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Abstract

We study regret minimization in an average-reward and communicating Markov Decision
Process (MDP) with known dynamics, but unknown reward function. Although learning
in such MDPs is a priori easier than in fully unknown ones, they are still largely chal-
lenging as they include as special cases large classes of problems such as combinatorial
semi-bandits. Leveraging the knowledge on transition function in regret minimization, in
a statistically efficient way, appears largely unexplored. As it is conjectured that achiev-
ing exact optimality in generic MDPs is NP-hard, even with known transitions, we focus
on a computationally efficient relaxation, at the cost of achieving order-optimal logarith-
mic regret instead of exact optimality. We contribute to filling this gap by introducing
a novel algorithm based on the popular Indexed Minimum Empirical Divergence strategy
for bandits. A key component of the proposed algorithm is a carefully designed stopping
criterion leveraging the recurrent classes induced by stationary policies. We derive a non-
asymptotic, problem-dependent, and logarithmic regret bound for this algorithm, which
relies on a novel regret decomposition leveraging the structure. We further provide an
efficient implementation and experiments illustrating its promising empirical performance.
Keywords: Average-reward Markov decision process, regret minimization, logarithmic
regret, Markov chain, recurrent classes

1. Introduction

In Reinforcement learning (RL), a learning agent (henceforth, learner) interacts with an
environment that is often modeled using a Markov Decision Process (MDP), and her goal
is to optimize a notion of reward (Puterman, 1994; Sutton and Barto, 2018). The learner
does not fully know the underlying MDP, and tries to learn a near-optimal behavior quickly
from the experience collected via interaction. In the average-reward setting, the learner’s
performance is often measured in terms of regret, which compares her cumulative reward to
that of an optimal policy (Jaksch et al., 2010); equivalently, the learner’s goal is to minimize
regret. A standard assumption in most settings in RL is that the environment’s dynamics
is unknown, while the reward function may be known. This assumption is justified since
state dynamics are not controlled by the learner, but is also in line with the argument that
the main challenge in RL stems from unknown dynamics rather than unknown rewards.
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Consequently, the vast majority of existing regret minimizing algorithms have some key
ingredient, in design or analysis, to tackle unknown transition probabilities. In model-based
algorithms (e.g., Jaksch et al. (2010); Filippi et al. (2010); Burnetas and Katehakis (1997)),
this is featured in the form of confidence sets around the empirical transition distributions.

In contrast, in some applications of RL, the learner has some prior knowledge on the
transition function; for example, she may know the associated support sets, some transition
probabilities, or even the entire transition function up to some small deviation error. This
could arise, for example, when the learner has access to an accurate estimate of the tran-
sition function via data collected while performing another task on the same environment
(but with a different reward function). For instance, in the context of personalized recom-
mendation, where the rewards are given by a user based on her internal evaluation of the
recommendations, and where the task (hence transitions) is fixed across users, it is natural
to assume that based on previous interactions, the transitions of the system are perfectly
known, but the rewards associated to the current user are unknown. Note that although
rewards are provided by a user, this does not mean they are known, as evaluation at a
point in time can be subjective and noisy. Another scenario could arise in learning tasks
where the dynamics are governed by some physical phenomena that are perfectly known
to the learner. In such scenarios, the following question arises naturally: What is the most
statistically efficient way to perform exploration when the dynamics are known?

While any form of prior knowledge on the transition function do not appear directly
advantageous to model-free algorithms, which is in line with their design principle, model-
based algorithms can benefit directly from it. In the case of perfectly known dynamics, most
off-the-shelf algorithms can simply remove the relevant confidence sets, which would lead
to improved exploration, and hence, smaller regret bounds.! Despite such straightforward
modifications of model-based algorithms, it still remains open as to what the best way is
to incorporate such prior knowledge into algorithm design in a non-trivial manner, and
whether it could lead to instance-dependent (and logarithmic) regret bounds. To our best
knowledge, existing literature on learning in MDPs, albeit rich, fails to provide algorithmic
ideas to leverage such prior knowledge in a statistically efficient way, and the potential gains
thereof in terms of regret or sample complexity remain largely unexplored.
Contributions We focus on regret minimization in communicating MDPs with known
dynamics but unknown reward functions, and introduce a class of strategies called rarely-
switching algorithms, which provide a principled way to leverage the connectivity structure
in the MDP through viewing the problem as a multi-policy Multi-Armed Bandit (MAB),
thanks to the prior knowledge on the dynamics. The novel design of these strategies con-
siders recurrent classes induced by stationary policies as well as a carefully designed stop-
ping criterion based on the said classes. For these strategies, we present a generic regret
bound, which relies on a novel regret decomposition leveraging the structure, which could
be of independent interest for learning in MDPs in general. Then, we instantiate a spe-
cific rarely-switching algorithm called IMED-KD, which uses the popular Indexed Minimum
Empirical Divergence (IMED) strategy for MABs (Honda and Takemura, 2015). IMED

