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Abstract

In the area of data analysis and arguably even in
machine learning as a whole, few approaches have
been as impactful as the classical k-means clus-
tering. Here, we study the complexity of k-means
clustering in settings where most of the data is
not known or simply irrelevant. To obtain a more
fine-grained understanding of the tractability of
this clustering problem, we apply the parameter-
ized complexity paradigm and obtain three new
algorithms for k-means clustering of incomplete
data: one for the clustering of bounded-domain
(i.e., integer) data, and two incomparable algo-
rithms that target real-valued data. Our approach
is based on exploiting structural properties of a
graphical encoding of the missing entries, and we
show that tractability can be achieved using sig-
nificantly less restrictive parameterizations than
in the complementary case of few missing entries.

1. Introduction

k-means clustering is a fundamental task in machine learn-
ing and data analysis, one that has been the focus of exten-
sive empirical as well as theoretical research. In general, the
aim in k-means clustering is to partition the rows in an input
matrix A into k clusters and compute one center per clus-
ter so as to minimize the within-cluster sum of squares—or,
when viewed as a decision problem, achieve a within-cluster
sum of squares of at most a specified target value ¢. De-
pending on the setting, A could be real-valued (Lloyd, 1982;
Moshkovitz et al., 2020; Fomin et al., 2021) or contain
integers from a bounded domain; for instance, Fomin et
al. (Fomin et al., 2018) studied the case where A was binary,
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and Ganian et al. (Ganian et al., 2018) the bounded-domain
case where ¢ = 0.

It is well known that k-means clustering is NP-complete,
even when restricted to k£ = 2 clusters (Drineas et al., 2004,
Aloise et al., 2009). On the theoretical side, a prominent
approach used to circumvent such lower bounds is the use
of the parameterized complexity* paradigm, which provides
a more fine-grained look into the complexity of problems.
Since its inception, parameterized complexity has been suc-
cessfully applied to a multitude of problems relevant to
machine learning and artificial intelligence such as, e.g.,
Bayesian network learning (Ordyniak & Szeider, 2013;
Griittemeier et al., 2021; Ganian & Korchemna, 2021), inte-
ger linear programming (Ganian & Ordyniak, 2018; 2019;
Dvorék et al., 2021), principal component analysis (Si-
monov et al., 2019; Dahiya et al., 2021), and of course
clustering (Cohen-Addad et al., 2018; Fomin et al., 2018).

Apart from classical clustering problems, one direction that
has been gaining traction in recent years is the study of
clustering in settings where some of the data is not known
or simply irrelevant—a task that essentially combines data
completion with clustering (Wang et al., 2019). Indeed,
several authors have studied the parameterized complexity
of various clustering problems for data with missing en-
tries (Ganian et al., 2018; Koana et al., 2020; 2021; Eiben
et al., 2021b), and Eiben et al. (Eiben et al., 2021a) ob-
tained a fixed-parameter approximation algorithm specif-
ically for (k-)MEANS CLUSTERING WITH MISSING EN-
TRIES (MCME).

While their approaches and techniques differ, all of these
works target the case where nearly all entries are known, i.e.,
where the unknown entries only occur in a precisely defined
“sparse” way. On the other hand, very little is known about
the complexity of MCME when the number of unknown
entries is large; such situations are of practical relevance
in, e.g., recommender systems and predictive analytics. For
example, in the classical Netflix Prize challenge where the
task was to predict user ratings for movies based on previous
ratings, only about 1% of the user-movie pairs were orig-
inally supplied with a rating.> The central mission of this

2See Preliminaries for a brief introduction.
3The dataset is available at ht tps: //www.kaggle . com/
netflix—inc/netflix-prize-data.
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article is to push the boundaries of tractability for MCME
to instances where known entries are sparse.

Contribution. A natural approach for handling instances
of MCME with many missing entries would be to invert
the parameterizations that have been developed for tackling
instances where almost all entries are known. For instance,
Eiben et al. (Eiben et al., 2021b) and Ganian et al. (Ganian
et al., 2018) obtained several fixed-parameter clustering
algorithms by using a parameter called the covering number,
which is the minimum number of rows and columns needed
to cover all the unknown entries. Equivalently, if we use
an auxiliary binary matrix W (the mask) to specify which
entries of A are relevant/known, the covering number is
simply the minimum number of rows and columns needed
to cover all the 0’s in W. It would be tempting to instead
parameterize by the number of rows and columns needed to
cover all the 1’s in WW; such an “inverse covering number”
would lead to fixed-parameter algorithms targeting instances
where all known entries occur in a few columns and rows.

However, we show that in our setting it is in fact possible to
do much better than that. Our approach is based on using
the incidence graph representation of W, which is the graph
containing one vertex for each column and for each row
of W and where an edge connects row a with column b if
and only if W{a, b] = 1. Observe that the inverse covering
number considered in the previous paragraph would simply
be the size of a minimum vertex cover in W, while the cov-
ering number is the size of a minimum vertex cover in the
complement of WW. It is worth noting that in graph-theoretic
settings, the size of a minimum vertex cover is considered a
highly restrictive parameterization, one that is used primar-
ily when more desirable parameterizations fail. On the other
hand, the by far most prominent parameter used for graphs
is treewidth (Robertson & Seymour, 1984), which has found
ubiquitous applications throughout computer science and
which is smaller (i.e., less restrictive as a parameter) than
the size of a minimum vertex cover. As our first result, we
use the treewidth of the incidence graph of the mask W (the
incidence treewidth) to prove:

Result 1: Bounded-domain MCME is fixed-parameter
tractable when parameterized by the incidence treewidth
of the mask.

Result 1 is noteworthy not only due to the use of treewidth
instead of the inverse covering number, but also because
incidence treewidth is the only parameter required to achieve
tractability. In particular, unlike previous algorithms for
clustering incomplete (bounded-domain or real-valued) data
by Eiben et al. (Eiben et al., 2021a;b), Ganian et al. (Ganian
et al., 2018), and Koana et al. (Koana et al., 2020; 2021),
Result 1 can also be applied to instances where the number
k of clusters is large. As we will see later, we will be able

to retain this benefit in all our algorithms.

Unfortunately, an extension of Result 1 towards real-valued
instances seems difficult at this point. Indeed, a fixed-
parameter algorithm for real-valued MCME parameterized
by the incidence treewidth of the mask would imply, as a
special case, fixed-parameter tractability parameterized by
the number d of columns. However, the existence of a fixed-
parameter algorithm even for k-MEANS (corresponding to
the restriction of MCME where all entries are known) when
parameterized by d is a long-standing open problem dating
back to Inaba et al.’s celebrated XP algorithm parameterized
by k + d (Inaba et al., 1994).

Instead, we show that one can obtain fixed-parameter al-
gorithms for real-valued MCME by using the treewidth of
a different graph representation of W. In particular, we
use the primal graph—a well-established counterpart to the
incidence graph representation in settings such as Boolean
satisfiability (Samer & Szeider, 2009), constraint satisfac-
tion (Samer & Szeider, 2010) or integer programming (Ga-
nian & Ordyniak, 2019). In our context, the primal graph of
W contains a vertex for each row of W, with edges connect-
ing pairs of rows that share at least one coordinate which
is known/relevant according to the mask, and the primal
treewidth is simply the treewidth of this graph.

Result 2: Real-valued MCME is fixed-parameter tractable
when parameterized by the primal treewidth of the mask.

Note that, due to the nature of the primal graph represen-
tation, the primal treewidth is a more restrictive parameter
than the incidence treewidth (in the sense of being bounded
on fewer classes of instances). In fact, the primal treewidth
of a mask may in certain cases be unboundedly large even
when its incidence graph is just a tree. It would hence be
useful to also have an algorithm for real-valued MCME
that can exploit properties of the incidence graph, even for
properties that are more restrictive than incidence treewidth.

However, the same obstacle towards extending Result 1 to
the real-valued setting also applies to all traditional struc-
tural parameters that are, intuitively, based on small vertex
separators in the graph—including pathwidth (Robertson &
Seymour, 1983), treedepth (Nesetril & de Mendez, 2012),
the feedback vertex number e.g., (Mertzios et al., 2020) and
even the vertex cover number e.g., (Gaspers & Najeebullah,
2019; Fellows et al., 2018), which is the most restrictive ver-
tex separator based parameter. In spite of this, as our third
and final result we identify a parameter of the incidence
graph that yields fixed-parameter tractability of real-valued
MCME: the recently introduced local feedback edge num-
ber (Ifen) (Ganian & Korchemna, 2021). On a high level,
Ifen can be seen as an edge-based restriction of treewidth,
and as a less restrictive parameter than the edge deletion
distance to acyclicity (i.e., the feedback edge number).
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Result 3: Real-valued MCME is fixed-parameter tractable
when parameterized by the local feedback edge number of
the incidence graph of the mask.

