2K2ch,§1g[||u<k PGl

k=1
K-1

K—-1
+28%0 K> DyE[[ul) ) — fP @l TDIP) + 26820 K Y Did}

k=1

where D;, = o7,

holds due to Lemma 15.

Lemma 14. For ke {1, --

(I G Lk

k=1

, the third to last step holds due to Assumption 3 and Assumption 2, the last step

O
, K — 1}, given Assumptions 2-4, we can get
k k _ . _
CRIED | I1 Ci)llushy = £ ) (74)

j=1 i=j+

This lemma is the same as Lemma 1.
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Lemma 15. For k € {2,--- , K}, given Assumptions 2-4, we can get

Efful ) — o012 < 202 El|ul 2 — o212 + 2820 Bl lul ) — £ @)% + 2820467y
(75)
and

_ k—1 —
Elllulfy Y - ul 1) (H 209) s}y — ully] +26%" Y ( il (269) )}, = 19w DI

Jj=1 i=j+1
k=1 k-1
+252n42( I1 202)
j=1 i=j+1
(76)
This lemma can be proved by following Lemma 2 through replacing 1 with n?.
Lemma 16. Given Assumptions 2-4, we can get
—an“ VP () - VA T VO )
—Vfé”(zn,thé”(Fé”( ) VDD (0, ) VIO (EFD (20,0)) 17 (77)
N Kl " (k Do
< 3 2 3 Al - 10
n=1 k=1
2
K-1 (LTI, Ci 114
where Ay, = (Zj_k (% §:k+1 Cz)) .
This lemma is the same as Lemma 3
Lemma 17. Given Assumptions 2-4, we can get
E[|[ V0 @) VP Wil ) VD (D v O WD)
3 2
— VI @DV @) - AED v )|
K—1 8
< KDyl — wnea]? +2K 3 DOl — ul )2 (78)
k=1
K-1 K—1
k k—
+ 28 K Y Dllult) s — fP i DI + 280 K Y Dyt
k=1 k=1
where Dy, %M
k+1

This lemma can be proved by following Lemma 4 through replacing 1 with n?.

Lemma 18. Given Assumptions 2-4, we can get

[HN ) (6= VIO GV AR () VA ) VA ) \H<KZBk§’$7 (79)

HK C2

71J

where By, =

This lemma is the same as Lemma 5.

Lemma 19. Given Assumptions 2-4, we can get

|

K
2
gt = VIO @IDVAD @) - V@)V @l ] < kY Biot . (80)
k=1
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HK CQ

]1]

where By, =

This lemma is the same as Lemma 6.

Lemma 20. For ke {l,---,K — 1}, given Assumptions 2-4, we can get

k— k k— k— k—
Ellul) — f® @2 < (1 - BnPE[ul)_y — £ @D+ 202E a7 — ol V) + 2620162 . (81)

)

This lemma can be proved by following Lemma 7 through replacing 1 with 72

Lemma 21. Given Assumptions 1-4, we can get

1— A2 - 2na’?
ENX: = Xl + 15

E[| X1 — Xep 7] < (1 —1n E[|Y; — Yi||%] - (82)

This lemma is the same as Lemma 9.

Lemma 22. Given Assumptions 2-4 and un® € (0,1), we can get

2
[”mt B 7va(1 (o) NV O (u (1))...VfT(LKfl)(ug‘;—Q))vfr(LK)(ugﬁ—l))H ]
< (1= p |- ﬁ—ZVf“ ()Y IP @_) + VAED wD) A 0 lD) |
(83)

1 N N K-
+2KDo~—5 > Elllzns — zne1]?] ZZ ul ) =l V)
n=1 k=1

N K
- 52 o?
AP K g 30 DiE(luyy s — P (DI + 4870 K Z D+ 200 K Y B
k=1
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Proof.

