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Abstract

We address the problem of identifying the op-
timal policy with a fixed confidence level in a
multi-armed bandit setup, when the arms are
subject to linear constraints. Unlike the stan-
dard best-arm identification problem which
is well studied, the optimal policy in this
case may not be deterministic and could mix
between several arms. This changes the ge-
ometry of the problem which we character-
ize via an information-theoretic lower bound.
We introduce two asymptotically optimal al-
gorithms for this setting, one based on the
Track-and-Stop method and the other based
on a game-theoretic approach. Both these
algorithms try to track an optimal allocation
based on the lower bound and computed by
a weighted projection onto the boundary of
a normal cone. Finally, we provide empirical
results that validate our bounds and visualize
how constraints change the hardness of the
problem.

1 INTRODUCTION

A classical problem in the multi-armed bandit frame-
work is pure exploration (Lattimore and Szepesvéari,
2020), where the task of a learner is to answer some
query about a set of actions, also known as arms, by
iteratively choosing between the actions and receiving
an immediate reward sampled from a distribution asso-
ciated with the action. A very well-studied problem in
this context is Best-Arm Identification (BAI), where a
learner is trying to identify the arm with the highest
expected reward (Even-Dar et al., 2002, Bubeck et al.|
2009; [Kalyanakrishnan et al.l |[2012). The BAI problem
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has many applications such as hyper-parameter tun-
ing (Li et al., [2017)), clinical trials (Aziz et al 2021]),
communication networks (Lindstahl et al., [2022)) and
user studies (Losada et al., 2022). However, many real-
world scenarios often involve constraints on the arms
that must be satisfied. For example, in recommender
systems, one may need to ensure diversity and genre
constraints (Kunaver and Pozrl, 2017)), or fairness of
exposure (Wang et al.,2021)). In clinical trials, one may
need to account for toxicity constraints of the available
treatments (Brannath et al.l |2009; |Chenl 2021} |Demirel
et al., 2022)). As a result, standard BAI algorithms are
not perfectly fitted in these settings and might have
large sample complexity as we show empirically later
on in Section Bl

In this paper, we introduce the problem of pure ex-
ploration in bandits with linear constraints where the
goal is to identify, with a fixed confidence, a policy
that maximizes the expected rewards over arms while
satisfying some given constraints. A set of constraints
may change the nature of the pure exploration problem
fundamentally. In particular, the optimal policy may
not be deterministic, and finding the best arm may not
be sufficient. Let us consider the following example.
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Figure 1: A Visual Representation of Example
Left figure with the full simplex represents the un-
constrained problem. While the constraints of person
A (middle) and person B (right) modify the problem
to be harder and easier than the unconstrained one.
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Example 1 (Optimal meal plan). Two people, A and
B, are searching for a meal plan 7 that mazimizes taste,
i.e. expected reward p' 1w, while satisfying some nutri-
tion constraints. Without any constraints this setting
reduces to BAI and can be viewed as searching for the
optimal policy over the probability simplex. However,
as illustrated in Figure[l], the nutrition constraints alter
the set of feasible sets and a person might have to mizx
between several dishes to satisfy the constraints while
mazimizing the reward. In Figure [1, the red arrow
indicates the preference direction and the red dot corre-
sponds to the optimal policy for each case. The dotted
arrows, b;, corresponds to the normal of that boundary,
i.e. the constraint causing the boundary, and as we will
see later, in Figure[d, the distance between p and b;
controls the hardness of the problem. For person A,
the distance between bs and p decreases compared to
the unconstrained case, while it increases for person
B. Thus, the problem of finding the optimal pure explo-
ration policy gets easier for person B while harder for
person A. This is quantified by the minimum number
of samples required to identify the optimal policies for
person A, B, and the unconstrained case (ref. Fig. @)

As illustrated in Figure[I] a learner may need to search
for a stochastic policy that allocates positive probabili-
ties to multiple arms and this influences how an efficient
learner should explore. Depending on the constraints,
the learner’s task may become easier or harder, e.g.
because the learner may need to explore several arms
more extensively, or the constraints may remove several
near-optimal policies, which makes the problem eas-
ier. These observations yield the following fundamental
questions:

How do a specific set of constraints impact a pure ex-
ploration problem in terms of the minimum number
samples required to identify the optimal policy?

Our Contributions. We define the problem of pure
exploration in bandits with linear constraints and derive
a corresponding lower bound on the sample complexity
of any algorithm. We further derive an explicit lower
bound for arms corresponding to Gaussian distribu-
tions, which shows that the hardness depends on the
projection of p onto boundary of a normal cone, and
that the lower bound diminishes with the increasing
condition number of the constraints defining the opti-
mal policy. Our results show that the lower bound can
be thought of as a zero-sum game where the learner
plays an exploration strategy and the adversary plays
a constraint that is not active at the optimal policy.
These insights allow us to modify the standard BAI
algorithms, such as Track-and-Stop (Garivier and Kauf;
mann, [2016) and the game-theoretic algorithm (De,
genne et al., [2019), and extend them to the constraint
setting. We prove that our proposed algorithms are op-

timal in the asymptotic regime for the pure exploration
problem with known linear constraints. Finally, we
empirically evaluate the algorithms, both on synthetic
and realistic data.

1.1 Related Work

Now, we review some works on policy learning, a classi-
cal problem in decision-making (Bechhofer| [1958), that
deal with known or learned constraints on decisions
and/or constraint exploration due to safety, fairness,
or other preferences.

Adapting To Known Constraints. Constraints are
often used to ensure safety in reinforcement learning,
online learning and control (Moldovan and Abbeel,
2012; |Gillulay and Tomlin|, 2011; Wan et al. |2022;
Vaswani et al., 2022)). In the bandit literature, some
variants of the best-arm identification (BAI) problem
impose constraints on the chosen arm, or on the ex-
ploration process. [Wang et al.[ (2022); |Camilleri et al.
(2022) studies the setting with unknown linear rewards
under known safety constraints but only allow single
coordinate actions. |Faizal and Nair| (2022) consider
BAI under fixed budget with known constraints on the
arms. Their setting differs from ours in that we look
for a best “policy” over arms with linear constraints
rather than a single best arm.

Learning Unknown Constraints. [Sui et al.| (2015
2018) study online optimization of an unknown function
f with constraints on f, but without formal analysis.
In the bandit literature, constraints are mostly studied
in the regret-minimization setting. Moradipari et al.
(2021)) and [Pacchiano et al. (2021) consider regret min-
imization in linear bandits under linear constraints
from Bayesian and Frequentist perspectives, respec-
tively. |[Amani et al.|(2019) study regret minimization
in linear contextual bandits with unknown and unob-
served linear constraints. Wang et al.| (2021) aims to
minimize the fairness regret to ensure proportional ex-
posure for each arm, which implies a known structure
for the policies. Unlike these works, we focus on the
pure exploration setting. |Lindner et al. (2022) con-
siders constrained linear best-arm identification arm
are vectors with known rewards and a single unknown
constraint (representing preferences) on the actions.

Pure Exploration Algorithms. Our Constrained
Track-and-Stop algorithm, (CTnS, Section , follows
the Track-and-Stop TnS) meta-scheme proposed by
Garivier and Kaufmann| (2016). In TnS, one tracks
an optimal allocation with respect to a lower bound
and assumes that the current estimate is the true en-
vironment. This approach has been applied to vari-
ous bandits, e.g., linear bandits (Jedra and Proutierel,
2020)), spectral bandits (Kocak and Garivier| 2021]),
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heavy-tailed bandits (Agrawal et all 2020), bandits
with multiple correct answers (Degenne and Koolen,
2019)), and latent bandits (Kinyanjui et al., 2023)). The
Constrained Game Explorer, (CGE, Section , follows
the gamification approach to pure-exploration, which
treats the lower bound as a zero-sum game between an
allocation player and instance player. This approach
was first introduced by [Degenne et al.[(2019), and later
used for best-arm identification in linear bandits (De;
genne et al.l |2020) and combinatorial bandits (Degenne
et al., [2020). In particular, CGE is an extension of the
sampling rule of (Degenne et al.| [2019) to the case of
known linear constraints.

Transductive Linear Bandit. Another related setup
is the transductive linear bandit (Fiez et al., 2019),
where one set of arms, A, are played during exploration
while the goal is to detect the best arm in some other
known set, Z. This is related to our setting since we
want to learn the best policy but only have access to
arms. Hence, our model can be viewed as a natural
special case of the transductive linear bandit where A is
the standard basis and Z is the set of policies. However,
the existing literature on transductive bandits does not
study the impact of linear constraints that we explicitly
study here and the resulting algorithms are different.

Bandits With Knapsacks. Our work is also related
to the bandit with knapsack (Badanidiyuru et al., [2018;
Agrawal and Devanur, [2016; Immorlica et al., [2022). In
this model, there are upper bounds on the total amount
of resources a learner can consume while interacting
with the bandit and each arm has its own resource
consumption. The goal is to minimize the cumulative
regret and the learner has to stop once the resources
are depleted. This is different from our setting since
we consider the problem of finding the best policy and
not regret minimization. Our constraints are also not

budget constraints but constraints in the policy space.

2 PROBLEM FORMULATION

We consider a multi-armed bandit problem with K
arms that corresponds to reward distributions, { P, }X_,,
with unknown means {1, }% ; and support R. At each
time step t, a learner chooses to play one of the arms,
A; € [K], and observes an immediate reward Ry, drawn
from the reward distribution P4,. The learner has
access to a non-empty and compact set of feasible
policies

F2{melAg :Br<c}, (1)

where Ag_, is the K-simplex and B € RY*X and

c e RV, are known parameters of the linear constraints.

