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Abstract

The out-of-sample error (OO) is the main
quantity of interest in risk estimation and
model selection. Leave-one-out cross valida-
tion (LO) offers a (nearly) distribution-free
yet computationally demanding method to
estimate OO. Recent theoretical work showed
that approximate leave-one-out cross valida-
tion (ALO) is a computationally efficient and
statistically reliable estimate of LO (and OO)
for generalized linear models with twice dif-
ferentiable regularizers. For problems in-
volving non-differentiable regularizers, de-
spite significant empirical evidence, the theo-
retical understanding of ALO’s error remains
unknown. In this paper, we present a novel
theory for a wide class of problems in the
generalized linear model family with the non-
differentiable ¢; regularizer. We bound the
error [ALO—LO| in terms of intuitive metrics
such as the size of leave-i-out perturbations
in active sets, sample size n, number of fea-
tures p and signal-to-noise ratio (SNR). As a
consequence, for the ¢; regularized problems,
we show that |[ALO — LO| == 0 while n/p
and SNR remain bounded.

1 INTRODUCTION

Suppose  we observe a dataset D =
{(y1,%1)s- -, (Yn,Xn)} where x; € R? and y; € R de-
note the features and response of the i*" observation,
respectively. We assume observations are independent
and identically distributed draws from some unknown
joint distribution q(y;|x; B*)p(x;). We estimate B3*
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using the optimization problem

B = argmin {Zamxi B)+ Ar<ﬂ>} (1)

BER? |21

where £(y|z) is the loss function, and r(3) is the reg-
ularizer. Consider the problem of estimating the out-
of-sample prediction error (OO), which is defined as

00 = E[Qs(ynewa XIQWB)|D}

where ¢(y, z) is another loss function (possibly but not
necessarily the same as £(y|z)), (Ynew, Xnew) 1S a sample
from the same joint distribution ¢(y|x " 8*)p(x), but is
independent of the training set D. As demonstrated
through empirical and theoretical studies, in high-
dimensional settings (n,p — oo while n/p is fixed),
the leave-one-out cross validation (LO) estimator

1< ~
LO == o(uiix; Byi) (2)
=1
where
Bi = argmin{ > U(y;|x]B) +Ar(B) p . (3)
BERr | i

provides an accurate estimation of the risk:
nama Rad et al., 2020; Patil et al., 2021).

(Rah-

A significant limitation of LO is its necessity to fit
the model repeatedly n times, making it computa-
tionally impractical for many high-dimensional prob-
lems. As a result, several recent researches have con-
sidered the problem of approximating LO (Beirami
et al., 2017; Stephenson and Broderick, 2020; Rah-
nama Rad and Maleki, 2020; Giordano et al., 2019b,a;
Wang et al., 2018; Rahnama Rad et al., 2020; Patil
et al., 2021, 2022). For instance in (Rahnama Rad
and Maleki, 2020; Rahnama Rad et al., 2020) it was
theoretically and empirically shown that for twice dif-
ferentiable regularizers and loss functions, the approx-
imate leave-one-out cross validation (ALO) is a statis-
tically reliable and computationally efficient approach
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for estimating LO and OO in high-dimensional settings
where n, p — oo while n/p and SNR remain fixed and
bounded. Regarding non-differentiable regularizers,
while the extensive simulations in (Wang et al., 2018;
Rahnama Rad and Maleki, 2020) provided empirical
evidence, the theoretical understanding of ALO’s er-
ror remains unknown.

In this paper, we present a novel theory for non-
differentiable regularizers applied to a wide class of
problems, e.g., linear regression, as well as general-
ized linear models like Poisson and logistic regression.
Using intuitive metrics such as the size of leave-i-
out perturbations in active sets we bound the error
|ALO — LO| in terms of fundamental quantities such
as sample size n, number of features p, and signal-to-
noise ratio (SNR). For ¢; regularized least-square prob-
lems, we place bounds on the size of leave-i-out per-
turbations in active sets, and as a consequence, show
that |ALO — LO| 2= 0 when n/p and SNR remain
bounded *.

The remainder of this paper is organized as follows. In
the first two subsections of Section 2 we briefly present
and review the key idea of ALO and the challenge to
use it for non-differentiable regularizers. We review
related work in section 2.3. In section 2.4 we briefly
describe the main theoretical contributions of this pa-
per. Section 3 presents Theorem 1 which allows us to
bound the error |JALO—LO]| in terms of the typical size
of leave-i-out perturbations in active sets. In Section 4
we present Theorem 2 which bounds metrics related to
the size of leave-i-out perturbations in active sets for £
regularized problems. Next we explain how Theorem
1 and Theorem 2 together lead to |ALO —LO| 2= 0
when n/p and SNR remain bounded for ¢; regularized
least squares problems.

Concluding remarks are given in section 5. Detailed
proofs can be found in the online supplementary ma-
terial.

2 APPROXIMATE
LEAVE-ONE-OUT CROSS
VALIDATION

In this section, we briefly review the key idea of ALO
and the challenges to use it for non-differentiable reg-
ularizers.

'In Section 1.3 of the online supplementary mate-
rial we rigorously discuss what we mean by a bounded
SNR. Roughly speaking, we mean that var[x; 8*] and
Var[yi|x;r ("] are stochastically bounded away from 0 and
00, regardless of problem dimensions.

2.1 ALO for twice-differentiable losses and
regularizers

ALO replaces the computationally demanding proce-
dure of repeatedly fitting the model with finding an
approximate model that is easy to compute. Instead
of exactly computing 3/; as in (3), ALO adjusts the

estimate B based on the entire dataset D, and uses
one Newton step to compute the approximation 3/;
as follows:

B/i = B
-1
+ | Y xS iy %) B) + AVA(B) | xil(yilx] B).
JF#i
(4)

where ¢(y|z) and (y|z) denote the first and second
derivatives of ¢(y|z) with respect to its second argu-
ment. Furthermore,

82
[VEr(wl o= 86:%3 F—

It might seem that the matrix inversion required in (4)
is computationally (nearly) as demanding as refitting
the model, but this can actually be bypassed by using
the Woodbury lemma (see Lemma 10 in the online
supplement), leading to the following approximation

ALO = -5 6(yix] B) (5)
=1

M
nia U(yilx; B) Tu
where Hj; is the (4,7) element of the matrix H defined
as

H := X (X [diag(/(8))]X+AV?r(8)) ' X diag[¢(3)]
with f(w) := [@-(y1|x1rw), e ,Z(yn\xzw)}T and
diag[g(ﬁ)] being the diagonal matrix with #(w) as its
diagonal elements. Most of the theoretical work about
the consistency of ALO in estimating LO (and OO) has
focused on differentiable regularizers, such as ridge,
smoothed LASSO and Huber loss when n/p remain
fixed (Rahnama Rad et al., 2020; Rahnama Rad and
Maleki, 2020; Patil et al., 2022; Xu et al., 2021).

2.2 ALO for non-differentiable regularizers

The ALO formula above and the corresponding theory
supporting it require twice differentiability but some
of the most important loss functions and regularizers,
such as elastic net, nuclear norm, or hinge loss are not
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twice-differentiable. For example, consider the follow-
ing estimate:

~

B := argmin h(8), (6)

BeRP

where h(8) = Y0 Lyilx/B) + A1 — n)|Bll +
An||B|3, and suppose that as before our goal is to ap-
proximate

LO = 13" olyix B) (7)

i=1

where

é/i =

argmin > ;) B) + A1 = n)|Bl + Al
pox

(8)

Due to the regularizer’s non-differentiability we cannot
use the one step Newton approximation as proposed in
the previous section. However, the following heuristic
argument serves as a motivatig\n of our new method.
Let S denote the active set of 3, i.e.,

S={i: i #0}.

Suppose that the active set of é /i Temains the same
as S for all 4. Then, we can solve (3) on the set S
only. The validity of this heuristic assumption, and
our remedies when it is mildly violated, are discussed
in later sections. For now, since the regularizer is twice
differentiable on &, we can use the Newton method
to obtain the following approximation for LO of the
elastic-net:

_ }, S L TAa éﬂﬁb Hii
ALO = n;qs (yx B+ (z;.(a) — (9)

where Hj; is the (4,4) element of

H = X5 (2/\7711 + xgdiag[e(ﬁ)]xs)

o~

' X dingli{(B)).

with X contains the columns of X that are in S.

Unfortunately, the assumption that led to (9), i.e., the
assumption that the active set does not change when a
data point is removed, is not correct. While it is true
that some of leave-i-out estimated coeflicients retain
the active set, most estimated active sets do change.
Figure 1 confirms this claim.

Despite the observation in Figure 1, extensive empir-
ical results presented in (Beirami et al., 2017; Wang
et al., 2018; Rahnama Rad and Maleki, 2020; Stephen-
son and Broderick, 2020) confirm that (9) offer an ac-
curate estimation of LO (and OO).

0.12

=0.08

0.04

probability

0 . 10, .20 30 40 50
size of change in active set

Figure 1: The histogram above shows the size of the differ-
ence in active sets when performing linear regression with
the elastic net penalty on the entire dataset, vs leave-i-
out (i.e., leaving out the i-th observation for i =1,...,n).
The parameters are n = 500, p = 1000 with 20% of the
true coefficients being non-zero. The design matrix X
has iid N(0,1/n) rows, and the nonzero coefficients are
iid N(0,1). The penalty strengths are A = 2,7 = 0.5.
We use the ElasticNet function from the Python library
scikit-learn.

To understand these two contradictory observations,
we ran another simulation that appears in Figure 2.
In this figure we find that, while the active set does
change, the number of changes in the active set (de-
noted by A,) scales at a sub-linear rate with respect
to p (and hence n) as p,n increases. Indeed, the com-
parable points in the boxplots (e.g., the median, max-
imum) of the logarithms, lie on a line that has slope
smaller than one. A linear regression of the medians of
log(A,) on log(p) showed a slope of 0.43 when p =n
and 0.52 when p = 2n.

This implies that A,/p — 0 as p,n increases. As will
be clarified later, this sub-linear rate of growth that
will be proved in Theorem 2, is the main reason that
the simulation results confirm the accuracy of (9).

2.3 Related work

Various approaches to estimating the out-of-sample er-
ror have been proposed. Examples include (but are
not limited to) cross validation (Stone, 1974), pre-
dicted residual error sum of squares (Allen, 1974), and
generalized cross validation (Craven and Wahba, 1979;
Golub et al., 1979), just to name a few.

In the past, the use of n-fold cross validation (also
known as LO) has been limited due to the high compu-
tational cost of repeatedly refitting the model n times,
and due to concerns about the high variance, especially
when n and p grow unboundedly. Recently, these con-
cerns have been (mostly) alleviated by a large body
of work that showed: 1) that the variance of LO in
estimating OO goes to zero as n and p grow (Kumar
et al., 2013; Bayle et al., 2020; Rahnama Rad et al.,
2020; Patil et al., 2022; Luo et al., 2023), and 2) that
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Figure 2: The figure shows boxplots of the change in sizes
of leave-i-out active sets (denoted by A,), plotted against
the dimension, (on a logarithmic scale) when performing
linear regression with the elastic net penalty. The upper
and lower edges of the box in each boxplot represent the
1st and the 3rd quartiles respectively, and the black line
represents the median. The whiskers extend up to the most
extreme value in 1.5 times the interquartile range. The
parameters are taken as p = n (left) and p = 2n (right),
and in either figure p is then varied from 1000 to 10000
with six equal increments on the log scale. We take 20%
of the true coefficients to be non-zero. The design matrix
X has iid N(0,1/n) rows, and the nonzero coefficients are
iid N(0,1). The penalty strengths are A = 2,7 = 0.5.
We use the ElasticNet function from the Python library
scikit-learn.

computationally efficient approximations to the leave-
one-out cross validation (can) provide statistically re-
liable estimates of LO and OO (Beirami et al., 2017;
Wang et al., 2018; Rahnama Rad and Maleki, 2020;
Rahnama Rad et al., 2020; Patil et al., 2022; Stephen-
son and Broderick, 2020; Obuchi and Sakata, 2019;
Opper and Winther, 2000; Cawley and Talbot, 2008;
Meijer and Goeman, 2013; Vehtari et al., 2017, 2016;
Obuchi and Kabashima, 2016, 2018; Xu et al., 2021).
Most theoretical work about the consistency of ALO
in estimating LO has focused on differentiable regular-
izers, such as ridge, smoothed LASSO and Huber loss
(Rahnama Rad et al., 2020; Rahnama Rad and Maleki,
2020; Patil et al., 2022). Assuming that the SNR grows
unboundedly, as n grows, (Stephenson and Broderick,
2020) considered ¢; regularizers. In this regime the op-
timal value of the regularization parameter A goes to
zero, and tuning becomes (nearly) irrelevant because

of the unbounded SNR.

Despite significant empirical evidence, to the best of
our knowledge, there is no theoretical study of the con-
sistency of ALO for non-differentiable regularizers in
a regime where n and p grow to infinity while n/p
and SNR remains bounded, a framework typical in
high dimensional risk estimation problems (Donoho
et al., 2011; Donoho and Montanari, 2016; Maleki,
2011; Mousavi et al., 2018; Wang et al., 2020, 2022;
Xu et al., 2021; Guo et al., 2022; Rahnama Rad et al.,

2020; Rahnama Rad and Maleki, 2020; Patil et al.,
2022). Given the importance of risk estimation for
non-differertiable estimation problems, this paper ad-
dresses the problem in the finite-SNR regime where
tuning significantly impacts the selected model and
estimated coefficients (as we discuss in Section 3.2).

2.4 Our technical contributions

In this paper, our primary focus is on risk estimation
for ¢; regularized problems within the generalized lin-
ear model family. Specifically, we aim to establish an
upper bound for the error [ALO — LO| under the con-
ditions of large n and p, while maintaining fixed and
bounded values for n/p and SNR. In the following, we
outline some of the key theoretical innovations that
have enabled us to undertake a comprehensive analy-
sis of [ALO — LOJ in this context. For detailed proofs
and further insights, please refer to the supplementary
material available online.

Our initial step involves a smooth approximation r(z)
for the ¢;-norm ||z||1, where « is a parameter such that,
as «a approaches infinity, this approximation becomes
increasingly accurate. While smoothing techniques
have been extensively employed for deriving approx-
imate minimizers of non-differentiable convex func-
tions, their application as proof techniques in high-
dimensional statistics has been unexplored. The pri-
mary challenge arises from the fact that as a — oo, it
becomes considerably difficult to bound the quantities
that are of particular interest to statisticians, such as
[ALO® — LO?| in our specific problem. Here, ALO
and LO® represent the smoothed approximations of
ALO and LO, respectively.

In our paper (in the proof of Theorem 1), we have de-
vised an innovative method to bound such quantities,
which we anticipate to have broader applications in
studying non-differentiable losses and regularizers in
high-dimensional settings.

Our smoothing technique, in essence, simplifies the
task of bounding |[ALO — LO| by transforming it into
the challenge of limiting the changes in the active set
between the full-data estimate and the leave-one-out
estimate. Hence, in this paper, we develop new tech-
niques for understanding the relationships between
two estimates that are using the same samples (proof
of Theorem 2). As an example of our approach, we em-
ploy our technique to establish an upper bound for the
disparity between § and S/;, where roughly speaking,
S and §/; denote the locations of non-zero coefficients

in 8 and ,@ /i> respectively. We anticipate that this
technique will prove valuable for other problems, such
as the analysis of ensemble methods within the context
of high-dimensional settings.
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3 MAIN THEORETICAL RESULT

We begin by introducing our notations in Section 3.1
and assumptions in Section 3.2. We discuss the as-
sumptions in Section 3.3 and show these assumption
encompass a large class of typical problems. Then we
present our main theorem in Section 3.4.

3.1 Notations

In this manuscript, vectors are denoted with boldfaced
lowercase letter, such as x. Matrices are represented
with boldfaced capital letters, such as X. Calligraphic
letters, such as F are used for sets and events. For a
matrix X, omin(X), | X, |IX||zs, Tr(X) denote the
minimum singular value, the spectral norm (equal to
the maximum singular value omax(X)), the Hilbert-
Schmidt norm, and the trace of the matrix X respec-
tively. Suppose F represents a subset of indices corre-
sponding to the columns of matrix X. In such a case,
the notation X refers to a matrix formed by select-
ing only those columns of X whose indices belong to
the set F. The subscript “/i” refers a quantity related
to the leave-i-out model, e.g. X/; refers to matrix

X after deleting the ith row, and ﬁ Jis 371 refer to the
leave-i-out estimate and the smoothed leave-i-out esti-
mate, respectively. For two probability measures u, v,
W, (1, v) denote their Wasserstein-q distance. More-
over, we use the following definitions in this paper:

; A (yilz) i 9*U(yi|2)
0:(8) = i(B) = 20

( ) 32 szjﬂ ( ) 32’ szjﬂ
03(B) = [01(B), - i1 (B), liya(B), -, 0n(B)]
05(8) = [11(8), - Bia(B), 61 (B),-- -, 6 (8)]

We also denote any polynomials of log(n) by
PolyLog(n). For z,y € R, we write z Ay and  V y to
denote min{z,y} and max{z,y} respectively.

3.2 Assumption group A

The following assumptions have been extensively used
in the literature of high-dimensional statistics. We will
explain the rationale for making these assumptions in
the next section.

Al X = (xq, -+ ,X,) | wherex; € RP areiid N(0,X).
Moreover, there exist constants 0 < cx < Cx
such that p~lex < opin(E) < omax(T) <
p X-

A2 n/p =1y € (0,00).

A3 ¢ has continuous derivative ¢, and ¢(y|z) has con-
tinuous second derivative w.r.t. z.

A4 There exists €> 0, and ¢n, Gns@n € [0,1), such
that

P | sup 4;(v) < PolyLog(n)
1<i<n
veD

Z 1-— (jn7 (10)

P | sup Zi(v) <PolyLog(n) | >1—¢,, (11)
1<i<n
veD
B(v) — (v
P| sup M < PolyLog(n)
1<i<n, [[V—=V/[2
v,v'eD
2 1- (jn (12)
where
D = U U BB+ (1-1t)8,,¢
1<i<n t€[0,1] (8 +( 1Byir ),
B(w,r) = {z:|z—wl|2<r}.

A5 n € (0,1), and X € (0, Aax] for an arbitrary con-
stant Apax > 0.

3.3 Discussion of the assumptions

In the previous section, we made five assumptions
that will be used for our theoretical results. In this
section, we clarify our rationale for making these
assumptions.

3.3.1 About assumption Al and A2

Assumptions Al and A2 ensure that x; 3* remains
finite as n and p grow unboundedly as long as ||3*||?/p
is bounded:

CX (s . CX | ax
I8P < B! 87 < =118

For instance, if each element of 8* remains bounded,
then x; 3* will be O,(1).

In addition to the aforementioned rationale for As-
sumptions Al and A2, there is another compelling jus-
tification that we explain below.

Let A*(n,p) denote the value of A that minimizes the
prediction error of ,@ . Suppose that we are interested in
the asymptotic setting n,p — oo, such that n/p = v
remains fixed. Then, if Assumption Al holds, for
many problems it has been shown that A\*(n,p) — A,
in probability, where X is a fixed number in the range
(0,00). See for instance (Mousavi et al., 2018; Wang
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et al., 2020, 2022). Intuitively speaking, if under an-
other scaling A\*(n, p) goes to zero as n, p — oo, then it
indicates that the estimation problem is becoming eas-
ier as p grows and hence a regularizer is not required.
Similarly, if under another scaling A\*(n,p) goes to in-
finity as n,p — oo, it indicates that the estimation
problem is becoming so difficult that we end up choos-
ing zero estimator as the best one. Hence, the scaling
we have chosen here seems to be one of the most useful
scalings for practice.

In summary, we believe that Assumptions Al and
A2 provide a good scaling regime for studying risk
estimation (or the related problem of hyperparameter
tuning) problem.

3.3.2 About assumption A4

Assumption A4 introduces a regularity condition for
the data generating mechanism and the loss function
{. To clarify this point, we present a proposition be-
low, which outlines a sufficient condition based on sim-
pler regularity conditions for £ and the data generation
mechanism to satisfy A4.

Proposition 1. Suppose that P(|y;| > PolyLog(n)) <
q¥ for some ¢¥ = o(1/n). Furthermore, suppose that
U(y|z) is three times differentiable with respect to z and
that £(y|z), 0(y|2),0(y|2), and € (y|z) grow polynomi-
ally in y, z, i.e., there exists a positive integer m and
a constant C > 0 such that

max{|€(yl2)l, [E(y|2)], 1E(y|2)], | € (y]2)1}
SO+ [y™ 4 [2]™). (13)

for all (y,z). Then, Assumption A4 holds.

