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Appendix A. Full Statement of Main Theorem

We suppress some terms and constants in the statement of Theorem 2, so in this section
we provide the full statement of our theorem.

Theorem 4 Suppose that Assumptions 1-4 hold. Consider some x € R%. Assume
4m??R
d 1.d K
p(x) > max {QLpbh,S/(wdb nh®), 7F(d/2)r%( - Lph
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where ¢, o does not depend on x,n, h, then

—Q(nhip(x) - §(x)) . d(x)/80 1

erg
- 2 -1
+ exp _Q(nh"p(x)8*(x)) ! 2+ 2Ly log? ¢*Rk
o?(x) + L@‘;—{;h cor-2 r2 abwghdp(x)

If 02(x) < X\ and

20Rx 02 h? 2R N (4m) =Wz _
AGx) > gnua ) +5c2m.2< — >+ SRy
ab%wanhp(x) p(x) ab%wanhp(x) V ablwnhip(x)
5L2%h? 2 —d/4
Alx) > ]; 9 2e*Rp 2N(4m) 4 2 _p

lo + ,
Tk . abdwdhdp(x) \/abdwdnhdp(x)
then we have
P20+ e o el

T e+ {0} + AP (),
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where constants in < and Q(+) do not depend on x. If, additionally, we have

§(x) = A(x)

20Rx 0?(x) ~ 2Rx 2N(4m) =442 g
Ax) > ——- 221 5¢7 Lh(1 ,
(%) abdwanhdp(x) + 9S00 + abesgnhip(x) + o)

where 2 o does not depend on n, h,x, then it holds that
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P’ (X) ,S e—Q(nhdp(x))
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+6Xp( Qnh?p(x) - 3 ))‘min{a()/zso 1})

02(x) + a2t 07(%) + Corzh 2
_ 2 -1
+exp _Q(nhp(x)6%(x)) f 2+ 2L log? ¢*Ry
02 (x) + Lot cor2 T T ablwghip(x) )|

N(4m) =42 g

Vablwgnhdp(x)

§(x) = A(x)
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Finally, for any value of A(x), we may bound

0’2(X) n 2L 2h 1 enRg h4 s .
EpR —R; < TK K h®™ T+ AX).
D )\<X) )\(X> ~ nhdp(x) + pQ (X) + {'I’L p(X)} + (X)

Appendix B. Proofs
B.1. Notation

Before we start our proves, we declare some notation we use:
e ;1 — Lebesgue’s measure on R%;
e 53,.(x) — the ball of the radius r and the center x;

e w — weights of Nadaraya-Watson estimator, i.e.

-X;
K (=)
w; =

oL (5R)

e 02 — a vector that consists of o%(X;);

e m — a vector of means with respect to labels Y; ~ N (f(X;),02(X;)), i.e.
m; = f(X;);
e D, - a diagonal matrix whose entries consists of vector y’s elements;

e w,; — the volume of a unit ball in R

B.2. Proof of Proposition 1

Fix an estimator a(x). Then the risk
R0 = E [(v — (X)) L{&(X) = 0} | X =x] + AL {ax) = 1)

~E {(Y—f(X)ﬁ | X = x| 1{a(x) = 0} + AI{a(x) = 1}

o~ o~

attains the minimum for f(x) = E[Y | X = x]. For such f(x) we have
Ria(x) = o?(x)T{a(x) = 0} + A {a(x) = 1}.

Clearly, «(x) is the optimal reject function.
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B.3. Proof of Proposition 3
Consider two cases. If 0?(x) > A, then R3(x) = A. Thus,

EpRy(x) — [ 21 {a(x )_0}|X=x] FAPG(x) =1) — A
[E[ 2|X—x}1{a( ) = }}—AP(&(X)zO).
Then
E|(V = )| X =x| =E[(V = f(x))* | X = X]
+2E (Y = f(0)(F(x) = f(x)) | X = x| +E |(f(x) = f(x))* | X =x
= o?(x) + (f(x) — f(x))
Thus,
EpRx(x) = R (X) = Ep | (F(x) - f(x))*1{a(x) = 0}] + A(x) - P(@(x) = 0).

Since a(x) = 1, the proposition holds for the case o?(x) > A. The case 0?(x) < A can be
checked analogously.

B.4. Weights bounding
Proposition 5 Under Assumptions 3-4 it holds that

(zK(X ) < zpmp1><exp<—zpmp.1/26>,

Zprop.1 = abdwd : p(X) ’ nhd/2

for any x such that p(x) > 2Lybh and d(x,0S) > bh.

Proof From Assumption 3, we have
- X —
>k (%5
i=1

The right-hand side is a sum of Bernoulli random variables multiplied by a. The probability
of one indicator is

P(llx — Xill < hb) = /B ( )p(Y)dM(Y) < (p(x) + Lypbh) - 1 (Bpn (0))

) Zal{ux X < hb}. (5)

since p(-) is Ly-Lipschitz according to Assumption 4. Thus,

VarI{|[x - X,|| < bh} < EI{|x - X;|| < bh} <wq- (p(x) + L,bh) - (bh)",
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where wy is the measure of a unit ball in R?. Analogously, if d(x,dS) > bh we have
P (|x = X;|| < hb) > wa- (bh) - (p(x) — Lybh) .