1. For example, it is straightforward to show that UCRL2 (Jaksch et al., 2010), when equipped with
the knowledge on dynamics, attains a regret bound of (5( (SA+ D)T) with high probability, in any
communicating MDP with S states, A actions, and diameter D, where 6() hides log(7T) terms and
universal constants. In contrast, without prior knowledge, UCRL2 achieves a regret of (5(sz/ﬁ)
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offers an interesting alternative to optimistic strategies such as UCB or KL-UCB, and to
Bayesian strategies such as Thompson sampling. Owing to its form directly inspired by the
constraints of the optimization problem appearing in asymptotic regret lower bounds, it has
been shown to yield optimal regret performance, like KL-UCB or Thompson Sampling. We
stress that a key departure from existing IMED-style algorithms for MDPs (e.g., IMED-RL
(Pesquerel and Maillard, 2022)) is to exploit the intrinsic structure of the problem via use
of a rarely-switching algorithm. Under some standard assumption on the reward function
and MDP regularity, as well as a mild assumption on the involved hitting times (Assump-
tion 5), we derive a non-asymptotic, problem-dependent, and logarithmic regret bound for
IMED-KD, whose proof relies on the generic properties of rarely-switching algorithms as well
as proof machinery of IMED-style indices adapted to MDPs. We further provide an efficient
implementation and experiments illustrating its promising empirical performance. To the
best of our knowledge, IMED-KD is the first algorithm specifically designed to leverage the
structure in MDPs with known dynamics.

Related work There is a rich literature on regret minimization in average-reward MDPs.
Early papers like (Burnetas and Katehakis, 1997; Graves and Lai, 1997) mostly presented
regret bounds for ergodic MDPs and with an asymptotic flavour, whereas more recent
literature, e.g., (Jaksch et al., 2010; Filippi et al., 2010; Talebi and Maillard, 2018; Fruit
et al., 2018; Zhang and Ji, 2019; Wei et al., 2020; Bourel et al., 2020; Pesquerel and Maillard,
2022), reported non-asymptotic regret guarantees and, often, for the bigger of class of
(weakly) communicating MDPs. The majority of recent literature on learning in MDPs,
following Jaksch et al. (2010), report worst-case regret bounds growing as O(v/T) after
T steps. In contrast, comparatively there exists little work that present logarithmic and
instance-dependent regret bounds for average-reward MDPs. The most notable exceptions
include (Jaksch et al., 2010), which reports a logarithmic regret bound for UCRL2 (albeit
with a large mixing-time related additive term), and more recent papers (Gopalan and
Mannor, 2015; Pesquerel and Maillard, 2022), which only consider ergodic MDPs. We also
mention the logarithmic regret bounds derived in (Ortner, 2009; Tranos and Proutiere,
2021) for the much simpler setting of MDPs with deterministic transitions.

We also mention that some studies consider regret minimization in MDPs in the episodic
setting, with a fixed and known horizon; see, e.g., Osband et al. (2013); Azar et al. (2017);
Simchowitz and Jamieson (2019), where the latter work presents a problem-dependent,
logarithmic regret bound. However, the proof machinery used in episodic RL often fails
to work in average-reward RL due to relying on the fixed episode length and resetting
of the state. Finally, it is worth remarking that an MDP with known transitions but
unknown rewards may be viewed as a MAB instance with highly structured actions (one
action corresponding to a policy), in a way which is reminiscent of combinatorial MABs
(Chen et al., 2013; Combes et al., 2015). Despite such resemblance, the problem is more
challenging as the learner is traversing an MDP without a resetting device. As a result,
algorithmic ideas for combinatorial MABs or those with generic structure (Combes et al.,
2017; Saber et al., 2020) do not directly carry over to MDPs with known dynamics.
Notations For an integer n € NU{0}, we denote [n] = {0,...,n}. For a Boolean event A,
I{A} € {0,1} denotes the indicator function of A. For a sequence (h¢)en, and ¢ < t3 €N,
Rty ity 1= (ht)té{h,...,tg} denotes the sub-sequence of elements indexed in between ¢ and .
Last, for a set A, P(A) denotes the set of probability distributions over A.
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2. Problem formulation

We consider an average-reward Markov Decision Process M = (S, A, p,r), where S is the set
of states with cardinality S, and A = (A;)ses, where A; specifies the set of actions available
in s € S. For convenience, we introduce the set of pairs C = {(s,a) : s € S,a € A;}. Further,
p : C — P(S) denotes the transition function, and r : C — P(R) the reward function. We
denote the corresponding mean reward function by m: C — R.

Policies Each stationary policy 7 : S — P(A) acting on M induces a Markov chain on
C, with corresponding transition probability p, : C2 — P(C), defined by px(s,a)(s’,a’) =
p(s'|s,a)m(a’|s’). We denote by p, : C2 — P(C) the Cesaro-average of py; formally, p, =

T
Tlim % 3" pi=!, where p,(c1,c) captures the frequency of reaching the pair ¢ € C under
— 00 t=1

policy 7 starting in pair ¢; € C. This enables to introduce the gain of policy 7w, when starting
from state-action pair ¢; = (s1,a1), defined by g, » = (P,m)(c1) = > cc Pr(c1,¢) - m(c),
where we recall that m(c) is the mean reward of pair c. Given a finite set of stationary
policies II, we define g% = I;leaﬁ( .~ the optimal gain starting from ¢, and I} = {m € II :
8.~ = 8} the set of policies achieving the optimal gain.