The proof of the above proposition can be found in
Section 2 of the online supplementary material.

The condition of polynomial growth for the loss func-
tion is not unduly restrictive, as it encompasses many
commonly used loss functions.

To illustrate this point, we present a few examples
of popular loss functions, viz., squared error, logistic,
and Poisson. Therefore, Assumption A4 holds for the
majority of loss functions encountered in applications.

For simplicity we assume x; ~ N (0, %]Ip), but the ex-
amples are still valid for a general covarance matrix as
in Assumption Al.

Example 3.1 (Linear regression). Suppose y;|x; ~
N(x/B*,0%), then y; ~ N(0,0% + 1||8*||?). Denote
V2 =024 %Hﬂ*HQ, we then have, for arbitrary ¢ > 1:

qv? log(n)
P(ly;| > vy/2qlog(n)) < 2e~ “FE T =9,

If we use negative log-likelihood as loss function, then
L(ylz) and its derivatives w.r.t. z are:

l2) = 55— ),

iyl2) = —5 =~ ) fole) = =53 T lz) =0,

and hence they are all dominated by %(1 +y? + 2%).
Example 3.2 (Logistic regression). Suppose y;|x; ~
Bernoulli(1/(1 + e_xiTﬂ*)), then the boundedness of
lyi| is natually satisfied since y; € {0,1}. The negative
log-likelihood loss and its derivatives w.r.t. z are
[€(yl2)| = |ylog(1 +e™) + (1 — y) log(1 + €|
< 2log(2) + 2J2],

. e?

12 =|———y| <1
o)l = |1~ | < 1+
. e *

{ =|— | <1
1) = | | <1

e* —e *

i | -°
Tl = | | <

The bound of £(y|z) uses the fact that y € {0,1}.

Example 3.3 (Poisson regression). Suppose y; ~
Poisson(\) where A = log(1+exjﬁ*), then we have, by
the Chernoff bound (see, e.g., Exercise 2.3.3 of (Ver-

shynin, 2018)) that:
log(n
c ) g(n) B
e — =o(n™").
(n)

P(y; > log(n)) < (
log
Since x; 3* ~ N(0,X|8*||1?), we have

P(x] B°] > 2v+/log(m) < n™?
where v? = L||B*||2. So we have, with probability at
least 1 — n™2, that

A =log(1+ exjﬁ*)log@) +2n7 12| 8%/ log(n).

It can be checked that the negative log-likelihood loss is
[£(yl2)| = [log(y!) +log(1 + €*) — yloglog(1 + ¢*)|
<Oy +22+1)
where C' =1+ loglog(2) + (2log(2))~*.

The derivatives of the loss function w.r.t. z satisfy

. 1 ye?

14 = — <1

1) =| = ~ e | <
P 2

. e

/ —
ok = o (5 i)

_ yez + ez
(I1+e*)2log(l+e*) (14 e?)2
< 1+2Jyl,
| € (y|z)] < 3+ 14Jy|.



Arnab Auddy, Haolin Zou, Kamiar Rahnama Rad, Arian Maleki

We use the fact that ((1+ e *)log(1+e*))~' <1 for
all z € R. We omit the exact expression for £ (y|z)
for brevity.

3.4 Main theorem

Based on Assumptions A1-A5, we would like to state
our main theorem. However, our main theorem uses
two important sets. We first require the notion of the
subgradient vector g(3) defined as

n

S kI - g ()

i=1

9(B) =

It can be directly verified that g(8) € 88|, i.e. g(B)
belongs to the subgradient of ¢;-term in (6). In fact,
the first order derivative of the elastic net problem (6)
gives:

0€> iyilx] B)+ A1 —n)d|Bll: + 2xB3

=1

where 6“3”1 denotes the subgradient of ||3]|; evalu-
ated at 3. We then obtain (14) by rearranging the

terms. Hence we hereafter refer to g(3) as “the” sub-
gradient of ||3]|:.

The active set of B is A := {k € [p] : |Bx| > 0}, and
similarly the non-active set is A¢ = {k € [p] : |Be| =
0}. It is well known that |g(8)x| = 1 for k € A and
19(B)x| < 1 for k € A°. We now define two sets which,
heuristically speaking, stand for “strongly active” and
“strongly non-active” sets. We gather the active large
coefficients into SV C A, and the non-active small
sub-differential coefficients into S0  A°¢. That is,

SM = {k € p: |Be| > k1(n)},
SO = {kepl: 9B <1—ro(n)},  (15)

where k1(n) and ro(n) both are o(1) as n — c0.” We
will clarify our choice of these parameters later. Like-

wise, we define 82), S;?) for the leave-i-out problems.

Note that SM) is a subset of the active set of ,@ by only
including active elements that are not too close to zero.
On the one hand, the condition x1(n) — 0 implies that
SW is close to the active set. On the other hand, when
the gap x1(n) is selected to be sufficiently large (the
choice will be clarified later), it is intuitively expected
that only a very small fraction of the indices in S
will move out of the active set (i.e. the corresponding
coefficient becomes zero) in the leave-i-out problem.

2eg.  ko(n) = (logp)"/®p~° where § € (0,%), and
aln) = V2,

These two points makes S™) a good substitution of
the active set discussed in Section 2.2.

To understand S(©, consider the non-active set of ,@,
i.e. the indices of zero coefficients of 8. S(© is actually
a subset of the non-active set, which only includes ele-
ments with sub-gradients bounded away from 1, as in-
dicated by its definition {k € [p] : |¢(8B)x| < 1—kKo(n)}.
Again ro(n) — 0 makes S( close to the non-active
set, and by setting the right rate of the convergence
of ko(n), it should be expected that only a very small
number of regression coefficients corresponding to in-
dices in S will become nonzero in the leave-i-out
problem.

To sum up, our choice of S and S serve as prox-
ies of the active and non-active set of 3 that are more
resilient to the leave-i-out procedure. In other words,
we expect the size of (S U S©®)¢ to be small com-
pared to p. As is clear from the above discussion, the
speed at which k1(n) and ko(n) go to zero must be
carefully selected to satisfy the two contrasting objec-
tives. On the one hand, we want them both to go to
zero as slowly as possible so that S(Y and S only
include elements from which we have strong evidence
to be active and non-active, respectively. On the other
hand, we want k1(n) and ko(n) to go to zero as fast as
possible, so that (S U S®)¢ is as small as possible.
The details are presented in Theorem 2.

To describe our theoretical result, consider the follow-
ing sets:

Bii =8NS Byii=50ns
Bl,i,+ = 81,1' N {k‘ : B 'ﬂ/i,k > 0} (16)

Heuristically, B;,; contains the indices of large co-
efficients that remain large after leaving the 4'h
observation out, and Bp; contains the indices of
zero coefficients with small subderivative (of LASSO
component) that remain so after leaving the i'h
observation out. Note that B;; and By,; are mutually
exclusive, and Bi;  is the subset of B ; that rules
out the coefficients with flipped signs. Ideally we
wish leaving-i-out would not change the fact of each
coefficient being zero or non-zero, i.e., By ;UBy; = [p].
This is clearly not true according to Figure 1, but the
violation is actually controllable. Indeed, Figure 2
shows that the size of the leave-i-out perturbations,
ie., |(Boi U Bi,,+)°| scale at a rate which is slower
than p. Our main theoretical result proves that the
difference between LO and the ALO formula of (9) is
proportional to |(Bo;UB1 ; +)°|/n and thus disappears
for large p, n.

Theorem 1. Under Assumptions A1-A5, let1 < d, <
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p/C for some sufficiently large C' be such that

max |(Boi U B+ )| < dn

with probability at least 1 — ¢,. Then we have

|ALO — LO|
PolyLog(n)

< PolyLog(n) [ dn n d,PolyLog(n) n

A3 (1A M3\ nAn ni2n?2 VnAn
with probability at least 1 — (n+1)e™ — (n+2)p~% —
ZQn - Q(jn - 2q_n - 2@11-

We present the proof of Theorem 1 in Section 3 of the
online supplementary material.

Let us now clarify the statement of the theorem. First
note that while the bound we have obtained for the
difference between ALO and LO is a finite sample
bound, one way to interpret and understand the result
is through the asymptotic setting we described in Sec-
tion 3.3.1, i.e. n,p — oo while n/p = ~y. Theorem 1
shows that ALO, while being computationally much
more tractable, is a valid approximation to LOOCYV in
the regime we have considered. Indeed, according to
Theorem 1, suppose \,7 remain fixed and d,, = o(p®)
with some ¢ < 1, then the upper bound of Theorem 1 is
o(p%(c’l)PolyLog(n)), which goes to zero as n,p — oo.
Thus, ALO provides a computationally efficient, con-
sistent estimate of the out-of-sample risk.

4 THE EXAMPLE OF LINEAR
REGRESSION

Theorem 1 shows that if d,, grows slowly enough (e.g.
d, = p¢ for ¢ < 1), then the difference between ALO
and LO will go to zero in probability. To see what
the growth rate of d, in terms of p is, in this section
we focus on the concrete example of linear regression
and obtain an upper bound for |(By; UBi; +)°|. Even
though the result of this section is given for the lin-
ear models, it is expected that a similar conclusion
holds for more general models and under more general
assumptions. However, given the length of the cur-
rent paper, the complete investigation of the size of
(Bo,; U By,i+)° under the generalized linear model is
left for a future research. Let us start with our mod-
elling assumptions. In addition to Assumption group
A we also assume the following:

Assumption group B
Bl y = XB* + w, where w ~ N (0,02 1) is the noise
or error in the observations.

B2 The loss function I(y[x"3) = 3(y —x"8)%

B3 The true coefficients 3* satisfy %Hﬁ*”% < ¢ for
some constant £ > 0.

B4 X has iid entries X;; ~ N(0, 2).

n

B5 A2(1—1)? = w(p~ ).

Note that Assumptions B1-B3 are standard in the
literature of linear regression. Assumption B4 is
also frequently encountered in the high-dimensional
asymptotic analysis of estimators (Miolane and Mon-
tanari, 2021; Bradic and Chen, 2015; Donoho et al.,
2009; Bayati and Montanari, 2012; Weng et al., 2018;
Dobriban and Wager, 2018; Wang et al., 2020; Maleki
et al., 2013; Thrampoulidis et al., 2015; Rangan, 2011;
Li and Wei, 2021). However, it is expected that this
assumption can be relaxed as well given the more
recent results in the literature (Celentano et al., 2020).
Finally, Assumption B5 is a technical assumption
on the rate of A and 7. We note here that it shows
that for large values of p, one can choose A to be
quite small. The following theorem uses Assumptions
B1-B5 to find an upper bound for |(By,; U By +)¢].

Theorem 2. Under Assumptions A1-A5 and B1-BS,
in (15) set kg = (82#)1/6 and k1 = p71/12(10gp)1/4
where cy is a positive constant.®> Then there exist con-
stants C,C" > 0 such that

max |(Bo,i UByi1)°| < Cp*/*2(logp)*/*

with probability at least 1 — C'p~6 — q,, — e~ P,

The proof of Theorem 2 can be found in Section 4 of
the online supplementary material.

5 CONCLUSION

In this paper, we have introduced a novel theoretical
framework that offers error bounds for the disparity
between the computationally intensive leave-one-out
risk estimate (LO) and its more computationally ef-
ficient approximation (ALO). We focus in a regime
where n/p and SNR remain bounded regardless of
how large n and p grow. For problems in the gen-
eralized linear model family such as linear Gaussian,
Poisson and logistic, we bound the error between ALO
and LO in terms of intuitive metrics such as pertur-
bation size of leave-i-out active sets. Next, for least
squares problems with elastic-net regularization, we
show that these purturbations scales sub-linearly with
n and p, and consequently, the difference |ALO — LO|
approaches zero as n,p — 0o.

3The specific choice of ¢y can be found in Section 4 in
the supplementary material.
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mediately preceding our main results, i.e.,
Theorems 1 and 2.]
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()

An analysis of the properties and complexity
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external libraries. [Not Applicable]
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main results, i.e., Theorems 1 and 2.]
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Approximate Leave-one-out Cross Validation for Regression with /;
Regularizers:
Supplementary Materials

This supplement is organized as follows. In Section 1, we restate our main results for the reader’s convenience.
In Sections 2, 3 and 4, we present the proofs of Proposition 1, Theorem 1 and Theorem 2 respectively. Section 5
contains the proofs of lemmas and auxiliary theorems. Finally, the Appendix 6 prepares some results on the
elastic net regularized least squares optimization problem which we use in the proof of Theorem 2.

1 MAIN RESULTS

Before providing the proofs, we restate the results in the main paper for completeness.

Approximate Leave One out (ALO) replaces the computationally demanding procedure of repeatedly fitting the
model with finding an approximate model that is easy to compute. Instead of exactly computing the leave-
one-out estimate 3/;, ALO adjusts the estimate ,3 based on the entire dataset D, and uses one Newton step to

compute the approximation 3 /i as follows:
-1

= B+ | Yo xx/lly;lx; B) + AVr(B) | xil(yilx] B) (1)
J#£i

We use the following approximation for LO of the elastic net.

_ 1y T3 6(8) Hi;
ALO—HZZ;(b(yu zﬂ+<€.i@> (1H)> (2)

H = Xs (201 + X diagli(B)]Xs) ~ X3diagli(B))

where

1.1 Assumption group A

The following assumptions have been extensively used in the literature of high-dimensional statistics. We will
explain the rationale for making these assumptions in the next section.

Al X = (xy,--- ,X,) | where x; € RP are iid N(0,X). Moreover, there exist constants 0 < cx < Cx such that
p_ch S Umin(z) S Umax(z) S p_10X~

A2 n/p =9 € (0,00).
A3 ¢ has continuous derivative ¢, and ¢(y|z) has continuous second derivative w.r.t. z.
A4 There exists ¢> 0, and gn, ¢n, Gn € [0,1), such that
P | sup ¢;(v) <PolyLog(n) | >1— gy, (3)

1<i<n
veD
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P | sup #;(v) <PolyLog(n) | >1—gq, (4)
1<i<n
veD

14:(v) = £/ ()]

P < PolyLog(n >1—qn 5
1Sign, V=V Y B | =1 ®)
v,v'eD

where
D = U U BtB+(1-1)8,0),

1<i<n te[0,1]
Bw,r) = {z:||z—w|2<r}.

A5 1€ (0,1), and A € (0, Apax] for an arbitrary constant Apax > 0.

where

D = U U B(t,@—l— (1-— t)B/Z-,E), and B(w,r):={z:|z—wl2 <r}.

1<i<n t€[0,1]

To show that our assumptions are satisfied for a wide range of regression models, we state

Proposition 1. Suppose that P(|y;| > PolyLog(n)) < qi for some g = o(1/n). Furthermore, suppose that
U(y|z) is three times differentiable with respect to z and that £(y|z), L(y|z), L(y|z), and £ (y|z) grow polynomially
nvy,z, i.e., there exrists a positive integer m and a constant C > 0 such that

max{|(y|2)], [(y|2)], [{(yl2)], | £ (y]2)[} < CO+ [y]™ + |2|™)
for all (y,z). Then, Assumption A4 holds.
Next, let us define g(3) as

n

918) = 37— o i B - 1 (©

Finally, we have the main theorem which proves that the difference of ALO and LO goes to zero in the asymptotic
regime considered in the paper. Based on the subgradient, define the following subsets of [p] = {1,2,3,...,p}:

S = {k e [p] : |Bel > a1 (m)},
SO = {k e lp] : l9(B)l <1 —ro(n)}, (7)
We also consider the following sets:

Bri =8NS Byii=80 s
Biiy = Biin{k: BB >0} -
Theorem 1. Under Assumptions A1-A5, for a sufficiently large constant C > 0, let 1 < d,, < p/C be such that

fél%xn |(Bo,i UBi:+)| <dn

with probability at least G,. Then we have

PolyLog(n) d,  d,PolyLog(n) n PolyLog(n)

_ < 2RO\
[ALO —LO| < A3 (1A An)3 Y\ nAn nA2n? nn

with probability at least 1 — (n 4+ 1)e™ — (n 4+ 2)p~% — 2¢,, — 2¢n — 2Gn — 2Gn.

Finally, we consider the example of multiple linear regression, with the elastic net penalty, and show that in this
case, with high probability, |(Bo; U B1,,+)°| indeed grows at a sub-linear rate as n,p — oco. Let us start with
our modelling assumptions:



1.2 Assumption group B
Bl y = X3* +w, where w ~ N (0,02 I) is the noise or error in the observations.
B2 The loss function I(y[x'B8) = 3(y —x"8)%
B3 The true coefficients 8* satisfy:
I8l < €
for some constant £ > 0.

B4 X has iid entries X;; ~ N(0, 2).

n

|~

B5 A\ (1—7)®=w(p1

)

).
Theorem 2. Under Assumptions A1-A5 and B1-B5, in (7) set kg = (812’#)1/6 and k1 = p~ /12 (log p)'/* where
c is a constant ¢ > 0. Then there exist constants C,C’ > 0 such that

max |(Byr U Bo,i)| < Cp''/*(logp) /!

with probability at least 1 — C'p~6 — q,, — e~ P,

1.3 Bounded Signal to Noise Ratio

We here briefly revisit and explain the issue of ‘bounded signal to noise ratio (SNR)’ mentioned in Section 1 of
the main paper. Although our method and the conclusion of this paper do not rely explicitly on the SNR, the
notion of keeping a delicate balance between the signal and noise is one of the most important foundations of
our theory. We define the signal to noise ratio as

Var(xiTﬂ*)

SNR = ———2—~—.
var(y;|x; 3*)

It can be shown that the SNR is Op(1) in the three GLM examples in the previous section. In fact, under
Assumption Al

var(x 8*) = (8") 8" < %Xnﬁ*ng =0(1)

and for the three generalized linear models (linear, logistic, and Poisson regression) in Section 3 of the main
paper, we have

o2 for linear

1 x| B* xTa\ 2
—_— = e T 4e T for logistic
var (i 8%)) ( &
(log(1 +x/B*))~t  for Poisson
all of which are O,(1) using the fact that

x; 8" ~ N(0,Cx|8"[3/p) = Op(1),
2 <e X B LB Lo <oA1 1) = 0,(1).

Moreover if we fix %Hﬁ*”% = ¢, then SNR™! is also O,(1).
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2 Proof of Proposition 1

Without loss of generality we assume C' = 1. The first step is to show that x; 8 /i = Op(PolyLog(n)). Throughout
this proof we use the following notations:

:Z yiixi B) + A1 —n ZI&HMBT&

j=1 =1
hyi(B) =Y Lysx] B)+ A1 —n ZlﬂzHAnﬁTﬂ,
j#i i=1
ha(B) =Y L(yiix] B) + Mra(B),
j=1
P i(B) = D Lyis X[ B) + Xra(B). 9)

(a) First note that for all ,

MllBills < D lylx; TByi) + AL = n)lIByill + MllByill3 < Zﬁ y310),

J

where the last inequality is due to the fact that h ; (ﬁ/,) < hyi(0). Under the event that Vi, |y;| < PolyLog(n)

which holds with probability at least 1 — nq%y) according to the assumptions, we have

max B < Ze 10 < 5 301" + 1) < n(PolyLog(m)".

J

Therefore

]P)(m?X |X1TB/1| >t) < ZEPUX:B/J > X /i,y i)

[

18412
—ZEP\N L > X iy )

= S BN 1) > |f|| ¥ )
/z

< P(max [|B/:|* > n(PolyLog(n))™)

+ P <N(0, )| > (PolyLo’; oIk /2> . (10)

Let t = (PolyLog(n))™/? - 24/log(n) := PolyLog(n). Then, we can use (10) to obtain
P(max|x] 34| > PolyLog(n)) < ng?) +2ne™ d2Vial)® < gl 4 % (11)
With a similar strategy we can also prove that for any a we have
P(max x] 3| > PolyLoa(n)) < ngl¥) + 2. (12

ow we set a = 1 and work within the event = under which all the following hold:
b) N 1 and k within th = und hich all the foll hold
(a) max; |y;| < PolyLog(n),
(b) max; |[x; B/;] < PolyLog(n),
(c) max; [x] B%| < PolyLog(n).



(d) max; HX,H S 2\/ Cx.

Note that by combining the assumption of theorem with (11), (12), and Lemma 17 we have

4
P(E) > 1—3nq¥) — — —ne ?/2,
n
Under Z we have

(:(8),) = Liyilx{ B},)
< 1+ (PolyLog(n))™ + (PolyLog(n))™
= PolyLog(n).