We note that the parameters used in Results 2 and 3 are
orthogonal and the gap between them may be arbitrarily
large. Because of this, both results are incomparable and
give rise to different tractable classes for the problem.

Statements where proofs or details are omitted due to space
constraints are marked with x. A full version of the paper
containing all proofs and details is provided in the appendix.

2. Preliminaries

For an integer 4, we let [{] = {1,2,...,4} and [i]o = [i] U
{0}. On the other hand, if p is an equivalence relation on
domain X, we denote by [p] the set of equivalence classes
of p and by |[p]| the cardinality of [p], i.e., the number of
equivalence classes of p. For every x € X, [z], € [p] is the
equivalence class containing .

Notation and Problem Formulation. Let A be a matrix
with n rows and d columns. We use V4 and C'4 to denote the
set of row and column indices of 4, i.e., V4 = [n]and Cy =
[d]. Let M4 = maxyey, maxeec, |Alv, c]|. For two ma-
trices A, B, we denote by A — B the entry-wise subtraction
of the two matrices, i.e., (A — B)[4, j| = A[i, j] — Bli, j],
and similarly by A o B the entry-wise product of the two
matrices, i.e., (A o B)[i,j] = A[i,j] - Bli,j]. For a ma-
trix A € R"*4 we denote its squared Frobenius norm by
I|A|[Z =30, Z?:l Ali, 7]2. We can now formalize our
problems of interest (abbreviated as MCME):

MEANS CLUSTERING WITH MISSING ENTRIES

Input: Matrix A € D"*¢ over a domain D C R,
binary matrix W (the mask), integers k and .
Determine if there exists a matrix B over D

containing at most k distinct rows such that
W o (A-B)|E <L

Task:

We distinguish between BOUNDED-DOMAIN MCME and
REAL-VALUED MCME depending on whether D = [z]g
for some fixed integer z, or D is the set of reals. In par-
ticular, for z = 1 this coincides with BINARY k-MEANS
CLUSTERING (Fomin et al., 2018). In this case, minimizing
the Frobenius norm also minimizes the sum of Hamming
distances for each row to its cluster center. Using the Frobe-
nius norm also for z > 1 is not only consistent with the
continuous case, but also allows us to capture further appli-
cations, e.g., when the data matrix to cluster is composed of
user ratings each taking a small numeric value. While we
state MCME as a decision problem for complexity-theoretic
reasons, every algorithm presented here is constructive and
can output a solution matrix B if one exists.

In this formulation, the distinct rows of B are the centers of
the sought-after clusters while / is the target upper-bound
on the sum of squares. For V' C V4, we call a mapping
v : V' — [k] a cluster-assignment w.r.t. B if for every
v1,v2 € V' such that ¢(vy) = ¢(v2), it holds that Blv;] =
Bluvsy]. Notice that the existence of a cluster assignment
w.r.t. a matrix B’ implies that B’ has at most k distinct rows.
The clusters associated with ¢ are then sets of the form
{veV|ep) =i} forsome i € [k].

In our algorithms, we often construct the solution matrix
dynamically by “merging” smaller matrices; we formalize
this procedure below. Let { B; | i € [m]} be a set of matrices,
where each B; has row labels V;, column labels C; and is
associated with a cluster-assignment ¢; : V; — [k] and the
following two consistency conditions hold:

o 0;(v) = ;(v) foreveryv € V; NV}, 4,5 € [m],

o if ;(v;) = ¢;(v;) for some v; € V; and v; € V}, then
B;v;, ¢] = Bjlvj, c] forevery c € C; N C}.

Let o = Uie[m} ©i. We define the composition of (B;, ¢;),
i € [m], to be the matrix B* with row labels V' = ;¢ (,,,; Vi
column labels C' = Uie[m] C'; and entries as follows. For
every v € V and ¢ € C, pick any i € [m] such that ¢ €
C; and there exists v; € V; with p(v;) = p(v). We set
B*[v,¢;] = Bj[vi,¢;]. If there is no such ¢ € [m], we
simply set B*[v, ¢] to some arbitrary but uniform default
value—in our case, we will always use 0. Observe that if
both consistency conditions hold, then both B* and ¢ are
well-defined and that ¢ is a cluster-assignment w.r.t. B*.

Parameterized Complexity. In parameterized algorith-
mics (Downey & Fellows, 2013; Cygan et al., 2015), the
running-time of an algorithm is studied with respect to a
parameter k € Ny and input size n. The basic idea is to
find a parameter that describes the structure of the instance
such that the combinatorial explosion can be confined to this
parameter. In this respect, the most favorable complexity
class is FPT (fixed-parameter tractable), which contains all
problems that can be solved in time f(k)-n®M), where f is
a computable function. Algorithms with this running-time
are called fixed-parameter algorithms.

Sparse Matrices. It follows from definition of MCME
that entries of the input matrix A and the target matrix B
are only relevant when the respective entry of the mask
W is set to “1”. We thus assume that only those entries
are stored explicitly; in particular, the size of the input is
therefore linear in the number of non-zero entries of W. All
the structural parameters in our considerations automatically
imply that the mask W is sparse, in the sense that it has at
most Ok (n + d) non-zero entries, where the constant under
Ok (+) depends on the respective parameter k. All algorithms
in this paper except one are linear-time in the number of
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non-zero entries of the mask, and the above allows us to
state their running times in the form (n + d) - f(k), where
f is a certain function of the respective parameter k.

Treewidth. A nice tree-decomposition T of a graph G =
(V, E) is a pair (T, x), where T is a tree (whose vertices
we call nodes) rooted at a node r and x is a function that
assigns each node ¢ a set x(t) C V such that:

* For every uv € E there is a node ¢t where u, v € x(t).

* For every vertex v € V, the set of nodes ¢ satisfying
v € x(t) forms a subtree of 7.

o |x(€)] = 1 for every leaf £ of T and |x(r)| = 0.
* There are only three kinds of non-leaf nodes in 7"

— Introduce node: a node ¢ with exactly one child
t’ such that x(¢) = x(t') U {v} for some vertex
v Xx(t).

— Forget node: a node ¢ with exactly one child
t’ such that x(t) = x(¢') \ {v} for some vertex
v e x(t).

— Join node: a node ¢t with two children ¢1, ¢5 such
that x () = x(t1) = x(t2).

The width of a nice tree-decomposition (7,x) is
max;cy (7 (|x(t)] — 1), and the treewidth of the graph
G, denoted tw(G), is the minimum width of a nice tree-
decomposition of G. We let T; denote the subtree of
T rooted at a node ¢, and we use X% to denote the set
Usevr,) X(t'). The sets x(t) are commonly called bags.

Fixed-parameter algorithms are known for computing nice
tree-decompositions of optimal width and linearly many
nodes (Bodlaender, 1996; Kloks, 1994), albeit more efficient
fixed-parameter approximation algorithms are often used to
achieve better running times (Bodlaender et al., 2016).

Local Feedback Edge Number. The local feedback
edge number was recently introduced by Ganian and Ko-
rchemna (2021) as an edge-cut based restriction of treewidth
that acts as a “local” measure of the size of a feedback edge
set; they used the parameter to obtain fixed-parameter algo-
rithms for learning Bayesian networks and polytrees.

For a connected graph G = (V,E) and a spanning
tree T of G, the local feedback edge set at © €
V is defined as EL (z) = {yz € E\ E(T) |
the unique path between y and z in T contains z:}. The lo-
cal feedback edge number of (G, T) (denoted lfen(G,T'))
is then equal to max,ey |EL ()|, and the local feedback
edge number of G is simply the smallest local feedback
edge number among all possible spanning trees of G, i.e.,
Ifen(G) = ming i a spanning tree of ¢ Ifen(G, T'). An example
of a graph G with lfen(G) = 2 is provided in Figure 1.

Figure 1. Example of a graph GG with the spanning tree 7' (marked
in thick red) such that lfen(G) = lfen(G, T") = 2. The feedback
edge number of G, i.e., its edge deletion distance to acyclicity,
is exactly the number of black edges and can be made arbitrarily
large in this fashion while preserving lfen(G) = 2.