N
1 _ _ _ 2
E[[lme — 5 30 VA @)V A @l - VO @il ) |

n=1
N
1 _ _ _
—E[|+ > (1= ) maes — VD @) DVED @) ) - VD D) v O D))

(Vf‘”( W) VB W) VR @)V R WD)
—m”(@?i)m?%ﬁb VFED WY @Y < g1+ ga)

+/u'772(gnt71_vf(1)(u(0)7 )Vf(2( 511%7 )Vf(Kfl)( K 2) )Vf K) (K 1) )H ]

<LWUWNNme1-*Z u?lv#mgﬁ~kunm2nmmuK1m

Z

N
1 _ _ _
+2E[[| = 3 (VA @)V (i) - VAE D @D O Wil )

= VI VIR ) - VA il VO @) = g + g

i

(gn’t_l_va(Ll)(ug),%_l)vféz)(uglli_l),..ny(lK—l)( <K 2)) FUO( ffi 1) )H }

)

N

2B |
+ 2% N;

N N
1 1 _ _
< = PE [ S s = 5 S0 VAV ) - VA D) W) ]
n=1 n=1
1 N
25 25|
N

+ 2 [H%Z(gnt L= VI VIR W) E D D) WD) |

2
9n,;t — gn,tqH }

2
< (1= )| 1—fzw ) DV I Wil o) VD @) e O @S|

)

| X | N K-
k 1 k 1
+2K Do O Elllens — @ng-1 | + 4K FZZ CRE[ul, ) — uls V112
n=1 1=1 k=1
| N K-l 52 o2
(k
FAE K 30 S DRl — 1l 7+ a8 4K2Dk sty m%
n=1 k=1 k=1
(84)
O
Lemma 23. Given Assumptions 2-4 and un?* € (0,1), we can get
2
E||ma; = VIO @D VID @) - D ) VO @l )| ]
_ K— K-1)4|?
< (1= P [ masos = VED @) )V ED @l) ) - VD@ STV )| ]
K—1 (85)
+ 2K DoE[||ns — 21 |?] + 4K > DRCRE[ut, Y —uly V)7
k=1

K-1

K—-1
482 K > DRE[[ul) ) — £ @I + 4820 K Y Dy + 2u2n4KZBkok :
k=1 k=1 k=1
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This lemma is easy to prove by following Lemma 22.

Lemma 24. Given Assumptions 1-4, we can get

El[Yi41 - fﬁﬂH%]

N
0 1 _ K-2 K-—1
< AE[Y; - Yi|2] + Z s — VD @DV ED @) -V ED @2 w O W2
N N K-
QKDO k 1) (k—1 (86)
Y D Bz 41 — @ ell’] Z ZDka ul Y =l |
n=1 n=1 k=1
4621741{ S, () _ 700 (6 45 n4KN 4KN
TE3TY DiEllf) - 10l IR + ZDkék SRS
n=1 k=1
Proof.
N N
E[| Meer = M3 =D Ellmn s — mael?l = 3 EIIQ = p10?) (e — 655) + 055101 — mne?]
n=1 n=1
N

=" Ellgiity — gitt — P (me — VED @)V P (@) - VEED @SV W)

)

(VO @DV D @) - v ED @2 O WD) — 6512

) )

Elllg5 s — 9ot — unP (g, — VD (u ?>Vfé2><u211>-~-VféK-l>< BN @))%

)

M= <

n=1

N
+ 2t S ENVED @DV B @) - EED @) r O WD) gl

n=1

N
t t — K— K—
<23 Ellgiit — o5 IR + 2u n‘*ZEnmm—w“( OV D W) - VD WD) £ @l )12
n=1

n=1

N
+ 2 SB[V @D VED ) - VEED @) VO W) — giit |

n=1
N
K 2
<220 Y Ellmn e — VD @)V D @) - VD @V O @)
n=1
N K-
k) 1 k 1
+2KDOZE||3:M+1 )] + 4K ZZ Eflul " —ul 7]
n— 1 : :
K— K—1
+4/32n4KZ Z DyE[|[ulf) — £ (ulF; D)%) + 452 4KNZDk5k+u2n4KNZBm.
n=1 k=1 k=1 k=1
(87)
Then, we can get
E[|Yit1 = Yo [F] < AB[V: = VilF] + =Bl Mesr = M%)
2 _ _
< AR[|Y; — Vi|[2] + “ m ZE s — VIO @DV D @) -V ED @2 w 8O W2
(88)