For the ease of the presentation, we absorb the simplex
constraints in B and c. Hereafter, these variables refer

to both the simplex constraints, and the additional
linear constraints of the problem. The goal of the
learner is to recommend, with probability at least 1 — ¢,
the unique optimal policy 71';‘:7 £ satisfying

* s T

T, F arienflax un'm. (2)
When it is clear from the context, we denote 7r*) F as
7*. We refer to such a learner as a §-PAC learner.
As 1 — § quantifies the correctness of the learner, we
also want it to be efficient, i.e. to detect the optimal
policy fast. Let 75 denote the random stopping time
at which the learner stops interacting with the bandit
and makes a recommendation with confidence 1 — §.
We aim to design a §-PAC learner that minimizes the
expected stopping time E[7s], a.k.a. sample complexity,
needed to find the optimal policy.

Depending on the application, a learner can abide by
the constraints of Equation in two ways:

e Scenario 1: End-of-time constraint: The learner
does not have to take the constraints into account
during exploration. Only the final recommended
policy needs to satisfy the constraints.

e Scenario 2: Anytime constraint: The explo-
ration policy needs to satisfy the constraints in ez-
pectation during exploration, i.e. the exploration
policy w; needs to satisfy w; € F.

For example, Scenario 1 arises while using a more
sophisticated hardware to search for an optimal policy,
that should satisfy some energy-constraints, before
deploying it on a low-energy hardware. In contrast,
Scenario 2 can be thought of as performing the search
directly on the low-energy hardware. Now, we explicitly
state the assumptions used in this study:

e Assumption 1: The reward of each arm i € [K]
is distributed according to a sub-Gaussian single-
parameter exponential family parameterized by its
unknown mean ;.

e Assumption 2: The vector of arm means, p, lies
in a bounded domain D = [fmin, fhmax] ™

e Assumption 3: The optimal solution 71';’1 ~ to the
linear program in Equation is unique.

Assumptions 1 and 2 are standard in the literature (De-
genne and Koolen| 2019} [Degenne et all 2020)). As-
sumption 3 is the analogue of assuming a unique best
arm in the BAI problem, and it ensures that the opti-
mum of Equation is an extreme point. Hence, the
optimal policy Tl':l:, ~ always corresponds to an extreme
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point in the polytope F. In Appendix we discuss
the relaxation to e-good policies.

Notations. Let IT denote the set of feasible exploration
policies. Thus, for Scenario 1, Il = Ag_1, and II = F
for Scenario 2. We denote the KL-divergence between
two single-parameter exponential family distributions
with mean x and y as d(z,y). Additionally, if the
random variables are Bernoulli, we denote the KL-
divergence as kl(z||y).

3 LOWER BOUND

Lower bounds on the sample complexity of a d-correct
algorithm, i.e. E[rs], is a driving force in designing
good algorithms in the BAI literature (Garivier and
Kaufmannl 2016} [Degenne and Koolenl, 2019} [Agrawal
et al., 2020).

Given a problem instance p, a learner needs to collect
enough information about the problem to be able to
rule out all alternative instances, A, for which we have
MmaXyer AT > AT o* with confidence at least 1 — §
. We refer to this set of instances as the Alt-set and
denote it as

Ar(p) = {XeD: ma}()\Tﬂ' > AT}, (3)
TE

Garivier and Kaufmann| (2016) introduced general tech-
niques for deriving lower bounds on the sample com-
plexity of any §-PAC learner, which depends on the
the distance from g to the closest A € Az(p) in an
information-theoretic sense.

We extend these general proof techniques and show that
the expected stopping time of any 0-PAC algorithm ¢
for BAI with linear constraints satisfies

Ep.g [15] = Tr(p)K1(0][1 — 0). (4)

where T () is the characteristic time, defined as

K
Z wad(uav/\a)- (5)

a=1

Tt = sup inf
7 (#) well AeAF (1)

The supremum in Equation hints towards the ex-
istence of some optimal exploration policy w, which
any optimal algorithm should try to track. This is
exactly the idea behind the Track-and-Stop meta-
scheme (Garivier and Kaufmann, [2016|) (details in
Section . In order to design algorithms achiev-
ing the lower bound in Equation , we need to
solve the optimization problem in Equation . This
requires a more explicit characterization of Ax(u),
continuity properties of the function D(w,pu,F) =

Figure 2: Computing the A\ satisfying Equation @
i.e. the most confusing instance, can be viewed as
an information-theoretic projection onto the boundary
of the normal cone spanned by the active constraints
at 7. In A) we see the different normal cones for the
three different examples in Figure |1 In B) we have
fixed p1 and ps, as in Figure [T} and plot the lower
bound, assuming N(0, 1) noise and with 6 = 0.1, for
increasing po which mean that we are moving p closer
to the boundaries in A). We observe an inverse rela-
tionship between the distance to the boundary and the
lower bound, properly characterized in Corollary E

infaea () Zlewad(ua,)\a), and the set of optimal
allocations w* (u).

To derive an explicit expression for Az(u), let M be
the number of active constraints for 7*, B+ € RM*K
be a submatrix of B consisting of all these active con-
straints, and ¢+ € RM the corresponding bounds in
c. Hence, there exists at least K linearly indepen-
dent rows in B,x, i.e. a matrix B,r* e REXE and
vector &,% € R¥ such that 7* = B;ié.,,*. Since
our objective (Equation ) is a linear program, we
can leverage the optimality condition stating that
p must be in the normal cone of the optimal solu-
tion (Boyd and Vandenberghe, [2004). Hence, we ex-
press the Alt-set as Azr(p) = {A: X ¢ N(mx*)}. Here,
N(m*) := {X: X = Bl,v,v e R%} is the normal cone
spanned by the active constraints for m*.

Further, we say that «’ is a neighbor of #* if it is an
extreme point in F and shares K — 1 active constraints
with v*. We denote the set of all neighbors of * as
Vr(m*). Hence, we can decompose the Alt-set into
a union of a finite number of half-spaces Ax(p) =
Urrevs () {)\ AT (m* —7') < O} . This formulation
implies that if w* is not an optimal policy for the
instance A, there must exist an direction for the simplex
algorithm to follow to increase the expected reward,
ie. 3’ € Vr(m*) : AT (7* —7’) < 0. This formulation
of Alt-sets lead us to the observation that the most
confusing instances in the Alt-set w.r.t. p lay on the
boundary of the normal cone.
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Specifically, Lemma shows that the function
D(w, p, F) is a weighted projection onto the plane
A (7' — %) = 0 for some 7’ € Vx(7*), as shown in
Figure [2|

Lemma 1 (Projection Lemma). For any w € II and
p it holds that

D'w, ,]: = a aa
( ® ) ’Egl]}?ﬂ'*))\)\—r(‘lr* —7')= OZw M

(6)

To compute D(w, p, F) from Equation (6]), we need
to have access to the true instance p, which we do
not have in reality. Rather, we sequentially obtain
samples from the arms yielding an estimate fi,. Thus,
we need D(w, p, F) and w*(u) to satisfy continuity
properties (Theorem [1) w.r.t p, that ensures as the
estimates f1, converge to p, D(w, f1,, F) — D(w, u, F)
and our empirical distribution of plays gets closer to
some w € w* ().

Theorem 1. Following properties are true for all p
and F = {m e Ag_1 : Bw < ¢} such that the problem
maxXer 4 7 has a unique solution.

The function (w, p) — D(w, p, F) is continuous.
The function p— Tx(p) is continuous.

The set-valued function p — w*(w) is upper hemi-
continuous (definition in Appendix

The set w*(p) is convex.

3.1 Lower Bound For Gaussian Distributions

To gain further insights on how the constraints alter the
lower bound in Equation , we consider the special
case where all arms are Gaussian distributions with
equal variance ¢2. This leads us to a close-form of the
projection in Lemma [ as in Theorem [2]

Theorem 2. If the arms follow Gaussian distributions
with identical variance 0 and w, > 0 Ya, we have that
o . K
the projection Minyep.\T (x#_nr)<o D1 Wad(tia, Aa)
for any w € Vy(w*) is satisfied by Agn = o —
’ T *_
M, for v = %, and the characteristic
time 1s ’
2
)

EZG wi(ﬂ'* — ')

SO e o
=max min —
well w'eVr(n¥) 202 ||7w*

Tr(p)™' = max min

well n/eVyp (k) 2

a

2
= | Biag(1/w,)

Here, Diag(1/w,) is a diagonal matriz with a-th entry
of the diagonal as 1/w,.

In the classical BAI setting, i.e. we only have simplex
constraints, the expressions in Theorem [2] reduces to

the BAI results of [Kaufmann et al| (2016)), see Ap-
pendix [B] for a derivation. From Theorem [2| we further
derive a lower and an upper bound on the characteristic
time. Let us define dn/ = miny zv(z_ny—o ||t — All2
and note that this is the distance between p and the
hyperplane #* — 7/ = 0, see Figure [2| for illustration.

Corollary 1. The characteristic time Tx(p) satisfies
the following bounds:

202 202K
i <7 < i (7
panin @ < T z (0

min
wEeVE (k)

Corollary [1] implies a lower bound of

o2

E[r] > min
’EVF("T*)

k1(4[|1 - 9)

Geometric View. We
since the distance-to-projection

Impact Of Constraints:
first observe that,

d B IJ'T (ﬂ_*_ﬂ_/)

S P
the direction of the reward vector p is aligned with
the deviation in policy ®* — w/. Especially, if we
only consider deterministic policies, i.e. BAI prob-
lem, dpr = 1 — ptg = Aq where py is the best arm, a is
the arm played by 7’ and we retrieve the lower bound
of Kaufmann et al.| (2016).