Cycles The set of (positive) recurrent state-action pairs (i.e., pairs with finite return
times) under 7 is defined as C = {c € C: p,(c)(c) > 0}. Further, the relation ~, such
that ¢ ~, ¢ & pr(c)(d) - Pr(c')(c) > 0, is an equivalence relation on C}. Denoting [c],
the class of ¢ € C} for relation ~,, the asymptotic cycles under policy 7 are defined as
Xy =C ) mon= {[c]ﬂ cceCtf } Distinct elements of X correspond to disjoint cycles. A

policy 7 with |X;| = 1 is called a unichain policy.

Remark 1 A remarkable property is that for a unichain policy 7 and recurrent ¢ € C,
P.(c)(¢) is independent of the starting pair ¢ and equals 1/7:(c, ), where T(c', ) is the
expected hitting time of ¢ when starting from ¢ and following policy w; see (Puterman,
1994). As a consequence, g also does not depend on c.

We consider the two following assumptions on MDP regularity and the reward function:

Assumption 1 (MDP) M is communicating, that is, Ve, , Im,t €N : pL(c)(c')>0. Also,
IT is proper, that is, the Cesaro-average p, of pr exists for each m € II. There is a unique

gain-optimal policy 7* € (| II} that is unichain (i.e., it has a unique asymptotic cycle).
ceC

Assumption 2 (Reward function) For each ¢ € C, the reward distribution r(c) is sup-
ported on [0,1] (in particular, it is 1/2-sub-Gaussian), with bounded mean m(c) € [0,1).

In particular, under Assumption 2, Ve € C, w € II, the gain is bounded: g.r € [0,1). To gain
insight into the motivations behind this assumption, we refer to discussion in Appendix F.
Local monotony Finally, a key property of unichain MDPs is that there always exists a
modification of a sub-optimal policy in a single state having (stricly) larger gain (Puterman,
1994). We generalize this useful monotony property to larger neighborhoods as follows:

Assumption 3 (Policy-improving neighborhood) VeeC,n¢11%, 37’ €Il, h(r, 7)<k,
such that g. > g, where h denotes the Hamming distance between two policies.
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Here, k is a given constant. Note that as k increases from 1 to .S, Assumption 3 interpolates
between (at least) all unichain MDPs, when k = 1, and all discrete MDPs, when k = S.

Remark 2 In a communicating MDP, for Il consisting of all stationary policies, the set of
optimal policies does not depend on the starting pair and is simply denoted by IT*. Moreover,
an optimal policy is also unichain in this case. The gain of a unichain policy ™ does not
depend on the starting state-action pair, and is simply denoted by g (and g* for an optimal
policy); hence, we denote II =11* and gk =g* for all c. Note, however, that for sub-optimal
policies w €1l that are not unichain, g., may still depend on the initial state-action ceC.

The online learning problem The learner interacts with MDP M for T time steps,
starting in an initial state-action pair (s1,a1) € C chosen by Nature. At each time t > 2,
she is in state s; €S and chooses an action a; € A;, according to a stationary policy m; €1,
that is a; ~m(sy). The stationary policy m; is selected based on the learner’s observations
so far. Then, (i) she receives a reward r; € [0, 1], where r; ~r(s;, a;); and (ii) Nature decides
a next state s;41 €S, where sy11 ~ p(|s, ay). The sequence of chosen policies is denoted
by (m¢)¢>1, and simply by (7) when for all time step ¢t > 1, m = . Further, we denote
by ¢ = (s¢, a;) the state-action pair at time step t. We assume that the learner does not
know the reward function r, but knows the transition function p, and can thus compute
P, for each m € II. Her performance is measured through the notion of (expected) regret,
as defined next. Let Va(A,T) denote the cumulative reward of an algorithm A following a
policy sequence (7)< up to time 7"

VmA,T) = E,

For a policy sequence (), it is simply denoted by Var((7),T). The (expected) regret with
respect to playing a gain-optimal policy sequence (7*), up to time 7', is defined as:

RM(AvT) = VM((W*)>T) - VM(A’T)' (1)

Remark 3 (Pseudo-regret) For each given T, the quantity Vi (T) = max Vm((m), T)
S
and the set Argmax Vv ((m),T) differ a priori from the cumulative reward of gain-optimal
well

policies (VM ((7*),T')) rxcr« and the set 11*, respectively. However, it is easily checked that

Tlim Vi(1T))T = Tlim Vm((7*), T)/T =g*, for all gain-optimal stationary policy w* € II*.
—00 —00

That 1s, the asymptotic mazrimal average reward coincides both with the asymptotic average

reward of gain-optimal policies and the optimal gain. Since the set of considered stationary

policies 11 is finite, this further implies that 11, CII* when horizon T is large enough, which

also implies Vi (T) =V ((7*),T) = 0(1).