Next, consider the following first order optimality conditions for Bl and E}Z
ZXJ +)\Ta(/6 )_07

ij i ﬂ/i )+ )‘fa(a}i) =
J#i

By subtracting the two equations and using mean value theorem we have
X" diag((;(£))X (8" - BJ,) + Adiag(ia(€))(B" — B),) = —xil:(B},),
where € and € are convex combinations of El and E} ;- Therefore
~ ~ . . . =1 PN
Bi — B = [XT diag(¢;(€))X + Mdiag(#a(€))]  xili(B);)-

Hence, it is straightforward to see that

18" = Bl < QA Illl&:(B1)] < 33 52/ Cx PolyLogy(n) = PolyLog(n)
given that /\%7 = O(PolyLog(n)). We can now use (14) to obtain

18 = Byill <118 = B+ 18" = BJill + 118}, — Bl

4plog(2)

< PolyLog(n) + 2 p

Recall that R .,
D = Ui<i<n,tejo, BB + (1 —1)By;, €),

where B(z,r) is the ball with center x and radius r. Hence we can conclude that Vi, Vv € D:

~ -~ ~ ~ * 1 2
v =Bl < I = Bll+ 1B~ Bll < & +PolyLog(n) +8 /5,

and
x{ v < |x] Byl + [x] (v — Bi)
< PolyLog(n) + [x:[[[[v — B/l

4C;plog(2)

< PolyLog(n) 4+ 2+/C 6 +2PolyLog(n)) + 8
n

= PolyLog(n).

(13)

(15)
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Hence,

(i(v) < T [l ™ + ] v|™
< 1+ (PolyLog(n))™ 4 (PolyLog(n))™
= PolyLog(n)

Using the same arguments one can show that

i5(v) < PolyLog(n), ¥';(v) < PolyLog(n).
This completes the proof. O
3 Proof of Theorem 1

As we mentioned in the introduction, one of ingredients of the proof is the smoothing idea that we would like to
describe first. Define

hp) = {Zf(yilxi B) + A1 —=n)lIBl + Annﬂn%} : (17)
i=1
If h(B) were a differentiable function we could use one step of the Newton method to obtain an approximate
leave-one-out estimate. However, the main issue here is the non-differentiability of || - ||;. For that reason we
start with approximating the || - [|; with a smooth function. Let
1
r(M(z) = - (log(l + e*®) + log(1 + e_(”)) (18)

denote the a-smoothed I; regularizer. The following lemma proved in (Rahnama Rad and Maleki, 2020) shows
the accuracy of this approximation:

Lemma 1 (Lemma 13 in (Rahnama Rad and Maleki, 2020)). If 7"((11)(2) denotes the a-smoothed 1y regularizer.
Then we have
i (2) 2 |z,
and
2log 2

Wz)—|z]| < .
suplr()(z) ol < =

This lemma suggests that for large values of «, & (z) can be a good approximation of |z|. Hence, based on this

approximation we now introduce the smoothed cost function

ha(B) =Y Uy x| B) + Ara(B), (19)
j=1
where ,
ra(8) = (1—n) Y r((B:)+n8" B (20)
=1

denotes the smoothed regularizer. If we define

B> =arg min o (B), (21)

and ﬁ% as its leave-one-out estimate, then we can use Theorem 3 of (Rahnama Rad and Maleki, 2020) to prove
that

max
1<i<n

i.(p)) \1-Hg VP

x;l—lé\z/xi o X?Ba _ <£1(§Q)> ( Hzozé )‘ S CO(a)POIyLOg(n)’ (22)

where H® is defined as )

X (Adiagmﬁan + XT[diag(f(ﬁa))}X) X " diag[f(3%)]. (23)



For completeness we have mentioned Theorem 3 of (Rahnama Rad and Maleki, 2020) in Section 5 (Theorem

6). The main issue in the approximation of (22) is that Cy(a) — 00 as @ — oco. This creates a dilemma. On
one hand we would like « to be large to make |r&1)(z) — |z|| small. But on the other hand, the upper bound in
Theorem 3 of (Rahnama Rad and Maleki, 2020) goes to infinity as & — oo. In addition to these two problems, as
will be discussed later, some of the elements of diag[#, (Ba)] go to infinity as a — oo that may cause inaccuracies
and instabilities if this procedure is used in practice. Despite the fact that smoothing idea is not useful for
approximating the leave-one-out risk of the elastic net, as will be shown in this proof, it still serves as a good
theoretical tool for proving the accuracy of (2). Hence, we pursue two goals here:

o Use a different strategy than the one pursued in (Rahnama Rad and Maleki, 2020) to find an upper bound
on max XI@% - xjﬁa _ (f(ﬂa)) (1f§a>

=L . Our new bounds will not go off to infinity as o — oc.
1<i<n £;(B*)

o We will then prove that for large values of o, HS, is close to H;; used in (2).

To understand the challenge for achieving the above two goals, let us start with the following lemma:

Lemma 2 (Lemma 14 in (Rahnama Rad and Maleki, 2020)). r,(xl)(z) is infinitely many times differentiable, and

)y o €T —em ™
Ta (Z) ea% 4 =0z 2’
2
#(z) = &

(eaz + e~z 4 2)2 :

Suppose that z, = O(1). Then, as a — o0, 7"}(11)(2) — 00. It may seem to the reader that z, = O(1) is a
condition that may not happen and hence it won’t cause any issues. However, this is not the case. In fact, as
will be shown in the next lemma, many of the regression coefficients satify the condition |37 ;| = O(2 logp).

For these elements as o — 00, r(ﬁ?‘l k) — 00.

Lemma 3. Suppose Assumptions A1-A5 hold. Let SV and S© be as defined in (7). Then we have:

3, — B 4log(2)p
P Ot‘ < *105(<4)P
1. %%Xn\\ﬂ/z Bl < B
2a Qa0 lf/\a x;
2. B> — By < eIkl
P B
5. 18 - Bl < LBl

4. 1I£11a<xn\|g(3> - g(ﬁ/z)” < %{%%) with probability at least 1 — g, — e P — §,, — ne P/2.

K
>
2

5. Suppose o = w (L) then for large enough min min |B%
pp &) for larg ghp, join  min, 187 1
/i

nPolyLog(n)

m), then for large enough p, with probability at least 1 — q, — e™P:

6. Suppose a = w (

-, 1 4
max max |37 ,] < —log| — ).
0<i<n peg® /" o Ko

/i

The proof of this lemma is presented in Section 5.2.
A source of difficulty in handling the smoothed regularizer is that we do not have much control over the curvature,
f&l)(ﬁ/ai ») when k € (Sﬁ) U 8;?))0. Keeping this issue in mind, let us first simplify the error between the leave-

one-out cross validation risk and the ALO for the smoothed problem. To simplify the calculations we introduce
the following notations. Let 7,(0) denote the vector [f4(01), 70 (62), ..., 7a(6,)] . Similarly,

0(0) := [f(y1:x] 0),{(y2:%5 0),..., L(yn; x,, )]
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and ¢ /i(0) is the same vector as (@) except that its i*" element is removed. Furthermore, define f 1i(0) as the
gradient of h,(-) at 8, i.e., _

£/:(8) := Ma(6) + X ;(/:(6). (24)
Notice that f/z(ﬁ;‘z) = 0, where ,@71 is the true LO estimate. Similarly, define th Hessian of h,(-) and its
leave-one-out coounter part as

J(0) = Mdiag(74(8)) + X diag[¢(8)]X, (25)
and }
J,:(0) = Mdiag(#a(0)) + X ), diag[l/;(0)]X /;. (26)
By using the first order optimality conditions, we have
£(8%) = o,
£,:(87) = 0. (27)
Define A = ﬁ 7 ,@‘X. Using the multivariate mean-value theorem we have
0 = £,(8%)
= f4(B"+A%))
1
— B+ ( / 3B +tA /l)dt) . (28)
Moreover,
0 = A(B%)+XTUBY) = £,:(B%) + £:(B)x. (29)

Combining (28) and (29) we have
VBB

-1

— —i(B%) ( / 3B (- t)ﬁ;é)dt) Xi. (30)

As is clear from (1), the ALO approximation of A% 7; s given by

3

~ PN ~ -1
%= 0B (3,685 - A7) % (31)
Also, it is straightforward to see that
\ALOO‘ —LO%|

n

Z (i ] B%) — 6(yi, x] (B + A%))

< max b (i, x; BO‘)| L=

x| A — XTA/Z , (32)
i=1

where Bf is a point on the line that connects ,@a and 37 Similar to the proof of Proposition 1, we can see that

for many reasonable models, maX1§i§n|¢ Yir X; ,8“ ] = O, (PolyLog(n)). Hence, it is enough to obtain an upper

bound for x; A¥ — X;FA‘/"i. From equations (30) and (31)7 we have

TAa TAw
xiAifxiAi

-1

< 6B %] [( / Ji(tB° + t)ﬁ;@)dt) ~ (3,87, - 7i>)_1]xi
< 1B {( [Ny 1—t)ﬁ/z)dt>l— (3:870) " |
HGEI | (30870) - (3408~ a7) | (33)



We again emphasize that we cannot let o — oo in these expressions, since some of the elements of J matrix go
to infinity. Hence we have to find proper ways for obtaining an upper bound for (33) for large values of a. As
is clear from this discussion, we have to be careful about 7, (’5\7‘1 ). The next lemma provides some information
about these quantities:

Lemma 4. Suppose the assumptions of Lemma 3 hold, and assume a = w (%ﬁogé)n) \Y, pn)' Then the
1

following statements hold with probability at least 1 — q, — e P:
1. Yi,Vk € By;: X
| #olBus = 85000 = 20+ ol = iy
2. Vi,Vk € By ;:
FalB2)s FalBs) > 20+ Sall —m)ng
3. Vi,Vk € By +:
‘/01 TQ(B})‘M — tA‘j‘i’k)dt — 217‘ < QaeT 2R

4. Vi,Vk € BLZ‘,J’_.‘

Fa(B2) = 20| < 20630,

7"04(371’6) — 277’ < 2qe” 71,

Note that the rate assumption on « ensures that both rates hold in both Part 5 and Part 6 of Lemma 3. The
proof of Lemma 4 is presented in Section 5.3. This lemma confirms that we have some control over the curvature
of the regularizer on sets By ; and B; ; . The following lemma enables us to obtain an upper bound for the error
between the leave-one-out estimate and ALO by finding an upper bound on the error over the set Bf. In other
words, the next lemma enables us to remove the indices k for which we are certain 7, (B,‘j) converge to infinity
from our analysis.

4plog(2) .
(€)2n(1 —n)

Theorem 3. Suppose Assumptions A1-A5 hold, the conclusions of Lemma 3 are true, and o >

Then we have

1 -1
~ ~ ofi 1
sz </ Ji(tBY + (1 — t)B/i)dt) X; — XiT,BS _()\dlag(rlg{ )+ X/Z B; dlag(f )X/i,Bg ) X;,B¢ |
0 o :

1 |17 PolyL XTX 2
o IOl PobLogIXTX) 2 5
Aa(l —n)ko 2\
and similarly
X (3B) i x5/ + X ding ()X )
4 /i % zva g\r ~ge BS 1ag B ; XzB
0,1
16]|x;]|> /PolyL XX 2
< Ol PobLosmIXTX) ) -
Aa(1 —n)ko 2n

Here i7" = 2 (Fa(By, + tAg))edt, B = [0\ (Fu(By, + 107 )udt, £°T7 = Fa(BY, — A7) and I
(B, = AF,).

The complete proof of this theorem is presented in Section 5.4.

Applying (33) and Theorem 3, we have reduced the problem to the quadratic forms on the subset B5. The main
remaining difficulty is that for the indices outside Bg, \ Bii + we do not have much control over ra(@?) So
the question is whether those terms can cause any issue in our approximations or not. Our next theorem will
show that these elements will not cause any issue if there are not too many of them. More specifically, in the
asymptotic regime we are interested in, i.e. the asymptotic regime in which n,p grow at the same rate, if the
size of the set |By; \ Bi, +| is sublinear in n, then the difference between ALO and LO converges to zero.
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Theorem 4. Suppose the assumptions of Lemma 3 hold, and assume o = w (%%) Moreover, for a
01

sufficiently large constant C >0, let 1 < d,, < p/C be such that

C
. . <
e 185\ Buie| < d

with probability at least 1 — . Let F denote a set such that By ;4 C F C Bg,;. Then we have
x] - (\diag(iY") + X Fdiag((™ )X ) x, p — %] F(Adiag(#/7) + X Fdiag(I*")X )% 7
PolyLog(n) dn, Cd, Clogp
< S5 gt e +
A3 (1AM nAn  nX32p? nn

p
2

with probability at least 1 — (n +1)e™2 — (n+ 2)p~% — 2¢, — 2¢n, — 2Gn — 2Gn, for sufficiently large p.

The proof of this claim is long and will be presented in Section 5.5. We will now use this theorem to complete
the proof of Theorem 1.

First note that the leave-one-out cross validation risk of elastic net and smoothed elastic-net are

n

LO(/\) = %Z(b(yiaxjﬁ/i)-
=1

o 1 e
LO*(\) = n Z(b(yiaxjﬂ/i)' (36)
i=1
Hence the difference of the two is
[LO() — LO*(A)] < max [d(ys, 2:)|[x (B — BF:)]

< max |6y, 20 i [18): — B,

. 4log2p
< i 2i)|[|%ill | ———- 37
< max [¢(yi, )| || o (37)
According to (32) we have
[ALO® — LO%| < max |q§(y XTBQ)‘ L i x] A — xT A%, (38)
= 1<i<n 1y g Mg n - i = i =/i|

Combining (36), (37), and (38), we have

|ALO® — LO| < max |$(yi, z:)|[|x]| Alog2p + max ’¢( ; XTBQ)| = i x] AY — x] NS, (39)
= oW = an 12i, | OB X By A

i=1

Furthermore, according to (33), Theorem 3, and Theorem 4 we have that with probability at least 1 — (n +



De % — (n+2)p~% — 2¢, — 24n — 240 — 2Gn:

o~

x; A% —x] A, (40)

-1

< 1B [( 3p(Be + - 0fi) - (36) " |x
BB | (3482) " - (34087 - 83) |
<1637

- x; B _()\dlag( 2/1 )+ XBC dlag(é /4 )X, ) X, B,

0,i

. a/i . o/t _
XZBC v()\dlag(rB{ ) + XE 55, dlag(ﬁ )X /i85 .) 1xi738‘i

i o 2 T
+32|€ (B )|||Xz|| (PolyLOg( n) | X X]| 1)
Aa(l —n) 2\n

| A ﬁa)| PolyLog dn log p Clogp
3(1A )\77 n)\2 nin

o 2 T
32/0,(B >|||xz|| (PovLontr \X X, 1)
Aa(l —n)ko 2\

As is clear from this equation, as o — oo, and for large values of n,p, if d,, grows slowly enough in n (or
equivalently in p) the difference |ALO% — LO| will be negligible. The last step of the proof, is to show that the
difference between |[ALO“ — ALO)] is also negligible. Note that our approximate ALO formula for elastic net can
be written as

+

(41)

1< ~ ~
ALO = = i X TN 42
O n Z QS(y ’X’L7SBS + Xz,S /2)7 ( )

i=1
where

A i = ((B) 2l + X 3 diag({(B8)Xs) ' xs,s.
Hence, we have

|ALO — ALO%|

= —Z 6y, X7 s (Bs + D)) — dlui, (x] B + A%))]

< max[d(yi, 20)| (] B — x]sBs| +max|d(yi, z0)lIx] A/ — x| Af|
; 4log2p : ~ ~4
< max |y, 20)|[xilly [ — > + max |y, z)Ix] B i — x A, (43)

where to obtain the last inequality we have used the first part of Lemma 3.

Similar to the proof of Theorem 4 we can prove that

\szA/z - 6 X; 61 . (20l + X61 +dlaug XB1 i) 1xi73m+
< )\Eolyi_‘(/)\g/\n [dy, log p n)\Q /Clogp (44)
with probability at least 1 — (n+ 1)e™ 5 (n+2)p — 2@ — 2(4n — — 2@y, for sufficiently large p. Similarly,
e A, — (B™)x]p, ., (Adiag(i (B*)) + X5, , , diag( (ﬂ@))xsl,i,+>—1xi,el,i,+|

PolyLog d, log P C log P (45)
3(1A )\77 TL)\Q
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with probability at least 1 — (n + l)e_g — (n+2)p~% — 2¢, — 2¢n, — 2G5, — 2Gn, for sufficiently large p. In the
rest of the proof, for the notational simplicity, we use the notation B instead of By ; 4.

15— x;] A
< [(B)x; 5, <2Anﬂ+xT diag((B))X5. ) "xin,

—E(,@o‘) X;8, (Adiag(7 ) +XB+d1ag( (,@a))X5+) Xi B,
+ 2PolyLog dp log p Clogp
3(1A )\n n)\2 nan
< |68 )

X |xl 5, (A0 + X, diag(#(8)) Xz, ) 'xi 5,

x5, (\diag(# (8%)) + X g, diag({(B))Xs, ) ' xi 5. |
+108) - é(ﬁan
X X, B+()\dlag )) + X3+dlag ( NXp,) x5,

2PolyLog dn log p Clogp
46
+ (1A )\77 \/ n)\2 nn (46)

Since the minimum eigenvalue of (Adiag(i®(8%)) + Xz;+ diag(@(ﬁo‘))XBJ is larger than 2\n, we can conclude
that

6(B) — ((B*)|x, 5, (Adiag(i®(8%)) + X}, diag({(B“)) X5, ) ' %i.5,

<M\€( A i@) @ ||Xz||2| i0)(x] (B — B*))|

— 2\
i3 3 7a
<o 113 - 3]
()||Xz||2‘€( )| 410g )
— 2\ an
()
< PolyLog(n) £7 (47)
A an

with probability larger than 1 — ne™ — g,, — ¢, To obtain Equality (a) we have used the mean value theorem
and @ = tB+ (1 —t)B“ for some t € [0, 1]. To obtain inequality (b) we have used Part 1 of Lemma 3. Inequality
(c) is based on Assumption A.4 along with Lemma 17.

Also, using Lemma 13 we have that

%, 5, (A0 + X5 diag(£(B8)) X5, ) x5,
— XZB+ (A\diag(7#*(8“)) + X3+dlag( (,8“))XB+) Xi B,

< Il Amax () 1€ [ A2 (T)
(2An)? (2n2)2 (21 — Amax(T))”

where

I = Miag(i®(8)) + X5, diag(£(8))Xp, — 221 + X}, diag({(8))Xp.). (49)



Therefore, by using Weyl’s theorem

Amax(T) < Amax(Adiag(#3, (B%)) — 2A11) + Amax(diag(£(8)) — diag(£(8*))|X X
< 2 e~ 4 |8 — B||X X |[PolyLog(n)

4log?2
< 2hae T 4 ﬂHXTXHPolyLog(n)
an
1
< — 50
7 (50)

with probability larger than 1 —e™ — §,,. To obtain the two penultimate two inqualities we have used Lemma 4
pPolyLog(n) A PolyLog(n)
n K1

that | X"X|| < (/70 + 3)2Cx with probability at least 1 — eP.

and (3). The last inequality uses a = w ( ), where we use the fact Lemma 19 to conclude

Plugging in these bounds into (46) we obtain
x5 D i — x| AJ]

(2 il
< |6(B)] <p(2 Y Eid (2p77/\)2(>\’7)>

< PolyLog(n) 14 1 + PolyLog dn, log P C logp
— Vp(An)(1V An) pAn 3(1A )\77 n)\2

pPolyLog(n) A PolyLog(n)
n K1 ’

where we use o = w (

Returning to (43) we thus write

PolyLog(n) d,  d,PolyLog(n) n PolyLog(n)

ALO — ALOY| < ——2—~+
| < A3 (1A An)3 \ nin ni2n? ninp

by the assumption ¢(y;, z;) = O, (PolyLog(n)). To conclude the proof of the theorem, note that

|ALO — LO|
< |ALO — ALO®| + |[ALO® — LO|

PolyLog(n) d,  d,PolyLog(n) PolyLog(n)

T3 A A3\ nAp nA\2n? nin
provided a = w (Hgigl/\y(];igx))n A POlyI;fg(n) ), with probability at least 1 — (n+1)e™? — (n+2)p~ % — 2¢,, — 2G,, —
01

4 Proof of Theorem 2

One of the main components of this proof uses concentration results on the empirical distribution of ,@, the
subgradient of ¢1-regularizer (see below for precise definition), and the sparsity of 3, where 3 is the minimizer of

1
3y = XBI5 + MlBIE + A = n)l|Bl]-
In order to state the results, we first introduce the following terms:

e Let gz denotes the empirical distribution of ,@

e Let © be a random variable with its value uniformly distributed among the elements of 3*, and let Z ~
N(0,1) and independent of ©.
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o Let soft(x,r) denote the soft thresholding function
soft(z,r) = (Jx| — r)sign(x).
o For a couple (7,b), define

@ (r,b) = soft (TZ +o, M) —e.

