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In this supplementary material, we provide detailed proof of the results presented in the main
paper.
Appendix A. Additional notation
Before beginning the proof, we first define good events on estimates i;(¢) and Thompson samples

f;(t) for any € > 0,

( > . T
A(t) = Ag () = { IO Z =) =1,
{#i(t) < pi + €},  otherwise,

Note that for all i € [K] and ¢t € N, B;(t) C A;(¢) holds.
Next, let us define another random variables D1 = D1 . := max;»1 D; . where

Di = Dic:= sup 1[B; ()|Ni(t)d (fi(t), f (1))
t>2K+1

denotes the supremum of Ny (t)d (fi4(t), fi1(t)) when B (t) occurs. In other words,
{Na(t)d(:&a(t)ﬁll(t)) > Di,e} = {H[Bi,e(t)] = 1}'
We further define d; = d(p1 — €, u2 + €) and for i # 1

. /
d; = min_ d(pg, ). (14)
RE[pg,m],
W <pite, ph > —e,

d(pf, ) >d(p )
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Appendix B. Proof of Lemma 1: Subdifferentials

Here, we derive the subdifferential of the objective function g.
Proof By abuse of notation, we define a characteristic function I, : RX — R,

o) {0 ifEESK
€Tr) =
YK 0, ifzd Sk

Then, the problem in (3) can be written as

sup min f;(w; pu) = ma min f;(w) + I, (w) p. 15
s min s 0) = o f i i) + I ) (15)

Then, the set of differential of (15) is
0 (minfa(w) + IEK('w)> = {q +7:q € 0min f,(w), r € GIEK('LU)} .
a#1 i#a
Let 01y, (w) denote the set of subgradient v of I, at point (w; p). Then, OI,, (w) is written as

s, (w) = {veRE vz e RE Iy (2) < Iy, (w) + v (x — w)} (16)

From the definition of Iy, , if € € Xk, the inequality constraint in (16) always holds for any
v € RE. Thus, it suffices to show that

Ols, (w) = {v e RE : Vo € Yk, I, (x) < Is, (w) +v' (z—w)}
={rl:r e R}, an

which implies that all subgradients v can be written as a multiple of the K -dimensional all-one
vector 1 = [1,...,1]. To show the equivalence, we will show that

(B1) : {r1:r e R} C 0Ix, (w)
(B2) : {r1:r e R} D 0Iy, (w).

B.1. Case (B1)

Note that 0 € JIx, (w), which implies OIx,, (w) # 0. Since ¢ € Yk, v € 0y, (w) satisfies
0 <v'(x—w)forall zx € Lx. One can see that {r1 : r € R} C 9Ix, (w) for w € Lk since

S wi =K = 1 from the assumption.

B.2. Case (B2)

Then, we need to show the equality in (17) for w € Int Y. At first, let assume K > 2 and
v=rl-+ Zfil a;ei, where ¢; is a standard basis for R® and a; € R. Then, V& € Lk,

K

0< ) ai(wi —w) (18)

=1
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holds. We will prove the equality in (17) by contradiction, i.e., we assume that there exists ¢
J € [K] such that a; # a;. From the definition of Int¥ s, we can take a positive constant e € R
satisfying 0 < € < min(min; w;, 1 — max;(w;)).!

Define two K dimensional vectors as

ws, ifi € [K]\{il,ig},
T = (xz)fil =qw;+e ifi=1,

w; —e€, if1 =19,

and
wi, ifi € [K]\ {i1, 2},
z? = (Sﬂi)fil =cqw; —e, ifi=1iq,
(3 =+ €, lf’L = ig’
where i1 # iz € [K]. Then, both 2! and z? are in X . From (18), this implies that two inequalities

0 < e(a;, —ai,)and 0 < —e(a;, — ai,)

hold at the same time. Thus, a;, = a;, should hold. However, we can make these kinds of vectors
for every pair of bases, which means that Ai # j € [K] such that a; # a;. This is a contradiction,
and thus (17) holds.

B.3. Conclusion

Consequently, it holds Vw € IntX g that

dg = {q +rl:qc¢€ CoU{@fi(w;u) filwyp) = g(w; p)},r € R}
= {a+r1:qe ol tVufilwip) : filw) = glw)}.r € R},

where Co |J{Vw fi(w; p) : fi(w; p) = g(w; p)} is the convex hull of the union of superdifferen-
tials of all active function at w. Let us define the set

J(w; p) := argminfi(’w;u) ={i€e[K]: fi =g},

1#1

which concludes the proof. u

Appendix C. Comparison with other optimality notions

In this section, we provide more detail that completes Sections 4 and 5.

1. Note that such € always exists by Archimedean property if w is in the interior of the probability simplex, i.e., Vi €
[K }, Ws 9& 0, 1.
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C.1. Two-armed bandits

Firstly, let us introduce a function that enables us to derive a more explicit formula for w* (), for
any ¢ # 1,

(s ) = d Lot %) v sy + 2y
i\T5 ) = :U’171+:EM1 1+IH2 x M“]_—}—J/'Ml 1+IH2 .

As demonstrated in Garivier and Kaufmann (2016), this function is a strictly increasing bijective
mapping from [0, o) onto [0, d(p1, pta)). Therefore, one can define /; as the inverse function of k;
for any ¢ # 1 and [y as a constant function, which is

kit =1;:[0,d(p1, ) = [0, 00) (19)
l1: [O,d(,ul,ui)) — 1.

Then, Garivier and Kaufmann (2016) provided the following characterization of w* ().

Lemma 5 (Theorem 5 in Garivier and Kaufmann (2016)) For every i € [K],

Li(y*)
Yo la(y?)

where y* is the unique solution of the equation F,(y) = 1, and where

wi(p) =

)

l; i
K ( (Hl; mlili((yy))u )

is a continuous, increasing function on [0, d(ji1, p2)) such that F,(0) = 0 and F,,(y) = oo when
y = d(pa, p2)-

However, to derive a more explicit formula for the maximizer of (11), we require another function
forany ¢ # 1

hi(zp) = (1 = 2)d(p1, (1 = 2)pa + 2p) + 2d(pi, (1 — 2)pn + z2p4),
whose domain is [0, 1]. The derivative of this function is
hi(z; ) = d(pi, (1= 2)p1 + zp) — d(p, (1= 2)p1 + 2p).

Thus, hi(z; p) is a concave function with h;(0; ) = 0 and h;(1, ) = 0. It reaches its maximum
at

zi () = d(pay (1= 20)pn + 27 ) = d(pa, (1= 27)pa + 25 i) (20)

Therefore, one can see that v = z3. From the definitions of f;, k;, and h;, one can find the following
relationship

filw; p) = wik; (Ziu) = (w1 + w;)h; < o ;u) : (21)

wi + w;
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Wi

For z; = ot

the equality between h; and k; can be written as
2
i) = (1= 2k (12 im)

We further define the problem-dependent constant z; € [0, 1] for i # 1 satisfying

zi:ki( = ;u>=k2 (ZQ ;u) (22)
1—2z; 1—25

and z; = % Here, we have z, = 23 and z; < 23 since k; is strictly increasing and k;(x; p) <
k;j(z; p) holds for any x € Ry if p; < pj; (see Garivier and Kaufmann, 2016, Appendix A.3.).
Based on z;, we define a normalized proportion w € Y i by

will) = Sk 5 T 5K o (23)

where y = k; (%, ,u) for any i # 1. Therefore, Theorem 3 implies that the empirical proportion

of arm plays of BC-TE will converge to w, which is equivalent to g(w?; f1(t)) — g(w; ). Here,
one can see that F,(y) > 1 since

M1, 1+1f72£2 _ d(ul,(l—§2)/ﬁl +§2/J’2)) =1
; ( u1+132“2> d(p2, (1 = z9)p1 + 23p12))
M2y —7 = —

holds from the definition of z, = 23 in (20), which directly implies that y > y*. However, it is
important to note that from z; < 27, it always hold that for any ¢ # 1

d(p1, (L= zi)p + zgu)) o d(pa, (L= ) + 25m)) _
d (pis (1= z)pa + zgp2)) = d (piy (1= 25) 1 + 2 p14))
This implies that
1< Fu(y) <K -1, (24
where the right equality holds only when po = pus = ... = pg. Here, it is important to note

that the left equality is always valid for two-armed bandit problems. In other words, BC-TE is
asymptotically optimal in the context of two-armed bandit problems.

C.2. Gaussian bandits

Here, we prove Lemma 4 based on the definitions provided in Section C.1.
_ (u—p)?

