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Abstract
Contextual Markov decision processes

(CMDPs) describe a class of reinforcement
learning problems in which the transition
kernels and reward functions can change
over time with different MDPs indexed by
a context variable. While CMDPs serve as
an important framework to model many
real-world applications with time-varying
environments, they are largely unexplored
from a theoretical perspective. In this
paper, we study CMDPs under two linear
function approximation models: Model I
with context-varying representations and
common linear weights for all contexts;
and Model IT with common representations
for all contexts and context-varying linear
weights. For both models, we propose
novel model-based algorithms and show that
they enjoy guaranteed e-suboptimality gap
with desired polynomial sample complex-
ity. In particular, instantiating our result
for the first model to the tabular CMDP
improves the existing result by removing
the reachability assumption. Our result for
the second model is the first-known result
for such a type of function approximation
models. Comparison between our results
for the two models further indicates that
having context-varying features leads to
much better sample efficiency than having
common representations for all contexts
under linear CMDPs.
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1 Introduction

Reinforcement learning (RL) (Sutton and Barto, |2018)
alms to optimize the interaction process between
agents and the environment, and has succeeded in
many practical applications, e.g., games (Silver et al.|
2016)), robotics (Levine et all [2016}; |Gu et al., [2017)),
and recommendation systems (Li et all [2010). Typ-
ically, Markov Decision Processes (MDPs) are em-
ployed to model these interaction processes (Bert-
sekas, [2011). In a single MDP, the transition kernel
and reward function remain invariant across different
episodes. The objective of the agent is to learn a pol-
icy that maximizes the cumulative reward under the
same MDP throughout the interaction.

However, many real-world applications involve time-
varying transition kernels and reward functions. These
scenarios are influenced by an additional variable
known as a context. To capture such complexities,
Contextual Markov Decision Processes (CMDPs) are
utilized (Modi et al., 2018} [Levy and Mansour, [2022a;
Hallak et all 2015). For instance, consider a multi-
user recommendation system where transition proba-
bilities and reward functions may differ significantly
among users. Describing the diverse user behaviors
using a single MDP becomes challenging. In con-
trast, a CMDP enables the modeling of a multi-
user recommendation system by introducing a context-
dependent transition kernel and a context-dependent
reward function (Kabra et al., [2021)).

Although CMDPs have the capability to model vari-
ous real-world applications with time-varying environ-
ments, study of their theoretical performance remains
limited. Recently, [Sodhani et al.| (2022); Modi et al.
(2018) have investigated a particular class of CMDPs,
known as Lipschitz CMDPs (or smooth CMDPs). Ad-
ditionally, Dong et al.| (2020); Jiang et al.| (2017) stud-
ied the class of CMDPs with low Bellman rank. More-
over, |Levy and Mansour| (2022b)) explored the tabular
CMDPs with a minimal reachability assumption and a
finite state space. To further generalize such study to a
large or even infinite-state space, Amani et al.| (2022)
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studied CMDPs with linear function approximation,
where the reward function is context-dependent but
the transition kernel is context-independent.

In this paper, we further explore more general CMDP
models with linear function approximation, where
both the transition kernel and the reward function are
context-dependent and are linear functions of features
and weights, and the state space is large or even contin-
uous. In particular, we study the following two models
for CMDPs, both of which are well justified in practical
applications (see Section for motivating examples).

e In Model I, the transition and the reward
can be decomposed into a linear function of
known context-varying representation and un-
known common linear weights that are shared
across all contexts. This model generalizes the
CMDP in|Amani et al.| (2022) with a fized tran-
sition to context-varying transitions.

e In Model II, the transition kernel and the reward
function can be decomposed into a linear function
of known common representation and unknown
context-varying linear weights. Such a CMDP
model has not been studied in the past.

We summarize our main contributions below.

Novel model-based algorithm. For both models,
we design model-based algorithms to enable the use
of all historical data (generated under different envi-
ronments) simultaneously for learning the transition
model and the reward function. This is in contrast
to the model-free algorithms designed for single lin-
ear MDPs (Jin et al., |2020) and linear CMDP with
fixed transition kernel (Amani et all 2022), where all
all historical data (in the past episodes) are collected
under a fixed transition kernel and can hence be used
to directly estimate the value function.

Novel bonus term design. For Model II, the bonus
term for promoting optimism is designed to be the
squared norm of features, which is based on a novel
decomposition of the value function uncertainty into
the context-dependent and context-independent com-
ponents, so that context-independent components can
be bounded by the squared norm of features. This is
in contrast to the standard UCB bonus design (that
adopts the norm itself) in the previous studies of func-
tion approximation for fized transition kernels (Amani
et al |2022; Jin et al.| |2020; [Hu et al.| |2022).

Theoretical guarantee. For both models, we pro-
vide provable upper bounds on the average sub-
optimality gap and the corresponding sample com-
plexity to achieve such a near-optimal performance.
Specifically, for Model I, Our result improves that for

tabular CMDP in (Levy and Mansour, |2022b) by re-
moving their reachability assumption, and thus en-
joys a better sample efficiency if the reachability lower
bound is small, which is often the case in practice
(Agarwal et al.| [2020). Our result for context-varying
transitions has the same sample complexity as that in
(Amani et al.| |2022)) for CMDP with fixed transitions,
indicating that our handling of context-varying transi-
tion does not incur additional sample complexity. For
Model II, our result is the first in the literature es-
tablished for such a type of function approximation
models.

2 Related Work

Contextual MDPs (CMDPs). The study of
CMDPs was originated by the work of (Hallak et al.,
2015).  Since then, several specialized classes of
CMDPs have been explored, incorporating additional
structural assumptions. One notable class is that of
smooth CMDPs, which was proposed in (Modi et al.|
2018). The authors developed a framework for de-
signing Probably Approximately Correct (PAC) algo-
rithms specifically tailored for smooth CMDPs with
a finite context space. This work focused on achiev-
ing efficient and accurate decision-making in CMDPs
by leveraging the smoothness assumptions. [Sodhani
et al.| (2022) further studied the properties of Lipschitz
block CMDPs. Another important class of CMDPs
with low Bellman rank was introduced in (Jiang et al.|
2017). Further, function approximation techniques
were used in (Levy and Mansour, 2022a) to obtain
the sample complexity, where they assumed the ac-
cess to an empirical risk minimization oracle. Then
CMDPs with linear function approximation were stud-
ied in (Amani et all 2022), where only the reward
is context-dependent. More recently, tabular CMDPs
with both context-dependent transition and context-
dependent reward were studied in (Levy and Man-
sour, 2022b). In this paper, we focus on more general
CMDPs with both context-dependent transition and
context-dependent reward, where the transition ker-
nel can be modeled with linear function approxima-
tion. Thus, our models include the CMDPs studied
in (Levy and Mansour, 2022b; |Amani et al., 2022) as
special cases.

Contextual Bandits. Contextual bandits can be
viewed as a natural extension of the classical multi-
armed bandit problem (Slivkins et all 2019). In con-
textual bandit settings, additional information, known
as context, is provided to the decision-making agent.
This context influences the reward associated with
each action. Further, contextual bandits can be viewed
as special cases of CMDPs with horizon one. The ma-
jor challenge here lies in estimating the reward func-
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tion, which is commonly solved using regression-based
methods, e.g., (Chu et al. 2011 Foster et al.| [2018;
Agarwal et all 2014 Xu and Zeevi, |2020)).

Adversarial RL and Nonstationary RL. There
have been two other lines of research that model time-
varying transition kernels and reward functions. The
first line is on adversarial RL (Neu et al., 2012} [Zimin
and Neu [Lykouris et all, 2021} [Rosenberg and
Mansour} 2019; [Jin et al. 2019 Xiong et al., [2021)),
which allows time variations in reward functions but
assumes an identical transition kernel over time. The
second line is on nonstationary RL|Zhong et al.| (2021));
Mao et al.| (2021); [Touati and Vincent| (2020); [Zhou
et al.| (2020); Cheng et al.| (2023D); Xiong et al.| (2020));
Feng et al. (2023)), where both transition kernels and
reward functions can be time-varying. Note that both
adversarial RL and nonstationary RL assume that re-
wards and/or samples taken under current transitions
can be used only in the next episode, whereas the agent
in contextual MDPs can access and exploit the rewards
and samples taken under the current MDP (i.e., the
context) to achieve better performance.

Linear MDPs. Linear function approximation in
Markov Decision Processes (MDPs) has been widely
explored in the literature, e.g..Jin et al. (2020);
et al.| (2019); Wang et al.| (2019); He et al. (2021));
Zhang et al.| (2021); [Chu et al| (2011). The use of
linear function approximation allows for efficient and
scalable representation of value functions or policies in
MDPs, facilitating the handling of high-dimensional
state spaces. For liner MDPs, de-
veloped a standard framework of Upper Confidence
Bound (UCB) based model-free algorithms, and
let all, 2022} [Hu et all [2022)) designed algorithms that
are nearly minimax optimal. Most previous works on
linear MDPs (Jin et al. 2020; Amani et al. 2022)
adopt model-free approaches to approximate the value
function directly. However, these approaches are not
directly applicable to settings where the transition ker-
nel is changing over time, i.e., context-varying. In this
paper, we develop model-based approaches that effec-
tively take advantage of historical data collected under
time-varying transition kernels for better model esti-
mation.

3 Preliminaries and Problem
Formulation

Notation. For a positive integer H, let [H] :=
{1,2,...,H}. For a vector z, define the vector norm
of x w.r.t. a positive symmetric matrix A by ||z||, :=
VzATz. For a finite set A, we use U(A) to denote the
uniform distribution over the set A.

3.1 Contextual MDPs

A Contextual Markov Desicion Process (CMDP) can
be described by a tuple (W,S, A, M), where W is
the context space, which can be continuous or in-
finite, S is the state space, which can be continu-
ous and infinite, A4 is the finite action space with
the cardinality K, and the mapping M maps a con-
text w € W to a Markov Decision Process (MDP):
M(w) = (S, A, Py, 1, H). Specifically, H is the hori-
zon length, and P, = {P,;}L, denotes the time-
dependent and context-dependent transition kernel,
i.e., Py, n(s'|s,a) is the probability of reaching state
s’ in the next step given the state-action pair (s,a)
at step h when the context is w. For convenience,
we denote Py, (s'|s,a,w) := Py 5(s|s,a). Furthermore,
Tw = {Tw,h}hH:1 denotes the deterministic reward func-
tion where 75 : S X A — [0,1] is the reward func-
tion at step h given the context is w. We also write
Th(S, G, w) =1y n(s,a).

