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Abstract

This paper introduces online bilevel optimiza-
tion in which a sequence of time-varying
bilevel problems is revealed one after the
other. We extend the known regret bounds
for single-level online algorithms to the bilevel
setting. Specifically, we provide new notions
of bilevel regret, develop an online alternat-
ing time-averaged gradient method that is
capable of leveraging smoothness, and give
regret bounds in terms of the path-length of
the inner and outer minimizer sequences.

1 Introduction

Bilevel optimization (BO) is rapidly evolving due to its
wide array of applications in modern machine learning
problems, including meta-learning [Bertinetto et al.,
2018|, hyperparameter optimization [Feurer and Hutter,
2019], neural network architecture search [Liu et al.,
2018], data hypercleaning [Shaban et al., 2019], and re-
inforcement learning [Wu et al., 2020]. A fundamental
assumption in BO, which has been adopted by almost
all of the relevant literature [Franceschi et al., 2017,
Ghadimi and Wang, 2018, Ji et al., 2021b, Nazari et al.,
2022al, is that the inner and outer cost functions do not
change throughout the horizon over which we seek to op-
timize. This offline setting may not be suitable to model
temporal changes in today’s machine learning problems,
such as online actor-critic [Vamvoudakis and Lewis,
2010, Zhou et al., 2020a], online meta-learning [Finn
et al., 2019], strategic dynamic regression [Harris et al.,
2021], and sequential decision-making, for which the
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objective functions are time-varying and are not avail-
able to the decision-maker a priori. To address these
challenges, this paper introduces an online bilevel opti-
mization (OBO) setting in which a sequence of bilevel
problems is revealed one after the other, and it stud-
ies computationally tractable notions of bilevel regret
minimization.

1.1 Background: Online Single-Level
Optimization

In online single-level optimization, the setup resem-
bles a game between a learner and an adversary
[Hazan, 2016a]. In each of the repeated decision rounds
(t € [T]:=1,...,T), the learner predicts x; € X C R,
an element within a convex decision set. Simultane-
ously, the adversary selects a loss function f; : X — R,
and the learner observes f;(x), incurring a loss of fi(x:).
In the non-static setting [Besbes et al., 2015], the
learner’s performance is measured through its single-
level dynamic regret

T

D-Regy = Z(ft(xt) = fi(x1)), (1)

t=1
where x} € argmin, ¢y fi(x).

In the case of static regret [Zinkevich, 2003|, x; is
replaced by x* € argmin, ¢ y Zg‘rzl fi(x), ie.,

T

S-Regp = Z(ft(xt) — fir(x¥)). (2)

t=1

The static regret (2) assumes that the comparators
do not change over time. This assumption can be
unrealistic in many practical online problems, ranging
from motion imagery formation to network analysis,
where the underlying environment is dynamic. The
parameters {x;}]_; could correspond to frames in a
video or the weights of edges in a social network and,
by nature, are variable [Hall and Willett, 2015].
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1.2 Stackelberg Game and Online Bilevel
Optimization

Bilevel optimization, also known as the Stackelberg
leader-follower model, involves two players whose
choices impact each other’s outcomes. One player,
the leader, possesses knowledge of the other player’s ob-
jective function, enabling her to predict the follower’s
choice accurately. Consequently, the leader optimizes
her own objective while factoring in the follower’s ex-
pected response. In contrast, the follower is only aware
of her own objective and must consider how it is influ-
enced by the leader’s decisions [von Stackelberg, 1952].

Online Bilevel Optimization: Let x, € X ¢ R%
and f; : X x R% — R denote the decision variable
and the objective function for the leader, respectively;
similarly define y; € R% and g; : X x R% — R for the
follower !. In each round ¢ € [T], knowing the decision
X¢_1 of the leader and the objective function g;_1 of
the follower, the follower has to select y; € R% in an
attempt to minimize g;(x¢,y) using the information
from rounds ¢t — 1,t — 2,...,0. Being aware of the
follower’s selection, the leader then moves by selecting
Xy € X in an attempt to minimize the bilevel dynamic
regret, defined as:

T
BD-Regr := ) _(fu(xe,¥7 (x0)) = folx},¥7(x7))), (3a)

t=1
where

yi (x) € argmin g;(x,y), and
yER42

. ] . (3b)
x; € argmin f; (x,y; (x)).
xXEX
Our objective is to design online algorithms with a
sublinear bilevel regret, i.e., BD-Regy = o(T).

We also study the framework of regret mini-
mization where x; in (3) is replaced by x* €
argmin, ¢ y Z?:l fi(x,yf(x)). In this case, the goal of
the leader is to generate a sequence of decisions {x;}7_;
so that the following regret can be minimized:

T

BS-Regy := y_ (fi(xe,v; (%)) = fo(x", ¥ (x7))). (4)

t=1

Note that the above regret is not fully static, as the
inner optima {y;}]_; are changing over T.

In general, it is impossible to achieve a sublinear dy-
namic regret bound due to the arbitrary fluctuations in
the time-varying functions [Besbes et al., 2015]. Exist-
ing single-level analysis shows that it is indeed possible

'For simplicity of analysis, we use R%? as the follower’s
decision set.

to bound the dynamic regret in terms of certain regu-
larities of the comparator sequence [Zinkevich, 2003].
Hence, in order to achieve sublinear regret, one has to
impose some regularity constraints on the sequence of
cost functions. In this work, we define the outer and
inner path-length (of order p) quantities to capture the
regularity of the sequences:

T
Ppr = Z l[x;—1 —x;[|”, and

t=2

- (50)
Yor =3 yioa(xiy) — v
t=2

Here, P, r is the path-length of the outer minimizers
and is widely used for analyzing the dynamic regret of
single-level non-stationary optimization; see Table 1.
Y, 7 is a new regularity metric for OBO that measures
how fast the minimizers of inner cost functions change.
For simplicity of notation, we set

Sva = Pp,T + Yp,T~ (5b)

Besides (5a), other notions of regularity have also been
considered in online learning such as function variation
[Besbes et al., 2015] Vp = Zthz SUPyex | fi—1(x) —
fi(x)| and gradient variation [Chiang et al., 2012]
Gr = Y1y supee IV fim1(x) = VA(x)|. For the
leader’s regret analysis in the static and local settings,
we respectively define

T
Vor = [lyia(x") —yix)]]",  and

t=2

T (6)
Hyr = sw |yi_1(x) —yi ()|

t=2 XERN
for capturing the dynamics of the inner problem.

The metrics in (5) and (6) are generally not comparable.
Appendix A.1 demonstrates their significant differences
across various online problems.

Our Results. Our main contributions lie in developing
several new results for OBO, including the first-known
regret bound. More specifically, we

e Define new notions of bilevel regret, as given in (3)
and (4), which are applicable to a wide class of con-
vex OBO problems. To minimize the proposed regret,
we introduce an online alternating gradient descent
(OAGD) method capable of leveraging smoothness and
provide its regret bounds in terms of the path-length
of the inner and/or outer minimizer sequences.

e Present a problem-dependent regret bound on the
proposed dynamic regret that depends solely on the
outer and inner path-length in Theorem 4. We then
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Single-Level Regret Minimization

Regret
SC-D | Mokhtari et al. [2016] O+ Pir)
Zhang et al. [2017 O+ min{P r,Pr})
SC-S | Hazan et al. [2007 O (logT)

Besbes et al. [2015]
C-D | Jadbabaie et al. [2015]

1/2 p1/2
O(1+Gp P7p)
O(1+T?/3vpt/?)

Yang et al. [2016] O+ Pir)
C-S | Zinkevich [2003] OWT)
NC-L | Hazan et al. [2017] O(T/W?)
Bilevel Regret Minimization
Leader’s Regret
SC-D | Theorem 4 | O (1 + min{Si r,S2.7})
SC-S | Theorem 6 O (log T+ YQT)
C-D | Theorem 7 O+ S1r+Yar)
C-S | Theorem 8 OWT + Y11+ Yarr)
NC-L | Theorem 9 | O(T/W + Hi 7 + Ha 1)

Table 1: Comparison with prior works on regret min-
imization. Here, W = Y ', for {u;}¥' with
1 =w > up...upy—1 > 0 (Def. 1); SC-D (-S), C-
D(-S), and NC-L denote strongly convex-dynamic (-
static), convex-dynamic (-static), and non-convex-local
settings, respectively.

establish a lower bound for OBO in Theorem 5 that
matches the upper bound we obtain for smooth strongly
convex functions. Notably, our bound in the single-level
setting (Y1 7 = Y5 7 = 0) aligns with the state-of-the-
art result in [Zhang et al., 2017], without the need for
multiple gradient queries (multiple updates to x;) as
used in their analysis.

e Introduce a novel notion of bilevel local regret, which
permits efficient OBO in the non-convex setting. We
give an alternating time-averaged gradient method, and
prove in Theorem 9 that it achieves sublinear regret
according to our proposed bilevel local regret.

Notation. Any notation is defined upon its use and
is summarized in Table 2 for reference.

2 Related Work

Static Regret Minimization: Single-level static re-
gret (Eq. (2)) is well-studied in the literature of online
learning [Shalev-Shwartz et al., 2011]. Zinkevich [2003]
shows that online gradient descent (OGD) provides
an O(v/T) regret bound for convex functions {f;}7.;.
Hazan et al. [2007] improve this bound to O(logT) for
strongly-convex functions {f;}7_;.

Dynamic Regret Minimization: Single-level dy-
namic regret forces the player to compete with time-
varying comparators and is thus particularly favored
in non-stationary environments [Besbes et al., 2015].

There are two kinds of dynamic regret in previous stud-
ies: universal dynamic regret aims to compare with any
feasible comparator sequence [Zinkevich, 2003|, while
worst-case dynamic regret (defined in (1)) specifies the
comparator sequence to be the sequence of minimizers
of online functions [Besbes et al., 2015]. We compare
regret bounds from related works for the latter case in
Table 1, as it is the setting studied in this paper.

Local Regret Minimization: There are several ap-
proaches to treat online single-level non-convex op-
timization, including adversarial multi-armed bandit
with a continuum of arms [Bubeck et al., 2008, Héliou
et al., 2020], and the classical Follow-the-Perturbed-
Leader (FPL) algorithm with access to an offline non-
convex optimization oracle [Agarwal et al., 2019, Sug-
gala and Netrapalli, 2020]. Complementing this litera-
ture, [Hazan et al., 2017] considered a local regret that
averages a sliding window of gradients at the current
model x; and quantifies the objective of predicting
points with small gradients on average.

Bilevel Optimization: Since its first formulation
by [von Stackelberg, 1952] and the initial mathematical
model by [Bracken and McGill, 1973], there has been
a steady growth in investigations and applications of
offline BO [Liu et al., 2021]. Recently, gradient-based
approaches have become popular for their simplicity
and efficacy [Franceschi et al., 2017, Ghadimi and Wang,
2018, Ji et al., 2021b, Chen et al., 2021], yet they
assume a static cost function, a limitation we overcome
by exploring new bilevel optimization algorithms in
the online setting. Since our initial submission, several
OBO studies have emerged [Lin et al., 2024, Huang
et al., 2023|, with Lin et al. [2024] introducing an
OBO method that updates x; based on an average of
recent hypergradient estimates, enabling scalable OBO
through an approximate Hessian-inverse vector product
by solving a linear system.

3 Algorithm and Regret Bounds

In this section, we provide bilevel regret bounds based
on the regularities defined in (5) and (6). We first list
assumptions for OBO.

Assumption A. For allt € [T]:
Al. f; is €y o-Lipschitz continuous.
A2, gi(x,y) is pg-strongly convex in'y for any x € X.

A3. V£, Vg, and V?g, are respectively le1,0g1, and
L4.2-Lipschitz continuous.

Assumption A necessitates well-behaved {(f:, g:)} 1,
typical in offline BO [Chen et al., 2021]. Throughout,
we use kg := {41/ g to denote the condition number
of online inner functions {g;}~ ;.
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Assumption B. The non-empty closed and convex
decision set X C R% is bounded, i.c., ||x —x'|| < D
for any x,x" € X and some D > 0. Further, ||y1 —
vi(x1)|| < D' for some D' > 0.

Assumption B is similar to the existing assumptions on
the decision set in single-level online learning [Hazan,
2016a, Zinkevich, 2003].

3.1 OBO with (Hyper-)Gradient Information

Perhaps the simplest algorithm that applies to the most
general setting of online (single-level) optimization is
OGD [Zinkevich, 2003]: For each t € [T], play x; € X,
observe the function f;, and set
xep1 = Iy (Xt - Oétvft(xt)),

o > 07 (OGD)

where Il x is the projection onto X.

We consider a natural extension of (OGD) to the bilevel
setting (containing inner and outer OGD) and demon-
strate that it exhibits regret bounds based on the
path-length of the inner and/or outer minimizer se-
quences. To do so, we need to compute the gradient
of the outer objective (hypergradient) V fi(x,y;(x))
where y;(x) is defined in (3b). The computation
of Vfi(x,y;(x)) involves Jacobian Vi g;(x,y;(x))
and Hessian V2 g(x,y;(x)). More concretely, since
Vyg:(x,y7 (%)) = 0, it follows from Assumption A and
the implicit function theorem

Vi (x)Vig: (x,57(x)) + Vayg: (x,y7 (x)) =0,

which together with the chain rule gives

V(%55 (%) = Vafi (x,y7 (x))
+ Vy; (%) Vy fi (x,y7 (%)) -

The exact gradient V f;(x, y;(x)) is generally not avail-
able, preventing the use of gradient-type methods for
bilevel regret minimization. In this work, inspired by
offline bilevel optimization [Ghadimi and Wang, 2018|
and online single-level optimization [Hazan et al., 2017,
Aydore et al., 2019], we define a new time-averaged hy-
pergradient as a surrogate of V f:(x, y;(x)) by replacing
y;(x;) with y; € R% and using the history of the hy-
pergradients.

Definition 1 (Time-Averaged Hypergradient).
Given a window size w € [T, let {u;}2°;" be a positive
decreasing sequence with ug = 1. Let Fy u(X,y) =
(/W) S i foi(x,y) with W = """ w; and the

convention fy = 0 for t < 0. Let My(x,y) be the
solution of the following linear equation:

V)Q(ygt (X7 Y) + Mt(xa y)vigt (Xa y) =0.

Algorithm 1 : OAGD for Bilevel Regret Minimization

Require: Initial values (x1,y;) € X x R%; parame-
tersw, T, K1, Ko, ..., KT € N; stepsizes {(a, 8;) €
R% 1T s and weights {u;}"' with 1 = ug > ug >
e > Uy > 0.
1: fort=1to T do
2:  Acquire information about functions f; and g¢;
3: Set z} <y
4 for k=1 to K; do
5: Update zi ! « zF — 8, V,q,(x¢, z¥)
6: end for
7:  Update y, 41 <zt ~
8 Update X1 < HX [Xt - CVtVFt,u(Xh yt+l)]
9: end for

Then, the time-averaged hypergradient is defined as

w—1

VFiu(x,y) = % Z WV feoi(x,y), (7)
=0

where
Vi Y) = Vafi(x,¥) + Mi(x,¥)Vy fi(x,y).  (8)

Remark 2. @Ft,u(x,y) is defined using the hypergra-
dients of the losses from the w recent rounds. By setting
u; = 1, it averages a sliding window of online hyper-
gradients at each update. With u; = §* for 6 € (0,1),
it emphasizes recent values, giving an exponential av-
erage of hypergradients. Although @Ft’u(x,y) seems
computationally intensive for large w, the w terms can
be processed in parallel, mitigating the cost.