Proof of Lemma 4 Since d(u, 1') = 55, forany i # 1 and A; = g —
2 A2 2 2

z A’ T A? AN

kl(mau) = 22 + 2 12 = 12

1+xz) 202 (1+x)?20 1+ 220

2

A2
hi(z;p) = z(1 — 2)2012.
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Firstly, from (20), the maximizers of h;, 2] satisfies

2 2
2oz (L= 2)" =

2
7

By,

202

which implies that 2} = 1/2 for any 7 # 1. Then, for any ¢ # 1, from the definition of z; in (22), it

holds
A2 Z;
ko(lip) = —2 =k d
2( 7#‘) 402 (1271"')
A7
= —2Z.
2027
A3
2_A2
which implies z; = 3 A2 for ¢ # 1. Therefore, we obtain that w, = % By letting

a=12A2-a%
A1 = Ao, the objective function ¢ at w can be written as

Z; 1 A2
9(107#):@01]%(1_2 ,M) X:K—Agﬁa
a=1 2A2—AZ
which implies that
K
[ |
Z < A7+ (A7 - Af)

C.3. Additional numerical results

Here, we first provide additional comparisons between T'(pt) and TY 2().

In Figure 3.(a), we zoom in on Figure 1.(a) from the main paper specifically for K < 50. It
can be observed that (1)) is closer to T*(u(")) compared to T"/?(u(D)). Next, we consider a
worst-case instance g’ based on p(!) = (0.3,0.21), where we add additional arm px = o for
any K in Figure 3.(b). Therefore, in p’, all suboptimal arms share the same expected rewards, e.g.,
@' = (0.3,0.21,0.21,0.21) for K = 4. This instance is of specific interest since one can observe
that T'(p) differs from 77 () at most when all suboptimal arms have the same expected rewards
according to (24). Even in such cases, T'(p') and T/?(p4’) exhibit a similar tendency, which would
make BC-TE a reasonable policy in general.

Next, for the implementation in Section 5, we focus on T-D in our experiments although there
exist two versions of the TaS policy. T-D directly tracks the optimal proportion of arm plays at each
round (N (t) ~ tw*(fa(t))), and it has been found to outperform the version with C-tracking in
experiments, which tracks the cumulative optimal proportions (N (t) ~» Y ., w*(fi(s))).

Appendix D. Additional experimental results

In this section, we provide additional experimental results where the rewards follow the exponential
distribution and Pareto distribution.

Exponential bandits In the first experiment, we consider the 5-armed Bernoulli bandit instance
pE = (0.5,0.45,0.43,0.4,0.3) where w*(uf) = (0.41,0.40,0.13,0.05,0.01).
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Figure 3: The ratio of T'(pt) and T/2(p) to T*(p) for different reward distributions.

Pareto bandits In the second experiment, we consider the 4-armed Pareto bandit instance pu} =
(5.0,3.0,2.0,1.5) with unit scale 0 = 1 where w*(u}) = (0.34,0.60,0.04,0.01). The density
function of the Pareto distribution with shape # > 0 and scale o > 0 is written as

9o?
fP(.’I}70,O') = W

Notice that since 0 = 1, the shape parameter is given as 8 = (1.25,1.5,2,3), where the first
three arms have infinite variance. It is worth noting that the sample complexity of T3C for § €
{0.01,0.001} becomes extremely larger than other policies (e.g., more than 25,000), we exclude
the result of T3C in this section although it performs well in the Gaussian and Bernoulli bandits.

Results The overall results are presented in Table 3. Similarly to the Gaussian and Bernoulli cases,
both BC-TE and FWS-TE consistently show a better empirical performance than other optimal
policies across most risk parameters, especially when large ¢ is considered. Although the empirical
probability of misidentification (error rate) for each policy is less than given threshold & for most
cases, their error rates exceed the threshold when we considered pl with § = 0.001 as shown
in Table 4. This implies that the current choice of stopping rule, 5(t, ) = log(log(t) +1)/d), a
widely-used heuristic, may be not appropriate when one considers the bandit instance possibly with
infinite variance.

Appendix E. Proof of Theorem 2: Convergence of empirical means

We begin the proof of Theorem 2 by introducing two lemmas that show a sufficient condition to
occur B;(t) fori = 1 and 7 # 1, respectively.

Lemma 6 For any constant M > 0, assume that

{m(t) =1, j(t) = j, i(t) = j, A(t), Bj(t), M(t), Nj(t) > max {M, D, /d;} }
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Table 3: Sample complexity over 3,000 independent runs, where outperforming policies are high-
lighted in boldface using one-sided Welch’s t-test with the significance level 0.05. LB
denotes the lower bound in (2), and PLB denotes the practical version of LB considered
in Degenne et al. (2019). ug denotes 5-armed Exponential bandit instance with means
(0.5,0.45,0.43,0.4,0.3) and pl denotes 4-armed Pareto bandit instance with means
(5.0, 3.0,2.0,1.5) and unit scale.

[T BC-TE FWS-TE | FWS T-D LMA RR | PLB LB
0.2 2910 2938 3086 3158 4092 6471 | 3434 747
g 0.1 3568 3623 3791 3840 4851 7753 | 4074 1579
B5 0.01 5743 5849 5938 5977 7165 12032 | 6182 4046
0.001 | 7977 8010 8085 8023 9533 16201 | 8278 6194

0.2 1164 1171 1178 1268 1695 2329 | 937 212

p 0.1 1447 1478 1457 1554 2016 2792 | 1120 449
Ba .01 2396 2379 2376 2493 3059 4323 | 1720 1150
0.001 | 3270 3249 3174 3366 4026 5792 | 2318 1760

Table 4: Error rate for u} and § = 0.001.
BC-TE FWS-TE | FWS T-D LMA RR
0.004  0.0047 | 0.0073 0.005 0.008 0.005

occurred for some t. Then, for all t' > t, we have 1[B1(t')] = 1 and

max{d; M, D1}
Ni(t) > .
d(pr + €, pj — €)

Lemma 7 For any constant M > 0, assume that

{m(t) =1,i(t) = 1, Ajy (t), Ba (1), M(t), Ni(t) > maX{M’ r?s?lxg}}

occurred for some t. Then, for all i # 1 and t' > t, we have 1[B;(t')] = 1 and

Ni(t) > max{d; M, D;} .
ST d(p A+ e i — €

Therefore, if both events in Lemmas 6 and 7 occurred until rounds 7, only {8;(¢)} occurs for all
i € [K]and t > T'. The proofs of these lemmas are postponed to Section E.1.
Proof of Theorem 2 Firstly, let us define another random variable T < T’p such that

Vs >Te : 1[Bi(s)] =1,

which implies that the mean estimate of the optimal arm is close to its true value after 7 rounds. Let
D = max {M DL } for some positive constant M specified later and Ty = max(K D, T¢).

? minae[K] da
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Let us consider a subset of rounds with any fixed 7" > Ty

S1(T) == {s € [T, TINN :m(s) = 1,i(s) = j(s), B1(s), Bj(s)(s), M(5)}

= {TS1 =i1851,1,551,25 - -+ 7351,|S1(T)|}
So(T) == {s € [Tn, TINN:m(s) = 1,i(s) = 1, Aj5)(5), B1(s), M(s)}
= {T's, =1 89,,1,885,2s - - - 1 85,,82(T)| } s

where sg,, . implies the round when the event occurs k-th time for m = 1, 2, respectively.
Similarly, let us define a subset of rounds with any fixed T' > T}

So(T) := {s € [Tar, T NN : {Bi(s), M(s)} U {Bi(s), B5,), M(s)}
U{m(s) = 1,i(s) = 1, Bi(s), Aj(5)(s), M(s) }

0 00(8) # 1,(8) = (5, B1 (), 4 (5): By (), M)

and a random variable

T
To:=Ty+ Y 1[Bi(s), M(s)] + 1[Bi(s), By, M(s)]
s=Thr+1
+ 1[m(s) = 1,i(s) = 1, Bi(s), Af,(s), M(s)]

T Lfm(s) # 1i(s) = §(5), Ba(5), By (5): By (s), M(s)],

such that T's = |So(T")| 4+ T holds.

