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Abstract

This paper studies the stochastic nonconvex-
strongly-concave minimax optimization over a
multi-agent network. We propose an efficient
algorithm, called Decentralized Recursive gra-
dient descEnt Ascent Method (DREAM), which
achieves the best-known theoretical guarantee
for finding the e-stationary points. Concretely,
it requires O(min(k%e¢ 3, k2v/Ne~?)) stochas-
tic first-order oracle (SFO) calls and O(k2e~2)
communication rounds, where k is the con-
dition number and N is the total number of
individual functions. Our numerical experi-
ments also validate the superiority of DREAM
over previous methods.

1 Introduction

This paper studies the decentralized minimax optimiza-
tion problem, where m agents in a network collaborate
to solve the problem

m

min max f(z,y) = %Zfz(x,y) (1)

z€Rde yey £
i=1

We suppose that f(z,y) is p-strongly-concave in y;
Y C R% is closed and convex; each local function on
the i-th agent has the following stochastic form

filz,y) £ E[F(z,y;&)]; (2)

and the stochastic component F;(z,y;¢;) indexed by
the random variable &; is L-average smooth. The
nonconvex-strongly-concave minimax problem (1)) plays
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an important role in many machine learning applica-
tions, such as adversarial training (Farnia and Ozdaglar,
2021 [Nagarajan and Kolter, [2017)), distributional ro-
bust optimization (Jin et al., [2021} Levy et al., |2020;
Sinha et all [2018)), AUC maximization (Guo et al.,
2023; [Liu et al.l 20195 [Yuan et al.| 2021)), reinforce-
ment learning (Jin and Sidford, |2020; |Qiu et al., 2020;
Wai et all 2018; Zhang et al., [2019)), learning with
non-decomposable loss (Fan et al., [2017; Rafique et al.|
2021) and so on. Following existing non-asymptotic
analysis for nonconvex-strongly-concave minimax op-
timization problems (Lin et al.l |2020alb; [Luo et al.,
2020)), we focus on the task of finding an e-stationary
point of the primal function P(x) £ max,cy f(z,y).

In this paper, we also consider a popular special case
of problem when each random variable &; is finitely
sampled from {&; 1,...,&n}. That is, we can write the
local function as

n

filwy) 2~ S Fiyloy). 3)

Jj=1

We refer to the general form as the online (stochas-
tic) case and refer to the special case as the offline
(finite-sum) case. We define N = mn as the total
number of individual functions for the offline case.

Nonconvex-strongly-concave minimax optimization has
received increasing attentions in recent years (Chen
et al.| [2023; [Lin et al.| |2020al/b [Luo et al., [2020] [2022;
Nagarajan and Kolter) |2017; Xu et al., |2020; |Zhang
et al., [2020, 2021a} [2022). In the scenario of single
machine, Lin et al| (2020al) showed the Stochastic Gra-
dient Descent Ascent (SGDA) requires O(k3¢~%) SFO
complexity to find an e-stationary point of P(x), where
the condition number is defined by x £ L/u. Luo
et al.| (2020) proposed the Stochastic Recursive gradi-
Ent Descent Ascent (SREDA), which uses the variance
reduction technique of Stochastic Path Integrated Dif-
ferential Estimator (SPIDER) (Fang et al., [2018) to es-
tablish a SFO complexity of O(min(k3e =3, /nk?e2)).
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It is worth noting that the O(min(e 2, /ne=?2)) depen-
dency on € and n matches the lower bound of stochastic
nonconvex optimization under the average-smooth as-
sumption (Arjevani et al., |[2023; [Fang et al., [2018)).

Distributed optimization is a popular setting for train-
ing large-scale machine learning models. It allows all
agents on a given network to collaboratively optimize
the global objective. In the decentralized scenario,
each agent on the network only communicates with its
neighbors. The decentralized training fashion avoids
the communication traffic jam on the central node (Lu
and De Sal 2021). There have been a lot of works
focusing on the complexity of decentralized stochastic
minimization problems (Chen et al., 2021} Hendrikx
et al., |2021} |[Kovalev et al.; |2020; |Li et al., 2020, |2022alb;
Shi et al., |2015; [Sun et al., 2020; |[Uribe et al., [2020}
Wang et al., 2021} Xin et al., [2022; [Yuan et al., 2016).

However, the understanding of the complexity of
first-order methods decentralized nonconvex-strongly-
concave minimax problems is still limited. For of-
fline decentralized nonconvex-strongly-concave min-
imax problems, Tsaknakis et al. (2020) proposed
the Gradient-Tracking Descent-Ascent (GT-DA), which
combines multi-step gradient descent ascent gradi-
ent (Nouiched et al| 2019) with gradient track-
ing (Nedic et al., 2017; |(Qu and Li, 2019)). GT-DA
can provably find an e-stationary point of P(x)
within O(Ne~2) SFO calls and O(e~2?) communication
rounds. [Zhang et al.| (2021b) proposed the Gradient-
Tracking Gradient Descent Ascent (GT-GDA) which up-
dates both variable x and y simultaneously. The re-
moval of the inner loop with respect to y also leads
to the removal of the additional O(log(1/€)) factor
in the complexity, and GT-DA can provably find an e-
stationary point of P(z) within O(Ne=2) SFO calls
and O(e~2) communication rounds. However, both
GT-DA and GT-GDA access the exact local gradients on
each agent, which may be quite expensive when n
is very large. To reduce the computation complex-
ity, [Zhang et al.| (2021b) further proposed the Gradi-
ent Tracking-Stochastic Recursive Variance Reduction
(GT-SRVR) by combining GT-GDA with SPIDER (Fang
et all 2018). GT-SRVR requires O(N + vmNe~2) SFO
complexity to find an e-stationary point of P(x), out-
performing GT-DA and GT-GDA when n 2 m. However,
for fixed N (total number of individual functions), the
SFO upper bound of GT-SRVR will increase with the
increase of m (number of agents). This trend seems
somewhat unreasonable since involving more agents
in the computation intuitively should not result in a
higher overall computational cost.

For the online case, Xian et al.| (2021) introduced
the variance reduction technique of STOchastic Re-
cursive Momentum (STORM) (Cutkosky and Orabonal,

2019) and proposed the Decentralized Minimax Hy-
brid Stochastic Gradient Descent (DM-HSGD) with an
upper complexity bound of O(k3¢~3) for both SFO
calls and communication rounds. For this online case,
The SFO complexity of DM-HSGD recovers the result
of SREDA (Luo et al [2020) in the scenario of single-
machine (when m = 1). Although the SFO complex-
ity of DM-HSGD is better than those for GT-GDA and
GT-SRVR when N has a higher order of magnitude com-
pared to €1, the communication complexity of O(e=3)
in DM-HSGD is worse than the communication complex-
ity of O(e72) in GT-GDA and GT-SRVR. This implies
DM-HSGD may has no advantage when the bottleneck is
the cost of communication.