N
2K D
+ 1_; Z::E[Hxn,tﬂ

n

N K-

k—1 k: 1
ZZDkCiE b — w017
n=1 k=1

1
N K-1

482 K _ 42 KN R 2 KN &
T 17/\ Z Z Dk]E[”u(k) f(k)(ufft DIREs 177_7/\ Z D0 + % ZB]CO'% .
n=1 k=1 k=1 k=1
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O
Based on these lemmas, we begin to prove Theorem 2.
Proof. At first, we can get
_ _ _ _ _ LF — _ 12
F(Z441) < F(Zy) + (VF(Z0), B41 — 30) + 7||th+1 — ¢
a a a’n?L an ., _
= F(#) = FNVF@)|? = (5 = =575 m]* + e — V@)
« « «
< F(e) — FIVE@)I? = “laull® + 5 lme - V@)
an an Y
< F(x) - 7||VF(9’%)H2 - IHW’%H2 + am||lme — Z Fo(@n)|? + anllf ZVF o) — VE(z,)|°
arn ];
< F(z) - ?HVF(@)HQ Hmt||2+on7||mt—fz w( @) + anlE NZHxn,t—thz
« « 1 _
< F(z) = IVE@)IP = S ul? + anli+ 5" s - @l
=1
1 N
_ 1 — K 2 K 1)
+20mllme — 5= > VI @)V () - VIS ) VO 7))
n=1
N
1 _
+2an5 3 IVAD @DV ED () - VA ) VIO ) = () P
a;y an 1 &
< F(z) - EHVF(@)\P = el + anLi g 3 e ol
N
+ 2an|m, — Vf“ (VI (gl ) - VI (™) VIO )P
K en W) 0 ) 2
+2Oﬂ]ﬁ Z Z fn (un,t )” )

- (89)
where the fourth step follows from n < 57— L , the last step follows from Lemma 16. Similarly, we define a novel
potential function below:

H — E[F(% 1 Ay (k) (k) (k—1)

i1 =BF@ )+ o > > wB[ul) — 1Pl )]
n=1 k=1
1 N
_ 0 1 K 2 K-1
kB[ e = 5 3 VI @ ) VED W) - VAE D @DV D) H |
n=1 (90)
1 N
K 2
w2 Bllmn e = VD (@ )V (gl 1) - VD D)V A0 ()P

n=1

+WK+2* (1 Xer1 — Xt+1|\F]+wK+3* (IYes1 — Vel 7] -
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Then, we can get

Hir1r — He
a - 424KK—1 24KK 1 N K-1
< -FE|VF@)I) - T”E[umtuﬂ +w1<+3% Z_j Dy + wrca ;sz +26%" 5 g > wi b
K—1
+4wKﬁ K Z Dk +2wKu n KZBkN -|-4OJK+1,B n K Z Dk(;k +2wK+1,u n KZBka
k=1 k=1

+(2w7—mi2w1<) [Hmt—*zvfﬁ) 5101 VD (4 ) "foLK’”(uﬁﬁ_Q)) ¥ £ (4, (K 1))“

N 2.4
1 1 48%n' K
+N;k21 (4wKﬂ27]4KDkN + 4w 18 K Dy + 20mK Ay + wicra— D = Brwn ) Ellluif) - 10 @l )P
202t 2 1 & 0 2 1 K- K 2) K K 1
+ (+wnra T — wml)NZE[Hmn,z—Vfﬁb”(ui,l)wﬁ’(u;,b VA @) O W)
1—\° 1 -
+ (anit —n S wce ) I — Kall3]+ (wrro s — (U= Nwicrs) EIIY: - Vil
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where the last step holds due to Lemma 15. It ca be reformulated as below:
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Then, according to Lemma 10, we can get
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Then, we enforce
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Due to 8n? < 1,7 < 1, we can set
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In summary, by setting
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In the following, we bound Hy. Specifically, we have
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