The pseudo-code for the online alternating gradient
descent (OAGD) method is presented in Algorithm 1.
This algorithm is very simple to implement. At each
timestep ¢ € [T], OAGD alternates between the gra-
dient update on y; and the time-averaged projected
hypergradient on x;. One can notice that the alter-
nating update in Algorithm 1 serves as a template for
running (OGD) on OBO problems. In OAGD, w and
u; are tunable parameters. Remark 2 and Theorem 9
provide suggested values for them. Intuitively, the
value of w captures the level of averaging (smoothness)
of the hypergradient at round ¢. We note that OAGD
is similar to single-level time-smoothing OGD-type
methods for the outer variable update [Hazan et al.,
2017]. Also, without the inner variable and by setting
the window size w = 1, OAGD reduces to (OGD). It
should be mentioned that w > 1 is not required for our
bilevel dynamic and static regret minimization. How-
ever, evaluations in Section 4 reveal that Equation (7)
with w > 1 provides a performance boost over the case
w = 1. Finally, we note that for w = 1, Algorithm 1 is
similar to the gradient methods for offline BO [Ghadimi
and Wang, 2018, Chen et al., 2021, Ji et al., 2021b].
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Lemma 3. Under Assumption A, for all t € [T],
x,x' € X, and y € R%, we have

lyi(x) —yi(x)|| < Ly Ix — x|,
IVAi(x,y) = VA yi X)) < M lly —yi(x)],
IV fe(x,y7(x) = Vf(x',y; (x)| < Ly [|lx = x'.

Here, Ly = O(ky), My = O(k2), and Ly = O(k3).

The proof of Lemma 3 is provided in Appendix C.2.1.

3.2 Main Results

This section presents the convergence results of the
OAGD algorithm. In Theorems 4-8, we simplify the
analysis by setting w = 1. For a summary and compar-
ison of these results with the single-level setting, we
refer to Table 1. Proofs can be found in Appendix C.

Theorem 4 (Strongly-Convex Dynamic). Suppose
Assumptions A-B hold, and {f;}1_, are strongly convex
with parameter py. Then, Algorithm 1 with

2

1 Hf )
ly1+ pyg ’

ﬂ = ﬂ = VIR
! (1 128M2L2

, at:agmin{

K, =K > {0.25(% +1)log (4(0[; + Z)Q)w :

for all t € [T), satisfies the follwoing

BD-Reg; < 0(1 +min {5 7,

3 (10)
S IVAGe yi I + S} ).

Theorem 4 shows that Algorithm 1, using fixed step
sizes and K; = @(mg), achieves a problem-dependent
regret bound. While it might appear advantageous
to increase Ky, our analysis suggests that even as K,
approaches infinity, the regret bound only improves by

a constant factor.

In single-level online setting, [Zhang et al., 2017] shows
that if Zthl IV fi(x0)|I” = O(Py1), the dynamic re-
gret bound of (OGD) can be further improved to
O (14 min{ Py 1, P, r}) by allowing multiple gradient
queries (resulting in multiple updates to x;). When
Y17 = Yo r = 0, we achieve a similar dynamic regret
bound without multiple gradient queries.

If fi = f and g; = g, then S; 7 = So,7 = 0 implies a
regret bound of O(1), leading to convergence rates for
offline bilevel gradient methods [Ghadimi and Wang,
2018|. If the difference between consecutive inner and
outer arguments decreases as 1/t, then Py =Y 7 =
O(log T'), resulting in a logarithmic regret bound.

The following theorem provides the lower bound (1 +
Sa.1) for OBO.

Theorem 5 (Lower Bound). For any OBO algo-
rithm, there always exists a sequence of smooth and
strongly convex functions {(f:,g¢)}_, such that

BD-Regy = Q(1 + So.7).

Theorem 5 indicates that the upper bound in Theorem
4 cannot be improved in general.

Theorem 6 (Strongly-Convex Static). Suppose
Assumptions A-B hold, and { f;}1_, are strongly convex
with parameter py. Then, Algorithm 1 with

2 2
ﬁt—ﬁ—ei Oét—rftv

g1+ by

24Ly M

Ky = K > [0.25(, + 1) log ((#f
f

72 +2)),
for all t € [T, satisfies the follwoing

BS-Regy < O (IOgT + 172’T) . (11)

Theorem 6 shows that Algorithm 1, with decreasing o
and K; = @(Iig), achieves a problem-dependent regret
bound, where the log T term mirrors single-level static
findings [Hazan et al., 2007], and Y 7 accounts for the
variability in {y}(x*)}_, over T.

The following theorem provides the regret bounds for
online convex functions {f;}{_; in the dynamic setting.

Theorem 7 (Convex Dynamic). Suppose Assump-

tions A-B hold, functions {fi}L_, are convex, and
3 (x7,y7 (%)) € XxR® such that V fy(x},y7 (x})) = 0

for all t € [T). Then, Algorithm 1 with
2 1
= = = < —
/Bt B 69’1 +/ng’ (677 [O2S 4Lf,

Ki > [0.25(k + 1) log 4t%] |
for all t € [T, satisfies the following
BD-Reg; < O(1+ S17+ Yar). (12)

From Theorem 7 we see that Algorithm 1 achieves
an O (14 S1,r + Y2 r) dynamic regret for a sequence
of loss functions that satisfy Assumption A with
only gradient feedback. Note that the condition
V fi(x},y7 (x5)) = 0 is referred to as the vanishing gra-
dient condition, which is widely used in the analysis of
OGD methods in the single-level convex setting [Yang
et al., 2016, Assumption 2].

Theorem 8 (Convex Static). Suppose Assump-
tions A-B hold and functions {f;}1_, are conver. Then,
Algorithm 1 with

2 D
= = —_—, o+ = D
=5 Ly + pg ' ff,o\/i
K; > [0.25(kg + 1) log 4t7]
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for all t € [T, satisfies the following

BS-Regr <O (VT + Vi + Yar).  (13)

Theorem 8 provides static bounds when the cost func-
tions are convex. We observe that the term /T is
identical to the bound in the single-level static setting
[Zinkevich, 2003], and YLT and YZT account for the
variability in {y}(x*)}_; over T. Additionally, we
note that YLT and ng are not generally comparable;
see Example 1 in Appendix A.1.

3.2.1 Local Regret Minimization

In this section, we consider online bilevel learning with
non-convex outer losses. While minimizing the regret
(3) makes sense for online convex functions {f,}7_,, it
is not appropriate for general non-convex online costs,
as the global minimization of a non-convex objective
is generally intractable. We address this issue with
a combined approach, leveraging optimality criteria
and measures from offline non-convex bilevel analy-
sis, together with smoothing of the online part of the
outer objective function similar to [Hazan et al., 2017].
Throughout this section, we set X = R%.

For the sequence {ui};":_ol given in Definition 1 and for
all w € [T], we define the following bilevel local regret:

T
BL-Regry == Y [VEu(xyi(a)|*. (14)

t=1
Here, y; (x) € argmingcga, g¢(X,y), and

1 w—1

Ft,u(xtaYZ(Xt)) = W Z uiftfi(xt,y?(xt))

=0

with the convention f; =0 for ¢ < 0. Note that in the
single-level setting, (14) with w; = 1 simplifies to the
local regret in [Hazan et al., 2017].

For local regret analysis, we utilize H, r, as defined in
(6), to measure the variation of y;(x). We introduce
Hp 1 to account for cases where its value is inherently
small. For instance, in the online problem discussed in
Section 4, H, r represents the label variability over T,
which can be small for an optimal range of hyperpa-
rameters x € R%,

Assumption C. For allt € [T], |f:(x,y)] < M for
some finite constant M > 0.

Assumption C is a common assumption in the literature
[Hazan et al., 2017]. The following theorem demon-
strates OAGD’s sublinear local regret.

Theorem 9 (Non-convex Local). Suppose Assump-
tions A and C hold. Then, Algorithm 1 with

2
= =, = ]_7
Br=1p e Ky

1 1
ap =a < min{ —, )
ETas {8Lf 22 Ly My (k2 — 1)1/2}

for all t € [T), satisfies the following

T
]_3)1'4—1:{eg:p7u < O(W + Hl,T + H27T). (15)

The above regret can become sublinear in 7" provided
Hy 1 =o0o(T), Hyr = o(T), and the weight w is appro-
priately chosen so that W = o(T"). Theorem 9 aligns
closely with the existing bounds in various non-convex
optimization contexts. In the OBO setting, it parallels
[Lin et al., 2024, Theorem 5.7], yet it does not require
monitoring fluctuations between online objective func-
tions. When H, 7 = 0, as in a single-level setting,
Theorem 9 matches the findings of [Hazan et al., 2017]
but applies to a broader range of weight sequences
{u;}!. Tt is important to note that when u; = 1 for
all i € {0,...,w — 1}, it yields a local regret bound
of O(T/w+ Hy1 + Ha ). For the offline case where
ft = f, the results provide a convergence guarantee for
non-convex BO [Ghadimi and Wang, 2018|.

4 Experimental Results

In this section, we conduct preliminary experiments to
evaluate OAGD performance, with additional experi-
ments available in Appendix D. Code is available at
https://github.com/BojianHou/0AGD.

4.1 Online Hyperparameters Learning for
Dynamic Regression

Hyperparameter optimization (HO) is the process of
finding the best set of hyperparameters that cannot
be learned using the training data alone [Franceschi
et al., 2018]. An HO problem can be formulated as
a BO problem. The outer objective, f(y*(x);D"),
aims to minimize the validation loss concerning the
hyperparameters x. Meanwhile, the inner objective,
g(x,y; D), minimizes the training loss concerning the
model parameters y.

We consider online HO for dynamic regression as
follows: At each round or timestep ¢, new samples
(at,b;) € Dy := {Dy?!, DI*} for all t € [T] are received,
where a; € R% represents the feature vector and b; € R
is the corresponding target. It’s important to note
that the potential correct decision can change abruptly.
Specifically, we consider an S-stage scenario where
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Figure 1: Performance of OAGD in online hyperparameter learning over five runs. The left and middle figures
show OBO’s regret with three comparators and a fixed comparator, respectively. The right figure illustrates the
outer problem’s trajectories and the performance of OAGD and offline HO in learning the hyperparameter x.

(x%,y%(x%)) represents potentially the best decisions
for the s-th stage, encompassing all s € [S]:

x} € argmin Zf;l f (y: (X);'Dz’al)
xeX

* : T,
s.t. yi(x) € argmin  }7,°, g (x,y; D).
yER42

(16)

At each round ¢ of online HO, given a sample (a¢, b;) €
Dj*, the follower is required to make the prediction
by a/ y; based on the learned inner and outer models
(X¢-1,y:-1) € X x R?%; then, as a consequence the
follower suffers a loss g(x;_1,y¢; DY) = 1/2(a) y: —
b)? + yT Clxi_1)ye, where C(x) = diag(exp(z:))™L,.
The leader then receives the feedback of the inner model,
i.e., y¢, predicts the new hyperparameter x; using a
validation sample (a;,b;) € Dy*, and suffers the loss
flyi(x¢); DY) = 1/2(a/ y¢(x¢) — br)?. This process
repeats across T = {11, ...,Ts} rounds.

Figure 1 (left and middle) shows the variation P, 1 +
Y5 7 and the regret bound of OAGD with three different
window sizes w € {1,100,T} on synthetic data; see
Appendix D.1 for further details. We observe that
OAGD with w = T performs the best, with a gradual
decrease in performance as w decreases to 100 and
w = 1. Additionally, Figure 1 (right) demonstrates
that the performance of OAGD is comparable to the
performance of the offline HO [Franceschi et al., 2018].

4.2 Online Parametric Loss Tuning for
Imbalanced Data

Imbalanced datasets are common in modern machine
learning, posing challenges in generalization and fair-
ness due to underrepresented classes and sensitive at-
tributes. This issue is exacerbated by deep neural net-
works’ tendency to overfit, appearing accurate and fair
during training but performing poorly during testing.
AutoBalance [Li et al., 2021] addresses this by automat-
ically designing a parametric training loss to balance
accuracy and fairness while preventing overfitting. We

give an online variant of AutoBalance, demonstrating
the enhanced performance of OAGD in this setting.

The bilevel objective function for loss tuning is the
same as (16) but the leader’s and the follower’s loss
functions are defined differently. At each round or
timestep ¢, new samples (a;, b;) € D, := {Dy*!, Dir}
for all t € [T are received, where a; € R% represents
the feature vector and b; € {1,...,J} represents the
corresponding label. For a new sample (a¢,b;), the
follower suffers from a parametric cross-entropy loss:

eV [ye(an)]v, +D0s,

—1 7
* ST enlyi@l+a,

g(Xt71,Yt;D§r) = (17a)

where x;_1 := (Aj,'yj)}]:l represents the logits.

In the outer-level, the leader suffers from a balanced
cross entropy loss

elye(a)ls,

;’Dval = — 1 -7
J(ye(xe); DY) Up, 10g Zj:l elyt(ar)l;

(17b)

where u; represents the reciprocal of the proportion
of samples from the j-th class to the total number of
samples [Li et al., 2021].

There might be one notation abuse in (17) that we
need to clarify: y;(x;) still indicates that the follower
y: is conditioned on the leader x;, whereas [y:(a¢)]s,
denotes the predicted logit for class b; that the follower
y: makes on sample a;. Note that the backbone model
for y; is a 4-layer CNN, resulting in a nonconvex bilevel
objective. For more details, refer to Appendix D.

We compare Algorithm 1 with the following baselines:

- Single-Level OGD |[Zinkevich, 2003]: Updates the
model y; with fixed hyperparameters x at each timestep
on the newly observed data using gradient descent.

- AutoBalance [Li et al., 2021]: An offline bilevel gra-
dient descent framework that updates hyperparameters
x; and the model y; to address imbalance issues.
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Figure 2: Performance comparison (mean=std) on loss tuning for imbalanced MNIST data across five runs.
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Figure 3: Performance comparison (mean+std) on loss tuning for imbalanced MNIST data across five runs,

considering induced distribution shift.

We conducted experiments using the MNIST
dataset [LeCun et al., 2010]. To create an imbalanced
scenario, we selected samples in proportions of 0.6°
from each class (i = 0,1,...,9). For online learn-
ing, we used a batch size of 128 at each timestep to
train our OAGD. If the window size w exceeded 1, we
combined the current batch with the previous w — 1
batches for OAGD training. We evaluated cumulative
runtime, along with balanced training and testing accu-
racy, where balanced accuracy is the class-specific aver-
1 J .
age accuracy: ijl Pa,~D, [arg max; ([y:(a;)]:) = J]
where D; refers to the distribution over samples whose
groundtruth class label is j and P[A] means the prob-
ability of event A [Li et al., 2021]. To ensure consis-
tency, we maintained a fixed inner-level learning rate of
B = 0.1 for all bilevel algorithms and single-level OGD,
with the outer-level learning rate set at o = 0.001.