In many applications, the inner variable y in mini-
max problem is often subject to some constraints,
meaning that ) typically represents a given convex
set endowed with a specific model. For instance, in
adversarial training (Goodfellow et al., |2014)), the vari-
able y represents perturbations for the input, which
typically lie within the box ¥ = {y € R% : ||y|~ < ¢}
for some positive constant c¢. In distributionally ro-
bust optimization (Yan et all 2019), the variable y
represents the probability distribution in the sim-
plex Y = {y € R% : 3", yx = 1,y; > 0}. Dealing
with the constraint on variable y typically requires
additional steps like projection, which lead to extra
consensus error in the decentralized setting. However,
existing variance-reduced methods for decentralized
nonconvex-strongly-concave minimax problems includ-
ing GT-SRVR and DM-HSGD only successfully deal with
the unconstrained case.

In this paper, we propose a novel method called De-
centralized Recursive-gradient dEscent Ascent Method
(DREAM) for solving decentralized nonconvex-strongly-
concave minimax problems. We provide a unified con-
vergence analysis for both the online and offline setups.
Our analysis indicates that the proposed DREAM achieves
the best-known complexity guarantee of both cases. We
summarize the advantage of DREAM as follows.

e For the offline case, DREAM achieves the SFO com-
plexity of O(N + v/ Nk?e2) and the communi-
cation complexity of O(k2e~2). The SFO com-
plexity of DREAM is strictly better than existing
methods, and achieves a linear speed-up with re-
spect to the number of agents m, which is better
than GT-SRVR. The communication complexity of
DREAM remains state-of-the-art, matching those of
GT-DA/GT-GDA/GT-SRVR in the dependency of €, up
to logarithmic factors.

e For the online case, DREAM achieves the O(k3e3)
SFO complexity and the O(k2e2) communica-
tion complexity. The SFO complexity of DREAM
is optimal in the dependency of € (Arjevani et al.)
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2023). And the communication complexity of DREAM
strictly improves that of DM-HSGD in the dependency
of both x and e.

e Moreover, DREAM is capable of working in both
unconstrained and constrained scenarios, which
gives it a wider range of applicability than previous
variance-reduced methods GT-SRVR and DM-HSGD.

We compare our theoretical results with previous work
in Table [

Notations. Throughout this paper, we denote | - ||
as the Frobenius norm of a matrix or the Euclidean
norm of a vector. We use I,,, € R™*™ to present a
m by m identity matrix, O,, € R™*™ to present a m
by m zero matrix, and let 1 = [1,---,1]T € R™. We
define aggregated variables x € R™*%  y ¢ R™*d
and z € R™*(d=+dy) for all agents as
x(1) y(1) z(1)
: , Y= and z= ,
y(m)

x(m) z(m)

where row vectors x(i) € R% and y(i) € R% are
local variables on the i-th agent; and we also denote
z(i) = [x(i); y(i)] € R? with d = d, + d,. We use the
lowercase with the bar to represent mean vector, e.g.,

m

= %Zx(z), g= %Zy(z) and zZ = %Zz(z)

i=1 i=1
Similarly, we also introduce the aggregated gradient as
fi(x(1),y(1)"
Vi(z) = e R™*4,

Y fr(x(m), y(m)) "

We use I[ -] to represent the indicator function of an
event and define n = 400 for the online case.

2 Assumptions and Preliminaries

Throughout this paper, we suppose the stochastic NC-
SC decentralized optimization problem satisfies the
following standard assumptions.

Assumption 2.1. We suppose P(z) £ max,cy f(z,y)
is lower bounded. That is, we have

P* = inf P(z)> —oc.
z€R

Assumption 2.2. We suppose the stochastic compo-
nent functions F(x,y;&;) on each agent is L-average
smooth for some L > 0. That is, we have

E|VF(z,y;&) — VE(,y; &)
2 2
< *(|lz =2+ ly — o/II°)

for any (x,v), (z',y') € R%>d and random index &;.

Algorithm 1 FastMix(a(®), K)
Initialize: a(-!) = a(®
e = 1/(1+ VT=X507)
for k=0,1,...,K do

at D) — (1 4 9, )Wa® — goak—D)
end for
Output: a®)

Assumption 2.3. We suppose each local function
filx,y) is p-strongly-concave in y. That is, there exists
some constant (1 > 0 such that we have

o
filw,y) < filw,y) + Vo filey) ' =) = Sly = /II?
for any x € R% and v,y € R%.

Based on the smoothness and strong concavity assump-
tions, we can define the condition number of our opti-
mization problem as follows.

Definition 2.1. We define k £ L/u as the condition
number of problem , where L and p are defined in
Assumption [2.3 and [2-3 respectively.

The differentiability of the primal function P(z) can be
proved by Danskin’s theorem (Lin et al.l 2020al Lemma
4.3).

Proposition 2.1. Under Assumptions[2.3 and[2.3, the
function P(x) is Lp-smooth with Lp = (k + 1)L and
its gradient can be written as VP(x) = V, f(x,y*(x)),
where we define y* (z) £ arg max,cy f(z,y).

The differentiability of P(x) allows us to define the
e-stationary point.

Definition 2.2. We call & an e-stationary point if it
holds that ||[VP(Z)| < e.

The goal of algorithms is to find an e stationary point
of P(x). In the setting of stochastic optimization, we
suppose an algorithm can get access to the stochastic
first-order oracle that satisfies the following assump-
tions. Note that the bounded variance assumption is
only required for the online case.

Assumption 2.4. We suppose each stochastic first-
order oracle (SFO) VF;(x,y;&;) is unbiased and has
bounded variance. That is, we have

E[VE;(z,y;&)] = Vfi(z,y)
and
E||Vfi(z,y) — VFi(z,y;&)]” < o2

with 02 < 400.
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Table 1: We compare the theoretical results of DREAM with previous methods for decentralized nonconvex-
strongly-concave minimax optimization for both the offline and online settings. Notations P and k7 are used

when the polynomial dependency on « is not explicitly

provided (Tsaknakis et al., |2020; |Zhang et al., 2021b]).

The notation O(-) hides logarithmic factors in complexity. Note that GT-GDA and GT-SRVR only consider the
unconstrained problem, which corresponds to the specific case in our setting where )) = R%. The design of

DM-HSGD includes the general constrained setting, but

its convergence analysis for the constrained case looks

problematic and we provide more detailed discussions in Appendix B.

Setup Algorithm #SFO #Communication Constraint
GT-DA ~ -
p—2 q,—2
Tsaknakis et al.| (2020)) O (NrPe?) O (k7e?) v
GT-GDA
De—2 q,.—2
Zhang et al.| (2021b) O (NrPe™?) O (k7e72) X
Offline
GT-SRVR
\/ De—2 q,.—2
Zhang et al.| (2021Db)) 0 (N +VmNrre ) O (k%e?) X
DREAM (Ours) 5 o 5 o
Theorem O(N + VNrke2) O (k%72 v
DM-HSGD 4 s -
Xian ot al] (2021) O (r%e) O (k%) X
Online ©
DREAM (Ours 3 _3 9 o
Theoremﬁ O(r%e™) O (r%?) v

The mixing matrix tells us how the agents in the net-
work communicate with their neighbors. We assume it
satisfies the following assumption (Song et al., [2023]).