, the problem becomes easier when

Impact Of Constraints: Constrained Optimiza-
tion View. We relate the lower bound more explicitly
to the constraint matrix B by using the fact that any
neighbor 7w’ € Vx(7*) can be reached from 7* via an 1-
rank update on a matrix By € RE*X consisting of K
active constraints at 7w* that are linearly independent.
Thus, we only need to change one row in B,T* and one
element in the corresponding ¢, to get B’ and ¢’ such
that 7w/ = B'~'¢’. This results in the lower bound on
the sample complexity presented in Corollary [2]

Corollary 2. For any 7' € Vr(n*), let Bpx € REXK
be a set of active and linearly independent constraints
at * such that the active constraints at ® can be
achieved by a one-rank update on Brsx. Let 7' be the
row in Byx that is changed during this one-rank update.

Part (a): Let A € REX denote the vector of the sub-
optimality gaps, i.e. Ag = 1 — la, of each arm, then

R 2
ATB le.

Tr(u) ™" = n_

Fp ?01212[(71' Egl;?w*) 202 HB *er/

HDiag(l/wa)
(8)

Part (b): Let k? be the condition number of a matriz
B € REXE consisting of K linearly independent
active constraints at w*, then the sample complexity of
any 6-PAC learner is lower bounded as

E[r] = O (gkl(éﬂl - 5)) ©)
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2

with H = ﬁ.
Corollary 2]relates constraints, arm sub-optimality, and
sample complexity. Equation links sample complex-
ity to perturbations of the optimal policy. Naturally,
if a large perturbation of the optimal policy is only
slightly sub-optimal, the sample complexity will be
large. In contrast, if a small pertubation is bound to
cause the resulting policy to be highly sub-optimal it is
easier to detect the optimal policy. Equation also
reinterprets the lower bound as a zero-sum game where
the agent plays an allocation and an adversary switches
an active constraint at 7* to a non-active one.

Equation @ provides a looser bound based on a sub-
optimality gap based complexity measure H, and the
condition number, k2 of the active-constraint matrix,
which measures sensitivity of the optimal policy to
perturbations. A high 2 implies that small perturba-
tions of the optimal policy will cause a large change
of the slack corresponding to the active constraints,
making exploration easier. A low x? means policy
perturbations have a smaller impact on the slack mak-
ing neighboring policies less distinguishable from the
optimal one.

4 ALGORITHMS

In this section, we focus on extending the classical pure
exploration algorithms to the setting of pure explo-
ration with linear constraints.

Algorithm Design. We begin by observing that any
pure exploration algorithm consists of three compo-
nents: A Stopping Rule, a recommendation rule, and
a sampling strategy. The stopping rule consists of a
condition deciding when to halt sampling further. The
recommendation rule decides what policy to recom-
mend as the optimal policy. The sampling rule decides
which arm to sample next given the history of arms
sampled and intermediate policies computed.

Component 1: Chernoff’s Stopping Rule With
Constraints. As a stopping rule, we extend the
Chernoff’s stopping rule (Garivier and Kaufmann,
2016). We first introduce the confidence set C¢(6) :=
{)\ : Zle Notd(fiats Aa) < c(tj)}, where ¢(t,0) is a
threshold defined in Lemma 2l

Lemma 2 (Garivier and Kaufmann (2016)). For
any o > 1 there exists a constant C(a, K) such that
for c(t,6) = log LC(;"K)
P(p¢Ci(d)) <6

we have for any t € N

Lemma [2] implies that Chernoff’s stopping rule is a

Algorithm 1 Constrained Track-and-Stop (CTnS)

Require: Confidence level §, constraints (B, ¢), explo-

ration set IT

1: Play each arm once.

2: while ¢(t,0) > D(N/t, i, F) do
projection via Lemma

3: Compute wf € arg max,,.;; D(w, fi,, F) =
Solve for optimal w w.r.t. the constraints

4: Play A; € argmin, No; — Y, (N
serve reward R;

5: end while

6: Recommend 7} = argmax,.r ]

> Weighted

and ob-

Algorithm 2 Constrained Game Explorer (CGE)

Require: Confidence level §, constraints (B, ¢), explo-

ration set II

1: while ¢(t,6) > D(N/t, j,, F) do
projection via Lemma [I]

2: Get allocation w; from regret minimizer >
Running Adagrad over II

3: Compute best-response A; w.r.t. w; and f, >
Weighted projection via Lemma

4: Compute confidence intervals Ya [ay,q, Bt.a] =
{€: Na,td(ﬂa,tag) < f(t)}

5: Va U := max {%,maxse{agﬂg} d(&, /\a7t>}

: Update AdaGrad with I(w;) = Z(I;l weUq ¢
7: Play A; € argmin, No; — Y, wy o .. and ob-
serve reward R;
8: end while
T
9: Recommend 7}, = argmax, .z ft; ™

> Weighted

0-PAC stopping rule, and we stop when

K

inf N id(fia s Ma) > c(t, ). 10
il ) 25 Nosdliassdo) = clt:0). - (10)

a=

This means that the confidence set is a subset of the
normal cone spanned by the active constraints at W;klt.
The details of the constant in Lemma [ are deferred to
Appendix [C] Note that one can also derive a stopping
rule via the concentration results of [Kaufmann and
Koolen| (2021]).

Component 2: Recommendation Rule. We rec-
ommend the solution of the linear programming (Equa-
tion (2)) with the empirical means of the arms at
the stopping time, 7} = argmax,.r fil w.  Since
the empirical means might not always be within the
pre-specified range D, we let f1, denote the Euclidean
projection of the empirical means onto D.

Component 3a: CTnS.

First, we present our Constrained Track-and-Stop Al-
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gorithm (CTnS, Algorithm , which is an adapta-
tion of the Track-and-Stop (TnS) framework (Garivier,
and Kaufmann| 2016) to the linear constraint setting
with aforementioned stopping and recommendation
rules. In Algorithm [T we highlight, in red, the com-
putations that we modify from the original schematic
to account for the linear constraints. The algorithm
starts by playing each arm once. Then, until the
stopping rule in Equation fires, it performs C-
tracking (Garivier and Kaufmann| |2016). This means
that we perform a max —min oracle call (Line 3), and
solve the problem in Equation w.r.t our current
estimate of the means f1, to get an optimal alloca-
tion wj. This step leverage our novel projection re-
sult in Lemma [ We track the optimal allocation
via A; € argming No; — S0, wy .., where w}, s
the projection of w} onto I {w : w, > ¢Va}, and
€ = Nﬁ Note that %2;1 wy ;.. € 11 due to
the convexity of the set of feasible exploration poli-
cies/allocations.

Theorem 3 (Upper Bound For CTnS). For any a > 1
and c(t,8) be defined as in Lemma[9, we have that the
expected stopping time of CTnS satisfies

E[7]

50 log 3

< T}'(u)a V/" eD.

The proof of Theorem [3] can be found in Appendix [C2]
and follows the same structure as the sample complex-
ity proof of the original TnS in [Garivier and Kaufmannl
(2016). However, the optimal allocation does not nec-
essarily have to be unique. rather, we use the upper
hemicontinuity and convexity of w*(u), while modify-
ing the tracking lemma originally used by |Garivier and
Kaufmann| (2016]) with the tracking result of [Degenne
and Koolen| (2019)). This change allows to track a set
of optimal solutions in absence of a unique optimum.

Component 3b: CGE. Track-and-Stop algorithms,
like CTnS, tend to be computationally inefficient for
larger problems since they requires a max — min call
at each iteration. To mitigate this, we adopt the ap-
proach of Degenne et al.| (2019), and treat the op-
timization problem in Equation as a two player
zero-sum game. This results in the Constrained Game
Explorer (CGE), in Algorithm [2| Instead of solving
for an optimal w; at each ¢, as in CTnS, we play
one game between an allocation player, who plays
w to maximize Zf=1 Wed(fla,t; Aa), and an instance
player, who plays the confusing instance A to mini-
mize Zle Wad(figt, A\g). We deploy an instance of
AdaGrad (Duchi et al.| [2011)) as the allocation player
is taken to be, which enjoys sub-linear regret over
any bounded domain when losses are convex, and the
instance player is taken to be a best-response w.r.t.
the allocation w;. The best-response is computed via

Lemma [I] The loss provided to AdaGrad at each time
step is Ziil Wq,tUq ¢, where U, ; induces optimism as
Uat = MaXe¢eia, ;o) Natd(€, Aat). Here, (aa i, Bat)
are the endpoints of the confidence interval around
,[La,ta le [at,aaﬂt,a] = {g : Na,td(;u'a,tag) < f(t)}v and
f(t) = 3logt + loglogt. We apply the same tracking
as in CTnS.

Theorem 4 (Upper Bound For CGE). The
expected  sample  complexity of CGE  satis-
fies E[r] < Tp(8) + CK, where Ty(6) :=

max {t € N: t < Tr(p)c(t,8) + O(V1Q) + O(y/tlogt)}.
C,, 1is problem-dependent constant, C is a universal
constant and @Q 1is an upper bound on the losses
provided to Adagrad.

The full proof of Theorem [ can be found in Ap-
pendix [C:3] We simply follow the steps of the proof of
Theorem 2 in [Degenne et al.[ (2019) and apply specifics
of our setting when applicable.

Theorem[3 and[f) show that CTnS and CGE are asymp-
totically optimally, i.e. upper bound on their sample
complexities match the lower bound of constrained
pure exploration for small enough 9.