Applying the Bernstein inequality, we obtain

- 1
P(E:alwx—u&\giw}g2mﬂﬂk—a&”<hw>
=1

<exp| -1 a?n® (bh)*'wi (p(x) — Lybh)?
X €Xp 8 anwy - (bh)d (p(x) + Lpbh) + %anwd - (p(x) — Lpbh)(bh)d

d . B d
< exp ( 1 ab®wq - (p(x) — Lybh)nh ) '

8§+ (p(x) + Lpbh)/(p(x) — Lybh)

(6)

Since p(x) > 2Lpybh, we have

p(x) — Lybh = p(x)/2,
p(x) + Lybh 1+ 2L,bh
p(x) — Lybh p(x) — Lybh ~ 7

and we can bound (6) by e2rrer-1/26 Combining it with (5), we obtain the proposition. B
From the proposition, the following corollary follows:
Corollary 6 Under Assumptions 3-4 it holds that

R LRkh
K K

Zprop.1 ET K Zprop.1

P (maxg(Xi)wi P g(x) > < exp (_Zprop.1/26)

simultaneously for L-Lipschitz g and any x such that p(x) > 2L,bh and d(x,0S) > bh.
Proof Since g(x) is L-Lipschitz, we may state
9(Xi) <g(x) + LI X; — x].
Thus, max; g(X;)w; < ¢g(x) max; w; + L max; || X; — x||w;. We may bound
Xi—x
K ( R ) Rk
THax S n X S n X ’
i—X i—X
’ Zi:1K< h ) Zi:lK( h )

max; || X; — x| K <Xi_x>

h

max | X; — x|lw; <
K2

X;—
Z?:lK (Tx>
X;—x
Ry hmax; % e "KTh Rich
< < .
S K (55) erie iy K (557%)
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Thus,

2 LRih - X, —
P(maxmxi)w»g(x) i Lk )éP(ZK( - X)szpmp.1>
¢ i=1

Zprop.1 €T K Zprop.1
< exp (—2Zprop.1/26)

due to Proposition 5. |

B.5. Deviation of estimated noiseless mean
Before the main lemma of this section we introduce a simple auxiliary proposition:

Proposition 7 Suppose that for a kernel K: R* — R, Assumption 3 holds. Then, we
have

m
max [[t| ™K (t) < R (m> e,
teRd TK

242 Rk . m)
/t R @) < o

for any non-negative integers k,m.

Proof From Assumption 3 we have K(t) < Rxe "kltl. The first inequality is obtained
via maximizing [[t|™Rxe "k[Itl, the second one from calculations

—+o00
/ JeImE* (£)dpt) < / el REce Mgty = RY - pu(s4) / e TRk
Rd Rd 0

_ 2742 T(m+1)  2r%2Rf -ml
- T(d/2) (k)T T(d/2)(rk)m

where S?! stands for a (d — 1)-dimensional sphere. [ |

Proposition 8 Assume that a kernel K(-) and p(-) satisfy Assumption 3 and Assumption /
respectively. Let a function g(-) be twice differential with the Hessian bounded by H in the
spectral norm and the gradient bounded by L. Finally, let Xi,..., X, ~ p() be identically
independently distributed random variables. Then

p('_

D wig(Xi) - g(x)

1 nhip(x) -1

>t] <2 s 5 |
) eXp( 2 rg/r1+r3/3>
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if r1 > 0 where
L Loh 212 Ry h? [2LL,+ HC, 4n%?Ry
I‘ pr— _— . . _ .
! p(x) T(d/2)r2 p(x) 2 T(d/2)r
r or¥2R2,  2nL, 4n%?Ry, 2 Lop m2R%  2hL’L, 4nPRE | 3
L(d/2)r, = px) I(d/2)r? 2I'(d/2)r3. p(x)  3T(d/2)r}

LhRk

erK

Irs =

+tRg. (9)

Proof We analyze the probability via bounding

)

Z wig(X;) —
We consider only the first term, the second one can be processed analogously. By rearranging
terms, the problem reformulates as the bounding the probability of

n
X, —
>k (
i=1
The expectation of the above is
n
X
EY K <
i=1

Meanwhile,

X> (9(Xi) —g(x) —t) > 0.

B0 - 60 & (25)| = | [ 060 - a6 (Y5 ) sty)aty)

h
[ oty = () sy \ /uy— ¢ (52 ) tyiinty)

9(x) + (Vo0 y —x) — 5 Iy — x| < 9(y) < 9(x) + (Vo) y ) + 5 lly — x*

<

since

At the same time, we have

(Vo(x),y —x)K (y - X) ply) < p(x) (Vg(x),y - x)K (y?‘) + LLy - xIPK (y - X)

and

(aloy = (Y5 ) o) 2 p0 a0 (V) - 1y - xP (V).
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Bounding p(y) < Cp, we obtain

— X

B (00— a00) & (2) <0 [ (Tat0ny -0 (Y1) duty)

h
y — X
ety [y =xlPn (Y5 duty
Rd

HC - x
LG / ly — xI2K (Y% duy).
2 ]Rd h

Using

[ oy = (25 ) antsr =0

from Assumption 3, we get

B 606 - g0 & (44

y—X
<ty [ Iy = xPx (Y duty)

Finally, changing variables leads us to

[ty =2 (St =m0 [ ek,

At the same time, we have

EK (Xh_ X) e /de(erth)K(t)du(t)

> (500~ Lyt [ el @auco) )

Consequently,

B3 K (F5) 000~ 90— )| > 0 ert - ciah?), 1o

i=1

where
=)~ Lt [ K (©)dn(t),

2LL,+ HC.
e = 2 PR (0 due).

Next, we bound

X

Var K (S (o)~ 90— ) < B (07X (00X - 900 - 1)

XZ'—X

< 2EK? < ) {9(Xi) — g(x)}* + 2°EK? (th_ X>

< 2L2EK? (Xh_x> I1X; — x| + 22EK> (Xh_"> .
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As previously,

EK? (Xh_x> - /]R K (y - X) p(y)du(y)

<nlp0) [ KOO + 1L, [ 6K ©du(t
R4 R4

and

X’i — X
B (S50 1= < 1) [ IR @ute) + 1L, [ 0P ().