Assumption 2.5. We suppose the matric W € R™>*™
have the following properties:

a. supported on the network: W; ; > 0 if and only if
i and j are connected in the network.

. irreducible: W cannot be conjugated into block
upper triangular form by a permutation matriz.

symmetric: W =W 7.
doubly stochastic: W1 =WT1 = 1.

. positive semidefinite: W = Oy, .

Note that if a matrix W satisfies Assumption [2.5] a-d,
we can let Assumption be automatically satisfied
by choosing (W + I,,,)/2 to be the new mixing matrix.

By the Perron—Frobenius theorem, the eigenvalues of
W can be sorted by

0< An(W) <o < Xa(W) < A (W) = 1.

We then define the spectral gap of W as follows.

Definition 2.3. For a matriz W that satisfies Assump-
tion we define the spectral gap as § = 1 — \g(W).

It is well known that the spectral gap of W is related
to the mixing rate on the network.

Proposition 2.2 (Koloskova et al.[ (2019, Lemma 16)).
Given a matriz W that satisfies Assumption [2.5, for
any vector a € R™*¢_ for the standard mizing iterate
given by a**t1) = Wwa®  we have

[Wa—1a] < (1-4)"[la—1a],
where || - || is the Frobenius norm.

This simple mixing strategy is adopted by previous
works including [T'saknakis et al.| (2020)); Xian et al.
(2021)); [Zhang et al.| (2021b), but it would lead to an
unavoidable communication complexity dependency of
at least O(1/d), which is suboptimal in the dependency
of §. To accelerate the mixing rate, we introduce the
FastMix sub-procedure (Liu and Morse, [2011]), which
can lead to the optimal O(1/v/6) dependency.

Proposition 2.3 (Ye et al| (2020al Proposition 1)).
Given a matric W that satisfies Assumption|2.5, Tun-
ning Algom'thm ensures %1Ta(K) =a% and

[a) —1a@ || < ¢) (1 - e2V3) " [a®@ — 12|,

where a® = L1Ta® ||.|| is the Frobenius norm,

clzx/ﬁandczzlfl/\@.

To tackle the possible constraint in y, we define the pro-
jection and the constrained reduced gradient (Nesterov}
2018)).
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Definition 2.4. We define

M(y) £ argmin ||y’ — y[|* and H(y) £ argmin ||y’ - y|*
y'ey y' ()€Y
fory € R and y € R™*% respectively.

Definition 2.5. We also define the constrained reduced
gradient of f at (z,y) with respect to y as

with some 0 <n < 1/L.

3 The Proposed Algorithm

In this section, we propose a novel stochastic algo-
rithm named Decentralized Recursive-gradient dEscent
Ascent Method (DREAM) for decentralized nonconvex-
strongly-concave minimax problems. We provide a
unified framework for analyzing our DREAM for both on-
line and offline cases. It shows the algorithm can find an
e-stationary point of P(z) within at most O(k%e~3) and
O(N + v/ Nk?e~2) SFO calls for the online and offline
setting respectively; and both of two settings require
at most O(k%e~2logm/+/§) communication rounds.

3.1 Method Overview

DREAM constructs stochastic recursive gradients g;(7)
(Fang et al. [2018; |Li et al., 2021} [Luo et al.l 2020
Nguyen et al.,|2017) to estimate the local gradients, i.e.
g:(1) = V fi(z:(7)). This step (Line 22 in Algorithm
reduces the variance of stochastic gradient estimators
on each agent, leading to the optimal O(e~3) depen-
dency in the SFO upper complexity bound. DREAM then
applies the gradient tracking technique (Di Lorenzo
and Scutari, [2016; |Qu and Lil |2019)) to track the aver-
age gradient over the network via the gradient tracker
se(1), i.e. si(i) =~ Vf(z(i)). The gradient tracker
s¢(7) is also updated in a recursive way (Line 24 in
Algorithm . This step is commonly used to achieve
convergence when the data distribution on each agent
does not satisfy the i.i.d assumption in decentralized op-
timization (Nedic et all |2017; [Song et al |2023)). With
the gradient tracker, DREAM applies the two-timescale
gradient descent ascent (Lin et al, 2020al) to solve the
maximization of y and minimization of = simultane-
ously (Line 13-14 in Algorithm. The random variable
¢t ~ Bernoulli(p) (Line 12 in Algorithm [2)) decides the
batch size and the number of consensus steps in the
iteration. By appropriately choosing the probability p,
batch sizes b,b’, and consensus steps K, K’, DREAM
achieves the best-known computation complexity and
communication complexity trade-off in decentralized
nonconvex-strongly-concave minimax optimization.

3.2 A Novel Lyapunov Function

Different from previous works (Luo et al.| |2020; Xian
et al.l 2021} [Zhang et al., [2021b)), we propose a novel
Lyapunov function as follows:

1
&, 20, +—C+ v, + U, where
mn mp p

\Ijt = P(‘/Z.t) - P* + a(P(i.t) - f(j"hgt))?
Ci = llze — 1% + n|lse — 15,

1
Vi = —|g — VE(z)|* and

m

2
Ut:

=3 (@il - VAilal)

We set « € (0, 1] in later analysis. Below, we illustrate
the meaning of each quantity in the Lyapunov function.

e U, measures the optimization error. The gradient
descent ascent step ensures that ¥, can decrease
monotonically at each iteration (Chen et al.|
2022; Yang et al., |2020)).

e (; measures the consensus error, which can be
bounded by the properties of gradient tracking
and consensus steps (Song et al., [2023)).

e V; and U; measure the variance of g;, which can
be bounded by the property of martingale (Fang
et al., 2018; [Luo et all [2020). We provide a
detailed discussion for the roles of V; and U; after
Lemma, and 3.4

We can show that Cy, V;, and U; are sufficiently small
during the iterations, which allows us to analyze DREAM
by analogizing gradient descent ascent on the mean
variables Z; and g; with some small noise.

Remark 3.1. Our Lyapunov function ®; character-
izes the sub-optimality of the maximization problem
maxycy f(Z+,y) by P(Z¢) — f(Z¢, §e), which is easy to
be analyzed for stochastic variance reduced algorithm in
the decentralized setting. In contrast, | Xian et al.| (2021))
and |Zhang et al.| (2021b) measure the sub-optimality
by ||ye — v* (z¢) ||, which leads to their analysis be more
complicated than ours.

3.3 Convergence Analysis

Our analysis starts from the following descent lemma.

Lemma 3.1. For Algorithm[3, we set the parameters
byn <1/(4L) and

(e

(1+ a)128x2" )

’y:
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Algorithm 2 Decentralized Recursive-gradient dEscent Ascent Method (DREAM)

R™*4 and s; = [ue, ve] € R™X4,

1: Notations: Let z; = [x;,y:] €

2: Input: initial parameter Zo € RY, stepsize n > 0, stepsize ratio v € (0, 1], probability p € (0, 1], small mini-batch size
b, large mini-batch size b’ (we set b’ = n for the offline case), initial communication rounds Ky, small communication
rounds K, large communication rounds K’.