First objective Here, we first aim to show that for ¢ > T}, it holds

1= ]l[t S S()(T)] + ]l[t S Sl(T)] + ]l[t S SQ(T)]
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Since By (s) always holds for s > T}y, it holds that

1= 1[Bi(s)]
= 1[M"(s), Bi(s)] + L[M(s), Bi(s)]
= 1[M(s), Bi(s)] + L[M(s), Bi(s), m(s) = 1] + 1[M(s), Bi(s), m(s) # 1]
= 1[M"(s), Bi(s)]
+ 1[M(s), Bi(s), m(s) = 1,i(s) = 1] + L[M(s), B1(s), m(s) = 1,i(s) = j(s)]
+ 1[M(s), Bi(s),m(s) # 1,i(s) = m(s), Bi(s), By, (s)]
+ 1[M(s), Bi(s), m(s) # 1,i(s) = j(s), B1(s) Ay, (5)(5)] (25)
= 1M (s), Bi(s)

(5)>Bj(s)(8)] (26)

+1[M(s), B () m(s
=1[s € So(T)] + 1[s € S1

Lyi(s) = J(8); A(s)(5): Bis) ()]
)] + 1fs € S(T)],

/\\_/

where (25) and (26) hold from

Lim(s) # 1, By(s)] = Lm(s) # 1, B (s), By ()] = Llmo(s) # 1, Bi(s), Ay (). 2D)
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The last equality holds from
1[M(s), B1(s), Bi()(s)]

LM(s), Bi(s), By (), m(s) = 1] + 1M(s), Bi(s), By (s), ms) # 1]
— 1[M(s), Bi(s), By (s), m(s) = L,i(s) = j(s)]
+ 1[M(s), Bi(s), By (), m(s) # 1, <> m(s)]
+ L[M(s), Bu(s), By (), m(s) # L,i(s) = §(s)]
— 1[M(s), Bi(s),m(s) = L,i(s) = j(s), By (5)]
+ 1[M(s), By(s), m(s) # L,i(s) = m(s), By, (5)]
T+ L[M(s), Bi(s),mls) # L,i(s) = j(8), Ay (), By (5], 28)

where we used (27) in (28) again. This implies that if 7' > Ty, then [Th, T] NN = So(T") U
S1(T) U S2(T) holds. Note that if s = Ty > K D, there exists at least one arm a € [K] satisfying
No(s) > D.

(1) If Ni(s) > D Recall the definition T, = inf S1(7") and T's, = inf S3(7"), which implies the
first round when the events in Lemmas 6 and 7 occur, respectively.

(1-i) So(T') is a subinterval If So(7") consists of consecutive natural numbers, i.e., the subinterval
in [T, T) NN, then min(Ts,,Ts,) < Ts + 1 holds since we can only observe events in S1(7") or
So(T) for s > Tgs.

(1-ii) So(T") is not a subinterval If So(7) is not a subinterval of [T, T]NN, this directly implies
that min(7’s,, Ts,) < Tg from [T, T NN = So(T) U S1(T") U S2(T).

(1-iii) Summary What we have shown is min(7s,,7s,) < Ts + 1. Let us consider the case
Ts, < Ts,. From the definition of T's, where i(t) = j(t), we have for j(t) = j and a # 1, j that

(N1(Ts,) + Nj(Ts,))d(f11(Ts, ), fn,5(Ts, )
< Ni(Ts,)d(fun(Ts, ), fn,5(Ts,)) + Nj(Ts,)d(jij(Ts, ), i (Ts, )
= Ts, fj(w'; i(Ts,))
< Ts, fo(w'; i(Ts,))
< No(Tsy)d(f1a(Ts,), 11 (Ts,))-

From the assumption N;(7’s,) > D, it holds that

. . . . D,
N (T51 )d(,ul (TSI)7 H1,5 (TS1 )) > Ny (TS1)d(N1(T51)7 K1, (TS1)) i Kld
1€ K|a,
> D1 = max Dz
i1
Therefore,
ngﬁ?] D; < H;ln Na (TS1)d(,&a(TS1)a ﬂl(TS1>)' (29)

Recall the definition D; = sup, 1[B{(t)]N;(t)d(fi(t), f1(t)). Thus (29) implies that B, (t) holds
forallt > Ts, and any i € [K],i.e., Tp < Tg, < Ts+ 1. When Ts, < Ts, holds, Tp < Tg, <
Ts + 1 can be directly derived from Lemma 7.
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(2) If N;(s) > D fori # 1 From (1), one can expect that Tz will be bounded at least if either

Nj5)(s) or Ni(s) satisfies the condition in (29) for any s < 7.

(2-1) j(s) = i holds for some s € S1(7") In this case, we have for a # 1,14
Ni(s)d(fur(s), p1,i(s)) + Ni(s)d(fi(s), fini(s)) = sfi < sfa < Na(s)d(fra(s), f1(s)),
where we denote [ff’: (s) by fu1,i(s) for notational simplicity. From N;(s) > D,

cILIGI?KX} D, < Ni(s)d(ﬂi(s)aﬂl,i(s)) < gl?gl Na(s)d(ﬂa(s)>ﬂ1(5))v (30)

which implies Ts < s.

(2-ii) j(s) # a holds for all s € S;(T') Take arbitrary t' € (T, 00) N N and assume that there
exists an arm j* # 1 and a round s’ > ¢’ such that 1[Bf (s")] = 1 holds. Note that whenever
Nj(s)(s) = D holds, substituting a = j(s) in (30) leads to the same inequality, which implies
TB < s.

(2-iii) Summary Therefore, for all j # 1, > $4(T) 1[j(s) = j] < D should hold since
>_sesy(r) Lli(s) = j] > D admits the existence of s € S1(T') such that satisfies (30), which contra-
dicts to the assumption of the existence of such s’. In other words, 3~ ¢, () 1[j(s) = j] < Disa
necessary condition to satisfy the assumption of the existence of j’ and s’ satisfying 1[B¢ (s")] =1.
From the definition of Sy (7'), for any s € S1(T'), Nj(s)(s + 1) = Nj5)(s) + 1 holds. Hence, at
worst, if [S1(T) N [Tar,t')| > (K — 2)D holds at some round ¢/, there exists s € S1(T") N [Tas,t)
such that Nj(,)(s) > D. Therefore, T is at most the round until S1(7") occur (K — 2)D times.

Similarly, if the event in So(7") occurs D times at some round t”, then N1 (") > D holds from
the sampling rule. This implies that B;(s) holds for all i € [K] for s > ¢ from (29), i.e., Tz is at
most the round until S3(7") occur D times.

(3) Conclusion In summary, we have [T, T) NN = So(T') U S1(T) U So(T') and there exists an
arm ¢ satisfying V;(t) > D. If N1(s) > D, then Tp < Ts+ 1 holds. If N;(s) > D holds for i # 1,
then T is at most the round sg, (x_2)p When the event in S1(T") occurs (K — 2)D times or ss, p
when the event in S2(7") occur D times. Hence, we have

Tp <Ts+ (K —-2)D+D+1,
where Ts = Ty + |So(T)| = max(T¢, KD) + |So(T")|. Then, we have
E[Tg] <E[Ts]+ (K —1)E[D] + 1

< E[Tc] + (2K — 1DE |supsup 1[Bj(s)|Ni(s)d(fii(s), i (s))

£l s>t
T
+E| ST 1MEO] + 1) = 1,i() = 1,Bu(t), A (£), M(1)]
t=Tnr

+ Lm(t) # 1,i(t) = j(t), Bi(t), A7 p) (£), Bjry (t), M(2)]

+ 1[Bu(t), Bl (1), M(8)] | + 1.

Then, the following five lemmas conclude the proofs. |
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Lemma 8 For a bounded region of parameters R C R, it holds that for arbitrary |/ € R and
i€ [K]

E| sup  1flfin — pil > end(fiin, 1)| =0 (d: 1),

neN,y’'eR

where [i; , is the empirical mean reward of the arm i when it is played n times.

Here, note that /i; ,, is different from fi,4(¢) that denotes the weighted average of their empirical
mean. Lemma 8 provides the finiteness of the expectation of D; for any i € [K].

Lemma 9 For the finite number of arms K and any T' € N, it holds that

Z]l[m ) =1,Bi(1), A;(t)(t)aM(t)] < O(Kd),

t=1

E 21[ Afn(t)(t),Bj(t)(t),M(t)] <O(K2d7Y).
t=1

Lemma 10 For the finite number of arms K and any T’ € N, it holds that

T

EY 1 [Bf(t) (1), M(t)}

<O (Kd ).

The proofs of Lemmas 8—10 are provided in Section E.2.

Lemma 11 For the finite number of arms K and any T’ € N, it holds that

T
E [Z LME(#)]

t=1

<O (K?*d?).

The proof of Lemma 11 is given in Section E.3.

Lemma 12 Under Algorithm 1, it holds for any € € (0, .552) that
E[Tc] < C(mj, p, €) + 4d. 2,
where C (7, b, €) specified in Lemma 15.

The proof of Lemma 12 is given in Section E.4, where we adapt the analysis in Korda et al. (2013)
to our problem.