3. Solving Bounded-Domain MCME by
Exploiting the Mask

Since  BOUNDED-DOMAIN  MCME  is NP-
complete (Drineas et al., 2004; Aloise et al., 2009),
it is natural to attempt and circumvent this lower bound
by exploiting structural measures of the inputs to obtain
fixed-parameter tractability. Eiben et al. (Eiben et al.,
2021a) recently obtained a fixed-parameter approximation
algorithm for BOUNDED-DOMAIN requiring the simulta-
neous parameterization by three measures: the number of
clusters, the desired approximation ratio, and a technical
measure that captures the sparsity of the missing data (i.e.,
the “0” entries in WW).

In this section, we will present a fixed-parameter algorithm
for BOUNDED-DOMAIN MCME which is aimed at the com-
plementary case where the relevant data is sparse. To formal-
ize this, we consider the incidence graph representation Gy
of W which is defined as follows: V(G|) = Viy UCw, and
E(Gyr) = {ab|a € Viy,b € Cw,W]a,b] = 1}. Figure 2
later on can also be used as an example of the representation.

Intuitively, each “1” entry in W will correspond to an edge
in GG, and hence “structurally sparse” incidence graphs
correspond to settings where most data is unknown. There
is a well-studied hierarchy of structural graph parameters
which measure, in a certain sense, the sparsity of graphs
(see, e.g., Figure 1 in (Bodlaender et al., 2013)). Treewidth
will be our parameter of choice here, as the best known
and also most general parameter in this hierarchy. How-
ever, it is worth noting that the use of the incidence graph
may provide a new perspective on previous algorithms for
clustering problems—for instance, the so-called covering
number parameter (Ganian et al., 2018; Eiben et al., 2021b)
is simply the vertex cover number of the complement of G7.

The main goal of this section is to establish the fixed-
parameter tractability of MCME parameterized by tw (G ).
As a first step towards this goal, we obtain a dynamic pro-
gramming algorithm that handles the simpler case where k
is also part of the parameterization.

Theorem 1. BOUNDED-DOMAIN MCME is fixed-
parameter tractable when parameterized by k + tw(G).
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Proof. We begin by applying the well-established 5-
approximation algorithm for treewidth (Bodlaender et al.,
2016) to compute a nice tree-decomposition of G of width
q < 5tw(Gr) in time 20 (G0) (n 4 d). Let r be the root
of T. Given a node t of T, let V; and C; be the sets of
vectors and coordinates in y(¢), respectively. Moreover, let
Cti and Vti be the restrictions of Xti to sets of coordinates
and vectors correspondingly.

To prove the theorem, we will design a leaf-to-root dynamic
programming algorithm which will compute and store a set
of records at each node ¢ of T', whereas once we ascertain
the records for r we will have the information required to
output a correct answer. Intuitively, the records will store
the cluster centers restricted to the coordinates that appear
in the bag, the partition of the vectors in the bag into clusters
and the sum of minimum distances from vectors in V;l to
the cluster centers along the coordinates in Cf .

Formally, the records will have the following structure. We
call a pair (cent, part) a snapshot in t if the following holds:

e cent: [k] x Cy — D,
e part : Vi — [k].
Let S(t) be the set of all snapshots of ¢. The record R, of ¢

is then a mapping from S(t) to the set R™ of non-negative
reals. Observe that |S(t)| < |D[FatDEa+1,

To introduce the semantics of our records, let 3; be the set
of all matrices with row labels V?, column labels C’ti and
entries of domain D. Let B; be a matrix in B;. We define
the partial weighted distance from B, to A in t as follows:

pwd(By,t) = Y > Wlv,d - (Alv,d — Bifv,])*.

veEV ceCt

For B, € B;, we say that (cent, part) € S(t) is the snap-
shot of By in t if there is a cluster-assignment ¢ w.r.t. By
such that the following conditions hold:

* part = ¢ly,,
« for every ¢ € C; and v € V', Biu,d =
cent[p(v), c].

Recall that the existence of a cluster-assignment implies, in
particular, that B, has at most k£ distinct rows. We are
now ready to define the record R;. For each snapshot
(cent,part) € S(t), we set R¢(cent, part) = 7 if there
exists By € B, such that:

* (cent, part) is the snapshot of B; in ¢,
e pwd(By,t) = 7, and

* VB, € B; such that (cent, part) is the snapshot of Bj,
pwd(Bj,t) > 7.

In this case we say that B; wimesses R (cent, part) = 7.

Recall that for the root r, we assume x(r) = ). Hence S(r)
contains only one element (0, #), and R,.(0, ) is equal to
the minimum value of ||W o (A — B)||% that can be achieved
by any matrix B with entries of domain D containing at
most k distinct rows. In other words, the instance is a YES-
instance if and only if R,.(0, §)) < £. To prove the theorem,
it now suffices to show that the records can be computed in
a leaf-to-root fashion by proceeding along the nodes of 7.

We distinguish the following cases:

t is a leaf node. Let x(t) = {v} where v is a vector.
By definition, S(t) = {(0, part)|part : [1] — [k]} and
R:(0, part) = 0 for every (), part) € S(t) as there are no
coordinates to sum over. Let x(t) = {c} for some coordi-
nate c. Then S(t) = {(cent, 0)| cent : [k] x [1] — D} and
R (cent, @) = 0 for each (cent, @) € S(¢).

t is a forget node. Let ¢’ be the child of ¢ in T" and x(t) =
x(t') \ {v} for some vector v. We set R?(cent, part) :=
min; e Ry (cent, part U(v, 7)) for each (cent,part) €
S(t). For correctness, it will be useful to observe that
By = By. If Ri(cent, part) = 7, then there exists a ma-
trix B; which witnesses this. But then B; also admits a
snapshot (cent, part U(v, 7)) at ¢’ for some i € [k] and wit-
nesses Ry (cent, part U(v,4)) < 7. So in our algorithm
RY(cent, part) < Ry (cent, part U(v,i)) < 7. If on the
other hand RY(cent, part) = 7, then there exists a snap-
shot (cent, part U(v,4)) at ¢’ for some i € [k] such that
Ry (cent, part U(v, 7)) = 7. R¢(cent, part) < 7 now fol-
lows from the existence of a matrix witnessing the value
of Ry (cent,part U(v,4)). Hence, we can correctly set
Ri =RY.

If x(t) = x(t') \ {c} for some coordinate ¢, we set
R (cent, part) equal to min{R (cent’, part)| cent is a re-
striction of cent’ to all coordinates except c}. Correctness
can be argued similarly to the case of a forgotten vector.

t is an introduce node (introducing a vector). Let ¢’ be
the child of ¢ in T" and let x (¢) = x(¢') U{vo} for some vec-
tor vg. Fix a snapshot (cent, part) in S(¢), let i = part(wvo)
and part’ = part \(vg, ). We will denote by A the sum
of distances from vy to the ¢-th cluster center along the co-
ordinates in Cy, i.e., Ag = > ., Wvo, c] - (Afvo, c] —
centli, c])2. We set RY(cent, part) = Ry (cent, part’) +
Ay. For correctness, assume that RY(cent, part) = 7 =
Ry (cent, part’) + Ag. Construct a matrix B; from the
witness By of Ry (cent, part’) with a cluster-assignment
¢’ by adding a new row with a label vy as follows. If

1 = ¢'(v) for some v € Vj, we set Bi[vg] = Bifv].
Otherwise we define B;[vg,c| := cent[i, c] for ¢ € C;
and B;[vg, c] := 0 in the rest of coordinates c. Note that

in both cases B:[vg,c] = centli, c] for every ¢ € Cy: in
the second case it follows from the definition, while in
the first one we have B;[vg, ¢] := Bi[v,¢] = By[v,¢] =
cent[¢'(v), ¢] = centli,c]. The matrix By with a cluster-
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assignment ¢ = ¢’ U (v, %) has a snapshot (cent, part)
in ¢t and pwd(By, t) = Zvevﬁ ZCeC# Wiv, ¢ - (Alv, ] —
Bi[v,c])? = pwd(By, t') + Ece()j Wlvg, ] - (Alvg, c] —

Bi[vo,c])?.  As pwd(By,t') = TRu(cent,part’),

Wlvg,c] = 0 for every forgotten coordinate ¢ and
Bivo,c] := cent[i,c] for every ¢ € C}, we have
pwd(DBi, t) = Ry (cent, part’) + Ag = 7. So B; witnesses

that R (cent, part) < 7.