At the beginning of each episode, a context w is drawn
randomly from a distribution ¢, and the agent then
experiences the MDP M(w) for the current episode.
Each episode starts with a fixed initial state s; inde-
pendent of the context. At each step h, the agent ob-
serves a state sj, takes an action a; € A under a pos-
sibly context-dependent policy ,, receives a reward
rh(8Sh, ap, w), and the system transits to the next state
sp41 following the probability Py (sp41|$n, an, w).

For a given MDP, we use a5, ~ 7 to denote that an
action ay is selected according to a policy w. We use
sy ~ (P,m) to denote the distribution of s;, applying
policy 7 under the transition kernel P for h — 1 steps.
Then we use E,, q,)~(pP,x) to denote the expectation
over states sp ~ (P,7) and actions aj, ~ w. Given an
MDP: M = (S, A, P,r, H) and a policy 7, we denote
by V,), the value function under the MDP M and the
policy 7 starting from step h and state sy, i.e.,

T H
Virnr = Bty ap,)~(Pir) [Zh’:h T (Sn, ah')\sh] ,

For simplicity, we use Vy; to denote V{"),. For the
MDP M(w) = (S, A, Py, 1w, H), we use 7%, to denote
an optimal policy that maximizes the value function
w.r.t. the corresponding context w, i.e.,

Ty, = algmaXy VXA(M).
For the CMDP problem, our goal is to obtain a se-
ries of policies {7 }N_, over time steps n = 1,..., N
that minimize the following average sub-optimality
gap, which takes the expectation over context and the
average over time:

N
% ZnZI I

wn~q

VMw(w) - VMuEw) :
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A sequence of policy {77 }Y_, is e-optimal if the aver-
age suboptimality gap is less than e.

3.2 Two Linear Function Approximation
Models for CMDPs

In this paper, we study two different linear function
approximation models with context-varying transition
kernels and reward functions.

The first model defined below has context-varying rep-
resentations and the same linear weights for all con-
texts.

Definition 1 (Model I. CMDPs with varying repre-
sentation). The environment transition kernel P, ad-
mits a linear decomposition of a known representation
én: S X AxW = R? and an unknown linear weights
function py, S — R as follows:

Ph(sl‘sva»w) = <¢h(51aaw)7/~l’h(s/)>' (1)

Moreover, the reward function r,, admits a similar lin-
ear decomposition of a known feature function vy :
SxAxW — R? and an unknown linear weights
N € R:

Th(svavw) = <¢h(57aaw)vnh>' (2)

For normalization, we assume ||¢n(s,a,w)l], < 1
and ||Yp(s,a,w)|ly < 1 for any (s,a,w) € S X
A x W. For any function g — [0,1], we assume
Hf,uh(s)g(s)dsH2 < Vd. Furthermore, we assume that

lnnlly < V.

Model I captures read-world applications in which the
environment transition depends on a few dominating
features, where the features can vary rather quickly
but the weights are relatively steady. For example, in
multi-user recommendation systems, features are user-
dependent and change across uses. But the importance
of individual features can remain the same regardless
of user identity, meaning that the roles that these fea-
tures play in the system dynamics are the same for all
users.

In this model, we take the following assumption widely
used in the RL literature (Cheng et al., 2023a; [Levy
and Mansour, |2022b; [Sun et al., [2019).

Assumption 1. The learning agent has access to a
finite model class Uy, where the true model up(s) € Uy
for any h € [H]J.

In this paper, we assume that the cardinality of the
function class is finite. It can be extended to an infi-
nite function class with bounded statistical complexity
such as a bounded covering number (Sun et al.l |2019;
Uehara et al., |2021]).

The second model has the same features for all con-
texts but context-varying linear weights.

Definition 2 (Model II: CMDPs with varying linear
weights). The environment transition kernel P, ad-
mits a linear decomposition with a known representa-
tion ¢, : S x A — R? and an unknown linear weight
function pp, : S x W — R%:

Ph(sl‘sa a7w) = <¢h($’ a)?“‘h(slvw»' (3)

Moreover, the reward function r,, admits a similar lin-
ear decomposition of a known feature function vp :
S x A — R? and an unknown linear weights function.:
Np : W — Rd!

(s, a,w) = (Pn(s, a), na(w)). (4)

For normalization, we assume ||¢n(s,a)l, <

ln(s,a)lly, < 1 for any (s,a) € S x A For
any w € W and function ¢ — [0,1], we assume
Hf,uh(s,w)g(s)a’sH2 < Vd. Furthermore, we assume

that ||nn(w)]ly, < Vd for any w € W.

Model IT captures many read-world applications where
environmental transitions rely on relatively stable fea-
tures but with varying weights depending on contexts.
For example, suppose an autonomous car drives over
several traffic patterns. These traffic patterns can
share common features, but the role that these fea-
tures play in the system dynamics can change with
traffic patterns, i.e., the linear weights are different
across contexts.

For the second model, we take the following assump-
tion similar to the previous one.

Assumption 2. The learning agent has access to two
finite model classes Wy and V3, where the true model
pn(s,a) € Uy and np(s,w) € ¥ for any h € [H].

The above two linear contextual MDP models take the
linear function approximation structure in the stan-
dard linear MDP (Jin et al., 2020) for each context.
However, solving a CMDP is significantly harder than
solving a single MDP due to the context-varying tran-
sition kernel. The key challenges lie in how to use his-
torical data taken over different MDPs to benefit the
learning in future MDPs; and the context and space
can be infinite.

4 Model I: Varying Representation
In this section, we consider the CMDPs with varying
representations as defined in Definition

Technical Challenge: Although there exists a line
of works in single linear MDPs (Jin et al., [2020) and
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linear CMDP with fixed transition kernel and context-
dependent reward (Amani et al., [2022), directly ex-
tending their model-free algorithms to our model is
challenging. This is because in those studies, the tran-
sition kernel is fixed, and hence all historical data
(in the past episodes) can be used to directly esti-
mate the value function, because they are generated
via the same environment. This is not feasible for
our model, because the transition kernel is context-
varying. Therefore, we will design a model-based al-
gorithm, which makes it convenient to use all historical
data (generated under different environments) to learn
the transition model and the reward function first, and
then conduct planning for each context.

4.1 Algorithm

We propose a novel model-based algorithm, particu-
larly designed to exploit data generated by context-
varying environments. As we mention above, the pre-
vious model-free algorithms for fixed transition kernel
(Jin et al.,|2020; |Amani et al.,|2022)) are not applicable
here. Our algorithm is presented in Algorithm

Estimation of transition kernel and reward. At
the beginning of each episode n, the agent observes
a context w,. For each step h € [H], the agent uses
historical data {(s},a},w,,7})}"Z] to estimate the re-
ward function as follows:

n—1

~ . 2 2
Ap = argmin > (7, ¥n(s],, af, wr)) = 15) +&n [l
nn R —1

where &, > 0 is some constant to be specified later.
Moreover, for each step h € [H], the agent uses an
maximum likelihood estimation (MLE) oracle on the
collected data set D = {(s],a},, s}, 1, wr)}1Z1 to es-
timate the weights of transition kernel as follows:

fi, = MLE(Dy) ()

log(¢n (s, a, w), :uh(sl»'

= argmax Z

4
KR &Y (s,a,8" ,w)EDY

Design of UCB bonus terms. We define the fol-
lowing two matrices:

n—1
Sih=>" on(sq, af, we)dn(sh, ap, wr) "+ A,
=1
n—1
AZ = Zdjh(s‘g?a;vw‘r)q/}h(SZ’a;’wT)T +&n, (6)

T=1

where A\, = ydlog(2nH/d), & = ~yadlog(2nH/J),
1,72 = O(1) and I denotes the identity matrix. The
UCB bonus terms for the transition kernel and the

reward are then defined as follows:

(7)
(8)

62(57(1’10) = min{an ||¢h(5a a?“&”(f}ﬁ)fl 7H}7

Ch(S,avw) = Inin{ﬁn ”wh(s,avw)H([\Z)*l 71}7

where a,, = 5H\/2\,d + 4log(2nH|V,|/§) and S,
VdE,. Note that \,,&, = O(d), and therefore, a,, =
O(dH) and B, = O(d). Moreover, the parameter o,
depends on the size of the model class ;. The design
of av, is to bound the gap of value functions due to the
estimation error of the transition kernel. The design
of 3, is to bound the gap of value functions due to the
estimation error of the reward function. See further

details in Remark [Il

Then the agent uses the estimated function fi}(s) to
update the transition as

]5,?(3’|s, a,w) = (pn(s,a,w), in(s")),

and uses the estimated reward weights 7); with defined
bonus terms to update the optimistic reward function
as

(s, a,w) = fAfL‘(s,a,w)+82(s,a,w)+62(s,a,w), (9)

where Z;Z and ¢} are defined in egs. and and

i (s, a,w) =
<ﬁ27wh(svavw)> if(ﬁﬁ,q/}h(&a,w)) € [07 1]
1 if<77}7577/)h(57a7w)> >1
0 (s Yn(s, a,w)) <0

(10)

Remark 1. It can be shown that with high probability,
we have:

|(Puw,n — Pg,h)Vh+17M(hP”')(w)(3’ a)| < by (s, a,w)

and
‘<’I’]h - ﬁgawh(saaaw)ﬂ S éZ(S,a,IU)
for any (s,a,w) € S x Ax W.

Planning and exploration. For the estimated MDP
M(w) = (S, A, H, P #%), the agent defines a trun-

wr ' w
cated value function iteratively using the optimistic
reward function and the estimated transition kernel:

@) (512 O

= min {3H, (s, a,w)+ szwV;&,M(w)(Sh’ ah)} )

Tw

h,M(w)(sh) =E

Tw

|07 (5 an)| (11)
Note that the truncation threshold of 3H is specially
designed to provide a valid bound for the optimistic
reward, which consists of three elements including the
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bonus term for the kernel estimation error, the bonus
term for the reward estimation error and the estimated
reward, and each of their corresponding value func-
tions can be truncated to H.

In the first episode, the agent starts with a random pol-
icy and executes such a policy to collect data. Then
in the following episodes, the agent finds an optimal
context-varying policy 7}, of the truncated value func-
tion:

Ty = argmaxf//a (12)

(w)”

Then the agent executes the policy 7, in the current
episode and collects data.