5 EXPERIMENTAL ANALYSIS

We evaluate our algorithms using the threshold ¢(¢, ) =
log %, which is commonly done in the literature
(Garivier and Kaufmannl 2016)), and we set f(t) = logt
in CGE. As benchmarks we will use the lower bound,
Equation [4 as well as a learner that samples from
the optimal allocation, given by the lower bound, at
all time steps. We also consider a learner that draws
arms from the uniform distribution and in scenarios
where the uniform distribution is not in the set of
feasible exploration policies we project it onto the set
and sample from the resulting distribution.

In addition, we consider a naive adaptation of Track-
and-Stop (Kaufmann et al.l 2016)), which we call the
Projected-Track-and-Stop (PTuS). The PTnS algorithm
computes the allocation as if it was solving the clas-
sical BAI problem and projects the allocation back to
the feasible set when necessary. Comparing CGE and
CTnS with PTnS demonstrates (a) the importance
of tracking the constrained lower bound to design an
efficient algorithm, and, (b) the desired efficiency can-
not be achieved just by tracking the unconstrained
lower bound and projecting the corresponding alloca-
tion policy to the constrained set. Appendix[E]|contains
additional experiments[T]

!Code  available at: https://github.com /e~
carlsson/constraint-pure-exploration
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Figure [3a] and Figure Bb] Figure [3a] and Figure [30]
p = (1,05,04,04,05), p = (1,0.5,0.4,0.95,0.8),
with constraints and 6 = 0.1.  with constraints and § = 0.1.

Figure 3: Figure 3al and illustrate the hardness of
the problem, i.e. the Characteristic time, changes in
the 5 arm instance g = (1.0,0.5,0.4, pg, p5) as we vary
pa and ps. Figure [3a) corresponds to the hardness in
the BAI while Figure [3D]is the constraint setting with
constraints w1 + w9 < 0.5 and 73 + w4 < 0.5. We clip
the characteristic time at 10° for visual purposes.

Observation 1: Constraints Alter The Hardness
Of The Problem. In Figures [3a and Bb] we illustrate
how the hardness of a bandit instance g may differ once
we introduce constraints, assuming anytime constraints.
We consider the instance g = (1.0,0.5,0.4, p14, 15) and
plot how the characteristic time T=(u) changes as we
vary g and s, Figure [3a] corresponds to the classical
BAL i.e. no constraints, and in Figure [3D] we have
introduced the two constraints 71 + w2 < 0.5 and
w3 + w4 < 0.5. We have highlighted two instances,
one where the BAI problem is easy but the constraint
problem is hard (black triangle) and one where the
reverse is true (black star). We run the algorithms
on these two instances in Figure [3d and 3d] assuming
anytime constraints, and observe that both algorithms
operate close to the lower bound and outperforms the
uniform allocation strategy. We also observe that the
algorithms perform equally or better than the optimal
learner, this is an interesting phenomena and have been
observed earlier in other pure exploration scenarios
lgenne et all [2019). The PTnS does not account for
the constraints, as well as CTnS and CGE, and has a
sample complexity on par with uniform sampling.
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(a) Anytime Constraints (b) End-of-Time Constraints

Figure 4: Problem instance with 8 Gaussian
arms with ¢ = 1. The arm means are pu =
[1.0,0.7,0.3,0.0,—0.5,—1.0,—2.0,—3.0] and we have
one constraint 7wy + 7wy + w3 < 0.5. The optimal
policy is 3 = m4 = 0.5. Results for § = 0.1 and 1000
random seeds.
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Figure 5: Experiments on IMDB dataset with 12 movies
and § = 0.1. Each experiment was performed over 500
random seeds.

Observation 2: Naive Projection Cause High
Sample Complexity. In Figure [d we consider an
eight-armed bandit with Gaussian reward distributions.
We observe that PTnS performs the worst on this
instance, specially in the end-of-time setting where
it is outperformed by uniform sampling. This because
in a BAI problem with the same p the hardness of the
problem lies separating arm 1 and 2 but this doesn’t
have to be the case in the constraint bandit. The sub-
optimality of PTnS in Figure [fa] the anytime scenario,
illustrates that naively projecting the allocation onto
the feasible set won’t account for the constraints in
a meaningful way. In Appendix [F] we further discuss
these examples and compute the optimal allocations
and the allocations PTnS converge to for each scenario.

IMDB Movie Recommendation Environment.
We construct a semi-synthetic task based on the widely
used IMDB 50K Movie Dataset (Maas et al. 2011)
which contains metadata on ky = 50000 movies includ-
ing association with one or more of d = 23 genres,
as indicated by a binary matrix X € {0,1}*?¢. In
our setting, actions correspond to recommending one
out of a subset of & < kg movies. To create reward
distributions for each movie, we simulate a popula-
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tion of n, = 600 users, each assigned ny = 5 favorite
genres f; with weights w;, = [20,10,5,2,2] and let
w;q = 0 for a ¢ f;. A score s;, for user ¢ and movie a
is created as follows, si; = clip(|Sia/ Xpey, Wia - 00 +
01€ia] ;1,5) where 3; = w; X" + wy, €4 ~ U(0,1),
oo = 5,01 = 3, and |z] indicates rounding of x to the
nearest integer. We construct the bandit environment
by letting each movie a be represented by an arm with
reward R, ~ N (fis,,62 ) determined by the mean
and standard deviation of user reviews for the movie.
We sample a subset of movies and search for the opti-
mal policy that allocates at most 0.3 to action movies,
at least 0.3 to drama movies and at least 0.3 on family
movies. Note that one movie might belong to more
than one category. We present the result in Figure
for both the anytime scenario and the end of time sce-
nario. We observe that CTnS and CGE outperform
the uniform allocation strategy, which has a very high
variance. We also observe a bigger difference between
the algorithms under end of time constraints, this is
reasonable since the set of plausible exploration policies
is larger for that scenario. If the set of exploration poli-
cies is limited, there is little room for an algorithm to
be adaptive. This is also captured in the fact that the
lower bound for anytime constraints is always higher
or equal to the bound for end-of-time constraints.

6 CONCLUSIONS AND FUTURE
DIRECTIONS

In this paper, we study the problem of pure explo-
ration in bandits with linear constraints. We provide a
generic lower bound for this setting that depends on
an information-theoretic projection onto the boundary
of the normal cone spanned by the active constraints
at the optimal policy. We derive a closed-form lower

bound for the case of Gaussian distributions and pro-
vide geometric insights into how constraints can make
a problem easier or harder. Furthermore, we leverage
the projection-based computation of the confusing in-
stances to modify TnS (Garivier and Kaufmann, 2016)
and GE (Degenne et al.l [2019) to corresponding CTnS
and CGE versions for pure exploration in constraint
bandits. We empirically evaluate the algorithms on syn-
thetic and real data to assess the impact of constraints
on the hardness of the problem.

One interesting future direction is learning when reward
and constraints are unknown or partially unknown.
Another future direction we deem very interesting is
bandit with non-linear constraints as this would change
this structure of the normal cone and the resulting
projection.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Yes

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes

(b) Complete proofs of all theoretical results.Yes

(c) Clear explanations of any assumptions. Yes

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
Yes

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Yes

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Yes

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). Yes, see appendix.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. Not Applicable

(b) The license information of the assets, if appli-
cable. Not Applicable

(c) New assets either in the supplemental material
or as a URL, if applicable. Not Applicable

(d) Information about consent from data
providers/curators. Not Applicable

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. Not Applicable

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. Not Applicable

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Not Applicable
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Appendix

A Notations

Table 1: Notations

K Number of arms.

é Confidence parameter.

d(z,y) KL-divergence between two random variables with means =
and y.

kl(x||y) KL-divergence between two Bernoulli random variables with
means z and y.

& [Minins Bmax) 5 1-€. the range of expected rewards

n True reward vector, u € D.

[y Empirical means at time ¢ projected onto D.

B Matrix defining the linear constraints, i.e. B < c.

c Vector defining the upper bound in the linear constraints, B <
c.

Ag_q Simplex in K dimensions.

== {me Ag_1: Bw < ¢}, i.e. the constrained policy space.

™ A feasible policy over K arms, i.e. w e F.

m* or ), Unique optimal policy for bandit instance p, defined as =}, =
mF £ argmax, . r p | .

Vr(r*) Set of extreme points for 7w/, which share K — 1 linearly inde-
pendent constraints with 7.

N (7%) Normal cone spanned by the active constraints at 7*.

Ar(p) & {AeD:maxper AT > )\Tﬂ';i}7 i.e. the set of alternative
bandit instances.

T Random stopping time of a pure exploration algorithm.

II Set of possible exploration policies/allocations.

Tr(p)~t = SUDyerr Ifxen () Zle wad(phay Aa), the characteristic time
for the constrained policy space

D(w, p, F) Shorthand for infea - (u) S ; Wad(fa, A)-

D(w, 1, \) Shorthand for 3 | w,d(jia, \a)-

w*(p) Set of optimal allocations for bandit instance p.

H = ﬁ quantifies complexity of bandit instance p

2
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B LOWER BOUND ON SAMPLE COMPLEXITY

The following lemma by |[Kaufmann et al.| (2016) provides a general information-theoretic inequality that applies
to any bandit model.

Lemma 3 (Kaufmann et al.| (2016)). Let g and A be two bandit models with K arms such that p, and A\, are
mutually continuous. For any almost surely finite stopping time T we have

K
Z [d(10: M) = KU(Pu(E)]| PA(E)) (11)

where £ is any measurable event with respect to the filtration generated by the observed history.

From Lemma [3] we can directly derive a lower bound on the expected stopping time of any 6-PAC algorithm in
the constraint multi-armed bandit setting. We present this lower bound in Theorem [5] and the proof is virtually
the same as the proof for the lower bound in |Garivier and Kaufmann| (2016]). We present it here for completeness.