Consequently,

X,L'—X

Var K < - > (9(X0) — g(x) — 1} < W {lt? 4 choh®) (11)

where

= 2p0x) [ KAOdutt) +20L, [ I ©)du(o)

¢l = 207p(x) /R PR (®)du(s) + 207, /R PR () dp (o).

Finally,
(B 00 a0 - )] < 8 (T ) %) g0l 41
< Lh?é%}g ||lt]| K (t) + t?é%}c%K(t)' (12)
Define

&= 5 () (%) - g~ ).

then the probability from the statement can be bounded as

P (Z& > o) =P (Z& > B> —ZE@-) :
=1 =1 =1 =1

If cit > cp2h? then EE; is negative due to inequality (10), and, whence, the above can be
bounded via the Bernstein inequality:

e NCRe e 1 (nE&)?
P (2} & — ;E& > — ;E£Z> < exp (_2 Ve TR/ !£1|> . (13)

Substituting bounds (10), (11), (12) instead of E&;, Var{; and esssupy, |£1] respectively,
we obtain

n2h?4(cit — cj2h?)?

(13) < exp (

<o 1 nhip(x) -1y
~ X - 7 75 9
P 2 rg/r1 + r3/3

2 nhd{cit? + c},h?} + ”Thd(ctt — cp2h?){Lh max;cpa |[t|| K (t) + t max;cpa K (t)}

)



Noskov FIsHKov PANOV

where

cit — cp2h? cjt? + ¢}, h?
rp =P o, =20 TR po = Lhmax ||t]| K (t) + t max K (t).
p(x) p(x) teRd teRd
Replacing integrals and maxima in the above with their bounds from Proposition 7, we
obtain the statement of the proposition. |

In most of the cases, it is sufficient to use the simplified version of the proposition.

Corollary 9 Assume that a kernel K(-) and p(-) satisfy Assumption 3 and Assumption /
respectively. Let a function g(-) be twice differential with the Hessian bounded by H in the
spectral norm and the gradient bounded by L. Finally, let Xi,..., X, ~ p() be identically
independently distributed random variables. If

1. p(x) > 2L,k - max{b, = /QRK}

P T(d/2)r
2. and
Ceorah? 47Td/2RK
t > ro=1< (2LL,+ HC))———=
b 7 S {< p U TGy,
then

]P) (
i=1

for some constant C' that does not depend on x. Additionally, if t > Ceoroh, where

47rd/2RK
I(d/2)r}

> t) < 2exp (—Cnhd+2p(x)> ,
Ceor2 =

P ( > t) < 2exp (—C’nhdp(x)) ,
i=1

for some constant C" that does not depend on x.

when

(x)

Proof Consider the definition (7) of rj in Proposition 8. First, we analyze the coefficient

of t. Since p(x) > 2L,h - % we have:

Ly 2n'PRi 1
p(x) T(d/2)rf ~ 2

Thus, we may state that r1 > (% — c1h?/p(x)) where ¢ does not depend on x.
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Next, we bound coefficients of ry defined by (8). The first condition ensures that
2n'2Ry; | 2hL, 4nRy, _ 2m'’Rj < 2b >
L(d/2)ry — p(x) T(d/2)r} = T(d/2)ry ri )’
op2 T2 R2 N 2hL’L, 4m/*RY _ 2 T2 R2 4b
@2y, peo T2k S T |

3rK

Consequently, r is at most cot? 4 c3h? for two constants co and cg that do not depend on
x. Clearly, r3 = c4t 4+ csh where c4 and c5 do not depend on x too. Bounding r3 < ¢, we
obtain

1 (t = c1h?/p(x))’
I‘2/I‘1 + I‘3/3 4 C2t2 + C3h2 + (C4t2 + C5th)/3.

The third condition of the corollary guarantees that ¢ > 2c1h?/p(x), so the right-hand side
of the above can not be zero. It is bounded below by

1 12
— > Ch?,
16 cot? + c3h? + (C4t2 + C5th)/3

since t > 2c1h?/p(x) and h is bounded by C,/(2L,b). Applying Proposition 8, we obtain
the first part of the corollary. If ¢ > 2.4 2h, then we have
1 t?

— > C’
16 cot? + c3h? + (cat? + c5th)/3 ’

and the second part of the corollary follows. |

While the above provides probabilistic bound, we also requires deterministic bound:

Proposition 10 Suppose a function g is L-Lipschitz and for a kernel K(-) Assumption 3
holds. Then

S
. ) 2L°h? nRy
> l9(Xi) = g(x)Pwi < —— | s Vlog —
=1 K Z?:IK( 1h_x)

Proof The proof is straightforward. We start with

LS X — XK (S5)
X;—
S K (Y

Then impose some parameter ty > i Such a restriction guarantees that t*e k! <
tse~Bxto for any t > t9. Consider

" XZ'—X XZ'—X XZ'—X
Six-xn (S = 8 ek (U2 Y ek (B)
=1

1| X EBpi (x) 1| X @Bhiy (%)

<Y K ( - X) + nRphStye "KW = bt <Z K ( - X) + ane’”m) .
i=1 i=1

ST 19(Xi) — 9P wi < LY |X; — x|Pw; =
=1 =1
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Iy K (Xiffx) > nRie™*, set tg = s/rx. Then

Lo |1 — x|k (X

) pwrgey, K (S

Y K (55)

Otherwise choose ¢y such that

n
nRye Kt — Z K

) < 2L°h%s% 1.