Algorithm 1 CMDPs with varying representation

Initialization: regularizers A,,&,, model class Uy,
MLE data set D} =

1: forn=1,..,N do

2 observe context w,,.
3 if n =1 then
4 set T} , as a random policy
5 else
6: for h =1, ...,Hldo
7 ip = () - 202 vnsh afwedr,
8 where AZ is defined in eq. @
9: Ay = MLE(D}).
10: 13,?(5’|5,a,w) = (¢n(s,a,w), ap(s)).
11: (s, a,w) = f;}(s,a,w) + BZ(S, a,w)
12: +¢ép (s, a,w),
13: where 7} is defined in eq. @
14: end for
15: M(w) = (S, A, H, P2, i),
16: Ty, = argmax, VﬂM(wn),
17: where VWM(U)”) is defined in eq.
18: end if
19: Execute policy 7y, , collect the trajectory:
20: st,al,rt, ..., sg, al, T

21: Dt =Dry {(sh,ap, sy, wn)} for b € [H].
22: end for

4.2 Theoretical Analysis

In this section, we develop an upper bound on the av-
erage sub-optimality gap and characterize the required
sample complexity for finding a near-optimal policy in
Theorem [I] The detailed proof of Theorem [I] is de-
ferred to Appendix A.

Theorem 1. Consider a CMDP with varying repre-
sentations as defined in Definition[1. Under Assump-
tion |1, for any 6 € (0,1), with probability at least
1 —35/2, the sequence of policies {7 }N_, generated

Wp,

by Algorithm[1] satisfies that

N
1 v T
N Zﬁq Vi) = Vi)
<

(42H\/2d)\N ¥ dlog(2H N[, [/0) + 6\/d§N)

[2d N

where A = min{\1,&;}. To achieve an € average sub-

4 33
optimality gap, at most O (Hdk’fiW) episodes

are needed.

We highlight the significance of Theorem [I] via its
comparisons with highly relevant existing studies as
follows. (i) Our result generalizes that in (Amani
et all 2022) with only context-dependent reward to
both context-dependent transition kernel and context-
dependent reward. Our result has the same sample
complexity as that in (Amani et al. [2022) indicating
that our handling of context-varying transition does
not incur additional sample complexity compared to
the setting with a fixed transition kernel. (ii) Our re-
sult improves that in (Levy and Mansour, [2022b]) by
removing the reachability assumption required for tab-
ular MDP, and thus enjoys a better sample efficiency
if gmin 1s small, which is often the case in practice
(Agarwal et al., [2020)). (iii) Our sample complexity

for CMDPs is @(H;ds), which is the same as that of
LSVI-UCB for a single MDP (Jin et all, [2020). Thus,
with the same sample efficiency, our approach can also
solve CMDPs, as long as the contexts share the com-

mon linear weights.

5 Model II: Varying Linear Weights

In this section, we consider Model II with unknown
context-varying linear weights and the same known
features for all contexts as defined in Definition Bl

Technical Challenge: The bonus term design to pro-
mote optimism for Model II cannot apply the stan-
dard UCB bonus term in the previous studies of func-
tion approximation for fixed transition kernels (Amani
et al., 2022} |Jin et al.| [2020; Hu et al.| [2022). The rea-
son is that the features (i.e., representations) in Model
IT are fixed, and hence cannot fully upper-bound the
context-varying value function gap due to the esti-
mation error of the transition kernel and the reward
function. Therefore, we will develop a novel decom-
position of the value function gap into the context-
dependent and context-independent components, so
that context-independent components can be bounded
by the squared norm of features.
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5.1 Algorithm

We adopt a model-based design to learn the transi-
tion model first, and conduct planning for each new
context. The detailed algorithm is presented in Algo-
rithm 2l

Estimation of transition kernel and reward.
At the beginning of episode n, the agent observes a
context w,. The agent uses collected data D} =
{(s,a}, s}, 1,7, wr)}PZ1 to estimate the transition
by an MLE oracle:

jij = MLE(D})

= argmax Z

%
A (s,a,8" w)ED}

10g<¢h(8, (1), p“h(slv ’LU)>

and the reward function by a least square regression
(LSR) oracle:

i, = LSR(Dy)

= argmin Z

v
nnE¥s (s,a,mw)€ED}

((n (s, @), m(w)) —1)°.

Novel design of UCB bonus terms. We first define
the following matrices:

n—1
r =" on(sh,ap)on(sh.ap) " + A,

T=1

n—1
b= vn(shap)en(shof) T+ &l (13)
T=1
where A, = F1dlog(2nH/§), &, = Yodlog(2nH /) and
%b%? = 0(1)

To design a UCB bonus term, we first note that the
following important remark.

Remark 2. It can be shown (see Lemma n
the Appendiz) that the value function gap |(Py,n —
Py iWViii e (8,0)] for any (s,a,w) € & x A x
W can be decomposed (via an upper bound) into
the context-independent and context-dependent compo-
nents, where the features ¢p(s,a) can play a role only
in the context-independent term because the features
do not change over contexts in Model II.

Lemmal[I2)in the Appendix also indicates that only the
squared norm of the features ¢y, (s, a) will serve as valid
bonus terms to upper-bound the context-independent
component of the value function gap. This is very
different from the standard UCB bonus terms based
on the norm of features in the previous studies for
fixed transition kernels (Amani et al., [2022; Jin et al.|
20205 Hu et al.,|2022). Thus, we design the UCB bonus

term ZZ(S, a) as follows:

Bi(s.a) = min {Gn on(s, )5,y 1 H o (14)

where &, = %CH\/W with C = ’;‘r‘;ﬁ, and puax
and pmin are defined in Assumption [3] Similarly, we
define the bonus term for the estimation error of the
reward function as:

Gi(sa) = min {By [on(s, @) P51}, (1)

where a,, = %C\/ dN. Then the agent uses the

estimated function i} (s, w) to update the estimate of
the transition kernel as

ﬁi?(‘sl"g’ a, ’LU) = <¢h(87 a),ﬁﬁ(s’,w)),

and further updates the optimistic reward function us-
ing the estimated function 7} (w) and the above de-
fined bonus terms as

?Z(saavw) :ﬁl(s,a7w)+gZ(5,a)+EZ(s,a), (16)

where EZ and ¢} are defined in egs. and and

f,?(s,a,w) =
<17;Z(’LU), 7/)h(37 a)> 1f<ﬁ;z<w)a Q/Jh(& CL)> € [07 1]
1 if (5 (w), ¥n(s,a)) > 1
0 it (w), ¥n(s,a)) <0
(17)

Planning and exploration. For the estimated MDP
Mw) = (S, A, H, P, 7), the agent defines a trun-

cated value function iteratively using the optimistic
reward function and the estimated transition kernel:

thu/\?(w) (sh,an)
= min {3H,ﬁ(s, a,w)+ ﬁ,zwf/h”:l M(w)(sh’ ah)} ,
Vi (51) = E @ (snvan)] (18)

In the first episode, the agent starts with a random
policy and executes such a policy to collect data. Then
in the following episodes, with the estimated transition
kernel P and the optimistic reward 77, the agent finds
the optimal context-dependent policy 7}, for the MDP

M(w) = (S, A, H, P},77) as

n

T

— [/ s
w, = argmax Vﬂ(

wy)”

To collect data, the agent does not simply execute the
policy 7, ~in the entire episode. Instead, for each
h € [H], the agent first executes 7y, for h steps, and
then chooses the next action according to a uniform
distribution U(A) and observes the next state. In this
way, sy, follows the distribution of (P, 7y, ), and aj, fol-
lows the uniform distribution. Such a uniform choice of
actions provides a context-independent distribution of
the action, which helps the agent to use history data
from all previous contexts to estimate the transition
and the reward function of the current context.
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Algorithm 2 CMDPs with varying linear weights

Initialization: regularizers Xn, En, model classes ¥y
and U3, MLE data set Dy = (.
1: forn=1,...,N do
2: observe context w,,.
3 if n =1 then
4 set m,, as a random policy.
5: else if n > 2 then
6: for h=1,...,H do
7 /ZZ = MLE(D}), nj = LSR(D}).
8 P]?(S/|57a7w) = <¢h(57a)vﬁ2(5/7w)>'
9

: end for _ _
10: (s, a,w) = fi'(s,a,w)+bj(s,a)+cp (s, a),
11: where 77 is defined in eq. (|16)
12: M(w) = (SaAvyvaZam)
13: Ty, = argmax ‘_/jav(wn).
14: end if
15: for h=1,..,H do
16: use 7, : roll into sy, take an action
17: uniformly ay, ~ U(A), reach next state sp1.
18: collect trajectory st,af, ..., sy, ap, sy 1
19: D+t = D U{(s] aff, 87177 wn) -
20: end for
21: end for

5.2 Theoretical Analysis

In this subsection, we develop an upper bound on the
average sub-optimality gap and characterize the sam-
ple complexity for finding a near-optimal policy.

Suppose that Assumption [2|holds. We further adopt a
standard assumption also taken by the study of CMDP
(Levy and Mansour} [2022b). Specifically, given the
context w and policy my,, let s, ~ (P, Tyw), and let
(8h|Tw, Pyw) denote the density function of sp,.

Assumption 3. For any context w € W, any step
h € [H] and any context-dependent policy m,, there
exists constants 0 < Pmin < Pmax < 00 such that
P(Sh|Tw, Pw) € [Pmins Pmax] for any s, € S.

As discussed in [Levy and Mansour| (2022b)), the exis-
tence of pyin can be removed by mixing each transition
kernel with a uniform distribution, while still keeping
the sub-optimality gap sublinear without pyi,. This
assumption helps to bound the maximal uncertainty of
reaching a state at step h under any context and policy.
In this way, the maximal difference between the prob-
ability of reaching the current state and reaching any
previous state in the history data can be estimated,
which allows to guarantee the accuracy of learning the
current MDP based on history data.

We present the following theorem and defer the de-
tailed proof of Theorem [2] to Appendix B.

Theorem 2. Consider Model II of CMDP with vary-
ing linear weights as defined in definition [§ Under
Assumptions @ and @ for any 6 € (0,1), with prob-
ability at least 1 — 35/2, the sequence of policies
generated by Algorithm[9 satisfies that

1 N ™ T
N anl wIEq [VM(w) B VM(w)}
2 [d3K N
< 9120H%/ S log (1+ 21)
+ %2\/ % (25Nd+ 0210g (%M) + 4XNd

+8C?%log (72111(\5@%‘ )) ,

where X = min{xl,gl} and C = , [Pmax

Pmin
To achieve an € average sub-optimality gap, at most

O H*d® Klog®(|%2||¥5]/6%) . pmax
€2 Pmin

) episodes are needed.

