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Abstract

We develop generalization error bounds for
stochastic gradient descent (SGD) with la-
bel noise in non-convex settings under uni-
form dissipativity and smoothness condi-
tions. Under a suitable choice of semimet-
ric, we establish a contraction in Wasser-
stein distance of the label noise stochas-
tic gradient flow that depends polynomi-
ally on the parameter dimension d. Using
the framework of algorithmic stability, we
derive time-independent generalisation error
bounds for the discretized algorithm with
a constant learning rate. The error bound
we achieve scales polynomially with d and
with the rate of n=2/3, where n is the sam-
ple size. This rate is better than the best-
known rate of n~/2 established for stochas-
tic gradient Langevin dynamics (SGLD)—
which employs parameter-independent Gaus-
sian noise—under similar conditions. Our
analysis offers quantitative insights into the
effect of label noise.

1 INTRODUCTION

One of the central objectives in statistical learning
theory is to establish generalization error bounds for
learning algorithms to assess the difference between
the population risk of learned parameters and their
empirical risk on training data. Ever since Bousquet
and Elisseeff [2002] unveiled a fundamental connection
between generalization error and algorithmic stabil-
ity, which gauge a learning algorithm’s sensitivity to
perturbations in training data, numerous studies have
used the framework of uniform stability to investigate
generalization properties in gradient-based methods,
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encompassing both convex and non-convex settings,
e.g. Hardt et al. [2016]; London [2017]; Mou et al.
[2018]; Li et al. [2019a]; Feldman and Vondrak [2019];
Bassily et al. [2020]; Lei and Ying [2020]; Farnia and
Ozdaglar [2021]; Farghly and Rebeschini [2021]; Lei
et al. [2021]; Kozachkov et al. [2022]; Zhu et al. [2023].

A line of research has focused on understanding the
generalization properties resulting from the incorpo-
ration of artificial noise into stochastic gradient de-
scent (SGD) methods, as initiated by Keskar et al.
[2016] [Pensia et al., 2018; Chaudhari and Soatto,
2018; Mou et al., 2018; Negrea et al., 2019; Amir
et al., 2021; Wu et al., 2022]. Initial studies exam-
ined parameter-independent isotropic Gaussian noise,
as used in stochastic gradient Langevin dynamics
(SGLD) [Welling and Teh, 2011; Hardt et al., 2016;
Xu and Raginsky, 2017; Raginsky et al., 2017; Mou
et al., 2018; Negrea et al., 2019; Zhang et al., 2019;
Li et al., 2019a; Chau et al., 2021; Farghly and Rebes-
chini, 2021; Zhu et al., 2023]. There is a growing inter-
est in investigating the structural capabilities induced
by parameter-dependent noise [Goyal et al., 2017; Shal-
lue et al., 2018; Blanc et al., 2020; Damian et al., 2021;
Li et al., 2022], where true labels at each iteration are
replaced with noisy labels.

However, generalization error bounds for label noise
SGD have not received the same attention as their
noise-independent counterparts. Most results in la-
bel noise SGD have mainly offered local, asymptotic,
and phenomenological insights, without focusing on
generalization. Examples include unveiling local im-
plicit bias phenomena by investigating the stability of
global minimizers [Blanc et al., 2020], providing ex-
tensions to global implicit bias for sparsity in quadrat-
ically parametrised linear regression models [HaoChen
et al.,, 2021; Damian et al., 2021], and establishing
limiting processes with infinitesimal learning rate for
analysing the dynamic of label noise SGD [Li et al.,
2022; Pillaud-Vivien et al., 2022].
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1.1 Contributions

In this paper, we develop generalization error bounds
for label noise in SGD within non-convex settings
and offer a direct comparison with SGLD to empha-
size the impact of label noise on generalization. Our
analysis employs uniform dissipativity and smooth-
ness assumptions, which are commonly considered in
the literature on non-convex sampling and optimiza-
tion [Eberle, 2016; Raginsky et al., 2017; Xu and Ra-
ginsky, 2017; Erdogdu et al., 2018; Zhang et al., 2019;
Chau et al., 2021; Farghly and Rebeschini, 2021].

Under our assumptions, we establish an exponential
Wasserstein contraction property for label noise SGD
exhibiting a polynomial dependence on the parameter
dimension d. This contraction property drives the con-
vergence of our generalization error bounds, which also
have polynomial dependence on the dimension. Specif-
ically, leveraging a uniform dissipativity assumption,
we employ the 2-Wasserstein contraction theorem pre-
sented in Wang [2016] to establish the exponential con-
traction of the Wasserstein distance. This analysis is
tailored to a particular semimetric we use for the pur-
pose of analyzing uniform stability. To carry out this
analysis, we use the continuous counterpart of the al-
gorithm, known as the stochastic gradient flow (SGF).
This involves the utilization of 1td calculus and linear
algebra techniques to handle the parameter-dependent
rectangular matrix noise term.

By leveraging algorithmic stability, we employ our con-
traction result to establish time-independent general-
ization error bounds for label noise SGD. Our bounds
approach zero as the sample size n increases at the
rate of O(n~2/3), achieved by scaling the learning rate
as O(n~2/3). This rate is faster than the best-known
rate of O(n~'/2) established for SGLD (i.e. SGD with
parameter-independent Gaussian noise) under similar
assumptions [Farghly and Rebeschini, 2021], as de-
tailed in the direct comparison in Section 5. The
faster decay rate can be established due to the higher
dependence of label noise SGD on the learning rate
1, as shown in Table 1. This dependence is readily
discernible through the presence of the multiplicative
factor /7 in the diffusion part of SGF (4), in con-
trast to the parameter-independent noise flow dynam-
ics of SGLD (12), where the term /7 is absent. This
dependence has implications for the synchronous-type
coupling technique we use to estimate the discretiza-
tion error. It allows for a more favorable choice of the
learning rate—O(n~2/3) instead of O(n~'/2) as seen in
SGLD—resulting in a faster generalization error rate.

The bounds we derive for label noise SGD exhibit a
reduced dependency on the parameter dimension d, in
contrast to previous bounds for SGLD [Farghly and

Rebeschini, 2021]. This reduction stems from two fac-
tors, as elaborated in Section 5. Firstly, the noise term
in SGF is dimension-independent, with the Wiener
process in (4) being k-dimensional, where k denotes
the minibatch size. In contrast, the Wiener process in
the SGLD flow (12) is d-dimensional. Secondly, the
contraction result we establish under uniform dissipa-
tivity has a polynomial dependence on d. In contrast,
prior results used a weaker form of dissipativity and
only established exponential-dependence on d.!

Section 2 introduces the framework of algorithmic sta-
bility and the assumptions we work with. Section 3
presents our contraction result and generalization er-
ror bounds for label noise SGD. Section 4 illustrates
the proof schemes with supporting lemmas. Section 5
offers a comparison with prior work on generalization
bounds for SGLD [Farghly and Rebeschini, 2021]. Sec-
tion 6 is the conclusion. Proofs are in the Appendices.

2 SETUP AND PRELIMINARIES

To formalize the learning task, we consider an input-
output space Z = X x ), where X C RP represents the
feature space and ) C R represents the label space.
The parameter space Q@ C R? contains possible pa-
rameters of a data-generating distribution. We have
a training dataset S that consists of n sample pairs
21y---52n € Z, where each pair z; = (x;,y;) is drawn
independently from a fixed probability distribution P.

The goal is to learn a non-convex model function f
belonging to the family F, where 6 € () serves as the
parameter. Thus, f(6, ;) corresponds to the predicted
output for a given input z; and parameter 6.

Define our loss function £ : Q x Z — R of model f :
Q0 x X — Y as the squared loss:

00, 2;) == %(f(aaxi) —u:)°.

We aim to find a parameter 6 € {2 that minimizes the
population risk Lp which is defined by:

Lp(0) :=E._p[0(6, 2)].

In settings where the data distribution P is unknown,
calculating the population risk is often infeasible.
Hence, we shift our focus to the empirical risk Lg(6):

1 n
Ls(0) i= = > 0,2). (1)
1=1
!The stronger dissipativity assumption we use does not
impact the influence of label noise on the relationship with
the learning rate n—our choice of 1 does not depend on
d—or the rates we establish as a function of n.
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The squared loss is convex with respect to the model
output, but the non-convexity of f makes the loss func-
tion non-convex with respect to the model parameters.

2.1 Generalization Error Bound via Uniform
Stability

For an algorithm A trained by dataset .S, we define the
generalization error to be the difference between the
empirical risk and the population risk:

gen(A) := Lp(A(S)) — Ls(A(S)).

We bound the generalization error in expectation using
the notion of uniform stability.

Definition 1 (Uniform stability [Hardt et al., 2016,
Definition 2.1]). A randomized algorithm A is e-
uniformly stable if

estap(A) = sup sup B [z(A(S), 2)—U(A(S), 2)] <e.

The first supremum is over pairs of datasets S =~ §,
where S, S € Z™ differ by a single element indepen-
dently drawn from the same data distribution.

The idea of bounding generalization error by uniform
stability was proposed by Bousquet and Elisseeff [2002]
and was further expanded by Elisseeff et al. [2005] to
include random algorithms, with multiple further ex-
tensions in the literature. In this paper, we consider
the notion of stability introduced in Hardt et al. [2016].
Theorem 1 (Generalization error in expecta-
tion [Hardt et al., 2016, Theorem 2.2]). Let A be an
e-uniformly stable algorithm. Then,

|Ea,s[gen(4)]| <e.

2.2 Label Noise Stochastic Gradient Descent

Denote mini-batch average Lg(6, B) as the average of
the instance losses {£(6, z;)} over a uniformly sampled
mini-batch B C [n] of size k < n:

Ls(0.5):= g 3 €00.2) = 5 S 0.) =) ()
i€B i€B

We minimise the training loss in (2) with label noise
SGD. Namely, during each gradient step t > 0,
we explicitly introduce Gaussian random noise & ~
N(0,61,) to the label vector y = (y1,...,yn) € R™
Define S = (z1,...,2n), where z; = (x;,9:) = (zi,y; +
(&);). The update rule of the algorithm started from
0y with initial distribution pg corresponds to:

Orp1 =10 — 77VL§(9,5, Biy1)
= Gt — T]VLS(Q,g,Bt_;'_l)

+ g(Vf(9t7XBt+1))T(€t)Bt+17 00 ~ Ko, (3)

where 7 > 0 is the learning rate, (B;){2, is an i.i.d. se-
quence of uniformly sampled batches of size k, Xp, |, €
R**P is a submatrix of X := [z{,...,z}]T with only
rows of mini-batch B4 and (&)p,,, € R¥ is also a
subvector of &, corresponding to the mini-batch By 1.
The matrix Vf(0, Xp,,,) € R**? consists of model

gradients, where (V£(0, Xp,,,)): := Vof(0,2;) € R%.