Figure 2 (left) provides runtime comparisons. The
single-level OGD algorithm is the fastest since it lacks
an outer-level training step and trains on a single batch
of data at each timestep. Our OAGD exhibits similar
runtime characteristics, with the runtime increasing as
the window size w grows due to more extensive training.
In contrast, AutoBalance is the slowest method as it
trains on all observed data up to each timestep.

Figure 2 (middle and right) displays balanced training
and testing accuracy. AutoBalance quickly achieves
high accuracy after 10 timesteps, whereas single-level
OGD exhibits slower improvement. OAGD (w = 5)

and OAGD (w = 10) exhibit rapid growth in both
testing and training accuracy, eventually outperform-
ing AutoBalance. They benefit from time-smoothing
hypergradients. Larger window sizes further enhance
OAGD’s balanced training and testing accuracy.

We conducted experiments on the MNIST dataset to
evaluate performance under time-varying distribution
shifts across 400 timesteps, divided into four phases
of varying distributions, each lasting 100 timesteps.
Initially, the distribution was highly imbalanced, with
class proportions set by 0.4° for classes i = 0 to 9. This
imbalance gradually lessened over the next two phases,
changing from 0.6° to 0.8°. The final 100 timesteps
featured a balanced distribution across the 10 MNIST
classes, ensuring normalized class proportions through-
out all phases.

The parameter ¢ influences the weighting of each win-
dow in the “time-averaged hypergradient,” per Defini-
tion 1. Setting u; = 1 computes the average of online
hypergradients in a sliding window. For u; = §* with
0 € (0,1), it weights recent values more through an
exponential average. Experiments with ¢ values of 1,
0.9, and 0.5 show that lower § gives more emphasis to
recent windows.

The results, illustrated in Figure 3, show a signifi-
cant performance decrease for AutoBalance at timestep
T = 200, while OAGD remains comparatively stable
against distribution shifts. At T'= 80, OAGD experi-
ences a noticeable drop due to shifting from a single-
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Figure 4: Performance comparison (mean=+std)

level method with fixed hyperparameters (warm-up
phase) to a bilevel framework that starts adjusting
hyperparameters at T = 80, causing a short disruption.
This warm-up phase is standard in bilevel optimization
[Li et al., 2021, Lorraine et al., 2020]. Although larger
w are beneficial for gradient accuracy, they can produce
outdated gradients if data distribution changes, nega-
tively affecting model updates. In contrast, a smaller §
can improve adaptability and performance by focusing
on recent data, even with large window sizes w.

4.3 Online Meta-Learning

Meta-learning aims to bootstrap from a set of given
tasks to learn faster on future tasks [Finn et al., 2017,
Balcan et al., 2019]. A popular formulation is online
meta-learning (OML) where agents sequentially face
tasks and apply methods such as classical FPL [Finn
et al., 2019] or mirror descent [Denevi et al., 2019]
for enhanced meta-learning. We consider an implicit
gradient-based OML setting: for each task 7; and
some 3 > 0, the follower adapts the leader’s model
w; € W C R? using training data D' an inner OGD:

. . N 1
u; (w;) € arg min <u,Vf(wt;D§ )> + 23 [lu— wt||2 .
ucRd 6

Then, the test data D}* will be revealed to the leader
for evaluating the performance of the follower’s model
u;(w;). The loss observed at this timestep, denoted as
f(ui(wy); D), can then be fed into the leader’s algo-
rithm (outer OGD) to update w;. Despite the convex
nature of the loss function, which is a cross-entropy
loss, where w represents a 4-layer CNN, ultimately
rendering the outer problem non-convex. Further, the
inner problem for loss tuning involves training a CNN
and is non-convex, showing our implementation’s wide
scope. We compare our OAGD with the following
meta-learning methods:

- ANIL [Raghu et al., 2019]: A widely used meta-
learning algorithm, which simplifies MAML by remov-
ing the inner loop for all parts of the MAML-trained
network except for the task-specific head.

on meta-learning for FC100 data across five runs.

- ITD-BIO [Jiet al., 2021b]: A gradient-based stochas-
tic bilevel optimization framework based on iterative
differentiation (ITD).

We evaluate our model on the FC100 (Fewshot-
CIFAR100) dataset [Oreshkin et al., 2018] through a
5-way 5-shot task. In the online setting, each timestep
presents one task with 25 training and 25 testing sam-
ples. If the window size exceeds 1, data from up to
w — 1 previous tasks are included. In contrast, the
offline setting allows baselines to use all observed data
up to the current timestep. The inner and outer learn-
ing rates for ANIL and ITD-BiO are 0.01 and 5e — 5,
respectively, while our OAGD employs learning rates
of 0.1 and 1le — 4. These experiments were conducted
on a P100 GPU equipped with 12 GB of memory.

In Figure 4, we provide the performance comparison
in terms of runtime, training accuracy, and testing
accuracy. We compare only our OAGD (w = 10) to
other baselines to enhance the precision of the figure.
For the sensitivity analysis concerning the window size,
please refer to the Appendix. From the left figure in
Figure 4, it’s noticeable that the two baselines consume
a similar longer time with an exponential trend, while
our OAGD requires the least time, following a linear
trend. However, as indicated by the middle and right
figures, our OAGD demonstrates competitive training
accuracy and even better testing accuracy across all
the timesteps, highlighting its superiority.

5 Conclusion

This paper studies online bilevel optimization and pro-
vides regret guarantees under different convexity as-
sumptions on the time-varying objective functions. In
particular, we propose a new class of online bilevel algo-
rithms capable of leveraging smoothness and providing
regret bound in terms of problem-dependent quantities,
such as the path-length of the comparator sequence.
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Supplementary Materials for
Online Bilevel Optimization: Regret Analysis of Online Alternating
Gradient Methods

Roadmap. The appendix is organized as follows:

e Appendix A provides some preliminaries on online optimization and a summary of notations used in the
appendix.

e Appendix B discusses additional related work on online single-level optimization and offline bilevel optimiza-
tion.

e Appendix C gives an addendum to Section 3:

— Appendix C.1 provides the lower bound of OBO (proof of Theorem 5).

— Appendix C.2 gives the proof for strongly convex OBO with partial information in both dynamic (proof
of Theorem 4) and static (proof of Theorem 6) settings.

— Appendix C.3 gives the proof for convex OBO with partial information in both dynamic (proof of
Theorem 7) and static (proof of Theorem 8) settings.

— Appendix C.4 provides the proof for non-convex OBO with partial information (proof of Theorem 9).
e Appendix D details the implementation and includes additional experiments:

— Appendix D.1 gives details on hyperparameters learning for dynamic regression.

— Appendix D.2 gives details on online parametric loss tuning experiments as well as additional experiments.
— Appendix D.3 provides details of online meta-learning experiments as well as additional experiments.
— Appendix D.4 presents the numerical sensitivity of algorithms to window size and learning rate.
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Table 2: Summary of the Notations

Notation Description

t Time (round) index

K; The number of inner iterations at each round ¢

T The total number of rounds

@ Outer stepsize

B Inner stepsize

Xy Leader’s decision at round ¢

ft Leader’s objective at round ¢

N Follower’s decision at round ¢

Gt Follower’s objective at round ¢

x; Leader’s optimal decision in the dynamic setting at round t: x; € argmin,cy f+(x)
x* Leader’s optimal decision in static setting: x* € arg min, .y Zthl fi(x)

vi(x) Follower’s optimal decision at round ¢ for a given x

Vhy, Viyhh Vf,ht Gradient, Jacobian, and Hessian of h;

Vfi(x,y) An approximation of the hypergradient V f;(x,y)

W, w W = 221:01 u; for {u; ;”:Bl with 1 =wug > uy ... uy—1 > 0 and window size w € [T
VFE;u(x,y) Approximate time-averaged hypergradient: VF; u(x,y) = * Z;”:_Ol uw;Vfi_i(x,y)
VF, u(xt,y;(x¢))  Exact time-averaged hypergradient: VF, u(x;,y7(x:)) = 7 Z;”U:Bl WV fr—i(xe, ¥y (x4))
11l The Euclidean norm

E [z] Expectation of the random variable z

D The (2-norm) diameter of X: D = maxy xex ||x — X/||

D’ Upper bound on follower’s initialization: ||y; — y7(x1)|| < D’

M Upper bound on the outer function: |f;| < M

My Difference between V f,(x,y:) and V£ (x, yi(x)) w.r.t. |y (x) — yl|

Ly Lipschitz constant of y;(x)

Ly Lipschitz constant of V fi(x)

Fr Outer function value at the optimum: Zg;l fi(xf, yi(x))

P, Path-length of the outer minimizers: Zthg Ixi_; — x7||P

Yo Path-length of the inner minimizers: 23:2 Hyfﬁl(xt*fl) —yi(x}) ’p

Sp. T The summation of the inner and outer path-lengths as S, r = P, v + Y,

Yp_yT The static variant of Y), r: Zthz ||y2‘_1(x*) — yZ‘(x*)Hp

H,r Inner minimizer function variation: ), _, sup,cra, [|y;_i(x) — y;(x)[|?

Vr Online functions variation: 23:2 SUPyey | fi—1(x) — fi(x)]

Gr Online gradients variation: 23:2 SUPsex |V fic1(x) — Vfi(x) 12

D-Reg; (single-level) dynamic regret: Zle fe(xe) — Zf:l fi(xF)

S-Regr (single-level) static regret: Zthl fe(x¢) — mingex 23:1 fi(x)

L-Regp (single-level) local regret: ZtT:l HVFt,u(xt)H2

BD-Regy Bilevel dynamic regret: Z?:l fi(xe,y7 (x4)) — Zthl fi(xF, yi(x5))

BS-Reg Bilevel (outer) static regret: ZtT:1 fe(xe, ¥ (x¢)) — mingex Zthl fe(x,y7 (%))
BL-Regp Bilevel local regret: 23:1 IV Fya (%0, 5 (x))1
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A Addendum to Section 1: Preliminaries and Notations

We provide several technical lemmas used in the proofs. We start by assembling some well-known facts about
convex and smooth functions.

(F1) (Smoothness): Suppose f(x) is L-smooth. Then, by definition, the following inequalities hold for any two
points x,y € R%:
[Vf(x) = V)l < Llx =yl
L
F3) = F() < {y =%, V) + S lly =]

Further, if x* € arg minycps f(x), then
IVI)IP < 2L(F(y) = F(x").
(F2) (Smoothness and Convexity): Suppose f(x) is L-smooth and convex. Then, the following holds for any
two points x,y € R%:
1
(VI(y) = VIx).y =%) > 2[|VI(y) - Vi)

(F3) (Strong-Convexity): Suppose f(x) is p-strongly convex. Then, by definition, the following inequality
holds for any two points x,y € R%:

I
F) =160 2 {y =%, V() + 5lly = x||*.
Using the above inequality, one can conclude that
(VI(y) = VIx),y —x) > plly — x|

The following lemma provides the self-bounding property of smooth functions.

Lemma 10. [Srebro et al., 2010, Lemma 3.1] For a non-negative and L—smooth function f: X — R, we have

IVf(x)| < VALf(x), Vx € X.

Lemma 11. [Nesterov, 2003, Theorem 2.1.11] Let g : R — R be a function that is smooth, p,-strongly conve,
and Lg-gradient Lipschitz continuous on an open convex set Y C R?. Suppose that g has a global minimizer y*
over Y. Then, the sequence {y;}i_, generated by the gradient descent method yiy1 = y: — BVg(y:) with stepsize
B €(0,2/(1g + Lg)| satisfies

2B1gLg

Iy =yl < (1= 22800 ) Iy, -y,
g9 g

If B=2/(pg + Lg), then

2
* kg —1 *
lyer1 — ¥y |1 < (H"’H) lye — y* %,
g

where kg = Lg /4.

Lemma 12. For any set of vectors {x;}™, with x; € R, we have

m

S x,

i=1

m

2
<m Y |lxill”.
i=1

Lemma 13. For all T € N,

L log(T) + & < S, 1 <log(T) + 1

L3, & < 2VT;
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III. If1 < s < o0, then &(s) = Zthl 1/t* is called the Riemann &-function and we have

27)2" By,

£(2n) = (—1)"+1( 2@ =1,2,3,...,

where the coefficients Ba, are the Bernoulli numbers.

Lemma 14. For any x,y,z € R?, the following holds for any ¢ > 0 :
2 2 1 2
e+ yl” < A+ llxl” + {1+ = ) ly]", and
2 2 1 2
I =ylI" =2 A=) llx—z]"+ {1- - |z -y]".

Lemma 15. [Shalev-Shwartz et al., 2011, Lemma 2.8] Let X C R? be a nonempty conver set. Let f(x): X — R
be a pyg-strongly convex function over X. Let x* € argmin,c{f(x)}. Then, for anyy € X, we have

1) = fy) < =Elly x|

A.1 On the Comparability of Dynamic Metrics

The following example shows that P, 7, Y, 7, and Y, 7 are not comparable in general and all three measures play
a key role in OBO.

Example 1. Let z € X =[-1,1] C R, y € R and consider a sequence of quadratic cost functions
1 2 1 2
Pl = (4 20) 4 L (- a®) 4,
1

gi(z,y) = §y2 - (w - ai”) y+a,

for all t € [T, where {agi)}le are some time-varying constants.
It follows from (3b) that

yiw) =, —a”,  ai=—aV +a, i) =al.

Let a§2) = (=1)t/V/t for all t € [T).

o Ifal” =al?, then Py = Pyr =0, Yigp = Y10 = O(VT), and Yo = Yo = O(logT).
1 _ _ _ _ _
e Ifa,’ =0, then PLr = O(VT), Pogr = O(logT), and Yy 7 = Yar = 0.

fZ_"hz's show§ that S1. 7 = Pir+ Yo r, Sor = Por + Yo are not comparable in general. Similarly, static metrics
Y17 and Yo 1 are not comparable.

B Addendum to Section 2: Additional Related Work

Online learning and stochastic optimization are closely related. The key difference between them is that at each
round ¢ of the online optimization, the loss function can be arbitrarily chosen by the adversary. Given the vastness
of the online and stochastic optimization literature, we do not strive to provide an exhaustive review. Instead,
we mainly focus on a few representative works on online static and worst-case dynamic regret minimization, as
well as bilevel optimization. Refer to [Hazan, 2016a, Hoi et al., 2021] and [Liu et al., 2021, Sinha et al., 2017] for
surveys on online and bilevel optimization, respectively.
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Static Regret Minimization: In single-level online optimization, the goal of the player (learner) is to choose
a sequence {x;}]_; such that their regret is minimized. There are different notions of regret in the literature,
including static, dynamic (defined in (1)), and adaptive [Hazan, 2016b, Shalev-Shwartz, 2007, Shalev-Shwartz
et al., 2011]. In the case of static regret, x; is replaced by x* € argmin,c » Zle f+(x). This type of regret is
well-studied in the literature of online learning [Hazan, 2016b, Shalev-Shwartz, 2007, Shalev-Shwartz et al., 2011].
Zinkevich [2003] shows that online gradient descent (OGD) provides an O(v/T) regret bound for convex (possibly
nonsmooth) functions. Hazan et al. [2007] improve this bound to O(log T') for strongly-convex functions. These
results were also shown to be minimax optimal [Abernethy et al., 2008|. Zhou et al. [2020b| provide regret bounds
for online learning algorithms under relative Lipschitz and/or relative strongly-convexity assumptions.