Compared to Theorem [I] on Model I, Theorem [2| on

Kpmax
Pmin

in the sample complexity. This is mainly because that
the unknown weights are context-varying, and a uni-
form choice of actions was adopted to facilitate the
learning of the varying weights. Such a uniform choice
of actions causes an additional factor of O(K) in the
sample complexity. Moreover, in order to use data col-
lected in the previous contexts to estimate the current
MDP, handling the distribution shift among different
contexts and policies further introduces an additional

Model II requires an additional factor of O (

sample complexity of order O (?ﬂ&),

The result in Theorem [2] improves existing studies as
follows. (i) Our result generalizes those results in
(Amani et al.| |2022)) to cases where the transition ker-
nel can also be context-varying. (ii) Our Model II
includes the tabular CMDP in (Levy and Mansour)
2022b) as a special case, whereas our model is more
general allowing the state space to be infinite.

6 Conclusion

In this paper, we investigated CMDPs whose transi-
tion kernel and reward are both context-varying. More
specifically, we considered two different linear function
approximation models, which are defined in Model I
and Model IT respectively. We designed model-based
methods for both models, where the design for each
model features novel elements to deal with the unique
challenge of the model. We further provided provable
upper bounds on the average sub-optimality gap for
both models and the corresponding sample complex-
ity to achieve e average sub-optimality gap.
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Notation. Recall that we use M(w) = (S, A, Py, T, H) to denote the environment MDP w.r.t. the context w.
We use M) (w) to denote an MDP with a transition kernel P, and a reward function 7/, i.e., M""F)(w) =
(S, A, P, rl,, H). Here we define a truncated value function for any MDP M under a policy 7 and at step h as:

_Z,M(TI’P,)(’IJJ)(S}“ ap) = min {H, 5, (Shy ap, w) + Pfll’wvhﬂ+1,M(T/xP’>(w)(8h7 ah)} ,
V3 a0y (1) = B[ Q0 gty (s 1) (19)

For any two probability measures P and @, we use ||P — Q|| to denote the total variation distance between
them.

A Proof of Theorem [1l
In this section, we first prove some useful lemmas and then prove Theorem

A.1 Supporting Lemmas
We consider the model defined in Definition [I} We first introduce the following MLE guarantee on the estimation
error established in |Agarwal et al.| (2020)).

Lemma 1. (MLE guarantee). Suppose Assumption holds. Given ¢ € (0,1), we have the following inequality
holds with probability at least 1 — &/2 for all h € [H] and n € [N]:

n—1
E R ) = 1 () b1 (s ans w)) |3y < Gy

2, K

L (snyan)~(Puw,my,)

where (, :=log(2|Vq|nH/J).

The following lemma can be obtained from Lemma 39 in |Zanette et al.| (2021) and Lemma 11 in [Uehara et al.
(2021)).

Lemma 2. For 2;} and AZ defined in eq. @, we define their corresponding expected value as follows:

n—1

=y 1) On(Shy an, w)dn(sn, an,w) " + A,

wrq
=1 (sn,an)~(Puw,m,)

n—1

= E On(sn, an, w)on(sn, an, w)" + &l

w~q
7=1 (sp,an)~(Pw,m,,)

where Ay, = y1dlog(2nH /) and &, = yadlog(2nH /). We define the following two events:
& :{Vn €[N],he[H],s€S,ac AweW

5 100050, 00 gy 1 < 1m0, 055 < 3 om0l gy |
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E=¢Vne[N|,he[H,seS,ac A,weW

ot =~

”'I/Jh(svaaw)”(l\;i)_l < ||7v/’h(57a,w)||(;\2)—1 <3 Hwh(svavw)”(l\z)_l }

Let & := & U &y denote the intersection of the two events. Then P(Ey) > 1 — 4.

We further prove a number of supporting lemmas.

Lemma 3. Suppose PP(-|s,a,w) = (i} (), ¢n(s,a,w)) is the estimated context-varying linear transition kernel
at step h € [H] in episode n € [N]. Consider a generic non-negative function f :S — R, which is bounded by B,
i.e., f(s) €[0,B] for any s € S. Then for any (s,a,w) € S x A x W, with probability at least 1 — 6/2, we have:

L1 G ) = ) ns. )| < i {a om0 ) g0 B

where &, = By/2A,d + 4(,.

Proof. First, we have:

/S F) (B () — pun ()T Gn(s, 0, w)ds

: (20)

(@)
< gn(s, w0}y H L1 G ) = i) s -

where (i) follows from the Cauchy-Schwarz inequality. Then, we further derive

2

=)

/S £(5) (B2(3) — an(s)) ds

2

e \ [ FER) ~ ()i
n—1 2
+ Z E, </ F() (A2 (s) — ()" on (snyan,w) d5>
=1 (sp,an)~(Pu,nl) /S
0) ity
< 2X\,dB* +4B% ) E, () = sn()s dn (Shy an, w)) |7y

=1 (s;“ah)N(Pvar;)
(i1) 2 2
< 2\, dB? + 4B%¢,,

where (i) follows from Definition |1| and from the definition of total variation distance, and (iz) follows from
Lemma By substituting the above equation into eq. and setting &, = B+v/2A,d + 4(,, we have:

GG = () (50,00 | < om0, g1 (21)
Also, since f(s) € [0, B] for any s € S, we have:
16 G ) = () (.
_ E no_ E /
s’~P,’f(~|s,a,w)f(s ) s'~Pp(-]s,a,w) y
< B. (22)

By combining eq. and eq. , we complete the proof. O
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Lemma 4. Given the event & defined in Lemma@ occurs, for any (s,a,w) € S x A x W, define the function

bp(s,a,w) = min{a, Hqﬁh(s,a,w)ﬂ(gn)q ,H}, where a, = 5H~\/2Xpd 4+ 4(,. Then for any context w, with
h

probability at least 1 — 0/2, we have:

Vi

Rty = Vit moy| < Vi

(b" P”)( )

Proof. Recall the definitions of the truncated value functions V™ and QZ M) ()

B MO (1)
MUE) () = (S, A, P, rl,, H) are given by

w w7

for a generic MDP

QZ,MW«P'>(w)(Sh’ah) = min{H, r/(Sh,ah,w) +P;;wV}ZT+1 MO P/)(w)(sh,ah)},
Vipae o gy (50) = E [QZ,M(T“P”(w)(Sh’ “h)} ‘
We complete the proof by induction. For the base case h = H 4+ 1, we have

Tw
VH+1 MO P (4 )(SH+1)'

Vg.q_l M(w)<sH+1) - Vgil M(r,ﬁn)(w)(sHJrl)

Now we assume that ’V,;l M(w) (Sht1) — VhJ‘r”1 MO (0 )(sh+1) < VhH,M(Bn,,ﬁn)(w)(sthl) holds for all 55,41 € S.
Then according to Bellman equation, for all sy, ap, we have:

’Qh M(r, P")(,w) (Sha ah) - QZ:H/\/[(,LU) (Sh, ah)’

AH1,MEP™ (w)
_ Tw Tw
- ‘thw (Vh+1 MTP™) () — Vit mq )) (sn, an)

+ (P;zl,w — Ph,w) Vhﬂfl,_/\/[(w)(sh7ah)‘

min {H7 I;Z(Sh,ah,w) + pf?,w ‘V}::)l M(r, P")( ) Vl:ri)l M( )} (Sh7ah)}

_ ‘ h, wVﬂ'w (Sha ah) — Ph»wvfzrrl,/\/[(w) (Sh, ah)’

(4)

IN

()

< mm{H bh(sh,ah, )+Pthh+1 MO (4 )(sh,ah)}

= Qh M(bn pn)( )(Sh,ah), (23)

where (i) follows from the fact that ‘Qh M) (a0 )(Shvah) — Qi w)(sh,ah)

is bounded by H and from

Lemma [3] and (i) follows from the recursive hypothesis. Then, we have:

) = Ve ) (sh)‘

]E {sz(w)(sh;ah)} _T]l:_E |: Zj‘.}/\/[("'vﬁn)(w)(sh’ah)]‘

Tw

‘ h/\/lw)

| /\

E [| @7t (515 00) = Qgm0
(%) ~
< & [th\/t(t}”,ﬁn)(w) (Shvah)]

Tw
— Vhﬂ}l{/[(bn P")( )(Sh),

where (i) follows from eq. (23)). Therefore, by induction, we conclude that:

T w Tw Tw
’VM(“’ V/\/t(7 P (w ’ VM(b" P ()

O

Lemma 5. Suppose f,?}(s,a,w) is the estimated reward defined in eq. , then for any (s,a,w) € S x A X W,
we have:

(s, a,w) — rh(s,a,w)‘ < min {ﬁn ||wh(s,a,w)||([\z)71 ,1} )
where By, = V/&nd.
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Proof. Since the values of both 7,(s,a,w) and f}*(s,a,w) are restricted to [0,1] for any (s,a,w) and any h €
[H],n € [N], we conclude that ’f,:‘(s,a,w) - rh(s,a,w)’ < 1. Also, according to the definition of f,’f(s,a,w)
defined in eq. , we have:

fi?(sva’aw) - Th(SvU‘?w)’ < |<ﬁ27¢h(5,a7w)> - Th(svaaw” . (24)

Now consider:

_1 n—1
i == (A1) D vn (shafwe) v —

=1

= (1) (Z Un (s af, wr) ] — A m)
=1

9 e (81) e

where (i) follows from the definition of the matrix AZ and the reward function ] = vy, (s}, a},, wT)T nn. Due to
the linear structure, for any (s,a,w) € S x A x W, we have:

|<ﬁ2’¢h(57a’w)> - Th(saarw) < ?L - nhﬂl}h(s a ’LU)>|

< I — gn Ah _1) nh_nhawh(saavw)>

- )<§n (f\}}) 177h77/)h(5aa7w)>’

< V& Il e, 0,20
(%)
< V gnd ||¢h(83 aﬂ”)”([\;t)*l y (25)

where (i) follows from the normalization in Definition |1 I By combining egs. and , and the fact that
‘fh s,a,w) —rp(s,a w)’ < 1. Then we complete the proof. O

Lemma 6. Define function ¢é}(s, a,w) = min {ﬂn H’l/)h(S,Cl,U})H(An)—l ,1}. Assume that the event & defined in
h
Lemma[3 occurs. Then for any context w, we have:

Tw Tw
“Cw<ﬂan>uﬂ> Vtr )‘-— MEP™) ()"

Proof. Note that the values of both f7*(s,a,w) and &(s,a,w) are restricted to [0,1] for any (s,a,w) and any
h € [H],n € [N]. Following from Lemma [19] it is equivalent to prove:

]1f”w _yTe

Tw
M, P") M, P")(w) V

ME™, pn>(w)

Then we have:

T @)
VM(f" Py (w) (r P ()

Mm

Wy (snoan)~( Py

E ( A;Z (Sha Qp, ’LU) —Th (Shvahvw))
pPn 7"711)

E o |fi nanw) = msnan,w)

(sh,an)~ (Pﬁ,ﬂ'w)

M= 3

h=
)

=

—
IN S

<
% ’Mm

E ¢ (Sh, ap, w)
(S}ua}L) (P,Eyﬂ'w)

MEE™) (1)’
where (i) follows from Lemma [23and (i) follows from Lemma [f] O
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Lemma 7. Given the event &y occurs, then for any context-dependent policy ,, with probability at least 1—0/2,
we have

T Tw Tw Tw
‘VM(fn P”) V w)‘ — V (b" Pn)(w) + V (c" Pn)(w)

Proof. By combining the bounds on the estimation error of both the reward and the transition kernel, charac-
terized respectively in Lemma [6] and Lemma [ we have:

Tw Tw — Tw Tw Tw T
VM(f" P (w) VM(w ‘ ‘VMU“ P (w) VM<r P (w) VM(v P (w) VM(w)’
T T w Tw Tw
‘VM<f7L pn)( ) VM(,. P”)( ‘ + ‘VM(T pn) V w)‘
T w Tw
_VM(bn P") VM(L” P")(w)

A.2 Proof of Theorem [

We first restate Theorem [I] below.

Theorem 3 (Restatement of Theorem 1] ' Consider a CMDP with varying representations as defined in Def-
inition I Under Assumption l 1, for any 6 € (0,1), with probability at least 1 — 35/2, the sequence of policies
{mn }A_, generated by Algomthml satisfies that

1 X "
NZ [M“?w VMw(w)}

(42H\/2d)\N + dlog(2H N[ 1|/6) + 61/dén H\/ -y /log 1 + 5

where A, = n1dlog(2nH/d), &, = y2dlog(2nH/§), v1,72 = O(1) and A = min{\1,&}. To achieve an € average
sub-optimality gap, at most O (w) episodes are needed.

Proof. First, we derive an optimistic estimation of the optimal value function.

M(w) SVMuEf’n)ﬁn)( ) + VM%,L P7) () + VM“zcn ) ()

T
S VM fr4bn4an, Pn)(w)

< VM(f"n_*_gn_*_ényﬁn)(w)
(iv) =

VT sy Vet oy + Vet om (27)

oy = argmaxﬂV/’\TA( Frbnben ) () and (iv) follows from Lemma |21} Then the average suboptimality gap can be

where (i) follows from Lemmal[7}, (i) follows from Lemma 20} (iiiifollows from the definition of the greed policy
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bounded by:

n=1
1 & . )
<7 2 B (VR o+ Vi o+ Viien sy = Vil
1 nj;l - n . i
S 98 Hv,azfn,m( R TR S S
)1
where (i) follows from Lemma
We next provide an upper bound on Zn Lo q:JCln(bn P (w) Define gj(s,a,w) = (pﬂlw —
Py w)Vth“’1 MW“ﬁ")(m)(s’ a). Then due to Lemma [22[in Appendix @ we have:

=

N
D E Vi o Z Viin e o )+Z E Vit o) 0) (29)

n=1 n=1

First, we bound the first term in the right-hand-side of eq. . By applying Lemma in Appendix E we can

obtain a bound on the summation of the expected value function VL"EW P) () 3 follows:

N N H
SV T B, oot an w)lsy- ]
n=1 n=1h=1

(sh,an)~(Py,m,)

@) 7 &
SBanVNY Y B, [lenGhan w)sy
h=1 \ n=1 (sp,an)~(Puy,m")
(id) N
<3anVNH - | 2dlog <1 + CM) (30)

where (4) follows from the Cauchy-Schwarz inequality and because the event & occurs, and (i¢) follows from
Lemma 24

Next, we bound the second term in the right-hand-side of eq. . We obtain the bound on the summation of
the expected value function V» as follows:

M P) (1)
N H
n
S eSS liGuel
n=1h=1 (sp,an)~(Puw,m,,)

N H 3
<> E, =0 [ Pn(sh, an, w)ll -

n=1h=1 (sp,an)~(Pw,Ty)

(Z)gaN\/NZ Z E {H(bh(sh?ah’w)“?z:h)_l}

wrgq
h=1 \ n=1 (sp,ap)~(Puw,m,,;)

(444) 3

N
< ozN\/>H 2dlog (1 + d/\) (31)

where () follows from Lemma [3[and the fact that Vhﬂf\/l(bn B (g (sh, ap) < 3H for any h € [H], (ii) follows from
the Cauchy-Schwarz inequality, and (#i¢) follows from Lemma Then by combining egs. to together
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with the definition of «,, we obtain:

= 7l N
Z E Vi by < 5 B anVNH - [2dlog <1+CM> (32)

Now, we provide an upper bound on 25:1 E ‘:/L:“L(én ) () Due to Lemma in Appendix @ we can show
wn~gq ’

that
(33)

N
E 7 Zw@q AP o >+Z B Vidtro )

ME™, pn>(

an

where [} (s, a,w) = (P{;w — Phu)V" BT MG P )(s,a). We first provide an upper bound on the first term in

the right-hand-side of eq. :

Z w]Eq M(c" P) (w) Z Z qu [577, qu)h(sh’ah’w)H(f\Z)*l]

n=1h=1 (sp,an)~(Puw,m)

N

(1) <
SV Y B, [l anwlity,- ]

h=1 \ n=1(sp,an)~(Pw,my)

s VN H - [2dlog (1 + j;;) (34)
where (i) follows from the Cauchy-Schwarz inequality and the event & occurs, and (i) follows from Lemma [24]
Then, since V e Pn)( (s,a) < 3H for any h € [H], we bound the second term in the right-hand-side of
eq. (33) smnlarly to eq. and obtain:
al n 3 N
> E Vi e ) < gaN\/NH -/ 2dlog (1 - CM) (35)

) to ( . together with the definitions of «,, and ,,, we obtain:

N _ 3 N
Z E 7 < <5aN + 35N> VNH - | 2dlog (1 + dA) (36)
wn~q

M, pn)( )

Combining eqs. (33|

By substituting egs. and into eq. , we can bound the average suboptimality gap as follows:
1 7T Ty
N Z [ Miw) VM(w)}

1 (42 N
< | = . -
<v ( =N —i—GBN) VNH - [2dlog (1 - dA)

2 N
- (42H\/2d)\N + dlog(2HN|W,/5) + 6\/d§N) H\/E' log (1 n dA>’

where \,, = y1dlog(2nH/§), &, = Yadlog(2nH/6) and A = min{\;, & }.

Note that Ay,&ny = O(d), and it can be seen that the upper bound of the average suboptimality gap is of

the order O <\/ Pﬂdsloif(l\plm). Then to achieve an e average sub-optimality gap, at most O (%)
O

episodes are needed. This completes the proof.

B Proof of Theorem [2l.

In this section, we first prove some useful lemmas and then prove Theorem [2}
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B.1 Supporting Lemmas

We consider the model defined in Definition [2| We first introduce the following MLE guarantee on the estimation
error established in [Agarwal et al. (2020). Note that the form of the MLE guarantee is different from that in
Lemma [T because the model is different.

Lemma 8. (MLE guarantee). Suppose Assumption@ holds. Given § € (0,1), the following inequality holds with
probability at least 1 — 6/2 for all h € [H] and n € [N]:

> Ly anGw) = pn( w), ¢n (shsan)) |7y < Cas

7=1 s}, ~(Puy,m,,)

an~U(A)

-1

where ¢, := log(2|¥a|nH/J).

Lemma 9. (LSR guarantee).  Suppose Assumption@ holds. Given 6 € (0,1), the following inequality holds
with probability at least 1 — §/2 for all h € [H| and n € [N]:

n—1

> E, 1T (w) = nn(w), i (sn, an)) |l < G,
T=1 sp~(Pw,my,)

ah’\’u(.A)
where ¢, :=log(2|¥3|nH/J).

Proof. We present the detailed proof in Appendix [C] O

The following lemma can be obtained from Lemma 39 in [Zanette et al| (2021) and Lemma 11 in [Uehara et al]
(2021).
Lemma 10. For f]’,; defined in eq. , we define its expected value as follows:

n—1
=D L On(sn, an)on(sn,an) " + A1,
T=1 shN(Pwvﬂ'L)
ELhNu(.A)

n—1

= £, Un(sny an)n(snsan) " + &l
T=1 ShN(Pwyﬂ—:u)

ahNU(A)

where A, = F1dlog(2nH /) and En = odlog(2nH/§). We further define Eo = & U &, where:

gl{VnG[N],hG[H],seS,aEA,

10060l < 1006, 5y < 310n( 0l 55 |-

é;:{vne[N],he[H],ses,aeA,

% ||wh(87a)||(1\2)_1 < ||7/fh(57a)||(7\2)—1 <3 ||wh(87a)||(1\2)_1 }

Then we have P(Ey) > 1 — 6.

We next prove a number of supporting lemmas that are useful for our proof.

Lemma 11. Suppose Assumption [3 holds. Given any function f : S x A X W — R, for any given context
w € W, we have:
E <C®* E
iy f(sn,an,w) < shN(pw,ﬂ;)f(sh’ah’w)’
Sh~(Puwy oy, ) an~U(A)
anp~U(A)

where C = , [ Bmax

Pmin
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Proof. Recall that we use p(sp|mw, Py) to denote the probability density of s;, when s, ~ (P, m,). For any
given w, € W, we have:

1
f(snyan,w /Zf Shy Qh, W) - P($h|Tw,, Po, ) - 2=dsn

spe~(Puwy sy, )
Qap NM(A)

max 1
& Pmax /Zfsh,ah, P, Pu) - o

pmm

=C? E Sh, Qp, W),
sh~(Pw,7r;)f( hy @hy W)

ap NU(A)

where (i) follows from Assumption 3] Note that the right-hand-side of the above equation is independent of w,.
By taking the expectation over w, on both sides, we obtain the desired result. O

To simplify the notation, we define

n—1
- _ 2
h(w) = E  @h (¢ w) = pn(w), dn (8w, an))ll7y - (37)
1ShN(Pw77Tw)
ap~U(A)

3
Il

Now we present a lemma to bound the value function gap |(Py,, — E’,},h)thH (s,a)|. Differently from Lemma
in Appendix [A] we cannot bound the context-varying gap by the norms of context-independent representations
as bonus terms for any (s,a,w). The following lemma helps to decompose the context-varying value function
gap into context-dependent and context-independent components.