3:z0=1%
4: parallel for i =1,...,m do
{&,1,...,& v} 1i.d., online case;

5:  Sample Sp(i) =

P o(®) {&,1,.-,&n}, offline case;

) 1 .
6:  go(i) = ¥ > VFEi(zo(i); &)

&i,;€S0(4)

7: end parallel for

[d]

: sp = FastMix(go, Ko)

9: fort=0,...,7—1do

10:  Sample ¢; ~ Bernoulli(p)

11: X4l = FastMix(xz — ynuy, K)
12:  yip1 = FastMix(H(yt + nve), K)
13: parallel for i =1,...,m do

14:  if ¢, =1do
) {&1,...,&} id.d., online case;
15: S le S;(i) =
ample 5 (i) {&a,- &t offline case;
. 1 .
16: ger1(i) = ¢ > VEi(ze+1(i); i)
&, €S1(1)
17: else
18: Sample w; (i) ~ Bernoulli(q)
19: Sample S; (1) = {&,1,...,&p} 11d.
. . we (2 . .
20: get1(i) = g (i) + % > (VF(zu4a(i); &) — VEi(ze(i); 6i5))
9 &i,;E€SL(1)
21: end if

22:  end parallel for

FastMix(s; + g1 — g, K'), ifG=1;
23: St4+1 = .
FastMix(st + gt+1 — 8t, K)’ if Ct = O7

24: end for
25: Output: Zoy by uniformly sampling from {xo(1),%0(2), - ,x7—1(m)}
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Then for any o > 0 it holds that
T N N I 2
EW <¥v, - —|VP ——EF -
[Wisa] < We = VPl 87 [Ze+1 — ]

« 3o
— —E||Ze41 — Z||* + 6anU, + —C,.
1677 Hzt"rl Zt” + anUg + mn t

If both C; and U; are sufficiently small, the above
lemma indicates that the optimization error decreases
by roughly (vyn/2)||VP(z:)|* at each step in expecta-
tion and the remaining proof can follow the gradient
descent (Bubeckl 2015} Nesterov} 2018]) on the primal
function P(z).

Recall Proposition [2.3] We further define the discount
factors of consensus error that arises from mixing steps

(Line 10, 13, 14 and 24 in Algorithm [2)) as:

po=rci(l— 62\/5)K0,
P =ci(1—eVs) (6)
p=ci (1 — 62\/5)K.

Then we can bound the consensus error as follows.
Lemma 3.2. For Algom'thm@ let p> < 1/24. Then
E[Cyy1] <12¢p>Cy + 6p20*mV; 4 2cp*mE| 241 — Z||?
60" 2mn2o>
n pemnco
b/
where we define ¢ = max{1/(bgq),1}.

Remark 3.2. For convenience, we define n = +oo for
the online case and b’ = n for the offline case. Then

Iy < n]= {1’

0, for offline case.

I < nj,

for online case,

This notation allows us to present the analysis for both
cases in one unified framework.

Lemma [3.3] and [3:2] mean the decrease of the opti-
mization error ¥; and consensus error C; requires the
reasonable upper bounds of V; and Uy, which can be
characterized by the following recursions.

Lemma 3.3. For Algorithm[3, we have
4(1 — p)L?
(-p)L%
mbq
2 2
po / 3(1-p)L
1o _
b’ b <n]+ by

Lemma 3.4. For Algorithm[3 we have

E[Viq1] < (1 —-p)Vi +

+

E||Ze41 — Z)*.

4(1 —p)L?
m2bq
pUQ]I[b/ < ]_|_ 3(1 —p)L2
mb’ " mbq

E[Ut41] < (1 = p)U; + '+

+ EHEtJ,_l —Zt||2.

Note that for any vector sequence ai,--- ,a, we al-
ways have || Y10 a;]|* <m > i~ |la;||?, which directly
implies U; < V;. Therefore one can use the quantity V;
only in the analysis as |Zhang et al.| (2021b)), but the
separation of U; and V; makes our bound tighter. As
a consequence, we show a linear speed-up in the SFO
complexity with respect to the number of agents m
which was not shown by |Zhang et al.| (2021b]).

Putting Lemma and [3.3] together, we can prove
the main result for DREAM as follows.

Theorem 3.1. For Algorithm[3, we set parameters

Y I
KTy N P I A Vi p_bq—l-b’

- FG% . 2] Ky ’ng(l(icl/(fyme?))-‘ |

yme2  p oV

K Flog(qc(%)lﬂw K- ij%mw 7
(7)

where c1,co are defined in Proposz'tz'on v =0(k"?)
follows (%)), « =1/8 and

: (8)
n, for offline case.

Y {’73202/(’}/77162)—‘ , for online case,
Then the output satisfies E||VP(zout)|| < € within the
overall SFO complezity

O(KQUQE_Q + /<;3Lae_3), for online case;
for offline case;

O(mn + /mnk*Le?),
and communication complezity O((k*Le=2logm)/V3 ).

This theorem shows that DREAM achieves the best-
known complexity guarantee both in computation and
communication, either for online or offline cases.

4 Experiments

We conduct numerical experiments on the model of
robust logistic regression (Luo et al., [2020; [Yan et al.)
2019). The source codes are available It consid-
ers training the binary classifier x € R* on dataset
{(ak, b))}, where a; € R? is the feature of the
k-th sample and by € {1,—1} is the corresponding
label. The total N samples are equally distributed
on m agents, with n = N/m samples on each agent.
The decentralized minimax optimization problem of

"https://github.com/TrueNobility303/DREAM
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Figure 1: Comparison on the number of SFO calls against P(Z) = maxyea, f(Z,v).
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Figure 2: Comparison on the number of communication rounds against P(Z) £ maxyea f(Z,9).

this model corresponds to formulation with local
functions

n

3" (wislis(@) — V() + g(x)),

i=1
where 1;;(x) = log(1 + exp(bs;a;x)),

1

= o3 6 =105,

V(y)

d 2

vx

Ny —1|? =0 k
INy —1]1%, g(z) ;1+sz,

N
r=10 and Ay = {yERN:yk € [0’1]’Zyk :1}_
k=1

We set mixing matrix W as the w-lazy random walk
matrix on a ring graph with 8 nodes (m = 8) and
let 7 = 0.999, which leads to a low consensus rate
since Ag(W) =74 (1 — 7) cos (2m(m — 1)/m).

We compare the performance of our proposed method
DREAM with DM-HSGD (Xian et al., [2021), GT-DA (Tsak-
nakis et al.l 2020), GT-GDA and GT-SRVR (Zhang et al.|
2021b) on datasets “a9a”, “w8a” and “ijennl” (Chang
and Lin) 2011)). All of the algorithms are implemented
by MPI to simulate the distributed training scenario.