In this paper, when the context is clear, we may use
V1 or V£(0) instead of V£(6, X). Unless specified, V
denotes the gradient with respect to the parameter 6.

2.2.1 Label Noise Stochastic Gradient Flow

To understand the label noise SGD dynamics on the
non-convex objective in (2), we use a continuous-time
model known as the stochastic gradient flow (SGF).
Recent studies have also explored (stochastic) diffusion
processes to represent and analyze the dynamics in
discrete sequential processes [Li et al., 2019b; Farghly
and Rebeschini, 2021; Pillaud-Vivien et al., 2022].

The update rule (3) corresponds to the FEuler-
Maruyama discretization of the stochastic differential
equation (SDE):

dO, = — VLs(©y, Brey)dt

Von
By

.
+ <Vf(@t,XBm )) AW, (4)

where W, is a k-dimensional standard Wiener process,
O; € R4, VLg(0;) € RY, and d,7,n € R.

The same SDE can be derived for any label noise with
zero mean and 01 covariance through the construction
detailed in Appendix 7.1. Under smoothness assump-
tions on the loss function, these SDEs are considered to
have strong solutions [@ksendal, 2003, Theorem 3.1].

As 6, in the update rule (3) is a Markov process, we
define its Markov kernel as Ry. We will also use the
notation pRj to represent the law of 6., given that
0; follows the distribution u. The process ©; in the
SDE (4) may not necessarily be a continuous-time
Markov process due to its dependence on Bji. How-
ever, the discrete-time process (Oy,){2, satisfies the
Markov property, and we denote its kernel as Rg. We
use the notation uPP to denote the law of ), the so-
lution to the SDE with a deterministic batch B C [n].
Hence, uRe is obtained by integrating qu over B
with respect to the mini-batch distribution. We use
0;,0¢, Rg, Ro and PP to denote the corresponding
counterparts of 0;,0;, Ry, Ro and PP when trained
with a perturbed dataset S instead of S , where S and
S differ in a single element as specified in Definition 1.
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2.3 Wasserstein Distance

Algorithmic stability is often measured in terms of p-
Wasserstein distance [Raginsky et al., 2017; Farghly
and Rebeschini, 2021], defined as

1/p
[l =i stasan)

where ||| is the Euclidean norm and C(u,v) is the
set of all couplings of p and v, that is, the set of all
probability measure with marginals p and v.

WP(Ma V) = ( EICn£

The conventional approach for bounding uniform sta-
bility relies on the Lipschitz continuity of the loss func-
tion [Raginsky et al., 2017; Farghly and Rebeschini,
2021]. Without this continuity, the 2-Wasserstein dis-
tance metric becomes insufficient for bounding uni-
form stability. Following the approach in Farghly and
Rebeschini [2021], we introduce the semimetric?

po(@,y) = glllz = ylly) (1 + 2 + ¢ all5 + < lyll3). (5)

where ¢ < 1, g : RTU{0} — RTU{0} is concave,
bounded, and non-decreasing. We consider the pg4-
Wasserstein distance based on the semimetric pg:

ng (:u‘7 V) = Weicr(l}f; V)

[ etz dy. ©

2.4 Assumptions

Our analysis relies on four assumptions we now in-
troduce. The first assumption concerns dissipativity,
which is commonly (c.f. introduction) imposed to en-
sure that the diffusion process converges towards the
origin rather than diverging when it is far from it, as
noted by Erdogdu et al. [2018].

Definition 2. A stochastic process dfy = b(0:)dt +
G(0:)dW; is a-uniformly dissipative forp € [1,00) and
a>0,ifve,0 c R?

2(b(0) — b(¢'),0 — 0') + |G(0) — (9|3
+(p—2)GO) - GO2, < —allo—0]5. (7

Assumption 1 (A1l). The diffusion process (4) is a-
uniformly dissipative for p = 2.

The remaining three assumptions specify conditions
for the loss function ¢, the model function f, and the
initial parameter condition pg. In particular, we im-
pose A3 to ensure the boundedness of our noise term.

2A semimetric is a function defined on R? x R? that is
symmetric and non-negative with py(z,y) > 0 for = # y
but is not necessarily satisfying the triangle inequality.

Assumption 2 (A2). Foreachz € Z, {(-, z) is differ-

entiable and M -smooth, where M < a/2: V01,05 € R?

and Vz € Z,
[VE(Or, ) — VE(02,2)[| < M [|61 — 62]|.

Assumption 3 (A3). For each z € Z, {(-,
Lipschitz: V01,60, € R* and Yz € X,

£ (61, 2) —

Assumption 4 (A4). The initial condition pg of 6y
has finite fourth moment oy.

z) is Ly-

f(O2, )] < Ly |01 — 0o .

To simplify the direct application of existing lemmas
on dissipativity properties, we employ the notation:
m:=a/4and b:= (1+ 4/(04.2 — 4M?)) nmaxéﬂff/(zk:).
Here, 7max denotes the maximum allowable learning
rate as defined in Theorem 3.

3 MAIN RESULTS

3.1 The Wasserstein Contraction Property

Following the approach pursued by Farghly and Rebes-
chini [2021] (c.f. Lemma 4.3 in there), we aim to
ensure uniform stability by establishing the contrac-
tion in the p,-Wasserstein distance. Prior studies,
e.g. [Eberle, 2016; Farghly and Rebeschini, 2021}, have
used reflection couplings to establish this contraction
under conditions close to uniform dissipativity (A1).
However, these studies considered diffusions charac-
terized by constant (i.e. parameter-independent) noise
terms. In our work, we adapt a more general 2-
Wasserstein contraction result from Wang [2016] to the
pg-semimetric, thereby establishing exponential pg4-
Wasserstein contraction property for label noise SGD,
even with parameter-dependent noise terms.

Theorem 2 (Wasserstein contraction). Suppose A1
and A2 hold. Then there exists a function g such that
foranyt >0 and 1 <r < a we have

ng (:uPtBa VPtB) < Cleiathg (u’a V)v
where
1 1/2 ~ 1/2 4b
) = ——— 1—|—£{2—|—20 +282)Y2% + =
1 soacr<a>< @R

2(577max 2
2
+ A (d+ )Ef }) ,

with a > 1 and (a—1)/a? < (,(a) < 1/a defined in the
proof in Appendix 8.2.3. Also, g is constant on [R, c0)
and or < g(r) <r for some R, € RT.

Remark 1 (Bound on the contraction coefficient).
We can bound Cy as C1 < e*" by appropriately select-
ing a = alo,n,@,s) and e = €(6,d,m,b,n,ls,04,k,s).
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The exponential dependence of C1 on m can be re-
stricted by the constraint 1 < Nmax. All other con-
stants and parameters involved exhibit only polynomial
dependencies. Detailed expressions for the parameters
v,a,&, and s are available in Appendiz 8.3.4.

The parameters ¢, a, (-(a), €, and &(2) in Theorem 2 do
not depend on sample size. The parameters ¢, a, (,-(a),
and é(2) are independent of dimensionality, with the
exception of £, which we have defined to exhibit a poly-
nomial dependence on the dimension d. As a result,
our final generalization error bound in Section 3.2 pre-
serves its polynomial dependence on dimension.

Remark 2 (Dimension dependence). The primary
factor enabling to achieve polynomial dependence on
the dimension d is the use of the uniform dissipativity
condition A1 and the contraction result from Wang
[2016], rather than the presence of label noise itself.

3.2 Generalization Error Bounds

We now derive an upper bound on the expected gener-
alization error |E4 s[gen(A)]| for a randomly selected
dataset S and a randomized algorithm A which be-
longs to the class of iterative algorithms described in
Section 2.2. The explicit expressions for all parameters
can be found in the proof provided in Appendix 8.3.3.

Theorem 3 (Generalisation error bounds). Suppose
Al, A2 A3, and A4 hold and 1 < Npax := min{%,
sipzy- Then, for any t € N, the continuous-time algo-
rithm attains the generalization error bound

in d g, 1 2/0)
|Egen(9nt)| < C2 nmin {7712 (n . k‘) }

The discrete-time algorithm attains the bound

|Egen(6;)| < C3 min {nt, W}

1 n 1/2 1/2

1{n 1/2 | 1.1/2 k 7

The positive parameters Co = Ca(0,d,m,b, M, ly, 04,
o, R,e) and Cs = C3(8,d,m,b, M, Ly,04,¢,R,c) are
given in (18) and (21) in Appendiz 8.3.5.

Remark 3 (Sample size dependence). Choosing n =
O(nfz/s) achieves the fastest decaying generalization
error bound of O(n=2/3) as derived in Appendiz 7.6.

Remark 4 (Dimension dependence). Our parameters
Cs and Cs exhibit polynomial dependencies on parame-
ter dimension d, as well as on 6,m,b, M, ly, 04,0, R, €.
The generalization error bounds for both the continu-
ous and the discrete-time algorithm increase at a rate

of d°/? as detailed in Table 1. Our bound remains in-
dependent of the feature dimension p since the feature
vectors only affect our algorithm through the model
function f, which has an output dimension of 1.

Remark 5 (Time independence). Following prior
works, we adopt the term “time-independent” bounds
to denote bounds that remain constant as a function of
time t fort large enough. See Lemma 7 for a reference.

4 Proof Schemes

4.1 Proof for Wasserstein Contraction

The py-Wasserstein contraction analysis in Theorem 2
builds upon the 2-Wasserstein contraction result in
Wang [2016] under uniform dissipativity. We can draw
from Theorem 2.5 in Wang [2016] that if A1 and A3
are satisfied, then for any ¢ > 0, the following contrac-
tion property holds:

Wa(uPP, vPP) < e Walu,v).  (10)

Transition from 2-Wasserstein contraction to pg-
Wasserstein contraction is achieved by leveraging
the properties of the semimetric p,; as elaborated
in Farghly and Rebeschini [2021] and the Reverse
Jensen’s Inequality in Wunder et al. [2021].