Lemma 12. Suppose ﬁ,?(~|sh,ah,w) = (Er(-,w), dn(sn,an)) is the estimated context-varying linear transition
kernel at step h € [H] in episode n € [N]. Consider a generic non-negative function f: S — R which is bounded
by B, i.e., f(s) € [0,B] for any s € S. Then any (sp,an,w) € S x A X W, with probability at least 1 — /2, we
have:

/S £ () G (51 0) — pun (') (smr an)ds’

. | cBVAN BVEK ~ -
< min {W ||¢h(5h7ah)||?22)*1 ’B} + W(And‘F 2C2C (w).

Proof. Consider any given (sp, ap,w) € S x A x W. We first obtain:

NER (s’ w) = pn(s',w) T dn(sn, an)ds’

%) ||¢h(5haah)||(27i)71 . H/s f(s) (g (8, w) — pn(s',w)) ds’

(1)
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where (i) follows from the Cauchy-Schwarz inequality. Then, we further derive that

2
(=%)
/S F(8) (2 (5, w) — (s, w))ds

/S £(5) (2 (5,) — pon(s, w)) ds

" 2
A‘

n—1 2
+>  E () (g (s,w) = pn(s,w)) " i (s5,, af,) ds
wr~q s
=1 s}, ~(Poy o7, )
aj, ~U(A)

n—1

(4) —n 2
< 2,dBP+4B2) 0 B (ARG w) = unlw), dn () a)) 7y
=1 s,hN(P"U7'77r;7—)

aj, ~U(A)

(i1) ~
< B? (md + 4020 (w)) , (39)

where (¢) follow from Definition [2] and from the definition of the total variation distance, and (i¢) follows from
Lemma [11] and the notation eq. (37)). Notice that since f(s) € [0, B] for any s € S, we have:

/S £ () G () — pon () 6n (s, 0, w)ds’

E  f(s) - E  f(s)

S’Nﬁ;f(-\s,a,w) s’ ~Pp(¢]s,a,w)

Then, we have:

/S £ () @ (5 w) — g (5, 10)) T dn(snr an)ds’

(i) =
< min{||¢h(sh, ah)”(z;;)*l . \/Bz (2)\nd + 402(2(“’))’3}

, CBvVdN 9 BVK , ~ ~
= min V- llon (sn, ah)”(z;;)—l . W@)\nd +4C2( (w)), B
@)  [CBVAN 2 BVK ~ 2%
< min {m l[én (sns an)ll(gny -1 + W(And‘f' 20°C; (w)), B
@i [ CBVAN 2 BVEK ~ 2%
< min {m |60 (sny an)lign) - ,B} + W(And‘F 207¢ (w)),

where (i) follows from eqgs. (38) to , (i) follows from the fact that ab < 1a® + 1b% and (iii) follows from the
fact that min{a, b+ ¢} < min{a, b} + min{a, ¢} for a,b,c > 0. O

Lemma 13. Given that the event & occurs, for any (s,a) € S x A, define the function BZ(s,a) =

min {&n ||¢h(s,a)||?ig)71 ,H}, where &, = %C;Hi\/? VAN Then for any context-dependent policy m,,, with proba-

bility at least 1 — 6/2, we have:

2
Vﬂ'w _ V7Tw < ]E Vﬂ'w + H \/E

B o VAt MEED ()| = wng MEF(w) T oy AN

wrq

(And +2C¢).

Proof. Recall the truncated value functions V™ and Q

I M P () w) for a generic MDP M F") (w) =

™
h, M P (
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(S, A, P, rl,, H) are defined as:

w? u)?
727M("'/’P/)(w)(8h7ah :min{H7r’(sh,ah, )+Phw h—‘rlM(T, P’)( )(Sh,ah)},

)
Vhﬂ;M(T/'PI)('U}) (Sh) = IE [QZ,/\/[(T/’P/)(U)) (Sh, ah)j| .

We first prove that

Tw Tw [/ Tw 2
‘VM(w) VM(rﬁ”)(w)’ = VM@n,ﬁn)(w) Z (And +2C Ch( )
h 1
holds by induction. For the base case h = H, we have

‘VHTF;UJ\A(U})(SH) V MP™) (4 )(SH)’
(1)

< aHIEﬂ'w PH,w - ﬁgf,w) V;;iLM@,;) (SH, aH)‘

(i4) CHVdIN 2 HVEK ~ )

< i _

>~ aHIEﬂ_w min Ha 2\/? ||¢H(5HaaH)||(E7I})1} CF(A d+20 CH( ))
- HVK ~ ~

= Virun, By (58 + W(And +20%¢g (w),

where (i) follows from Lemma [23] and (i) follows from Lemma [12]

Now we assume that

‘Vhﬁ’l M) (1) = VI )(Sh+1)‘
‘ > I

2
<V +1,ME™ pn>(w)(5h+1) o C\/—(/\nCH‘QC G (w))

holds for all s, +1 € S. Then following from the Bellman equation, for all s, ap, we have:

sz(r,ﬁn)(w) (Sha ah) - QZ:U/\/[(U)) (shv ah)’

= PV a5 00) = PV g (s 0)|
- B, (v}j;vm(rpn)( VT wy) (0 00)
+ (Pit = Paw ) ViTts sy (0 00)|
<P (VI ssemm) = Vit s ) (s an)|
n ‘(Ph,w - pm) VT ac (50 ah)‘ : (41)

Now we consider the first term in eq. :

D Tw Tw
‘Ph,w (Vh+17M(T’};7l>(w) Vh+1 M(w)) (Shvah)‘
D Tw Tw
< Phw ‘Vh+1 MEP™) () Vh+1 M w)‘ (sh’ a‘h)

O . HVEK
< Pr thJ:Jl ME P (1 )(sh,ah) +k;1 C\/—()\ d+202Ck( ), (42)
=h+
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where (i) follows from the induction hypothesis. Then we upper-bound the second term in eq. as follows:

’(P;fw — b w) Vit m(u) (Shs an)

L O ) g+ + 2 Ch + 207 )
(i) ~ ~ ~
< B an) + 2 G + 20 ), (43)

where (i) follows from Lemma [13|and (i7) follows from that the event &y occurs. Then we have:

Q5 () (51 @) = Qg (815 A1)

@ -~ _ T HVK ~ -
< min {H, by (s, an) + P thJ:’l ME P (1 )(sh, ap) + Z Cm()\nd + QCQCI?(UJ))}
k=h
() . n g - H\/E Y n
< min {H, br (Sh,an) + thh;_”l ME B (1 )(Sh,ah)} + Z c dN(/\nd+2C'2Ck (w))
k=h -~V
= hM(b" P") w) Sh7ah + Z )\ d+2C2Z]’?(w>) (44)

where (¢) follows from egs. to and the fact that ‘Qh P )( Sh,an) — QZw(w)(sh,ah) is bounded

by H, and (i¢) follows from that fact that min{a,b + ¢} < min{a,b} + min{a,c} if a,b,c > 0. Then, by the

definition of V”wM(bn ) )( 1), we have:

‘Vf:w/\/l(w)( ) V}ZT;\’/t(T P (g )( )‘

[QZ“M w)(smah)} - E) [QZ:‘/’M(Rﬁn)(w)(Shv ah)} ‘

< 7]TE [)sz(w)(3h7ah) - Z:”M(nﬁn)( )(Sh,ah)H

(@)
2 B [0 s oro)] + 3 f\ﬁu d+20°G (w))

Tw
k=h

H
= V% oy (51 +; Cfd;Nu d+2C7G (w)),

where (i) follows from eq. (23)). Therefore, by induction, we can conclude that:

H
_ HVE ~
(V’“w — e ] e )
M M, B — @™, P™) (v
)| = "M () " £ C\VdN

Hence, taking the expectations over the context w on the both sides of the above equation and applying Lemmalg]
complete the proof. O

Next we use a similar idea to bound the estimation error of the reward function. To simplify the notation, we
define

n—1
Grw) =20 B Cw) = ), (s ) (15)

U gAY

T

Lemma 14. Suppose 7 is obtained by 7)) = LSR(G}) in Algorzthm@ at step h in episode n and fh (s,a,w)
is the estimated reward function defined in eq. . For any (sp,an,w) € S x A x W, with probability at least
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1—48/2, we have:

‘E?(Sh, ah,w) - Th(shvahaw)

CVdN K ~ ~
< min{ 2\/\/; \wh(sh,ah)nfw_l ,1} + zc\/\/idfzv(%"d* GG (w)).

Proof. Following from the fact that rp, (sp, an, w) € [0, 1] for any (sp, an, w) any h € [H],n € [N] and the definition
in eq. (17), we have:

| it (sns anyw) = ri(sny anyw)| < [ 0 (sns ans w)) = (s an, w)] (46)

Then for any given (s, ap,w) € S X A x W, we obtain:
| (w) = 1 (w), ¥n (s, an))|
< 17 ) = (@)l g [ s an)l g o (47)

where () follows from the Cauchy-Schwarz inequality. Then, we further derive that

175 (w) = () [ (o
(

D (mw)—m(w»wh(szyam)z

(i) ~ ~
< 26nd + C?¢ (w), (48)
where (i) follows from Definition [2{ and from Lemma Then we have:
[ (7l (w) = 0w (w), Yn(sn, an))l
(3) e
< n(snsan) g1 - /26 + O (w)

CVIN (s anliEggy o - ] 2
\/» r{Shs AR)[[(An)—1 C\/ﬁ
(@) > pe
< C{/CTN [4n (shy an)|I? (Am)- QC\CCTN(%“HC? (), (49)

(26nd + C2( (w))

where (i) follows from egs. and and (ii) follows from the fact that ab < 1a* + 1b?. By combining
egs. and , and the fact that ‘fﬁ(sh, ap,w) — rp(sp, ap, w)| < 1, we have:

‘ﬁ;(sha ahaw) - rh(shyah,w))

_[cvan VE - _

< mln{ Wi 19n (s> an) [ {apy -1 + 207TN(2§"6Z+02 h (w)),l}
. C\/ dN \% K = “nt

S mln{ 9 T( H'(/)}L(Sh,a/h)“?/\;z)—l 71} + 20 TN(and-‘r 02 i (’LU))?

which completes the proof. O
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2f

the event go occurs. Then for any context-dependent policy 7, with probability at least 1 — §/2, we have:

[/ T 7w H\/E
wieg [Vadien o uy VM<r‘ﬁ"><w>) S Vi mmy T 2CVdN

Lemma 15. Define the function ¢y (s,a) := min {Bn ||¢h(57a)||?7\z)71 ,1}, where B, = 29YIN - Assume that

(26,d + C2C).