_ b
b+ 2MT1
o Let the couple (74, b.) be the unique solution of the following equations:*
1
7 = 0% + —E[&/ (8,7)]%, (51)
Yo
1
B=1-— TEZ o' (B8, 7). (52)
0

o Let p* denote the law of the random variable @/ (., b.) + ©.

e Let s, be defined as

AT,
Sx _IP’<@+T*Z > bT ) .
Lemma 5 (stated and proved later as Theorem 8). Under Assumptions A1-A5 and B1-B5, there exist constants
C,c > 0 such that for all € € (0,0.5]:

P (W2(/77 H*)Z > 6) < CE—ze—ch(logs)*z’

where Wy denotes the Wasserstein 2-distance.

We can now start the proof of the theorem. By the definition of By ; and B, ; we have, for each fixed 7 that:
(B1,; UBy,i)°

|ﬂk| <y or Bl < fﬁ) and

~{re
(10@0)1 > 1= s or g(Fea)] > 1 - w0) }
- {k 0< |ﬁk| < m}
u :0<|,3/l,€|<;<1}
11— ko < |g(Br)| < 1}
1 — ko < |g(Bjin)| < 1}
B 1Bl > ks lg (Bl < 1— o }
J

k- |B/i,k| > k13 1g(Br)| <1 — ko
=K1 UK UK UK UK3 UKS. (53)

-
>

(-

C
r—"\/—’h\/—"\r—"\/—’h\
ol

U

We can now bound the sizes of each of the above sets. Since the full model and the leave-one-out models are the
same in nature, we only bound the sets (K1, K2, K3) related to the full model, since the same proofs apply also
to the leave-one-out models (K7, K5, KC5).

1. Bounding |K1|: The following lemma helps us bound the size of this set:

*The uniqueness of the solution is proved in Lemma 23.



Lemma 6. Suppose k1 = o(p %(logp)i). Then, then there exists constants C,C" such that for all 0 < k <
n7

{20 < [Bil < m1}| < Cp (l0gp)'

with probability at least 1 — C'p~". It then follows from a union bound over i that

Jnax ‘{k 0< \B/Zk| < m}‘ < Cp12 (logp)i
with probability at least 1 — C’p‘6.

Note that the size of the set ‘{k 0 < |Bk| < lﬁ}’ can be calculated from the empirical distribution z. Also,
Lemma 5 connects i1 with p*. Hence, it is expected that we should be able to find a concentration result

for . However, there are several technical issues that need to be addressed in order to

prove Lemma 6. Hence, the complete proof of this lemma will appear in Section 5.6.
Using Lemma 6, it is straightforward to confirm that

C1| < Cp''/ 12 (log p) M/
with probability at least 1 — C'p~7 for some C,C’ > 0.

. Bounding K5: To find an upper bound for the size of the set Ko, consider the following two sets:
T = {k: B # 0}
and R
T2(ko) = {k : [9(B)x| € [L — Ko, 1]}.

First note that
Ti C Tz and Ko =T/ Th.

Our first goal is to show that %|T1| and %|T2| are close to each other. The following two lemmas enable us
to compare the two sets.

Lemma 7 (restated and proved later as Theorem 10). Under Assumptions A1-A5 and B1-B5, there exist
constants C,C’', ¢ > 0 such that for all € € (0,1],

1 _—3 _—cne®
( Z (gB)n|>1—c} = 5= +C€> <C'c e )

Lemma 8 (restated and proved later as Theorem 11). Under the same assumptions as the above theorem,
there exist constants C,c > 0 such that for all £ € (0, 1] we have

1 ~
P (‘Ilﬁo — S«
p

We should mention that the above two lemmas were originally proved in (Miolane and Montanari, 2021)
for the LASSO problem. Theorems 10 and 11 are the extensions of the results of (Miolane and Montanari,
2021) and their proof strategies are the same.

> 5) < Ce=Becne’,

From Lemma 8 and Lemma 7, it follows that, for some constant C, ¢y, ca,

1 1
\pl’ﬂ—s* < g and [ To(o)]| — 5. < Cro

2
with probability at least 1 — %exp(—czpmg). Here s, € [0,1] is the constant in Lemma 7. Setting
Ko

Ko = (m)l/ 6. using the above concentration, we obtain

cap
Ca| < [Ta \ Ta| < Cp/C(logp)*/*
with probability at least 1 — C'p~7.
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3. To obtain an upper bound for |Ks|, let g(B), g(,é\/l-) denote the sub-gradients of the LASSO penalty defined
n (6). Note that [g(8)x] = 1 and \g(ﬁ/lkﬂ < 1— kg for k € K3, and hence

|Q(E)k — Q(B\/z)ﬂ > ko for ke K.

VeEslKsl < [ 19(B) — 9(B)i)nl?

keKs
l9(8) — 9(B)1)
- 2iB)lixl

Thus

IN

AL =n)
CPolyLog(p)
A1 —n)

with probability at least 1 — g, — e™“?. The penultimate line follows from Part 4 of Lemma 3, and the last
line uses Assumption A4 and Lemma 17. Therefore

s | < CPolyLog(p) _ CPolyLog(p)
TR (102

Sle

ps < Cpt

ok

with probability at least 1 — ¢, —e~P, provided A2(1 —n)? = w(p~

)

Note that the same arguments hold for all 1 < i < n. By cases 1-3 above, along with (53), we have proved that

max |(By,; UBo,)°| < Cp'/**(logp)'/* (54)

1<i<n

with probability at least 1 — Cp~% — g, — e~°P, for sufficiently large p.

= |B1,;,—|. The proof follows the arguments made for IC3
above. More precisely, note that

198k — g(B)i)x| =2 for k € By .

Jnax, \/ 4B, |

Thus

= 1rgzagxn EBZ /6/1) ‘
< max [g(8 3) — 9(B))l
_ 2AlléB)l
A1 —n)
CPolyLog(p)
AL —mn)

with probability at least 1 — g,, — e~ P, for sufficiently large p. The last inequality again follows from Part 4 of
Lemma 3. Hence with probability at least 1 — ¢, — e~™“? we have

CPolyLog(p)
- =27 < 1

fglaxn'Bl Z,*' = )\2( — ) Cp 2PolyLog( )

provided \2(1 —7)? = w(p~12). Since By, = By \ B, we therefore have from (54) that

ax [(Byi U Boi)| < Cp't/12(logp) /!

with probability at least 1 — Cp~% — g, — e~°P, for sufficiently large p. This finishes the proof. O



5 PROOF OF LEMMAS AND OTHER THEOREMS

5.1 Preliminaries
5.1.1 Basic Linear Algebra Results

Lemma 9 (Weyl’s Theorem). [Theorem 4.3.1 in (Horn and Johnson, 1994)] Let A,B € R™*™ be symmetric,
and let the eigenvalues of A, B and A +B be {\;(A)}1—,, {\i(B)}, and {\;(A+B)}, in increasing order.
Then

[Ai(A +B) — Xi(A)] < Ai(B)

fori=1,...,n.

Lemma 10 (Woodbury Inversion Formula). Suppose A € R™*™ is nonsingular, and M = A + UBV, then
M *'=A"T"-AT"UB "'+ VAT'U)'VAT!

provided that all relevant inverse matrices exist.

Lemma 11. Let M € R™*"™ be non-singular, and partitioned as a 2-by-2 block matriz

A B
M:(BT C>

where A € R"*™  C € R™*"2 with ny +no = n. Then

M-l (AT'+ATBDBTAT! —A'BD
- ~DBTA"! D

where D = (C — BT AB) ™!, provided that all relevant inverse matrices exist.

Lemma 12. Suppose that A € RP*P {s an invertible matriz. Furthermore, assume that C € R™*"™ is a diagonal
matriz. Finally, B € RP*™. If A + BCBT is invertible, then its inverse is:

(A+BCB')'=A"1'-A"'B'"CBA™!
+A'BCB"(A+BCB'") 'BCB'A™!
Proof. First assume C is invertible. Applying Woodbury formula twice yields

(A+BCB")™!
=A'- A 'B(C'+B'A'B)"!'BTA!
=A"' - A"'BCB'A' +A"'BCB'(A+BCB')"'BCB'A™!

If C is not invertible, WLOG assume it has non-zero diagonal elements, i.e. by rearranging its rows and columns
there is a diagonal matrix C; € R¥*¥ such that

C = diag(Cy,0,..,0)

Split B in the same way:
B = (B1,B»)

where B; € RP** and B, € ]RPX("_’“), and we have
A+BCB' = A +B,C B/

so we can still use the above formula by replacing B, C by B1, C; respectively. O
Lemma 13. Suppose that A,T' € R"*" and that both A+T and T are invertible. Then for any v € R™ we have

_ _ Amax (D)vTv X (D)vTv
T 1o, T 1 < a max
VAT v A TS T T T R () Do (A) — S (D)
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Proof. Using Lemma 11 we obtain

VI A+TD) 'v—vT(A) 1y
< |VTATITA |+ [vTATIT(A + 1) 'TA Ly
Al'Ila.X(l_‘)VvT‘, A12'[18.)((1_‘)‘/7T‘,

= TN T2 A e (A) = A1)

In the last inequality, we have used Weyl’s theorem for bounding the maximum eigenvalue of (A + ')~}

5.1.2 Basic Probability and Statistics

Lemma 14 (Stirling’s approximation). For 1 < s <p € Z and p > 2, we have

p <eslog%
s) =

1
n!l = V2rn"tae e

Proof. By (Robbins, 1955),

with

<rp < —
12n + 1 12n
So

orsstae—sersy/ 2m(p — 8)@_8”%6*(1’*5)6”1’_5)

“ () ()

1

1 1
e Ts™Tn—s — pTon ™~ 1251 12(n—s)+1 S 1

S

The last term satisfies

Furthermore, if we asuume that 1 < s < p, and p > 2 then

p

— < 2.
p(p—s)
Hence,
1 P \/T
R <4/=<1.
V2r\\p—s V@
Finally,

p—s
(p 5) _ e(p—s)log% — P9 log(l-i—pfs) < et
S

Combining (55), (56), (57), and (58) we conclude the result:

p Seslog%”'
S

O

O

Lemma 15. (Theorem 1.1 in (Rudelson and Vershynin, 2013)) Let x € RP be a random vector with independent

sub-Gaussian entries that satisfy Ex; =0 and ||x;|y, < K. Let A € RP*P. Then for every t > 0,

2
i t t
—CMIN\ 5 r Ty oA A
{K2\|AH TEAAZ, S }
Y

P(|x"Ax — Ex' Ax| > t) < 2

where ||A||, and ||Allgs denote, respectively, the spectral norm and the Hilbert-Schmidt norm of matriz A.



Lemma 16 (Lemma 6 of (Jalali and Maleki, 2016)). Let x ~ N(0,1,), then
P(x x> p+ pt) < e 5(t-loall+h)

Lemma 17. Let xq,...,X, i N(0,X) € RPXP and suppose pmax(X) < p~'Cx for some constant Cx > 0, then

P( max ||x;] > 21/Cx) < ne ?/?
1<i<n

Proof. Let z = ¥~ 2x, then z ~ (0, 1,,) and

P(||x|| > 2¢/Cx) =P(z" £z > 4Cx)

< e~ 5(3—log(4)) < e~ P/2

The last line uses Lemma 16. A union bound over all 1 < ¢ < n finishes the proof. O

Lemma 18 (Lemma 12 in (Rahnama Rad and Maleki, 2020)). X € RP*P is composed of independently distributed
N(0,%) rows, with pmax = Omax(X), where 3 € RP*P. Then

P(|XTX[ > (v + 3y/P)*pmax) < e P
Lemma 19. If puax < p~'1Cx and n/p = 7o, then
P(|XTX]| > (70 +3)*Cx) < e

This is a straightforward application of Lemma 18.

Lemma 20 (Lemma 4.10 of (Chatterjee, 2014)). Let V1, Va, ...,V denote dependent zero mean Gaussian random

variables with mean zero and variances 03,03, . .. ,012,. We then have

E(max V;) < +/2log2p (max ai> .

Lemma 21 (Borell-TIS inequality). Let V1, V5, ..., V), denote dependent zero mean Gaussian random variables
with mean zero and variances 03,03,...,02. Then,

1 0p-
P(| max Vi — E(max Vi)| > 1) < 26757

where 0 = max(o1,09,...,0p).

Proof. Tt is a special case of the original Borell-TIS inequality, see Theorem 2.1.1 of (Adler and Taylor, 2007). O

Corollary 5. Let v € RP be an N(0,X) random vector. Let pmax denotet the maximum eigenvalue of . We

then have )
t
P(|[vlloo > V/2pmax 10g2p +t) < 2e™ Zomax .

Proof. This corollary is a direct application of the previous two lemmas and using the fact that max; o7 <
Pmax- O

5.1.3 Accuracy of ALO for Smooth Loss Functions and Regularizers

Theorem 6 (Theorem 3 in (Rahnama Rad and Maleki, 2020)). Under assumptions A1-A5 and B1-B5, with

probability at least 1 — dne™® — ;% - (niinl)s — gn the following bound is valid:
3 3 U; 3 Hi; PolyL
e P R < ) < CoPolyLog(n)
tsrsn 6:(8)) \1— Hii NG

for some constant Cy > 0.
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5.2 Proof of Lemma 3

The elastic net objective function is

h(B) = Uy x] B) + A1 —1) ZWHW
j=1

i=1

and its surrogate smoothed objective function is

n

ha(B) = Ly %] B) +A(1 -1 }:M” )+ B 8.

=1

where r{ is defined in (18).

1. According to Lemma 1,

sup[h(8) — ha(8)] < 2L 1PL0EZ)
Hence,
0 < ha(B) — ha(B°)
= ha(B) ~ h(B™) + h(B*) ~ ha(B%)
< ha(B) - h(@) + 2UZ10E2)
AL~ n)(l0g2)

(59)

In the first and second inequalities above, we have used the facts that B and ,@”‘ are the optimizers of h(3)
and h,(B) respectively. By the Taylor series expansion at z = B,, we obtain

ha(B) = ha(B”)
= Vha(B*)T (B - B%) + (B B*) V?ha(£)(B - B)
=@—@fW%@w—mV
> M8 — B2 (60)

Here & = t3° + (1- t),@ for some t € [0, 1]. Note that to obtain the second equality, we have used the fact

that Vha(8*) = 0 due to the optimality of BD‘. The last line of (60) is due to the existence of the ridge
penalty term An||3]|? in h,. Comparing (60) and (59), one has that

~ 4p(1 —n)(log 2 4p(log 2
Hﬁ_ﬁang\/ (1) >§¢ (1052 1)
an an
Using a similar approach we can also prove that
z A 4p(log 2)
18 = BFill < e
n

This finishes the proof of Part 1.

2. Consider the first-order optimality equations of Ba and B?‘Z
D BT+ XA = mAD(B) 4 2 = 0

ij (8% + A1 — )i (B%) + MBY; = 0.
e



By subtracting one from the other we have
0= 3318 — F5(B7)) + il (B%) + M1~ mD (B%) — #D(B7)] + 2 (B — B7,)
JFi

It is straightforward to simplify this expression by using the mean value theorem for éj (BO‘) - éj (B/“Z) and
(1) A0y (1) Aa
P (B) - r&)(ﬁ/i):

i diag (07X i + A(1 - 1) diag#)) + 29, } (3@ - ﬁ7i) = —x;;(8%). (62)

In this equation, X /; is identical to X, except for the removal of the " row. As expected from the mean value

theorem, in each diagonal element of the two terms diag (ﬁa/l) and diag(i((j/)i) the second derivative of £ and

r are calculated at a point & = ¢3% + (1 —t)ﬁ‘/xi for some ¢ € [0, 1]. The choice of ¢ can be different for different

diagonal elements and is dictated by the mean value theorem. Defining diag(#®) := (1 —n) diag(# ( /) )+2nL,,

it is straightforward to use (62) and obtain
18% = B
/i -1
x (diag ((*")X /; + A diag (i )}

IN

I 14:(8%)]

< | i(ﬁ“)lllxi\l,
- 2)\n

where the last inequality is because of the existence of 2nl, in diag(#*).

. According to Part 1, lim, oo B‘/Xl = E/i, V0 < i < n. The result then follows by letting o — oo in Part 2,

and using the fact that ¢ is continuous.

. By Part 3,

1£(B)] x|

18- Bl < S50 (63)

Note that the first order optimaility equations of ,/8\ and ,@ /i are:
Zx] B) + A1 —n)g(B) +2x8 =0

ZXJ 1(B1) + M1 = m)g(B:) +2MnB; = 0.
J#i
By subtracting one from another and applying the mean value theorem we have
A1 =n)lg(B) - (ﬂ/i)]
== 3" (6(8) — 65(B)) — x:€:(B) — 22(B - By2)
J#i
~ [X]: dingl1X i + 2201, ] (B B0) — x:li(B).
Here, we have defined £ as it was in the proof of Part 2. Under the event that

{supsup sup £i(tB+ (1—1)B);) < PolyLog(n),
i j#i tel0,1]

IXTX] < (VAo +3)°Cx,

sup [|x;| < 2¢/CXx,

sup |0;(B)| < PolyLog(n)}
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with probability at least 1 — ¢, — e P — §,, — ne ?/? according to Assumption A4, Lemma 17 and Lemma
19, we have

A1 —n)llg(B) — 9(B:)l|
(PolyLog(n) | XX + 22|18 — B/:|l + Ixill1:(B)]

(Caaine i G TMITING)

IN

< PolyLog(n)
=7

where in the second inequality we also used (63). Combining the above results we have

PolyLog( )

max [|g(3 ) (,6/1)” > 77(1 —n)

1<i<n
with probability at least 1 — g, — e — §,, — ne P/2,

. (k € SM) We only provide a proof for 5 and ﬁa, since the arguments are exactly the same for the leave-
one-out estimators 3,; and B%.

For k € SM)| we have \B\k| > K1 SO

4p(1 —n)log?2 S

Bl > (B — 1B = 8% > — ol
1BE] = 18kl = 1B — B[] = k1 an 5

provided that ank? > 16(1 — n)(log2)p. The second inequality uses (61) to bound HE — ,@"H

(keS8 (0)) From the first order optimality conditions on ,@ /i and ﬁ?‘i, we have

> xi5(Bri) + ML= 0)g(B):) + 22nB); = 0

JFi
> " x05(8%) + AL —n)VriD(B%) + 2289 = 0.
JFi

By subtracting the two equalities we obtain

Ve (B = 9(Byi) =5y | 2% (Br) = L(Bh) + 22n(Bys — B
J#i

:ﬁ ( i diagll; (&0)];X /i + 2L, ) (B — 371,). (64)

The last line follows from the mean value theorem applied to /(-), and £ = t,@/i + (1 - t),é\% for some
t € [0, 1], where ¢ can be different for different 7, j. By Parts 1-3, we have Vi, &; lies in set D in Assumption
A4 for large enough p. To see this, let &; :=t8/; + (1 — t)B/,;. By definition of D, §; € D. Now since

3 a2 4p(log 2
&g — &ills = (1 — )85 — Byillz < P<m;é>

the difference can be arbitrarily small for large p, when we assume an = w(p). So there exists py such that
* .
Vp > Po, ||€'7 - giHQ S€7 Le. gza eD.