Refer to Lemma D.3 in Farghly and Rebeschini [2021]
for the following inequality, which holds for any two
probability measures p and v on R%:

Wp, (1, v) < Wz(uﬂ/)(1+2€+€u(ll-ll4)i‘+€l/(|-||4)(51)1~)

To utilize inequality (11), we derive the moment bound
(Lemma 1) and moment estimate bound (Lemma 2)
tailored for label noise SGD. These derivations require
adjustments using It6 calculus tools to accommodate
the parameter-dependent nature of label noise SGD
and the non-square matrix form of the noise term.

Lemma 1 (Moment bound). Suppose A1 and A3
hold and yu is a probability measure on R:. Then, for
any B C [n], we have

2b  on »/2
B(11.117) < y(]l-1IP < on Y
WPEAHP) < uHP) + |24 o+ d =263

Combining the results in (10) and (11) with the mo-
ment bound in Lemma 1, we obtain the following in-
equality, which holds under the assumptions A1 and
A3:

W,, (PP, vBB) < Wiy, v) (1+e{2+u<||-||2>%

9

L 4b 28
+(|l%) % +m+km(d+2)z§}>.
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Our analysis focuses on the contraction of pg4-
Wasserstein distance between the distributions p =
poRY and v = poRY, which represent the laws of our
processes when initiated from the same distribution
1o and trained with datasets that differ in a single el-
ement. We establish the following moment estimate
bound by further utilizing the smoothness (A2) and
finite fourth moment (A4) assumptions.

Lemma 2 (Moment estimate bound). Suppose A1,

A2 A3, and A4 hold. Then

uBy(|I-*F) < ulll-1*7) + é(p),

where 7 < Mmax ‘= min{%7 2%2} and

&(p) = Mmax{ (3b)" (max +2/m)P~
+ p(2p — 1)803 (Thmax + 2/m)P~ (30)7
+{p(2p — Dy Hioren Y.

nmax

As a consequence of Lemma 2, we have:
W, (nPy vEy) <e W (u, v) (1 + 5{2 + 20,
4b 26
+25(2)1/2+ + 7 n(d+2)£2}>

Lastly, we establish the following lemma, based on the
Reverse Jensen’s Inequality in Wunder et al. [2021].

Lemma 3. There exists a function g constant on
[R,00) with or < g(r) < r for some R, € RT such
that, for any two probability measures pu and v on R?,
we have

1

Wa(p,v) < mwpg

(1, v).

Lemma 3 guarantees the existence of a function g such
that the semimetric p, exhibits the exponential con-
traction property outlined in Theorem 2.

4.2 Proof for Generalization Error Bounds

The proof of Theorem 3 follows the stability framework
outlined in Section 2.1, adhering to the dissipativity
and smoothness conditions we consider. A result from
Farghly and Rebeschini [2021] shows that a uniform
stability bound can be obtained by controlling the pg4-
Wasserstein distance between the laws of algorithms

A(S) and A(S) where § ~ §.

Lemma 4 ([Farghly and Rebeschini, 2021, Lemma
4.3]). Suppose A1 and A2 hold and let A be a random
algorithm. Then

M(b/m+1)

sta A Si
Etb( ) QO&(R\/l) S

sup ng(law(A(S)), law(A(S) )) .

Remark 6. Lemma 4.3 in Farghly and Rebeschini
[2021] applies under a weaker assumption of dissipativ-
ity and remains valid under our stronger assumption
(A1). This connection is elaborated in Section 5.1.

Hence, it is sufficient to control the quantities
W, (moRG, moRg) and W, (noRp, noRp) to prove
Theorem 3. Recall from Section 2.2 that uRe is ob-
tained by integrating /QLPé3 over B with respect to the
mini-batch distribution. To begin, we estimate the di-
vergence W, (qu , z/PnB) using the divergence bound
(Lemma 5), the moment bound (Lemma 1) and the
moment estimate bound (Lemma 2) with p = 4.

Lemma 5 (Divergence bound). Suppose A1, A2, and
A3 hold. Then

3b . ond 26
E||6; — 60| <4M2<]E||90| 424 62)t+ ’7£2

This lemma computes the extent to which the process
0, deviates from the initial condition 6.

Without loss of generality, assume that the datasets
S and S differ only at i*" element. Considering that
P(i € B) = k/n, the convexity of the py,-Wasserstein
distance (Lemma 12 in Appendix 7.4) gives the follow-
ing inequality:

k ~
pg(ﬂReWR@) < o BSUP W, (NPB7VP7?)
neB

k ~
+ (1 - ) sup W,, (MPB,qu).
B:n¢B

If i ¢ B, then PB — PB o the processes Oy, and étn
contract in pg-Wasserstein distance by Theorem 2. If
i € B, the divergence W, (uPP, Vﬁf ) obtained above
provides uniform bounds on the extent to which Oy,
and (:)tn can deviate from each other.

Using induction and auxiliary inequalities, we derive
a bound for €4¢44(0s;) in terms of Lemma 4. By The-
orem 1, this bound serves as the generalization error
bound for our continuous-time algorithm, as in (8).

So far, we analysed the continuous-time dynamics of
our algorithm. The discrete-time process (3) cor-
responds to the Euler-Maruyama discretization of
(4).  We derive discretization error bounds using
synchronous-type couplings between 6, and Oy, with
both processes sharing the same Brownian motion.

Lemma 6 (Discretization error bound). Suppose A1,
A2, and A3 hold. Then, for any probability measure
p on R, we have

Wa(uRg, nRe)? < 81" exp (4n° M?)

2,4 2, b 2 0
Gt (P ) + 0 +2) 568
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To extend the generalization error bound established
for the continuous-time algorithm (8) to its discrete-
time counterpart (9), we add the one-step discretiza-
tion error to the continuous-time error bound using the
weak triangle inequality (Lemma 15 in Appendix 7.4).

5 COMPARISON WITH SGLD

Label noise SGD is a parameter-dependent noisy al-
gorithm often compared with parameter-independent
noisy algorithms like SGLD [HaoChen et al., 2021].
Farghly and Rebeschini [2021] present a discrete-time
generalization error bound for SGLD in a dissipative
and smooth setting, which decays to zero at a rate of
O(nil/z) with an appropriate learning rate scaling as
O(n~1/2). In comparison, our result exhibits a faster
rate of decay, as discussed in the introduction.

Lemma 7 ([Farghly and Rebeschini, 2021, Theorem
4.1]). Ifn € (0,1) then for any t € N, the continuous-
time algorithm attains the generalization bound

(04 + 1)n k
n—k nnt/2

|[Egen(©,:)| < Csmin {77157

Furthermore, if n < 1/2m, then the discrete-time al-
gorithm attains the generalization bound

|[Egen(6;)| < Cs min {nt, (Ca+ 1)n} ( il

n—k nnt/2

The parameters Cy,C5,Cq depend on M,m,b,d, .
Here, 371 > 0 represents the noise level.

5.1 Comparison of Settings

The proof of the generalization error bound for SGLD
in Farghly and Rebeschini [2021] also relies on uniform
stability and is built upon largely the same assump-
tions we use, except for one significant difference that
arises in the analytical framework regarding the con-
cept of dissipativity. Farghly and Rebeschini [2021]
consider the following assumption in place of the uni-
form dissipativity assumption (A1) we use:

Assumption 1’ (A1'). The loss function £(-,z) is
(m, b)-dissipative: there exists m > 0 and b > 0 such
that, for all @ € R% and z € Z,

0,v0(0,2)) >m|0])> —b VO e R

Uniform dissipativity is the key factor that allows our
results to circumvent the exponential dependence on
the parameter dimension d as established in SGLD’s
bounds in Farghly and Rebeschini [2021], leading to
polynomial dependence. However, it is important to
stress that the contraction result is unrelated to the
dependence of our final generalization error bound the

+ 771/2> .

learning rate 1 and sample size n. Consequently, the
faster decay rate as a function of n highlighted in our
generalization error bounds is attributable to the ad-
vantages provided by label noise rather than the im-
position of uniform dissipativity. This observation is
further supported by the following lemma, where we
establish a relationship between the assumptions of
uniform dissipativity (A1) and the dissipativity (A1’).
Lemma 8. Under A2 and A3, the uniform dissipativ-
ity assumption A1 implies the dissipativity assumption
A1l with m = a/4 and b = (m +1) o 505

The converse holds if m3 < M?b and ||0|| < B for all
0, where B is within the interval

1 ) /b ? 77532
R J— PR —_— —_ 7f
5 m— M m:l: (]\4 - m) aM <b+ A )

This lemma illustrates that by bounding the param-
eter space and imposing constraints on dissipativity
and smoothness constants, we can treat the analyti-
cal framework of Farghly and Rebeschini [2021] and
our own as equivalent. This enables a direct compari-
son between the two algorithms, label noise SGD and
SGLD. The proof of Lemma 8 is in Appendix 8.1.

Regarding the absence of the Lipschitzness assump-
tion on the model (A3) in Farghly and Rebeschini
[2021], it is worth noting the strong connection be-
tween A2 and A3 in label noise SGD with squared loss
Lg. Near the global minimizer *, it is observed that
H%Vf(@*)TVf(G*) ‘2 ~ HVQLS(G*) ,» as discussed in
Damian et al. [2021] and Li et al. [2022]. Thus, under
A3, we have the following inequalities for our loss Lg:

k||V2Ls(0%)||, = || VET VE|, = omax(VET VE)

k k
<Y ON(VETVE) = Te(VETVE) = > V£ < ke
i i=1
This confirms the £7-smoothness of Ls (A2 with M =
¢3) near the global minimum.

5.2 Label Noise and Faster Decay Rate

We pinpoint the reasons for the faster rate of decay (as
a function of the sample size n) in the generalization
error bound of label noise SGD compared to SGLD by
closely examining the differences in the proof compo-
nents, as outlined in Table 1.