E.1. Proofs of technical lemmas for Theorem 2: Sufficient conditions for the convergence of
estimates

Here, we provide the proof of Lemmas 6 and 7.
Proof of Lemma 6 Since i(¢) = j implies

d(fij (1), i 5(t)) = d(fu(t), fu,5(t)),
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we have

from the definition of d]- in (14).
Then, we have

tfi(w', () = Ny(8)d(pa(t), fu(t)) + Nj()d(;(t), f;(t))
> Nj (t)dj > Dy

On the other hand, if |fi1(t) — p1| > € and |f1;(t) — ;| < e, then
tfi(w', a(t)) < Nu(8)d(fu(t), f1;(t)) < D

by the definition of D1 = sup;,; D;. Therefore, fi1(t) — p1| > € cannot hold.
Under |f11(t) — p1| < eand |1;(t) — p] < €, we see that

Nj(t)d; < tfj(w', fu(t)) < Ni(t)d(pa(t), (1))
< Ni(t)d(pr + €,y — €),

which completes the proof. |
Proof of Lemma 7 Since j(t) = argmin, ., tfi(w’, 1(t)) and i(t) = 1, it holds for all 7 # 1
that

tfi(w', 1(t) = t i (w', 4(t))

and

d(fir (t), fir ey (1) = dlfije) (), fia ) (2)-

Then, we can use the same argument as Lemma 6 by exchanging the role of 1 and j. |

E.2. Proofs of technical lemmas for Theorem 2: Boundedness of the number of rounds where
estimates do not converge

Here, we provide the proof of Lemmas 8-10. Firstly, to prove Lemma 8, we require the lemma
below, whose proof is postponed to Section F.1.

Lemma 13 Let R C R be a bounded region of parameters and fix arbitrary pg. Then, there exists
a,b > 0 such that

d(p, 1) < ad(p, po) +b
or arbitrary i € Rand i’ € R.
fe I p
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Proof of Lemma 8 Let P(z) := P[d(ftin, i) > z]. Then, by Chernoff bound, we have P(z) <
2e~"*, Therefore,

E | 1{|fisn — pil > €] sup d{fisp, 1) | < E[L[|f1in — ps > €](ad(ftin, pi) + 0)]

wWeR

< 2be e 4 g / 2d(—P(2))

= 2be " 1 q (—[zp(z)]gj + / Oo zP(z)dz)

< 2be " 4 2ad e - a/ zP(z)dz

—nz —nz X
< 2be " 4+ 2ad.e ™% + 2q [— =€ € ]

n n2

¢ 1 _
caforafast e L))em
n n

where de := mine({d(p; — €, pi), d(pi + €, p1;) } and the first inequality holds from Lemma 13.
Since this quality decays exponentially in n, it is straightforward that

de

U|ftin — il = €] sup d(ﬂi,n,u’)]

o0
E| sup  Lflfin — pil > end(fip, )| <Y E
n=1 n'eA

neN,u’'eR
=0(d ). n
Proof of Lemma 9 For j(t) = j, we first consider

Dj= Sgp{ﬂ[lﬂj(t) — il = €lNj()d(f;(t), i (1))} -

Note that on By (t), fi1(t) € [p1 — €, p1 + €] is bounded so that we can apply Lemmas 8 and 13. We
first show the existence of a bounded constant ¢; € R such that

Ni(t) < &Dj,

o
c; = min cj,d—
¢

for constants c;, iL‘; and d that depend on models.

where

<

(1) When [i(t) % fip,1)(t) From their definitions, we have

0 < Nj(t)d(fi(t), g () (1)) < Nj(£)d(f;(t), i (t)) < D

and
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Let us consider

Y(x;t) = 2d(flm4) (1), fm(r),j (73 1)) + d(fi5 (), e, (251)),

where f[i,p(2;t) = %ﬁl‘”’(t) One can see that 1(x;t) is strictly increasing with respect to z

since o' (2;t) = d(flm ) (1), flam(r),j(x;t)) > 0 and it tends to d(fi;(t), fm) (t)) when z goes to
infinity (Garivier and Kaufmann, 2016). Then, under the condition {m(t) = 1,j(t) = j}, it holds
that

tg(wts f1)) = N; (1) (%Egt) < Nj (s ), ()
< Dj.
Therefore,
N (t) < 1 Dj.

= d(fu(t), (1))
Note that there exists a constant ¢; such that m < ¢j < oo when [i4(t) Z [l (1),
) ]

which shows the existence of c;f.

(2) When fij(t) = fip,1)(t) Here, i(t) = 1 implies that
A ONTHO) EXACONTHO)E 31)

Note that as Zlgg increases, RHS of (31) decreases and LHS of (31) increases simultaneously.
J

Therefore,

ng; = 20 & d(in (), i5(1)) = (s (1), /5 (®)).

Note that :c;t depends on the distribution of reward and history H; until round ¢, e.g., Vt € N,
7, = 1 for the Gaussian distribution. Since fi1(t) is bounded under {B1(?)} and j1;(t) € (u; +
€, (t)] C (j + €, 11 + €] holds under {Bi(t), A5 (t), m(t) = 1}, there exists 2, € Ry such that
forany t € N

Ni(t) > 2jN;(t) = d(fn(t), i (1) < d(ft;(t), o 5 (1)), Le., it) = j.

Let consider a bounded region R = |11 — €, 1 + €] C R and a random variable

Dj = sup sup {L[|f1;(t) — pj| > €|N;(t)d(ji;(t), 1)}, 5 € [K]\{1}.
teN p/'eA

vteN, 3z}, e Ry sit.

Since m(t) = 1 holds under the condition, we have
sup (0, 1) = max{d(iy (0). 1 = €), iy (0.1 + )}
WE

and fi1(t) > f1;(t). Let ((¢) € A be a point such that d(¢, 1 — €) = d(¢, 1 + €) = d¢. Then, it
holds that

sup d(fi;(t), 1) > de.

weA
Note that d; and x; only depend on the models. Therefore, there exists a constant ¢; € R4 such

that
/

x.
Nl(t) S deDJ S C;Dj.
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(3) Conclusion From Lemma 8, we obtain

E[ > Zl[m(t):l,z‘(t):1,Bl(t),j(t):i,Aj(t)(t),M(t)H

ie[K)\{1} t=1

1[i(t) = 1, N1(t) < ¢; Dy]
ie[K] {1}t 1

IN

Dj] < O(Kd_ ),
ie[KI\{1}

which concludes the first case.
Similarly, the second case can be bounded by considering R; = [1; — €, it; + €| and

m(t)j = sup Sug {]]-H:um ( ) - Mm(t)| > E]nd(ﬂm(t) (n)nu/)}
n Ne

for every m(t) € [K]and j € [K]\ {m(t)}. Since j1;(t) € R; holds under { B;(t)}, we can apply

Lemmas 8 and 13 by exchanging the role of m(¢) and j, which concludes the proof. |
Proof of Lemma 10 From the Chernoff bound, it holds for any arm ¢ € [K] that

Plljii(t) — p| > €[ Ni(t) = n] < 2~ "%, (32)

where d, is defined in (10). One can rewrite the expectation as

K T o
E [Z 1 [ <o (D), M(t)} ~EIN Y Y1 [i(t) = i, B5 ) (1), M(t), Ny () = n}] .
t=1 i=1 t=1 n=1
K T o
=E ) D S i) =i, Bi(t), M(t), Ni(t) = n]]
=1 t=1 n=1

For every arm i € [K], an event {i(t) = ¢, N;(t) = n} could happen at most once for any n € N.
Therefore, by applying (32), one has

T K o
E() 1 [Bf(t)(t),M(t)}] < ZZ —nde < O(Kd 1),
which concludes the proof. |

E.3. Proof of technical lemma for Theorem 2: An upper bound on the number of rounds
where TE occurs

Here, we provide the proof of Lemma 11, which shows that the expected number of rounds where
Thompson samples and the empirical mean estimates disagree is finite. Before beginning the proof,
we present the posterior concentration result when we employ the Jeffreys prior in the SPEF.
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Lemma 14 (Theorem 4 in Korda et al. (2013)) For the Jeffreys prior and d. defined in (10), there
exists constants Cy 4 = C1(6,,A) > 0, Caq = C2(04, A, €) > 0and N(0,, A) such that for any
Na(t) = N(0a, A),

1[Ba(D)]P[BS (£)| Xa,n, (1)) < 2C1,aNa(t)e” Nel7DUmeCo0)de
whenever e is such that 1 — €C5 4(€) > 0. Note that A is a convex function in (1).