For DREAM, we tune b,b’ from {64,128, 256,512},
tune p, ¢ from {0.2,0.5,0.9} and tune K, K, K’ from
{2,5,10}. For DM-HSGD , we set momentum parameter
B = 0.01 by following [Xian et al.| (2021), and tune

b, by from {64,128, 256,512}. For GT-SRVR, we let the
epoch length @ = [y/n] as suggested by the authors.
For GT-DA, we let the number of inner loops R = 4
by following |Tsaknakis et al.| (2020). For each algo-
rithm, we tune n and v from {1,0.1,0.01,0.001} and
{0.1,0.01,0.001,0.0001} respectively.

We present the empirical results for the comparisons of
computation complexity and communication complex-
ity in Figure[I]and 2l It is shown that the proposed
DREAM performs apparently better than baselines.

5 Conclusion and Future Work

In this paper, we have proposed an efficient algorithm
DREAM for decentralized stochastic nonconvex-strongly-
concave minimax optimization. The theoretical analy-
sis showed DREAM achieves the best-known SFO com-
plexity of O(min(k%¢~3, k2v/Ne2)) and communica-
tion complexity of O(k2¢~2). The numerical experi-
ments on robust logistic regression show the empirical
performance of DREAM is obviously better than state-of-
the-art methods. We discuss possible future directions
and some subsequent works in Appendix H.
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Supplementary Material:
An Efficient Stochastic Algorithm for Decentralized
Nonconvex-Strongly-Concave Minimax Optimization

A Some Useful Lemmas

We first provide some useful lemmas.

Lemma A.1. For any ai,...,a, € R%, we have

m

5

i=1

2
1 & 9
<= il
m 4
=1
1

Lemma A.2. For any matriz z € R™*¢ and z = EITZ’ we have

Iz — 1] < ||=|,
Lemma A.3. Under Assumption (2.4, we have
IVE(z) — VE(z')|| < L||z — 2|

for any z, 7z’ € R™*¥4,

Lemma A.4. For Algom'thm@ we have 5; = %1Tgt = G-

Proof. We prove this lemma by induction. For ¢ = 0, we have

1 1
So = 717—50 = 717g0.
m m

Suppose the statement holds for ¢ < k. Then for ¢t = k 4 1, the induction base means that

Sk+1
=Sk + Gk+1 — Gk
1.+ ) 1.+
=—1 g(zi) + gry1 — —1 g(zi)
m m
=0k+1
1
:71Tgk+17

which finished the proof. O
Lemma A.5. Under Assumption[2.4, for Algorithm[g, it holds that

50— VFGOIP < 2|3 (@0) — VA + 2z — 17"

m ’ 2
=1
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Proof. Using Young’s inequality and Assumption we have
_ — 2
I5: = V£ (Z)l

i=1
1 « ’ 1 « ’
<2 %Z g:(i) = Vi(z:(1)) %Z (Vfilz(i)) = Vfi(z)
1 ; P }
<2\ Z( (1) = Vfi(z:(3)))| + o Z IV fi(z:(i)) = V fi(z0)|1?
i=1 i=1
1 Y
<2 EZ g(i) — Vi Zt()))| +7||Zt—12t||
O
Lemma A.6. When f(x,y) is L-smooth and p-strongly-concave in y, it holds that
IVP(z) = Vo f(z,y)l < 26]Gy(z,y)|,
where Gy (x,y) denotes the constrained reduced gradient
II(y + 7V, f (=, —
G () — W+nVyf(z.y) -y
n
with any n < 1/L.
Proof. Using the Danskin’s theorem, i.e. VP(x) =V, f(x,y*(x)) as well as the L-smoothness, we have
IVP(x) = Vo f(z,y)ll < Llly*(x) = yl|. 9)
The Corollary 1 of [Luo et al.| (2020, Appendix A) tells us
plly —y* ()| < 2[Gy(2,y)|- (10)
We prove this lemma by combing inequalities (9) and (10)). O

B Discussions on DM-HSGD

Decentralized Minimax Hybrid Stochastic Gradient Descent (DM-HSGD) considers the minimax problem ({If) in
both unconstrained and constrained cases (Xian et al., [2021). However, the theoretical analysis of this method
only works for unconstrained case, and it is problematic for the general constrained caseE|

The analysis of DM-HSGD heavily relies on its Lemma 5 (Xian et al., 2021, Appendix A.2). However, the proof
of this result is based on the following equation (Xian et al., [2021, Equation (29))E|
20y (e G = Ge) = 9 = Gell* + e+ = Gell* = Feer — 9, (11)

where ; = argmax, ¢y, f(Z¢,y) corresponds to y*(Z;) in our notations. Note that Equation (11) does not hold
for general convex and compact set ). We further illustrate this below.
We denote y;41/2 =yt + 1y by following Xian et al.| (2021)’s notation. The procedure of DM-HSGD guarantees
that 941 = II(y441/2), then we have

200y (T, e — G) = 2(Tes1/2 — G Gt — Ge) = NTe — GelI> + 1Tes1/2 — Gell® = Tes12 — el (12)

2The theoretical issue of DM-HSGD has also been mentioned by [Zhang et al. (2023).
3The analysis of DM-HSGD uses 7, and @; to present the stepsize and gradient estimator with respect to y, which play
the similar roles of n and v in our notations.
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The only difference between equations and is their last terms. In the unconstrained case that ) = R,
it holds that

Utr1 = I(Yiq1/2) = Geg1/2, (13)

which leads to
Ge1 — e]1? = Te11/2 — Gel)?.

However, the equation may not hold in the constrained case, since we can not guarantee II(y) = ¢ in general.
For example, consider that

y={yeR:yl*=2}, y(1)=(22 and y(2)=(2-2),

then we can have § = (2,0) while II(y) = (v/2,0).

For the analysis of projected first-order methods for constrained problems (even for minimization problems), we
typically introduce the constrained reduced gradient (Nesterovl 2018, Definition 2.2.3) and apply the first-order
optimality condition (such as Equation in Appendix to establish the convergence results. However, such
popular techniques are not included in the analysis of DM-HSGD.

In decentralized setting, the extension from unconstrained case to constrained case is non-trivial, since the
projection step introduces additional consensus error. As a consequence, our analysis is essentially different from
the Xian et al| (2021). We design a novel Lyapunov function and present the details in Lemma to address this
issue.