The noise terms in SGLD and label noise SGD exhibit
different dependencies on the learning rate 7, dimen-
sion d, and batch size k. In the update rule of SGLD,
the noise term exhibits a square root dependence on
the learning rate 7:

Ory1 = 0t +nV Ls(0r, Bry1) + /2871041, 0o ~ po-
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Table 1: Bounds with respect to 7, d, and n.

Label Noise
Bound Term SGLD SGD
Divergence O(d+1) | Ond+n) (5)
Moment O +1) [O(m?d®+1)(1)
Moment estimate [|O(d*+d+1) 0(1) (2)
Discretization error O(d773e"2) O(n'e™’) (6)

|Egen(6;)| for SGLD

7/2
O(e(d+\/ﬁ) (d1//2+d3/2771/2)>
nn

|Egen(6;)| for Label Noise SGD

(’)(d‘:2 [dn + (dn)/? +1+ (dn)_l/ﬂ + dn) (3)

Consequently, the resulting noise term in the associ-
ated stochastic process becomes independent of 1 by
the derivation detailed in Appendix 7.1. The stochas-
tic process associated to SGLD is expressed as:

40y ==V Ls(Oy, By )dt-+\/28-1dWi, 09 ~ j10,(12)

where Wt is a d-dimensional standard Wiener process.
The noise term in this stochastic process is indepen-
dent of both n and k.

In contrast, the update rule of label noise SGD (3) has
a linear dependence of the noise term on 7. This lin-
ear relationship arises because label noise impacts the
loss function, and its gradient is directly scaled by the
learning rate 7 in the update rule. Thus, as shown in
Appendix 7.1, the noise term in the stochastic process
of label noise SGD (4) is linearly dependent on 7n/k.

The faster decay rate of the label noise SGD bound
compared to the SGLD bound is primarily attributed
to its discretization error bound. Table 1 shows that
the SGLD discretization error bound scales as O(n?),
whereas that of label noise SGD scales as O(n*), a con-
sequence of the synchronous-type coupling method de-
tailed in Appendix 8.3.2. The noise term’s dependency
on model parameters in label noise SGD unavoidably
introduces 7-dependent noise in our coupling method,
unlike the synchronous-type coupling method used for
parameter-independent noise. This, coupled with the
divergence bound’s dependence on 7, strengthens the
dependence of the discretization error bound on 1 and
leads to a faster decay rate of our discrete-time gener-
alization bound through an appropriate choice of 7.

5.3 Dimensionality Dependencies

A distinguishing trait of the generalization error bound
presented in Farghly and Rebeschini [2021] is its ex-
ponential dependence on the parameter dimension d.
This dependence is a consequence of the contraction
result employed by the authors under the dissipativ-
ity assumption they considered. In contrast, our ap-
proach, inspired by the 2-Wasserstein contraction re-
sult from Wang [2016] under uniform dissipativity, al-
lows us to circumvent this dependency, leading our
generalization error bound displaying polynomial scal-
ing with respect to the dimension d.

Furthermore, the difference in the dimension of the
Wiener process, which is k-dimensional in label noise
SGD (4) and d-dimensional in SGLD (12), leads to re-
duced dependence on the parameter dimension within
our proof components and, consequently, our general-
ization bounds. This indicates the advantages offered
by label noise. Upon examining the parameters in the
proof of Theorem 3, it is noteworthy that the diver-
gence bound and moment bound of label noise SGD
depends on 7, which is different from that of SGLD.
This leads to similar scaling of n and d in each term
of the generalization error bound for label noise SGD,
indicating that controlling n can alleviate the increase
in bounds due to high dimensionality.

6 CONCLUSION

The proof technique we employ to establish the con-
traction property for label noise SGD with polyno-
mial dependence on the dimension d hinges on the
assumption of uniform dissipativity. This assump-
tion enables us to avoid the need for reflection cou-
pling, which was utilized in prior research involv-
ing parameter-independent noise SGLD [Farghly and
Rebeschini, 2021]. This, in turn, allows us to direct
our attention toward understanding the impact of label
noise on the selection of learning rate scaling, thereby
achieving improved generalization error bounds as a
function of the sample size n.

We defer the task of establishing results for label noise
SGD under a less restrictive form of dissipativity to
future research. This pursuit may involve employing
Kendall-Cranston couplings [Kendall, 1986; Cranston,
1991] for parameter-dependent noise terms, i.e. non-
constant diffusion coefficients.

References

I. Amir, T. Koren, and R. Livni. SGD generalizes
better than GD (and regularization doesn’t help). In
Conference on Learning Theory, pages 63-92, 2021.

R. Bassily, V. Feldman, C. Guzméan, and K. Tal-



Jung Eun Huh, Patrick Rebeschini

war. Stability of stochastic gradient descent on non-
smooth convex losses. In Advances in Neural Infor-
mation Processing Systems, volume 33, pages 4381—
4391, 2020.

G. Blanc, N. Gupta, G. Valiant, and P. Valiant. Im-
plicit regularization for deep neural networks driven
by an Ornstein-Uhlenbeck like process. In Confer-
ence on learning theory, pages 483-513, 2020.

O. Bousquet and A. Elisseeff. Stability and general-
ization. Journal of Machine Learning Research, 2:
499-526, 06 2002.

N. H. Chau, E. Moulines, M. Rasonyi, S. Sabanis, and
Y. Zhang. On stochastic gradient Langevin dynam-
ics with dependent data streams: The fully noncon-
vex case. SIAM Journal on Mathematics of Data
Science, 3(3):959-986, 2021.

P. Chaudhari and S. Soatto. Stochastic gradient de-
scent performs variational inference, converges to
limit cycles for deep networks. In 2018 Informa-
tion Theory and Applications Workshop, pages 1—
10, 2018.

M. Cranston. Gradient estimates on manifolds using
coupling. Journal of functional analysis, 99(1):110—
124, 1991.

A. Damian, T. Ma, and J. D. Lee. Label noise SGD
provably prefers flat global minimizers. Advances in
Neural Information Processing Systems, 34:27449—
27461, 2021.

A. Eberle. Reflection couplings and contraction rates
for diffusions. Probability theory and related fields,
166:851-886, 2016.

A. Elisseeff, T. Evgeniou, M. Pontil, and L. P. Kael-
bing. Stability of randomized learning algorithms.
Journal of Machine Learning Research, 6(1), 2005.

M. A. Erdogdu, L. Mackey, and O. Shamir. Global
non-convex optimization with discretized diffusions.
Advances in Neural Information Processing Sys-
tems, 31, 2018.

T. Farghly and P. Rebeschini. Time-independent gen-
eralization bounds for SGLD in non-convex set-
tings. Advances in Neural Information Processing
Systems, 34:19836-19846, 2021.

F. Farnia and A. Ozdaglar. Train simultaneously, gen-
eralize better: Stability of gradient-based minimax
learners. In International Conference on Machine
Learning, pages 3174-3185, 2021.

V. Feldman and J. Vondrak. High probability gen-
eralization bounds for uniformly stable algorithms
with nearly optimal rate. In Conference on Learn-
ing Theory, pages 1270-1279, 2019.

P. Goyal, P. Dollar, R. Girshick, P. Noordhuis,
L. Wesolowski, A. Kyrola, A. Tulloch, Y. Jia, and

K. He. Accurate, large minibatch SGD: Training Im-
agenet in 1 hour. arXiv preprint arXiv:1706.02677,
2017.

T. H. Gronwall. Note on the derivatives with respect
to a parameter of the solutions of a system of dif-
ferential equations. Annals of Mathematics, 20(4):
292-296, 1919.

J. Z. HaoChen, C. Wei, J. D. Lee, and T. Ma. Shape
matters: Understanding the implicit bias of the
noise covariance. In Conference on Learning The-
ory, pages 23152357, 2021.

M. Hardt, B. Recht, and Y. Singer. Train faster, gen-
eralize better: Stability of stochastic gradient de-
scent. In International conference on machine learn-
ing, pages 1225-1234, 2016.

K. It6. Stochastic integral. Proceedings of the Imperial
Academy, 20(8):519-524, 1944.

W. S. Kendall. Nonnegative Ricci curvature and the
Brownian coupling property. Stochastics: An Inter-
national Journal of Probability and Stochastic Pro-
cesses, 19(1-2):111-129, 1986.

N. S. Keskar, D. Mudigere, J. Nocedal, M. Smelyan-
skiy, and P. T. P. Tang. On large-batch training for
deep learning: Generalization gap and sharp min-
ima. arXiw preprint arXiw:1609.04836, 2016.

L. Kozachkov, P. M. Wensing, and J. Slotine. General-
ization in supervised learning through Riemannian
contraction. arXiv preprint arXiv:2201.06656, 2022.

A. Krogh and J. Hertz. A simple weight decay can
improve generalization. Advances in neural infor-
mation processing systems, 4, 1991.

Y. Lei and Y. Ying. Fine-grained analysis of stability
and generalization for stochastic gradient descent.
In Proceedings of the 37th International Conference
on Machine Learning, volume 119, pages 5809-5819,
2020.

Y. Lei, M. Liu, and Y. Ying. Generalization guar-
antee of SGD for pairwise learning. Advances in
Neural Information Processing Systems, 34:21216—
21228, 2021.

J. Li, X. Luo, and M. Qiao. On generalization error
bounds of noisy gradient methods for non-convex
learning. arXiv preprint arXiv:1902.00621, 2019a.

Q. Li, C. Tai, and W. E. Stochastic modified equations
and dynamics of stochastic gradient algorithms i:
Mathematical foundations. The Journal of Machine
Learning Research, (1):1474-1520, 2019b.

Z. Li, T. Wang, and S. Arora. What happens after
SGD reaches zero loss? —a mathematical framework,
2022.



Generalization Bounds for Label Noise Stochastic Gradient Descent

B. London. Generalization bounds for randomized
learning with application to stochastic gradient de-
scent. In Knowledge Discovery and Data Mining
2017, 2017.

X. Mao. Brownian motions and stochastic integrals.
pages 1-46. Woodhead Publishing, second edition
edition, 2011.

L. Mirsky. A trace inequality of John von Neumann.
Monatshefte fir Mathematik, 79:303-306, 1975.

W. Mou, L. Wang, X. Zhai, and K. Zheng. Generaliza-
tion bounds of SGLD for non-convex learning: Two
theoretical viewpoints. In Conference on Learning
Theory, pages 605-638, 2018.