On the other hand, assume that R (cent, part) = 7. Then
there exists a matrix B; in B; admitting the snapshot
(cent,part) in ¢t such that pwd(Bt,t) = 7. Let ¢ be
the corresponding cluster-assignment w.r.t. B;. We con-
struct By from B, by deletion of the row vg. Then By
with cluster-assignment ¢’ = ¢ \ {(vg, )} has a snapshot
(cent, part’) in ¢t and witnesses that R (cent, part’) <
pwd(By,t') = 7 — Ag. Therefore in our algorithm
RY < Ry(cent,part’) + Ay < 7. Hence, we can cor-
rectly set Ry = RY.

t is an introduce node (introducing a coordinate). Let
t’ be the child of ¢ in T and let x(¢) = x(t') U {co} for
some coordinate ¢g. Fix a snapshot (cent, part) in S(t),
we wil denote by Ay the sum of distances from v € V,f
to the corresponding cluster center along the coordinate ¢y,
ie, Ao =, ey, Wv, co]- (Alv, co] — cent[part(v), co])?.
Let cent’ be the restriction of cent to all the coordinates ex-
cept cg. We set RY(cent, part) = Ry (cent/, part) + Ag.
For correctness, assume that RY(cent,part) = 7 =
Ry (cent’, part) + Ag. We construct a matrix B; from
a witness By of Ry (cent’, part) with cluster-assignment
¢’ by adding a column cy. For every v € V), we set
Bi[v,¢] = Bylv,c for all ¢ € C, and Bi[v, o] =
cent[¢'(v), co]. Then By with the same cluster-assignment
¢’ has a snapshot (cent,part) in ¢ and pwd(By,t) =
pwd(By,t') + Ag = Re(cent’, part) + Ag = 7. There-
fore B; witnesses that R;(cent, part) < 7. On the other
hand, assume that R;(cent, part) = 7. Then there exists
a matrix By in B; with the snapshot (cent, part) in ¢ such
that pwd(B;,t) = 7. Let By be obtained from B; by
deletion of the column with the label ¢g. Then B; wit-
nesses Ry (cent’, part) < 7 — Ay, so in our algorithm
RY(cent, part) = Ry (cent/, part) + Ay < 7. Hence, we
can correctly set R; = RY.

t is a join node. Let t1,t5 be the two children of ¢ in T,
recall that x(t1) = x(t2) = x(t) and X}, N xf, = x(t).
For every (cent,part) in S(t) we set RY(cent, part) =
R+, (cent, part) + Ry, (cent, part) — doublecount, where
doublecount = 37 - > o Wlv,c - (Ao, ] —
cent[part(v), c])?.

For correctness, assume that RY(cent,part) = 7 =

71 + 72 — doublecount, where 71 = Ry, (cent, part),
To = Ry, (cent, part). Let B; with the cluster-assignment

; be the witness of R, (cent, part) = 7;, ¢ = 1,2. We ob-
tain a matrix B, with cluster-assignment ¢ = 1 U @9 as a
composition of (B1, ¢1) and (Ba, ¢2). To check the consis-
tency conditions, observe that the sets of common row and
column labels of B; and By are V; and C; correspondingly.
Recall that 1|y, = part = @a|y,. Moreover, if v; € V;
and vo € V5 are such that 1 (v1) = @a(v2), then we have
By |v1, ] = cent[pi(v1),¢] = cent[pa(vs),c] = Balva, ¢
for every ¢ € C4.

Note that for every v € V;, p(v) = ¢1(v) = part. Pick
ceCrandv € V), thenw € Vt¢ for some ¢ € {1,2} and
$0 Bi[v,c] = Bilv,c¢] = cent|p;(v),c] = cent[p(v), .
Therefore (cent,part) is a snapshot of B; in ¢. Recall
that pwd(By, 1) = 35 eyt D ocect Wlvid] - (Afv, o —
By[v, c])?. Here W v, | = 0 forevery v € V;* and ¢ ¢ C,,
i = 1,2, So pwd(Bi,t) = >yt Dot Wiv,d -
t1 ty
(Al = Bl )2 + % eyt Secor Wierdl- (Alv,d -
Bifv, c))? = ey, Xeec, Wb - (Alv, d = Bi[v, o])* =
pwd(By,t1) + pwd(Ba, t2) — doublecount = 71 + 75 —
doublecount = 7. Hence B, witnesses R;(cent, part) <
T.

For the converse, assume that R;(cent,part) = 7 and
B, is a matrix witnessing this. Let B; be the restriction
of B; to rows th and columns C’tli, i = 1,2. Then B,
and B, have a snapshot (cent, part) and in our algorithm
RY(cent, part) = Ry, (cent, part) + Ry, (cent, part) —
doublecount < pwd(B;) + pwd(Bz) — doublecount =
pwd(B) = 7. Hence the resulting record R; = R? is cor-
rect, which concludes the correctness proof of the algorithm.

To bound the runtime of the algorithm, observe that at
each node ¢t we compute the record R, for |S(t)] <
|D|kage = |D|Oktw(GD) entries, where each entry is
computed in time at most quadratic in tw(Gy). Since
the tree-decomposition is nice and has at most O(n + d)
nodes, the runtime of the algorithm is upper-bounded by
(n +d) - |D|OFtw(G), 0

Towards proving fixed-parameter tractability without involv-
ing k, we consider the case where k is significantly larger
than tw(G). We prove that this case always admits a “per-
fect” solution, which can also be computed efficiently.

Lemma 2 (x). If k > (tw(Gy) + 1) - [D|"V(GED+1 then
there exists a matrix B over domain D containing at most
k distinct rows such that |W o (A — B)||% = 0. Moreover,
given a nice tree-decomposition of width q — 1 such that

k > q - |Dl4, such a matrix B can be computed in time
(n+d)-|D|°9,

Proof Sketch. We will prove the second claim of the lemma,
from which the first one follows. To this end, let us assume
that we are given a nice tree-decomposition 7 = (T, x) of
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Gy of width ¢ — 1 and k > ¢ - |D|?. We denote the root
of T by r and define C, V4, C’ti and Vti analogously to the
proof of Theorem 1. We will explicitly construct g - |D|?
cluster centers yielding a zero sum of squares, so that after
processing the node ¢, each of the centers is defined on
coordinates ¢ € Cf . The remaining clusters will be empty,
thus for the rest of the proof we assume k = ¢ - | D|9.

Formally, we will attach to every node ¢ the pair (Ry, o)
where R, is the matrix with the row labels [k] and the col-
umn labels Cy, and oy is a mapping from V;* to [k]. Intu-
itively, R; stores the restrictions of cluster centers to pro-
cessed coordinates, while o assigns a cluster index to every
row label v € Vti. Throughout the dynamic programming
procedure, we will maintain the following invariants:

1. ay(u) # a4 (v) for any two distinct v and v from V;,

2. for every w € D, there are precisely IDI% indices

i € [k] such that R, [i][C}] = w, where R;[i][C}] is the
restriction of Ry[i] to the coordinate set Cy,

3. Zuevj Zcecti Wlv, c]-(Alv, ] — Ri[a (v), ¢])? = 0.

To complete the proof, it remains to show that the
records (Ry, o) can be computed in a leaf-to-root fash-
ion via dynamic programming along the nodes of the
tree-decomposition. Indeed, once we obtain the record
(Ry, o) for the root node 7, we can define the solution
matrix B by setting B[v] = R,[a.(v)]; this matrix has
at most k distinct rows and the third invariant yields that
Yovevs 2cec, Wlv,cl - (Afv, ] = Blv,d])* = 0. O

At this point, we can prove the main result of this section.

Theorem 3. BOUNDED-DOMAIN MCME is fixed-
parameter tractable when parameterized by tw(Gy).

Proof. Given an instance of BOUNDED-DOMAIN MCME,
we begin by constructing the incidence graph G'; and then
applying the known 5-approximation algorithm to compute
a tree-decomposition of G of width ¢ — 1 < 5tw(Gy)
in time 29W(G1) . (n + d). At this point we proceed by
comparing ¢ and k, as follows:

e if k > ¢ -|D|%, then we can correctly output “Yes”
(along with a suitable witness) by using Lemma 2;

* on the other hand, if ¥ < ¢ - |D|? then we instead
invoke Theorem 1 to solve the instance.

The running time in the former case is upper-bounded by
(n +d) - |D|9®¥(G1) while in the latter case the bound is

(n+d)- \D\o(k'tW(Gz)) < (n+d)- |D||D\O(tw(G1)>. 0

G[ Gp
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1 110 e \
W=1]0 0 0 1 N e
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1 01 0 o o
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Figure 2. Example of a mask W (left) together with its incidence
graph (middle) and its primal graph (right). Vertices from top to
bottom correspond to rows from top to bottom and in the case of
Cw columns from left to right. In this example tw(Gr) = 3 and
tw(Gp) = 2.