Theorem 5 (Lower bound on sample complexity under constraints). The stopping time T of any §-PAC learner
satisfy

Ep[r] = Tr(p)k1(5]]1 — 8). (12)

Proof. Let p and XA € Ax(p) be two bandit models with K arms such that they do not share optimal policy, i.e.
T £ i,
m by

Let £ denote the event of recommending 7}, for any bandit instance at stopping using some §-PAC algorithm.
Then using Lemma [3, and d-correctness of 7}, for p, we have

S B[N Y. Ao) > KI(1 — 8]3) = KI(3][1 - 8).

a=1

Further, we multiple and divide by E,[7] which yields

i~}
1=
=
=&
HE
|2
a3
a
=
e
p
£

EE ld(pta; Aa) = Eu[7]

Il

=
T
=
Ngle

Wad(ta, Na) = K1(0]|1 = 6),

)
Il
—

where w, = E‘@LEEL]\EijT]’ and Zf=1 we = 1.

Since the above inequality is true for any A € Ax(u), we have

inf E, ald(fta, Aa) = E f ad(fta, Aa) = K1(0]|1 = 6) .
el B Zw (u bl Zw (i (Gl =)

The equality is due to the fact that E,[7] is independent of A.

Now, we further maximise over w, to get

E su inf Wad(ta, Na) = K1(0]|1 = 9).
ul7] we%AeAf(m Z (h Clit=9)

Finally, using the definition of the characteristic time T (u) yields

E,[7] > Tr(n)k(6]]1 — ).
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B.1 Projection lemma for D(w, u, F): Proof of Lemma

To derive the key properties of the optimal solution and the set of optimal allocations, as presented in Lemma
we first explicate the set of optimal solutions, and then, use Berge’s theorem (Theorem @

Step 1: Recall that
Ar(p) ={xeD: A¢ N(x¥)},
where the normal cone is expressed as
NE* = () {AED A (nF — ) > 0} .
w'eVr ()

This is due to the fact that if @#* is not the optimal policy under the environment A, there exists an improving
direction in the simplex algorithm, i.e. a neighbor 7, such that A" (7* — #’) < 0.

Now, since the set of alternative hypotheses is the compliment of the normal cone, we write

A = {/\:/\T(ﬂ'*—ﬂ")<0}. (13)

71"6\}]:(71'*)

Applying Equation in D(w, p, F) leads to,

D(wu /J’v = inf Z wad Mav /‘Laﬂ

min Z wed
AeAF(p T/eVE(m¥*) X: )\T(ﬂ" 7r*)<0

Step 2: What remains to be shown is that the inf is attained by some A on AT (7' — 7*) = 0.

For some 7' € Vz(m*) take an arbitrary X' € {/\ AT (7 — ) < O}. There exists an A’ €
{)\ eD: A (n* —7') = O} such that |pe — A,| = |pa — Al Va due to the convexity of D. The mapping

y — d(z,y) is an increasing function on the domain y > z and a decreasing function on y < 2 which implies that
K
Z Wad(a, Ay) Z Wad(a, A). (14)
a=1

There exists a sequence {A¢}{°; < {)\ AT (m* — 7)) < 0} such that Ag = A" and lim;—, As = A”. Hence, we
can for any X get arbitrary close to some A” such that Equation holds.

Due to continuity of d(z,.), the inf is attained by some X" e {)\ eD: A (n* —7') = O}. Hence, we conclude
the proof.

B.2 Properties of D(w, u, F): Proof of Theorem

Property (a-b). We first note that the function D(w, u,A) = Zf=1 wad(tha, Aa) 18 continuous in all elements.
Take any (w, p) such that the optimal policy in F is unique. Let (wy, pt;)¢=1 be a sequence in II x D such that

(Wi, 1) 5> (w, ).

Further, for any € > 0 there exists a ¢’ > 1 such that ||(w, p) — (wy, py)||2 < € and Ar(u) = Ar(ue) Ve = t'. By
continuity of D(w, i, A) we have that for any € > 0 there exists exists an t” > 1 such that for ¢ > t”, we have

|D(wy, s, ) — D(w, p, A)| < €, ¥\ e RE,

Thus, by taking t > t/,t” leads to

D(w,p, F) — D(we, py, F)| = | inf D(w,p,\)— inf D(wy, gy, A
|D(w, p, F) — D(wy, pay, F)| et (w, p, A) it (we, oy, A)
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< | inf (D(w,p, \) — D(wy, g, A
Lt (D(w.u.X) = Dl . )

/
<€,

which establishes the continuity properties.

Property (c). The upper hemicontinuity of w*(u) and continuity of D(u,F) follows from Berge’s maximum
theorem, see Theorem @, by letting f(x,0) = D(w, pu, F) and C(0) = II. As a consequence of Berge’s theorem

(Theorem @, we substitute the sup,, with max,,.

Property (d). The convexity of the set w*(u) follows from the fact that it is the set of optimal solutions to

maxyern D(w, p, F) and D(w, u, F) is concave (Specifically, it is linear in w).

B.3 Projective representation of characteristic time for Gaussians: Proof of Theorem

For two bandit instances p and A consisting of Gaussian distributions with same variance o2, we have
&1
D(w,pu, F) = min Wo=—= —)?.
(w, p, F) o > a5 (Ha = Aa)

a=1

Now, by introducing the Lagrange multiplier ~, we obtain

1 K
L(77>‘) = 202 Z wa(,ua - /\a)2 - VAT(W* - 7"/)'

a=1
For brevity, we denote v = (7* — «’).
Computing the gradient VL(7,A) and equating it to 0 yields
2

Yo
Aa = Mo + ——Vq.

a
Substituting A, in Equation yields

2.2 2 K 2 2
a

K
L(v) = min L(y, A) = J; > Zja — v =) Ww(: va
a=1 a=1
o’y - va T
=-— az::l . YU
Maximizing over ~ yields
__—n'v
7= m )

and putting it back in Equation gives the final expression of A,

.
Vg n'v

A"_““_w<2 )
e a we

(15)
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B.4 Upper and lower bounding the characteristic time: Proof of Corollary

Lower bound on the characteristic time: To lower bound T’#(u), we need to upper bound the RHS in
Equation (B)), i.e. T#(p) ™" = sup,, miny Y., wad(ta, Aa)-
Step 1: We first observe that

i d Ag) = i d A
Sgpm;nza] Wad(fta; M) mgxm;nzalwa (Has Aa),
due to Berge’s theorem. Further, the max-min inequality gives

i d < mi d .
maxm;n;wa (ttas Aa) m}}nmﬁxgwa (thas Aa)

w

Step 2: We proceed to upper bound maxy, Y, wed(ta, Aq) for each neighbor 7’ € Vz(7r*) independently.
For a fixed 7’ € Vz(7*), Theorem 2| tells us that

2 >x< /

w,
o 2 od(Has A

2
p' ) 1 ;
wk—m’)2 9.2
Z ( 20 a=1

2

1>
3
g |
s}
=]\
STo

Il
/\ l\')

L )
20 Za=1%

k_ 2
Step 3: We further minimize the expression (”wiﬂ)a under the constraint »} w, = 1.

Using Langrange multiplier technique, we get

Wo = —
g |(T* —7')q

*_ /2
which yields that ("wi")“ > |m* — «’||7. Hence,

L (el =)t 1 (pl )t 1 (p] (et )]

20?2 K @i S 202 rt -/ T 202wt — w3
a= Wq

Here, the last part is exactly , %di,, i.e. the squared distance between p and the hyperplane w* — 7 = 0.
Thus, we conclude the lower bound.

Upper bound on the characteristic time: To obtain the upper bound, we aim to lower bound the inverse
Tr(p)~' = sup,, miny X, wad(fta; Aa)-

We let w, = %, Ya, and observe that

w

1
i = in — as Na ).
maxm;nza] Wad(fhay Aa) min - Za]d(u Aa)

For some 7’ € V(7*) and using Theorem [2| with w, = 7, Va, we get

2

1 1 (p'(7*—7")) 5 1
— N d(jta, Na) = — d2,
K Z (Hada) = 5ok ™ v — w2 ™ 202K

This concludes the upper bound on the characteristic time.
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B.5 Impact of linear constraints: Proof of Corollary

Step 1: Neighboring policies and rank-1 update. let Be RK XK be a set of linearly independent constraints
at * and ¢ be the corresponding values in ¢ such that #* = B~1¢. For any ©/ € Vz(7*) we let B/~! and ¢ be
the constraints such that =’ = B'~!c’.
Specifically, B’ and ¢’ can be retrieved from the following rank-1 updates
B =B+e. (b —b)T",
/

cd=c¢c+(d —ce,,

where b, a column vector corresponding to the constraint on the r-th row of B that we swap with /. in order to
get B’ and e, a column vector with all elements equal to 0 except the r-th element which is equal to 0. Similarly,
(¢l — ¢) # 0 is the change that we perform on the r-th element in ¢ to get c'.

Step 2: From perturbation in constraints to perturbations in policies. Now, we observe that
B'w' — Br* = (. — ¢, )e, .

Since B is invertible, further rearrangement yields

T

n —n* = B! ((c’r — ¢ e, +en(b. — b )Tﬂ'/)
. T
=p! ((c’r —c)e, +eb, ' — erb’TTﬂ")
o T
=p! ((c; —c)e, +eb, ' — c’rer)

T

= B! ((BTWI - cr)e,,)

The last part is the slack of 7’ at the r-th constraint in B, hereby referred to as &.