J. Negrea, M. Haghifam, G. K. Dziugaite, A. Khisti,
and D. M. Roy. Information-theoretic generalization
bounds for SGLD via data-dependent estimates. Ad-

vances in Neural Information Processing Systems,
32, 2019.

B. ksendal.
Springer, 2003.

Stochastic differential equations.

A. Pensia, V. Jog, and P.-L. Loh. Generalization error
bounds for noisy, iterative algorithms. In 2018 IEEFE
International Symposium on Information Theory,
pages 546-550, 2018.

L. Pillaud-Vivien, J. Reygner, and N. Flammarion.
Label noise (stochastic) gradient descent implicitly
solves the lasso for quadratic parametrisation. In
Conference on Learning Theory, pages 2127-2159,
2022.

M. Raginsky, A. Rakhlin, and M. Telgarsky. Non-
convex learning via stochastic gradient Langevin dy-
namics: a nonasymptotic analysis. In Conference on
Learning Theory, pages 1674-1703, 2017.

C. J. Shallue, J. Lee, J. Antognini, J. Sohl-Dickstein,
R. Frostig, and G. E. Dahl. Measuring the effects of
data parallelism on neural network training. arXiv
preprint arXiv:1811.03600, 2018.

F. Y. Wang. Exponential contraction in Wasserstein
distances for diffusion semigroups with negative cur-
vature. arXiv preprint arXiw:1603.05749, 2016.

M. Welling and Y. W. Teh. Bayesian learning via
stochastic gradient Langevin dynamics. In Proceed-
ings of the 28th International Conference on Ma-
chine Learning, pages 681-688, 2011.

L. Wu, M. Wang, and W. Su. The alignment prop-
erty of sgd noise and how it helps select flat min-
ima: A stability analysis. In Advances in Neural

Information Processing Systems, volume 35, pages
4680-4693. Curran Associates, Inc., 2022.

G. Wunder, B. Grof3, R. Fritschek, and R. F. Schaefer.
A reverse Jensen inequality result with application

to mutual information estimation. In 2021 IEEE
Information Theory Workshop, pages 1-6, 2021.

A. Xu and M. Raginsky. Information-theoretic anal-
ysis of generalization capability of learning algo-
rithms. Advances in Neural Information Processing

Systems, 30, 2017.

W. H. Young. On classes of summable functions and
their Fourier series. Proceedings of the Royal Society
of London. Series A, Containing Papers of a Math-
ematical and Physical Character, 87(594):225-229,
1912.

Y. Zhang, O. D. Akyildiz, T. Damoulas, and S. Sa-
banis.  Nonasymptotic estimates for stochastic
gradient Langevin dynamics under local condi-
tions in nonconvex optimization. arXiv preprint
arXiv:1910.02008, 2019.

L. Zhu, M. Gurbuzbalaban, A. Raj, and U. Sim-
sekli. Uniform-in-time Wasserstein stability bounds
for (noisy) stochastic gradient descent, 2023.

Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

: Provided in Section 2.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable]

: Provided in Section 3.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes/No/Not Applica-
ble]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes/No/Not Appli-
cable]

: Provided in Section 2.

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable]

: Provided in Section 4 and the supplemen-
tary materials.

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable]

: Provided in Section 2.

3. For all figures and tables that present empirical
results, check if you include:



Jung Eun Huh, Patrick Rebeschini

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes/No/Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Yes/No/Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data
providers/curators. [Yes/No/Not Applica-
ble]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partic-
ipants and screenshots. [Yes/No/Not Ap-
plicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Yes/No/Not
Applicable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applica-
ble]



Generalization Bounds for Label Noise Stochastic Gradient Descent

Supplementary Materials

7 Technical Backgrounds

7.1 Continuous-time stochastic dynamics modeling
A standard formulation of a SDE for the process (0;):2, is given by:
dO; = b(Oy, t)dt + G(O,t)dWy,

where W denotes the Wiener process (standard Brownian motion). Here, the term b(©y,t) is the drift term,
which determines the trend or direction of the process, and G(Oy,t) is the noise term, which determines the
randomness of the process.

Consider an update rule
0t+1 = 915 — TIVL(QIL) + \/ﬁ‘/ty (13)

where L : R? — R is an arbitrary function and V; is a d-dimensional random vector. Let X := }]Cov [Vi|0: = 6.
Then, the update (13) is the Euler-Maruyama discretization of the time-homogeneous SDE

dO, = —VL(0,)dt + (nx)*/2dW,,

where W, is a Wiener process.

7.2 1Ito calculus

In many papers that analyze diffusion processes of Gaussian noise algorithms, such as SGLD, the noise terms
are often in a simple constant scalar form, making calculations relatively straightforward. However, analyzing
the diffusion process (4) of label noise SGD with squared loss requires more involved calculations due to a more
general noise term: a d X k matrix that depends on the current value of the process.

Hence, we record below some key lemmas of It6 calculus, which is an extension of calculus to stochastic pro-
cesses. These lemmas are essential in proving Theorem 3, particularly when extending the proof of Farghly and
Rebeschini [2021] to the label noise SGD algorithm.

Lemma 9 (Ito’s lemma [It6, 1944]). Let ©; be a R¥-valued It6 process satisfying the SDE
dO; = b, dt + G, dW,

where uy = p(O4,t) and Gy = G(Oy,t) are adapted processes to the same filtration as the n-dimensional Wiener’s
process Wy. Here, b, is R%-valued and Gy is R>*™-valued.

Suppose that ¢ € C2. Then, with probability 1, for all t > 0,

de(©,) = {g‘f + (Vo) by + %Tr[GtT (V2¢)Gt]} dt + (Vo) G dW,.

Lemma 10 (It6 isometry [@ksendal, 2003]). If g(t,w) is bounded and elementary then

E [(/:g(t,w)th> =E {/:g(t,w)zdt} :

2
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7.3 Relevant inequalities

Throughout our proofs, we employ valuable inequalities, which are elaborated upon as follows.

Lemma 11 (Gronwall’s lemma [Gronwall, 1919]). Assume ¢ : [0,T] — R is a bounded non-negative measurable
function, C : [0,T] = R is a non-negative integrable function and B > 0 is a constant with the property that

é(t) < B+ /O C(r)¢(r)dr Vit € [0,T).

Then,

6(1) < Bexp ( /O t O(T)dT) vt € [0,7).

Theorem 4 (Young’s inequality for products [Young, 1912]). If a > 0 and b > 0 are non-negative real numbers
and if p > 1 and ¢ > 1 are real numbers such that % + % =1, then

al b
ab < — 4+ —.
p q

FEquality holds if and only if aP = b9.

7.4 Properties of the semimetric

To make this paper self-contained, we will include the lemmas from Farghly and Rebeschini [2021] regarding the
semimetric (5) and the Wasserstein distance (6) for our future reference.

The convexity of the Wasserstein distance is a crucial property that plays a central role in our results:

Lemma 12 (Convexity of the Wasserstein distance [Farghly and Rebeschini, 2021, Lemma 2.3]). Suppose that
pg s a semimetric and p1, P2, 1, v are probability measures. Then, for any r € [0, 1],

W, (s v) < Wy (1, v1) + (1 =)W, (12, v2),
where we define p(dz) = rps(dz) + (1 — r)uz(dz) and v(dz) = rvy(dz) + (1 — r)ve(dz).

We require the following lemma for computing the divergence bound:
Lemma 13 ([Farghly and Rebeschini, 2021, Lemma D.3]). Suppose X,Y, A, and A, are random variables on
RY, then

Epg(X + Ap, Y + A,) < Epy(X,Y) + ok >(1 + 2¢ + 620/2),

where we define op =B ||AL|]> VE|A,|? and o :=E | X|* VE|[Y|' VE| X + A ' VE|Y + A, "

To establish the contraction result and simplify the calculation of discretization error in Lemma 6, we will simplify
the computation by using the 2-Wasserstein distance. In order to do so, we need the following lemma:

Lemma 14 (Comparison with the 2-Wasserstein distance [Farghly and Rebeschini, 2021, Lemma D.2]). For any
two probability measures i and v on R?,

W, (1:v) < Wa(u, v) (1 + 22 + ep(|-| )2 + ev(|1H)?).

g

Finally, we apply the weak triangle inequality in the following lemma to extend the results from continuous-time
dynamics to the discrete-time case:

Lemma 15 (Weak triangle inequality [Farghly and Rebeschini, 2021, Lemma D.1]). For any x,y, z € R? it holds
that,

) < o) +2 (14 ZERVD ) gyl
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7.5 Regularity assumptions

The assumptions A 2-4 are fairly standard in the literature on non-convex optimization. The uniform dissipativity
assumption (A1) merit some discussion.

Some may express concerns that the constraint of the dissipativity condition addressed in Lemma A.2 of Farghly
and Rebeschini [2021] may confine the process within the absorbing set, potentially simplifying the dynamics of
the stochastic gradient flow that we are analyzing. However, it is worth noting that the dissipative assumptions
can be enforced through techniques such as weight decay regularization [Krogh and Hertz, 1991; Raginsky et al.,
2017]. This regularization method allows for control over the dynamics of the algorithm and can help ensure
that the dissipativity condition is satisfied, while still preserving the overall stability and convergence properties
of the algorithm. Thus, the seemingly restrictive nature of the dissipativity condition can be effectively managed
through appropriate regularization techniques, adding flexibility to the analysis and applicability of the results.

7.6 Derivation of Decay Rates

In Section 3.2, we determine the fastest decay rate for our generalization error bound concerning parameters like
n,d, and 7. This computation is done by direct optimization as below.

In Remark 3, we aim to control the learning rate n to achieve the fastest decay rate of the bound which scales
as O(n~Yn +n'2 +1+n"2 4 n)) in terms of n and n. Therefore, we introduce the variable power of 7 as
17 = O(n9), and we optimize for the best value of ¢ that results in the fastest decay rate of our bound as n
increases.

8 Missing Proofs

8.1 Uniform Dissipativity and Dissipativity
In the proof, we leverage the implication of A1’ from A1l in Lemma 8, where we set m := a/4 and

b= (1 +4/(a? — 4M2)) nmaxééfc/@k) . This simplifies the direct application of existing lemmas pertaining
to dissipativity properties.