4. Handling Real-Valued Matrices with
Treewidth

We now turn our attention to REAL-VALUED MCME. As
was mentioned in the Introduction, a fixed-parameter al-
gorithm for the problem parameterized by the incidence
treewidth of W would resolve a long-standing open problem
as a special case, and so far remains beyond reach. How-
ever, we can still make tangible progress on the problem
by considering the treewidth of a different representation
of W. In particular, the primal graph Gp of W is a graph
containing one vertex for each row of W, where two rows
a, b are adjacent if and only if there is a column e such that
Wla,e] = Wb, e] = 1. An example comparing primal and
incidence graphs is provided in Figure 2.

Our aim in this section is to prove the next theorem.

Theorem 4 (x). REAL-VALUED MCME is fixed-parameter
tractable when parameterized by tw(Gp).

Before we proceed to the proof, we will first introduce
some additional notation that will be useful in the context
of real-valued matrices. For every V' C V4, let u(V’,¢) =
argmin, f(z) for f(z) = > v Wlv,c] - (Afv, ] — )?
and let A (V') = f(u(V', ¢)). Intuitively, if vectors from
V' form a cluster then A, (V") is a minimal sum of distances
to the cluster center along the coordinate c.

Observation 5 (x). For each coordinate ¢, if V' = {z €
V' | W]z, c] =1} # 0 then

ZUEV” A[U, C}
v

(Zq;e\/” A[U, C])2
vl '

p(V'ie) = , and

A(V) =Y (Alv,d)* ~

veVv!

Now we are ready to present the proof of Theorem 4.

Proof Sketch for Theorem 4. As our initial step, we once
again apply the known approximation algorithm (Bodlaen-
der et al., 2016) to compute a nice tree-decomposition (7', x)
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of Gp of width ¢ < 5tw(G p). We keep the notations r, V¢,
and V;i from the previous section. Note that now the bags in
the tree-decomposition contain only vectors, so V; = x(t).
In contrast to the previous section, for every node ¢ we de-
note by C’ti the set of all processed in t coordinates, i.e.,
coordinates ¢ such that W v, ¢] # 0 for some v, € V,;"\ V;.
A crucial observation is the following: if c € C}, then for
all vectors v & V;* it holds that W v, ¢] = 0, otherwise v
and v, would appear in the same bag. In other words, values
of the cluster centers on ¢ € C’f are not meaningful for
vectors introduced outside of 7.

We will design a leaf-to-root dynamic programming algo-
rithm which computes a set of records R; at each node ¢ of
T'. For each way p of partioning the vectors in the bag V;
into at most k clusters, the record R; stores the minimum
cost of clustering the vectors of Vti in the coordinates of
C’ti , considering only the partitions of Vf that extend p.

For the root r of T, R,.(0) is equal to the desired value
ming ||W o (A — B)||%, so it suffices to show how to com-
pute the records at each node in 7" from the records of its
children. Let ¢ be an introduce node with a child ¢’ such
that V; = V;» U {v}, denote by p’ the restriction of p to Vy.
We set Ry(p) = Ry (p') since Cf = C’ti, and W(v,c] =0
for each c € Cti,. If ¢ is a join node with children ¢; and ¢,,
observe that W{v,¢] = 0 for each v € th \Vi,ce C’tt‘,
and for each v € Vti \ Vi, c € Ctﬁ. Furthermore, Ctﬁ
is necessarily disjoint from Cﬁ, Cf = Cfﬁ U Ctt, and
Rt(p) =R, (p) + Ry, (p)

Finally, for a forget node ¢ with a child ¢’ such that V; U
{v} = V}, branch on all admissible partitions p’ of V, that
extend p. Start with A(p’) = 0, for each coordinate ¢ ¢
C’ti, such that Wv, ] = 1, and for each equivalence class
[z], € [p'] add A.([z],), the cost of clustering of the rows
[x], in the column ¢, to A(p’). Since C’f \ C’f, are precisely
the coordinates above, and no row outside of the bag V.
contributes to these coordinates, the new partial weighted
distance is Ry (p') + A(p’), assuming that p’ is the right
choice. Therefore, we set R;(p) = min, (Ry (p")+A(p)).

As for the running time, in each step there are at most
tw(G p)PW(GP)) partitions of the bag and hence the total
running time required to process all forget nodes can in
total be upper-bounded by d - tw(Gp)°t(Er) < (n 4
d) - tw(Gp)P®(Gr)) The latter bound can then easily be
shown to hold for all other kinds of nodes. O

5. An Incidence-Graph Based Algorithm for
Real-Valued MCME

While Theorem 4 significantly expands the previously
known boundaries of tractability for MCME, the algo-

rithm’s performance strongly depends on the structural prop-
erties of the primal graph. In general, primal graph repre-
sentations are known to be denser than incidence graph
representations, and this may make them unsuitable for
the application of structure-based algorithms on certain in-
stances (see, e.g., the example below Theorem 6).

As our final result, we show that although a fixed-parameter
algorithm for REAL-VALUED MCME parameterized by
tw(G ) remains beyond our reach, we can exploit a different
parameter of the incidence graph to achieve fixed-parameter
tractability—namely, the local feedback edge number.

Theorem 6 (x). REAL-VALUED MCME is fixed-parameter
tractable when parameterized by lfen(Gy).

We note that it is not difficult to show that lfen(Gy) and
tw(G p) are pairwise incomparable parameterizations. In-
deed, an n x 1 mask consisting only of “1” entries has
Ifen(Gy) = 0 but tw(Gp) = n — 1. On the other hand,
consider, for some integer m, an (m + 1) x 2m mask W
such that the first row vy of W consists only of “1” entries,
while for each i € [m] the (¢ + 1)-th row has “1” entries
on precisely two positions: ¢ and ¢ + m. Then G p is a star
with center in vy, so tw(Gp) = 1. However, G consists
of m edge-disjoint cycles intersecting in vg. It is then easy
to observe that the local feedback edge number of vy with
respect to any spanning tree of G is m.

We proceed by introducing some additional terminology that
will be useful in the coming arguments. Let 7" be a fixed
rooted spanning tree of G such that lfen(G,T') = lfen(G),
denote the root by r. For t € V(T), let T} be the subtree of
T rooted at t. We define the boundary §(t) of t to be the set
of endpoints of all edges in G with precisely one endpoint
in V(T;) (observe that the boundary can never have a size
of 1). ¢ is called closed if |§(t)| < 2 and open otherwise.

Proposition 7 (Ganian and Korchemna (2021)).

1. For every closed childt' of t in T, it holds that 6(t') =
{t,t'} and tt' is the only edge between V (T}/) and
V(G)\ V(Ty) in G.

2. |6(t)| < 21fen(G) + 2.

3. Let {t;|i € [j]} be the set of all open children of t inT.
Then j < 2lfen(G) and

3(t) € Ul_y 6(t:) U {t} U Ne(2).

To prove Theorem 6, we will provide a leaf-to-root dynamic
programming algorithm which stores information about op-
timal partitionings of §(¢) into clusters. On a very intuitive
level, Point 1. of Proposition 7 allows the algorithm to han-
dle the closed children in a greedy manner, Point 2. ensures
that the size of the records is bounded, and Point 3. is used
in the dynamic programming step to compute records for
a parent based on the records of its children. Furthermore,
one can observe that | [ J!_, 6(¢;)| is upper-bounded by a
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linear function of lfen(¢), which will be useful to ascertain
the runtime bound for the algorithm.

10t <

Observation 8. For each node t in T, || J;_,

41fen(t) + 2.

Proof. By Point 2. of Proposition 7, the number of ver-
tices in (J_, 6(¢;) that belong to §(¢) is at most |§(¢)| <
21lfen(G) + 2. If v € §(¢;) \ (4(¢)) for some i € [j], then
v = t;. So the number of such v is at most j < 21fen(G)
by Point 3. of Proposition 7. In total, |Uf:1 o(t:)] <
41fen(t) + 2. O

We are now ready to establish the claimed result by provid-
ing an algorithm for REAL-VALUED MCME with running
time (kn? 4 d) - lfen(G)©1en(G1) assuming a spanning
tree 1" of minimum local feedback edge number is provided.
We note that such a spanning tree can be computed by a
fixed-parameter algorithm (Ganian & Korchemna, 2021).

Proof Sketch for Theorem 6. We will design a leaf-to-root
dynamic procedure computing the set of records for every
node of T'. Let Vj and Cf be the sets of vectors and coor-
dinates of T; correspondingly, we denote by V; and C} the
restrictions of §(¢) to vectors and coordinates respectively,
then §(¢) = V; U C;. Analogously to the previous theorems,
we define the record R; of ¢ as a mapping that associates
each partition p of V; with the optimal partial cost of cluster-
ing that agrees with p on 6(t). The partial cost is computed
only on the rows of V; U th and the columns of Cf .