3. Rarely-switching Algorithms

Rarely-switching learners We choose to restrict the learner to follow a rarely-switching
strategy, which forces the learner to keep playing the same policy until some criterion —
to be introduced momentarily — is met. The T time steps are divided into episodes of
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random durations, where episode k € {1,2,...} starts at random time 7;_1 + 1 and ends
at random time 7 (with 79 = 0). We gather in the sequence 7 = (7%)ren the last time
step before starting each new episode. Hence, for 7 € 7, the learner starts at time step
T+1 a new episode (to which we refer as “episode 7”), and after pulling state-action pair
¢r4+1 = (8741, ar+1), she follows the same policy m = w41 until the event Event is triggered
(and the episode ends). Event is a generic function of the current policy 7 and the history
hr11.¢ of all observations and decisions made from the beginning of the episode until the
current time. We resume the generic structure of rarely-switching learners in Algorithm 1.

Algorithm 1 Rarely-switching learner

1: input: (px)rem, (s1,m) and Event function
2: Start a new episode 7 < 0, 7 + ™1

3: Pull action a1 ~ m(s1)

4: for time step t > 1 do

5: Receive reward r¢, update history hy = (s¢, 7, az, 7¢)
6: if =Event(m, hr+1.¢) then

7 Keep the same policy 7 < mr41

8: Pull action at+1 ~ 7(s¢+1)

9: else

10: Start a new episode T < ¢

11: Compute a new policy 7-4+1 and update 7 < mr41.
12: Pull action Ag41 ~ W(St+1)

13: end if

14: end for

Counters For a rarely-switching learner, let N3 (0:7) = > mrp1 =7,¢r41=c}

T€TN[T]
denote the number of times when an episode starts in pair ¢ and follows policy 7 until

time T'. This quantity should not be confused with the (possibly much larger) number of
visits Neq(T) = 34 Hme = m, e = ¢} of pair ¢ by policy 7 until time T In view of the
introduction of Event, it is also convenient to introduce Ne(h) = > -, yen H{(s,a) = ¢}
that counts the number of visits of pair ¢ on the piece of history h.

Owing to the fact that the criterion used to stop an episode is independent of the rewards
accumulated during the episode, and using properties of the expectation, we can show the
following decomposition lemma, somewhat reminiscent of bandit analyses.

Assumption 4 (Whole number of episodes) We assume that T € T, that is horizon
time T coincides with the last time step of an episode. We abusively conserve the notation
E(x)[Z] instead of Eq\[Z|T € T] to compute the expectation of any random variable Z.

Lemma 4 (Cumulative reward and regret decomposition) Under Assumption 4, the
cumulative reward of a rarely-switching algorithm A satisfies

Z Z E( Wt) NW 0: T)] Elleqx] - Ger s
ceC well
where ler=min{t >0 : Event(m, hi4),c1 = c} denotes the (random) length of the episode,

ec,ﬂ'

and where G = E(m)[ > Tt‘(sl,al) = c} denotes the expected average reward of an
=1

episode starting in pair ¢ and following policy w. When Event further ensures an episode
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running policy m always stops in a same reference pair ¢, € C, then writing G* = Ge_, 7+,
it holds

Rm Z E(ﬂt le 0: T)] Elleqr] (G*=Ger)
ceC
TETF
D By [Nepe (1:7)] Elfeyre]- (G*=Gerr) (2)
CHCrx
Note that Cm;*(l :T') excludes the first episode. Furthermore, we stress that G* is defined

using the stopping time induced by 7*, and G by the one induced by .

The proof of Lemma 4 is provided in Appendix A. To give some intuition, Lemma 4
decomposes the cumulative reward of a rarely-switching learner according to each config-
uration when the policy being played is m and the initial pair in this episode is ¢. Thus,
it makes appear the number of times such a configuration happens, E(r,) [Né?;(O:T)], as
well as the reward accumulated in that episode. A similar decomposition can be written for
the optimal policy, and using a reference state ensures that Ryg(7*,T) ~ T'G*, up to the
contribution of the first episode in which the episode may not start from c;«. Combining
the two cumulative reward decompositions yields the convenient form in Equation (2).

Further, the product form term E[l. ;] - G¢r reveals that Lemma 4 offers a decoupling
between the expected number E[/. -] of steps of an episode starting in ¢ with policy ,
and its average reward G, received during that episode. It is worth mentioning that the
decoupling between the gain and the length of an episode holds by virtue of the Markov
property and since we consider a decomposition in expectation.