Proof of Lemma 8. Suppose that the diffusion process 4 is a-uniformly dissipative: V 6,6,

1)
2=V Ls(8) + VLs(0'),0 — ¢') + L5 | VE(6) — VE@)][} < —alo - ¢/|]*

For 6/ =0,

2(=VLs(0) + VLs(0), >+7\|Vf( ) = VEO)IIF < —a 6]

2-VLs(6),6) + T IVEO|3 < ~all6]* ~ 2AVLs(0),6) + T3 (2(VE(6), VEO)r ~ [VEO)])

By A3 and Cauchy-Swartz inequality,
2 2 2775
2(~VLs(0),0) + = =] IIVf( e < =0 +2[VLsO) [ 10]] + ==
Since 2 [VLs(0)[| 6]l < § 0] + 2 [VLs(0)]1%,

217(5

7o @ 2
2-VLs(6),6) + 1o IVEOIE < 5 101 + 2 [VLs(0)]* + 21243,
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Then,

a o 1 2 10 2 2

> = .

(VLs(0),0) > 101 ~ LIVLs ) ~ 6+ 10 vr(o))3

(e 2 1 nmax(s 2

> - i _

2 4 1" =~ IVLs(0 )|I? y

>

« 2 4 Tmax 2
—0|" — 1 0l%.
4” I <a2—4M2+ ) 2k

The last inequality used Lemma A.3. in Farghly and Rebeschini [2021]. Hence, A1’ is satisfied with m = «/4

To establish the converse, let’s assume, for the sake of contradiction, that for any o > 0, 36, 6’ such that

2
> —al0 -0

2(—VLg(0) + VLs(0),0—0') H\ﬁ (0) — VE@O')T

For n=1,2,3,..., let @ = +. Then, for any n, 30,6/, such that
2

) 1
(=T Ls(0,) + VLs(01).0, ~ 0,) + | G2 (TE0.) - Tr0))T| > L 1o, — L2,
F

Given that 6 is bounded, we can apply the Bolzano-Weierstrass theorem. Consequently, there exists a subsequence
(6;,.) that converges to the limit point u. As ||6 — 0'||* < 4B% V0,0, for sufficiently large s, we have

2

2(—VLs(0,.) 4+ VLs(u),6 H\ﬁ 6,.)—VEw)"|| >0
F
= (=VLs(0n,),0n,) + (VLs(bn,),u) — (VLs(u),u) + (VLs(u),0n,) = —2%66% (by A3)
By Cauchy-Swartz,
(=VLs(bn,),0n,) + [VLs(6y,) = (VLs(u),u) + [|[VLs(w)][ |0, ]| = 7%

= (=VLs(0n.),0n.) = = [[VLs(u)]| [[6n.

— IVLs(6n,)

|ull + Cu,

where C,, := (VLg(u),u) — 2203 > m |ju| — b— 223 by A",

Then, by A1/,
1 |0, | £ b > (—VLs(0n.),0n.) > — [V Ls(@)]| 16, | — [V Ls ()] [l + Cu
(IVLs(@)|| = m) |0,.]] = — IVLs(6n.) -
Then,
IVLs(0,.)] > _WLS(|Z|)|H_m ™ C'Tuﬂ b
By A2 and reverse triangle inequality ||V Ls(6,.)| — [|VLs(0)|| < M ||6,.], so
M [0, || + IVLs(0)] > 2= ||Vuf|3|s(u)|| 16, Cuuﬂ b

= @M |lul +[IVLs(0)[ —m) [[0n,

2 Cu = b= [[VLs(0)]| [[ull -
By Lemma A.3 of Farghly and Rebeschini [2021], from A1’ and A2, above implies

M ||ul| + M+/b/m —m) ||0,.]| > Cu —b— M~/b/m ||ul
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> (m— My/bfm) ]~ 20— 2263

2+ i‘sez

= (M [jul| + M~/b/m —m)||6n,
= (m = My/b/m)(||ul| + [0,

Since m < M+/b/m (i.e. m® < M?b),

) < 2M |[ul}{|0n,

OMB? + 2(M+/b/m — m)B + (2b + ”%2)

— B¢ (2]1\4 (mM\/b/m\/(M b/m — m)? 72M(2b+225 ))

1 2775
,W<m—M b/m—!—\/(M b/m —m)2 —2M(2b+ —— )))

Hence, for
1 2775 2
1 2n0
' 5M m— M\/b/m+ [/ (M+/b/m —m)? —2M (2b + K)
there is a contradiction hence we have a uniform dissipativity. O

8.2 Proofs for the Wasserstein Contraction
8.2.1 Moment Bound

Proof of Lemma 1. Suppose that 6; is a solution of the SDE (4). By Ito’s Lemma (Lemma 9), for any ¢ € C2,

<w={gf+wwfm+lﬂﬁfﬂ@§d#HV@T@“%7

with probability 1, where Gy = YO1Vf(8,, X)T, b, = —VLg(6;, B) and H = V2¢. Consider ¢(6) = [|0]/5. Then,

V() =p|0]572 6,

o . cdo N
o Vo) g = e

Hy; = (V2|015)i; = pl(o — 2) l0]15* 0:0;} + poi; 16]7 2,
Te(H) = p(p+d —2)10]5>.

pllo|"~*6 [VLS(Q,B)dtJr V6, X)TdW, | ,

We also bound Tr[G] HG] using Von Neumann’s Trace inequality [Mirsky, 1975] as below:

k2
?Tr[GTHGt] =Tr[VEHVF' | <|Tr[VFHVS] |<Zal (VE'Vf)o;(H) (by Von Neumann’s Trace inequality)
=1

d
<Omax(VETVE) Y 03(H) = Ounax (VE" VE)Tr(H) (since H= H' and H > 0)

i=1
—2 -2
=p(p+d —2) |05 ormax(VETVE) = p(p+d = 2) |0}~ || VET VL],
Here, H is symmetric since it is Hessian and is positive semi-definite since ||0||% is convex in 6. (||-|| : R™ — [0, 00)
is convex by A-inequality and h : x — 2P is non-decreasing and convex for [0,00)). Since Vf' Vf is symmetric
positive semidefinite,

k
[VETVE|, = omax(VETVE) <Y N(VETVE) = Tr(VETVE) = > | V£i||* < k(5

i=1
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where the last inequality follows from A3. Thus, Tr[G] HG;] < ?77 (p+d—2) 0P (3. Then, by Ito’s lemma,

Von

_ on - -
d[|0:]|” < — 2p|0]|P 7% (61, V L5 (0, B))dt + p+d=2) 10,77 3t + 25 =p 0,77 (6, VETAW,).

2k2p(
By (m, b)-dissipativity of Lg, this can be bounded further as:

on on
a0, < - 2pm9t|pdt+p{2b+ O (ptd 2)62} 6P at + 20 3,72 (6, VE" 4w

2%
Vo

o1 v/ -
S—p;n||9t|pdt+p{b+(p+d—2)é?c} (m/2)'7P2dt 4 = p 0,77 (0, VET W),

2k?2
where for the second inequality we used Young’s inequality with exponents p/(p — 2) and p/2 and t =
-2 —p/2\ ~2P=2)/p" . /9 .
(pT (%) ) . Then, by multiplying e?™/2 and using product rule,
on »/2 NCT _
d(epmt/2 ”9 Hp) epmt/2 {b+ ﬁ(ij d— 2)5?2} (m/2)17p/2dt+ epmt/zTanath 2 <9t,VdeWt>~
Integrating fromt =0tot =T,

2
02l <em T ol + (1 — 2y Ly O gy 2y
- 2k2 ! pm > 2

e / /20 g, 72 (6, E W)
t=0

Taking expectations,
2b on

E|07|7 < e P™T/2E |16, + (1 — e_me/2){ + 1z, (P d— 2)(317/2,
Hence,
—om 2 4 v/ .
pPP(|-I7) <u(lIP)e P + [ + an( +d—2)€?] (1 — e7Pm/2)
b o »/2
<ull) + |2+ Sl ra-2]
as required. O

8.2.2 Moment Estimate Bound

In order to perform our estimations in a continuous-time setting, we introduce an auxiliary continuous-time
process. First, recall the stochastic differential equation (SDE) of label noise gradient descent (LNGD):

0
d@t = *VLS(Gt, B)dt + g (Vf(et,XB))T th, 00 ~ Mo, (14)

where (W,);>0 is a standard k-dimensional Wiener process.

It is worth noting that the SDE (14) has a unique solution on RT since the smoothness assumption (A2) holds
for Lg. Hence, we define, for each n > 0, a convenient time-changed version of O, as

9? = Hnt.
Then, W[’ = Wy //1 is also a Wiener process and

d@;] = —nLS(HZ, )dt + ﬁ (Vf(&?, )(B)>—r thn7 96’ ~ Q-

We proceed with the required moment estimate that is essential for the derivation of the main result in Theorem 2.
These estimates will also enable us to calculate how far the process 6} diverges from its initial condition in one
step in the derivation of Theorem 3. To prove these bounds, we will heavily rely on the auxiliary process defined
above and perform significant calculations.
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Proof of Lemma 2. First, note that by It0’s isometry and commutativity of trace operator with expectation and

integral,
Tr <Var (/ut_ T(Vf(au))wwu)) = ‘Z’Q Tr (E [/t Vf(ou)TVf(ou)duD

2

= %E Ut Tr (VE(0,) " VE(0.)) du]
- EV > IVAeI d] LT

For any s € N and ¢ € (s,s + 1], define A,, = 6, — nVLg(0s, B)(t — s). Note that for a vector v, E [|v]|* =
|E(v)||> + Tr(Var(v)). Then, for ¢ € (s, s + 1],
E[l6711* | 07 = E[67 07 | 67] = E[Tx(6;7 " 67) | 67) = E[Tr(676; ) | 67] = Tr(E[676] " | 07])
t
=FE[67 | 67 TE[6) | 67] + Tr <Var </ M(Vf(ﬂu))Tqu»

on? on?
< B7 102 + =5t = 5) = [|Aual® + =~ £3(t = 5).