C The Proof of Lemma [3.1]
Proof. Denote y;; = II(y; + nv;). By Proposition the update rules of x;,y; means

Tipr =T —yni;  and  Goyr = Yoo = Hlye +1ve). (14)
In the view of inexact gradient descent on P(zx), it yields

E[P(Z¢41)]

L
< B[ Plo) + VP@) (@ - 20 + L — o

L 2,2
—E | P(&1) — vV P(3) T+ P;"utlz}

o m , m  Lev*n? oui .
— & |Pe) - ZUvP@ - (5 - 220 )l + RV (e - @l

i 2 2
r L 2,,2
< [P) - ZUvr@lR - (3 - 23 ) )
E| 208" 1VPE) — Vo b @0 ye )P + 215" [ — Va (e i) (15)
VE | TS VP - Ve f @)+ 203 - Vo f oy
=1 =1
m . m Ley*n?
<& |Pte) - JIvp@l - (5 - 25 ) ol
[ 4r2y & L = - L
VE (XSG, @y + 03 i~ Vi)
L i=1 =1
o m . m o Lev*n?
<[P - JUveee - (3 - 230 )
B, 8KV X~ 1 o VR - o
P [P 012+ YT i) — 9 £y )P+ LS e — Ve eyl
L i=1 i=1 i=1
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where vi(i) = (yi,1(i) — y:(i))/n. Above, the first inequality follows from the smoothness of P(x) by Proposition
the second one is due to the Young’s inequality; the third inequality holds according to Lemma [A-G} in the
last one we use the Young’s inequality along with

V(i) — G (e, y2(3)) |
1 ) _ .
= EHH(yt +nve(i)) — Iy +nVy [ (@, ye ()l
< [lve (i) = Vy f (e, y2 (D) I
Recall that y;,; = II(y; + nv¢) and the first-order optimality of the projection, we have
(ye (@) +0ve(i) = yi41(0) " (y = ¥i3(2) <0 (16)
for any y € Y. Taking y = 7, in above inequality, we get
vi(i) " (G — yi41(4))
1, _ . . .
< E(Qt = Y1 ()T (7i1 () = ye(0) (17)

I I”.

1 , 1 , 1 , .
= %Ilyt —y:()I° - %llyt ~ Y @) = %HYZH(Z) = y:(i)

In the view of inexact gradient descent ascent on f(z,y), it yields
E[—f(Zt+1,¥141(9))]

SE | f(Zg1,y:(0) = Vo f (@1, ye(0) (131 () — v (0) + gHYQH(i) - Yt(i)ﬂ
<E _*f(ft,)’t(i)) = Vo f (@, ye(0) T (Beg1 — 34) + §||ft+1 - ft”?]

FE |V o ye)T 0 ()~ ) + Sy () -y

SE|—f(@,5) + Vyf (@, y(0) T (G — yi(0) = Vo f (@, y:(0) T (Zear — ) + g”ftﬂ - xt”ﬂ

+E -—Vyf(johyt(i))T(yQH(i) —ye(i)) + g”ygﬂ(’) - Yt(i)Hz

=E _*f(ftaﬂt) + Yy f@eye(D) T (G = i1 (D) = Vo (@ ye(D) (a1 — Te) + §||ft+1 - ft”ﬂ
FE (V@ yeli) — T Gons 320D (71 0) = 920) + S lyba ) — (o))

=E [—f(l’ta Ue) + ve(i) (W — yi01(0) = Vo f (@6, y:(0) T (Beg1 — ) + %Hi"tﬂ - l't2:|

FE [(9, £Gye®) — Vo e ye ) (74400) — y20) + Syt ()~ 3 )]

+E [(Vyf(fm yi (@) — ve (i) T (g — y£+1(i))]

<E [—f(fct7yt) - %HYQH(@ —yi()? = Vaf (2, y:(0) T (1 — 20) + g”ftﬂ - $t||2]
B (9@ 31(0) = Vo @t i) (a9 = e + 5 15iea9) = 0l
8| LI, @ ya) eI + o~ v

2 2,2 2
- n_nL , L : 3NN -
<B |~ flenm) - (3= 155 ) IVl + (T 4+ ) )

B | JITaf @3a0) =l + FI9 ey @) = @I + 51 - OIP].
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where vi(i) = (yi,1(i) — y¢(i))/n. Above, the equations rely on rearranging the terms; the first two inequalities
are based on the L-smoothness of the objective f(x,y). The third one follows from the concavity of in the
direction of y; the second last inequality is a use of and the Young’s inequality; the last inequality follows
from the Young’s inequality and the L-smoothness that leads to

(Vyf(@e.5:(0)) = Vy f (Zer1,y2()) T (¥i41 () — ye(0))
%llym(i) = ye@DI” + 0V f (@1, y6(0) = Vo f (T4, y:(0)) |

1 . . _ _
< %HYQH(Z) - Yt(Z)HQ + 77L2H$t+1 - $t||2

N o .
= 2 IVEOIP + 0 L a1

Using the concavity of f(z,y) in variable y as well as the Jensen’s inequality, we have
E[—f(Zt+1, Uig1)]

it - (1-LE) Zn vl + (T e+ 20) mﬂ

Z [nvxf 71 3u(@) = wl2 + DIV @ yil0) — v )P + %Hyt - ytu)nﬂ .

< E

(18)

Note that g;,; = g:+1. Adding multiplying (1 + «) along with multiplying a, we get
E[Pi11]

L 2,2
<P+ () |- DITP@I - (3 - 270 ) P+ 1+ a)x

8 ””Znt 2+ 2 ””Znt Y, f (@ ye @) + ””Zuut Vf<xt,yt<>>2]

i=1

U 370\ |-
—(—) Zlit W+ (TR e+ 20 ||ut||2]

P E [me@t,yt(i)) — a4 J19, @yl = VeI + g~ v

+

Rearranging the above result leads to

2

( (777 LP;2772> —a (LVQZUQ + 2L + 37;")) E[||a|?]
( (> (1+a)8k 777> Z]EH vi(9)|2]
((
((

B0 <E [\1/ - WIIVP(@)IIQ]

+ ((1+a)y ) ZEHW Vo f (@, ye(i)]1?]

+ ((1+ a)8k%y + ) ZEIIW — Vyf (&, ye(i)) ]

m

Z (19 =y (D).
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Since « € (0, 1], taking n < 1/(4L) and the definition of 7 in (5)) mean

n Ly an
noETY g > o
a<4 5 ) ( +oz)8/£ P T:

as well as

vn  Lpy*n? Lyvn® | 5 5. 3’0\ _m
— Zr 7 ) s A
(1+)<2 5 ) a( 5 +y*n°L + 5 )27

Also, the fact o € (0,1] and our choice of v means
2 - 2 -
8(1+a)m7+§§a and (1+o¢)8m7+§§a

Therefore, we obtain the optimization bound as

_ _ &% - ry.
B[] <B | — ZVP@)* - Tl - L3 |vt<z>||2}
=1
DY = Vet @y @+ TS veli) = Vi d @y @I + 5, Z Ige = ()]

i=1 i=1

Note that it holds that
D Iveld) = Vo (@ yi(@)IP < 3mlloy = Vo f (20, 5)|1° + 3]l ve — 10> + 3L%|ly: — 17|
and
Y Mk = Vaf @,y (@)* < 2mla; — Vo f (@507 + 202 lye — 15:)%,
i=1
where we use the L-smoothness and Young’s inequality. Then we combine Lemma to get
m
an an
ZHUt Vo f (T, y:(0)]* + ZHVt — Vy f (@, y: (0))[”
=1
GanL 3am o 3amn _ 20
< 2y — 1l + 2 sy — VA 50| + S v — 1 (#0)
« _ _ o 3a _
S5—Wm—¢MW+3mma—Vﬂmw»W+4J%w—1mﬁ
nm m

where we use 7 < 1/(4L). Plugging into and then use the inequality

1 = ! (A\]]12 =112
EZHvt(l)H > [l
i=1
Hence, we have
My~ an,
EW; 1] <E {‘I’t - *IlVP( OlI? = llal® = 3zl
_ o 3a _ «a B
+Ekmm&—VJummm%+Ww—1mP+|yrwmﬂ-
m nm