Recall that for the root r of T, the boundary is empty, in
particular V,, = (), and R..(0) is equal to the minimum value
of |[W o (A — B)||% that can be achieved by any real matrix
B containing at most & distinct rows. Hence the instance
is a YES-instance if and only if R,.(#) < ¢. Thus, it only
remains to carry out the computation of the records in each
node from the records of its children, and this is the most
technical part of the proof.

Intuitively, for a node ¢ we consider separately its open and
closed children, denote the former by ¢4, ..., t;, and the lat-
terby tj41, ..., tm,. Foreach partition p of V;, we enumerate
all possible extensions of p to a partition p* of V; Uiem Vi
the crucial observation here is that the number of different
p’s and p*’s is upper-bounded by Ifen(G)©en(G1))  Now,
if ¢ is a vertex node, every coordinate in Cti is contained in
the subtree of one of the children of ¢, and the cost of this
coordinate is accounted-for in the record of the child. It thus
only remains to sum up the records of the children, taking
each time the respective partition on V4, for a child ¢;. For
an open child the partition is explicitly a restriction of p*
on V;,, and for a closed child, as 6(¢;) = {t,t;}, Vi, = {t}
and the partition of V%, is always trivial.

More work has to be done if ¢ is a coordinate node: we
have to account for the distances in the new coordinate ¢.
For a closed child ¢; there is only interaction between the
coordinate ¢ and the row t;, the rest of the subtree is inde-
pendent. Therefore, the rows ¢;1,..., t,, can be clustered
in any way, to minimize the cost in the coordinate ¢. This
one-dimensional subproblem can be solved by a separate
dynamic programming in time O(km?). For the open chil-
dren, the exact partioning on the boundary vectors is again
fixed, and the dynamic programming can be enhanced to
respect the given paritioning on these additional vectors, at
the cost of an extra 20 fn(G1)) time factor. O

6. Concluding Remarks

While our algorithmic results are specifically designed to
deal with MEANS CLUSTERING WITH MISSING ENTRIES,
it would be interesting to see whether the approaches and
techniques developed here can be applied to other clustering
variants or, e.g., the related task of low-rank matrix comple-
tion. Still, on the theoretical side the by far most prominent
problem that is relevant to this research direction is the
complexity of k-MEANS CLUSTERING for real-valued ma-
trices when parameterized by the number of columns. A
W][1]-hardness result for this problem would immediately
exclude the existence of a fixed-parameter algorithm for
REAL-VALUED MCME parameterized by the incidence
treewidth of the mask, while a fixed-parameter algorithm
could potentially open up the way towards tractability.

It would also be interesting to see how the considered spar-
sity parameters behave in practical settings. In particular,
even though direct implementations of our exact algorithms
with runtime guarantees are unlikely to outperform state-
of-the-art heuristics, it may be possible to exploit these
parameters to guide or otherwise improve existing methods.
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Abstract

In the area of data analysis and arguably even in
machine learning as a whole, few approaches have
been as impactful as the classical k-means clus-
tering. Here, we study the complexity of k-means
clustering in settings where most of the data is
not known or simply irrelevant. To obtain a more
fine-grained understanding of the tractability of
this clustering problem, we apply the parameter-
ized complexity paradigm and obtain three new
algorithms for k-means clustering of incomplete
data: one for the clustering of bounded-domain
(i.e., integer) data, and two incomparable algo-
rithms that target real-valued data. Our approach
is based on exploiting structural properties of a
graphical encoding of the missing entries, and we
show that tractability can be achieved using sig-
nificantly less restrictive parameterizations than
in the complementary case of few missing entries.

1. Introduction

k-means clustering is a fundamental task in machine learn-
ing and data analysis, one that has been the focus of exten-
sive empirical as well as theoretical research. In general, the
aim in k-means clustering is to partition the rows in an input
matrix A into k clusters and compute one center per clus-
ter so as to minimize the within-cluster sum of squares—or,
when viewed as a decision problem, achieve a within-cluster
sum of squares of at most a specified target value ¢. De-
pending on the setting, A could be real-valued (Lloyd, 1982;
Moshkovitz et al., 2020; Fomin et al., 2021) or contain
integers from a bounded domain; for instance, Fomin et
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al. (Fomin et al., 2018) studied the case where A was binary,
and Ganian et al. (Ganian et al., 2018) the bounded-domain
case where ¢ = 0.

It is well known that k-means clustering is NP-complete,
even when restricted to k£ = 2 clusters (Drineas et al., 2004;
Aloise et al., 2009). On the theoretical side, a prominent
approach used to circumvent such lower bounds is the use
of the parameterized complexity* paradigm, which provides
a more fine-grained look into the complexity of problems.
Since its inception, parameterized complexity has been suc-
cessfully applied to a multitude of problems relevant to
machine learning and artificial intelligence such as, e.g.,
Bayesian network learning (Ordyniak & Szeider, 2013;
Griittemeier et al., 2021; Ganian & Korchemna, 2021), inte-
ger linear programming (Ganian & Ordyniak, 2018; 2019;
Dvorédk et al., 2021), principal component analysis (Si-
monov et al., 2019; Dahiya et al., 2021), and of course
clustering (Cohen-Addad et al., 2018; Fomin et al., 2018).

Apart from classical clustering problems, one direction that
has been gaining traction in recent years is the study of
clustering in settings where some of the data is not known
or simply irrelevant—a task that essentially combines data
completion with clustering (Wang et al., 2019). Indeed,
several authors have studied the parameterized complexity
of various clustering problems for data with missing en-
tries (Ganian et al., 2018; Koana et al., 2020; 2021; Eiben
et al., 2021b), and Eiben et al. (Eiben et al., 2021a) ob-
tained a fixed-parameter approximation algorithm specif-
ically for (k-)MEANS CLUSTERING WITH MISSING EN-
TRIES (MCME).

While their approaches and techniques differ, all of these
works target the case where nearly all entries are known, i.e.,
where the unknown entries only occur in a precisely defined
“sparse” way. On the other hand, very little is known about
the complexity of MCME when the number of unknown
entries is large; such situations are of practical relevance
in, e.g., recommender systems and predictive analytics. For
example, in the classical Netflix Prize challenge where the
task was to predict user ratings for movies based on previous
ratings, only about 1% of the user-movie pairs were orig-

2See Preliminaries for a brief introduction.
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inally supplied with a rating.> The central mission of this
article is to push the boundaries of tractability for MCME
to instances where known entries are sparse.

Contribution. A natural approach for handling instances
of MCME with many missing entries would be to invert
the parameterizations that have been developed for tackling
instances where almost all entries are known. For instance,
Eiben et al. (Eiben et al., 2021b) and Ganian et al. (Ganian
et al., 2018) obtained several fixed-parameter clustering
algorithms by using a parameter called the covering number,
which is the minimum number of rows and columns needed
to cover all the unknown entries. Equivalently, if we use
an auxiliary binary matrix W (the mask) to specify which
entries of A are relevant/known, the covering number is
simply the minimum number of rows and columns needed
to cover all the 0’s in W. It would be tempting to instead
parameterize by the number of rows and columns needed to
cover all the 1’s in W; such an “inverse covering number”
would lead to fixed-parameter algorithms targeting instances
where all known entries occur in a few columns and rows.

However, we show that in our setting it is in fact possible to
do much better than that. Our approach is based on using
the incidence graph representation of W, which is the graph
containing one vertex for each column and for each row
of W and where an edge connects row a with column b if
and only if W{a, b] = 1. Observe that the inverse covering
number considered in the previous paragraph would simply
be the size of a minimum vertex cover in W, while the cov-
ering number is the size of a minimum vertex cover in the
complement of W. It is worth noting that in graph-theoretic
settings, the size of a minimum vertex cover is considered a
highly restrictive parameterization, one that is used primar-
ily when more desirable parameterizations fail. On the other
hand, the by far most prominent parameter used for graphs
is treewidth (Robertson & Seymour, 1984), which has found
ubiquitous applications throughout computer science and
which is smaller (i.e., less restrictive as a parameter) than
the size of a minimum vertex cover. As our first result, we
use the treewidth of the incidence graph of the mask W (the
incidence treewidth) to prove:

Result 1: Bounded-domain MCME is fixed-parameter
tractable when parameterized by the incidence treewidth
of the mask.

Result 1 is noteworthy not only due to the use of treewidth
instead of the inverse covering number, but also because
incidence treewidth is the only parameter required to achieve
tractability. In particular, unlike previous algorithms for
clustering incomplete (bounded-domain or real-valued) data
by Eiben et al. (Eiben et al., 2021a;b), Ganian et al. (Ganian

3The dataset is available at ht tps: //www.kaggle.com/
netflix—inc/netflix-prize-data.

et al., 2018), and Koana et al. (Koana et al., 2020; 2021),
Result 1 can also be applied to instances where the number
k of clusters is large. As we will see later, we will be able
to retain this benefit in all our algorithms.