Y K (S5)

(57)

=1

Then
LS 1% — x| K ()
< 2L°h5t
Y K (%)
for
1 R
to = — log n KX .
n i—X
DY ( 3 )
Thus, the statement holds. |
B.6. Estimation of variance
In this section we establish the concentration properties of the estimator
2x)=Y'D,Y - YTwuly
= (Y -m) (D, — ww?)(Y —m) (14)
+2(Y —m)T (D, — ww)m (15)
+m" (D, — wwh)m. (16)

We estimate each term separately. First, we bound deviations of term 14. Define n inde-
pendent random variables Z; ~ N (0,1). Further, we will show that

(Y - m)T(Dy, — wwT)(Y —m) < zn: A (X)) 22,
=1

where ¥ = D2 (D,, — ww?). The following proposition allows to establish large deviations

inequality:

Proposition 11 For any x and t > 0, we have

P <|(Y —m) (D, — wwT)(Y — m) — Tr(L)| > 16 max{/Tr(22), HEHt}) <27t

where ¥ = Dg2 (D, — wwT).
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Proof Since term (14) is a quadratic form of Gaussian vector, it admits the representation

n
=> xn(2)Z
i=1
where Z; are independent random variables from standard normal distribution and
1/2 1/2
> =D} (D, - ww™)D.

Meanwhile, the non-zero part of the spectrum of arbitrary matrix product AB coincides
with the one of BA. Consequently, the mean of (14) is equal to Y ;" | \(X') = Tr(%),
max; |\ (X)) = max; |\ (2)] = [|Z] and Tr((X)?) = Tr(X?). Thus, applying standard
inequality for sum of sub-exponential random variables (see, for example, (Wainwright,
2019)), we have:

2
—ﬁ . Tr(X?)
]P’(‘(Y—m)T(Dw—wa)(Y—m)—Tr(E)|>T\X)<2 € er ' 1f0<r<2|\2\\
T 16(x if > %
e if r

Substituting r with 16 max{+/Tr(X?)¢, ||X||t}, we obtain the statement of the proposition. B

The above propositions allows to establish precise large deviation bounds for term 14.
Let cfom, c9,,.5 be constants obtained from Corollary 9 applied for functions o?(-) and f(:)
as Ceor.9:

d/2R

f 1 9L H %71(

CCOT.Q Lb{( f p+ fC) (d/Z)T%

- 1 27Td/2RK

Ceor.2 = b {(QLpr+H 2C )(d/2)r}
K

Ny —
Analogously, we define constants ¢, 5,7, 5.

Lemma 12 Suppose Assumptions 3-4 hold. Assume that

1. for the density p(x) we have p(x) > 2Lyh - max{b, QWd//;RK}

2. the Euclidean distance d(x,0S) from x to the bound of S is at least bh,

3. for a function 6(x) we have:

2 o 2
5(X) > 1ORKU (X) + 5CCOT,.2h (1 + RK ) ‘

Zprop.1 p(X) Zprop.1
When
2
P (07— m) (0w — )Y ) — 0] > 2 )
_ d
< 0(1) X e—Q(nhd+2p(x)) + O(l) - exp Q(nh ( )L }E )) min (5(X>/§0 i ’1
o) + o2(x) + G- 2
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where constants inside ) do not depend on x. Additionally, if

1 2
5(x) > M +¢%,.9h (1 + el > ;

Zprop.1 Zprop.1

then

(10D )Y ) 0] = )

< O(1) - D § (1) - exp | NP -0(x) .min{M 1}

o2(x) + Lo X) 4+ €2 . oh’ 2

Proof First, we bound
)
P (\Tr@) —%(x)| = (X)> .

By the definition of ¥, we have Tr(X) = I, 0?(X;)w; — w'Dy2w. Meanwhile, due to
Corollary 6, we have

- 2
w'Dpew =Y o (X))w? < Bk {UQ(X) +3 oA (X )wi — 02<x)}
i=1 =1

Zprop.1
with probability 1 — e~ Zpror-1/26 =1 — e~2nh?p(x))  Under this event we have

r —0'2X M RK Y g
() - ()] > o = <1+> >

5(X) _ 2RK02 (X) ‘

2(Xi)wi — 0*(x)
5 Zprop.1

>

If (M - 2P”K7”2(x)) J(1+ Bx )y > co ,h?/p(x), we may apply Corollary 9. Thus, condi-

5 Zprop.1 Zprop.1
tion 3 of the lemma ensures that

P (\Tr(z) — o (x)] > 5(5">> = exp (—Q(nhd+2p(x))) . (17)
Next, we will bound

P (1Y = )T (D - )Y —m) - () > 22 )

using Proposition 11. First,

)

IZ] = [Dy2(Du — we")| < max{ o2 (Xiw; + 3 02 (X)wiw;
J
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due to Gershgorin’s circle theorem. Thus, we have
12 < QmaXJQ(Xi)wi
< 2m?xa2( X)w; + 2max|a (X;) — 02(x)|w;
ma; | X; - x|[ K (X7)

Y K (S5)

< 20%(x) max w; + 20,2
(2

2Rk n 2L.2Rih

< 20%(x)
Zprop.1 TK€Zprop.1

with probability 1 — e~Cnhp(x) At the same time

n
=> o' (X)w] — 20 D2 DD 2w + (W Dpaw)?
n 2
-3t - 23 gl + (St
=1
n n 2 n
< 3o+ (Za%)ﬁ)wﬁ) <23 o,

i=1

since

n n 2
D e ‘74<Xi)wz‘2 S (Zi:l UQ(XZ')‘*’?)