In addition to exploiting the convexity of online functions, recent studies have focused on improving static regret
by incorporating smoothness [Chiang et al., 2012, Srebro et al., 2010]. These problem-dependent bounds can
safeguard the worst-case minimax rate, yet they can be much better in easy cases of online learning problems
(e.g., loss functions with a small deviation). For instance, [Srebro et al., 2010| shows that for convex smooth
non-negative functions, OGD can achieve an O(1 + /Fr) small-loss regret bound, where Fy = Zthl fi(x*) and
x* € argmin,y Zthl ft(x). For convex smooth functions, [Chiang et al., 2012] establishes an O(1 + /Gr)

bound, where Gp = 23;2 SUpyey ||V fici(x) =V fi(x)||? is the gradient variation. These bounds are particularly
favored in slowly changing environments in which the online functions evolve gradually [Zhao et al., 2020].

Dynamic Regret Minimization: Single-level dynamic regret forces the player to compete with time-varying
comparators, and thus is particularly favored in non-stationary environments [Sugiyama and Kawanabe, 2012].
The notion of dynamic regret is also referred to as tracking regret or shifting regret in the prediction with
expert advice setting [Bousquet and Warmuth, 2002, Herbster and Warmuth, 1998, 2001, Wei et al., 2016, Zheng
et al., 2019]. There are two kinds of dynamic regret in previous studies: The universal dynamic regret aims to
compare with any feasible comparator sequence [Zhang et al., 2018a, Zhao et al., 2020, Zinkevich, 2003|, while
the worst-case dynamic regret (defined in (1)) specifies the comparator sequence to be the sequence of minimizers
of online functions [Aydore et al., 2019, Besbes et al., 2015, Jadbabaie et al., 2015, Mokhtari et al., 2016, Yang
et al., 2016, Zhang et al., 2017, Nazari and Khorram, 2021]. We present related works for the latter case as it is
the setting studied in this paper.

It is known that in the worst case, sublinear dynamic regret is not attainable unless one imposes regularity of some
form on the comparator sequence or the function sequence [Besbes et al., 2015, Hall and Willett, 2015, Jadbabaie
et al., 2015]. Yang et al. [2016] shows that OGD enjoys an O(1 + /TP, 1) worst-case dynamic regret bound
for convex functions when the path-length P; 1 is known. For strongly convex and smooth functions, [Mokhtari
et al., 2016] shows that an O(1 + P; ) dynamic regret bound is achievable. Chang and Shahrampour [2021]
proves that OGD can achieve an O(1 + P, r) regret bound without the bounded gradient assumption. Zhang
et al. [2017] further proposes the online multiple gradient descent algorithm and proves that the algorithm enjoys
an O(1 + min{ Py 1, P> v}) regret bound; this bound has been recently enhanced to O(1 + min{P; 7, P> 7, Vr})
by an improved analysis [Zhao and Zhang, 2021], where Vp = Zthz SUPyey | fi—1(x) — fi(x)|. Yang et al. [2016]
further shows that the O(1 4+ P, 1) rate is attainable for convex and smooth functions, provided that all the
minimizers x; lie in the interior of the domain X. The above results use path-length (or squared path-length) as
the regularity, which is in terms of the trajectory of the comparator sequence. Nazari et al. 2019, 2022b| extend
the above results to the distributed settings and provide dynamic regret bounds in terms of the ¢; path-length.
Besbes et al. [2015] shows that OGD with a restarting strategy attains an O(1 + T%/3V;/?) regret for convex
functions when Vr is available, which has been recently improved to O(1 + T 1/3y,.2/ 3) for the square loss [Baby
and Wang, 2019].

Adaptive Regret: Adaptive regret [Daniely et al., 2015, Hazan and Seshadhri, 2007, Zhang et al., 2019, 2020,
2018b] is also used to capture the dynamics in the environment. Specifically, it characterizes a local version of
static regret, where

Regret([r, s]) £ Z Je(x¢) — ifél)rclz fi(x),
t=r t=r

for each interval [r,s] C [T]. Zhang et al. [2018b] provide a connection between strongly adaptive regret and
dynamic regret and proposes an adaptive algorithm that can bound the dynamic regret without prior knowledge
of the functional variation. Zhang et al. [2020] develop a new algorithm that can minimize the dynamic regret
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and the adaptive regret simultaneously.

Local Regret Minimization: Non-convex online optimization is a more challenging setting than the convex
case. Some notable works in the non-convex literature include adversarial multi-armed bandit with a continuum of
arms [Bubeck et al., 2008, Héliou et al., 2020, 2021, Krichene et al., 2015] and classical Follow-the-Perturbed-Leader
algorithm with access to an offline non-convex optimization oracle [Agarwal et al., 2019, Kleinberg et al., 2008,
Suggala and Netrapalli, 2020]. Hazan et al. [2017] introduces a local regret measure based on gradients of the
loss to address intractable non-convex online models. Their regret is local in the sense that it averages a sliding
window of gradients and quantifies the objective of predicting points with small gradients on average. They are
motivated by a game-theoretic perspective, where an adversary reveals observations from an unknown static
loss. The gradients of the loss functions from the w most recent rounds of play are evaluated at the current
model parameters x;, and these gradients are then averaged. The motivation behind averaging is two-fold: (i) a
randomly selected update has a small time-averaged gradient in expectation if an algorithm incurs local regret
sublinear in T, and (ii) for any online algorithm, an adversarial sequence of loss functions can force the local
regret incurred to scale with T as O(T /w?). Hallak et al. [2021] extends the local regret minimization to online,
non-smooth, non-convex problems. These arguments, presented in [Aydore et al., 2019, Hallak et al., 2021, Hazan
et al., 2017, Nazari et al., 2022b|, inspire our use of local regret for OBO.

(Offline) Bilevel Optimization: Since its first formulation by Stackelberg [von Stackelberg, 1952] and the first
mathematical model by Bracken and McGill [Bracken and McGill, 1973], there has been significant growth in the
applications and developments of bilevel programming. Existing works either reduce the problem to a single-level
optimization problem [Aiyoshi and Shimizu, 1984, Al-Khayyal et al., 1992, Edmunds and Bard, 1991, Hansen
et al., 1992, Lv et al., 2007, Moore, 2010, Shi et al., 2005, Sinha et al., 2017], or apply (alternating) optimization
methods to solve the original problem. The single-level formulations, which employ the Karush-Kuhn-Tucker
(KKT) conditions or penalty approaches, are generally difficult to solve [Sinha et al., 2017].

Gradient-based approaches are more attractive for bilevel programming due to their simplicity and effectiveness.
This type of approach estimates the hypergradients for iterative updates, and can generally be divided into two
categories: approximate implicit differentiation (AID) and iterative differentiation (ITD) classes. ITD-based
approaches [Finn et al., 2017, Franceschi et al., 2017, Grazzi et al., 2020, Maclaurin et al., 2015] estimate the
hypergradient either in reverse (automatic differentiation) or forward manner. AID-based approaches [Domke,
2012, Grazzi et al., 2020, Ji et al., 2021b, Pedregosa, 2016] estimate the hypergradient via implicit differentiation.
Franceschi et al. [2018] characterized the asymptotic convergence of a backpropagation-based approach as one of
ITD-based algorithms by assuming the inner-level problem is strongly convex. Shaban et al. [2019] provided a
similar analysis for a truncated backpropagation scheme. Li et al. [2020], Liu et al. [2020] analyzed the asymptotic
performance of ITD-based approaches when the inner-level problem is convex.

Finite-time complexity analysis for bilevel optimization has also been explored. Ghadimi and Wang [2018]
provided a finite-time convergence analysis for an AID-based algorithm under various loss geometries: the outer
function being strongly convex, convex, or non-convex, while the inner function remains strongly convex. Ji
et al. [2021b] provided an improved finite-time analysis for both AID- and ITD-based algorithms under the
nonconvex-strongly-convex geometry. Liang et al. [2023] provided the lower bounds on complexity as well as
upper bounds under these two geometries. When the objective functions can be expressed in an expected or
finite-time form, [Ghadimi and Wang, 2018, Hong et al., 2023, Ji et al., 2021b] developed stochastic bilevel
algorithms and provided the finite-time analysis. There have been subsequent studies on accelerating SGD-type
bilevel optimization via momentum and variance reduction techniques [Chen et al., 2022, Guo et al., 2021, Huang
and Huang, 2021, Ji et al., 2021a] as well. However, a fundamental assumption in all the aforementioned works is
that the cost function does not change throughout the horizon over which we seek to optimize it.

C Addendum to Section 3: Proof of Main Theorems

C.1 Proof of Theorem 5

Proof. We randomly generate a sequence of functions {(f,g¢)}-_; and show that there exists a distribution of
online functions such that for any bilevel algorithm A, we have E [BD-Reg;| > E[S3 r]. Specifically, for any
bilevel algorithm A that generates a sequence of (z;,y;) € R x R for all ¢ € [T], we consider the expected regret
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as follows:
T T

Z (¢, y7 (1)) Z (z, 7 (z1) ]

E [BD-Regy| =

For each round ¢, we randomly sample a( ), (2) € R from the Gaussian distribution A (0, 1). For all ¢ € [T7], let

il i () =6 (53 @) — (af? + af)) 6 (2 - alV),

. 1
st. yi(z) € argmin g, (z,y) = —y? — (x + af)) Y.
yeR 2

It follows from (3b) that
) « _ (1) 1 +a§2).

yi (v) =2 + a0, wp=a;’, and yi(z]) =q

Notice that x; is independent from a§1). Hence,

E [BD-Reg;] = 62T:]E [(xt N agl))q

_ 62;: (E [(agn) } +E [xt]) 20)
o1,
For T > 2, we obtain
E(So7] = E[Pyr] + ElYaz] = iE (@i —a)"] + iﬂf i @i — i )]
:iﬁkw_ﬁmj+iEkw+@>mm+ﬁn” o
-2 (el ee ) T) - ] o2 )]

Here, the third equality follows from the independence of ail) and a,EQ) for all t € [T7].
Now, it follows from (20) and (21) that E [BD-Regp| > E[S2,r]. This completes the proof of Theorem 5. |
C.2 Proof for Strongly Convex OBO with Partial Information

In this section, we provide the dynamic regret bound for strongly convex OBO with partial information. Specifically,
we derive a problem-dependent regret bound for Algorithm 1.

C.2.1 Auxiliary Lemmas

Lemma 16 (Restatement of Lemma 3). Under Assumption A, for allt € [T], x,x’ € X, and y € R, we have

ly? () =y I < Ly Ix = x|, (22)
IV fi(x,y) = Vfulx,yi (X))l < My |ly — yi (%)l (23)
IV fe(x,¥7 (%) = VA(x yi () < Ly lx = x| (24)

Here, Ly, My, and Ly are defined in (25), (30), and (32), respectively.
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Proof. The proof is an adaptation of the proof from [Ghadimi and Wang, 2018, Lemma 2.2| to the online setting.

We first show (22). Since y;(x) € argmingcga, g:(X,y), we have
Vyge (x,y7(x)) =0, and  Viyg (x,y;(x)) = 0.
This together with the chain rule implies that
Vi (x)V3g: (x, 77 (x)) + Viyge (x,y7 (x)) = 0.

It follows from Assumption A2. that Vg, (x,y;(x)) is positive definite. Hence,

Vyi(x) = ~V2,0 (x,y7 (%) (Vg (x, ¥ (x)) .

Now, from Assumption A3., we get

19y: Gl = |[V2y 0 (.35 (%)) (T0 (.37 (x)) |

< V200 (e v G| | (T390 (x,vi ) | (25)
< EQ—J =L
e

Next, we show (23). Let My(x,y) := V2, g: (x,¥) (Vigs (x,y))fl. Define
Ay =V fi(x,y) = Vfi(x,y; (%)),
Ap = Vs fe (%,5) = Vxfe (%57 (%)),
A7 = My(x,y)Vy fe (%) = Me(x,y; (%) Vy fo (%7 (%)
A} = Mi(x,y){Vy fi (x,5) = Ve (x,¥7 (%))},
Af = {Me(x,y) = My (%, 7 (%))} Vy fo (%, 57 (%))
A = {Viyg: (x,¥) = Viyg: (x5 (%)} (Vage (x,¥)
Af = Vg0 (% vi (0) { (T390 (x,3) ™ = (T2au (x, i (30) '},

which implies that

Ap=Ap = AF = A = AT = Af = Ap = AF = (A} + A)Vy fulx,y7 (%)) (26)
From Assumption A, we have
. Ualy, . loa
1831 < €rally = yiGOll, 1A < <=2 ly = yiGal, A2 < =22 ly = yi Gl (27)
g9 g9

Note that, for any invertible matrices A; and A, we have
|AZ! = AT = AT (AL — A2) A < [JATHIAZ ]I AL — Aql,

which implies that

1A < (V200 (.37 G| | (T390 (6 3) ™ = (V2u (.37 ) |

< o [[ (9290 0,3) 7| [ (T2 e, 000) 7| 9200 (%) = T2 (.37 ()|
b0
< 22 ly —yi ()] (28)
Hg

Therefore, by substitution (27) and (28) into (26), we have
IVfe(x,y) = Vv ) < 1AL+ AT+ A7 + AFIVy fol(x, yi ()]
<AL+ IAZ]+ A7 + AfllEr0
< My lly —yi )1l (29)
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where

loalin ! loal
My = by + 22LL IO (5 ole), (30)
Hg Hg Hg

Next, we show (24). Note that

1952006, ¥7 (%)) = VA7 ()| < ||V Filoe,v7 (0) = Vi, w7 (0)|

. (31)
+ ||V ey (0)) = VK 3 6|
We then study each terms separately. From (29) and (22), we get
V5631 (x)) = Vi v )| < Myllyi () = w7 ()| < My Lyl =],
Moreover, by similar argument to (29), we obtain
. . ly10 ¢ ly10
IVfi(x,yi (%) = VA, y; (X)) < <£f,1 TR R H R <fg72 222 9’2)> [ — x|
Hg Hg Hg
By substituting the above two inequalities into (31), we have
IVfi(x,yi(x) = V(X yi X)) < Lyl = %],
where
bo1(ls1+ M Ly ly10
Lyom iy 4 ol £ Mp)  lro () beaboel) (32)
f I 9
Hg Hg Hg
|

The following lemma characterizes the inner estimation error Zthl lyer1 — yi(x:)||P, where y¢q1 is the inner
variable updated via Algorithm 1. It shows that by applying inner OGD multiple times at each round ¢, we are
able to extract more information from each inner function and, therefore, are more likely to obtain a tight bound
for the inner error in terms of the path-length Y,

Lemma 17. Suppose Assumption A holds. In Algorithm 1, choose

B=f=—2 and Kt:[

(kg +1)log Pt_z—‘
Ly + g

4

for some positive deceasing sequence {p;}1_,. Then, Algorithm 1 guarantees the following.