We bound the norm of B —le, as follows

omin(B™) = inf BTy <|B le,fa< sup B0l = omax(BT)
vi|vf2=1 v:fv]2=1

where omin(B~1) and omax(B~!) denote the smallest and largest singular value of B~1. From the properties of
the inverse, we get

1 A
—— <[B ez <
O—max(é) min(B)

1

Thus, we obtain a lower and upper bound on the perturbation in policies

ey < L
Jmax(B’) min(B)

(18)

Now, using this new representation of change in policy in terms of the slacks in the constraints, we derive our two
results.

Step 3 for Part (a): A perspective of the zero-sum game. To get the expression in Equation we simply
take the expression for w* — 7/, developed in the previous step, and plug into the expression of the characteristic
time in Theorem [2] Hence,

~ ~T
L w2 1 BT (B —cer) 12,

202 | — 7' [Bap1wn) 207 B ((B:w’ —cer)

1B (e By
207 | B (ge,)

[ Biag(1/we)

2
| Ding1 /)
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1 ”B_l (er)

202 HBil (eT’) ||2Diag(1/wa)

1 (ATB ' (e))?

20% | B=1 (ey)

2
Hwﬁ

5 .
”Diag(l/wa)
This gives the following expression for the characteristic time

. 2
1 . 1 (ATB;*{ 67-/>
Tr(p)™" =max min —

well w/eVr(n#) 202 Hé;i €r HQDiag(l/wa) -

This formulation of the inverse characteristic time allows us to perceive it as a zero-sum max — min game, where
the max-player chooses an exploration allocation and the min-player swaps one of the active constraints, at the
optimal policy, with one inactive constraint.

Step 3 for Part (b): Bounds on characteristic time from perturbation in policies. From Corollary
we have

L(HT(T‘.*_T‘./))Q_L(HT(T‘.*_ﬂ_/)_u*lT(ﬂ.*_ﬂ_/))Q
20%  |m* — w3 202 | — |3

1 (p—p 1) (7 —7')’

20° e — (13

1 (ATB*1(3T)2

20> |B~'e,|3
_ A 2. (B)
202 42 (B)'

min

Step 4 for Part (b): Concluding with complexity of bandit instance and constraints. By referring to

H(B) = Z“‘L((?)) as the condition number of B, and H = ﬁ as the quantifier complexity of bandit instance p,
min 2

we get

~*(B)

T -1< i
}-(M) 71"61’\?_:?71'*) H

Hence, for any p, we have that Tr(p) = %, where 2 is the minimum condition number of any sub-matrix
BeREXK of B consisting of K linearly independent active constraints at 7w*. This leads to a lower bound

E[r] > Q (gkl(cﬂl - 5)) .

B.6 Theorem [2| reduces to the standard BAI bounds with simplex constraints

Recall the theorem statement:
If the arms follow Gaussian distributions with identical variance 02 and w, > 0 Va, we have that the projection
MDD AT (m% —7/)<0 Zle Wad(pha, Ao) for any 7’ € Vr(m*) is satisfied by

Aot = fla =V, (19)

()
a wq

for v = and the characteristic time is

2

T % — !
Tr(p)™' =max min L (o )

well w/'eVr () @Za L(m* —7')2
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1w =2
=max min — B
well 7w/'eV gy (mw*) 20'2 Hﬂ’*

2
= biag(1/wa)
Here, Diag(1/w,) is a diagonal matrix with a-th entry of the diagonal as 1/wj.

In the case of simplex constraints all extreme points corresponds to deterministic policies and we let 7, corresponds
to the policy that only plays arm a and let w* = 7. For some 7, we have, due to Equation (19)),

)\a’,ﬂ'a = ua’7va/ #1,a

we further have y = =+ and
wi a
H1 — Ha 1 H1 — Ha 1
A = - = —w, = w + w
1,7, M1 u% i u%l wy H1 awl T w, Wy + Wy ( 1M1 a,Ufa)
1 — pa 1 p1 — p 1
)\a,ﬂ'a = g T+ 171117 = Ha + wq = = (wlﬂl + wa,ula) .
E+Ewa w1 + Wq W1 + Wq
Hence, Ai.x, = Aanx, and these are exactly the confusing instance one gets, for each arm a, in the BAI

setting (Kaufmann et al.l |2016)). Plugging back into the expression for the characteristic time yields

Tr(p)~! = max min _Wita A2

w a w+w, ©
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C UPPER BOUNDS ON SAMPLE COMPLEXITY

C.1 Stopping criterion

Lemma 4 (Magureanu et al.| (2014)). Vy > K + 1 and t € N it holds
P (3 Nusdi ) 5 7) < o (08I
= a,t@\Has Ha) =7 | S € K €

The correctness of our stopping rule in Equation follows easily from Lemmadl Let 7, be our recommendation
at stopping

K
P(m, #m*) < P <3t eN: Y Nopd(fug s, ph,) > c(t,5)>

a=1

s} K
< Y eelt) ([C(t’fs) 1<;§t10(f75)> ety

t=1

We plug in ¢(t,d) = log taTC and choose C' such that

© K
;1 ([c(t,é) logt]c(t,é)) K < o

K

which yields

P(w, # %) < 4.
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C.2 Upper bound for CTnS

Proof of Theorem[3
Step 1: Defining Good Event. Let T € N. For ¢ > 0 and h(T) = /T, let Er be the event

er =[] Al —plo <€)},

t=h(T)
where £(€) < maXyrey, (r#) ﬁu—r (w* — w’) is such that

I = plo <€) = sup  sup |w' —w|<e
wiew (') wew ()

This £(e) exists due to the upper hemicontinuity of w*(u), Theorem

Step 2: Concentrating to Good Event. We will make use of the following Lemma from |Garivier and
Kaufmann| (2016) which bounds the probability of the compliment £5.

Lemma 5 (Concentration around means (Garivier and Kaufmann| 2016)). There exist two constants B, C such
that

P(£5) < BT exp (fCTé)

This Lemma is due to the fact that C-tracking ensure that each arm has been played at least /¢ times at each
time t, see next Lemma.

Lemma 6 (Garivier and Kaufmann (2016)). For all t = 1 and Va, C-Tracking ensures No, = v/t + K2 — K and

t

Na,t - Z wa,s

s=1

< K(1+ /1) (20)

max
a

We now leverage to following tracking Lemma of [Degenne and Koolen| (2019) which holds whenever we are
tracking a set of optimal weights.

Lemma 7 (Concentration in allocations (Degenne and Koolen, 2019)). Under Er, there exists a T, such that for
T where h(T) = T. C-tracking will satisfy

N, K? h(T
inf =t — w||o < 36,V = 4= +3 (T)
wew* () €2

€

This shows that C-tracking is eventually going to produce an empirical distribution of plays that is close to an
optimal allocation and the empirical distribution will converge to a point in w*(u) as t — c0. We need Lemma
instead of the original tracking result in |Garivier and Kaufmann| (2016)) since the optimal allocation does not
need to be unique. However, we know from Theorem |[1| that the set of optimal allocations w* () is convex and
we can thus apply Lemma 7]

There exists a T, such that under &r and ¢t > max (T, h(T')) we have

1
(1= 1) 7| < VEE <5 max_ pT (n* )

4 w'eVr(mw*)

which implies that #* = argmax_ ﬂ;r 7. This ensures that we will be computing the stopping criterion w.r.t.
to the correct Alt-set Ax(u).

Step 3: Complexity given the Good Event. Assume T > T, and let
Cer(p) = in D(w', ', F).

1l =l oo <E(e)

w:|w —w o <3e,Ywew™* ()
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This C.,#(p) gives the worst-case characteristic time we might compute in the algorithm due to the fact that our
estimates are not exact.

Assuming Er, Lemma [7] gives for ¢ > T.

D(N . 1, F) = 10 ().

Step 4: Bounding the Stopping Time for Good and Bad Events. Let 75 be the stopping time, then
T
min(75,7T) < VT + Z Lot
t=T.
and plugging in our stopping rule, i.e. D(Ny, f1,, F) > ¢(t,0) yields

T T
T.+ Y UD(Ny, fu, F) < ct,8)) < VT + ] I(tCe r(p) < ¢(T.6))
t=T, t="T.

(T, )
< \/T * Ce,]:(u’) .

We define Ty := inf {T eN: VT + C?(i’((s[,)b) < T}. Hence,

o0
E[T(S] < Te + T(S + Z BTGXp (—CT%) < Te + T5 + T/
T=1

where 2:11 BT exp (—Cté < T’ < 0. We bound Ty in the same way as |Garivier and Kaufmann| (2016]). Let
L}

Cn)=inf{T:T—-T>T for some 1 > 0. Then

1+n

T5<C(n)+inf{TeN:TC;’i(:;) ZC(T,é)}.

Step 5: Obtaining the Asymptotic Bound. Dividing Equation [21{ with log% and taking the limit yields

E 1
lim inf [7'51] < o1 + 77).
0-0 logz  Cer(p)

C.,7(p) is continuous due to Theorem (1| and taking the limits 1,e — 0 yields

lim inf El7s]
§—0 og

T < alF(p),Va > 1.
5
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C.3 Upper bound for CGE

The proof follows the same structure as the proof of Theorem 2 in |[Degenne et al.| (2019) and we use the same
concentration analysis. The main difference is that we have to adjust the definition of approximate optimistic
saddle point algorithm.

Proof of Theorem[})
Step 1: Defining Good Event. We start by defining the good event

Ep = {¥Vt <TVa, Ny d(fige, ) < f(t)}
where f(t) = 3logt + loglogt.
Step 2: Concentration of Good Event.
We can bound Y.~ | P(E%) using Lemma Hence, for any t € N and arm a

P(Nad(fia,e pe) = f(1)) < e 7O (14 f(t) logt) f(2)

C (5 + £ log).

e
~ t3logt
Summing yields
2

K o
;;P(gc K+KZ t310gt (f(t)+ f(t)*logt) < KC < . (21)

Here a constant C' = 21 is sufficient.