i=1 i=1 i=1
As previously, bounding
2RK n Ly2Rih

max 0% (x)w; < o2(x

1€[n] Zprop.1 TK€Zprop.1 7
we obtain
2
Tr(3?) < 2 {JQ(X) R | Lorfixh } Za
Zprop.1 rKeZprop 1
Cor.9 2 L _sh h2
Og Ry {UQ(X) + o2 } {02 (X) + Clor.2 }
Zprop.1 erK p(X)
with probability 1 — e=¢mh“**P(®)  Choose t such that 16+/Tr(%2)t x)/5 and 16|32t <
§(x)/5, e.g.
rop. . 1
a cor 2
K o%(x)+ o?(x ) p(x )

ery
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Thus, from Proposition 11 we infer

P (y(Y —m)T(Dy — ww")(Y —m) — Tr(S)| > 5(5")) <2t 4 O(1) - e~ Anh ()

Combining the above with (17) finalizes the proof of the first part of the lemma. The second
part can be obtained analogously using the second part of Corollary 9. |

Next, we analyze term (15).

Lemma 13 Suppose Assumptions 1-4 hold, p(x) > 2L,h - max{b, 27{;;;55;} and d(x,08) >
bh. Then it holds that

P <}(m -Y)'(D, - ww)Tm‘ > 6(5x)> < O(1) - exp (—Q(nhdp(x)))
A ) (g o 2LE o nRi)
+ 2exp 50 <02(X) N Lec,:ih) 2Ry ([ccor.ﬂ + 7’%( log mep‘1>

Proof Notice, that (m — Y)T(Dy, — ww)Tm | X is distributed as A(0, v?) for

v? = Zm o Jw? —2(m'w)  w'D:Dym + (mTw)} (W'D, 2w)

= Z w)?o?(X;)w?.

Hence,

2
P (}(m -Y)YD, - ww)Tm’ >rv| X) < 2exp <—2) . (18)

We can remove conditioning on X for any fixed positive r. Then, bound

n
v? < (max o?(X;)w;) - Z (m; — mTw)2 w;

i 5
=1

<2 (maXO’Q(Xi)wi> : [(m w— f(x))*+ Z z] :

7

Applying Corollary 6 and Corollary 9, we obtain

L
max o2 (X;)w; g <O‘2(X)—|— th),

i Zprop.1 ETK

N

(mTw — f(x))? < (&, ,h)?

cor.2
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with probability 1 — ¢~ nh'P))  We bound the sum oy (mZ — f(x))gwi using Proposi-
tion 10. Thus, with probability 1 — e~ Unh?p(x)) e obtain

n 2L2 h2
S (mi — £(0)%w; € o [ 2105
i=1 "k Y K < Z}fx)
2L2h2 e2nRy
< = log?

T K (%)
272
2L%h log? eanK'

2
e Zprop.1

Consequently, with probability 1 — O(1) - e~ nhp(x)) we have

2R h? L 2h 2L2 2
v < Ry (Ug(x)+ o2 ) <[6f 2 4+ 2f log2e nRy .
r

Zprop.1 erK cor-2 K Zprop.1
Choose 7 such that rv < @ and apply (18) to finalize the proof. |

Finally, we analyze term (16).

Lemma 14 Suppose p(x) > 2L,bh and d(x,0S) > bh. Then under Assumptions 1-3, we
have

Lfch2 log? e’nRy

2

0 <mb(D, — wwh)m <
Tk Zprop.1

with probability 1 — e UnhP)) yhere o constant in Q(-) does not depend on x.

T

Proof From the Gershgorin circle theorem, we infer that D,,—ww" is non-negative defined.

Then notice, that

m' (D, —ww!)m = Z m?w; — (mTw)?
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The sum can be bounded via Proposition 10. Thus,

L2h? 2
m?’ (Dw — wa) m < f2 log? cnlti

"k Y K <Xii:x> .

Application of Proposition 5 finalizes the proof.

We summarize this section with the following corollary.

Corollary 15 Suppose Assumptions 1-3 hold. Assume that

1. the probability density p(x) is at least 2Lyh - max{b, 121”;;;5;‘{}

2. the distance d(x,08) > bh

3. for a function §(x) we have

2 o 2
&xnamRm7@)+5%”%L(L+}ﬁf>,

Zprop.1 p(X Zprop.1
5L%h? 2
(x) J; log? ¢ nRK.
7 Zprop.1
Then
P (j35(x) — 0 (x)| > 3(x)) £ e 0O
hd 1
+ exp —nhTplx )L ]5 x)) - min {2 5(X)/800 ,}
0'2( ) + o (X) + Ccor.2h 2
-1
2 Q(nhd—2 27,2
texp | — ° (X)L h (nh p(X)) ’ [Cgor 2] + ! 1 2¢ nRK
o%(x) + e;ii 2Rk % Zprop.1

Additionally, if we have

1 2
ax)>(”h“’(x)+5agﬁyz<1+- Rk ),

Zprop.1 Zprop.1

then it holds that

P (|62 (x) — 02(x)] = 8(x)) S e A P(x)
_ d
+ exp QnhTp(x )L ,5 x)) 'mm{Q 6(X)/800 71}
0'2( ) + o (X) + Ccor.2h 2
-1
2 d—2 212
fexp | — ) (X)L . Q(nh"“p(x)) [Cgor2] n fl 5 e2nRi
02(x) 4 =22 2Ry r2. Zprop.1
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2
n