L1. If p1 < +/1/2, we have

P% 2
-y [y1—yi(x1)]

<2L2 Zpt |x¢ *Xt”z +Zf’stYt 1(xi_1) — y?(XZ‘)HZ) .

t=2

T
D llyess = yiG)l® <
t=1

+

L2. If p1 <1, we get

L1
Dy —yix)ll < T ly1 —yi(x1)

T T
1 * * * * *
+ 1—p; <2Ly ZPtHXt - x|l + ZptHYt—l(Xt—l) — Y (Xt)> .

t=1 t=2
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Proof. We show L1.. The proof of L2. follows similarly. Since 8 = 2/(¢41 + 14), from Lemma 11, we have

* 2 2 *
It -yl < (1= g ) el - il
g
which implies that
2K
Ko+l o« 2 (1_ 2 ol s 2 33
I —yitelr < (1= 22 )l -yl (33)
g

By our assumption K; = [0.25(k, + 1) log p; 2] which implies that

2K
2 g 4K, 9
1-— < — < pi. 34
( "59*1) _eXp< ”g+1)_pt (34

Then, using (33) and (34), we have

Iz — vy ()P = Ny —yi (x)lI” < o7 llye — yi (x|
Hence,
T T
D llyer = yioll® < pillyr = yi)lI? + > pillye — yi(x)%, (35)
t=1 t=2

which implies that

T T
Yooty =yl <2367 (lye = yima Gem )N + yima (xem1) = 37 (x0) 1)
t=2

t=2 (36)
T T

<2 pllyees —yi Gl +2) 0 pFllyiy (xe-1) — w7 (xo) 1
t=1 t=2

It follows from Lemma 12 that

pillyio (ki) = yix)l? < 307 llyi (xe) — yi (x0)|1?
+ 307 llyioy (xe1) — yim ()P
+ 307 llyro (xiy) =y ()IIP
< BLLp7 g lxe1 — x4
2 2 _
+ 3Lypt llx: — %zl
+ 307 llyio (xi0) —yi DI, (37)

where the second inequality uses the assumption that p; < p;—; for all ¢ € [T].
Now, combining (35), (36), and (37), we obtain

(1= 2p7) llye1 — w5 (xe) | < pEllys — y7 (x)|” + 12L5 Zpt e — x|

MH

t=1
T
+6) pillyia (o) — i (DI,
t=2
which together with our assumption that p; < p;—; completes the proof. |

The following lemma is an extension of [Mokhtari et al., 2016, Proposition 2] to (online) bilevel optimization,
characterizing the dynamics of the tracking error |x; — x}||?. Specifically, it shows that ||x;41 — x}[|? can be
upper bounded in terms of ||x; — x}||? and ||yi+1 — y(x¢)]?
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Lemma 18. Suppose Assumption A holds and o, = o < 1/y 1. Further, assume functions {fi}{_, are strongly
convex with parameter yg. Then, for the sequence {(x¢,y+)}1_, generated by Algorithm 1, we have

xe1 =511 < (1= )% —x7[|* + 2Mje yes1 = vi Gen)lI” (38)
(1+ 5y
where 3y
= m € (0,1]. (39)

Proof. From pg-strong convexity of f;, we get

Fulo 75 000) > fuloces v (x0)) (¥ Foloce v (x0)), = ) 4+ 5 e =
= fe(xe, y7 (%¢)) + (V fe(xe, ¥{ (X)), X1 — Xe)
(Y Fuloe 97 (60), 3 = ) + = (40)

According to the optimality condition of the update rule x4, 1 = Iy [xt —aVf, (x4, Yt+1):|7 we have

~ 1
(Vfi(xt,¥e41) + E(Xt+1 —X¢),X — X¢41) > 0,

which is equivalent to

<Xt — Xt+1, X — Xt+1>~

SEES

(Vfi(xe,yi41) = Vi(xe yi (%)) + Vfolxe, 7 (%)), X = Xpq1) >

Hence,

" 1
(Vfe(xe,y7 (%¢)), X — Xy1) > E<Xt — X¢41, X — Xeq1)
F(Vfe(xe,y7 (%0)) = Ve(Xe, Vi), X — Xep1).
Substituting this inequality in (40), we get
* * * 1
Ji(x,y7 (%) > fo(xe, y7 (%)) + (V fe(xe, 7 (X¢)), Xe g1 — X4) + E<Xt — X411, X — X¢41)
+ (Vi e(xe,y7 (%0) — Vfo(Xe, ¥er1), X — Xpq1) + % I — x % (41)

In addition, £f ;-smoothness of f; (Assumption A3.) gives

14
Foee, ¥i (xee1)) < fule, 7 (%)) +(V il ¥7 (%)), Xewn = %) + =55 [0 =

1
< folxe, vy (%e)) + (Vfe(xe ¥ (%) Xeg1 — Xe) + o [[xer1 — x|,

2c
where the inequality is by o < 1/¢; .
Thus,
fe(xe, y7 (x¢)) + (Vfe(xe, ¥y (X)), Xe41 — X¢)
. 1
> fe(Xer1, Y7 (Xe41)) — % [[x41 — XtH2
N Iz a2 L 2
> i ¥i () + 5 e = X1 = o e — x| (42)

where the second inequality holds since from Lemma 15, we have

* K[k * o * (12
Foxyi () < folxan,yi () = 5 xeen = g1
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Combining (41) and (42), we get
* * * * M * (12 1 2 1
fr(x,yi (%) > fr(xy, yi(xp)) + 7f e % %41 — %" + E<Xt = Xt41,X — X¢41)
+ (Ve y7 (x0)) = V fr(xt, yi41), X — Xpp1) + % e — x|
By setting x = x}, we have

* K[k * K[k o * (12
Fxf ¥i (x0)) 2 ooy () + 5 e = |

1
2
% X1 — x| + E<Xt — X1, X; — X¢eq1)

+ (Vfe(Xe, ¥7 (x0) = V(X Yeg1)s X; — Xiq1) + %f Ix; — x|

Since (u,v) > —£|lul|? — 2|Jv[|?, Yu,v € R™, Ve > 0, we obtain
1 , 1
OZ*%HXt-H*XtH Jra(Xt*Xt-«—l,Xf*Xﬂ
1 1 ~
+ E<Xt = Xet1, Xt — Xep1) — 2*C||Vft(xt,y;<(xt)) = Ve, i) |
c * *
+ (B = 5) I = el + L I .

After rearranging, we obtain

(Xt — X¢ 41, X; — Xt)

< g s =l = Bl =l ~ e = xea|? + (5 — E)alixt — x|
+ 5l Ve v (x0) = Vi v P (43)
Note that
o1 = x5 1% =[x — ¢ + %0 — x|

= [l = xel|* + [ — x5 1° + 2001 — %0, %0 — x7)
< (1= pya) |Ixg = xel|* + (¢ = pp)allx; = x|
IV e i (x0)) = Vil ye) ) (44)
where the inequality follows from (43).
From Lemma 3, we obtain
IV fe(xe, 35 (%0)) = Vel yer)|” < M7 |lyees — yi (x| (45)
Inserting (45) into (44) implies

2
1— _ _x*12 < 1— *x 2 % R 2
(A= (e=pp)a) lxers = %117 < (1 = pra) lIxg = xel|” + —=aflyesr =7 ()™

By setting ¢ = py/2, we get

2M?
/’[’ * * 2 * 2 * 2
(14 ) Ixes =711 = (1= g I =l + =L (e = ¥i ol + v = vi o).

Finally, dividing both sides of the above inequality by (1 + %fa), we obtain
M?a
* * 2 * 2 * 2
e = 71 < vl = x>+ = (Il = ¥i G + hve = vi (o)1)
(1 + 7@) f

where « is defined in (39).

Since the strong convexity constant jir is smaller than the constant of gradient Lipschitz continuity £, and the
constant ¢ is chosen such that o <1/, we have oo < 1/uy, which implies that v < 1. [ |
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The following lemma plays a key role in the proof of OAGD in the strongly convex setting. It basically shows
that under certain conditions on inner and outer step sizes, Zle |x: —x}||” can be bounded in terms of P,
and Yp,T-

Lemma 19. Suppose Assumption A holds. In Algorithm 1, for allt € [T], choose
_ 2z
o+ pig’

)1 Ky
=a< M d
Q= Q=i { (71 128M7L2 } ) an

Br=p=

Kt > ’7(59 + 1) logpt2—‘

Then, Algorithm 1 guarantees the following.

Hl. If p;=p < ﬁ, then

) 4
D ke = x5l < = (%1 = xi[| + Prr)
t=1 v

1
_— — vy Y; .
+ oL, (ly1 = yi(x)ll +Yi7)

H2. If pp=p < then

VY
VAT
T
64 2
* (|2 *112
S el < g (I il 4 (14 2P )
oo (I = i)l +6¥.7)
9212 1= Y1(x1 2,T) -
Here, 7 is defined in (39); P, 1 and Y, r are defined in (5a).

Proof. We first show H1.. It follows from the triangle inequality that

T T
D lxe =il = lxa =il + D llxe — x|
t=1

t=2
T
< =il + D0 (e = x|+ iy = x71))
t=2
T
< x1 = %3l + > x4 — %7 + Pro. (46)

t=1

Next, we provide an upper bound for the second term on the right-hand side of (46). Note that our choice of the
stepsize a; in the statement of Lemma 19 satisfies the condition of Lemma 18. Hence, from Lemma 18 and the
inequality va + b < v/a 4+ v/b for a,b > 0, we get

. N 2a .
[xe41 — x| < V1= Allxe = %7 + Mf\/;f [ye+r —yi (xe)ll -

Summing both sides of the above inequality from ¢t =1 to T', we get

T T T

. N 2a "
Dol = x5l < VT =Yl = xp |+ My u D o lyern —yi ()l
t=1 t=1 t=1

T T
Y * 2a *
< (=)Dl —xill + My u > llyern —yi(xoll. (47)
t=1

t=1
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Here, v = ;’j:z 7 and the second inequality follows since v/1 —a <1 — 5 for any a < 1.

Note that our assumption on p in the statement of Lemma 19-H1. satisfies the requirement of Lemma 17-1.2..
Hence, we have

T

P1
Y o lyen —yi(x)l < T Iy = yilx)ll
1 —p1

T T
1 * * * * *
T, <2Ly Dol = x|+ pellyioa (ki) — v <xt>||> . (48)
t=1

Substituting (48) into (47), we get

Zuxtﬂ xt||<Z< 1- 2+ Mfﬁff 2 )nxtxzn

2
« 1 r
+Mf\/: (1’” Iy = ¥i G0l + 7= Y pillyi 1) - yZ‘(xZ‘)II)- (19)

P1 PLi5

By setting p = p < we have

1+7’

MeL,2+/2 MeLy2+/2
V2 o 0 MR S (50)
VI L—p Vi 4

where the second inequality holds due to our assumption on the outer stepsize, i.e., a < w’tﬁ.

P Yl,T)
—p

Combining the above two inequalities (50) and (49), we conclude that

T T
* ’V) N 2« p .
— <(1-= — | — —
> e =il < (1= 1) 3 e =il by (T2 = vitel + 5

(1—f)Z||xt il + g (s =il + Vi),

where the second inequality is by a < m and p < 7~ +7

Plugging this into (46) yields

T T

Y *
>l =11 < i =i+ (1= 3) D lxe = ;]
t=1 t=1

+ 5 (b =¥ita)ll + Vi) + Ar

Rearranging terms in the above inequality finishes the proof.
We now show part H2. of the lemma.
First, note that

T

T
Sl = xi 02 = e =i 0P+ e — X
t=1

t=2

< fx = xj|* + ZHXﬁ_Xt 7+ ZHXt =X

< Jlxx = x|* + Z e1 — x5 I* + (1 + Pz T (51)
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where the first inequality follows from Lemma 14.
Similar to the previous case, we provide an upper bound for the second term on the right-hand side of (51).

Since our assumption on « in the statement of Lemma 19 satisfies the requirement of Lemma 18, we have
2

2 * |12 2 fa * 2
[xe41 — % (|7 < (1 =) llxe — x5 |7+ A B lyit1 —yi(xoll”s
(1+ o)y
which implies

1+ )HX —x[2 < (14 D) - )x —X*||2+(1+1)%||y —yi (x|
t+1 t 2 t t 2 (1+'u,71a)'uf t+1 t t

2
Y * 7 @ x 2
<= Dlxe—xilP+ 0+ D2 iy i) .

2)
where the second inequality is due to (1 +a/2)(1 —a) < (1 —a/2 —a?/2) <1 —a/2.

Summing both sides of the above inequality from ¢ = 1 to T', we get

T T
fy * Y * v * 2
+5) Dol —x;* < (1- 5) D ke =7+ (1 + —yi ()

t=1 t=1

T 2. T

3M:a
g * 2
-3) Z e = %712+ —L= > e — yi ()l (52)
2" Lt -
where the second inequality follows since v = 23ﬁ L < 1; see (39).

Since our assumption on p in the statement of Lemma 19-H2. satisfies the requirement of Lemma 17-L1. , we
have

T
S lyes —yi Gl <5
t=1

T T
6 * * *
1o (ngngxt =P+ Y Alyio (i) — i (xt>||2)
1 t=1 t=2

This together with (52) gives

p% 2
Gy ly1 —yi(x)ll
1

T 272
Y 112 ¥ 36MfLya

) ke —x P < [ 1—-5+ llx: — x5 |2

2 tzzl ! 2 [y 2p1 Z '
3M?a < 2 &l

f P1 || * 2
5 oY1 — Y1(X1) ‘Yt (X)) —ye(x)I7 |- (53)
1223 1 —2p7 2
. . _ Nal
Since by our setting p; = p < NN have
272 272

36MfLyO[ p2 36MfLy0[1 < 9*}/

< S =
py o (1—2p%) pg 27 64
where the second inequality uses our assumption on the stepsize, i.e., a < m.