S0 maxo<i<n,j£i ﬁj (&) < PolyLog(n) with probabilty at least 1 — ¢,,." Then we have

max [VrO(B%) — 9B

0<i<
1 J T 2 2a
< m(ogg?ﬁ# 15 (EDNIX T X[ + 22018 — B
1 4p(1 — n)(log 2)
< 2 o S VA S~ 4
< Xa— (PolyLog(n)(v/70 + 3)“Cx + 2An) o
PolyLog(n) [p(1—mn)
65
Mi—n) e (65)

with probability at least 1 — ¢,, — e”P. The second inequality uses Lemma 19 to bound || X" X|| and Part

1 to bound |8 — B%||. The last line uses boundedness of A and 1 (Assumption A5) to absorb 2An into the

constant C.
Without loss of generality we assume that 0 < g(B) r < 1— ko (negative subgradients can be handled similarly).
We first obtain

~ O‘Eﬁ,k _ —O‘B\/‘Xlk 9
VT&I)(ﬁ%‘)k_l: eAa 6/\& 1=
eaﬂ/i,k + e_o‘B/i,k +92 1+ eaB/i,k'

It follows from (65) that, with probability at least 1 — ¢, —e P, Vi > 0, k € [p]:

_PolyLog(n) [p(—n) _ | _ 9B — 2 PolyLog(n) /p(l—1)
/\(1 - 77) arfn 1+ ea57i,k /\(1 - 77) amn

(66)

By rearranging the terms in the second inequality of (66) and using the fact that 1 — g(é i)k > Ko, we obtain

_ PolyLog(n) [(1—mn) < 2

< __ < Qe_ag/ui,k
/\(1 - 77) an 1+ eC"B%,k

Ko

Therefore

Bk < é <10g2 —log [ﬁo _ PolyLog(n) [p(1— n)D

A1 —=mn) an

nPolyLog(n)

By our assumption that a = w (n%kz(l—n)n

) , we have

PolyLog(n) [p(1—n) _ 1
- Z 5 ko,
A1 —mn) an 2

Ko

therefore with probability at least 1 — ¢, —e ™, Vi >0, k € S;?):

- 1 1 1 4
%< —|log2-1 = =—1 — .
P = (Og Og(2H0)> o Og(/%)

Using a symmetric argument on the case of negative subgradients, we conclude that

~ 1 4

max max |37 [ < —log | —

0<i<n peg©® |/ @ Ko
/i

with probability at least 1 — ¢, — e™P. O

tPlease note that for notational simplicity we use the same notation for all the terms that are polynomial functions of
log(n), and have dropped the subscript 2 of the term PolyLog(n) that appeared in Assumption A4.
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5.3 Proof of Lemma 4
Recall that the penalty function is
1—
ro(2) =0z + Tn - (log(1 + €**) + log(1 + e~ %)),

It can be verified that
2x

eQZ 4 e~z 4 2° (67)

Fa(2) =20+ (1—n)-

We have R R
v Fa(BR) = Ta(B; 1)

/ Fo (B — AT )dt = A -

0 B — 5/i,k

Note that 7 (z) = 2nz + (1 — n) (1 - 1-1-%) is an increasing odd function, concave on [0, +0c0) and convex on

(—00,0]. Furthermore, using the fact that %e_m < ﬁ < e~ ® for x > 0, we have, for z > 0:

1
Fal2) 2 20+ Lol — e, (68)
and
Fa(2) < 20+ 2a(1 — n)e”**. (69)

With this background, we can now state the proof of each part.

1. (k € Bp;): By Part 6 of Lemma 3, for large enough p, with probability at least 1 — g, — e™P we have

Vi, Vk € Bo.i:
SO 1 4
oo { B, 1574/} < 3 1oe ().

With the same probability we then have

/ (B — tA%, Ot > 70 (S log(L))
) Ta\P/ik /i.k Z Ta o 0g Ko
(b) 1 Ko
> Z —_ )2
= 20+ za(l 7) 1
1
=2n+ ga(l —1)Ko.

Inequality (a) is because 7, (z) is decreasing in |z|. Inequality (b) uses (69).

2. (k € By,;): An argument similar to the one presented for part (1) proves

. Fa 1
Fa(Br) = 20+ ga(l — n)Ko-
with probability at least 1 — ¢,, —e™P.
3. (ki S Bl’i’Jr):

1
2n < / fa(ﬂ}li,k - tA7z’,k)dt
0
.. K1 _1
<o () <20 + 2007 20m,

4. (k € B1,,4+): Similarly we have

2n < ra(gg) < 2+ 20e 2O,

5. (k € B1,;+): The proof is identical to 4) by substituting a"‘ with 371



5.4 Proof of Theorem 3

We begin with the proof of (34). To simplify notation we will use the compact notation L /i and R /i to denote
the diagonal matrices diag[fol E/i(e(t))dt] and diag[fo1 7 (0(t))dt] respectively, where 8 = B8~ + (1- t)ﬁ% We
also fix an index ¢ and write B; + and By to denote B; ; 4+ and By ; respectively.

Plugging in 8 = t3% + (1— t)B/“i, with a possible permutation of the rows and columns of J,;(8), by (25), we

have that
1
A B
J,:(0(¢))dt =: ( )
fo B C

_(MRyisg + X g LiX i g X 5:LiX i,
_ R ) /i, ,
X i L/iX /i B ARyig, + X, 5, LyiX i 8,

By the block matrix inversion lemma, i.e. Lemma 11, we have

(/ 1 3000 )

(A1 +A-'BDBTA! AlBD)

—1

-DBTA! D

where D := (C—BTA7'B)~!. We will now estimate the norms of each of these terms separately, using Lemma
4.

Bounding ||A~!||: Note that for 8(t) = t3% + (1 — t)B\/“i, we have

Omin(A) = Omin (/\R/i,BS + X/Tiﬁgi‘/ix/i,Bg>

(@) .
2> Omin ()\R/i788) > 2)\777

where for inequality (a) we have used the fact that the matrix X/Tz. B“i‘ /iX /i,Bg 1s positive semidefinite because
120
of the convexity of the loss function. Hence,

A= = < (2w (70)

Omin (A)

Bounding ||B||: If SP~! denotes the unit sphere in R?, then we can write the cross term

IB| = sup u'Bv

ues'Bo! vesiBol

< supoul (X%,Bsi/ix/wo) v
ues'Bo! vesiBol
a,veSP
1

< max [ £;(0(t))dt|X]. X ;
< max [ £(6(0)de|X]X 1]

0
< PolyLog(n)|X"X| (71)
In the third line above we define @1 and ¥ based on u and v as follows. Let B = {j1,... 7j\83\}- Then we define

@, = uy for k € [|B§]], and @; = 0 for all j € By. v is defined similarly. Note that @, v € SP~! so that the
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supremum in the next line is justified. In the last line we use the second part of (3), in conjunction with part 1)
of Lemma 3.

Bounding ||D||: By the repeated use of Weyl’s theorem, i.e., Lemma 9, we have
omin(C —BTA™IB)

1
A min {/ o (O(t))idt - k € Bo} —|IBII*|AY
0

Y

Y

Amin {/01 Fo(O(t)dt  k € BO}

PolyLog(n)|| X TX||)2
( ;/\LII iy (72)

where in the last line we use the upper bounds on ||B|| and ||A~!| we obtained above. From Lemma 4 we have

1
1
]52%1/0 Fa(O(0)dt > 20+ <a(l ~ ), (73)
By combining (72) and (73) we obtain

omin(C—BTAIB) > %(1 — n)Ko. (74)

provided

A (PolyLog(n) X X])?
22X —(1— >
"+ 16 (L=n)ko = 22
Note that according to Lemma 19, || X T X|| is bounded by a constant with probability at least 1 — e™?. By the

assumptions of this theorem, we know that o grows fast enough, and thus the above event holds with probability
at least 1 —e™P.

Hence, under the event | XTX|| < C, which occurs with probability at least 1 — e™?, we expect ||D|| to go to
zero as « — 0o. Therefore,

- IR 16
DIl = [(C~B"A™B)™!|| = (0min(C -~ B AT'B))"! <

~ da(l —n)ko (75)

By the block matrix inversion lemma,

-1

1
e 20 . Lafi . /i _
|X1T <A J/l(tﬁ + (1 — t)ﬁ/z)df) X; — XIB8 ()\dlag(ZB/ )) + X;:;ﬁgdlag(é )X/i,BS) 1xi,83

c
0

_ +(A'+A'BDBTA-! —A-'BD T a-l

’Xi _DBTA-! D Xi — X;,B¢ X, B¢
XIBSA_lBDBTA_lxi)BS + 2|XIBSA_1BDXi7BO| + XIBO Dx; 5,
< [l sg 1P AP B2 [DI] + 2[x,55]l[| A~ BDx; 5, | + [xi,5, /D]
< [Ixil2IATHPIBIZ D] + 2[fx,s5] | A~ HIBDIHIxs,5 + [ D]
< [l lI* DA 1B + 2| A7 [IB]| + 1)
= [Ixi*[DI[([|lA B + 1)?

16> ( PolyLog(m)|XTX] ,
~ Al —n)ko 2\n '

A A

tPlease note that as mentioned before, for notational simplicity, we have dropped the subscript 24 of the term
PolyLog(n) that appeared in the second part of Assumption A4, use the same notation for all the terms that are polynomial
functions of log(n).



In the last step we use the previously derived bounds on the operator norms of A~!, B and D, along with the
Cauchy-Schwarz inequality. As discussed before, this error will be small for large values of a.

To show (35), we define 8 := 371 —A;. The bounds then follow by the same steps with very minor modifications.

O
5.5 Proof of Theorem 4
We will use the notation
.~ ~ 11—
Wg 1= ||XTX|| sup max £;(tB“ + (1 — t)ﬂ‘/)‘i); pla) := A (217 + a(n)ﬁo) . (76)
tefo,1] 1<isn 8

By the assumptions of the Theorem we define the following two events:

1. Ap := {Assumption A4 holds}

2. As = {maxi<icn [BG i \ B+

< dn}

which hold with probabilities at least 1 — ¢, and 1 — g, respectively. We will prove the theorem assuming that
the two events above both hold, which by the union bound, happens with probability at least 1 — ¢, — G-

Our strategy will be to bound the following quadratic forms:

x;—f()\diag(i;/i) + X—}'—-diag@a/l)X}-)_lxi’f - XZBl,i,Jr (Adiag(7#/" ) + X;';LHdiag(za/z)Xgl’H)_1xi’317i7+

~Bi,i,+ ~

< fldn), (77)

and similarly

xzf()\diag(ij__/i) + X]T_-diag(za/z)X]:)*lxu: — XZBLi,+ (Adiag(#°/? ) + X;Mdiag(éa/z)xglw)*1xi,311iy+

~ ~Bi,i,+

< f(dn) (78)

for a suitable function f(-) of d,, i.e., the cardinality of set differences.

In the rest of the proof, we fix an index ¢ and write B;  and By to denote B; ; + and By ; respectively. Consider
the following decomposition

sa/ A Bl) (79)

N )i T _diag(i®" =
H, = Adiag(is") + X ; pdiag(L )X i r (BlT Ci

that is obtained by a permutation of rows and columns such that the rows and columns of A; belong to By 4,
and rows and columns of C; belong to F \ By 4. Define 6(t) = t8* + (1 — t),@'%. Then, we have

A, = diag [A{/01m(a(t))azt}m+

1
B1 = X/Ti,131,+diag |:/0 E/Z(O(t))dt} X/i,]:\BLJr

1
+ X/Ti,Bl’eriag [ /0 e/,-(e(t))dt] X /i .

1 1
C, - diag [)\ / fa(H(t))f\BH)dt] X, s, , ding { / i /i(e(t))dt} X5
0 ’ 0
Similarly, we define Ao, By, Cs in the following way:

H, := \diag(#9/") + X Fdiag(1™ )X r = (A2 BZ’)

B] C,
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where
A2 = diag A {’Fa('é\a)}gl +:| + X/T,i761‘+diag {E/Z(BQ)} }(/2‘7[311Jr
B, = X] p,  diag [éﬁ(@“)} X /i, F\B1 ¢
Co = ding |\ {7 (3" X/, diag |,,(8%)| X4
2 = diag |\{7a(8%) L | TR 8 i(B) | X i, 7.
We then obtain
()\dlag( o/t ) + X Ldiag (¢ />X]-') X, F — ()\dlag( O‘/l) +X}-d1ag(€ /)X;) XiF
(A BT (A B\
- IB] Gy B] C, wr

By matrix inversion of block diagonal matrices, Lemma 11, we have

H - A+ A,;lBTkDEkTA,;l —A;'B;Dy (81)
—~D;BJA; D,
where for k = 1,2 we define
D;. = (Cr, — B A 'By)!
From (81) we have
L (Mdiag (i) + XFdiag(E")X ) i = x] - (liag (/") + X Fding (/) Xr) x5

_n, (A By (A BT

TP IB] Gy B] C, i

< Jhor — tboz| + |11 — Y12| + Y21 — Vo] + 2|31 — Y32, (82)

where

Yok =X, AL XiB, L
ik =%, AL'BiDiBL A x5,
(TS in\Bl DX 7By s
Y3k =X, g, LAY 'BiDix; 7\5, -
The last inequality of (82) is the result of the triangle inequality. Our goal is to prove that all the terms in (82)

are small with high probability for large values of n, p. Towards this goal, we will first prove that 111, ¥12, Y21,
a9, W31, and Y30 are all individually small. Then, we finally show that the difference 191 — ¥g2 is small too.

e Finding upper bounds for 15; and 9

Note that 1

Omin (Hk) .

It is then straightforward to see that since H; and Hy are summations of )\dlag(rsc ') and Adiag (7 o/ z) with

UmaX(Dk) < Umax(lel) = (83)
a pair of positive semidefinite matrices, and that r has a ridge component in it, we have

Omin(H) > 2An.
Using this fact and (83) we obtain

IDk|l < (2Mn) "t for k=1,2. (84)



It then follows that

(a) max; Supy | 7i=q, ||Xi,7'||2
Yo < |IDill X I3 78, 17 < ;)\‘n .

(85)

Note that the reason we have used the maximum on the set 7 in bounding |[x; 7 g, , || is that F/Bi;
depends on x; and hence we cannot use standard concentration results for x? random variables (e.g., Lemma
16). Furthermore, when taking the supremum over sets 7, we have to consider all the sets 7 whose sizes are
smaller than d,,. But as is clear, in (85) we have only considered T with sizes equal to d,,. This is because
the norm of ||x; 7[|? < ||x;,7||*> if T/ € T. We have

P(max sup ||Xi,7*||2 > dppmax(1 + 1))

T T =dn
< Y Y P(xigl? > dnpmax(1+1))
i T T|=dn
< n(p >e—d.§(t—log(1+t>>
< d.
- nedn log (ﬁ) e-%(t—log(l-ﬁ-t))’ (86)

where to obtain the last two inequalities we have used Lemma 16 and Lemma 14. Setting ¢ = 8logp in this
equation, we conclude that

dy, log | & n
P (max sup ||Xi,7’||2 > dnpmax(l + 810gp)> < ne g (dn)ede(Slogpflog(lJrSlogP))' (87)
UOT T =d
Combining (85) and (87) we conclude that

Pmaxdn (1 + 8log p)
2nA

P (%k >

dn 1 = n
ne n 108 (dn)e—%(S log p—log(1+8log p))

log(n)+dy, log (;—p) — dT"(S log p—log(1+8logp))
e n

IN A

np~ 4, (88)
provided d,, > ey/1 + 8logp.

Finding upper bounds for 1; and 15: For better readability, we defer the proof of this bound to
Lemma 22:

Lemma 22. For k = 1,2 we have a sufficienty large constant C' > 0 depending only on ~vo and Cx such
that

N -1 TA-1,.
¢1k = Xi,Bl,+A2 BkBk Ak Xz,Bl,+

SM dfn_‘_ Cdy, +dn10g2p+£
ML A3\ nAn - nA2p? - p—d,  pAn

with probability at least 1 — (n + 1)6_3 —e dnlogr _ g G — Gn — Gn, for sufficiently large p.

Finding upper bounds for v3; and 135:
We have

Yk < \/¢2k X x5 ALBiDBIA X5, |
<V¥2ethie < (Y1k + thax) /2. (89)
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o Finding an upper bound for [ — ¥g2]:

T _ _
Xi,B17+(A1 b A2 1)Xi,81,+'

The proof of this part is similar to our proof technique for bounding ¥1; and 12, with a few important differences.
As before, there are two sources of dependency between A, As and x;: (i) The dependency of the input
arguments of ¢ and 7 on x;. (ii) the dependency between the set By and x;. The goal is to remove these
dependencies. We start with removing the dependency of the input argument of » on x;. Define

N R N
As:= diag |:/\ {’i’:a(187i)}61 ] * X/Ti»31,+diag [é/i(ﬁa)} X /it (90
+
Define
* x —1
A = A, —ATY
32 = 112 _A2_1' 1)

* *
The goal is to obtain a bound on ||A1| and ||Az|. Since the proofs are similar and for notational simplic-

* *71 o~
ity we show our claim for As. Since 52: A;l(Azf _&2) A, , and As— AQZ diag {/\ {7'(/672)}8 ] -
14

diag [)\ {f(éa)}gl J , we have
* 1
x [Az— Aol 2Xa(l —nple 2™
Az < " < (2\)2
Umin(AZ)O'min(AZ) N
a(l—nle” 2%
= _—_— 92

To obtain (92), we used Part (4) and (5) of Lemma 4 to find a bound on #, (,@7“6) —Fa (ﬁg) Furthermore, given

*
the ridge part of the regularizer, the minimum eigenvalues of As and A, are 2An. It is straight forward to see
that

—tak
il 3e(1 — m)e~z "

2\n? (93)

2 *
< [Pl lAzll <

-1
T —1_ ;
Xi,By 4 (AQ - A, )Xi731,+

* -1 * -1 * -1
It is clear that as @ — oo, the upper bound in (93) goes to zero. By replacing A;l, A;l— A, with Ay ,A;
we have removed the dependency between the input argument of # and x;. As before to remove the dependency
of the set B; 4 we lift the problem to a higher dimensional space. Towards this goal, we define

A, = diag {)\ {Ta(§7’)}6+] + X/Ti’Beriag [é/i(aa)} X /i B+

where Bt := By 1 UBy. We write A, as

where
B =X},  diag{{"""}Xs, ..
C = Adiag[{i' )5, + X5, diag{i™ '} X,



Using the block matrix inversion lemma, i.e. Lemma 11, we have

* -1 * -1 * -1 * -1
A-l_ [A2 T A BHB' A, - A, BH
2 = —1
~HBT A H

o1
where H= (C —B" A, B)~!. Then we have

-1
T 1 T x-1
|X’L-,Bl,+ A2 Xi»Bl,«# - Xi,B+ A2 xi7B+‘

T x 1 Tt T x 1 T
< [xip,, As BHB' Ay xip, [+2[x;5 , Ay BHx;g,|+ [x; 5, Hx;z,|
< IxilPIA, I2IBIRIE] + 2% |21 A, |IB]IH |2/
< [l 7[[Ag [IFIBIFH 4 2flxq 17| Ay (B + [ ||~ H]|

* -1 2
< Il 1) (1A; 11+ 1)
To bound the matrix norms in the above equation, we have

* —1
« Ay |

* -1 1
Omin(A) > 2An  and hence ||1§2 | < Fhve
o ||BJ: It follows by definition of w® in (76) that

IB| < w®.

o ||HJ|: Using a derivation similar to (74), we have

x —1 Ao
Omin(C—BT A, B)> E(l —0)Ko.

Inserting the above bounds for matrix norms, we have

-1
* -
T T AL
XiBi 4+ Ay XiB . Xi,B+4ya Xi,B+|

*71 2
< Il H] <|A2 18] + 1)

16]1x; 2 W \?
<—(1+—1] , 94
~ Aa(l—n) 2n (94)
with probability larger than 1 — ¢,. Again it is straightforward to check that as v — oo, the upper bound in
(94) goes to zero. Hence, we can now focus on the term xiTB+ A2_1X,'7B+. Note that in matrix A2_1, there are

E(é“) In the next step, we would like to show that the difference between this term and é(ﬁ%) is negligible for

large values of n, p and any a. Note that once E(B‘/Xl) the dependence between Ag 1 and x; reduces to only the
dependence of the two terms on B; . Define

A, = diag [A {fa (B;g)}} + X, 5 ding [Z /i(éjg)} X i gt (95)

The goal is to show that

is small. Towards this goal, define

Ay = ding [{),(B™)] ~ diag [4(53)]
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We have
A=A, + X/, 5+ ArX i 5+
According to Lemma 12
AG?
= Ay - AYX 5 AKX e AT
+AX ] AKX e Ay X g AX e AT
Hence, if we define

X/i75+ Az_lxi,8+
X; B+ A§1X2’B+ AgX/i73+A271X2’5+7 (96)

- <
\

=13
[

then we have

%[ g (A" = A )x; g | < VT AW+ [a" Al
\/ ﬁu\/ZVQ 2 \/ 211\/2
ZAéuzvf)i( ‘VI 4+ ZAEHZ %
ZAeu Z % (max |v;]) % Zv 4 + /ZAZ“ max\vl Zv l (97)

By our assumptions (see (146) for a more detailed calculation), we have

f  PolyLog(n)|[xi|»
Z Aé i — 2/\77 ’ (98)

with probability larger than 1 — G, — ¢,,. Furthermore,

|

Vllz = [1X/5,+ A" % 5+ |
IXIxillz X[l

= oum(A) T 2\ (68)
and
| < X”Egz(;')“” . PolyLogéAlnxzuznxn? (100)
with probability larger than 1 — ¢,. Finally,
P (m?x Vi > vs(n) + t)
< enlos (e_p + 2{%) . (101)

For the definition of v5(n) and the detailed derivation of (101), please check (156) and (161). Hence, if we set

2
t= ,/d”/\lg#, and define

dy, log® p
Ann



by combining (97), (98), (99), (100), (101), we obtain
P(1x] 5 (Ay " = Ay1)x 54| > 77 (n)

dp log® p

R e <f+3f>2nmax) +an + dn

< e dnlosr g 4 g (102)

provided d,, < % for a sufficiently large constant C' > 0, where we use the fact that pp.x = O(p™1).