Proof of Lemma 11 Let us define L(0) := ;5 mln(supy (y|@),1) and an event

Ng (t)
Zs %s;és'xas .

Consider
T T
S =30 S0 1lit) = i, Me(1)]
t=1 t=1ic[K]
T
= Z Z 1[i(t) =1, EC (t), M(t)] + 1[i(t) = z,Ea(t),Mc(t)]
t=1 i€[K]

It is shown by Korda et al. (2013) that

Z =1, Ec (t), Me(t)]| < iﬂ”(p(mz,l\ga) < L(g@))tJriQte (t—1)de
= t=1 t=1
<0(d?). (33)
Then, consider
T _ T R }
Z ﬂ[l(t) =1, Ez(t),,/\/lc(t)] = Z (]l[z(t) =1, Bl(t)’ z(t),Mc(t)]
t=1 t=1

On E;(t), the following holds for a constant N (6;, A) from Lemma 14.

ZZ ) =i, BE(t), Ei(t), ME(1)]

t=1 i€[K]
T
< ) N, A)+ Z S 20 e Wi -D(=€Co e Hog(N:(1)
i€[K] €[K]  ti(t)=i
()>N<9“A)
ST NG S 20 me N
i€[K] i€[K] n=N(0;,A)

<O (Kd?),
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where the second inequality holds since V;(t) increases when {i(¢) = i} happens.
Finally, we will show that

Z > i i, Bi(t), Ei(t), Me(t)] < O (K?d?).

t=1 i€[K]

On M°(t), i(t) € {m(t),m(t)} holds so that

T
Z Z B E Z Z (t) = iagi(t)7Ei(t)7MC(t)]
€[K]

t=1ic[K] t=1

Let us define Nao = max,¢(g] N(0a, A). For any i € [K], we have

T
ST U[i(t) = mlt) = i, Bi(t), Bit), ME(1)]

Similarly to (33) it holds that E |
{ Ny (t) < Ny (£)}, 1.e., Nji(t)

Y E[(%)] < 0@ ?) + ZE[ﬂ[i(t) =m(t) = i, Bi(t), Ei(t)]

(d-?). On Mc(t), {i(t) = m(t)} implies that

€

<0
Ni(t) > N4 so that one can apply Lemma 14. Hence,

|vM
x
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From its definition, on E;(t), the empirical mean reward of arm i is well concentrated around its
true mean. Thus, } }
m(t) =i, Ei(t), Ej(t) = i>j.
B;(t ) m(t) = j} i < j holds, which is a contradiction. Therefore,
)=

Bi(t), Ei(t), ME(t), Ni(t) > Na,m(t) = j, Ej(t), Bj (1) = 0,

However, on {B;(t),
L[i(t) = m(t

which leads to

=0 (K?*d?). |

T
E > 1[M(t)]
t=1

E.4. Proof of technical lemma for Theorem 2: Analysis with TS

Here, we provide the proof of Lemma 12.
Proof of Lemma 12 Let us define an event

c(t) = [J1Bi(s)}

so that C(t) = (o=, {B1(s)} implies only B (s) occurs for s > ¢, meaning that C(t) < {Tc > t}.
Therefore.

=S "PlTc >8] = ZP[C(S)]
s=1

—ZP $) < /5] + PC(s), Ni(s) > 3.

From the Chernoff bound, we can derlve the upper bound of the second term as

Z]P’ > /3] <

oo X

M

Pllfnn = ml| > €

s=1ln=\/s
o0 oo

SR
s=1n=y/s

< N 2 e~ Vsde
s=1 dE
2 [ 2 [

< — e Vsdeqs — / 2xe %y
de 0 de 0

= 4d;3

Then, the Lemma 15 below concludes the proof. |

Lemma 15 For the finite number of arms K < oo, and € € (O, %) there exists some constants
C(mj, p, €) < oo such that

ZIF’ s) < /5] < C(mi, . €).

The proof of Lemma 15 is given in F.2.
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Appendix F. Proofs of additional lemmas

In this section, we provide proofs of additional lemmas that prove the lemmas for proving Theo-
rem 2.

F.1. Proof of technical lemma for Lemma 8: Lemma 13

Proof of Lemma 13 It holds from the expression of KL divergence that

d(p, p') = d(p; o) = A(0(po)) — A(O(w)) + (O(1") — 0(po))
< A(6(po)) — inf A(0(x)) + | Suple( ) = 0(po)l.
Since d(p, o) is convex with respect to i, there exist constant a’, " > 0 such that |u| < a’d(u, po)+
b. Letting a := 1 + a'supgeq |0(x) — 0(uo)| and b := b sup,c 4 |0(x) — O(po)| + A0 (o))
inf,c 4 A(6(x)) concludes the proof.

F.2. Proof of technical lemma for Lemma 12: Lemma 15

Here, we present the proof of Lemma 15, where we adapt the proof techniques considered in Kauf-
mann et al. (2012) and Korda et al. (2013). Before beginning, we introduce some results in Korda
et al. (2013).

The following Lemma shows the concentration inequality when an arm is played sufficiently.

Lemma 16 (Lemma 10 in Korda et al. (2013)) Foreverya € [K] and ¢ > 0, there exist constants
C! = C'(pa, €, A) and N such that fort > N,

N 2(K -1
PEs <t,3a#1: |fia(s) — pa| > €, Ny(s) > Cf logt] < (t3)

_ 4K -1
P[3s < t,3a # 1: |jia(s) — pal > €, No(s) > Cllogt] < (753)

Note that we use the upper bound with the order of O(¢~3) differently from the original lemma
whose order is O(t~2). This can be done simply by changing the constant term with a multiplication
of 3/2.

The following lemma holds for the SPEF.

Lemma 17 (Lemma 9 in Korda et al. (2013)) There exists a constant C = C(mj) < 1, such that
for every (random) interval I and for every positive function ¥, one has

P[Vs € I,fin(s) < pa + € 1| > £(t)] < C'D).

Proof of Lemma 15 Let 7,, denote n-th time when arm 1 is played and &, = (7,41 — 1) — 75, be
the time between n + 1-th and n-th time of arm 1 playing. From the definition, it holds that

LVt
P[N:(t) < VECEH)] < Y Plén > VE—1,C(t)].

n=0

For simplicity, let us define an event

Gni={& > Vt—1,C()} ={& >Vt — 1L {In > Ni(t) : |fun — 1| > €}}
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so that
[Vt

PINI() < VEC(H] £ 3 PIG)
n=0
On G, we define an index set I, and its subset I, ;

Iy = [Tn, Tn + [Vt = 1]] C [Tn, T 1]
L= {Tn + P_Kl(\/%— 1)1 P H((\/i— 1)“ . le[K].

Note that the inclusion on [,, holds under GG,. In the analysis of Thompson sampling (Agrawal and
Goyal, 2012; Kaufmann et al., 2012; Korda et al., 2013), an arm a is called saturated if N,(t) >
C! logt for a constant C”, that depends on the model.
In this chapter, we call an arm i is saturated if N;(t) > max,¢(x) Co logt for a constant C,,
such that
d(:U’Q + € UK — 6)
y .

=a

Ca>C,

Note that C},’s are also constants that only depend on the model, and C;, > C! holds from the
definition of d, so that Lemma 16 is still applicable. For each interval I, let introduce

~Za°
e F,,;: the event that by the end of the interval I, ; at least [ suboptimal arms are saturated.

* 7,,: the number of playing unsaturated suboptimal arms, which is called interruptions during
Ing.