Unfortunately, an extension of Result 1 towards real-valued
instances seems difficult at this point. Indeed, a fixed-
parameter algorithm for real-valued MCME parameterized
by the incidence treewidth of the mask would imply, as a
special case, fixed-parameter tractability parameterized by
the number d of columns. However, the existence of a fixed-
parameter algorithm even for k-MEANS (corresponding to
the restriction of MCME where all entries are known) when
parameterized by d is a long-standing open problem dating
back to Inaba et al.’s celebrated XP algorithm parameterized
by k + d (Inaba et al., 1994).

Instead, we show that one can obtain fixed-parameter al-
gorithms for real-valued MCME by using the treewidth of
a different graph representation of W. In particular, we
use the primal graph—a well-established counterpart to the
incidence graph representation in settings such as Boolean
satisfiability (Samer & Szeider, 2009), constraint satisfac-
tion (Samer & Szeider, 2010) or integer programming (Ga-
nian & Ordyniak, 2019). In our context, the primal graph of
W contains a vertex for each row of W, with edges connect-
ing pairs of rows that share at least one coordinate which
is known/relevant according to the mask, and the primal
treewidth is simply the treewidth of this graph.

Result 2: Real-valued MCME is fixed-parameter tractable
when parameterized by the primal treewidth of the mask.

Note that, due to the nature of the primal graph represen-
tation, the primal treewidth is a more restrictive parameter
than the incidence treewidth (in the sense of being bounded
on fewer classes of instances). In fact, the primal treewidth
of a mask may in certain cases be unboundedly large even
when its incidence graph is just a tree. It would hence be
useful to also have an algorithm for real-valued MCME
that can exploit properties of the incidence graph, even for
properties that are more restrictive than incidence treewidth.

However, the same obstacle towards extending Result 1 to
the real-valued setting also applies to all traditional struc-
tural parameters that are, intuitively, based on small vertex
separators in the graph—including pathwidth (Robertson &
Seymour, 1983), treedepth (Nesetril & de Mendez, 2012),
the feedback vertex number e.g., (Mertzios et al., 2020) and
even the vertex cover number e.g., (Gaspers & Najeebullah,
2019; Fellows et al., 2018), which is the most restrictive ver-
tex separator based parameter. In spite of this, as our third
and final result we identify a parameter of the incidence
graph that yields fixed-parameter tractability of real-valued
MCME: the recently introduced local feedback edge num-
ber (Ifen) (Ganian & Korchemna, 2021). On a high level,
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lfen can be seen as an edge-based restriction of treewidth,
and as a less restrictive parameter than the edge deletion
distance to acyclicity (i.e., the feedback edge number).

Result 3: Real-valued MCME is fixed-parameter tractable
when parameterized by the local feedback edge number of
the incidence graph of the mask.

We note that the parameters used in Results 2 and 3 are
orthogonal and the gap between them may be arbitrarily
large. Because of this, both results are incomparable and
give rise to different tractable classes for the problem.

2. Preliminaries

For an integer 4, we let [{| = {1,2,...,4} and [i]o = [{] U
{0}. On the other hand, if p is an equivalence relation on
domain X, we denote by [p] the set of equivalence classes
of p and by |[p]| the cardinality of [p], i.e., the number of
equivalence classes of p. For every x € X, [z], € [p] is the
equivalence class containing .

Notation and Problem Formulation. Let A be a matrix
with n rows and d columns. We use V4 and C'4 to denote the
set of row and column indices of A, i.e., V4 = [n]and Cy =
[d]. Let M4 = maxyey, maxeec, |Alv, |- For two ma-
trices A, B, we denote by A — B the entry-wise subtraction
of the two matrices, i.e., (A — B)[s, j| = A[i, j] — Bl j],
and similarly by A o B the entry-wise product of the two
matrices, i.e., (A o B)[i,j|] = A[i,j] - Bli,j]. For a ma-
trix A € R"*¢ we denote its squared Frobenius norm by
I|A||% =Y, ijl Ali, 7]2. We can now formalize our
problems of interest (abbreviated as MCME):

MEANS CLUSTERING WITH MISSING ENTRIES

Input: Matrix A € D"*¢ over a domain D C R,
binary matrix W (the mask), integers k and /.
Determine if there exists a matrix B over D

containing at most k distinct rows such that
W o (A-B)|E <t

Task:

We distinguish between BOUNDED-DOMAIN MCME and
REAL-VALUED MCME depending on whether D = [z]g
for some fixed integer z, or D is the set of reals. In par-
ticular, for z = 1 this coincides with BINARY k-MEANS
CLUSTERING (Fomin et al., 2018). In this case, minimizing
the Frobenius norm also minimizes the sum of Hamming
distances for each row to its cluster center. Using the Frobe-
nius norm also for z > 1 is not only consistent with the
continuous case, but also allows us to capture further appli-
cations, e.g., when the data matrix to cluster is composed of
user ratings each taking a small numeric value. While we
state MCME as a decision problem for complexity-theoretic
reasons, every algorithm presented here is constructive and
can output a solution matrix B if one exists.

In this formulation, the distinct rows of B are the centers of
the sought-after clusters while / is the target upper-bound
on the sum of squares. For V' C V4, we call a mapping
v : V' — [k] a cluster-assignment w.r.t. B if for every
v1,v2 € V' such that ¢(vy) = ¢(v2), it holds that Blv;] =
Bluvsy]. Notice that the existence of a cluster assignment
w.r.t. a matrix B’ implies that B’ has at most & distinct rows.
The clusters associated with ¢ are then sets of the form
{veV|ep) =i} forsome i € [k].

In our algorithms, we often construct the solution matrix
dynamically by “merging” smaller matrices; we formalize
this procedure below. Let { B; | i € [m]} be a set of matrices,
where each B; has row labels V;, column labels C; and is
associated with a cluster-assignment ¢; : V; — [k] and the
following two consistency conditions hold:

o 0;(v) = ;(v) foreveryv € V; NV}, 4,5 € [m],

o if ;(v;) = ¢;(v;) for some v; € V; and v; € V}, then
B;lv;, c] = Bjvj, c] forevery c € C; N Cj.

Let ¢ = U;¢pn) ¢i- We define the composition of (B, ¢;),
i € [m], to be the matrix B* with row labels V' = {J;c(,,, Vi
column labels C' = {J,¢(,,; C; and entries as follows. For
every v € V and ¢ € C, pick any i € [m] such that ¢ €
C; and there exists v; € V; with p(v;) = p(v). We set
B*[v,¢;] = Bj[vi,¢;]. If there is no such ¢ € [m], we
simply set B*[v, ¢] to some arbitrary but uniform default
value—in our case, we will always use 0. Observe that if
both consistency conditions hold, then both B* and ¢ are
well-defined and that ¢ is a cluster-assignment w.r.t. B*.

Claim 1. B* is well-defined and admits the cluster-
assignment (.

Proof. To see that B* is well-defined, pick v € V and
c € C; N Cj. If there exist v; € V; and v; € Vj such that
p(vi) = p(v) and p(v;) = @(v), then p(v;) = ¢(v;), so
B;[v;, ¢] = Bj[vj, c] by the consistency conditions. More-
over,  is the cluster-assignment w.r.t. B*. Indeed, consider
u,v € V with o(u) = ¢(v) and ¢ € C. If ¢ € C; for some
i € [m] such that there exists v; € V; with ¢(v;) = p(v) =
©(u), then B*[v, c] = B;[v;, ] = B*[u,c|. If there is no
such ¢ € [m], we have B*[v, ] = 0 = B*[u, ¢]. O

Observe that if C; N C; = () for every ¢ # j, we can skip the
second consistency condition: in this case it just requires
B;[v] = B;[u] whenewer ¢;(v) = ¢;(u), which holds as
; is the cluster-assignment w.r.t. B;.

Parameterized Complexity. In parameterized algorith-
mics (Downey & Fellows, 2013; Cygan et al., 2015), the
running-time of an algorithm is studied with respect to a
parameter k£ € Ny and input size n. The basic idea is to
find a parameter that describes the structure of the instance



The Complexity of k-Means Clustering when Little is Known

such that the combinatorial explosion can be confined to this
parameter. In this respect, the most favorable complexity
class is FPT (fixed-parameter tractable), which contains all
problems that can be solved in time f(k)-n®™), where f is
a computable function. Algorithms with this running-time
are called fixed-parameter algorithms.