Here, Vi < Npax := min{%, SAFE
[As ]| = 1167]1* = 2n(t — $)(07, VLs (07, B)) +1* ||V Ls (67, B)(t — )|
< (1—2mn(t —s)) 07 + 2bn(t — s) + n*(t — 5)? | VLs (07, B)|? (by A1)
< (1= 2mn(t = 9)) 0217 + 2bn(t = 5) + 272t = )2 { M2 02)* + |VLs(0, B} (by A2)
_ 9 2 110 M?b
< (1= 2mn(t —s)) 077 + 2bn(t — 5) + 20> (t — 5)> § M2 [|07])* + ——
(by Lemma A.3 in Farghly and Rebeschini [2021])
M2
< (1= ) 1021 + 200t = 3) (14 ) (15)
< (1—mn(t—9))[|62]* + 6bn(t — ),

where the fourth inequality is from that 2n?(t — s)?M? < 2n?(t — s)M? < mn(t — n). For higher moments, the

computation is more complex. To simplify the calculation, let U7, := f f VE(67)TdW? be defined. Then, for
te[s,s+1),

E(0 %7 | 07) =B [||07 — nVLs (02, B)(t — ) + UL | 02] = [[|As+ U2, | 07]

_ 219
< ||As’t||2p + 2pE [||Asyt”2p 2 <A3’t,U2t> | 92} + Z (lf) [HAS t||2p k H t” | 977}
k=2

(by Lemma A.3 in Chau et al. [2021])

2
< Al +p2p = DE [(1Asdll + U2, )% |02,0% | 67]
(as in the proof of Lemma 3.9 in Chau et al. [2021])
on? 2
< Al +p(2p - 1) - 74 (t = 5) [ Al + p(2p — DE[|UZ,[|*")
on? 5Pn2p
< (Al + p(2p = 1) SR = 8) [0+ {p(2p = LY (= 97 =6

(by Theorem 7.1 in Mao [2011])

Note the following inequality for further analysis

(r+s8)P <(1+e)P P+ (1 4+ P 1s?, (16)
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where p > 2,7, 5, > 0 and € > 0. Letting ¢ = mn(t — s)/2,

1As,

< (1=t — ) 0217 + 3bn(t — )| (by (15))

< (1) e+ (1 ) ey @y 0 00)

mn(t —s
S Z HGUHQQIF + bs to
where a’f = (1 —mn(t —s)/2)P~1(1 —mn(t — s)) and b]7 =

)

(n(t —s) +2/m)P~1n(t — s) (3b)". Substituting it

yields
2 5772 2(p—1
E[I07[* | 67) < agf 0717 + bY7 +p(2p — 1) - 5 =(3(t = 5) |a [ el ] R o 1}
5Pn?P
+{p(2p — D)t — s =0
—~ _ 2 —
Define M (p) = / L2 Then, for [67] > M(p),
mn(t —s) 2 o1 2p—
= 82 = p(2p — )= — ) 2P
Hence,
_ 5 _
E([671* | 62] < (1 —ma(t — s)/4)alf ™" 021 + 017 + n(t — s)p(2p — 1)%76?62:? '
PP
P+ _ o\P _ p+1°7 ' p2p
Pt =) {p(2p = D} =
< (L —mn(t— ) 16217 +n(t — )M (p,n, k) < |07 +nM(p, 0, k),
where

Mp,m, k) 1= (n(t — )+ 2/m)? ™ (3)" +n(t — 5)p(2p — DBt — 5) +2/m)p 38y~

PP
bt — sl p(2p — 1) T 2

kp
_ o _ _ _ P
< (n+2/m)P~1 (3b)? + n2p(2p — 1)%@(7; +2/m)P~2 (3b)P Ly Yp2p - 1)}p+1ﬁ€?p

é(p)-

1
&
Similarly, for [|07| < M(p) we attain

E(|6%7 | 62) < 16211 + &p).
Hence, we have
E(|6% | 67) < 621" + &p).

as required. O

8.2.3 p,-Wasserstein Distance and 2-Wasserstein Distance

Proof of Lemma 3. Let f: Ry — R{ be a function such that f(z) = \/ in its domain. Then, since f is concave
and f(0) = 0, we can apply Lemma 1 in Wunder et al. [2021]. Let

Elg(|X — Y")

Elg(IX Y =

r:=r(p) =
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be the ratio of first and p-th non-centralized moment and
1
1—r(p)ra~a]*"
(o) = sup LZT@O T
1419
p q

Then, V7 € C(u,v) V1 <r < a,

(f1e vt ntaman) < L ( [ ot —shieman) = Lo fagtle—pstanan) o

A

1/2
1
< - su sg(||lz — y||)?nw(dx, d -(i(s
< s ([ salle = sl)Prtanan) )
o/
< - [ 9|z = yl|)m(dz, dy §7~/p z,y)w(dz, dy).
a9 =it dy) < s [ (o). dy
Hence,
1/2
1 1
W- = f — dzx,d < - inf . dr,dy) = ——— - W, .
= nt ([l ol atnan) < 2ot [ peantods) = 2 W (0
Note that since r(p) > 1, we have
inf r(p)/Pa"V> inf a"V9>infa"V9>0.
Lri=t Lri=t 7
Then, we can obtain an upper bound for ¢,.(a) as below:
1 pg-1/d) " Z 1 : pg-1/a <1
_ 1 _ i _ < .
¢r(a) . liulpi1 {1 r(p)/Pa } amax 0,1 %Jlr%f: r(p)/Pa <
Similarly, we can obtain a lower bound as:
1 RN | 1+ a-—1
G@ == sw [1=r@) a1 > - rp)la ]t =

a 1,1_
p+q_1

8.3 Proofs for the Generalization Error Bound

8.3.1 Divergence Bound
Proof of Lemma 5. Integrating the SDE from 0 to ¢,

t t
V)
0, — 0y = _/ VLS(HS,B)ds+/ T”(Vf(ﬂs))TdWS.
0 0

Then, by Jensen’s inequality of integrals,
t / (5’1’] 2
k

s=0

t
16, — 6o)* < 2/ IVLs(8s, B)||* ds + 2’ (VE(0,)) T dW,
0

Note that for a vector v, E|[v||> = |[E(v)||* + Tr(Var(v)). Then, by It&’s isometry and commutativity of trace
operator with expectation and integral, the expectation is

t t
E |6, — 6o < 2/ E|VLs(0s, B)||* ds + 2Tr <Var (/ Vf(v&&))%m))
0 s=0

t t
2/ E([VLs(60s, B)| ds + ZIfnT <]E{ Vf(os)TVf(es)dsD
0

0

t 9 26
:2/0 B[ VLs(0s, B ds + 5 [/ Tr (VE(6,)TVE(6,)) ds]

¢ 257]
—2 [ BIVLs(0.. B ds + T V > 19561 ds],
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where the last equality is from:
Te(VETVE) = Te(Y VAV =) T(VLVT) = Z IV fill”
i=1 i=1

Using Lemma A.3 in Farghly and Rebeschini [2021], we can find the upper bound of the first term,

E||VLs(0s, B)|> < 2E || VLs(0., B) — VLs(0, B)||* + 2E||VLs(0, B)||?

b
< 2M? |0, |° + 2M>— (by Lemma A.3 in Farghly and Rebeschini [2021])
m
3b Snd
< 2M*(E |6 + 2M? 77 HVf TVf(HS)H] . (by Lemma 1)
Hence, we get

b 5nd |

3
16— 60l” < 43 [E 6ol + 2 + G2 [ve00 v 0| | ¢+ e

/ ZHsz ) ds].

8.3.2 Discretization Error Bound

This section aims to derive the discretization error bounds using synchronous-type coupling. Synchronous cou-
pling is a way to pair samples from two probability distributions that is commonly used to estimate the error
between continuous-time and discrete-time stochastic processes. Given two probability measures p and v on a
common space W, a synchronous coupling of u and v is a joint probability measure m on W x W such that the
marginals of 7 are p and v, respectively, and 7(w,w’) = 0 whenever w # w’. This means that in a synchronous
coupling, each sample drawn from p is always paired with a sample drawn from v in a one-to-one manner.

Recall from Section 2.2 that we denote Ry to be a Markov kernel of our algorithm (6,)$2, and Reg to be a Markov
kernel of our discrete-time process (04,)72,. Our main objective here is to estimate the Wasserstein distance
between Ry and uReg, where u represents an arbitrary probability measure. We focus on obtaining bounds on
the Wasserstein distance between two distributions: uRf , which is the distribution of one step of a label noise
SGD with fixed mini-batch B, and pr. To do this, we define a coupling (ét, Ant) for t € [0, 1],

0
dA\¢ = =V Lg(\, B)dt + \/777 (VE(As, XB))—r AWy, Ao ~ [,

- N - nt /g - T -
0t =S 00 - VLS(Q(),B)’I]t +/ \/T? (Vf(go,XB)> dWS, 90 = )\0.
0

Then, by the convexity of the Wasserstein distance (Lemma 12),

-1
n
ng (,LLR@, ILLR(")) = (k.) Z ng (MRGB7N’P"§3)5
C[n],|B|=k

so we derive a bound for Wasserstein distance W (uRy, uRg) as in the following lemma.

Proof of Lemma 6. Integrating from s = 0 to nt,
nt
At = Ao — VLg(As,B)ds + / Vf()\s,XB)) dWs.
0

Then, by change of variable,

h

- t - T
Mgt — 0y = —77/ VLs(Aps, B) — VLS(GO, )ds +/ (Vf()\é,XB) Vi£(6o, XB)) dWs.
0
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So, by Jensen’s inequality and Itd’s isometry as in the proof of Lemma 5,

E [ Ay — 0

2 t B 2
§2n2/ EHVLS()\WS,B)—VLS(HO,B)H ds
0

N Q%Z]E /O"t T {(Vf(A&XB) - vf(go,xB))T (VE, Xp) - Vf(éo,XB)>:| ds

292 ! 71 71 Al on " 2
<2a? | E [ Ags = (0 — 0) = Bo|| ds +23E [ axtias
861t

k

- ~ 112
95—90H ds + 2

t 2 t
§4172M2/ ]EH/\WS—HS ds+4n2M2/ ]E‘
0 0

where the second inequality is from A2, A3. We can also bound the second term by A2, A3 and Lemma A.3
in Farghly and Rebeschini [2021] as

2

2 _ 2 gp
E‘ g, —ooH < 277252]EHVL5(90,B)H +2.]E

/O " (Vf(éu, XB))T AW,

ns ~ ~
< 2n%s°RE {2M2 |zl + 2M2:1} + 22—21{3 U Tr (Vf(eu,XB)TVf(Qu,XB)> du}
0

. b 20m?s
< 4?52 M2 {IE o) + m} + Z o

2
, we have

Applying Gronwall’s inequality with ¢(t) = E ‘ Ant — 04

ol PR

2 r 2 2
< 8n’exp (4n*M?t) |n>M? {§t3M2 (M(||2) + b ) + &K?} + W@?]

m

[2 b )
= 8n* exp (4> M>t) §M4t3 <u(||'|2) + m) + (M*% + 2t)2k£ﬂ .