Combining with Lemma and using ||y; — 19:|| < ||z¢ — 12| and n < 1/(4L), we obtain

- an, _
E[¥:n1]) < E [ — ZIVP@E)I? - Llilal? - T3]

m 2

S (i)~ Vi)

i=1

3a o _
2o + 2l — 2
nm

+E ||vt — 1vt|| + 6an
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Note that

at:ft—ftﬂ S Sl [
o n 8yn ~ 16n’

then we have

1 o
EWiq] <E [V — gHVP(ft)W - %Hftﬂ —3y|]* - m”itﬂ - Zt||2]
3 1 — *
o . . o _
+E Wnﬂvt — 152 + 6y ~ ;(gt(z) — Vfilz ()| + n—muzt — 152
Recalling the definition of C; and Uy, we obtain the result of Lemma [3.1 O

D The Proof of Lemma [3.2

Proof. The relation of means

[Xt+1 — 1Zeya |
=p |lx¢ —ynuy — 1(Ty — nug) ||
<p (llxe — 12¢|| +yn [luy — L)),

where the last step is due to triangle inequality. Similarly, we define the notation II(-) = %11—'—(-) for convenience.
Then for variable y, we can verify that

lyerr — 1Gesa|l

1
<p HH(}’t +nve) — EllTH(Yt +nvy)

<p|M(y: +nve) = TAG: + 710 || + p ||[T(LG: + n1o) — 1L (y¢ + 7ve) |
<2p ||yt +nve — 1(ge + 0oy ||
220 (lye — 15zl +n llve — 1v¢]))

where in the third inequality we use the non-expansiveness of projection and Lemma 11 in |Ye et al|(2020b]), i.e.
|110(x) — II(12) || < [lx — 1Z|.
Consequently, we use Young’s inequality together with v € (0, 1] to obtain

|Ze41 — 1211 ]|”

_ 2 2
= 1x¢41 — 1Z41||” + |ye41 — 1Ge41]|

2 — 12 2 2 — 2 2 — 12 2 2 — 112 (21)
<807 lye — 1mell” + 8p™ 0™ [ve — 104]|” + 2p% (|30 — 1Z4]|” + 29707 |lye — 17|
< 897 ||z — 121> + 8p%n? ||se — 15|
Furthermore, if 24p? < 1, we have
|Z¢+1 —Zt||2
< 3llze1 — 1z [P 4 31z — 12° + 3|12, — 1244 |° (22)

< (2497 + 3)||ze — 121> + 24070 || — 15[|° + 3|12 — 12044 |?

<Az — 127 + nPllse — 15:]* + 3m||z — Zpa ||
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We let p; = p’ for (; =1 and p; = p otherwise. The update of g;11(i) means
. T
E[p; |ge+1(1) — ge(0)|”]

2
1 . : pP(L—p . ,
=p*pE v > VE(zea (i) &g) — geli)| + (bq)E IV EFi(Zer1(i); &i1) — VEi(ze(3); 1)1
&, €5;(1)
2
1 ) . , .
<3p”pE ¥ > VFi(zia(i);6ig) — Viilzeea ()| + 30 DRIV fi(zeg1 () — V fi(ze (i)
£i,j €51 (1)
/2 . N2 p2(1 *p)Lz . 12
+3p " pE |V fi(2: (i) — g ()" + B |22+ (1) — 2 ()]
3 /2 0_2 ) ]
LT < ) 4 302 L2E 11 1) — 2 0)
. , >(1—p)L? : .
+ 30 |V i) — )1 + S ) - 0
3P/2p02 ’ 2 . ) 1-p 2,2 . 112
S IV <]+ 3p PRV fi(2:(1)) — e (D)II” + g TP)rL B {|ze11 () — 2 ()",
where the first inequality is based on update rules and Assumption [2:4} the second inequality is based on triangle
inequality and the last inequality is due to Assumption 2:2] Summing over above result over ¢ = 1,...,m, obtain

3p/2mp0,2
b/
Let ¢ = max {1/(bg), 1} and plug it into (22), then
E[o7 g1 — &ll°]

1-p
E[0? gt — gil*] < IV < ] + 30pE || VE(ze) — g + < +3p) L7 2041 — ]

bq

3 /2m0.2
<RTAY < 0] + 307 B[ VE () — allY] + P L2 2041 — 2]
3p/2m0.2 (23)
S 1" <n]+ 3p K[| VE(z:) — gt|°]
+ 16¢p> L*E[||z; — 12]|] 4 4cp® L2 E[||s; — 15.]|%] + 12cp*mL*E||| Ze51 — Z?].
Furthermore, we have
[st+1 — 1Se44]|
L
<pt||st + 8t+1 — 8t — Ell (st +gt41 — 8¢)
(24)

<pt||se — 15| + p¢

1
—g— —117 —
8t+1 — 8t m (gt+1 gt)

<ptllst — 15| + pt |lge1 — &l

where the second inequality is based on triangle inequality and the last step uses Lemma Combining the
results of and and using n < 1/(4L), we have

1°E ||ser1 — 15041

—_ 112 2
< 20°0% |Isy — 15:]” + 20°E[p} ||ge+1 — &¢l|]

< depn?El|ls, — 15,1%] + 4ep?E[||z, — 17 (25)
+ 6B V8() - g2 + 2o mE s — 22 + L0 <
Combining (25)) and , we obtain
E[llze41 — 1ze01]]? + 77 (Ise41 — 15e41 7]
6p"2mn?o?

< 12cp°E[l|ze — 121> +1°|Ise — 15:]°] + 60 n°E[[|VE(2e) — gel|*] + 2cp’mE[]| 2141 — 2:/°] + 1 <nl,

which finishes our proof. O
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E The Proof of Lemma [3.3

Proof. The update of g;11(¢) means

E |lgi+1(6) — Vfi(zen (D)

2 VR ():6) Vil ()

i ;€SL(D)

F 0B )+ 2 S (VR ):6) ~ VR):6)) — Vi ()

£i,j €S (1)

0_2

<Pl < n) + (1 ~ DE|g0) - Vi(zu()
wi (i) (T ()60 ) — VE (206 £ ) — U F: (20 (i (|
+ " (VEi(2es1(0):€5) — VFi(2e(i); €05) — YV filzesr (1) + V fil2e(0))) H
5i,j€3t(i)

=Z-1b < ) + (1= PE|lge(i) - V£i(z(i))II

+(1-pE wild) Z (VFi(2e41(1); &) — VFi(24(0): &ij) — V fi(2e41(0) + V fi(2:(4)))

fi,jESt(i)