Step 3: Starting from the Stopping Criterion The main idea of the proof is to work with the stopping
criterion

c(t,6) = inf Ny 1d(flg A
0=, 50l

and show that if we have the event &7, our current recommendation at some t is the correct policy w* and we
haven’t stopped yet, we can lower bound c¢(¢,0) in a way that depends on the characteristic time and properties
of the no-regret learners. We start with assuming our current recommendation at some ¢ is the correct policy =*
and we have the event &,

c(t,0) = inf ZZwaS flats Aa) — (1 + VK

AeAF( Nf)s la=1

which follows from Tracking Lemma[6l We now use a concentration result, originally in Appendix D.1 of Degenne
et al| (2019),

t K
c(t,6) = inf Y wasd(flass Aa) = (1 + VEE — O(y/tlogt). (22)

AeAF(fry) s=1la=1

This steps follows from the Lipschitz property of the KL and the fact we have conditioned on Er (see Step 8 for

further details). Hence,
|d(u’aa )\a) - d(ﬂa,Sa )\a)| < L 20.2 ]f\f(S)

t K
wa,sd ,ua ta Z Z wa,sd ,uaa a —L 202th(t)

s=la=1

which implies that

DM~
=

w
Il
—
5]
Il
—
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Using the same result one more time yields

Zt] Z Wa,sd(fia, A Z Z Wa,sd(fia,s) Na) — LA/202 Kt f(t) — 2L+/202 (1) (K2 + 2\/2Kt)

which gives the result in Equation .

Step 4: Defining Approximate Optimistic Saddle Point under Constraints. We now introduce concepts
and properties that will help us to further lower bound the RHS in Equation . We extend the definition of an
approximate optimistic saddle point algorithm from Degenne et al.| (2019) to the constraint setting.

Definition 1. An algorithm playing sequences of (ws, Ag)s<t € (IT x A;)t 18 said to be an approximate optimistic
saddle point algorithm with slack x; if

NETIIDIEAORERERIT 3h oA )

s=1la=1 a=1s=1
where x; is defined in Fq. and the confidence bound

U, s = max {f(t) max d(¢,, )\a,s)} .

Na,s ’ ¢€laa,s,Ba,s]

The difference in Definition [I| compared to the definition of an approximate optimistic saddle point algorithm in
Degenne et al.| (2019) is that we in Equation [23|take the maximum over II and instead of arms as in Degenne et al.
(2019). This is due to the fact that maximum over arms might not be in the set of feasible exploration policies II.

Step 5: Definition of Regret of the Two Players. We define the regret of the allocation player, i.e. AdaGrad,
as

t K t K
RY = ?Ulgﬁ(; g ; Z=:1 Wq,tUq,s (24)

and note that AdaGrad has an regret scaling of RY, < O(1/Qt) where @ is an upper bound on the losses such
that Q > maxX, yelumim.ima] d(x,y). For the instance player we define the regret as

t K
=;g /Lasy a,s _)\e}xr;fu)ZZwas Masa a) (25)

s=la=1

and note that Ry < 0 since the instance player is performing a best-response against wy at each s.

Step 6: CGE is an Approximate Optimistic Saddle Point Algorithm We now show that the CGE is an
approximate optimistic saddle point algorithm. From the regret properties of A player we have

Ae/l\I;:f Z Z ’LUS a /La Y a )\EA]:(/J,) Z Z wsa Na s a s)

s=1la=1 s=1la=1
since R4 < 0.

Let Cys = Uys — d(fla,s, Aa,s). We have

Ae/l\l’;f Z Z wsa ,U/a Sy a) )\EA]:(/.L) Z 2 ws a as - Z

s la=1 s=la=1 s=la

D=

Ws aCa,s-

)

1

Now, we can combine Eq. and to get

( inf Z Z Ws,q a s ) - Z Z ws,ac —(1+ \[)K O(\/tlogt)

)‘EAFHS la=1 s=la=1
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Now we use the properties of R}’ to get

inf ZZwsa (fla,s, A
AEA]:

s la=1

”MN

t t K
25 2, wallas = Ry = 2, 2, wasC
s=1 s=la=1

which shows that CGE is an approximate optimistic saddle point algorithm with slack

t K
=R+ > > weaCay- (26)

s=la=1

Step 7: Plug slack z; into Equation (22). We now use the fact that CGE is an approximate optimistic saddle
point algorithm in Equation

t K
maxz Zwa “fR;”fZZ aCat — (1 + VK — O(r/tlogt) (27)

ell
w a=1s=1

Step 8: Concentration of Zle We,aCat

Assume the event Er. We have

‘d(ua7Aa)_'d(ﬂaﬁ,Aa)|< Ld(ﬂaﬁaﬂa)

due to the Lipschitz property of the KL-divergence and under the event £ we have

|d(ﬂaaAa)_‘d(ﬂaﬁ,Aa)‘< L\/QUQJKS).
Na,s
f(s) f(s)
Ua,s Aa,s 2Ly [202
Do <ot 0 20

since either U, s = maXee[a, ,,8,..] d(&,, Aa,s) and the above is equal to the width of the confidence interval, or

This implies that

Ugs = %s) and the above is trivially bounded % since the KL divergence is non-negative. Hence,

5 oz 3 S (42 W>

s=K+1a=1 s=K+1a=1
© 4+ 20,/202f(t) Wsya
s %;41;% 912;1£E;N/A@§

< ft) (K2 + 2K log K) +2L\/202 /(1) (K2 + 2\/2Kt)
< O(\/tlogt).

We have

Kt
max Z Z weUys — RY — O(y/tlogt) — (1 + Vt)K — O(+/tlogt).

a=1s=1

Step 9: Optimism
We now use the fact that U, s = d(ug, Ag) under the event Er. Hence,

Kt
8) = max Z Z Wad(fta, Nas) — R — O(y/tlogt) — (1 +Vt)K — O(+/tlogt).

a=1s=1
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Step 10: Get the Characteristic Time We note that

K t K
d A >t inf d A
ggg(;l;lwa (Has Aa,s) Aeir;(“)lgg%;lwa (as Aa)

K

= i a ayNa) = — .
?Jeaﬁﬂekﬁf(m ailw d(pas Aa) = tT5" (1)

Rearanging yields
t <Tr(p)c(t,d) + R + O(\/tlogt)

Step 11: Current Recommendation is the Wrong Policy. The above result is conditioned on the fact that
our current recommendation is correct. We now bound the number of time steps where the current recommendation
is wrong, using similar argument as in |Degenne et al.| (2019).

We define the Chernoff information as ch(z,y) = inf,ep : d(u, z) + d(u,y). Assumption 1 gives that there 3 € > 0
such that VA € Az(p), 3a’ such that ch(Ay, par) > €.

Assume that 7* # argmax, .. r ﬂtTﬂ', i.e. if we stop we would recommend the wrong policy. This implies that
i, € Ar(p) and ch(figt, f1a) = € for some arm a. Under the good event Er we have Ny 1d(fiq.t, fta) < f(t) which
f(t)

implies that N, = € since ch(fiat, ta) < d(fia,ts fla)-

Let 7, = argmax, . fi, 7, let np (t) be the number of stages where 7, = /. Our goal is to upper bound 7, (t)
for all extreme points 7/ € F such that 'z’ # 7*. For any A such that #’ = argmax,_.> A 7 we have that
€ Ar(A) which gives

t K t K
€ = Z Z wa,sd(ﬂa,m,u'a) = Z inf Z Z wa,sd(ﬂa,sa )\a)-

"y T
s=1l,wrs#mw* a=1 = 4 A/ #arg max, AT w s=1l,ws=m"a=1

We use the fact that on the time steps where 7w, = n’ CGE is a optimistic saddle point algorithm with slack
K
T = R:LU.,‘_/(t) + Zizl,ﬂ's:ﬂ'/ Za:l ws,aCa,t' Hence?

t

K
inf Z Z wa,sd(ﬂa,sa )\a) >

wqe! T
A/ #Farg max, A s=lma=m a=1

t K t K
w
m O Yl R Y D wCu

s=1,ws=n’a=1 s=1l,ws=n"a=1

Under the event &r, and s < ¢ such that 7, = #’ there is an arm a4 such that U,, s > e. This implies that
the sum max er Z;l — 211;1 weUy, s s increasing linearly in n,(¢) since it is at least enys(¢) under the

concentration event Ep. Thus,

t K t K
inf D D) wasd(fias Aa) = enw(t) = RY (= Y > wasCas

A:r/#£arg max_ AT 7w
7arg ™ s=1l,ws=7’"a=1 s=1l,ws=n"a=1

and we know that Rﬁﬂ/(t) = 0(1/Qnx(t)) and Zi:l,-/\'S:‘rr’ Zf=1 Wa,sCa,s = O(y/Nn (t) log ngs(t)). This shows
that e increases at least linear in n,/(t) and thus also linearly in the number of time steps for whitch my # 7*.
However, we have

L& IR0
€ = Z Z wmsd(ﬂa,s,ua) < Z Z wa,sN

s=1,rs#nw* a=1 s=1la=1

< f(H)(K? + 2K log %).
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This implies that the current recommendation 7y = arg max fl,;rﬂ' differs from 7* at most O(y/tlogt) number of
times.