P (6%(x) — 0%(x)| > 6(x)) <

<P (109 - 201> 220 p (205 > 220 ) +p (a0 > 22

(x) as 02(x) = (14) + (15) + (16). Then

Proof We decompose & -

5 5

The first term and the second term can be bounded via Lemma 12 and Lemma 13 respec-
tively. For the third term, we use Lemma 14 and the third condition of the corollary. M

B.7. Bias-Variance tradeoff for L,-risk

Proposition 16 For a binomial random variable B(n,q) it holds that

E 1 < 1
(r+B(n,q))" = (n+1)7q""

Proof For a binomial random variable B(n, q) it holds

k=0
<STT <n>qk(1—q)” o i<n+r)qk( —q)" "
L R \k Bz e+
n n—+r
1 <n+r> Kt _k 1 n4+r\ k!
—> "1—q) = —> (1—q)"t
(n+1)"q = \k+r (n+1)rq by
1 1
< + (1 T =
(n+1)rq" ¢+ {1-9) (n+1)7q"

Lemma 17 Suppose that Assumptions 3,4 hold and p(x) > 2L,h-max{b, ??;;;ﬁ? }, d(x,08) >
K
bh. Then

T
-

® Sy > el | < (5 e0)

Proof By the definition of Py, (x): pn(x) = ar/(nh?) implies

iK(Xih_X> > ar.
i=1

In particular, it means that

ar+ Y0 K (Xih—x)

" Xi—X
Sr ()




Noskov FIsHKov PANOV

Thus,
1 2 2
< < _
S K (552) T ar ik (Nx) e Fa XL TN € Bul)}

(19)

due to Assumption 3. The sum Y ;" I{X; € Bpy(x)} is a binomial random variable. Due

to Proposition 16, we have
1
E n T < +1 P(X, € B —-r )
ST T € By S L DR € B ()}

Using (19) and the above, we obtain

r

E 53 Kl(Xih_") I{ﬁn(x) > W} < {%(n+ DP(X, € Bbh(x))} . (20

Finally,

| p0)du) > (00~ Lybh) [ duly) = n(Bun) (px) — Lbh).
Byp (x) Byp(x)
Since p(x) > 2L,ybh, we have p(x) — L,bh > p(x)/2, and, thus,

p(x)wab?
2
Combining the above with (20), we infer the statement. [ |

]P(Xl € Bbh(X)) = hd.

Lemma 18 Suppose Assumptions 1-4 hold and assume that p(x) > 2L,bh and d(x,0S) >
bh. Define

Lpyh 2792 Ry
p(x) T(d/2)rk
2L;Ly, + HiCp  4nY?Rp
2 I'(d/2)r3.
,  2m¥2R2. 2hL, AnY?Ry

Cy =

Chp =

T Td/2)r, | px) T(d/2)r?
L?Fﬂ-d/2RK N 2hL?ch. 471"1/2]%%1
(d/2)ry — plx)  3T(d/2)rg
Assume c; > 0. Then
] - r(s3) (228 {o700 + 2t o)
E|fu0 - 160 1{Ru0 > 7} < 52 o nhip()

L2 r 2
/ ctlRi | | 1/rZf 2 e"nRk / Ry
{ct + 5K } 4 = log” = + ¢ + 5

2
3 ery

4h2 ch 7"+ 23r/21‘\(i) B
p(x) <t NG nhip(x)c?
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Proof First, we have

E|fux) = £00| 1{Bnt0 > 2} <27 |Fux) — B0 | XI[ 1{Pulx) > 20}
+ 2R B0 | X] - £ T{pat0 > 4

We analyze each term separately. For the first term, we have

Tl{ﬁn(x)> ar }:E{I{ﬁn(x)> ar }]E[

E |fu(x) — E[fa(x) | X] > i

Faloe) ~ Elfu(0) | X]| " X] .

Conditioned on X, the random variable f,(x) — E[f,(x) | X] is Gaussian with zero mean
and variance v = Y"1 | w?0?(X;). Thus,

N r+1

A0~ 5760 | X1 1pu00 > 22} = el Dm0 5 20) 0 o)

E
nhd VT nhd

We bound

From Proposition 10, we have

U2 < RKX'_ UQ(X) + 2La—h log enR];._
i K < " x) 'K > i K ( " x)
Substituting the above into (22), we obtain
r (@) ar
22 <2T/272E1{An 27}
r/2
y RKX_ 02(X> . 2Lsh log enR;;
S K (5) S K ()
r (@) ar
<P B pa(x) > )
VT Pu(x) nhd x
r/2

X Z?:1K<Xi_x> {UZ(X) e 28 o

h

T r/2 o ar
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Applying Lemma 17 to bound the expectation, we obtain the variance term:

T (=) S8Rk {O‘Q(X) + % log %}
N3 awqgb® - nhip(x)

r/2

~

Falo0) ~ Elfu(o0) | X)| 1{Pa(x) > 5} <

E

(23)

Analysis of the bias term is much simpler. We have

E[EI(x) | X] - £ T{pa0) > 20
_ /%( ;
0 i=1

S wif(X0) - f(x)

Since [0 wif(Xi) — f(x)]" < >0, |f(Xi) — f(x)|"w; from the Jensen inequality, we
obtain the following:
2L"h" e'nRk

wif (X0) — f(x)| < T log”
2 Sk ()

i
via Proposition 10. If p,(x) > 5%, the sum Y K (x Xi ) is at least ar, and, conse-
quently,

E[B(7.60 | %1 - 160 1700 > 20}
2LThT g1 € "RK
</O T (szf (x)

h? " 2L"h" "nR
to = (Ch> , tmax = — logre NIk
p

(x) ¢ % ar

According to Lemma 8, for t > ¢y we have

r

ra
>t and p,(x) > — | dt.