Note that we were originally interested in bounding |XIBl N (AT — A Y)x1 8, |- We have

x5 (AT' = AT Dx1s, |
—1

*
|XIBL+ (Al t— Al )x1,51,+|

IN

x —1
+|X1T,Bl‘+ (A2_1 —A, )XLB1,+|
% 1L ~
+|X1T,Bl,+A1 X1,B1,+ — XIB+A1_1X1,B1.+|
% —1 -
+|X1T,Bl,+A2 X1,B1,4+ — XIB+ A2_1X17B1,+|

+x{ g+ (A;l — A;l) X1 8+
x5 (AT! = ATY) x50, (103)
Hence, by combining (93), (94), (102) we obtain that if

[xi 3ol —me= 2o x| ( w* )2
n,a) = 2v7(n) + 2 42 14+ ’
¥s( ) y7(n) 22 %(a) )

then
P(|XI61)+(AI1 - Agl)xl,51,+| > 78(n7 a))

2d., log <2 —p ——_dnlog’p 5 )
<e T (e7P 42 V3P Zomax | 4 gy + Gn + Gn
< e8P gy o+ G, (104)
provided d,, < % for a sufficiently large constant C' > 0, where we use the fact that pp.x = O(p™1).

Equipped with the bounds on |¢g1 — ©o2|, Y1k, P2k and 13k, we now return to equation (82) to obtain

x F(diag(#3") + X Fdiag(™)X 7) "' xi.7 — x] r(Adiag(F /) + X Fding(I)X7) " 'x
— 5T A; By 717 A, B\ <
WFI\B] C B C, i

< o1 — Yoz| + |11 — 12| + |21 — aa| + 2|1h31 — P32

20maxdn (1 + 810
< ys(n,a) + L (77>\ er) + 2(1h11 + Y12)

20maxdn (1 + 81 +3 max
< P (1 +8logp) + 2(¢11 + 12) +2 (Vn \f) P log 2n
nA nan

dn10g2p+ 16]1x;]* 14 w? 2+ae*%‘“{1
nin Aa(l —n) 27 An?

+2

PolyLog(n) dn Cdy, log®p cd, Clogp
T A (LA A3 nAn PAD nA2n?2 PAN
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with probability at least 1 —(n+ 1)e_% —(n+2)p~ —2q,, — 2G,, — 2G,,. This finishes the proof of Theorem 4. [

5.6 Proof of Lemma 6

We prove the lemma only for B because the same proof and constants apply to the leave-one-out estimators ,@ /i

Recall that in Lemmas 5, 7 and 8, i is the empirical distribution of ,6, w* is the distribution of SOft(T*Z +

b +2/\

0, %) with (0, Z) 255* ® N(0,1), and (b, 7s) is the unique solution of the equations (51) and (52).

k=1
Note that by Lemma 24, there exists 0 < bpin < bmax and o < Tax depending only on model parameters such

that 0 < 7w < Tmax and bpin < by < bmax.

Let us first define a smoothed indicator function as follows:

0 ’|$|Z,‘{1—|—C
X K
o) =412 < af < (105)
1 S|z < K1

Note that h¢ is %—Lipschitz, and 1_ ) < he < 1k, ¢ ri4¢- We then have

%#{k 10 < |B| < k1 }
= f([=r1, k1)) — 1({0})
ml,nl] (.T) - ﬁ({O})

he(z u({0})

) dp(x ‘ / he(@)dp (x / he(@)dfi (x)

- u {0})
= ¢ k1 +¢]) — e ({0})

‘/hq V() — [ o) (o
+ 1 ({0]) = O} (106)

We now aim to obtain upper bounds for the final three terms in (106). First note that 0 is the unique discontinuity
of pu, therefore

I

IN
\\\

IN

\ A

i ([=r1 = ¢ k1 +¢]) — pa({0}) < 2(k1 + C)Igggf*(w)

where f, is the density of the absolutely continuous part of u, w.r.t. the Lebesgue measure. It can be verified
directly via definition that

L1120\ & 1 2\ . AM1-n) B
_p(n+ . );qb(m(ﬂﬂ—i- b )—&—Slgn(gc)b*—Tf>

where ¢(-) is the standard Gaussian density, and therefore

fu@) < (Vam) ! (1 n ”") < W) (1 . ”W) _c

Tx b o bmin

So we have
(=1 — ¢ k1 +(]) — e ({0}) < 2C¢ (k1 + Q). (107)



To bound the term
1/¢-Lipschitz. Thus,

[ st~ [ o)
< 1;31 [ st@dn(@) - [ g()d.(

= Wl(ﬁ? N*)/C < WZ(ﬁ? N*)/C

[ he(@)ps(x) — [ he(@)fis(x)| in (106) we use the following approach. First, note that h¢ is

(108)

In these equations, W, denotes the Wasserstein-q distance between two measures for ¢ = 1,2. The last inequality

uses monotonicity of Wy in ¢: for 0 < p < ¢:

Wyluv)i= il IX =Yg, < inf X =Y, = Wy(u0)

Furthermore, by Lemma 5, for any 0 < € < %, we have

Wa (i, p) /€ < VE/C

(109)

with probability at least 1 — C’la_ze_clpg(logs)%, for some constants C1,c¢;. Combining (108) and (110) we

conclude that

L/mmmxm—/ﬁdmmu>s¢a<

with probability at least 1 — Cye—2e=c1pe’(loge)™*

For the last term of (106) we use Lemma 8 to get:
173(0) = p(0)| = [1Bllo — 54| < &’

with probability at least 1 — Cpe’'~6e—c2pe"”
Using (106), (107), (110), and (111) together we have

]13 (k20 < Bl < mi}| < 205000 +0) + VE/C+ &

(110)

(111)

with probability at least 1 — 015*26*51”53(1015 977 Cgs”ﬁe’c’ﬁ’pg's. We observe first that the bound is minimized

at ( = (2Cf)*%5% without changing the probability.

Next, we set € = 2(c1p) 3 logp and & = 33 (cop) 8 (logp)s to get:

{k:0<|Bel < ri}

< 2C¢pry + C3p% (1ng)% + C4p% (1ng)%
< Cpry + CpT (log p) T
< Cpt (logp)t

with probability at least 1—C’p~", for sufficiently large p and some constants C, C’, provided ki = o(pfllfz (log p) i)
By an identical argument, an analogous statement holds for §3,; ;. The proof is completed by a union bound

over 1 < <n.

5.7 Proof of Lemma 22
First note that by using (84) we obtain
XIBl,JrAI:IBkaBZAI;IXi,BLJr

< M) 'x{p,  ATBIBLA x5, -

,B1,4

O
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We will use the notation

ws == |XTX|| sup max &;(t8* + (1 — t)ﬁ%'?
te[0,1] 1<i<n

pla) == A (2n + W) . (112)

In the rest of the proof, we focus on k& = 2 and find an upper bound for |i2x|. The proof for k = 1 is similar and
will hence be skipped. Furthermore, for notational simplicity, we drop the subscripts of k from matrices Ay and
B;.

Intuitively speaking, the matrix G = A"'BBTA~! has rank d,,. Hence, if G were independent of x;, we could
have used concentration of x? random variables to show that v, = Op(dnpmax)- However, there are multiple
sources of dependency between x; and G: (1) The input arguments of #, (2) the input arguments of 7/, and (3)
The dependence of By 1 and F on x;. In the rest of the proof, we aim to handle these three dependencies and
show that 1 is still small. We remind the reader that

A = diag [/\ {ﬁa(ﬁ“)}g } + X/, 5, , diag [5/2-(3“)} X/iB1 4

B = X/T’i,Bl,eriag [E/Z(ﬁa)} X/i,.F\Bl,+'

1,+

We start by defining
A= diag [ {7a(B5,
g { { (5/ )}BLJ
+ X/, 5, diag [@’/i(ﬁ“)} X /i - (113)

*
Note that in A we have removed one source of dependence, i.e., the dependence of the input argument of # on
x;. As the first step we would like to show that the difference

% —1

% —1
15, . (A*lBBTA*L A BBTA )xZ,BL+

is negligible for large values of a. Define

A=A)T-(A)TT=ATA-A)A (114)
Since
A —A = diag [)\fa(,é\?i)&,& — diag {)‘fa(ﬁa)Bl,J ’

according to Lemma 4, ||1*; —A| <4 (1 —n)e~ 291, We conclude that

A=Al _ a(l—petem

Umin(A)Umin (A) a )\772 7

*
Al <

where we have used the lower bound 2\n for omin(Asz) and omin( A) This lower bound is obtained from the
ridge part of the regularizer. Define
ol —n)e—22m

Y (115)

Tola) =

As we will discuss later, we will ensure that v§(a) — 0 as @ — oco. Hence, || A || will be small too. Using this



result and the triangle inequality we have

* _1 * _1
x5, . (A—lBBTA—l— A BBT A )xi,51,+|
T A TA-L T A T x7!
< ‘Xi,BLJr ABB A Xi,31,+| + |Xi,Bl,+ ABB A Xi,B1,+
* 1 1
< Ixl?IBI?Al —a T -
O'mm( ) Umin(A)
. 1 1
< I=xl?IBI*lAl + -
Omin(A) Tmin(A)
. 1
< IxlPIBIP (o) (M) . (116)

Similar to the proof of (71), it is not hard to see that
B2l < ws

under event Ap. Furthermore, given the scaling we have considered in our paper, as will be clarified later,
XX = Op(1). Hence, the term [[x;]|*||B|[*§(c)(x;) will go to zero with high probability as a — cc.

* -1 * -1
In the rest of our proof, we will work with XZBI LA BBT A X5, - otill there are two sources of

dependency between the middle matrix and x; 5, ,: (1) the input argument of 7, and (2) The dependence of
Bi + and F on x;. In order to remove the dependence of F and B; 4, we lift the problem to a higher dimensional
problem for the reasons that will become clearer later. Define the two sets:

Bt = By, UB,
B~ = F\Bii. (117)

Use these two sets to define
A= diag [M#a(B)) |, | +X] e ding [£:(8™)| Xi5+
B= X/Ti,Beriag {Z/Z(Ba)} X /i B—s

As will be clarified later, working with BT and B~ will be helpful when we would like to remove the dependancies
that are caused by BT and B~. Hence, as the first step our aim is to obtain an upper bound on the difference

1
T x T T A-1pRTA-1
X5, A BB A x5, —%X AT BB A" x;p+|

By 4
We write A as
A- (FET g) , (118)
where
E = diag [)\ {fa(ﬁ%)}BLJ + X/Ti’BHdiag [é/z(ﬁa)} X/iBy i
F = X/, 5  diag {Z'/i(ﬁa)} X /i,Bo>

)
I

diag {A {fa(gﬁ-)} 5 ] + X, g, diag [g/i(/é\a)} X /i, By
0
Similar to the proof of (71) it can be checked that

[Fll2 < w® (119)
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with probability at least 1 — ¢,,. Using the matrix inversion of block matrices (Lemma 11) we have

< E-'+E'FHF'E-! —E-'FH
where
=(G-F'E'F)!
Furthermore, similar to the derivation in (74) we have
_ _ 1
IH]| = (0min(G -F'E7'F) ™ < —— (121)
pla) — 27

with probability 1—¢,. Both p(«) and w® are defined at the beginning of the proof. It follows from the definition

of p(a) that ﬁ goes to zero for large values of o and hence the norm of H should be considered as a
Pl) =550
small number. If we define

% —1
Af = < A 018, x5y| |, (122)
018,xB,| 018y xBy|
and - -
A=A - A7
then it is straightforward to show that

L -1 L -1
T T A-1RRTA-1
1,81, 4 A BB’ A Xi,B1,y — Xi,B+A BB A" 'x; p+

= |X,L-’B+ATBBTATX7;7B+ — XZB+A71BBTA71X7:7B+|
< |x; g+ ABBT Ax; g+ | + 2|x/ 5 ABBTAfx; s |
< lal*IBIPIA] (1Al + 2/l AT]) . (123)

| X

To find an upper bound for (123) we have to bound ||A||, |Bz|| and ||At||. Similar to our previous calculations,
we have under event Ay that

IBa]l < o, A} = ——— < —. (124)

Finally, by using Weyl’s theorem (Lemma 9), we have

a= (ot om0 )l

018y x5 08, xBo|) 018y x5; H'F'E™' 03,45,
E 5)2
= pla) —1 % <1 " QUJ)\U " ((201\77))2> 7 12
under event Ay. To obtain the last inequality we have used (119), and (121). Define
)= o (4 o) e

By combining (123), (124) and (125) we conclude that

L -1 L -1
T T A-1RpRTA-1
151+A BB' A XiBy . — Xi,B+A BB ' A X, B+

il B2 A (1Al + 2] AT

1
e 12 (@) 1Al (1A + )

|x

IN

IN

i 12 ()73 () (m) + ;n) | (127)



under event Ayp. As discussed before, we eventually show that as @ — oo, v§(a) — 0 and hence the upper bound
in (127) will go to zero. Hence, in the rest of the proof, we aim to show that x, B+A IBBTA! X; g+ is small.

In the next step we would like to remove the dependence of the input argument of ? on x;. Define,

v

A = diag |\ {#(B7) }| + X, s+ ing |74(B%)] X i3+
B := XJ, 5. diag [Z’/i(é;;)} X i -
Define o o
Ay = diag [{:(B%)] — ding [#,:(85,)]
We have
A=A+X) 5 AX)p
According to Lemma 12,
A=A AKX g AX ) pe AT ATIX, g AKX e ATVX L g AYX s pe AT (128)
Also, we have
B-B= X, 5+ AX i g (129)
Define 65 = B — B and S =A1— A1, Then, we have
x; 3+ ATTBBT A%, 5+
= XIB+A71BBT5A*1X1',B+ + XIBJFAilB(SEAilXi,BJr
+ XZB+ A_légléTA_lxi7B+ + XIB+ 5A71]§]§;—A_1xi)3+
+x/ g AT BBTA ', g+ (130)

Our goal is to show that each of the terms in (130) are small for large values of n,p. The two terms
TB+A’1BB;'—5A 1X; g+ and xTB+ 04- 1BBTA*1XZ p+ can be bounded in very similar ways and will have sim-

ilar upper bounds. Also, the two terms x. B+A 1B(5TA x; p+ and x, B+A 15sBTA! x; g+ can be handled
in similar fashion and will have similar upper bounds. Hence, we only Study the following three terms:

1. Finding an upper bound for XZB+ A‘1]V3]V3TA_1XZ',B+:
Note that if it were not for the dependance of BT on x; we could claim that x; g+ is independent of
A‘llélé—r]&_l, and we could use the Hanson-Wright inequality (Lemma 15). So, in order to remove the
dependence to be able to use the Hanson-Wright inequality, we will use union bound on sets BT and B~ in
the following way. First note that |BT| > p —d,, and |B~| < d,. Let T+ and 7~ denote two fixed sets of
size larger than p — d,,, and smaller than d,, (not dependent on x;) respectively. We define

A = diag [A {?;a (,@%)H + X, 7+ diag [E/i(/@?i)} X i1+
B = XJ, - ding [{:(83)] X7 (131)
For fixed 71 and 7, x; 7 is independent of 1& and ]é Therefore if
G=A"'BBTA
then from the Hanson-Wright inequality, Lemma 15, we have:

P (1% 7+ Gxy 7+ — B(x 7+ Gxy 7+ | Xyiyy )l >t | X0,y 1)

(p—dp)?t? (pfdmt)
—c A
< % ( HG||§IS G2

(132)

To use this bound we have to calculate the three terms: |G|z, ||G|lxs, and ]E(XIT+ Gx; 7+| X/iy¥/i):
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(a) [|Gll2:
It is straightforward to see that (see e.g. the derivation of (71))
B2 w®
1Gll2 < H ”; < D (133)
U?‘ﬂin(A) "
under event Ay, .
(b) Gl s
The rank of matrix G is at most d,, (the maximum size of 7). Hence,
Gl < doGJ12 = ) 134
IG s < daIGI = S5 (134)
(c) E(X;':7—+Gxi77+):
Let 37 the covariance matrix of x; 7. We have
Ex; 7+ Gx; 74| = [Te(S2GEH?)
@ 1/2 ~xal/2
< dlBYEE) < =G
dn prmaxw®
< dnpmaxHGH < Wa (135)

with probability 1 — ¢,,. Here, to obtain Inequality (a), we used the fact that the rank of »l/2Ggxl/?
is less than or equal to the rank of G which is less than or equal to d,.

Furthermore, from Lemma 19 we have
P(0max(X"X) > (v + 3y/P)? prmax) < e, (136)
where puax = Omax(2). Let the event £ denote the event opay (X X) < (y/n + 3\/]3)2,0max. We know that
PE)>1—eP.
We remind the reader that

w® = || X"X|| sup max ¢; tﬁa—i— l—tﬁ‘)‘i.
XX sy £08" + (1~ 0B

Combining (132), (133), (134), (135), (136) and using the following definitions:

(v 4 34/D)? Pmax
o 47’;/;2 d (137)

we have

P(x; 7 Gx; 7+ >t + Ex/ 7+ Gx; 7+)
S ]P)(X;I:T+ GXi,T-F > t + EXIT+ GXi,T+ 5 8) + P(gc)

(p=dn )22 \ (p—dn)t

< Ze_c( 4n 7y 8 ) +e P (138)

Hence, we have

(p=dn)?t? \ (p—dn)t

IP’(X;':7—+GX1<,7—+ >t+dyys) < 2eic< dn s s ) +e 7P (139)



If we define the event € as the event that (3) holds, then we have

P( I%l_é}rX n%zzx xm—+ Gx; 7+ > t+dpys)
ITH|>p—dn | T~ |<dn
< P( max max XZT+ Gx; 7+ >t +d,3|E,8) +P(E) + (

S na:
[T+ |>p—dn | T~ |<dn

< Y > P Gy >t daysl€,E) + P(E) + B

[ TH>p—dn | T~ |<dn

2 _ (p— 471)2 2 /\(P dn)t)
< 2d, <§> 2e C< B b +e P +qn
n

=

S’/)r

(a) (e=dn)?¢? \ (pdn)t

< e4dn log %Z 26_ ( dnv3 RE ) + e P + G, (140)

where to obtain inequality (a) we used Stirling approximation together with the assumption d,, <
2
ednlog(er/dn) By setting t = 4198 dn e can obtain

p_dn
NV d,, log? dn lo ﬂ_c<wAw)
P(x/ 5+ A"'BBTA'x; gt > # tdyy) <2 & ) fg,re (141)
The probability in (141) is small for large values of d,, and p.
. Finding an upper bound for xiTB+A’1]§]~3T5A71 X B+:
Define 5
V= X/Z‘,BJrA_lXi,B‘F; (142)
and
ul = —X; B+A BBTA~ 1X/Z B+
' = x/p ATBBTATX, o  AX ) 5 ATIX ] 0 (143)

Using Lemma 12 we have
|XZB+ A_IBBJJA—IXZ‘7B+‘
(a) e <
< %/ g+ AT'BBTATIX ], 5o AGX ) e ATNX |
+ |XIB+A_1BBTA_1X71-78+ A@X/i,BJrA_lX;ri’B_;_ A@X/i,BJrA_lXi’BJr
= uT A+ [aT A

¢ \/ZAM\/Z;u +\/ZAM\/Z;agvg

ZAZM Zu?)%(z{’ 4 + ZAZM Zﬁ?)%(z‘v’?)%

2 AL max Wi QovDT 4[5 AL e tmax D Qv ()
Note that since o, (A) > ﬁ and opmin(A) > m we have
IIBI>1IX|
[ullz < Il :
(2w)?
- IBIZIXI* A
[alls < [xille—5~F— (145)

2(An)?
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Furthermore,
(a) ~ ~
1A = > A2, < PolyLog(n)|B* — B2
J
®) 6(B*)||x:
< PolyLog(n)('6'2))\|7|lx”2 (146)
PolyL ;
 PolyLog(n)|[xi| (147)

- 2n

under the event Az N A;. Here Inequality (a) is a result of (3) in Assumption A4. Note that we are using
the same notation for all the terms that are polynomial functions of log(n). To obtain Inequality (b) we
have used Part 2 of Lemma 3. Finally,

IXIxillz 1 X[[xil2
Umill(A) N 2)\77
To finish our bound for (144) we have to bound ||V||». Note that