< < nl+ (1= P)E Jlu(0) = V() + 5 B IV Fiara(0:65) = VA (an(0):63)1°
<L <l + (1= D li) — VA + LB o) - w0,

where the first inequality is based on Assumption the second inequality use the property of variance; the
last inequality is based on Assumption the second equality uses the property of martingale according to
Proposition 1 in (Fang et al., |2018). Taking the average over i = 1,...,m for above result and using (22)), we
obtain

E|gir1 — VE(zer1)|

<" <)+ (1 - pE N - Vel + CPEE s -l
TP < )+ (1~ p)E g — VE(a)| 2
+ O g, — 102 4 Pl — 1507 + 3mlzss - 27
which is the variance bound as claimed by the definition of V;. O

F The Proof of Lemma [3.4]

We omit the detailed proof since it is almost identical to the proof of Lemma [3.3] We leave this as an exercise to
the reader. Compared with Lemma the quantities in Lemma [3.4] can be scaled with an additional factor of
1/m by using the fact

m 2 m
B[S ool = 3B,
=1 =1

where each aq,...,a,, are independent with zero mean.
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G The Proof of Theorem [3.1]

Proof. Combing Lemma, and [3.4] together, we obtain
E[®441]

1. .
<E [@ - DYVP@I - gl - @il -
4(1 — p)L? 3(1 —p)L?
L g |y 4 =R 30 -PLT,
mp mbq bq

167 ||Zt+1 - ZtH + 6anU; + Ct]

o2
b’ v < n]}
4(1 —p)L? 3(1—p)L? po?

2hg Ct mba 201 = 21" + —

+ gE |:—pUt =+ H[b/ < ’I’L]:|

1 60/ 2mn2o?
+ n—mIE [—(1 — 12¢p*)Cy + 6mp*n*V; + 2cp*mE||| 241 — Z||*] + %H[b’ < n}]

1 ~ @ 2cp®2  6n(1 —p)L2\ , _ _
—<1>t+E[—||VP< >||2—xt+1—xt||2—<— L [C') )nztﬂ—ztnﬂ

8vn 167 n mbpq
1 — 6mp2 1—12¢p® —3 8(1 — p)L2
( ;;w )nvt( cp? —3a 8(1—p) )Ct

— (1 —6a)nU; —
( a)nUs — m2bpq

2 o?
+ <6p’2m) ”b/ Iy < n).

Plugging in our setting of parameters in 7 it can be seen that

4o 3no?

E[®y1] < &4 — *E[HVP( lI%]

v o b < nl.

Telescoping for t =0,1--- ;T — 1, we obtain
T-1 9

1= 2 8 60
— E[|VP(z 1< Py — Ci+ ——
; L nT 0 yn2mT ; et ymb’

1[5 < n). (27)

N

Note that achieving Z; is not simple, so the output zoy is sampled from {x;(i)} where t = 0,...,7 — 1 and
1=1,...,m. We also has the following bound:

m T-—1
1 )
IE||VP<9Cout)||2 ZHZ ||VP(X15(1))||2
=1 t=0
2 m T—1
ST 2 2 (IVP@)I> + 19 Pexi) = VP(@)I)
=1 t=
m T-—1
<2 VP + L2 i (0) — 2|
mT
1=1 t=0
T—1

o2 L
IV P(z |I+ lext—lxtH

Sl
[

Tl
[

2L2

Nl

t=

(=)

where the first step use Young’s inequality; the second inequality is due to Assumption Now we plug in
to get the following bound as

T-1
4 16 1 1202
EIVP(wou) | € —®o — ( —g =207 ) == 3 Cp+ ——_ I/ < n].
IVP(zous)]|” < T 20 (77’2 )mT 2 t+7mb, [b' < n]
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Recall the choice of v in (5); 7 < 1/(4L) and pT > 2. Hence, we have

4 1202

E[|VP(zouw)|]? < —® 1
IVP ()| < o + — 1Y <)
4 1202
= — (Wo+ Lvy+ T+ Lo ) + I[b" < n]
ynT mp D m ymb’
4 2no? n _ 1202
=— (0, + 1 —lso — 150]2 1’
b ( o+ mbp b <n]+ m||so Soll ) + S [0 < n]
4 2no? np3 _ 1202
<— (v Iy “Llgo — 1g0]? I
= 'Y"7T ( o+ mb’p [ < n] + m HgO 90” + 'ymb’ [ < n]
8 1602 4p?2 —1g0|?
< \I/() a H[b/ < Tl] + pOHgO gO“ )
ynT ymb’ m

Therefore the parameters in (7)) and (8] guarantee that E||VP(xou)||? < €2. The Jensen’s inequality further
implies that the output is a nearly stationary point satisfying E||V P (zout )| < €.

Recall our choice of v in (5)), we know that 1/y = ©(x?). Then the total SFO complexity for all agents in
expectation is

2mTb' bq

mb +mT(b'p+bg(1 —p)) =mb + VT b

< mb' + 2mThg.
Plug in the choice of b,V’, ¢ yields the SFO complexity as claimed. Next, recalling the definition of p, o, pg in @,
we know the total number of communication rounds is

o (mQLe’Z/\/S> , b >m;

Ko+ T(pK' +(1-pK) =
o H TR (=) O(fizLe_Qlog(m/b’)/\/g), b < m.

H Future Directions and Subsequent Works

A future direction is to establish decentralized stochastic algorithms with better dependency on the condition
number £ by devising multiple-looped algorithms such as the single-machine setting (Zhang et al., [2022). It is also
interesting to consider decentralized minimax optimization with the nonconvex-non-strongly-concave objectives
(Lin et al., 2020aib; Xu et al.} 2023; Zhang et al.,|2020), or some classes of nonconvex-nonconcave objectives (Chen
et all, 2022} [Diakonikolas et all [2021; [Guo et all [2023} [Jin et al, 2020} [Li et al.| 2022¢; [Yang et all, 2020} [Zheng
et al., [2022).

After we posted our work on arXiv, we also noticed that some subsequent works studying similar problem
setups (Huang and Chen| |2023; Mancino-Ball and Xul, [2023} [2023)). Some of the results in these works can
apply to more general setups than our problem, but the convergence rates in these works do not surpass the
results of our paper. (a) Although considers more general regularizers (we only consider the case that
regularizer in y is the indicator function of set ), only studies the offline case and does not study
stochastic optimization. Following our notations, the method proposed by requires the computation
complexity of O(Nk>®e¢~2), which is worse than our result of O(N + v/ Nx?e~2). (b) Compared with ,
Mancino-Ball and Xul (2023) additionally considers the stochastic optimization, but only for the offline case. It
requires the computation complexity of O(N + v/mNr2e=2), which is still worse than our O(N + v Nk2e~2). (c)
[Huang and Chen| (2023)) considers the unconstrained online case under Polyak—Lojasiewicz (PL) condition. In
fact, all of the analyses in our paper still hold if we relax the strong concavity assumption to the PL condition
in the unconstrained case. Furthermore, although Huang and Chen| (2023))’s computation complexity O(x3¢~3)
matches our result, their communication complexity O(x%¢=2) is worse than our O(k%e~2).