Remark 5 (Simplifications) Note that E(.,) [N(0:T)] =0 for policies m not explored
by a rarely-switching algorithm. Typically, a learning algorithm will progressively focus on a
few policies, and hence, the sum over all stationary policies w should effectively involve much
fewer terms than AS (i.e., the number of all stationary deterministic policies). Interestingly,
in the case of bandits, there is a unique state, and hence, Equation (2) simplifies to the
classical regret decomposition, in which case the second term disappears:

> Biry [NIE(1:T)] Elles] - (GF—Gear) = 0.
CHCrx
Gain One may wonder about the link between G, and the gain g.: G.r can be seen
T
as a proxy for the gain g . of the policy, since g.r = lim E(,, [% > rt‘cl =c,m =7,
T—o0 t=1
that is, as £, » — 0o, then G indeed approaches g. . This interpretation is however valid
only when /., is sufficiently large. Luckily, thanks to the regenerating properties of the
chain, if we start and stop an episode in the same recurrent pair c;, hence “completing a
loop”, then the average of the rewards received during that episode must, in expectation,
equal that of infinitely many such loops. More formally:

Lemma 6 (Regeneration property) For any unichain policy w, any recurrent reference
pair ¢, € CF, and any function Event ensuring that an episode always stops in c; when we
play w, then G.. » = 8. x, that is the expected average reward received during an episode

starting and ending at pair c; is equal to the gain of the policy.
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A proof of Lemma 6 is provided in Appendix A.1. This motivates us to introduce for
each 7 a reference pair ¢, € Argmaxp,(c)(c) (which belongs to C; by construction), and
ceC

define Event(m, hry1¢) to ensure that (s¢, a;) = ¢;. Indeed, this choice of ¢, also minimizes
T (¢, ¢) over ¢, hence tends to reduce E[/., .]. This construction of events further yields the
following useful control on the regret:

Proposition 7 (Rarely-switching learners with reference pair) Under Assumption 1,
if the rarely-switching learner A specifies for each w to stop the episode starting with © in
the same reference pair c; € Ct, then the following bound holds almost surely:

D OONPL(L:T) <Y > NM(0:T).

cHECqx ceC m#m*

Moreover, the cumulative regret of any such rarely-switching algorithm A with respect to the
unique optimal policy 7, up to the end T of any episode, is upper-bounded by

R(h.T) < Ey| 3 NOD)|- (| max | Bl -Gon) 4B ).
ceC,m#T* *

where B, := I;laX B len|(G*—=Geqnr) is a problem-dependent quantity.

Remark 8 It holds B, < ( )I;éa(ax *)E[ﬂc,w](G*—Gcm). Further, B,=0 for bandits.

Estimation and covering time Before we specify the algorithm, let us remind that

since the transitions are known, only the mean rewards need to be estimated. Since g, =
> pr(c)(d)m(c), where m is unknown, it is natural to collect observations of pairs

dect

¢ € CI to estimate the corresponding m(c’), and hence the gain g,;. A natural way to

ensure the estimation error reduces in each episode is to stop an episode when all pairs in

C;{ have been visited at least once: Formally, miri Ny (hry1:t) > 0, that is after covering the

ceCy
set C. In order to control the resulting episode length, unfortunately, there is in general
no simple control of the cover time by a policy 7 of its recurrent pairs. The policy could
be diffusive or lazy (see Appendix B), yielding an arbitrarily large cover time. Formally,
given C C C and ¢ € C, we denote by 7 (C) a policy that minimizes over policies 7 the
expected time Tf;(C) to reach any element of C starting from ¢ and following 7. In a
similar manner, we let 7.(C) denote a policy minimizing over 7 the expected time 7. »(C)
to cover all elements of C starting from ¢ and following 7. Letting Dng denote the diameter

of M, it holds: min 7/ (C') < Dy and min 7, (C) < |C| Dy for all ¢ and C. In contrast,
™ ’ ™

Tex(CF) could be arbitrarily large, even for a gain-optimal policy .

2. The diameter of a finite MDP M is defined as Dy =max,.y ming E[T7 (s, s)], where T™ (s, s’) denotes
the number of steps it takes to reach s’ starting from s and following policy 7 (Jaksch et al., 2010).
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Frequently recurrent pairs and restricted gain This motivates us to discard states
with too small return frequency. To formalize this, we introduce a notion of gain, which we
call n-restricted gain, defined using a parameter n € R™. Formally, for a constant n € R™,
define the set of frequently recurrent pairs of a stationary policy 7:

(Frequently recurrent pairs) Ccfﬂ(n) ={d eC:p,(c)(c)>n},
which leads to defining the corresponding n-restricted gain function:
(restricted gain)  gex(n)i= S Br(O(c) m()) 3 B,
/€Chr(n) /€Cx(n)
We further naturally introduce gZ(n) = max gcr(n) and II%(n) = Arfenlnqax gc(n). Note
that for n = 0, we recover the usual definitions (e.g., 8¢ (0) = g¢x). More generally:

Lemma 9 (Restricted-gain approximation)

Vﬂ', G, gC,ﬂ’ - gC,Tl’ (77) < 77mrnax|cj,_7r \C;":Tl' (77)| ’

where Mpax = mz%x m(c) is the mazximal state-action pair mean.
ce

This lemma is proven in Appendix C. In particular, for a given €, choosing n <

g
mmax|c::t7r\cj,7r(77)|
(for instance, n = £/(MpaxS)) ensures that the gain is still well-approximated by the 7-

restricted gain up to the desired precision €. Hence, we can restrict to cover C' = Ccf (1)
instead of C} and define Event(r, h;y1.t) accordingly. Unfortunately, 7 »(C;f (1)) can still
be arbitrary in general. This motivates us to introduce:

Definition 10 (Laziness) A chain induced by m is (B, n)-lazy if max Te 7(Coe(n))>B.
c'eCx(n) ’

We assume (the laziness constant B may be unknown to the learner, or computed offline):
Assumption 5 (No-laziness) M has no (B, n)-lazy chain, where n € [0,1] is given.