[¥]l2 = ||X/i,B+A_1Xi,B+H <

(148)

v = X/i,B+A_1Xi,B+-

The main difficulty in bounding this term is that due to the dependence of B* on x; it is hard to characterize
the distribution of the elements of v. To remove this dependency we again want to use the union bound on
the different choices of BT. Towards this goal, suppose that for a fixed set 7 of size larger than p — d,, we
define:

v -1
v=XTAT X T,

where

A = diag [)\ {f(ﬁ%)” + X/, rdiag [Z‘/i(/é\?i)] XiT-

(149)
Note that the distribution of v given X /;,y/; is N (0, %X/Z-,TA_QXE T)' Furthermore, we have
4 XXl
-2~ T v/
I1X)i, 7 A™X ) 7l < TS
Hence, using Corollary 5 we have
. ||X/ZXT1 ” _ 47:.)\%"2_;2
| maxv; > \/n/\n/ log2n+t | Xy | <20 70700 (150)
It is straightforward to check that
max [ X/, X || < [XXT.
Furthermore, according to Lemma 19 with probability larger than e we have
P(|X" X[ > (v +3y/p) pmax) < €77 (151)
Define
+ 3 2 max
Y4(n) = \/(\/ﬁ j\/@ P log 2n, (152)
nAn

and let the event & denote the event that [|X"X| < (v/n + 3,/P)*pmax. Then, from (151) and (150) we
obtain

P (max Vi > ya(n) + t)
K3

< P (max¥; > 7a(n) +1,€) + B(E)

anA2n2¢2

< e P42 Vrt3vm)Zomax (153)



Note that we expect pmax = O(%). Hence, v4(n) is expected to be O (\/bin) So far, we have only

considered a bound for v in which a fixed set T is only considered, despite the fact that the quantity we are
interested in is |||« in which 7T is replaced with set B*. To resolve the issue we use the union bound. We
have

P ( max ~ maxv; > ~va(n) + t)
T:\T|>p—dn 1

<> P(m?xx‘zi>~y4(n)+t)

T:\T|>p—dn
) CE VI
<d, e P4 2 (Vat3vP)Zrmax
p—dn
2d,, log ep _ 7%
S e“dn dn e P _|_ 26 (Vn+34/P)? pmax . (154)

Hence, we conclude that
P (max Vi > va(n) + t)

log <2 o na%pe2
< e2dnlog g (o=P 4 96” Wrtsvm Zomax | | (155)

Setting ¢t = /\%7\/ %gzp and combining this equation with (144), (145), (146), and (148), we conclude that

if we define

PolyLog(n)||xi |2 1 [dalog? p | [IXl1] ][I | BII (1) [Xl[es(n)ca(n)
= _— 1 -z - 7
75(n) 2\n va(n) + An n 2)n 4\272 * 4\2n? ’

(156)

then

T R-1RpRT 2d,, log <2 — —=dnlog’p
P(|x; g+ AT BB d4-1%; 5+ | > 76(n)) < @n + Gn + 7 BT | 7P f2e VSV Iomax | (157)

As discussed before, we have v4(n) = O <1/ 1°§">. Also, all the norms || X||, [|xs]], | B|| are Op(1), hence we

expect v5(n) to go to zero at the rate y/d,PolyLog(n)/n. This heuristic argument will be be made rigorous
later.

. XZB+A71B5—|B;A71XZ”B+:
Using a similar argument as the one presented in (144) we obtain:
x5 AT BELA x50
= XZB.;.AilBX/in— Aex/i,B+A71Xi,B+
= x5t AT BX ), g- AV = 1AV

~ - P
< [0 Al (max ¥ 219 2. (158)

In the above equations we have used
ﬁT = XZB+A_1BX/Z'7B—7

and
v = X/i7B+A71XrL'7B+.
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According to (146) and (155) we have

PolyLog(n)||x;/2
2 < 1
/; A2, < o2 , (159)

with probability larger than 1 — ¢, — ¢, and

. RSIEIP
< 160
ol < PPl (160
and

2d, 1 ep 7%

P (maX\V/i > y5(n) + t) < e o8y (e” + 2e <ﬁ+3\/5>2ﬂmax) . (161)
7
Hence, the only remaining term to bound is ||i||. Tt is straightforward to see that
NBlIX NBX

llls < e HIBIIX]] il [[IBIIX] (162)

Omin (A) - 2>‘77

Hence, combining (158), (159), (160), (161), and (162) we will have that if we set ¢ = /\1—”\/%, and
define

PolyLog(n)||x:|[*||B|l|X> 1 [dylog’p
_ N : 163
Y6(n) @) ¥s5(n) + v - (163)
then
T A-1fRsT A 25 log 2 —dnlogie
P(|x; 5+ AT BOp AT X, g | > 96(n)) < g + G + €8 (e_p + 2e (ﬁ”mzp"’“) : (164)

Plugging in the bounds from equations (141),(164) and similarly bounding the remaining terms in (130), we
obtain

x; 3+ A7'BBy A7 'x; g+

dy, log?
< 295(n) + 296(n) + _d, —%l Pt dus
< dn 10g2p _|_ (\/,ﬁ + 3\/17)2dnp?11ax
- p— dn 4"72)‘2
n PolyLog(n)||x; ||| X/ *w? - w® | w’[[X][[PolyLog(n) (V1 + 3/P)?pmax log 2n + 1 /dy log? p
4\3n3 2\n 8373 nan An n

with probability at least

on _C<M§4JAM> p  dpieg?p
1— edn log 7~ % 73 RE —Gp — Gy — P — 2€2d” log 7~ <ep 1 4de (\/;_,_3\/5)2/,‘““)
—dy, lo ~
>1l-e &P —gn —qn

provided e < d,, < & for a sufficiently large constant C' > 0, where we use the definition of 3, 74, 75, 76 along
with the fact that ppax = O(p™1).



We now return to equations (116) and (127), along with the bound derived immediately above, to obtain
xip , AT'BB'A x5, ,
S VS(Q) S S
< xlPw)? (S5 + (@) + 0702

L log” p L Wadt 3y/D)%dn P
p—dy 42 \2

13 2,8 s s 3 2 2
, PolbyLog()lIXI%w (|, wt | w|X|PolyLog(n) [ [(VA+3V5 om0 1 fdiog?s
4AN3p3 2\ 8\3p3 nin AN n

(165)

with probability at least 1 — p~% — ¢, — ¢,,. We now simplify the above bound by plugging in high probability
bounds on the respective parameters. To this end, we first state:

o By Assumption Al, pmax = omax(X) < Cx /p.
e By Lemmas 17 and 19,
max x| < 2¢/Cx and | XX < (70 +3)*Cx
with probability at least 1 — (n + 1)e /2.
e Next,

ws = [|[XTX|| sup max £ t,@a—i— l—tﬁai
XTI sup g 6B+ (1~ 037)

< (V4 3/p)” pmaxPolyLog(n)
< Cx(vA0 + 3)*PolyLog(n)

with probability at least 1 — e™P, by Lemma 19 and Assumption A4.

o By equation (115), we have

1
Yola) < =
o(a) ,

provided o > Cp/A2n(1 — 1)k for sufficiently large p and a sufficiently large constant C' > 0.

o By equation (126) and the above inequalities, we obtain

<1 + %H(CX)Q(\/% + 3)4PolyLog(n)> <

D=

S( )< L
e = Aa(l —n)ko

provided o > CpPolyLog(n)/ \?n(1 — n)kg for sufficiently large p and a sufficiently large constant C' > 0.

Plugging in all these bounds into (165) we conclude that there is a sufficiently large numerical constant C' > 0,
depending only on 7y, Cx and such that

XZB1 +A_1BBTA_1X1<,BL+
PolyL dy Cd,  dy,log® C
o PolyLog(n) [ dn L dnlogp O
ML A3\ nAn - nA2p? - p—d,  pAn

with probability at least 1 — (n + 1)e™% — p~% — g, — . R
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6 STUDY OF THE ELASTIC NET ESTIMATOR

6.1 Objective

As mentioned in Section 3 of the main part of the paper, our proofs use concentration of measure results for the
empirical distribution of the regression coefficeints and the subgradient vector. Some of the results we use in our
paper are due to (Miolane and Montanari, 2021). However, the results of (Miolane and Montanari, 2021) are
stated for the LASSO estimator and not the elastic-net. Hence, the results we require are different from those
presented in (Miolane and Montanari, 2021). However, the changes do not constitute significant advancements
that would warrant the derivation of elastic-net results as a major contribution. As a result, we have included
these findings in a dedicated section, which will serve as an online appendix to our paper. This section will not
be part of the formal submission to a journal but is included for the sake of completeness.

Throughout this appendix we will mainly focus on Theorem 3.1, Theorem E.5 and Theorem F.1 of (Miolane
and Montanari, 2021). For the sake of brevity we do not present the proof with every details, since the proof
technique is very similar to that of (Miolane and Montanari, 2021). We only focus on the differences. Consider
the elastic net problem:

~

B = argmin £(8) = argmin _—|ly - X85 + = (18]l — 187[h) + (18113 - 18"13) -
BERP BERP n n n

Note that to simplify the proof we have subtracted ||3*||; and ||3*]|3 and used a different scaling than the one

presented in the paper. However, as is obvious, these changes do not have any effect on ,@ Furthermore, the
definition here is slightly different from the one in the main paper, where the LASSO penalty is A(1 — ), and

the ridge penalty is Anp. The difference is not substantial and is only for notational brevity. Let w = 8 — 3*
denote the estimation error. Using the assumption y = X3* + oz, the problem can be written as:

w = argmin C(w)

weRP
_ . i - X 2 é * _ * ﬂ *(12 _ * |2 166
= argmin—|loz — Xwl; + — ([w + B[l = 18"[1) + — (Iw + B7lIz = 187]2) - (166)
wERP n n n

We assume there exist 0 < Amin < Amax, max > 0 such that A € [Amin, Amax] and 7 € (0, Pmax]-

Suppose that we are interested in the asymptotic distribution of the elements of w. The main approach that
can help us in characterizing the distribution is the convex Gaussian minimax theorem that we would like to
introduce briefly next.

1.2 Convex Gaussian Minimax Theorem

In this appendix, we require a few notations that we aim to introduce in this section. Consider the mean square
error of the elastic net, i.e. %HWH% It has been shown in (Maleki, 2010; Donoho et al., 2011, 2009; Thrampoulidis

et al., 2015, 2018) that under the asymptotic settings n/p — § and under Assumptions B1-B5 of our paper, the

mean square error converges to d(72 — 2), where 72 is a saddle point of the following function:

b = (24 7) 828 g in {2 w2 g Tw o A (w4 B — 18°1)
o) = T TZ 2 n  weRp 27W2 g w w 1 !
+n(lw+8%15 - 18%113) - (167)
Define ; \
~f - * i _ %
w’ (1,b) : 7[)4—27’]780& (Tng,B , b) Jé;

where g ~ N(0,1,) and
[soft(x,7)]; = ((Jzi| — )+ sgn(@i))i_
is the element-wise soft thresholding function. Let (74, b.) denote the unique saddle point of ¥(7,b). Define

& =W ()

The following theorems state that the saddle point exists, is unique, and is bounded.



Lemma 23. max,>omin,>, ¥(7,b) is achieved at a unique couple (Ts,bs) which is also the unique solution of
the following system:

{ 7 = o? + JE|% 3,

gyt (168)

Lemma 24. There exist bmin > 0, Tmaz > 0, bmae > 0 that depend only on 0,0,& such that byin < by < bmae
and 0 < Ty < Trmaz

The proof of these theorems are postponed to Section 1.4.

The convex Gaussian minimax framework makes the connection between - [|W||3 and 77 through a few steps that
we clarify below. Again consider the optimization problem:

w = argmin C(w)
weRP

1 * * n * *
—argme*IIUZ*XWHz (HW+B b= 11871) + = (Iw + 8 13 = 187113) -

weRP

Note that we can rewite this optimization problem as the following saddle point problem using dual representation
of the l9 norm:

o . 1 - L - I + _” 12
& = arg muin o S0 Xow — ouTu = T 2w 87— 1870 + L (w713 1871

According to the Convex Gaussian minimax framework we can construct a simpler auxilary saddle point problem
that can provide useful information about w. To clarify this point, define

- 1 1 + 1 4
o(X) = Vgg{g max —u Xw 5ou U= —u ozt (||W+,6||1 18%(I1)

+ (w813 - 18°13) (169)

WES, ues, nd/2 2

£ (w18 - 18°13) (170)

— i T (K ) () - T 2w - 167])

where S,, and S, are two convex, compact sets. Note that (X, —z) is a matrix with i.i.d. N(0, 1) entries. Define
the following auxillary optimization problem:

#(g,h)
. Iwli3 T 1 T 1 , 1+
= Join }}gx A Tothiu— —plulgtw + ~lullg'o — oouta
A * * 77 * *
(w87 = 1871 + (Ilw + B*[5 — 18*113) (171)

where h ~ N(0,1,), g ~ N(0,I,,), ¢ ~ N(0,1), and all of them are independent and also independent of z.

According to the Gaussian minimax theorem, i.e. Theorem 3 of (Thrampoulidis et al., 2015) , when S,, and S,
are convex compact sets we have

P(B(X) < t) < 2P(¢(g, h) < t) (172)
P(®(X) > t) < 2P(¢(g, h) > 1) (173)

Using this theorem, and by using a proper choice for S,, we can analyze certain properties of W through the
minimizer of the easier auxillary function:

2
1 Iwliz |hl, 1 + go A
Liw) = 2( to Q\f -8 W+\/ﬁ>+ g(||W+ﬁH1—||5 fl1)

+L (Ilw -+ 8713~ 18*113) - (174)
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Note that L(w) is obtained from ¢(g, h), when the supremum with respect to u € R? is calculated.

Let us explain how L(w) can be connected with the scaler saddle point problem presented in (167). Actually
miny, L(w) concentrates around max>o min;>, 9 (7, b). Below is a heuristic argument. For simplicity we denote

r(w) = A(lw + 81 = 187 [1) + 0w + B~[l2 — [1672)

/
g o

First notice that % concentrates around 1, and NG

concentrates around 0, so heuristically, they can be removed
from the expression which lead to:

w w

2
1 2 1 1
min L(w) ~ min & < Il | 2 gTw> + —r(w)
2 n n . n

llwll2

2 2
Next we use the fact that a? = max,>gab— 6% and 4/ % + 02 =min,>, "27:0 + Z to obtain

lwil2 2
—=2 40 1 1 1
n}}in L(w) =~ m“i,nrlr)lzaéchnZig (”27_ + g - ngTw> b— §b2 + —r(w)

(ﬂ) . 0—2 b 2 1 . b 2 T
= %133“}1;2(7- +T> b +nm1n 2THW||2 g w+r(w)

:= max min F' (7, b, w)
b>0 17>0

Step (a) requires some delicate arguments which are omitted here. They intend to prove that the minimum ad

maximum operation are interchangeable. Finally, one can show that max min F'(7,b, w) concentrates around
b>0 1720

rgg(})( ITnZlgl]EF(T,b,W) = Iilzaéi ITDZI{‘N/J(T, b) = (7", b%).

Therefore, miny, L(w) concentrates around 1 (by, 7x).

Now we will use the above arguments for a specific choice of S,, that allows us to obtain the mean square error
of w. For this purpose we define S,, = D(g) := {w € R? : %Hw —w/||2 > £}. We first mention the roadmap of
the proof to help the readers navigate through the following theorems:

o We first show that the minimizer of L(w) is with high probability in a ball of radius €2 around W/, and
hence miny, L(w) is with high probability very close to ©(bs, 7). This is done in Lemma 25, Lemma 26,
and Corollary 7.

o In the next step we use the minimax theorem to show that the minimizer of C(w) defined in (166) is with
high probability in the complement of D(e). This is proved in Lemmas 29 and 28. One can then use Lemma
28 to obtain information about %HVAVH%, which is the same as the mean square error of 3.

Our first result aims to connect the minimizer of L(w) with w7.

Lemma 25. There exist v,C,c > 0 depending only on , such that Ve € [0, 1],

P ( min L(w) < min L(w) +75> < 967677'62
weD(e) weRP £

where D(e) :=={w € RP : %”W — w2 >e}. 8

The proof is essentially the same as the proof of Theorem B.1 of (Miolane and Montanari, 2021), up to minor
modifications to some constants. Hence, we do not repeat the proof here..

SThroughout the discussion, the term ‘constants’ refers to quantities that rely only on the following set of model
parameters € := (9, 0, &, Amin, Amax, Jmax). Recall that 6 =n/p, and £ = %H,@*Hz; Amin, Amax control the scale of \, and

Nmax controls the scale of 7. We do not assume 7 to be bounded away from 0, to be consistent with our main text.



Lemma 26. There exist constants C,c > 0 such that for all € € [0,1],

P (|L(W) = 9(7a, ba)| > €) < Cem

Proof. We only need to prove it for € < gy for some small constant €y depending only on model parmeters €2 .
The reason is that the probability is non-increasing in € so we have a naive bound Ce~°neh for g < e < 1. This
flat bound, combined with the sub-Gaussian bound for small ¢, is further bounded by Ce=onete” for all £ € [0,1]
and this is the bound we desire.

Using the fix point equations (168) we have the following simplification for (7, b.):
1 A e . Alg Mot . e
P(Ti, bs) = 555 + ZE|w/ + 8%y — Z118* [l + —E[lW/ + 813 — =118*(3
n n n n

Define

7 A“f”Q ”hH? 1 9/0
bf — || 2 o2 f
( vn ng v Vn

And denote bf = b1~ we have

bf>0’
~f 1 f 2
L) = (b < 5 (B2 2
A
+ W+ 87— Bl + 874
+ 1|17 + 8715 — Bl + 8711 (175)

The last two terms are relatively easy to bound. Notice that g — W/ = i +2m soft(r.g + 8%, ’\T*) — B* 1S Tmax
Lipschitz, so

1. |Ww/ + B*|l1 is Cn~! sub-Gaussian, because g — 1| W/ 4+ 8*||; is Cn~'/2 Lipschitz.

2. |w/ + B*||3 is Cn~' sub-exponential because g — n~Y2||W/ + B*||y is Cn~'/2-Lipschitz. Therefore
n=12|wf + B*||5 is Cn~'-sub-Gaussian, and hence 1||wf + 3% is Cn~! sub-exponential.

Therefore for the second and third terms of (175), we have the following concentrations. For ¢ € [0, 1], there
exist constants C, ¢ > 0 such that

A % ~ * —cneé*
P21 + 81 - BIST + 51| > ¢) < ceen (176

W * Ca * —cne?
P (L[ + 813 —EIW + B3] > ) < Cem (77)

Now for the first term (3{1)2 — b2, first we have

_b|

||Wf||2 \/ w4113 [h2 [hl2 Lo Te og'
—\/E 2 v —1) - = F—Eg™w/) + —==|.
(\/ + o o ) T U (8 W g W)+ %

We aim to establish concentration results for each of the four terms that appear in (178). For the first term, we

(178)
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have

w713 ¢ EdE hf, e
P \/ 2 Ei 2| 11112 €
( w7 n vn !
— -
SP<||h|2>m>+p<|\/”W”2+az_\/Elvwﬂ,g
n n

en | . €
< Cem b (119713 - EIWIE| > 5 -20)

-
8

g Ce—Cn +Ce—Cn62

for small . The second inequality above uses sub-Gaussian concentration of ||hl||2, and the fact that vz + o2 is

~ . . . wils .
i Lipschitz in 2. To obtain the last inequality first note that g — ||W/|| is Tae-Lipschitz. Hence, % is C'/n

n
sub-Gaussian, and 1| w7 ||3 is C/n sub-exponential. We can then use Bernstein inequality of sub-exponential
random variables (e.g. Theorem 2.8.1 of (Vershynin, 2018)) to establish the last inequaltiy.

This implies that
P(b" < 0) <P([bF —b.| > b,) < Ce"

and similarly
P! > bige + 1) < Ce™

SO
P([b) — b, > ) <PO < 0) +P(p! b.| > ¢) < Ce

then we have
1, ~ 5 ~ ~ €
AV Y <\ f nf <
P (51607 021> ) =2 (B~ 0l L 0.1 > 5)

<P > bpay + 1)+ P[0 b > —
< B( I (|+ > ST
< Ce—CTL+Ce—CE2
< CefanZ (179)

for small e. Now inserting (176), (177), and (179) back into (175) we have our final result

2

P(|L(W)) = 4(7e,b.)| > &) < Cem"

for small . O

Lemma 27. For all R > 0 there exists constants C,c > 0 that only depend on (2, R) such that for all e € (0,1],

PLE) > min L(w)+e) < Le—ene
[wll2<7R £

Proof. The proof is essentially the same as that of Proposition B.2 in (Miolane and Montanari, 2021) and thus
omitted. O

We would now like to combine Lemma 25, Lemma 26 and Lemma 27 to prove the following result:

Corollary 7. There exist C,c > 0 depending only on Q such that for all € € [0,1],

P(| min L(w) — 9 (by, 7.)| > €) < ge*mz



Proof. L(w) is 2L-strictly convex and L(w) — +oo when |w|2 — +oo. Therefore L(w) possesses a unique
global minimizer w*.