Combining the above inequality with (53), we obtain

T
gl . 23y
L S e il < (1- ) S Z I x|
t=1

3M]%Oé ( p2

n lys - yiGa)|? + —2 v,
1) 1-9 23’1 Yi{X1 1- 2,2 2,T

(1—)Z||xt—xt||2 gz (1= Vi) +6%r). (G0)
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ﬁ
VI

where the second inequality follows from a < 1283}% and p <

Further, plugging (54) into (51) yields:

T 23y 2
>l = xil” < o~ + (1 )Dxt il 2P
t=1

3y
+ 256L2

(Iy1 = yi(x)” + 6Ya7) .
Rearranging the inequality gives H2.. |

C.2.2 Proof of Theorem 4

Proof. Assumption Al. implies that ||V fi(x,y(x))|| < £s for any ¢ € [T] and any x € X. Thus, we get

T T
D (Flxe, yi (%)) = S, w7 (x0))) < Lro ) lIxe = x|
t=1 t=1

Note that our choices of the stepsize a; and K; in the theorem statement can be rewritten as

. 1 Wy
oy = a < min { 7 128M]%L§, } , an

(rg + 1) log p; Y
Ky > |——————1, with =p< —— 55
These choices satisfy the condition of Lemma 19-H1.. Hence, from Lemma 19-H1., we get
1 *
Z [ —x; | < = (||X1 =xill+ Pur) + o7 (v = yilx)ll + Yur)
y
which, in conjunction with Assumption B, implies
T
* * * 4£f,0 * g *
D (o i c0) = o ¥ (i) = =2 (et =i+ Pur) + 522 (s = yibe)l + Vi)
t=1
4£f0 ng /
~(D+ P —— (D"+Y;
=7 (D+ 1,T)+2Ly( +Yir)
=01+ 5,7). (56)
In the following, we show that the dynamic regret can also be upper bounded by S 7 = Por + Y2 7.
It follows from Lemma 3 that
* * * * * * * * L *
Felxe,y7 (xe)) = fuloci 7 (7)) < Vel v (06)), e = x7) 4 =l — |
1 * * * 1 *
< SIVAGE, yi GO + 51+ L)l = x7 1% (57)
Summing the inequality (57) over ¢ € [T], we get
T
(el yi (x0) = fi(x5, y7 (x7)))
t=1
1 & 1 d
< 5 L IVAG iGN + 50+ 20 3 I =i (59)

t=1
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The choices of a; and K; in (55) satisfy the condition of Lemma 19-H2. as well. Hence, from Lemma 19-H2.
and Assumption B, we get

64 2

2 * (|2

E:X x — (% —=x*I?P+ (1 + 2P
|| t t” 23 (” 1 1” ( ’Y) 2,7>

3 * 2
+ 0Lz (llyr — yi(x1)[I* 4+ 6Y2,7)

64 2 3 )
< 2 (p21(1+2P (D’ 6Y ) 59
_237< +(1+ )QT)+92L3 +6Ys (59)

Putting together (59) and (58), we get

T
Y (filxe,yi () = filxi w7 (%))

=1

o 32 2
< 3 L IVACE DI + 5 (410) (D 0+ 2P )

~

M\»—t

3

T I8z (14 Ly) (D +6Y; T)

T
=0 (1 + Y IV Y DI + Por + Y2,T> : (60)

t=1

Now, from (56) and (60), we have
T
Z fe(xe,yi (%)) — fr(x,y1 (%))
=1

T
<0 (1 +min {S10, > [V Ay (x))* + Sz,T}) :

t=1

This completes the proof. |

C.2.3 Proof of Theorem 6

Proof. Recall the update rule of Algorithm 1 (with w = 1): %441 = Ix [xt — at@ft(xt,ytﬂ)}. From the
Pythagorean theorem, we get

Ixe 1 —x*|* < ’

- 2
Xt — Oétvft(xt7Yt+1) - X*H

. 2
= ||x¢ — X*||2 — 204 (V fo(Xt, Y1), Xe — X) + o Vft(XthH)H

< [l = x"||* = 200V fi (Xt ye11), X0 — X7)
~ 2
+ 207 |V fu(a, 7 (o) | + 20 ||V folocts yiea) = Vol v ()|

)

where the second inequality uses Lemma 14 with ¢ = 1.
Rearranging the above inequality yields

(Vfe(xe,yi(xe), xe = X°) < = [lxe = x*[|* = = [[xes1 — X2 + o ||V fu(xe, 37 (x2))]|
20{t 20{,5

+04tHVft(Xtay;k(Xt)) —@ft(xuyst)HQ (61)

+ <Vft(Xt,y:(Xt)) — Vfi(Xe, Yr1), Xt — X*> .
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From Lemma 3, for any ¢ > 0, we have

* = * c % 1 « ~ 2
<Vft(xt’3't (xt)) = VSfe(xe, yeq1), % — x > < g llxe—x I+ % vat(xtd’t (xt)) — vft(xtv}’t-i-l)H
M?
c . .
< 5l =1+ S Iy = yi G (62)

~ 2
|V iy () = Vbt ye) | < M3 lyesa = w7 ()7

Combining (61) and (62), we get

(1 vix)oxe =) < 5 (o) o= = g e =

2
P (63)
+ a9y )+ 07 (ot g ) e = vl
Applying the definition of ps-strong convexity to the pair of points {x;,x*}, we have
2 (fu(xe ¥ (x0) = Fr(x 57 (X)) < 2V falxe, 37 (x6)) %0 = X7) = puy e = x| (64)
From (63) and (64), we get
2 (fulxe, ¥ (x0) = Fo(x", 57 (X)) < 2V i, y7 (x0)), % — x7) — gy [l — x7|?
1 1
< (2 +emur) o= %I = L s =
827 (6%
1
200 ey )+ 2007 (4 ¢ ) e = ¥ G
Summing from ¢ = 1 to 7', we have
T
2 Z (felxe, ¥t (x0)) — fi(x", y{ (x7)))
=1
< (Lol bl (2 e )
Ky 1 2 o g K
T T 1
+2 e [Vuloee v (<) [I* + 2047 (at + ) Iyees =i ()l (65)
t=1 t=1
Next, we bound the last term in the right-hand side of (65). To proceed, note that our choice of K; as
(kg +1) 1ngt_2
K=|—+—~t—=""1, ith = 1/ d 6:=
t [ 1 A pr=p= \[ an 12L2M2(a1 n )
satisfies the condition required in Lemma 17-L1.. Hence, from Lemma 17-L1., we obtain
d 1
2M7 Z (at + C) Iyesr — yi(xe)l®
t=1
1\ 602 (1 d
* 2 * 2 X/
< 2M7 <a1 + c) e (6 lyr = yi(x)|” +2L5 Z ¢ —x"|" + Y2,T> . (66)
t=1
Since p < f 25, we have
2372 1 6p°
4Lny 041—1—2 1—2p2 SC,
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which, in conjunction with Eq. (66), yields

T

1 N 2
2M73 (at + ) Iyesr — i (el
t=1
c T
< o 1% —YiGI* X x|+ g Yo (67)

Thus, combining (67) and (65) and using Assumption Al., we obtain

T
QZ(ft(xuyZ‘(Xt)) [i(x",yi (x))) < (oi +c— uf> %1 — x*||°
t=1

1 1
+ x; — x*||? ———+2c— )
§||t ||(1t o Hf

t=2
T c c
+ 2£?70 Zat + 12L2 Hyl - yI(X1)||2 + EYVQ,T" (68)
t=1 y y

By setting ¢ = py/4 and oy = 2/(ust) and utilizing Assumption B, we have

T
2" (Fulxe v () = folx, 7 (x" f : Z izl + girter. (69)
t=1
Let
40>
Hf 2 i 1,0
= D = P— . 70
€1 48L§, ) €2 SL?, ) €3 /JJf < )
Combining Lemma 13-1. and (70) with (69), we obtain
BS-Regr < eglogT + 62}723« + e;.
|
Corollary 20. Under the same setting as Theorem /,
(I) If function f; is non-negative for each t € [T, then
BD-Regr < O (14 min{Sy 7, Fr + Sa.1}), (71)
where Pr:= 33, fi(x{,y7 (x7))-
(ID) If 0y IV £ yi ()]l = O(S2.r). then
BD-Regy < O (1 + min{Si 7, S2.1}). (72)

Proof. (i) If fy > 0 for all t € [T, then it follows from Lemma 10 that ||V f,(x},y; (x;)|| < /4ls1 fe(x}, y;(x})).
This together with (10) gives the desired result.

ii) If x; € argmin f:(x) for all t € [T] and the minimizers {x;}_, lie in the interior of the domain X, we
t XEX t ft=1

have ||V fi(x},y; (x}))|| = 0 which together with (10) gives the desired result. If Zthl IV (x5, yi(xi)l =
O(Sa,1), then (72) follows from (10).

Corollary 20 naturally interpolates between single-level and bilevel regret. In the case when Y1 7 = Yo7 = 0,
Eq. (71) gives a single-level regret for strongly convex, smooth, and non-negative losses, similar to [Srebro et al.,
2010, Zhao et al., 2020]. We note that if the minimizers {x}}7_; lie in the interior of the domain X', we have
IV fe(x;,y7(x;))|| =0 for all ¢ € [T], which implies the O (1 + min{S r, S2.r}) regret bound.
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C.3 Proof for Convex OBO with Partial Information

C.3.1 Proof of Theorem 7

Proof. From the update rule of Algorithm 1 (with w = 1), we have x; 11 = Iy [xt — a@ft(xt, yt+1)}. Now, from
the Pythagorean theorem, we get

1 w2 1 = <7
5 I = i1 < 5 [ — @9 futoyers) = xi

1 ~ " o? ||~ 2
= 5 % =1 = (Vi yian) % =) + 5 [V yen)|
1 v * *
< 5 I — X7 |I” = a(V fe(xe, yer1), Xe — ;) + @2 |V fu(xe, v (x0)) ||
. 2
+a® vat(xtv}’t-i-l) - Vft(Xu)’f(Xt))H . (73)

Here, the second inequality holds because of the Lemma 14 by setting ¢ = 1.
Rearranging the above inequality and summing over ¢ € [T], we obtain

; Vi (). - ) 2; (55 I = 17 = 5 e - xi1°) (712
~ 2
+az | Ve yi () = Vfuloee v (74D)
T ~

+Z<Vft xt,yi (Xt)) = Vfie(Xe, Y1), Xt *XI> (74c)

t=1T
Fa Y IV fileyi Gl (74d)

t=1

Next, we upper bound each term of (74).
e Bounding (74a): Observe that

T

1 * 12 1 * (12 1 * (12 * 2
(74a) < %||X1 —xil|° = %HXTH —x7|" + B ; (e = x7[1* = [Ixe — x7_411%)
1 * |12 1 * * * *
< ol =i+ 5 D —x+xiy i —xi
D! D&, . .
< Y + % t_ZQ %7 — x4, (75a)

where the second inequality follows since

=X+ X[ = X, X] — X — (X[ — X))

=% X = Xl =%,

I = xell? = lxi_y = xill” = (x
< |Ix

and the last inequality follows from Assumption B.
e Bounding (74b) and (74c): It follows from Lemma 3 and Assumption B that

*
t
*
t

T T
> (Vi yi () = Valoxesyenn) xe = x5 ) < 30 Ik = xelIV it 7 (x0)) = Vel v |
= t=1
T
< DMy Y llyeses = yi (o)l
t=1
T _ 2 ) 2
Z HVft(Xny:(Xt)) - Vft(xtvytﬂ)” < MJ% Z lyees —yi (o™
t=1

t=1
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Hence,

T T
(74b) + (74¢) < DMy > lyesr — yi (o)l + aMF Y [lyesr — yi (x| (75b)

t=1 t=1

e Bounding (74d): By the smoothness of ¢;(x) = fi(x,y;(x)), for any x € R% we have

8u(x) — Bu(x0) < (Vou(x), x — 3 + L [x — x|

) < oGl

Let x = x} = x¢ — L%ngt (x¢) in the above inequality, we have ¢;(x}) — ¢r(x¢ T

It follows from the convexity of f;(x,-) that
Ge(x4) = ¢e(x7) + (Ve (x7), x; — X7) = du(x7),

where the equality follows from the vanishing gradient condition (3(x},y;(x})) € X x R% such that
Vx5, yi(x;)) =0 for all ¢t € [T]).

Hence, )
00(5) — 610x0) < 61(36) — () < I AL
f
which implies that
T
(74d) < 2aLy > (filxeyi (x0) = i3, ¥7(x7))) - (75¢)

t=1

e Bounding Zthl (Vfi(x¢,¥7 (x¢)), x¢ — X} ): Substituting (75a)—(75c¢) into (74), we get

HMH

* 2 *
Z V fe(xe, i (x0)), (aM? [yer1 = yi (x)lI” + DMy [[yers =y (xe)l|
t=1

+ 2aLf (folxe, i (x0)) = Filxi,¥7 (7)) ) (76)

Qinx*fx* ||
t t—111"
2a prt

e Completing the proof of Theorem 7: By the convexity of f; and (76), we obtain
D (Feleeyi (x0) = fi(x5, y7 (x7)))
< Z (Vfe(xe, yi (xt)), % — %)

T
<3 (@M llyen = yi)I* + DMy llyer = yi (x)]

~
Il
-

2
2Ly (i) — il ¥ 60)) + 2o+ 2

Note that our choice of K; in the theorem statement as

Kt — IV(HQ + 1) logp;Q

4 —‘ y with Pt =

212
satisfies the condition of Lemma 17-L1.. Moreover, using Lemma 13-III., we have

2

T
ZPt E and ;p?:;ﬁ
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This, together with Lemma 17-L1. and Assumption B, gives

T
* 2
_ <
> lyen =il < 25

P% 2
p2||y1 —yi(x1)ll

Jrﬁ <2L2 ZPt”Xt *XtHQJFZPtHYt 1(xi-1) — ¥ (Xt)|2> (792)

t=2
1
<-D"? L2D2 —LQY
=9 +30 y 60 ¥y =T

Similarly, we obtain

* P1 *
D Iyes = yiGell € £ lys = yiGa)l

T T
e <2Lyzptnxt =il + 3 pulvi (i) — ¥ <xt>||> (70

t=1 t=2

2
<D +72LyD+ %LyYLT.

Now, let

: 1
Ei(a) := oM} (21)’2 + 3OL§D2> + DMy (D' +7*LyD) .

Substituting (79a) and (79b) into (77), we have

T
(1= 2aLg) > (fulxe, y5 (x0) = fi(x5,y7 (x7)))
t=1
D2 9 2
<E1(a)+%+2 P1T+aMf6OL Y27T+DMf2L Yir (80)
Let « < 1/(4Ly) and
(@)= — D
N = (1= 2aL,)
. 1 2
CQ(O[) = mDMf?Ly,
1
6 = aM? L2
&la) =151, f60 v’
E D?
¢a(a) == e

1—2aLy 2a(l—2aLy)
The above definitions together with (80) implies
BD—RegT <é (Oé)Pl}T + C.Q(CY)YLT + é3(C¥)Y2,T + é4(a).

This gives the desired result in (12). |

C.3.2 Proof of Theorem 8

Proof. The proof is similar to Theorem 7. From the update rule of Algorithm 1 (with w = 1), we have
xip1 = My [Xt -V fe(x¢,¥¢+1)|. Now, applying the Pythagorean theorem and employing an argument
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identical to (73) and (74), we obtain

T
; Vfi(xe,y7 (%x¢)), % —x7) < 2:: <1t I — x> — 2%% lI%¢11 x*||2> (81a)
£ . 2
+ Zat vat(xuyzf(xt)) - Vft(XuYtH)H (81b)
=1
T
+ 3 (Vi i (x0) = Vel yern) xi - x7) (810)
=1
T
+3 " |V el yi (x| (81d)

t=1
Next, we upper bound each term of (81).