Structure of policies We conclude this section by showing that choosing this specific
form of event further enables us to revisit the decomposition of regret to better exploit
structure of the policies. Indeed, while E ) [Néflfr(O:T )] = 0 for policies 7 not explored by
a rarely-switching learner, there is more: policies are structured, in the sense that visiting
one state-action pair (s, a) is not only informative about the actual policy 7 playing a in
state s, but all such ones as well. Using Proposition 7 and the form of stopping event
introduced in Lemma 12 (in the next section), we derive the following result, showing,
remarkably, that the sum over all policies can be removed in favor of a maximum.

Theorem 11 (Rarely-switching learners exploiting recurrence structure) Let A be
a rarely-switching algorithm using stopping event Event(mw,hry14) = {mlg Ny (hrg1:4) >
ce
0 and (st, at) = ez} where C = Ct. (1) is parameterized by 1. Then,
> NI(0:T) < |C| max N7 (T),

ceC
ceC, m#m* wET
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where we introduced N¢ . (t) = m+in Ny (hi4). In particular, using Remark 8,
Clecc,‘n(n)

Rm (A, T)
E(ﬂ't) [maXCEC,w;AW* N7c7,7r

<|C max E[..](G*—G..)+B > < 2|CIL. 3
7 < s . Bl (@~ Gun) 1B.) <2€IL. @

=L

e[-1,1]

4. The IMED-KD strategy

In this section, we present IMED-KD (Indexed Minimum Empirical Divergence for MDPs with
Known Dynamics), which is a rarely-switching algorithm that uses an IMED-type index
together with the knowledge of p to attain a logarithmic regret in communicating MDPs.
The IMED strategy (Honda and Takemura, 2015) has been proven asymptotically optimal in
stochastic MABs and is computationally appealing when compared with the optimistic KL-
UCB or the Bayesian Thompson sampling (TS) strategy that require, at each step, solving
an optimization problem or sampling from a posterior, respectively. Although posterior
sampling can be made efficient for some parametric distributions such as Gaussians, current
extensions of TS to MDPs require introducing a forced optimism mechanism (Agrawal and
Jia, 2017), which makes it less appealing both from theory and computational perspectives.

High-level description At a high level, the algorithm computes at the beginning of each
episode 7 an empirical best candidate policy 7%, as well as a best informative policy ﬁ£
The algorithm considers the stopping event targeting C' = C- «(n) and final pair ¢y = cx
for the policy m = 7L. It runs the episode using 7 until hitting C, followed by policy 7 (so
if ¢, € O, this reduces to running 7). We now detail the computation of 7%, 7., and 7.

a. Empirical best policy 77 is computed via classical value (or policy) iteration al-
gorithms in the MDP M, = (S, A, p,r,;) where for each ¢ € C, we introduce T,(c) =
N(m,(c),o?) with m,(c) = m > w1 rel{cy = ¢} being the classical empirical estimate
of the mean m(c) computed on observations received until time 7.

b. Informative policy To compute 71, we first form g:-(n) = 8czx,7(n), where for each
policy 7, we introduced its n-restricted gain estimate defined by

Y wect () Pr(O)()m(c)
Y eect ) Pr(O)(c)

gc,ﬂ’,T (77) =

We further introduce for each policy the notation N (7) = N{, () and the IMED-type
index, inspired by (Honda and Takemura, 2015) for MABs,

I () = N (7)d(8e, x,r (M)[EF, - (1)) + log(Nx (7)),
where d(z]y) = (12;%)2 = 2(x—y)? denotes the Kullback-Leibler divergence between Gaussian
distributions with respective means = and y, and identical standard deviation o = 1/2. This
is justified since under Assumption 2, all gains fall in [0, 1], and hence can be considered
1/2-sub-Gaussians. Finally, we let 71 (also written 7,41) be a policy minimizing I, over a
subset of policies II. C II containing 7;. Following Assumption 3, we introduce Vz: (k) =
{m : (7, ) < k}, and define II such that Vz. C II.. We discuss choices of II; in Section 6.