By Lemma 25, the event {]%HW* —w/||2 < 1} has probability at least 1 — Ce™“". On this event we have
1w ll2 < [ )|z + [[w* = % [l2 < [%7]|2 + v/p

l[w! ]

Recall that “2= is C/n sub-Gaussian so P(%waHQ < %E”\%\/‘fHQ +1) > 1— Ce ™. Therefore

[w*[l2 < E[lw/||2 + Cv/n

< VE[W/[3+CVn

< Vn(Thae —02) +CVn

=Cvn (180)
where the second inequality uses Jensen’s Inequality, and the third uses Lemma 23.

Let event A be the intersection of above events, i.e. A := {%Hw* —-wf|2 <1, ﬁ”‘/ﬂ\’fHQ < ﬁEHe\V‘f”Q + 1} then
A has probability at least 1 — Ce™“". On event A we have:

min L(w) = min  L(w).
L) = | s L)
This means
P (L(&') > min L(w) + = <IP><LAf> in L 6) Ce " 181
(L) > minL(w) + 5) <P(L&) > i L(w) + 3 )+ Ce (181)
So we have
. . /\f E /\f E
P(| min L(w) = (b, 7.)] > £) < P(|mV5nL(w) —L(w)] > 5) +1P(|L(w ) — by, 7| > 5)
<P (L(wf) > min L(w) + g) + Ceens®

< Qe 4 Ce™ 4+ P <L(wf )> min _L(w)+ 5)
Iwli2<C v 2

S Ce—cnaz + Ce—cn + Ce—cnaz

< Cefcnsz

for small . The second inequality uses Lemma 26 and the fact that L(W/) > miny, L(w). The third inequality
use (181). The penultimate inequality uses Lemma 27 with R chosen to be the constant C' in (180). Note that
all above constants C, ¢ may vary line by line but depend only on model parameters in €. O

Lemma 28. There exists C,c > 0 depending only on Q0 such that for all € € [0, 1],

P (|minC(w) — v(r,b.)| 2 ¢) < ge_mz

Proof. Using the convex Gaussian minimax theorem stated in (172) and Corollary 7, we have

S 6) < G —ene?
- €

P (‘ngnaw) —(r, by

> 5) < 2P (‘n&i{nL(w) — 1 (Tx, by)
]

Lemma 29. There exists constants C,c depending only on Q such that for all closed set D € RP, Ve € (0,1]:

C
P(min C(w) < minC(w) +¢) < 2P(min L(w) < min L(w) +3¢) + ;6_6"52

Proof. The proof is essentially the same as the proof of Proposition C.1 in (Miolane and Montanari, 2021) and
thus omitted here. O
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1.3 The Asymptotic Distribution and Sparsity

As we mentioned in our paper we need to evaluate a few quantities such as the number of non-zero elements B
Clearly, the empirical disribution of ﬂ can be used for this purpose. Hence, if we can evaluate what the empirical
distribution of 3 converges to, then we can hopefully obtain accurate bounds on e.g., || ,BHO

Let 11 be the empirical distribution of the couple (B, B3*). According to the results that have appeared in the
approximate message framework and CGMT framework (Maleki, 2010; Donoho et al., 2011, 2009; Thrampoulidis
et al., 2015, 2018; Wang et al., 2022), we expect [i to converge to p* that is the distribution of the couple

b.. ATy
——soft(.2 + 0,5 ). 0)
G agroti(2+ 0.5,
where (Z,0) ~ N(0, 1)®%255;, and (7, bs) is the unique saddle point of ¢(7,b) defined in (167). The
following theorem is a finite sample size confirmation of this claim:

Theorem 8. There exists constants C,c > 0 depending only on Q such that for all € € (0, %],
P (WQ(ZZ, M*)Q > E) < 05—260p63(10g8)72

Proof. The proof of this Theorem is very similar to the proof of Theorem 3.1 of (Miolane and Montanari, 2021),
and hence will be skipped. Please note that there will be some minor changes due to the fact that our regulaizer
is elastic net, i.e. M||B|l1 + n||B||3 compared to LASSO in (Miolane and Montanari, 2021), i.e. A||3|;. For
that reason as we described in Section 1.4, our scaler optimization function (7, b) is slightly different from the
corresponding function in (Miolane and Montanari, 2021). O

As we described before, one of our goals is to use ji to evaluate the properties of a Hence, in most of our results
we are more interested in the empirical law of 3, denotes as i1, rather than 1. However, it turns out that we
can simply obtain a bound for Wy (i1, u})?, where u? is the law of soft(tvZ + O, ’\T*) using Theorem 8.

by 207y +2n7’

Corollary 9. There exists constants C,c > 0 depending only on Q such that for all € € (0, 5],
P (W2(ﬁ1»lff)2 > 5) < CS—Qecpa3(1og5)f2

Proof. We have

W) = b E[(X — V)R + (Ko~ ¥a)?
(X1, X2) ~
(Y1,Y2) ~ p
inf E(X; —Y1)?
(X1, X2) ~
(Y1,Y2) ~
= inf 1E(X1 -1)?
X1~ py
Y1~ op
= WE (i, ) (182)

Hence, (182) combined with Theorem 8 completes the proof. O

* | )

v
*3:)

As we discussed in our main paper, we also need to bound the size of sets for which we have bounds on the
magnitude of the subgradients of the ¢1-norm. The rest of this section is dedicated to explaining how the sizes
of such sets can be bounded. Define

~ 1 =

Vi 1 [XTy - (XX + nIp)ﬁ]
where I, is the identity matrix on RP*P. It can be shown that V is a subgradient of Hﬁ |l1- In fact, the first order

condition of 8 gives R R ~
0 X (y = XB) +20||B]1 + 218



By simple algebra this is equivalent to v € 8||B||1 Note that if [v;| < 1, then B; has to be zero. Hence, analyzing
v provides an upper bound on ||3]|g. Let ui denote the distribution of

)\T*
msoﬂi(’ﬂkz + @ * )

as defined previously. Define
15 /\ Bk A B
* * - '’ - (I) -5 - -

Note that if EZ # 0 then |v;| = 1. If there are not many zero coefficients with subgradients whose magnitude is
close to 1, we should expect, % ) ]1{|Cv|:1} to be close to s*. The following theorem confirms this:

Theorem 10. There exist constants C,c > 0 depending only on Q such that, for all € € [0, 1],

A C —cne’
( Z (Fiz1—ey = 5= 201+ bmln) ) < 3¢ ;

where byin > 0 is the lower bound of b, in Lemma 24.

Sketch of proof. The proof is similar to that of Lemma 25 using the convex Gaussian minimax theorem (CGMT)
that was stated in (172), and is essentially the same as the proof of Theorem E.5 in (Miolane and Montanari,
2021). Therefore we provide a sketch of proof here while omitting the details. First we conctruct the primary
optimization (PO) with ¥V being its unique optimizer. Then we identify the auxillary optimization (AO) of
CGMT and study the local stability of AO, similar to Lemma 25. Finally we use CGMT to connect the local
stability of AO to that of PO. Define the primary optimizatio (PO) as the following:

1 A 7 . N o
V(v) = mln*IIXW—ffZIIer o "B +w )—;IIB ||1+E||W+ﬁ ||§—5||5 113

It can be verified using dual norm and interchangeability of min-max that

V = argmax <1 V(Vv).

Hence, the goal would be to use this optimization and CGMT to provide useful information about v. As we
described before, we expect % >k 1{jvi|>1-c} to be close to the number of nonzero coefficients and that should
be close to s.. Hence, we set

A
D, := { ||V||OO <1- Zl{|vk\>1 e} > 8 t+ 2(1 + b ) } .

We have

1 A
F <p 2 Lz Z 5 T 214

min D, [IVlw<1

)5) =PveD,)<P <max V(v) > max V(v)— €l> : (183)

for any ¢ > 0. Note that & will be decided after the analysis of PO is finished. Using the same arguments as
the ones presented in Section 1.2, we can obtain the following auxillary optimization for this problem:

2
oo L JIwIE L Slblle 1 r o glo AT ) .
V(v) = min 5 (W\/ﬁ W8V ++n(v (w+B8%) —18%h)

+ 2 (Ilw+B15 - 18°13) (184)

where g ~ N(0,1,), h ~ N(0,I,,) and ¢’ ~ N(0,1), independent with each other. Directly working with D, is
quite difficult, but recall in Lemma 25 we have defined a set {w : %HW — W/ |2 > &} and it was easier to work
with. In fact, we can define a similar set

1 -
Dei={veR": vl <1, 7flv = V3 > e},
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with
b.

B AT

And one can then show that, for some constants C, ¢,y > 0:

(%~ rg) - &+ ).

vf =

P(max V(v) > max V(v) —ce) < e’ (185)

veD,.

o Q

The proof is essentially the same as that of Theorem E.7 of (Miolane and Montanari, 2021) and thus omitted
here.

The next step is to substitute the D, in (185) back to D.. The goal is to prove that, for some constants C, ¢,y > 0,
for all € € (0,1]:

P(max V(v) > max V(v) — 39¢%) < %6767166 (186)
veD. v 51

The proof is essentially the same as that of Lemma E.9 of (Miolane and Montanari, 2021) and thus omitted.
Then we connect (186) with its V(v) version via CGMT. Notice that by interchanging min-max and using dual

norm expressions, we have

max V(v) =minC(w), max V(v) = min L(w).
Iv]loo <1 ) w (w) Ivleo<1 V) w (w)

Hence, we have

P maxV(v) > max V(v)—3 €3>
<Ds ) Vil <1 V) 7

<P < max V(v) < (7, bs) — 753> +P (max V(v) > (7y,by) — 2753)

Ivlleo<1 D,

<P (m“i,nC(w) < (Ta,by) — %3) +oP <max V(v) > (7, by) — 2753) . (187)

D.

Now by Lemma 28, the first term is bounded by 6%67CH€6. For the second term, we have

P (rrll)ax V(v) > (s, bs) — 2753)

€

< P (max V(v) > max V(v)-— 37€3> +P( max V(v) > (7, bs) +7€°)

De T vlle<1 Ivlloo <1

< ge’cms + P(min L(w) > 9(7s, bs) +7€3)
C 7677,66 C 767’7456
< Sty G (188)

The penultimate inequality uses (186) and the last inequality uses Corollary 7. Putting (183), (187) and (188)
together we have

1 A C oo
P (p Z L5 s1—ep 2 8¢ +2(1+ bmin)5> < et
O

The final theorem that we would like to mention in the appendix is a concentration result on the number of
nonzero elements of 3.

Theorem 11. There exist constants C, ¢ depending only on Q such that for all 0 < e < 1,

1.~
P (’IIBO — 5
p

> 5> < Ce=Be—cpe’



Proof. Note that if an elements of ,@i # 0, then its corresponding subgradient has to be either 1 or —1. Hence,
the upper bound of %H,@HO is a direct result of Lemma 10. For the lower bound, the proof follows a similar

PO-AO-local stability path and is essentially the same as the proof of Theorem F.1 in (Miolane and Montanari,
2021). O

1.4 Study of the Scalar Optimization
Let h,(x) be the Huber loss

hy () := %Ilsoft(x,r) = x|3 + [Isoft(x, 7)1
We remind the reader that

¢(T7b): <U2+T>l2)_b22

T

28 iy { o wl g A+ 87 = 181+ (e + BB - 187D | (s

wERP

and that \
soft <7’g + 87, l:) - 3"

v (7. b) =
wi(,b) ; b+ 2nt

Inserting back w = W/ (7, b), it can be shown that

A A bt
z 2 i (6 ®\ * o =112
1% + S (Vg + )~ 2187~ 5~ Elgl3

o2 br’ b b
b = _— _— _—
¥(r:b) <7”+b—2777")2 2
where 7 = ﬁT and g = g — 27"5*. The variable W/ and function 1 (7,b) play an important role in our

analysis later. In this section, we study the saddle point of ¥ (7,b):

(T4, by ) 1= argmax argmin (7, b)
b>0 T>0

In the rest of this section we prove Lemma 23 and Lemma 24.

Proof of Lemma 23. Note that 1 is convex-concave and differentiable with respect to (7,b), and the differentia-
tion can be taken inside the expectation. Using the formulae

0 1 5
ar () = —ﬁ[soft(x, r) — x|
0

1
%hr(x) = (z — soft(z, 1))

one can obtain the following:

9 b o o ooy 5
St = 51 (72 = o~ LRIV (0

9 IR S
%Z/J(T,b)—T b nng(T,b).

First, for each b > 0 consider min, >, ¥(7,b). Let fi(7) = a%w(r, b). We have

b 2 1< b B A Br?
Fo(7) 2 ( T2 n kzzl [b+27ITSO tow + T’ b) T ]

Hence, we have

o fu(7) is differentiable since the integrand is almost surely differentiable, and the distribution of g is continuous
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o fi(T) > 0 because 9(-,b) is strictly convex
e folo) = 7%151”\27]0(7', b)||? < 0 since W/ (7,b) is non-degenerate
o fp(4+00) =1 using the Dominated Convergence Theorem.
Therefore ¥b > 0, 3 unique 7(b) > o such that f,(79(b)) = 0. Moreover f,(7) < 0 on the left and > 0 on the

right. Hence, 79(b) is the unique minimizer of (7, b) at b. Moreover, by the Implicit Function Theorem, 74(b) is
differentiable.

Next we define G(b) = ¥ (79(b),b) = min, >, ¥ (7, b) so that

max min P(T,b) = max G(b)

Its derivative is given by
g(b) 1 =G'(b)
0 0
(7, b) + o-v(7,b) 70(b)
ob r=ror) 07 r=ro(b)

ro(b) — b— %ng (0(b), )

The last line is because Z(7,b | = 0. Next we show that G(b) has a unique maximizer b, > 0 and it is

T=70(b)
also the unique solution of g(b) = 0.

e g(b) is a decreasing function, because G(b) is the pointwise minimum of a collection of strictly-concave
functions, and is hence strictly-concave itself

o liminf, o, g(b) > 0. To see this, first notice that 79(b) is the zero of %fb(T) and

: 2 _ -2/ 2 1 *(12
Jim 2fi(r) = 1= 720 + |8

Therefore, we have
1
tim () = 0% + - |7

b~>0+

By using Fatou’s lemma we obtain

1
lim inf g(b) = lim 7o(b) — lim sup —Eg' W/ (70(b),b)
b—04 b—04 b—0.4 n

1, ., 1< .
> 0?4 —[B°7 = — D Elgw (0 5)]
k=1
2 1 * (12
=0+ —[|87|
n
> o?

o As mentioned before G(b) is the pointwise minimum of a collection of strictly concave functions so it is itself
strictly concave and therefore admits a unique maximizer b, > 0. By the last point lim infy o, g(b) > % > 0.
Therefore the maximizer cannot be 0, and hence b, > 0. Since G(b) is differentiable b, must be a zero of
g(b), and the zero must be unique as the maximizer is unique.

We conclude that the unique saddle point is (79(b«), bs) and it satisfies (168). O

Proof of Lemma 24. We remind the reader of the following notation:
wl = Wf(r*, b.).

We divide the proof into the following steps:



Step 1 (Lower bound for b,): Using the same notations as the ones used in the proof of Lemma 23, we have
G(b) = min,>, ¢ (7,b) and g(b) = G'(b). Using the fact that EZ - soft(Z + a,r) = ®(a — ) + ®(—a — r) (which
can be verified directly via integration), we have

g(b) = G'(b) = 1o(b) — %]EgTvAvf (1o(b),b) — b

1 P 0r A
- 1— § 'E f ) -
7o(b) ( nb+ 2070 Qmo 9r - soft(gx + 7 T0(b)’ b)> b

k:l
1 £ 0; A 0; A
=) [1— - P(——E_ ) ) —b
7o(b) ( nb+2n7’o(b = [ )+ ( 70(b) b)}>
(C] A (C] A
>1o(b 1——IE<I> - )+ P(——= — —+ —-b
ol )< Yo [ (To(b) p) To(b) b)D
1 C)
=19(b) (1 — —Eh —b,
ol )( 70 b(To(b))>
where © has uniform distribution over the elements of 5*, and hy(z) = ®(z — ) + (—z — «) is an even funcion,
decreasing for z < 0 and increasing for z > 0. Let K = — \ﬁ By Markov inequality we have
(C] S}
< >
e (To(b)) < oK) +P ( To(b)’ B K>
EO?2
<h(K)+
=l e
< hy(K) + ¥.

Finally it can be verified directly that limy_,o, hy(K) = 0. Henec we can find by > 0 depending only on £, A, 0, vo
such that Vb < b, hy(K) < 2. Hence Vb < by we have

If we let byin = min{bg, §}, then Vb < byin, g(b) > § > 0. Since b, is the zero of g(b) and g(b) is decreasing, we
conclude that b, > by,;,. This finishes the proof of the first step.

Step 2 (7. < T,,L(M) FiI‘bt note that if we insert w = 0 in the definition of t(7,b), then we will have
P(r,b) < ( +T) 2 — % Hence,

o2 b b? o2
< 3
1/)(7'*, b*) < mbzaox mTZmU ( -+ 7') = (190)

Next, we show that ¢ (7,b) has an increasing lower bound ¢(7) for all b > b,;,. In fact,

0'2 b b2 ~ b * ~ -~ * *
w0 = (T 7) = 5+ TE{IRTIB(E + ) — e 2037 + N8+ 87l - Nl |
b B2 b D S U S
= et - L (L e - ot b -0+ Ea T 4 B 18- 2
b2 ~ ~ * A *
R T PR AR R R A T (101)
n n n
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The first two terms in the last line of the above equation are nonnegative when 7 = 7,. For the third term,

QT’E[B*TAJ‘_ :b i;’;ﬁ zi:ﬁ - Esoft <Z+B bi)
2 b T |
7’7() +72—777' Z|B| ('ﬂ >
> 261~ 2 e
2Nmax Amax
> -l Cmexe
) (192)

In the above equations, the first inequality uses |Esoft(Z + z,r)| < |z| + r, the third uses Cauchy-Schwarz

inequality, and the last uses ; _f;m <15 _Z;m_ < %

For the fourth term of (191), using the notation © taking values uniformly from the elements of 8* and Z ~
N(0,1) and independent from O, we have

A A bt 0 A
ZEIw o= 2 7 EBlsoft(Z + —. =
n ||W +/8 Hl ’YO b* _|_2777_* SO ( + *7 b*>
)\ bmin * >\
> A minTs g soft(Z + 9,—) .
Yo bmin + 2777-* T« bmin
Now consider the function h(a) = E|soft(Z + a,r)| with r = 2. We have h(0) = E|soft(Z,r)| :== C > 0 and

by Monotone Convergence Theorem we have lim h(a) = +oo Therefore there exists a constant Cy > 0 that
a— o0

depends only on r = ﬁ such that h(a) > Cs. Hence, we have
2 Omint g2
Yo bmzn + 2777—* Tx

A bminT*

v

A s .
“E[lW + 87
n

C 193
o} bmln + 2777—* 2 ( )
Finally, for the last term of (191) we have
Af Amax§
*Ilﬁ [ < &5 < Tmaxs (194)
0
Combining (190), (192), (193) and (194) together, we have
A bpinT £ o?
2 min /% mdx
Ti— 0O Ci+—————Cy — < YP(1y,by) < —
n( ) 1 %0 bunin + 2117 2 o Y( «) 9
If we define C] = Sing“Q + Nmax0? + C1 + )‘“;";"E, Ch= ’\;‘/‘Oa" bminC2, we can rephrase the above inequality into
Chr.
2 2'* < C/
U * bmin + 2777-* o

It can be verified directly that, the minimum of the left hand side over n > 0 is max{(/2C% — Zuin), Cs Y=

bmin

c! .
C37.. Hence, we conclude that 7, < Tax = C—; depending on model parameters.

Z)>o0.
S9EL

Step 3 (Upper bound for b,): First note that

1 1 bT B
“Ee'wl = 2 P
n g W nb*+2777*; (

gl+7
*

Therefore
by = Tw — f]Eg W < 1as



Step 4 (Lower bound for 7.): It is trivial that 7. > o and is hence skipped. O
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