Step 12: Final Bound. We know from the concentration of & that the number of times the compliment
happens is upper bounded by C'K where C' is some problem independent constant. Putting it all together, we get

that E[7] < Tp(d) + CK, where

To(d) := max {t eN:t < Tr(p)e(t,d) + O(W1Q) + O(\/@)} .
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D FINDING «GOOD POLICIES UNDER LINEAR CONSTRAINTS

In some cases one might be more interested in finding a policy that is e-close to the optimal one, i.e. finding 7’
such that g (71';“L — ') < ¢, since this might have a much smaller sample complexity compared to searching for
the optimal policy, see for example (Garivier and Kaufmann, 2021) and (Kocak and Garivier, 2021)). Both CTnS
and CGE can in principle be extended to this case by changing the definition of the Alt-set. Given an instance p
let QF (p) := {me Nz :u' (m* — ) < €} be the set of e-good policies where Nz is the set of all extreme points
in the polytope F. For each m € Qr () we get the following Alt-set

Ar(p,m) = {)\ AT (7 —7) > 6} :

Hence, the sample complexity might be different depending on which near-optimal policy the learner is considering.
To handle this we would have to augment CTnS and CGE with the “sticky” approach developed in (Degenne
and Koolen| [2019)), where the learner commits to a recommendation since otherwise the learner might oscillate
between near-optimal policies and a mixture of their optimal allocations might not be optimal since w* (p) is no
longer ensured to be convex. Furthermore, due to € > 0 it is no longer sufficient to project onto the normal cone
and a naive implementation would have to optimize over |[Nz| convex sets which might only be tractable for a
small set of constraints and/or arms.
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E ADDITIONAL EXPERIMENTAL ANALYSIS

In Figure [f] and [7] we present results for arms with Bernoulli distributions and in Figure [8] and [0] we present
additional results for arms with Gaussian distributions. CTnS and CGE outperforms the uniform baseline in all
cases and are usually on par with or better than the learner that always sample according to the asymptotically
optimal allocation. We also see that the algorithms tend to be close to the lower bound in all cases. An interesting
observation, which we commented on already in the main text, is that there tend to be a larger difference between
all sampling rules for end-of-time constraints compared to anytime constraints. This is due to the fact that
anytime constraints can be very restrictive on which sampling allocations are allowed and there might not be less
room for an adaptive learner.

In the case of arms with Bernoulli distributions we did not use a close-form projection, as for Gaussian distributions,
and instead computed the projection numerically by minimizing the KL-divergence subject to )\T(ﬂ'* —7') =0,
which is a convex problem. We discuss the effect of this in Section [E-]
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Figure 6: End-of-time and Anytime constraints with Bernoulli arms. The reward vector is pu =
(0.8,0.7,0.6,0.5,0.4,0.3,0.2) and the constraints are w1 + w2 < 0.5 and 73 + w4 < 0.5. Average over 500
seeds and § = 0.1. Optimal policy is 71 = 0.5 and 73 = 0.5.
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Figure 7: End-of-time and Anytime constraints with Bernoulli arms. The reward vector is p = (0.8,0.7,0.6,0.5,0.4)
and the constraints are 471 — w5 < 1 and 3wy — 4 < 1. Average over 500 seeds and § = 0.1. Optimal policy is
m, = 0.25, wo = 0.33 and 73 = 0.42.

E.1 Running Times

In Table [2] we present the average time it take for the algorithms to check the stopping criterion and select a new
arm to play. The test was performed on 1 core of a Intel Xeon Gold 6130 CPU with 2.1 GHz. Gaussian indicates
the experiments in Figure [8a] Bernoulli the experiments in Figure [fa] and IMDB the experiments in Figure [50]
As expected CTnS is the algorithm requiring most computational time and the excessive running time it has on
the experiment with Bernoulli distributions is due to the fact that we numerically solve the projection instead of
relying on a close-form expression as in the case of Gaussian distributions. In contrast, we see that CGE has a
relatively light computational footprint in all cases. Another advantage of CGE is that it performs a finite number
of max calls at each iteration which can easily be parallelized for larger bandit instances with many constraints.

Algorithm Bernoulli Gaussian IMDB
CTnS 1.00 £ 0.244 0.030 £ 0.006 0.033 £ 0.015
CGE 0.02 + 0.001 0.005 £ 0.001 0.008 £ 0.001

Uniform | 0.009 +3 x 107* 0.001 +1 x 107 0.002+2 x 1074

Table 2: Average time, in seconds, it takes to check the stopping criterion and select a new arm for the different
algorithms. The+ indicates one standard deviation. We omitted the optimal sampler since this one has the same
running time as the uniform sampler.
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Figure 8: End-of-time and Anytime constraints with Gaussian arms 02 = 1. The reward vector is pu =
(2.0,1.5,1.45,0.5,0.3, —1.0, —1.0) and the constraints are 47y + 7o < 0.7 and 79 4+ 273 < 0.5. Average over 1000
seeds and 0 = 10™%. Optimal policy is w; = 0.05, w5 = 0.5 and 74 = 0.45.

E.2 IMDB environment

For resproducibility, here we provide the specifics of the IMDB data in the Table [3] as used in the experiments
(Figure [5]).

Movie Average Rating o Action Drama Family
The Net 3.67 1.26 1 1 0
Happily N’Ever After 2.97 1.30 0 0 1
Tomorrowland 2.94 1.31 1 0 1
American Hero 3.52 1.33 1 1 0
Das Boot 3.18 1.30 0 1 0
Final Destination 3 2.02 0.93 0 0 0
Licence to Kill 2.79 1.22 1 0 0
The Hundred-Foot Journey 2.97 1.31 0 1 0
The Matrix 2.32 1.14 1 0 0
Creature 2.53 1.20 0 0 0
The Basket 2.55 1.19 0 1 0
Star Trek: The Motion Picture 2.54 1.16 0 0 0

Table 3: Movies used in the experiments presented in Figure |5} The optimal policy is 7§ = 0.3, 7§ = 0.3 and
¥ = 0.4. We used the maximum o in the algorithms. This means that the algorithms didn’t have access to the
true o of each arm and instead modelled them all as Gaussian distributions with ¢ = 1.33 but the rewards were
sampled from the environment using the true o.
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Figure 9: End-of-time and Anytime constraints with Gaussian arms ¢? = 1. The reward vector is p =

[1.0,0.5,0.4,0.3,0.2,0.1] and the constraints are w; — w4 — w5 — 7 < 0.3 and 72 < 0.7. Average over 1000 seeds
and § = 1073, Optimal policy is 71 = 0.65 and 7, = 0.35.
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F FURTHER DISCUSSION ON THE SUB-OPTIMALITY OF PTnS
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Figure 10: Problem instance with 8 Gaussian arms with ¢ = 1. The arm means are p =

[1.0,0.7,0.3,0.0,—0.5,—1.0,—2.0, —3.0] and we have one constraint 7m; + 7me + m3 < 0.5. The optimal pol-
icy is m3 = my = 0.5. Results for § = 0.1 and 1000 random seeds.

In Figure we consider an eight-armed bandit with Gaussian reward distributions with means
p=[1.0,0.7,0.3,0.0,—0.5, —1.0, —2.0, —3.0],

variance 1, and the constraint 7w + 77 + 73 < 0.5.

We observe that PTnS performs the worst on this instance, specially in the end-of-time setting. This reflects the
fact that the optimal allocation w.r.t. classical BAI bound does not have to be close to the optimal allocation
given by the constraint version of the lower bound.

In Figure the optimal allocation for the constraint problem is

w* = [0.09,0.02,0.43,0.36,0.03,0.02,0.02,0.02],
while the unconstrained optimal BAI allocation with the same g is

w = [0.43,0.42,0.05,0.03,0.02,0.02,0.02, 0.02].

Hence, PTnS focuses on exploring arm 1 and 2 the most, which makes sense without any constraints. In contrast,
the optimal allocation under constraint, i.e. w™*, suggests that one should focus on arm 3 and 4 as the constraint
puts a disproportional cost on arm 1 and 2.

In the anytime scenario, Figure [I0a] the optimal allocation is
w* = [0.02,0.01,0.32, 0.54, 0.03,0.03,0.03, 0.03].

In this scenario, the allocation w, computed by PTnS, is no longer feasible and PTnS instead converges to the
projected version

w' = [0.03,0.02,0.12,0.18,0.16,0.16,0.16, 0.16].

We observe that the previous issue is now mitigated by the projection, PTnS is no longer overly obsessed with
arm 1 and 2. However, another issue arises as the projection distributes a substantial probability to the arms
5 — 8, which are highly sub-optimal. These phenomena lead to worse performance of PTnS w.r.t. CTnS and CGE,

as shown in Figure
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G USEFUL DEFINITIONS AND RESULTS

Definition 2 (Upper hemicontinuity). We say that a set-valued function C : © — Q is upper hemicontinuous
at the point 6 € © if for any open set S < Q with C(0) € S there exists a neighborhood U around 0, such that
Ve e U, C(x) is a subset of S.

Theorem 6 (Berge’s maximum theorem (Berge, [1963)). Let X and © be topological spaces. Let f: X x © - R
be a continuous function and let C : © — X be a compact-valued correspondence such that C(0) # & V0 € ©. If
C is continuous at 0 then f*(0) = sup,ec(q) f(2,0) is continuous and C* = {x € C(0) : f(x,0) = f*(0)} is upper
hemicontinuous.

Below we restate the upper bound on the sample complexity of the Gamified Explorer (GE) of Degenne et al.
(2019).

Theorem 7 (Theorem 2 in [Degenne et al.| (2019)). The sample complexity of GE is

Elr] < To(0) +

where
To(8) = max{t e N: t < T(p)c(t,8) + Cu(R} + R + O(+/tlogt))}

where R is the regret of the instance player, RY the regret of the allocation player and Cy an instance-dependent
constant.
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