Let us consider
P[Gn] - ]P)[Gny Fn,Kfl] + P[Gna Fﬁ,Kfl] . (34)

(D1) (E1)

F.2.1. BounDs oN (D1)

From the definition, one can rewrite

(Dl) = P[{Els € In,Kv Ja 7& 1: :&’a(s) > 2 + 6}7 GTMFn,K—l]
+P{Vs € I, k,Ya # 1: fiq(s) < po+ €}, Gn, Fr k1]
(D2)

+IrP>[{Vs €I, Ya#1:fig(s) < po+€b, G, Fr k1],

::Dn,K

2(K —1)

where the inequality holds from Lemma 16. Here, (D2) can be decomposed as

(D2) = P[Dy 1c, Gy Frre—1,{¥a # 1,3s € I, i = BS(s) UBS(s)}]
+P[Dysc, Gy Frre—1, {Va # 1,¥s € I, ¢ : Ba(s) N Ba(s)}].
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From Lemma 16, we obtain

(D2) < G(Kt;l) +P[Dy i, Gn, Frx—1,{Va # 1,Vs € I, k : Ba(s) N Ba(s)}]

_6E -1

+P[Dy1¢, Gy Frre1, {¥a # 1,Vs € I, i : Ba(s) N Ba(s),m(s) # 1}]
+PDn i, Gy Fx—1,{Va # 1,Vs € I, i : Ba(s) N B, s)}
€

6(K —1) Vi-1
T+C K

P[Dp.ic, Gy Fr k-1, {Va # 1,¥s € I, i : Ba(s) N Ba(s)} 5
{35 € Lx 1 m(s) = 1}] (Ds),

IN

where the last inequality holds from Lemma 17. Next, one can see

(D3) = P[Dy.sic, Gy Fro k-1, {Va # 1,¥s € I, i : Ba(s) N Ba(s)}
A3s € Ik :m(s) =1,m(s) = 1}]
+PDy i, Gn, Frk—1,{Va # 1,Vs € I, k : Ba(s) N [;’a(s)}
A3s € I,k :m(s) =1,m(s) # 1}]
< P[Dp.is Gy Fo -1, {¥a # 1,¥s € I, i : Ba(s) N Ba(s)}
A3s € Ik :m(s) = 1,m(s) = 1}]
+PDy i, Gn, F ik—1,{arm 1 is saturated}, {3s € I, i : B{(s)}] (35)

where (35) holds from Thompson exploration since i(t) # 1 on M¢(t) implies that N1 (t) > Ny,
i.e., arm 1 is saturated. From Lemma 17, it holds that

(D3) < Q(Kt?)_l) +P[Dy i, Gn, Frx—1,{Va # 1,Vs € I, i : Ba(s) N Ba(s)}
A3s € I,k : m(s) = m(s) = 1}]
— 2(I{7531) + (D4)7

where (D4) denotes the second term. Note that Thompson exploration with {m(s) = 1} will
choose only j(s) under the event G,,, i.e., only {i(s) = j(s)} happens during I,, for any n when
m(s) = m(s) holds. It holds that

K
(D4) < > Y Plm(s) = 1,i(s) = j(s) = a, Ai(s), Ba(s), M(s), G

s€ly x a=2
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From Lemma 7, if an event in (D5) occurs for some s, then it implies that 31 (¢) holds for all ¢ > s
such that for all t > N/, C*logt > max{M, Dy /d,} forall a € [K]\ {1} holds, which contradicts
to the event G, that implies the existence of ¢ > s such that B (¢) holds. Therefore, we have

(D5) = 0.

Note that (D6) is the form considered in Lemma 9. Therefore, we have

Vi—1

K
(D) < 5= Y PIN(s) < i)

for some constants ¢ and random variables D, in Lemma 9 such that its expectation is finite. Let
N, A(€) be a constant that depends on the model and epsilon such that for ¢ > N, 4(€), it holds for
anya € {2,...,K}

Cylogt > ¢, Do,

i.e., the eventin (D6) cannot occur fort > N, (e€). Hence, there exist some constant C'p (7j, pt, b, €) <
oo such that

T I_\/ﬂ 00
S(K —1 —
>SS 0y <max (N Nua@}+ > S viee
t=1 n=0 t=N, a(e)+1
< CD(T[-jap/’ b’ E)‘ (36)

F.2.2. BounDs oN (E1l)

By adapting the proof of Kaufmann et al. (2012); Korda et al. (2013), we prove (E1) is upper
bounded by some constants through the mathematical induction, i.e., we will show

10(K — 1)

PG Pl < (K - 2) (10

+ k(u’ b7n7t)> 9y

where k is a function such that } _,~, >, . 7k < o0.
First, for the base case, it can be easily seen that for ¢ > N, ;, such that

t—1
Vt > Ny, MK’J > C, logt,

where C = max,x; C, since only suboptimal arms are selected during I,,; under G,. Then, for
t Z Nu,ba

We refer the reader to Kaufmann et al. (2012) for more explanations in the base case. Then, we
assume that for some 2 <1 < K — 1ift > N3, then

10(K —1
PG Fia) < (12 (P kb))
Therefore, we remain to show that
10(K —1
P[GTH Fri,l? Fn,lfl] < M + k(p,b,n, ).

t3
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On the event (G, FS ;, F, ;—1), there are exactly [ — 1 saturated suboptimal arms at the beginning of

n,l’
interval I,,; and no new arm is saturated during this interval, which implies that r, ; < KC\ logt.

For the set of saturated suboptimal arms S; at the end of I, ;, it holds that

[Gn7 Fn,lfl] S P[Gna Fn,lfly {rn,l S KC* IOgt}]
< PG, Fry1,{3s € Iny,a € Sy : BE(s) UBS(s)}]
P[Gna F, J=1) {Tn 1 < KOy IOgt}

{Vs € Lni,a € Si_1 : Ba(s) N Ba(s)}]

nl?

By applying Lemma 16 again, we have

~ 6(K —1
PlGr, Fri—1,{3s € Inj,a € §—1 : By(s) UBg(s)}] < (t3)
To bound (F£2), we introduce a random interval J;, for k € {0,...,7,; — 1} as the time between

k-th and %k + 1-th interruption in [, ; and set Jj, = 0 for k > n1. On (E2), there is a subinterval

where no interruptions occur with length [#‘égﬂ . Then, it holds that

. \/E_l
(E2) gP[{er {0, ot [Tl = C*K210gt}

{VS € In,la a€§: Ba(s) N Ba(s)}a Ghn, Fn,l—l

KCylogt

Vit—1 =
> PH'“’“'ZWW}’W%MG&-Ba<s>08a<s>},cn}.

Note that on G,, and Vs € Jj, only i(s) € S; happens, i.e., {m(s) Th( ),m(s) & S;,m(s) € S}
cannot occur. Therefore, for any s € J, under {Va € S; : By(s) N By(s)}, we have

L[m(s) # 11(s), Gn, Bags) (5)] = L[m(s) € Sp,m(s) € S\ {m(s)}, G, Bya(s) ()]

+ 1[m(s) = 1,7(s) € Si, Gn, Bs) (), B5(5)]
+ 1[m(s) € &, m(s) = 1,Gn, Bi(s), BS(s)].

Here, it holds that
{m(s) € Si,m(s) € S\ {m(s)}, G, By ()} C {fin(s) < pa + €, G }.

Similarly to the (D3), i(s) # 1 implies that arm 1 is already played more than the saturated arm.
Let us define an event

E2(s) :={m(s) =m(s) € S;U{1}} N {m(s) > p2 + €}.
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Then, from the above inclusive relationship, we have

t—1 -
P[{jﬂ > C’:[Wlogt}’{vs € Jk,a €S8 : Ba(s)NBu(s)}, Gn

t—1
< P[{|jk| > C’:[I(?k)g;t}’{vs € Ji: {Va € S : Bu(s) N By(s)}

N {ﬁl(s) < H2 +E}}7Gn

+P

t—1 -
{|jk| > C'\[I(Qlogt} AVSs € Tiya € S Ba(s) N By(s)},

{3s € T : BS(s) UBS(s)}, Gn

{|jk| > \/iolgt} AVs € Jp,a e S l’g’a(s) N By(s)}
+ }(E3)
{Is € Ti : E2(s)}, Gy,

By applying Lemmas 16 and 17, we have

P

t—1 ~
{]jk] > C\Ifleogt} AVs € Ti,a € §p: Ba(s) N Ba(s)}, G

Vi1 6
< CTRTst 4 o+ (E3).

From the definition of 7}, and (5,,, one can see that

Vie1 } .

(E3)=P {|\7k|20*[(210gt AVs € T 1a € 8 : Ba(s) N Ba(s)}

A3s € T - E2(s) N {j(s) =i(s) € §;}},Gn

< P|:E|S € T :m(s) =m(s) € §f U{1},j(s) € Si,i(s) = ji(s), Anys)
aBj(s)a [‘1(5) > 2 + € Gn:|
+ ]P’[Els € Tk :m(s) =m(s) € S U{1},5(s) € Spyi(s) = j(s), Ams)

7Bj(s)7/11(8) Z /’L2+67 Gn:| (37)

—: (B4) + (E5).
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The first equation holds since only saturated suboptimal arms have to be played on 73, when m(s) =
m(s) is unsaturated or optimal arm, which makes j(s) = i(s) € ;. Let us denote the event in the
first term and the second term of RHS in (37) by (E4) and (E5), respectively.