From Assumption B, we have

T

1
(81a) — —x*||? - Xp11 — X 2)
=3 (gl = g =l
(i

t=1

1

i =% IP = gl - )

+

T
<P ||XT+1—X||+D22<1_1>
20é1 2CJéT+1 —1 20ét+1 20[t
D2
< (82&)
20041
Using Lemma 3 and Assumption B, and following similar steps as in the derivation of (75b), we obtain
T T
(81b) + (81¢) < DMy Y llyeer = vi (xo) | + M7 Y e llyesn —vi ()|
t=1 t=1
T T
S DMy — yi(xo)ll + Mion > [lyeer — yi ()l (82b)
t=1 t=1
Further, it follows from Assumption Al. that
(81d) ZatHVft X0, yi(x))||? < efozat (82¢)
Substituting (82a)7(820) into (81) gives
Z ft Xtuy,t Xt ) ft(X*,y:(X*)))
=t (83)
D2 2 * 2 * 2
s 5™ (30 Iyeer =i GOl + D Ly i )|+ o).
t=1

By Lemma 17-L1., (78) and Assumption B, we have

2
2 P
D Iy = vi Gl < 5255 1~ viGe P

6 _— 84
oo <2L22pt||xt SIS By >—yt<x>2> (842)

t=2

1,0
< =D —LQDQ —LQY
=9 gty Tty
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where Yo = S0, [|yi_i (x*) — yr (x|

Similarly, we obtain

T

* P1 *
Dy —yixo)ll < Ty —yiGxa)l
t=1 P1

T T
1 * * * * * 84b
— <2Ly2ptnxt =+ 3 prllyia () — ¥i (x >||> (340)
t=1 t=2

2
<D +72LyD+ %LyYLT,

\/ T * * * *
where Y17 =", o Hthl(x ) —yi(x)
Let

: 1
Er(ar) := o M} <2D’2 + 30L§D2> + DMy (D' 4+ 7*LyD) .

By substituting (84a) and (84b) into (83) and using our choice of the stepsize a; = D/(¢7,0+/t), we obtain

T
Z Je(xe, 7 (x0)) = fo(x7, 7 (X))

t=

=

, , v (85)
<Dt E M? L2Y DM; = Ly¥i 7 + Dt —
=5 fo\r+ (o) + oy f60 2,17 + Fy by 1,7+ f,O;ﬁ7
Let
3 ;s s : 2
€1 = §D€f70, € = DMf?Ly, €3 Oéle 60Ly
From (85) and using Lemma 13-1II., we get
BS-Reg < VT + Ey (1) + é3Yar + éQYLT.
This completes the proof of the theorem and gives (13). |

C.3.3 Discussion on the number of inner iterations and the window size

As mentioned before, by using inner gradient descent multiple times, we are able to get more information from
each inner function and obtain a tight bound for the dynamic regret in terms of Y}, 7. However, according to
our analysis in Theorems 4 and 7, even for sufficiently large K; and w > 1, the dynamic regret bound can only
be improved by a constant factor. A related question is whether we can reduce the value of K; by using, for
example, the smoothness of Vy;(x), similar to offline bilevel optimization [Chen et al., 2021], or by adopting
more advanced optimization techniques, such as acceleration or momentum-type gradient methods for both inner
and outer updates [Nesterov, 2003]. These are open problems for us and will be investigated as future work.

C.4 Proof for Non-convex OBO with Partial Information

This section gives regret bounds for OBO in the non-convex setting.

C.4.1 Auxiliary Lemmas

Lemma 21. Under Assumption A, for all t € [T] and x € R?, we have

~ 2
[V Fia yi1) = TR,y ()| < M2 llyes - yi (ol (86)

where VF, y, is defined in (7) and M; is given in Lemma 3.
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Proof. From (7), we get

~ 2
|97, ye0) = e, v5 ()

w—1 2
1 ~ *
= W Z U; (Vft,i(& yir1) — Vfioi(X,y; (X)))
i=0
1 w—1lw—-1 . 2
< e Z Z Ul HVft_i(X, Vit1) — Vft_i(XJZ‘(X))H
i=0 j=0
] wolwol } 2
+ 5z Z Z wity ||V fr—j (X, ¥iq1) — Vft—j(&)’ik(x))H
i=0 j=0
1 w—1 w—1 _ 2
=z > 3w [V i) - Ve yi )|
j=0 =0
2 w—1 w—1
< M5S0 S e - vi )12
< w2 j illYt+1 — ¥
j=0 =0

* 2
= MJ% lyerr —yr ®)°-

Here, the first inequality uses Lemma 14 with ¢ = 1; the second inequality uses Lemma 3; and the last equality
follows since (1/W) Z;TU;Ol u; = 1. m

Similar to Lemma 17, the following lemma characterizes the inner estimation error ||y;y1 — y7 (X¢)||, where y; 1 is
the inner variable update via Algorithm 1. In particular, it shows that by applying inner gradient descent at each
round ¢, we are able to obtain an error bound in terms of the local regret ||V F; u(x¢, y;(x¢))||* and the inner

solution variation Hy p = ZtT:Q SUPyera [[Yi_1(X) — yi (%))
Lemma 22. Suppose Assumption A holds. If we choose the stepsizes as

2 1
=f=———, and ap=a< )
Bt ﬁ t 2\/§Lny(Klg _ 1)1/2

lg1 + g

for all t € [T, then the sequence {(x¢,y:)}1_, generated by Algorithm 1 satisfy

- (kg = 1)°

Z [yes1 —yi (%) < mnm —yi(x)?

— g

=1 (87)
1 kg—1

T
— VFEy * 242k, — 1)2H, .
+2M;(Hg+1);\\ tu(Xe, yi (xe)[|” +2(kg — 1)"Ha

T *
Here, Hym = 37 SUPxerar lyi-1(%) =y (x)[|*.

Proof. Since =2/(lg.1 + tig), from Lemma 11, we have

2
kg +1

2
* * 2
lyess — vi ()l < (1 - ) lye = yi oI,

which implies that

T 2 2
Iyes1 —yi(x)|? < (1- ly1 = yi(x1)|
1
p Kg +

1—

2 T
) S lye - yi )l (s8)

2
kg +1
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From Lemma 14, we have

T T

* 1 *
Sy - vitlP < (14— ) Sl - ¥ )P
pt Kg +

t=2
T

+ (L rg +1) D Ilyi () = yiss (e
t=2

T
1
<1+ —yi 1 (xe—1)|]?
< (14 ) b vt

T
+2(2+ 1g) Y lyi (xe) — yi (xe-1)|1?
t=2

T
+2(24 Kg) D Iyi (k1) — yimi (x|

t=2
1 T
<1+ —yi(x)|?
< (14 ) Xl =it
T
+2(2+ ky) Z |y (xe41) — YZ+1(Xt)||2 +2(24 kg)Har.
t=1

From Lemma 3 and the update rule of x;, we obtain
7 (k1) = Y41 Gen)l1? < L2 — %12
= Lf,aQ H@Ft,u(XthH)Hz
< 20207 |VF,u(x0,yi (x))]
+ 2L§,a2 H@Ft,u(xt,ytﬂ) — VFt,u(Xt,y:(Xt))Hz

<2202 (IV (0 yi ()0 + MF lyess — i (x0))

where the second inequality holds due to Lemma 14 and the last inequality follows from Lemma 21.

Now, substituting the above bound into (89), we obtain

T
Sy — i) < (1 +
t=2

T
L4+ Kgugaw,%) Syt — vi G
t=1

kg +1
T
HA@ ) 307 Y IV F (e i o) +2(2 4+ ) B
t=1
Substituting (90) into (88), we get
T 2 T
>y =yiel? < (1= 2 ) I - viG)l + 4@ X Iy - vi o
t=1 - t=1

T 2
2
+B(0) S IV Pl i 4224 1) (1= 27 ) Harr
t=1 g9

where

1 2 \? 2 \?
A(a) == (1 + ) <1 - > +4(2+ kg) <1 - > La*M7, and
Kg +1 kg +1 kg +1

2 2
B(a) == 4(2 + ry) (1-/6 +1> L2a?.
g9

(89)
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We now proceed to bound terms A(a) and B(«), respectively. Let’s bound term A(«) first as

= < - ng+1> (1 )L§042M?)
(55 (5
= (1_/<;g+1>

where the first inequality is by the mequahty (1+ a/2)(1 —a) < (1—-a/2—a%/2) <1—a/2 and the second
inequality is due to the assumption that o? <

1 1—
—|—8( + Kg)( 1

2 2
o+ 8(kg — DIja Mf>

8(k2 1)L2 MZ-

Next, we bound B(«) as follows

2
2 ) L2a2:8("€g_1)2 2.2 o g — 1

B(a) < 8(1 1- L —
() < 8( +”9)< kg + 1 kgt 1 YT (ag + 2MY

where the last inequality holds because a? < W.

Inserting the above two bounds for A(«) and B(«) into (91) gives

1\2 i
Z||Yt+1 yi(x)l? < ( +1> |y1—y1<xl>||2+(1 +1>Z||Yt+1 v ()
9

Kg — 1 % o Ay —1)°
—_— E F; =2 g
+ (Hg + 1)2MJ% e ||V t,u(Xt7Yt (Xt))H + K + 1 2,T-

Rearranging the above terms gives (87) and completes the proof. |

The following lemma shows that the difference between the time-averaged function F},, computed at (x;,y; (x:))
and (x¢4+1,y; (X¢41)) is bounded. This extends the single-level setting to the generic weight sequence {u;}* "',
and the proof utilizes the ideas from [Aydore et al., 2019, Lemmas 3.2, 3.3] and [Hazan et al., 2017, Theorem 3].

Lemma 23. Let {(fi,9:)}1_, be the sequence of functions presented to Algorithm 1, satisfying Assumption C.
Then, we have

d 2T M
D (Frulxnyi (x0) = Fru(xe1, ¥7 (x141))) < 5 T2M A+ bpoHy T, (92)
t=1

where Hy 7 = 2322 SUPyegrar ||Yi(X) — yi_1(X)|| and M is defined in Assumption C.

Proof. Observe that

M=

(Fru(x6,¥7 (%)) = Frou(Xe41,¥7 (X41)))

1

I
E

(Fra(x6,¥7 (%0)) = Fra(Xe11, Y141 (X611))) (93a)

~
I
—

+

M=

(Ft,u(Xt+1,y:+1(Xt+1)) - Ft,u(xt+17y:(xt+1))) . (93b)

t=1

In the following, we bound the terms (93a) and (93b) separately.
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For (93b), we have

w—1
. Zuz Je—i(Xeq1, ¥ (Xe41)) — ftfi(XtJrlvyzF(XtJrl)))

M’ﬂ

(93b) =

o~
Il

1

w—1 T
f,0
W Ui Z Vi1 (Xet1) — yi (xes1) |
i=0  t=1

IA
~

T
=Lso0 Z ¥ (xe41) = yi (xe41) |
t=1

</lsoHi T, (94)

where the first inequality is due to Assumption Al. and the second equality follows since (1/W) > 1" 01 u; = 1.
For the term (93a), we have

(93a) =

Mﬁ%

(Ft,u(xt,yf(xt)) — thl,u(xhy;(xt)))

+

E

a(x1,y1(x1)) = Fra(xrsn, yr (Xr+1))
1 w—1

T D i (femi (%, ¥7 (x0)) = froai (2, ¥ (1))

i=0

Il
MH

~+
||
no

w—1

+ fi(x1,y7(x1)) — % Z Wi fr—i (X141, Y741 (X141))-
i=0

Since {ui}lf”:_ol is the weight sequence with 1 = wug > w1 ...uy—1 > 0, given in Definition 1, we have

S s (s (97 (50)) — fimri(, 37 (x0)

i=0

= uo fr(%e, y7 (Xe)) + ur fr—1(%e, y7 (%e)) + -+ Ww—1 fr—wr1(Xe, Y7 (Xt))

—uofr—1(Xe, yi (Xe)) —urfr2(Xe, ¥ (Xe)) =+ — w1 fr—w(Xe, ¥7 (X))
w—1

= uo [t (X4, Y7 (%X¢)) — Uw—1fr—w(Xe, ¥i (%) JFZ i — Wi—1) fr—i(Xe, Y7 (Xt))
=1
w—1

< o fi (%, 7 (%)) = w1 frow (%05 (%0)) + Y (wimy — wi) | frmi (k0,7 (%))
i=1

< uofr(Xe, yi (X)) = Uw—1fr—w(Xe, ¥ (Xt)) + max | fe—i(xe, yi (30)) [ (w0 — Uw—1),

which implies that

T
1
(93a) < (uoft Xt, Y1 (X¢)) = Uw—1.fe—w(Xe, ¥7 (Xt)) + max | fe—i(Xe, ¥ (x¢))] (w0 — Uw—1)>
="
1 w—1
+ Al yiGa)) - 37 D tifr (X1, Y (xr41))
i=0
2T'M (UO — Uw—l)
M+ M
< o + M+
2T M
<22 MM, (95)

where the second inequality is by Assumption C.

Combining (94) with (95), we get (92). |
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C.4.2 Proof of Theorem 9
Proof. Lemma 3 implies that (24) still holds by replacing f; with F;. Hence,

Ft,u(xtJrh y:(xtﬂ)) - Ft,u(xt, v (Xt))

IN

N L
(VEp (e, ¥ (50) X1 = %) + 5 [Xeen =

N ~ Lia? -
< —a (VFra(xe ¥ (%)), VEa(xt,yee1) ) + “5 [V, yern) |2 (96)
By Lemma 21, we have
— (VFraloxe, 77 (x0)). VEra(0, ¥141) ) = = (VFha(t, ¥ (), V(3 37 (x0))

— (VP ¥ (50), Va6, ¥e41) = V(e ¥7 (1))
(97a)

N

1 2
< 5 IV Fial, ¥ Ge) I + 5 [ Fuae ¥e1) = V(v (00)|
1 * M2 *
—5 IVF (e v o) ” + 5 yees = yi ()l

IN

and
~ ~ 2
IV Frn 3¢t ¥e0) 2 < 20V Ep (e, 7 )P 2 [Vt yie1) = V27 ()|

< 2|V Fyu(xe, v (xe) 1?4+ 2MF [lyepr — v ()| (97b)
Substituting (97a) and (97b) into (96), rearranging terms and summing up from ¢ = 1 to ¢ = T, we obtain
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where the second inequality follows from Lemma 23.
Note that our choices of the stepsizes a;y and 3; as
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satisfy the condition of Lemma 22. Hence, from Lemma 22, we get
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Rearranging the terms leads to
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Since o < 1/(8Ly), we have
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Substituting the above observations into (99) gives
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Therefore, we get the following bound
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This completes the proof. |

D Addendum to Section 4: Implementation Details and Additional Experiments

D.1 Details on Online Hyperparameter Learning for Dynamic Regression

The synthetic data are generated as follows: To simulate the distribution changes, we generate the output according
to by = a] y!(x%) + €, where (x%,y!(x%)) € R% x R is the underlying model for s-th stage, and ¢ € [0,0.1] is
the random noise. We consider two setups for the underlying model: (i) there are three changes (S = 3) in the
minimizers (x¥, y%(x¥)), and (ii) the underlying model is fixed (S = 1), i.e., (x*,y*(x*)) = (x%, y*(x%)) for all
t € [T]. The time horizon, the outer and inner dimensions are set to 7' = 5000, d; = 1 and dy = 5, respectively.