REGRET IN COMMUNICATING MDPS WITH KNOWN DYNAMICS

c. Exploratory policy To compute the fast hitting policy 7/ = 7 (C) that tries to
reach C' = CCJr ~1 (n) as fast as possible starting from ¢ = ¢,, we introduce a specific MDP
1 ifeeC

M = (S, A, p,rl!) with modified reward function rZ(c) = 0 el . We compute
else

an optimal policy for this MDP, under the average reward criterion, using value iteration.
This policy is used to reach the set C and ensures the hitting time is always finite.
Strategy Finally, we define IMED-KD to be the rarely-switching algorithm with update
rule (line 11 of Algorithm 1) given by choosing at each new episode 7€ T the policy

Trtl = 775 (C;ﬂ (1)) followed by 7L,

with stopping event Event(m,41, hry14) = r}rlin Ny (hrs1:) > 0and (s¢, at) = car
ceCrt _;(n) T
We provide the following control on the length of episodes run with IMED-KD, whose
proof is given in Appendix C (together with a complementary control for generic learners).

Lemma 12 (Bound on episode lengths) Assuming M has diameter Dy and no (B, n)-
lazy chain, the expected length of an episode of IMED-KD started at T satisfies

Ewcm’hlzra Cr = C] < Dy +2B.
5. Regret performances

In this section, we provide performance bounds of the IMED-KD strategy, starting with a
non-asymptotic control on the number of visits of sub-optimal policies. We stress that the
existing lower performance bounds from, e.g., (Burnetas and Katehakis, 1997) are explicit
only for ergodic MDPs, and presumably NP-hard to compute in general. Hence, we allow
for deviating from this and derive an upper-bound involving a different problem-dependent
term. Closing the gap is an interesting challenge (both computationally and theoretically).

Theorem 13 (Performance bound of IMED-KD) For an MDP M with diameter Dy

and satisfying Assumptions 1-5, the IMED-KD strategy ensures, provided that n < %

where eng(n) = min { max g (1) — gcﬂr(n)} , the following
cgel'cl* ' EVx

max s (1+ anm(e)) log(T)
pame et < <6C. d(gen(n)|gz(n)

em() , where lim ap(e) =0 and
2 e—0

+[C] <1 + Cnny + 2Cenn) log(CEM(n)T)) :

+ Kr(e,n)(Dm + 2B)

for all accuracy 0 < e <
5|C|e*®
2¢2

with C. and c. being constants independent of M and T.

KT(€7 77) <

We combine this result together with Equation (3) and the fact that G. . < 1 to obtain

_ (L+au(2)) log(T)

25, A(ger(n)|gz(n)

Ram(A,T) < + Kr(e,1)(Dy + 2B) | - 2(Dnt + 2B) (€] . (4)
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Remark 14 A natural question is how to ensure n is small enough since eng(0) is a priori
unknown. One possible way to accommodate this is to consider near-optimality instead, with
given precision £, and simply choose n = £/2S. In practice, we may choose n adaptively (i.e.,
n = n); we discuss in Appendixz H some simple adaptive choices of n, and demonstrate that
they lead to promising empirical performance, though not directly covered by Theorem 13.

The regret bound in Equation (4) grows logarithmically with 7', where the leading con-
stant is determined by a notion of gap with respect to n-restricted gains. In this respect,
the bound bears some similarity with logarithmic regret bounds for MABs. This is con-
sistent with the design principle behind the rarely-switching algorithms wherein the MDP
was viewed as a multi-policy MAB. In contrast, the bound in Equation (4) is inversely pro-
portional to the square of the gap terms, which stems from the technical difficulties arising
in the regret analysis in the average-reward setting. Jaksch et al. (2010) report a loga-
rithmic regret bound for UCRL2 that depends on a similar notion of gap term. However,
their bound involves an additive term, which depends on mixing time quantities and has
an implicit dependence on log(7T'). It thus could grow very large. In empirical evaluation of
UCRL2, it is often witnessed that the logarithmic regime in the regret actually kicks in after
very long burn-in phase. While Equation (4) offers a bound with an optimal dependence
on T, it is not clear whether the gap in terms of policy gains — appearing in both Equation
(4) and (Jaksch et al., 2010) — is the best one could get. Indeed, we recall that regret lower
bounds for (non-ergodic) average-reward MDPs are open and deriving them even for the
case of known dynamics is a very interesting, yet challenging, topic of future research.

6. Choice of policies

In this section, we discuss the construction of the set IL.. Hereafter, we consider that a set
of policies to be small if its size does not exceed 10, somewhat arbitrarily.

First, there are cases in which II is small. This situation may typically happen in real-
world applications when a learner must choose between a limited set of policies prescribed
by experts. A typical example is that of agriculture in which policies are intervention plans
carefully built by agronomists, with a few parameters, despite considering a complex system.

Then, even when II is large, there are cases when II* is known to belong to a small
set of policies. For instance in (Puterman, 1994)[Theorem 8.11.3], the author detail the
case of an inventory problem when an optimal policy can be searched in a restricted set
of (A+§_1) many non-decreasing policies instead of all possible A° ones. For an MDP
with S = 150 states and A = 4 actions, there are over 10°° deterministic policies but only
585276 ~ 10° non-decreasing policies. Likewise, in goal-state MDPs, one can restrict to
policies aiming at reaching (and staying) in a single state as fast as possible (they can be
computed knowing the transitions of the MDP), yielding only S many policies to consider.