From Lemma 9, we have

LB <D Y > Lim(s) =myi(s) = j(s) = a, A7, (s), Ba(s)]

s€J, a€S; meSU{1}

<> Y > 1[Na(s) € ¢y oDl

€Tk a€S; meS;U{1}

Similarly to the case of (D4), there exists some deterministic constant N, 4(€)’ such that for ¢ >
NN,A(E)/’ V(m, a) € (Slc U {1}7 Sl)

Cylogt > ¢, o Dim g,

where we replace 1 by m in ¢ and D, to define ¢}, , and Dy, 4.
Further, (E5) can be decomposed by

(ES5) = (E6) + (ET),

where
(EG) = ]P)I:HS € Jk: m(s) = m(s) < Slcv.j(s) < Sl7i(3) = j(s)7Am(s)7Bj(s)7ﬁ1(s) > p2 + 67CYV’rL:|
(E7) = ]P)|:E|S € Jk: m(s) = m(S) = 17](8) € Sl,i(S) :j(s)vAth(s)alal(s) > 12 —|—€,an| .

Note that on (E6), B¢, (s) always holds since ji; > pip + € but 7(s) # 1 and (E5) is a subset of
the event we consider in Lemma 7, i.e., event (£6) implies the existence of s € Jj, such that
d; d;

4j(s) ()
(s) 3 )d(um+6,uj—6) d(um+67ﬂj(s)_€) g

From the definition of C), and saturation, it holds that for any m € &f

dj(s) > ¢, Mitaz1d,

& > C > C’;n log t.
d(pm + €, 1j(s) — €) d(pz + €, i — €)

As a result, we have

A(K —1)

P((E6)] = P[{3s € Jk,m € Sf : By, (s)} N (B)] < =3

Similarly to the case of (D5), if the event in (E7) occurs some s € [Jj, for ¢ such that t > N’,
Crlogt > max{M,D,/d,} for all a € [K]\ {1}, then only B;(¢) holds for s > ¢ holds, which
contradicts to the event Gy,

Therefore, for ¢t > Ny := max (N, Ny a(e)', Nk, N'), where Nk in Lemma 16, it holds

10(K — 1)

_Vi=1
(EQ) < KC, logt (CC*KQ logt 3

) = k(g b,n,t).
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Hence, there exists some constants Cr(7j, pt, b, €) < oo such that

oo Vi
Z S N (B < No+ Z Z \[
T=1t=T+1 n=1 T= N0+1t T+1
_vi-1t 10(K -1
+ Z Z KC*logt<\/ECC*K210gt+O(2)>
T=No+1t=T+1 2Vt
< No+ Cg(7j, p, b, €). (38)

F.2.3. CONCLUSION
By combining (36) and (38) with (34), we obtain

DR ED S S Z (D1) + (E1)

T=1t=T+1 T=11=T+1 n=N,(T+1)
< No + Cp(mj, i, b,€) + Cg(mj, p, b, €)
=: C(mj, u, b, €) < o0,

which concludes the proof. n

Appendix G. Proof of Theorem 3: Sample complexity

Here, we derive the upper bound on the sample complexity of BC-TE.
Before beginning the proof, we first provide a technical lemma provided in Garivier and Kauf-
mann (2016).

Lemma 18 (Lemma 18 in Garivier and Kaufmann (2016)) For every a € [1,§], for any two

constants c ,sz > O,

is such that c1x > log(cox®).
Next, we define a set of bandit instances S for any € > 0 as follows:
S=S8e):={p [0 —p| <e},

where p denotes the true mean reward vector. For any ¢ # 1, if g/ € S, we have the following
inequality:

Y € Sic s T fi(wi ) < fiwi i) < (1+ ) fiws ), (39)

From the relationship in (21), (39) is equivalent to

1
Vw € X+ ———g(w; ) < g(w; p') < (14 €)g(w; p)

1+e€
1
Vo € [0,1] : ?kz’(!ﬁ;ﬂ) < Ki(z;p) < (14 e)ki(as p)
€
Vz e [0,1] : hi(z;p) < hi(z;p') < (1 + €)hi(z; ).

1+e
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Notice that that for any ¢ > Tz, f1(t) € S holds from the the definition of 7z in (9).
Therefore, we can assume

1 =z ¥ () z
< ! 1 — 40
TFel—z STz =915 40
1z zi(1)
<= 1 . 41
l+el—z =~ 1—2z(p) — = +)1—z 10
and for ¢ > Tz and the definition of a challenger at round ¢, j(t) in (8),
T1e m;rllfz(a: i) < fjw (@) < (1+¢€) mmfz(a: B (42)
Notice that (42) provides
1
T e gl;nk: (s ) < Ky () < (1+€) mlnk: (x; ). (43)
Since ¢ f;(w'; p) = (N1(t) + N;(t))hi(2%; p) holds from their relationship in (21) and 2! = #ﬁwt,
1 7

(42) also implies that
1
min( N1 (t) + Ni(t)hi(2; 1) < (N1 () + Ny ()i (Zays 1)

1+e€ i#1
<(1+¢) r&i]la(Nl(t) + N;())hi(2f; ).

From the concavity of the objective function, we have the following result, whose proof is provided
in Section G.3.

Lemma 19 Forany i # 1, tf;(w'; p) is non-decreasing with respect to t € N.

Proof of theorem 3 We first introduce a positive increasing sequence (G, )men and let ¢, be the
first round where tg(w?; u) > G, holds, which is defined as

Y, :=inf{t € N>p, : tg(w'; u) > G}

Notice that Lemma 19 ensures ¢, < 9,41 for any m € N since tg(w'; p) = t min;z; fi(w'; p)
is non-decreasing.

For notational simplicity, g denotes the value of the objective function g(w; ) at w = w
defined in (23). Then from (21;

Vi#1:g=wiki(w;/wy; p) = (wy +w;)hi(z;; p). (44)
Here, we set G to satisfy

Vi € [K] N; (TB) < Gl. 45)

| 1§

Then, the stopping time 75 can be written as
= inf{t € N: tg(w'; iu(t)) > B(t,9)}

< inf{t € NZTB : tg(l’w_’_eu) > 5(t 5>}

1

§T3+1nf{wm : ?Gm ZB(@Dm,cS),mEN}. (46)

To find the upper bound of the stopping time, we require the relationship between G,,, and ,,,. To
do this, we first derive the bounds on the number of plays N;(t).
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G.1. Bounds on the number of plays

Here, we aim to derive the upper bounds on N;(t) for ¢ € [, m+1) and for any i € [K].

For t > Tg, only m(t) = 1 occurs. Therefore, an arm i # 1 is played either when TE occurs or
when j(t) = ¢ and d(f;(t), f11,(t)) > d(fu1(t), f11,:(t)) for t > Tg. Thus, if j(t) # ¢ holds for all
t € [Ym,¥m+1), then

Ni(wm—&—l) - Nz(wm) + Mi,m7

where M; ,,, denote the number of the arm ¢ being played by TE during [, ¥y,41), Which is

w'm+171

t=Ym

The latter condition can be rewritten as j(¢) = i and 2} < z¥(f1(t)) from the definition of 2} in (20).
For notational simplicity, we denote 2 (f1(t)) and z;(f1(t)) by 2}, and 2, ,, respectively.

(1) Upper bound for the second-best arm Firstly, let us consider the second-best arm j*(v),
which is assumed to be the arm 2 in this chapter. It should be noted that the second-best arm may
not be unique. Then let us define a partition of Q,,, := [V, YUm+1)

w
Q1) = {1 € s tsn) : a(8) < G|
w
Q2) = {t € [ bmsn) : Ni(t) > ;Gmﬂ} .
Then, we define €; = €1(€, Gp+1/Grm) > € to be a constant satisfying

Wo Gm+1 g
1 N > — = 4
ka2 <( +61)w1aﬂ> = G w 47)

Here, one can see that e; — 04 as € — 0 and GGLTII — 14 from (44). Then we will show that if
No(t) > N' = (1+ 61)%Gm+1, then i(t) = 2 holds only when TE occurs.

(1-i) When ¢ € (Q1) In this case,

No(t) > N' = (14 1) 2GC = (1 + 1) 22LG,
9 wy g
Wa
>(1+ el)w—Nl(t) e (Q1)
Wy
=(14e) 1 £ Ny (t) by definition of w in (23)
=(1+4+¢€) T Ni(t) by definition of z in (22)
)
Zs,t
> — N (). by (40) and €; > €
1 - Z2,t

This implies that for ¢t € (Q1), if No(t) > N’, then 24 > 23, holds. Therefore, only i(t) = 1
happens unless TE occurs.
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(1-ii) Whent € (Q2) From the relationship between f; and k; in (21), one can see that ¢ f; (w'; p) =
Ny (t)ki(wt/w!; ). Therefore, one can extend Lemma 19 to show that yk; (c/y; p) is non-decreasing
with respect to y > 0 for fixed ¢ > 0 and any 7 # 1. Recall that the k;(x; p) is a strictly increasing
function with respect to x > 0. Then we can obtain that

Ni(t)k2 (%ﬁggw) > Ni(t)ks <Z\%§M>

Wy / Q
>Gmn—ky [N ; ot 2
> G g 2 ( G M) € (Q2)

mWi

— G Pk <(1 +61)w2;u>
g wy
%Gm—kli

> G
fal mg Gm Ql

by definition of €; in (47)

- Gm+17

which contradicts the assumption ¢ € (Q2).