> t) dt.  (24)

Define

n " 1 nhip(x) <ctt1/p - ch%)Q
P ( ;wif(Xi) - f(x)| = t> S2exp | —5 2 4 b2+ e (ng +tr1£x) ot
From the above, we obtain
to tmax 1 nhdp(x) (cttl/p — ch%>2 .
290 < /0 dre /to I W chh? + B (2 4 0l et t
o /tiﬁfx gy _1 nhép(x) (cty - Ch%)Q .
- o T 2l c)h? + Bx (Lf L ti(;&) et |

2 Lih 1 1 p/2
7~2T/2+1I‘ (#) Cgtrr{;x + Chh2 RK (e?fK + trr{gx> ttIr{;X

NS nhdp(x)c%
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Applying the bounds (23), (24) to the sum (21), we obtain the statement. [ |

Appendix C. Proof of Theorem 4

We require one additional proposition.

Proposition 19 Suppose Assumptions 3-4 hold. Assume p(x) = 2L,bh and d(x,0S) >
Then
1 O X
— Y K
Jel

where

) > 2+ 1h | HtllK(t)th)) < exp (~2ron).

d/2R2 d/2R2
Zprop.2 = 2nhdp(x) - {RK/3 + r K " K }

I'(d/2)rg * bI(d/2)r3-

Proof First, we study the mathematical expectation of p,(x) = T/lzd S K (Xl,:x). We

have

Xi — X
EK < - ) = | K (pet ht)dn(t
<it{ [ kopeaute) + n, [ Kl |
= )+ L [ K (©)duco)
Rd

Next, we have

Var K (X’ — X) < EK? (th> - hd/ K2(t)p(x + ht)dpu(t)

< b / K2 ()p(x)du(t) + Lyh*! / K2(6)[6]ldpu(t).

Finally, we have (nh%)~'K (X_TXZ) < (nh) 7' Rg. Consequently, we may apply the Bern-
stein inequality to bound p,(x) in probability:

P () > 000+ Lyh / R @du(t) +1)

< ex t2/2
SO\ T fod K2@0)dp(t) + Lk [ K2(6)[eldu(t)} /(nh?) + Re(nh?)14/3 )
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Set t = p(x). Then,

P (P > 200+ Lyn [ Il (6dn(o)

B nhip(x)/2 )
{Jra K2(6)dpu(t) + Lyph/p(x) [ K2(6)|[t]ldp(t) } + R /3 )

< exp

The condition of the proposition ensures that h/p(x) < 1/(2Lpb). Combining it with bounds
on integrals provided by Proposition 7, we simplify the denominator and finalize the proof.
|

Now, we prove Theorem 4.
Proof Due to Proposition 3, we have

EpRa(x) — R} (x) = E [(f(X) 1) (o) = 0}} +AX) P (@n(x) £ a"(x)). (26)

We consider two cases.
Case 1. If 0?(x) > A, then

(a0 = 0) = 1{p.00) > 13000 2 ()

consequently,

B |(£09 - Fu)) Tian) =0} < %E (700 £.00) 130 > S }] - P2 @000 £ ).

Hence,

EoRa(x) ~ R3(x) < {\/E (709~ Fu0) ' 1{n0 > b+ A(x)} P2 @0(x) # ()

Using /> 11 a; < D14 \/a; for any sequence of positive numbers ay, .. ., a,, we bound the
square root of the expectation with Lemma 18. We may consider ¢, cp, ¢}, ¢, as constants
since the conditions of the theorem bound h/p(x) and h. At the same time, @, (x) # a(x)
implies
=N 2||K||oz1— . 4
G2(x) <A |1 — —\f” ||A2 15 or a
nhip,,(x)
Since p(x) = 8/(waqbinh?), we have p,(x) < % with probability e~%rre»1/26 due to
Proposition 5. At the same time, p,(x) < 2p(x) + Lyh [pa [[t|| K (t)du(t) with probabil-
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ity 1 — exp (—Q(nh?p(x))). Consequently,
V2| K]l221-p
V7 (200) + Ly [ 611K ()dp(t))

+ 2exp (—Q(nhdp(x)))

P(Qn(x) # a(x)) <P | 62(x) <A |1 -

n

V2| K|l221-g
Ve (2000) + Lyh Ji 161K (6)dp(t))

=P [5%(x) - 0?(x) < —A(x) —

n

+ 2exp (—Q(nhdp(x))) .

V2K ||221-5

and
/P (2()+Loh fpa 611K (6)du(t))

Thus, we may apply Corollary 15 with §(x) = A(x) +
obtain the first part of the statement.
Case 2. If 0?(x) < A, we bound
. ~ 2 (. 4a N
RO - R < E| (760 - :00) 17,00 > 2] + 860 (3,00 # ().

The expectation can be bounded via Lemma 18. The event a,,(x) # «(x) means that

ﬁ<4w>—d/4zl_ﬁ]

G2(x) =M |1 —
nhip, (x)

n

Consider the event p,(x) > ab®wg-p(x)/2. Its complement has probability exp (—Q(nh?p(x)))
due to Proposition 5. Thus, we just consider the event

B 2(477‘)_61/421_/3
Vabdwg - p(x) - nhd

F2(x) = A [1

It implies

2N(4m) =¥z g
- Vabdwg - p(x) - nhd’
and bounding its probability with Corollary 15, we finalize case 2.