Finally, generic structural properties of the MDP can be used, such as restricting to
stationary and unichain policies since an optimal policy satisfies both conditions. Also,
when the MDP is known to be unichain, it then satisfies Assumption 3 with k¥ = 1, which
suggests to simply choose I, = Vz:(1). More generally, one can set Il = Vz. (k) provided

that |V (k)| = (‘;’;)Ak is small. When £ is unknown, one may choose Il; = Vz. (k)ur

where k satisfies (g) Ak < 10% and T is a small set of policies uniformly randomly chosen in

IT\ Vz: (k). This indeed ensures that Il contains an improving policy over 7r with positive
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probability, which may be interesting for the practitioner. In Appendix G, we detail an
alternative way of exploiting policies having more than one recurrent class.

7. Numerical experiments
In this section, we discuss the practical implementation of the presented IMED-KD algorithm,
and present some numerical experiments®. We consider three environments: RiverSwim
(Fig. 1), which is difficult to navigate; nasty (Fig. 3), where two high reward cycles are
separated by a bottleneck action; and 4-rooms (Fig. 4), which is a sparse reward environment
with close-to-deterministic transitions.

Practical comparison In those environments, we illustrate the performance of IMED-KD
against the strategies UCRL3 (Bourel et al., 2020), PSRL (Osband et al., 2013) and Q-learning
(run with discount vy = 0.99 and optimistic initialization). PSRL and UCRL3 use a confidence
parameter to control the quality of the MDP approximation, which is set to 0.05 in the
experiments. Further, we adapt both strategies to receive exact knowledge of the transition.
The n parameter of IMED-KD plays a similar role, and we therefore use n = 0.05/|S| to
ensure a fair comparison. IMED-KD uses value iteration as a routine, which is faster than the
extended value iteration used in UCRL3. Q-learning takes an exploration parameter, €, or
exploration scheme when ¢ is slowly decreased with time. We report regret curves averaged
over 2048 independent runs along with quantiles 0.1 and 0.9.

RiverSwim In each of the L states, there are two actions: RIGHT and LEFT. In Fig. 1,
the LEFT action is represented with a dashed line and the RIGHT with solid line. Rewards
are located at the extremities of the MDP, with a small reward in left initial state sy
and large reward in the rightmost state s;. Starting from state sq, this MDP has proven
challenging because of the large amount of non-rewarding exploration necessary to find the
optimal policy. We consider the 6-state and 25-state instances, which allows us to compare
how algorithms behave depending on the amount of necessary exploration; see Fig. 2. Q-
learning is struggling despite its optimistic initialization, while IMED-KD is on par with PSRL
on both experiments. The regret of UCRL3 scales differently with L than the one of IMED-KD
and PSRL, although it remains controlled.

0.6
(r = 0.999)

(r = 0.05)

Nasty In this setting, there are two promising cycles separated by a small chain of one
bottleneck state with no associated reward, which may induce an “oscillation” of a learner
between the two cycles, paying the cost of the travel along the chain each time it changes
cycle (policy). Q-learning exhibits a bad performance, suffering from a large, linear-shaped
regret. UCRL3 attains an even worse regret than Q-learning. In contrast, IMED-KD and PSRL
are highly competitive and perform similarly.

n-rooms 4-rooms is a grid-like environment with 20 states and 4 cardinal actions where
transitions are close to deterministic with a 0.8 chance of going in the intended direction. A

3. Source code is available via https://github.com/fabienpesquerel/Logarithmic-regret-in-communicating-
MDPs-Leveraging-known-dynamics-with-bandits.git.
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Figure 2: Regret on RiverSwim MDPs: 6-state (left) and 25-state (right)

reward of 0.99 is located in the goal state (highlighted in yellow), while it is zero elsewhere.
Upon reaching the goal, the learner is positioned again in the initial red-state. As shown in
Fig. 4, IMED-KD significantly outperforms the others in this environment —also in 2-rooms
as shown in Appendix H. Even for horizons as large as 10°, we cannot observe a bend in the
Q-learning regret curve while it occurs around time step 6 x 10* for UCRL3 (see Appendix H).
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Figure 3: The Nasty environment (left) and regret curves (right)
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Figure 4: The /-rooms environment (left) and regret curves (right)
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8. Conclusion

We studied regret minimization in communicating MDPs with known dynamics but un-
known reward functions, and introduced a class of rarely-switching algorithms, whose design
allows for leveraging the connectivity structure induced by the (known) transition function
via considering the recurrent classes of the stationary policies. We presented IMED-KD,
a rarely-switching algorithm that relies on an IMED-style index function. It admits an
efficient implementation and significantly outperforms existing algorithms empirically. Un-
der mild assumptions, we derived a finite-time, problem-dependent, and logarithmic regret
bound for IMED-KD. Regret lower bounds for this setting (and communicating MDPs in gen-
eral) are open, to our best knowledge, and deriving them is an interesting, yet challenging,
direction for future work. Other interesting future directions include deriving adaptive rules
to tune the parameter n (used to control the gains) and to relax the laziness assumption,
even though some restrictive assumption seems required to ensure computational efficiency.
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