We used a grid-search of parameters in our experiments in Subsection 4.1. For the grid-search setting, we select
the best performing parameters K, o, § from a grid {5,10} x {0.001,0.01,0.1,0.5} x {0.001,0.01,0.1,0.5}. The
smoothing (averaging) parameter 0 is set to 0.9. All algorithms have been run on a Mac machine equipped with a
1.8 GHz Intel Core i5 processor and 8 GB RAM.

D.2 Details and Additional Experiments on Online Parametric Loss Tuning Implementation

This subsection provides details on implementing online parametric loss tuning tailored for imbalanced data.
Additionally, it includes extra experiments conducted on two other datasets: Tadpole and Adult.

D.2.1 Dataset Specifications and Model Architectures

MNIST The MNIST image dataset [LeCun et al., 2010] comprises 10 classes of human-written numbers ranging
from 0 to 9. The dataset contains a total of 60,000 training images and 10,000 testing images, each sized at
28x28. Consequently, there are approximately 6,000 training images and 1,000 testing images for each class. To
introduce imbalance into the training and validation data, we randomly selected 5000 x 0.6°, i = 0, 1,...9 samples
from the original training data for each class. These samples were then divided into new training and validation
datasets at a 4:1 ratio. We employed a 4-layer convolutional neural network (CNN) for all comparison algorithms.
Each convolutional block in the network consists of a 3 x 3 convolution (with padding=1 and stride=1), batch
normalization, ReLU activation, and 2 x 2 max pooling. The CNN has 64 filters in every convolutional layer.
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Tadpole In the Appendix, we conduct additional experiments on the Tadpole dataset [Marinescu et al.,
2019]. The Tadople dataset is introduced in Grand Challenge 2, a platform for end-to-end development of
machine learning solutions in biomedical imaging. Tadpole is an abbreviation for The Alzheimer’s Disease
Prediction Of Longitudinal Evolution (TADPOLE), a subset of the Alzheimer’s Disease Neuroimaging Initia-
tive (ADNI) 3, which constitutes an extensive data collection for Alzheimer’s disease (AD). Initially, Tadpole
contains 12,741 samples and 1,907 features. Its classes include individuals classified as cognitively normal (CN),
mild cognitive impairment (MCI) or Alzheimer’s disease (AD). We only select 17 commonly-used features,
including ‘CDRSB’, ‘ADAS11’, ‘MMSE’, ‘RAVLT _immediate’, ‘Hippocampus’, ‘WholeBrain’, ‘Entorhinal’,
‘MidTemp’, ‘FDG’, ‘AV45’, ‘ABETA UPENNBIOMKY9 04 19 17, ‘TAU_UPENNBIOMKY9 04 19 17,
‘PTAU_UPENNBIOMKY9 04 19 17, ‘APOE4’, ‘AGE’, ‘ADAS13’, ‘Ventricles’. We exclusively select classes
MCI and AD to form the two-class classification task. The two classes are already imbalanced, with 2,106 samples
in the AD class and 4,044 in the MCI class. To further imbalance the dataset, we only select half of the samples
from AD. We utilize a 2-layer multilayer perceptron (MLP) with ReLU as the activation function and employ
Dropout for regularization.

Adult We also conduct additional experiments on the Adult dataset [Becker and Kohavi, 1996], aiming to
predict an individual’s annual income based on various factors, including the individual’s education level, age,
gender, occupation and more. The dataset originally comprises 48,842 samples and 15 features. After removing
samples with missing values and duplicated features following the process introduced in Kaggle #, we have 45,175
samples and 11 features. The two classes are defined as follows: income less than or equal to $50K (class 0) and
income greater than $50K (class 1). The original distribution is already imbalanced (0 vs 1 is 3:1). Thus, we
do not modify it further. We also employ a 2-layer multilayer perceptron (MLP) with ReLU as the activation
function and Dropout for regularization.

D.2.2 Baselines and Setting Details

In our experiments, we compare our method to two baselines: one being AutoBalance [Li et al., 2021], and the
other being Single-Level OGD [Zinkevich, 2003].

AutoBalance AutoBalance [Li et al., 2021] is an offline bilevel gradient descent framework that updates
hyperparameters x; and the model y; to address imbalance issues. We essentially adopt all the settings from
the Autobalance study. Specifically, in all three datasets, the inner-level optimization trains the CNN model
using a learning rate of 0.1, momentum of 0.9, and weight decay of 1le — 4. However, to adapt it to the online
environment and ensure a fair comparison, AutoBalance will, at each timestep, utilize all the observed data until
the current timestep to train the model instead of employing a fixed number of batches, as in the original setting of
AutoBalance. This will allow AutoBalance to run quickly at the beginning but progressively slower as time passes.
At the outer level, AutoBalance does not initiate training from the beginning. Instead, AutoBalance usually
initiates the outer level after the network achieves near-zero loss. For MNIST, AutoBalance starts outer-level
training at the 120th timestep, while it starts at the 80th and 40th timesteps for Tadpole and Adult, respectively.
The learning rate for the outer level is 0.001 on all the three datasets. Our OAGD follows the same setting of
AutoBalance for both the inner- and outer-level training.

Single-Level OGD The Single-Level OGD [Zinkevich, 2003] updates the model, y;, with fixed hyperparam-
eters, x, at each timestep solely based on the newly observed data using gradient descent. Specifically, the
hyperparameters include adjustments in multiplicative and additive logits, along with the inverse class weight.
For Single-Level OGD, the multiplicative logits adjustment is 1, the additive logits adjustment is 0, and the
inverse class weight is 1, resulting in a vanilla cross-entropy loss. The learning rate is 0.1 on all the three datasets.

D.2.3 Additional Experiments

Figure 5 provides a performance comparison (meantstd) for parametric loss tuning on imbalanced Tadpole data
across five runs. We compare our OAGD (w = 5,10) with AutoBalance and Single-Level OGD. OAGD achieves a
comparable balanced testing accuracy to AutoBalance but with a reduced runtime. AutoBalance outperforms

’https://tadpole.grand-challenge.org/Data/
3https://adni.loni.usc.edu/
‘https://www.kaggle.com/code/amirhosseinzinati/adult-income-k-nearest-neighbors-knn
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Figure 5: Performance comparison (mean+std) on parametric loss tuning for imbalanced Tadpole data over five
runs. We compare our OAGD (w = 5, 10) with AutoBalance and Single-Level OGD. OAGD achieves comparable
balanced testing accuracy to AutoBalance but with a reduced runtime.
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Figure 6: Performance comparison (mean+std) on parametric loss tuning for imbalanced Adult data over five
runs. We compare our OAGD (w = 5, 10) with AutoBalance and Single-Level OGD. OAGD achieves comparable
balanced testing accuracy to AutoBalance but with a reduced runtime.

OAGD and Single-Level OGD in terms of balanced training accuracy. This is because AutoBalance utilizes many
more samples than OAGD and OGD. This allows AutoBalance to have a higher chance of overfitting the training
data, resulting in high training accuracy, while still obtaining similar balanced testing accuracy compared to
other methods.

Figure 6 provides a performance comparison (mean+tstd) on parametric loss tuning for imbalanced Adult data
over five runs. We compare our OAGD (w = 5, 10) with AutoBalance and Single-Level OGD. OAGD achieves
comparable balanced accuracy to AutoBalance but with a reduced runtime.

D.3 Details and Additional Experiments on Online Meta Learning

This subsection provides the implementation details and additional experiments on minilmageNet of online meta
learning.

D.3.1 Datasets and Model Architectures

FC100 FC100 [Oreshkin et al., 2018] is a dataset derived from CIFAR100, containing 100 classes, with each
class comprising 600 images of size 32. Following [Oreshkin et al., 2018], the 100 classes are divided as follows: 60
classes for meta-training, 20 classes for meta-validation, and 20 classes for meta-testing. There are 36,000, 12,000,
12,000 samples in the original training, validation and testing datasets, respectively. We transform them into
20,000, 600 and 600 training, validation and testing tasks using the TaskDataset tool from learn2learn [Arnold
et al., 2020]. For all comparison algorithms, we employ a 4-layer convolutional neural networks(CNN) comprising
four convolutional blocks. Each block consists of a 3 x 3 convolution (padding=1, stride=2), batch normalization,
ReLU activation, and 2 x 2 max pooling. Additionally, each convolutional layer contains 64 filters.

MinilmageNet The minilmageNet dataset [Vinyals et al., 2016] is derived from ImageNet and comprises
100 classes, each containing 600 images sized at 84 x 84. Following the repository, we partition these classes
into 64 classes for meta-training, 16 classes for meta-validation, and 20 classes for meta-testing. Following the
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Figure 7: Performance comparison (mean=+std) for online meta-learning on the minilmageNet dataset across
five runs. We compare our OAGD (w = 10) with ANIL and ITD-BiO. OAGD achieves comparable accuracy to
the baselines while significantly reducing runtime.

repository, we use a four-layer CNN with four convolutional blocks, where each block sequentially consists of a
3 x 3 convolution, batch normalization, ReLLU activation, and 2 x 2 max pooling. Each convolutional layer has 64
filters.

D.3.2 Baselines and Setting Details

In our experiments, we compare our method to three baselines: MAML [Finn et al., 2017], ANIL [Raghu
et al., 2019], and ITD-BiO [Ji et al., 2021b]. Notably, these three methods are all implemented using iterative
differentiation within the PyTorch framework. They leverage two modules, the features and the head, albeit in
distinct ways. The features are used to process the raw input, such as the CNN which processes the image in
our case, while the head is responsible for the final classification. To ensure a fair comparison, we set the inner
learning rate § = 0.1, the outer learning rate a=0.001, and inner step K = 20 for all the methods.

MAML MAML stands as the foundational work of meta-learning, in which meta-parameters are learned in the
outer loop, while task-specific models are learned in the inner loop using only a small amount of data from the
current task. In the implementation, MAML combines features and the head into the meta model, which is then
cloned by the local model to perform local adaptation. We update all parameters of the meta model, including
those of the features and head.

ANIL ANIL stands as a widely used meta-learning algorithm that simplifies MAML by eliminating the inner
loop for all parts of the MAML-trained network except the task-specific head. In its implementation, only the
head of the meta model, cloned by the local model, is employed for subsequent local adaptation. Nonetheless,
the features remain utilized for data processing. Ultimately, both the parameters of the features and the head
undergo updates.

ITD-BiO ITD-BiO is a gradient-based stochastic bilevel optimization framework relying on iterative differen-
tiation (ITD). In its implementation, the meta model cloned by the local model comprises solely the head for
subsequent local adaptation. Nevertheless, we continue to utilize the features for data processing. Ultimately,
only the parameters of the features undergo updates.

It is worth noting that we do not adapt all the baselines to the online environment; instead, we directly utilize the
implementation from [Ji et al., 2021b]. In the online environment, data is observed in batches at a time, and the
offline method updates the model by incorporating all the data observed up until the current timestep. This will
initially speed up the training, but it will progressively slow down over time. Eventually, the entire process will
become very time-consuming. Instead, the implementation uses only a fixed number of batches (tasks) randomly
sampled from all available tasks at each timestep, which, in our case, is 32. We only use a specific window-size
number of batches (tasks) and load them sequentially.

D.3.3 Results on Additional Dataset

We conducted our experiments on an additional dataset, minilmageNet. Figure 7 provides a performance
comparison (mean+tstd) for meta-learning on the minilmageNet dataset across five runs. We compare our OAGD
(w = 10) with ANIL and ITD-BiO. OAGD achieves comparable accuracy but with a shorter runtime.
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D.4 Sensitivity Analysis
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Figure 8: Performance comparison (mean+std) for parametric loss tuning on imbalanced MINIST data across
five runs. We compare our OAGD across different window sizes (w = 1,5,10). The larger the window size, the
better the accuracy and the longer the runtime.
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Figure 9: Performance comparison (mean+std) for meta-learning on FC100 data across five runs. We compare
our OAGD with different window sizes (w = 1,5,10). The larger the window size, the better the accuracy and
the longer the runtime.

In this section, we perform sensitivity analysis on the window size w, learning rate (both inner 8 and outer «),
and inner optimization step K to acquire a comprehensive understanding of our method.

D.4.1 Sensitivity Analysis of Window Size w

Figures 8 and 9 illustrate the results of our OAGD on MNIST and FC100 using different window sizes (w = 1,5, 10).
As observed, the larger the window size, the higher the accuracy and the longer the runtime. This is expected,
as a larger window size allows for the use of more information from previous timesteps. Consequently, the
gradient can be approximated with greater accuracy, leading to improved results. However, this also requires more
computations for gradient calculation. It is important to note that we do not merely record previous gradients.
Instead, we leverage previous data and the current model to compute the gradients, an approach that has been
proven to be more effective.

D.4.2 Sensitivity Analysis of Learning Rates a and

Figures 10 and 11 display the sensitivity results for the inner and outer learning rates, 5 and «, on the Tadpole
dataset. Likewise, Figures 12 and 13 exhibit the sensitivity results for the inner and outer learning rates on the
Adult dataset. Specifically, when analyzing the sensitivity to the inner learning rate, we fix the outer learning rate
at 0.001 and experiment with different inner learning rates (8 = 0.9,0.5,0.1,0.01). Conversely, when examining
sensitivity to the outer learning rate, we set the inner learning rate to 0.1 and test different outer learning rates
( = 0.0001,0.001,0.01,0.1). Our observations indicate that our OAGD is not particularly sensitive to changes in
either the inner or outer learning rates, as all cases demonstrate consistently high accuracy.
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Figure 10: Performance comparison (mean+std) on parametric loss tuning for imbalanced Tadpole data over five
runs. We compare our OAGD (w = 10) using various inner learning rates (5 = 0.01,0.1,0.5,0.9) while keeping
the outer learning rate fixed at 0.001. Our OAGD is not significantly affected by changes in the inner learning
rate.
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Figure 11: Performance comparison (mean+std) on parametric loss tuning for imbalanced Tadpole data over
five runs. We compare our OAGD (w = 10) using various outer learning rates (o = 0.0001,0.001,0.01,0.1) while
maintaining a fixed inner learning rate of 0.1. Our OAGD is not sensitive to the outer learning rate.
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Figure 12: Performance comparison (meantstd) on parametric loss tuning for imbalanced Adult data over five
runs. We compare our OAGD (w = 10) using various inner learning rates (8 = 0.01,0.1,0.5,0.9) while keeping
the outer learning rate fixed at 0.001. Our OAGD is not sensitive to the inner learning rate.
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Figure 13: Performance comparison (mean+std) on parametric loss tuning for imbalanced Adult data across five
runs. We compare our OAGD (w = 10) using different outer learning rates (o = 0.0001,0.001,0.01,0.1) while
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keeping the inner learning rate fixed at 0.1. Our OAGD is not sensitive to the outer learning rate.
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Figure 14: Performance comparison (mean+std) on online meta-learning for miniImageNet data across five
runs. We compare our OAGD (w = 10) with varying inner steps for inner optimization. A larger inner step may
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yield improved and more stable accuracy but leads to longer runtime.

D.4.3 Sensitivity Analysis to Inner Step K

Figure 14 provides the sensitivity analysis results to different numbers of inner optimization steps K; = K for
each round ¢. We can see that a larger number of inner optimization steps can make the accuracy better and

more stable. However, this will take longer runtime.
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