For any o?(x), we may bound the probability P(ay,(x) # a(x)) by one. The remaining
term can be bounded via Lemma 18. That finalizes our proof. |

G2(x) — o?(x) = A(x)

Appendix D. Additional experiments
D.1. Synthetic data
D.1.1. ACCEPTANCE PROBABILITY

On Figure 6 we present additional experiments for acceptance experiments with different
combinations of data distribution and standard deviation. For normal data we see the
expected decline on the left side due to lower p, ().
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%1.0~ %1.0~ =100
= 0.8 = 0.8 [T n=200
E E . —— n=500
£ 0.6 £ 0.6 . —— n=1000
() ) ........... 2 =)\
£ 0.4 £ 0.4 o #)
£0.2 £0.2
< <
0.0 0.0 :
-2 -1 0 1 2
x
(a) X ~N(0,1), o(x) (b) X ~N(0,1), o(x) = Heaviside(z)
>)1.0~ ' >)1.0~ =100
£ 0.8 Z 03] .
E E L —— n=500
2 0.61 2 0.6 : —— n=1000
3 3 )=\
- )=
204 5041 7
g 0.2 $0.2
< < \_
0.0‘ . . . H ] ) 0 0 . . ' ] )
-2 -1 0 1 2 -2 -1 0 1 2
x x
(¢) X ~U(-2,2), o(z) = sigmoid(x) (d) X ~U(-2,2), o(x) = Heaviside(z)

Figure 6: Acceptance probability. We sample 100 datasets of sizes [100, 200, 500, 1000] and
for points in [—2, 2] calculate ratio of points where our method accepts the regres-
sion result. Optimal bandwidth is selected using leave-one-out cross-validation
with mean squared error.
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D.1.2. EXPECTED EXCESS RISK

Point-wise expected excess risk with varying sample size is presented on Figure 7. With
low sample size our method struggles in the low variance regions, while in high variance the

performance is much better than the baseline method.

101 — §=0.05 i | Lo e e ¢ | | 1500
i1 oo A=0.05 /
0l $=0.5 (plugin) I 300 1.00{ ----- B=0.5 (plugin)  / 400
.......... 2 =\ ,"/ 2 — ! 300
s o*(z) S - o2(z) =\ i
‘£0.6 200 £0.75 : } / 200
% 150 % / 150
704 100 mﬁ 0.50 100
50
0.2 0.25 50
20 4 20
0.0 ) : 10 0.00 - 10
2 0 2 -2 0 2
x T
(a) X ~N(0,1), o(z) = sigmoid(z) )X ~ N(01), o) =
Heaviside(z)
0.6] — B=0.05 R R 06] — 3=0.05 H P
----- B=0.5 (plugin) ‘:" 400 ---== $=0.5 (plugin) / 400
! 300 / 300
2 i 2
g o (x)=\ K ag | e o (x)=\ J
Z04 (=) / 200 704 (=) ' 200
% ’ 150 % 150
E: 100 L 100
L 50 50
20 20
PR 10 0.0 10
2
x
(C) X ~ Z/{(—Q,Q), O'(.T) = (d) X =
sigmoid(z) Heaviside(z)

Figure 7: Expected excess risk. We sample 100 datasets of each size and for points in

[~2,2].

On Figure 8 we present the same quantity for a fixed sample size. For simple data with
step-like variance all settings perform nearly identical. For sigmoid variance, we observe

the characteristic bump left of zero.

D.2. Airfoil Self-Noise Data Set

For the Airfoil dataset, we present additional charts for a different feature split. We can
see that while acceptance has a similar dependence on A, the actual mean squared error
of accepted results highly depends on the data split. We plan to expand our study to
higher-dimensional datasets to further investigate the behavior of the method.
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e @)= A 0.5 0.5
0.3 0.49 0.3 0.49
0.45 0.45
“ 0.35 iz 0.35
= 0.2 ’ ~0.2 ’
§ 0.25 @ 0.25
% 0.15 % 0.15
& &
0.19 0.1 0.1 0.1
:1: 0.05 0.05
0.0 0.01 0.0 ; 0.01
) 0 2 2 0 2
X X
(a) X ~N(0,1), o(z) = sigmoid(z) ()X ~ N(0,1), o(x) =
Heaviside(z)
ot | 05 ‘ 0.5
0.20 0.49 0.3 0.49
0.45 » 0.45
2015 0.35 2 0.2 0.35
g 0.25 2 0.25
: 0.10 0.15 E 0.15
0.05 Z 0-1 o1 0.1
0.05 0.05
0.00 0.01 0.0 0.01
-2 0 2 -2 0 2
xT x
(¢) X ~ U(-2,2), oz) = (d) X ~ U(-2,2), o) =
sigmoid(x) Heaviside(x)

Figure 8: Expected excess risk for a fixed sample size of 100 and different values of 5.
Baseline method or “plugin” (8 = 0.5) is shown in red.
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1.0 05 0.5
2 2
= 081 0.49 S 0.49
< |5}
2 sk
2 0.6 0.25 z 0.25
8 =
5 0.41 0.15 B 0.15
2
§ 0.21 0.1 f;/J) 0.1
< 0.0, 0.05 ol 7 MSE without rejection 0.05

0 20 40 0.0 0.5 1.0
A Acceptance probability
(a) Split by feature 0, acceptance (b) Split by feature 0, MSE
0.5 0.5
301
£08 =
Z 0.49 S 0.49
2 g
8 0.64 0.25 ‘g 20‘ 0.25
5 5
504 0.15 E 0.15
+ 10<
30.2‘ 0.1 le 0.1
< ool 0.05 ol T MSE without rejection 0.05
0 20 40 0.0 0.5
A Acceptance probability
(¢) Split by feature 1, acceptance (d) Split by feature 1, MSE

Figure 9: Experiments on Airfoil data, split 70/30 by different features.
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