(1-iii) Conclusion Therefore, for any t € Q;,,
{1+ a6} — G0 22,
which directly implies that
No(t) < max (Ng(wm), (1+ m?am) + My .

Here, from the definition of G; in (45), Ny(t) < %Gl holds for all ¢ < 11, which implies that
No(thm) < (1+ eﬂ%Gm + My . Therefore, for aﬁy t € [Vm, Vm+1)s

Ng(t) S (1 + 61)%Gm + MQ(¢m+1)

where M;(¢Ym41) = Yoo M, for any i € [K].
Here, let use define a random variable Mp = Z,f:TB 1Me(t)] = S5, S M;,,, which
satisfies E[M7] < oo by Lemma 11. Then we can set G, sufficiently large to satisfy

Gm Z gMTv
€

which directly implies that
w €
No(t) < (1+ el)j?Gm + ;Gm. (48)



SUPPLEMENTARY MATERIAL FOR BC-TE IN BAI

(2) Lower bound for the optimal arm For any ¢ € (), it holds that

G < N:(1) min k (Ni(t) ;u>

iF£ Nl(t)
= Igéi{l(Nl(t) + Ni(1)hi(zj; 1) by (21)
< (N1(t) + Na(t)ha(z5; p)
< (N1(t) + Na(t)) ho(29; 1) by zp = 23

_ M)+ N2(t)g'

by (44
w, 1w, y (44)
Therefore, for t = 1,,, the upper bound of N(1)y,,) in (48) provides

wy +M2G
m

N1(¢m) > — (1 + 61)%Gm - ECTYm

Since N (t) is non-decreasing from its definition, for any ¢ > 1,

Ni(t) > PG — 12 — S (49)
g g g

(3) Upper bound on the challenger arms Based on the results obtained in (1) and (2), we will
derive the upper bound of N (t) fort > Tg. For t € Q, it holds that

. N;(t)
< = :
Gm < Ni(t) Igénla k; (Nl ok ,u> < Gyt

Since j(t) = argmin;_; f;(w'; fi(t)), by using (43), one can obtain that

1 it (@) Ni(t) .
el ( N (2) 7”) e <N1<t>’“‘>'
Then, by (49)

N1 (t) min k; (N(t) u) Lo )kje) (J\][V( )g);u)

i#1 (t) 1+e€
> _— — .
T lt+eyg (w1 — ey = ks ( - 61w2 — e)G ,,u) ’
which implies
9N;) (@) Gt g
k.. = . 1 J
7 <(w1—61w2— )Gm’u <(+9 G Wy —€ewy —€

This directly implies that

N.in(t
() (t) <l <(1 n E)Gerl g §H>

(wy — 1wy — €) Gy
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where [; is the inverse function of k; defined in (19) and €2 > ¢€; is a constant such that e — 04 as
e — 04 and m+1 — 14. Then, we have for any ¢ € @, that

w.
Ny (t) < (1+ 62)%“)0,%

In other words, if there exist s € (), such that

N( ) (1 + 62) Gm,

= |IE

then only j(s) # 1 occurs for t € [s,1,41), which implies that such arm ¢ will be played only
when TE occurs until ¢,,, 1. Therefore, fort € Q,,

Ni(t) < max (Niwm, 1+ ez>“g’iem> M
<(1+ ez>%am + My($ms1)

w; €
<(1+6)=Gp+ —Gp
9 9

(4) Upper bound on the optimal arm Here, let us assume that there exists t € @Q,,, such that
Ni(t') > 1+ e)(1+ Eg)le . If there exists no such t/, then one can directly obtain that
N(t) < (1+e)(1+ 62) é forall t € Qpp,.

Since N (t) < (1 + €)= t) G, holds from (G.1), then for any ¢ € [t/, ¥y, 41)

Nj(t) ) _ 1 Wiw_ 1 Ze
Nl(t) 1+e wy 1+61_§j(t)

Z.
< S0t by (41)
L=z

which implies that z¢ i < Zi), : < ( )t Since BC-TE plays the optimal arm 1 if z;(;) ; > 27 i
only i(t) = j(t) is possible unless TE occurs until ¢, 1. Therefore, for ¢ € @Q,,, it holds that

t),t°

w
Ni(t) < max (Nl(wm), (1+e)(1+ eg)gle> + Mim
< (1 + 6)(1 + 62) 7 Gm + Ml(wm_ﬂ)
w €
< (1+€)=Gn + —Gm,
g g
where €3 is a constant such that (1 + €)(1 + e2) = 1 + €3. One can see that e3 — 0 as € — 04 and
Gm+1
—= = 1.
Gm +

(5) Conclusion In summary, for any ¢t € [y, ¥m+1), the results in (1)—(4) imply that for any
i€ K]

Ni(t) < (1+ G+ G 50
() <( 63)g g (50)
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G.2. Sample complexity

From the upper bound on the number of plays for each arm in (50), for any m € N,

ZN wm <Z +63 71Gm—|— G
=1
Ke

1
=(1+e)-Gn+—Gn,
9 9
which implies that

_ Gm Gom.
(1 + €3 + KE) B

Therefore, the stopping time 75 in (46) can be written as

STB+1D£{¢m'1+€(1—|—53+K6) ﬁ(¢m,5)}

<Tp + inf {wm : (1gfi4) > log (CZS“) } ,

1
75 < Tp + inf {wm : 17 @Z}ma }
>

for some €4 > €3 satisfying €4 — 04 as € — 04 and Gé”il — 14 and constants C' and « € [1,¢e/2]
considered in Section 2.3. Then, by Lemma 18

Ce C
75 <Tp+ 3(1 + 64) [log ((1 + 64) 5) + loglog <(1 + 64)aéga>:| :

Therefore, by taking expectations, we can obtain that

. E[7s] a(l + )
lim su <
50T log(1/0) — g

since E[T'5] is finite from Theorem 2. Letting ¢ — 0 and setting m+1 — 1 conclude the proof. W

G.3. Proof of Lemma 19: Non-decreasing objective function
Proof of Lemma 19 From the relation with f; and h; in (21), we can rewrite the function ¢ f; (w?; )
as
N;(t) , u)
Ni(t) +Ni(t) )

Recall that h;(z; p) is a concave function with respect to z € [0, 1] and h;(0; ) = h;(1; 1) = 0
for any ¢ # 1. For any ¢ # 1, let us consider three possible cases (1) i(t) = 1, (2) i(t) = ¢, and (3)
i(t) ¢ {1,4}.

i (ws 1) = (N1 () + Ni(0)h (
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(1) When the optimal arm is played When i(¢) = 1 holds, for any ¢ # 1

(4 DA = (900 + N0 + Dl (5 3 514

From the concavity of h;, we obtain that

Ni(t) S\, N;(t) Ny(t) + Ny(t)
& (M(t) +Ni(t) + 1”“‘) i <N1<t> YN M0 + N + 1’“)
Ni(t) + Ni(t) h,< Ni(t) >
=N+ N+ LA\ N+ V)
1
AT ES AT 170 ),
which implies
10+ Nl0) + O (- e 1)

> (1) + MO (- ki) = (')

This concludes the case when i(t) = 1.

(2) When the suboptimal arm is played When i(¢) = ¢ holds,

(4 D) = (Ni0) 4 80+ 0 (- O ).

By the concavity, again, we obtain that

' N;i(t)+1 '
i (m(t) +Ni(8) + 17“>

h'< Nl(t) Nl(t)+ ]
U \NL(t) + Ni(t) No(t) + Ny(t

Ni(t) + Ni(t) N;i(b) 1
RRUEROR <N1<t> +Nz<t>’“> R TORD O RS
_ i)+ Ni(t) h, ( Ni(t) ;u> |

Ni(t) + Ni(t) +1 " \ N1 () + Ny(t)

which concludes the case when i(t) = i.

(3) When the other suboptimal arms are played When i(¢) ¢ {1,:}, N1(t + 1) = Ny(¢) and
N;(t + 1) = N;(t + 1) holds. Therefore, (t + 1) fi(w'™!; u) = t f;(w?; u) holds, which concludes
the case when i(t) # 1, 1. [
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