Proof. Note that the values of both ﬁl(s,a,w) and ¢j!(s,a,w) are restricted to [0, 1] for any (s,a,w) and any
h € [H],n € [N] . Following from Lemma [19} it is equivalent to prove:

Tw Tw ’ Tw H\/E

- 2 41
oy VM(fnﬁn)(w) - VM(Tﬁﬁm(w) < ngqVM(Enﬁn)(w) + 720m(2£nd+ C=G)-

Then, we have:

‘V P () VMI?f"f“mw)‘
(3) n
= E Ii (Snsan,w) — 74 (Sh, an, w)
h=1 (Shvah) (Punﬂ'w)

H
< Z E ‘ffj(sh,ah,w)—rh (s;“ah,w)’

h=1 (Shvah)N(P:ulvﬂ—w)

VK

m@gnd =+ OZN;L”(UJ))

(41) )

< E B [tn (sky ap)||77my-1 +
}LZLM)N@M 1 (s an)
i VE

— Vﬂ'wN +
2« 2CVAN

e, B ) (26nd + C*C}Y' (), (50)

where (i) follows from Lemma [23] and (ii) follows from Lemma [14] and from the occurrence of event &. Then,
taking expectations over the context w on the both sides of the above equation and applying Lemma [J] complete
the proof. O

Lemma 16. Suppose the event go occurs. Then for any context-dependent policy m,,, with probability at least
1—48/2, we have

qu V;Aifnvﬁn)(w V-/Cl%w
_ H2
pre 4 Ry v

e 2 -1 Y 2
S w]Eq MO P™) () wrq MEn, P")(w) 20\/7(2£nd+ C Cn + 2>\nd+40 CTL)

Proof. By combining the bounds on the estimation error of both the reward and the transition kernel, charac-

terized respectively in Lemma [I3] and Lemma [I5] and the fact that H > 1, we have:

VT = VI

wrgq | MU™PT) (w) w)‘

:w]Eq VMuzf",ﬁ’w(w) VM“ZT P () VMww P (w) VMw(w)‘
< E Tw

[/ Tw _ Tw _ _ Tw
—w~gq VM(f"’ﬁn)(w) VM(’ P (¢ )‘ + qu M P (a) VM(w)

H2
<E V™ + E V™ VE

p 2 5N 2
—w~q MO®™, P")(w) qu MEn, P”)(w) ZCF( gnd + C Cn + 2/\7Ld+ 4C CTL)?

which completes the proof. O
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B.2 Proof of Theorem [2

We first restate Theorem Pl below.

Theorem 4 (Restatement of Theorem . Consider a CMDP with varying linear weights as defined in Defini-

tion @ Under Assumptions@ and@ for any § € (0, 1), with probability at least 1 —30/2, the sequence of policies
T, generated by Algorithm @ satisfies that

N
1 s, o
N Z:lw@q Vi) = Vi)

[d3 K N
<912CH?\/ ——1o (1+~)
N A

0 [K (.~ 2QHN|W3|\  ~ 2H N|Ws|
—/ == | 2¢nd 2] _— 4 nd 4 _—

t5 dN<£N +C og( 5 )+ Nd+8C 0g< 3 >),

where C' = | [ Bmex, Ao = F1dlog(2nH /), &, = F1dlog(2nH /), 31,72 = O(1) and X = min{\,&,}. To achieve

4 33 2 2
an € average sub-optimality gap, at most O (H d Klog £|2\112\|\113|/6 ) . Pmax

Pmin

) eptsodes are needed.

Proof. First, we derive an optimistic upper bound for the expectation of optimal value function.

w@qvﬁm %)ww [Vﬁf"f"”(w) Vo) T VL%E”*’S’”(w)}
+ %(2&11! + C%C 4 20d + 4C2¢,)
(?wl}gq [X://’j(’ [ (w)} + QHC’Q\/\/dEN(and + C2¢ + 2xnd + 4C3C)
(2)1}}5[1 [T %@@d + O+ 20,d + 4C%¢,,)
(2)10]51 (Ve my * Vron.poscan + Vngim ]
T ;2g(2§nd + C?C 4+ 2X,d + 4C2%C,), (51)

VIA( Frosin e, 5 () and (iv) follows from Lemma Then the average suboptimality gap can be

bounded as

where (i) follows from Lemma (#3) follows from Lemma (#4i) follows from the greedy policy 7 =

argmax,

1 ™, i
N ey [VMm) VM(w)}
M) 1 Y o o - .
< N nz::l wrg {V/\ﬂf”,ﬁ")(w) + VMqu",f’")(w) + VMuzan,ﬁM(w) o VMw(w)]
H*WVEK |~ ~
+ ———(26,d + O], + 20,d + 4C?C,
20yaN el e n)
() 1 ol =T = H2\/E = 2 -1 5 2
<5 ; E, (270t ) + 2V pten, oy ay| + Gy 2end + O+ Dhad +40°G), (52)

where (i) follows from eq. (51)), and (i) follows from Lemma [16]

We next provide an upper bound on 25:1 E VLT“EE,,L ) () Define g7 (s, a,w) (P, —
wn~q ’
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Ph’“’)‘:/h+1 MO (0 )(sh, ap). Following from Lemma [22/in Appendix @ we have:

N N
3 E Vi m < 2 BV o +Zw@q sy (53)

For the first term in the right-hand-side of eq. , we obtain an upper bound on the summation of the expected

value functions V/:l P () as follows:

N N H
~ 2
S B e XY B, [alatonanliy ]

n=1h=1 (sn,an)~(Pu,L)

<okan Y Y E. [Iononan) ey ]

h=1n=1 sy~ (Py,m,)
ahNZ/{(.A)

(44) B N
<18dHKay -log (1 + dX) , (54)

where (7) follows because the event &y occurs and from the importance sampling, and (4¢) follows from Lemma

For the second term in the right-hand-side of eq. , we derive

N H
SZZ w@ |gi7;(8h’ahaw)|

n=1h=1 (sp,ap)~ (Pw,ﬂ' )

& 35, , H2VEN ~ 2
n=th= Shyah )~ (P, Tw

) i zH: 3Ka, ) H2VKN

< Eo lonlsnsan)lifsyy 1 + ——=—wd +20%Cx)
n=1h=1 25 shN(qu,Trw) " C\/&
ahNM(.A)
i) 3H Ky < N) H*VEN ~ ,
< ——2log |14+ = | + ———(And+2C , 55
25 U7 A ova ) (55)

where (i) follows from Lemma (12| and the fact that V}TWM(W Pn)( )(sh,ah) < 3H for any h € [H], (i) follows

from the importance sampling, and (#i¢) follows from Lemma Then by combining egs. to , we have:

N -
456dH K o N H2VKN

< " 14+ —= And 4 202 56

Z:: weg M(b" B () 25 og< +d>\>+ Cf ( NG+ C:N) ( )

Next we provide an upper bound on Zn leqVL%Cn ) () Define [7(s,a,w) = (ﬁ;;w _

Phw)VhJ“r”1 MEP™) (4 )(sh,ah). Following from Lemmam Appendl}(@ we have:

N N

Z Ve oy S O B VAt o >+Z E Vi) (57)

For the first term in eq. , we obtain an upper bound on the summation of the expected value function



Sample Complexity Characterization for Linear Contextual MDPs

T .
Viiien p () @5 follows:

N N H
9 > 2
DDAV EITIED ) DR A A CACRAT 8

n=1h=1 (sp,an)~(Po, ™)

0 . H N ,
SOKBY IS B [Iontonan)lfng ]

wr~q

h=1n=1 sy~ (Py,m,)
a;,NZ/{(A)
(i) ~ N
<18dHK By - log (1 + dX) ’ o

Then, since VhMM@’”f”) ) (s,a) < 3H for any h € [H], we bound the second term in the right-hand-side of eq. (

where (i) follows because the event &y occurs and from the importance sampling, and (i) follows from Lemma
57)
similarly to eq. and obtain:

HKa N\ H*VEN ~
SHEAN 5 nog <1 + ~> + (And +2C%Cy). (59)

N
;qu M ,P)(w) — 25 C\/&

Then by combining eqs. to , we obtain:

H?>VKN

6HKdN ~ )
( Vi (And +20%(N). (60)

~ N
18SHK - dl 1+ =
5% + 18 6N) 0g< +d>\>+

N n

E Ve <
ZWNq ME™P™) () —
n=1

By substituting egs. and into eq. , we have

N
1 o o
~ Zl £ {wa) - VM(w)]
n=

912dH K an ~ N H>VK , ~ ) ~
<|—~———— +18HK dog (14 —= ) + =———=(26nd + C%Cly + 4And + 8C?
( 9E N 5N> g( d>\> C’\/W( Y Cn N (N)

[d3K N
< 912C0H?]/ ——1 14+ —
- N Og( * )\d>

H? | K ~ 5 2HN || ~ 9 2HN|U,|
+ < \Van (2§Nd+C log (5) + 4And + 8C*log —5 )

where C' = , /Bmax X — Frdlog(2nH/6), & = Frdlog(2nH/6), 71,72 = O(1) and A= min{xl,gl}.