Fort=1,

2 2 b 5
E HAn - 91H < 8n* exp (4n2M?) [3M4 (u(II-IIQ) + m) + (M2 + 2)%@} .

O

Remark 7. The bound for the discrete-time algorithm is obtained by adding the one-step discretization error to
the bound for the continuous-time algorithm.

8.3.3 Completing the Proof of Theorem 3

With all the necessary components established, we are now able to finalize the proof of Theorem 3.

Proof of Theorem 3. Using Lemma 13, we have the following inequality:

ng( Pf,yﬁf) < ng(MaV) +Ti/2(1—|-25+657'1/2).

Here, 7a and 7 are calculated using the divergence bound (Lemma 5) and the moment bound (Lemma 1) with
p = 4, which are given by:

e 3b  ond 25
2 = E 6, = 00> VE |0, - fo|| = 4n? {02/2 + =y k’zneff] n+ G,

7 =E|6|* VE H@)W VE|6,' VE H@,H4 —oa+ [Z’ + :—;(m 2)@}2 :
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where oa = p(||-|*) V v(||-|*). Then we can further proceed as:
W, (qu, VPf)

1/2
2
<W,,(u,v) +2n'/? [M2< 1/2+3—b+ 577%2) 52@] : [1+25+6gal/2+6 ( b +:n(d+2)€§ﬂ

3b 2d 12
771/2{4M2<01A/2+m>} +kf/2{< M%Ll)f?é} ]

2b o(d+2
{1+25+6€( e >+6"<(+)é§>}
m k m

2 §(d+2)62 1/2
< W, (1,v) + —L [65( )f{<2dM2+1>£6}
m

< Wy, (,v) +

k3/2

1/2
n 2d 2 2 1/2 2b
1 M?+1) 026 142 =
o [{Eare) i) e (2
1/2
+771/2[{4M2<1/2 3b>} {1+25+65<”2+2b)}].
m m

Assuming p = poRE and v = uoﬁt@ for some t, we can use the moment estimate bound (Lemma 2) to obtain
oa < po(||-|") 4 &2) = o4 + &(2). Therefore, we have:

k m

3/2 [ §(d+ 2)¢02 1/2
+ 1 lGE a4 2)(5 {4M2 (ag/u%)}
m

2 3/2

+Co A +eant/?,

ng(MPB7 A )Sng(May)“‘él 1 + c3

k3/2 k1/2

with parameters

5(d +2)0% 1/2
& =6 < M2+1>£§5} ,

—
.- d+2£§ {4 < c(2)1/2+3b>}1/2,
{( ) }1/2{1+25+65( /2+é(2)1/2+72£>},
Gy = {41\42(1/2+()1/2 3b>} {1+2€+6€<Ui/2+6(2)1/2+72:2)},

18b2
&2) = {m + 96 Nmax + 186005070y + 216524]077111&)(} Nmax-

o
w
I

where

Without loss of generality, assume that the datasets S and S differs only at i*" element. Considering that
P(i € B) = k/n, the convexity of p,-Wasserstein distance (Lemma 12) gives the following inequality:

k ~ k ~
ng(,uR@,uR@) < — sup W,, (/J,PB,VPf) + (1 - ) sup W,, (MPB,I/Pf)
N B:neB B:n¢B

1
< &W,, (nv) + = + G/ 4 ekt v G nl/Qk}

n?
{ 112

where ¢5 := % + (1 — %) Cre~%t. In the second inequality, the second term is bounded by the contraction result
in Theorem 2. By appropriate choice of € as denoted in Section 8.3.4, we have ¢5 < 1, thus by induction,

~t
— 05

~ 1 2
W, (5oRb, o) < 122 - {01 e +62n3/2+ésnk1/2+64n1/2k}. (17)
— G5
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Applying Lemma 4, we obtain a bound for uniform stability as shown below:

M@b/m+1) 1-& 1
sta ©® < . S
stab(Ont) < nps(R\/ 1) 1-¢ n k1/2

+ /% + Eank/? 4 &4n'/ %k

~t
<Cg 1 [77 +n3/2+k1/2n+n1/2k},

1—C5 k1/2
where
b/m—+1
CQ = @E;(/R\/l))( 1\/62\/03\/C4) (18)

Here, we define ¢ to be independent of 7 by bounding 1/e. Recall the choice of e from (22), then we have

<2+201/2 +26(2)1/2 4 & 4 %(d—k%@) (2+2a”2+2é(2)1/2 + 2+ 2‘3?%(%2)6%) 1
< < = =.
- (1+ s)e=on/4 —1 - e¥Mmax/4 — | 3

M | =

By approximation 1 — ¢ < 1 A (1 — &5)t and using the bound (1 —e™®)~! <1+ 1/z (since e® > 1 + ),

o= (e ) = (amma e ) = (ammo e 1) < (s M),

where the second inequality holds because C; < e®"/? as determined by the selections of ¢, a, and ¢ in (22).

So, ifn < min{%7 51z + then for any ¢ € N, the continuous-time algorithm attains the generalization error bound

nn+2/e)11[ n NIpSVE NG RV k
(n— k) L1/2 mne|

|Egen(Op)| < Co min {77?57

The result is extended to the discrete-time generalization error bound using the weak triangle inequality
(Lemma 15),

W,, (oRe, o Rg) < c6Wp, (oRg, pioRe) + W, (10 Re, poRe) + ceW, (MoReyuoRe) (19)
with

29(R
g =1+ g( )

(eRV1). (20)
To bound the first and third terms in terms of the 2-Wasserstein distance, we utilize the discretization error
bound (Lemma 14).

W,, (1oRo, oRe)? < Wa(poRe, poRe)?(1 + 2¢ + epoRo (||| )2 + epoRe (|- 1)/?)
< Wa(poRg, proRe)*(1 + 2e(1 + (o4 + &(2))'/?)) (Lemma 2)

b )+(M2+2)54§] (1+2¢ (140 +a(2)%))2,

m 2k
(Lemma 6)

Nl

2 1
< 8n*exp(4n*M?) [3M4 (042 +&(2)

so that

W, (1o Re, poRe)

1/2 )
< 2v/20% exp (202 M?) [§M4(Ji/2 +E2)Y? 4 :;) (M2 + 2)2‘242] : (1 + 2 (1 Yol + 5(2)%))
WMt M

1/2
< 2v2? exp(2n2M2)[§M4oi/2 + §M4é(2)1/2 + 5o E + 2@} : (1 + 2 (1 +o} +é(2)%))

2
< exp(2°M?) [57772 + ESZE] )
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with parameters

20M?
3m

G = 2v6 (M +V2) £y - (1+2¢ (1+o—f +i2)1)).

[SE

1/2
2 2 L
& = 2v2M [3M2Ji/2 + SM(2) + ] : (1 +2 (1 +oi+E2)

)

Therefore, the inequality (19) can be rewritten as

2

W, (10Ro, o Rg) < 26 exp(2n>M?) {57772 + ESZE] +W,, (noRe, o Re)
2

_ 1. »n? _ . _ ~ ~ ~
< Wy, (p,v) + - {CII;Z/Q + 62773/2 + cgnk1/2 + 04771/24 + 2 exp(2n° M?) [07,]2 + (;877] )

vk

Now, applying the same arguments as above,

. nn+ 2/« 1 k
Estab(frt) SCngH{T]LM}. |:n{k17’/2+771/2+k1/2+7]1/2}+{7]+77}:|’
where

 M(b/m+1)

Cs = SRV D) (61V &gV &3V &4 V 28667 V 28603 (1 V 265 exp (202, M?)). (21)

So, if n < min{%, sirz + then for any ¢ € N, the discrete-time algorithm attains the generalization error bound

o nm+2/a) 1 f n i 7
IIEgen(é’t)|SCgmm{nt,M |- W+n1/2+k1/z+m +{n+m} ;

as required. 0

8.3.4 Convergence of the Bound

As indicated in Remark 1, to ensure the convergence of our generalization error bound, we need n > éln C1, as
dictated by the induction process in (17). We can achieve this through an appropriate choice of ¢, as outlined
below.

By the definition of (,.(a) in the proof of Lemma 3, Vg > 1,

o6 @) 2 |1-r(2

Therefore, Vr < a,

1
R VA

km

4b 26
(1+s{2+20i/2+25(2)1/2++ ”(d+2)e§}>.
m

For any 0 < exp(afmax/2) —1 < s <1, let ¢ =1 — s and choose @ and ¢ as below:

-1

e 2 (1+s)e” 7 —1

_an
a= 1—) and €= .
( o(1—s) 2+ 2037 +28(2)1/2 + 2L 4 Zimex (g 4 22

Then, C; < (1 — s2)e™/* < ¥/ < e as required.
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9 SGLD Bounds

Below, we provide the bounds outlined in Farghly and Rebeschini [2021], which are subsequently compared with
our findings in Table 1.

Lemma 16 (Moment bound [Farghly and Rebeschini, 2021, Lemma A.1]).

p/2
WPP 7)< W)+ |22 4200+ d - 2) ]

Lemma 17 (Moments estimate bound [Farghly and Rebeschini, 2021, Lemma B.2]).

nRy(177) < w17 + é(p),

=2 () (r+ Z ) [ o (2) ]

Lemma 18 (Divergence bound [Farghly and Rebeschini, 2021, Lemma B.3]).

3b+2d/8
m

E |6, — 6o]* < 402 [IE 1601 + } 2 4+ 4dB ¢

Lemma 19 (Discretization error bound [Farghly and Rebeschini, 2021, Lemma B.4]).

Wa(uRo, iRe)® < 81 exp (202 M2) M*(M2u(|||) + M2b/m + 5~"d).