Pmin

Note that since XN = (5(6[), the upper bound on the average suboptimality gap is of the order

o \/ HidSKC? 108;;(‘1’2||‘I’3/52)). Then it can be seen that to achieve an € average sub-optimality gap, at most

€ Pmin

4 33 2 2
(@] (H d"Klog™(|95||¥s|/07) M) episodes are needed. This completes the proof. O

C Least Square Regression (LSR) Guarantee

In this section, we derive an upper bound on a LSR estimation of a generic deterministic model. To simplify
the notation, we denote the instance space as X. Our goal is to estimate a deterministic function f*(z) that
belongs to a function class F : X — R. Our estimation is based on a dataset D := {z;,y;}},, where z; ~
D; = Di(21:i-1, y1:i—1) and y; = f*(x;), where D; depends on the previous samples. We further define a tangent
sequence D' := {a}, y/}"_,, where o} ~ D; = D;(21:i-1, y1:i—1) and y} = f*(z}). We obtain the estimator via the
following minimization problem:

r_ . = N R )12
f= al"fgern;n;|\f(wz) [ (@) |l3-

We first prove the following decoupling inequality, which is inspired by Lemma 24 of (Agarwal et al.| [2020).
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Lemma 17. Suppose D is a dataset of n samples and D' is a tangent sequence. Let L(f,D) = Y"1 I(f, (zi,v:))
be any function that decomposes additively where 1 is any function. We denote f(D) as an estimator taking input
random variable D. Then:

Ep [exp (Epr (L (£(D),D')) = L((D), D) ~ log|F])| < 1

Proof. Let 7 be the uniform distribution over F and let g : 7 — R be any function. Define u(f) := %,

which is clearly a probability distribution. Now consider any other probability distribution 7 over F, and we
have

0 <KL(#||p) = Y #(f)log(# Z Yog [ D exp(g(f) | =D #(Ha(f)

7 Z 7
= KL(#[|7) = Y #()g(f) +1og Efr expl(g(/))

7
<log|F| = > #(f)g(f) +10gEsurexp(g(f))-

f

Re-arranging the above equation, we obtain that

D #(g(f) —log |F| <1ogEjx exp(g(f))-
f

Now we let #(f) = 1{f(D)} and ¢(f) = EpL(f, D') — L(f, D), and have:

/ expEpy (L (A(D), D’))
Ep L(f(D),D") — L(f(D), D) —log|F| <logEfx =

We exponentiate both sides of the above equation and then take expectation over D on both sides, and obtain

Ep exp (L (f(D), D’))
exp(L(f(D), D))

Ep [exp(Ep L(f(D), D') = L(f(D), D) — log |F)] < Ep |Ejr

Note that, conditioned on D, the samples in the tangent sequence D’ are independent, which yields
Epexp L (D), D) | D] = [T exp (B, yomm, [, (@i 9:)]) -
i=1

Then we can conclude that

Now we present the LSR guarantee as follows.

Lemma 18. Assume |F| < oo and f* € F. Then with probability at least 1 — 0, we have:

ZEL

(i) = f(xi)ll; < log | F|/6.
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Proof. We first apply the Chernoff bound to Lemma With probability 1 — §, we have:

Eo L(F(D). D) < L(f(D). D) + 1og 2.

Since f* € F, we have L(f(D), D) < L(f*, D) = 0. Then we derive

lef ;)|1?
e o

n

> E ||f(afz F(@a)ll?,

) ZTiny
i=1

Ep L(f(D),D') = Ep

g

which completes the proof. O

D Auxiliary Lemmas

The following lemma proves that the truncated value function is equal to the value function if the reward function
is bounded by one.

Lemma 19. For a generic reward function v’ such that v}, (s,a,w) € [0,1] for any (s,a,w) and any h € [H|, a
generic transition kernel P', and any context w, we have:

V “ETI P’y ( ) V/T\;[(y/ P’)( ),
where VM(T/ 1) () is defined by eq. .
Proof. We develop the proof by induction. For the case h = H + 1, we have VH”L M P (1 )(3H+1) =0=
Vg‘jrl MO P )(5H+1) Assume that V}erl MO P )(5h+1) = V}erl,M(7J’Pl)(w)(Sh+1) holds for any sj41. Then
we have:

QZ".’/\/[(TI P/)( )(Sh; ah) = min {H7 T;’L(Sh’ ah,’l,U) + P;/l wV}ZT+1 MO, P/)(w) (Sh, ah)}
(1) . T
= min {H, Th(Shs ans w) + Py Vil g o, p/)(w)(sh,ah)}

= Il'lil’l{f[7 QZ“')A/“TI P’y ( )(Sh7ah)}
u)
= Qh MG, P/)( )(Shva’h)

where (i) follows from the induction hypothesis and (i7) follows from the fact that the reward function 7’ is
always bounded by 1. By taking expectations on the both sides of the above equation, we conclude that for all
Sh

th\//l(T/~P’)(w)( ) Vh i;{/l(ﬂ P’) ( )(Sh)7
which completes the proof. O

Next, we present two lemmas to prove the relationship between the value function of a sum of reward functions
and the sum of value functions with each corresponding to a reward function.

Lemma 20. Consider three MDPs denoted as (S, A, P',r") H) fori=1,2,3, where P' is a generic transition
kernel and r) are generic reward functions. Then for any context w and context-dependent policy m,,, we have:

3 —
[/ 7Tw [/ Tr’LU
E 14 M), P (w) = VM(T(U+T(2)+T(3)1p//)(w).
i=1
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Proof. We develop the proof by induction. For the case h = H + 1, we have

3
> VHﬂil,M('f(”vP’)(w)(SH+1) VIZil MED 1@ 103 p1y )(SH“)'
i=1

We assume that Zf (VT (Shp1) < V7 (sp+1) holds for any sp41. Then by

H+1 MO P () H41,MEO+rE 103 P ()

the definition in eq. , we have:
3
ZQ 0,7 (g (512 O
- 3
< min {3H, ; [Téi)(sh, ap,w) + P’;vwv}jfl,/\/t(r(“vP’>(w)(Sh’ ah)} }

® SRt
< min {3H7 Z |:r](1)(8h7 Qp, ’LU)i| + PI;,th_;_ul ./\/l("'(1>+"'(2)+7'<3)vP')(w) <5h7 ah)}

_ :77':4)
= Qh M<T<1>+T<2>+T<s>,p/)(w)(Shaah)a

where (¢) follows from the induction hypothesis. By taking expectations on the both sides of the above equation,
we conclude that for any sy,

TTw

<jn

<

HMw

M@, p/>(w)( ) M(’(1)+’(2)+7(“") P/)(“)( h)7

which completes the proof. O

Lemma 21. Suppose there are three MDPs denoted as: (S, A, P, v H) fori=1,2,3 where P’ is a generic
transition kernel and %) are generic reward functions. Then for any context w and context-dependent policy
Tw, we have:

3
= =
VM(T(1)+1~(2)+7 3),pry : :V (r(D) P’)(w)

Proof. We develop the proof by induction. For the case h = H + 1, we have V w

0= Zz 1 VH+1 M (D P (w)
We assume that

LMD @) 43 Py, )(SH-H) =

(8H+1)-

<n

3
v E (sh+1)
h+1,M(7‘(1>+T(2)+T(3)»P')( h+1 1 M(*( i) 1) (w) h+1

holds for any sp4+1. Then by the definition in eq. , we have:

=
Qh’M(r(l)+T(2)+r(3),P’)(w) (Sh’ Clh)

3
o (1) /T Tw
= min {3H7 E ., (Sh, an, w) + Ph,th+17M(,,.<1)+r<z)+,,,(s>,P,)(w)(siu an)

i=1
(i) > 3
. 7
S min 3H?Z |:rh (Sh7ah7 i| + Z |: hw h+1 M(T( i), Py ( )(Sh,ah):|
=1 =1
(i) 3 _
S Z {3H Th)<sh’ an, w) + P’;’thﬂfl M(rrm,P’)(w)(Sh’ ah)}

Q r(i),p/)(w)(shaah)a

I
-
i Mw .
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where (i) follows from the induction hypothesis and (i7) follows from the fact that min{a, b+ ¢} < min{a,b} +
min{a, c} if a,b, ¢ > 0. By taking expectations on the both sides of the above equation, we conclude that for any
Sh, we have:

3
7 T Tw
Vh’M(7‘(1)+T(2)+T(3)’Pl)(w) (Sh) < E h,M(T(i)P’)(w)(Sh)'
=1

By induction, we complete the proof. O

We next present a lemma to upper-bound the difference between a truncated value function and a value function
with the same generic reward function but different transition kernels by a constructed bounded value function.
The detailed lemma is presented as follows:

Lemma 22. For a generic reward function r’, any two transition kernels P’ and P” and any context w, we can
obtain:

7 Tw T w TTw
VM(T/1P/)(’[U) - VM(TIYP//)('H]) S VM(97L’P//)(’[U)’
,_ / "N Tw
where gy (s, a,w) := (P}, — Ph’w)vh-u,/vl(’“f’)(s’ a).

Proof. For any context w, we have:

VMllér’,P/) (w) - VMuér’,P”) (w)

(1) =

2 E [P o100~ a0 1000

/ 17 7T /1 T Tw

= E [(Pl,w - Pl,w) V27M<r’,P’>(w)(517 al) + Pl,w (V27M(7‘l,P,)(w) - %7M(r’,P”)(w)> (317 al)}
=z [g?(sl’ a1, w) + Pily (@M%P'Mw) - ‘@’f}”,{w,m(w)) (51, ‘”)]

(i) L . i

< - o 7

=~ (smam)~ (Pl ) }; 9n (5h7 ap, w) VM(y”,P ) (w)’

where (i) follows from the definition in eq. and (4¢) follows by iteratively extracting the terms gy (sp, an, w)
from the value function gaps. 0

The following lemma (Dann et al., [2017) provides an expression on the difference of two value functions under
different MDPs.

Lemma 23. (Simulation Lemma). Suppose P' and P" are transition kernels of two MDPs, and r',r" are the
corresponding reward functions. Given any policy 7, we have :

Vhﬂ:P’,r’ (Sh) - Vhﬂ,-P”,r” (Sh)

H
= Z E ., [7'/ (Sh/, ah/) — 'r” (Sh/7ah/) + (P;L' — P”/) Vhﬂ;-‘rl,Pl,T‘/ (Sh/7ah/) | Sh]
h’:hsh,N(P ,7T)
g~
H
=SB [ o) Cowsan) (B B Ve (o) [ 1]
Spr o~ s

h'=h Qpr ~T

We next present a widely-used lemma for linear MDPs here, which is Lemma G.2 in |Agarwal et al.| (2020) and
Lemma 10 in (Uehara et al.| (2021]).

Lemma 24. (Elliptical Potential Lemma) Consider a sequence of dx d positive semidefinite matrices X1, ..., Xn
satisfying tr(X,) <1 for any n € [N]. Define My = Ao and M,, = M,,—1 + X,,. Then we have:

N

N
E tr (X, M, ") < 2logdet (My) — 2logdet (M) < 2dlog (1 + dA) .
n=1 0
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