Sparse Matrices. It follows from definition of MCME
that entries of the input matrix A and the target matrix B
are only relevant when the respective entry of the mask
W is set to “1”. We thus assume that only those entries
are stored explicitly; in particular, the size of the input is
therefore linear in the number of non-zero entries of W. All
the structural parameters in our considerations automatically
imply that the mask W is sparse, in the sense that it has at
most Oy (n + d) non-zero entries, where the constant under
Oy (+) depends on the respective parameter k. All algorithms
in this paper except one are linear-time in the number of
non-zero entries of the mask, and the above allows us to
state their running times in the form (n + d) - f(k), where
f is a certain function of the respective parameter k.

Treewidth. A nice tree-decomposition T of a graph G =
(V, E) is a pair (T, x), where T is a tree (whose vertices
we call nodes) rooted at a node r and x is a function that
assigns each node ¢ a set x(¢) C V such that:

* For every uv € E there is a node ¢t where u, v € x(t).

 For every vertex v € V, the set of nodes ¢ satisfying
v € x(t) forms a subtree of 7.

o |x(€)] = 1 for every leaf £ of T and |x(r)| = 0.
* There are only three kinds of non-leaf nodes in 7"

— Introduce node: a node ¢ with exactly one child
t' such that x(t) = x(t') U {v} for some vertex
v Xx(t).

— Forget node: a node ¢ with exactly one child
t' such that x(t) = x(t') \ {v} for some vertex
v e x(t).

— Join node: a node t with two children ¢1, ¢5 such
that x(t) = x(t1) = x(t2).

The width of a nice tree-decomposition (7,x) is
maxcy (7 (|x(t)] — 1), and the treewidth of the graph
G, denoted tw(G), is the minimum width of a nice tree-
decomposition of G. We let T; denote the subtree of
T rooted at a node ¢, and we use Xf to denote the set
Usevr,) X(t'). The sets x(t) are commonly called bags.

Fixed-parameter algorithms are known for computing nice
tree-decompositions of optimal width and linearly many
nodes (Bodlaender, 1996; Kloks, 1994), albeit more efficient
fixed-parameter approximation algorithms are often used to
achieve better running times (Bodlaender et al., 2016).

Figure 1. Example of a graph GG with the spanning tree 7' (marked
in thick red) such that lfen(G) = lfen(G, T") = 2. The feedback
edge number of G, i.e., its edge deletion distance to acyclicity,
is exactly the number of black edges and can be made arbitrarily
large in this fashion while preserving lfen(G) = 2.

Local Feedback Edge Number. The local feedback
edge number was recently introduced by Ganian and Ko-
rchemna (2021) as an edge-cut based restriction of treewidth
that acts as a “local” measure of the size of a feedback edge
set; they used the parameter to obtain fixed-parameter algo-
rithms for learning Bayesian networks and polytrees.

For a connected graph G = (V,E) and a spanning
tree T of G, the local feedback edge set at © €
V is defined as EL (z) = {yz € E\ E(T) |
the unique path between y and z in T contains z}. The lo-
cal feedback edge number of (G, T) (denoted lfen(G, T'))
is then equal to max,ey |E_(z)|, and the local feedback
edge number of G is simply the smallest local feedback
edge number among all possible spanning trees of G, i.e.,
Ifen(G) = ming is a spanning tree of ¢ lfen(G, T'). An example
of a graph G with lfen(G) = 2 is provided in Figure 1.

3. Solving Bounded-Domain MCME by
Exploiting the Mask

Since  BOUNDED-DOMAIN ~ MCME s NP-
complete (Drineas et al., 2004; Aloise et al., 2009),
it is natural to attempt and circumvent this lower bound
by exploiting structural measures of the inputs to obtain
fixed-parameter tractability. Eiben et al. (Eiben et al.,
2021a) recently obtained a fixed-parameter approximation
algorithm for BOUNDED-DOMAIN requiring the simulta-
neous parameterization by three measures: the number of
clusters, the desired approximation ratio, and a technical
measure that captures the sparsity of the missing data (i.e.,
the “0” entries in ).

In this section, we will present a fixed-parameter algorithm
for BOUNDED-DOMAIN MCME which is aimed at the com-
plementary case where the relevant data is sparse. To formal-
ize this, we consider the incidence graph representation Gy
of W which is defined as follows: V(G;) = Viy UCw, and
E(Gr)={ab|a € Vi,b e Cw,W]a,b] = 1}. Figure 2
later on can also be used as an example of the representation.

Intuitively, each “1” entry in W will correspond to an edge
in G, and hence “structurally sparse” incidence graphs
correspond to settings where most data is unknown. There
is a well-studied hierarchy of structural graph parameters
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which measure, in a certain sense, the sparsity of graphs
(see, e.g., Figure 1 in (Bodlaender et al., 2013)). Treewidth
will be our parameter of choice here, as the best known
and also most general parameter in this hierarchy. How-
ever, it is worth noting that the use of the incidence graph
may provide a new perspective on previous algorithms for
clustering problems—for instance, the so-called covering
number parameter (Ganian et al., 2018; Eiben et al., 2021b)
is simply the vertex cover number of the complement of G.

The main goal of this section is to establish the fixed-
parameter tractability of MCME parameterized by tw (G ).
As a first step towards this goal, we obtain a dynamic pro-
gramming algorithm that handles the simpler case where k
is also part of the parameterization.

Theorem 1. BOUNDED-DOMAIN MCME is fixed-
parameter tractable when parameterized by k + tw(Gy).

Proof. We begin by applying the well-established 5-
approximation algorithm for treewidth (Bodlaender et al.,
2016) to compute a nice tree-decomposition of G of width
q < 5tw(Gr) in time 20¢W(GD) (4 d). Let r be the root
of T. Given a node t of T, let V; and C; be the sets of
vectors and coordinates in y (¢), respectively. Moreover, let
C’tl and th be the restrictions of Xti to sets of coordinates
and vectors correspondingly.

To prove the theorem, we will design a leaf-to-root dynamic
programming algorithm which will compute and store a set
of records at each node ¢ of T', whereas once we ascertain
the records for  we will have the information required to
output a correct answer. Intuitively, the records will store
the cluster centers restricted to the coordinates that appear
in the bag, the partition of the vectors in the bag into clusters
and the sum of minimum distances from vectors in Vti to
the cluster centers along the coordinates in C’f .

Formally, the records will have the following structure. We
call a pair (cent, part) a snapshot in t if the following holds:
e cent: [k] x Cy = D,
o part : V; — [k].
Let S(t) be the set of all snapshots of ¢. The record R; of ¢

is then a mapping from S(¢) to the set R™ of non-negative
reals. Observe that |S(¢)| < |D|FatDat!,

To introduce the semantics of our records, let 3; be the set
of all matrices with row labels Vf, column labels C’tl and
entries of domain D. Let B; be a matrix in B;. We define
the partial weighted distance from B; to A in ¢ as follows:

pwd(By, t) = Z Z Wlv, ] - (Alv, ¢] — Bi[v, ¢])?.
veVy ceCy

For B, € B;, we say that (cent, part) € S(t) is the snap-
shot of By in t if there is a cluster-assignment ¢ w.r.t. By

such that the following conditions hold:

* part = |y,

e for every ¢ € C; and v € Vti, Biv, ] =
cent[p(v), c].

Recall that the existence of a cluster-assignment implies, in
particular, that B, has at most k£ distinct rows. We are
now ready to define the record R;. For each snapshot
(cent,part) € S(t), we set R¢(cent, part) = 7 if there
exists By € B; such that:

* (cent, part) is the snapshot of B; in t,
* pwd(By,t) = 7, and

* VB, € B; such that (cent, part) is the snapshot of Bj,
pwd(Bj,t) > 7.

In this case we say that B; wimesses R (cent, part) = 7.

Recall that for the root r, we assume x(r) = 0. Hence S(r)
contains only one element ((), #), and R,.(0, 0) is equal to
the minimum value of ||W o (A — B)||% that can be achieved
by any matrix B with entries of domain D containing at
most k distinct rows. In other words, the instance is a YES-
instance if and only if R,.(0, #) < £. To prove the theorem,
it now suffices to show that the records can be computed in
a leaf-to-root fashion by proceeding along the nodes of 7T'.

We distinguish the following cases:

t is a leaf node. Let x(t) = {v} where v is a vector.
By definition, S(¢t) = {(0, part)|part : [1] — [k]} and
R:(0, part) = 0 for every (), part) € S(t) as there are no
coordinates to sum over. Let x(¢) = {c} for some coordi-
nate c. Then S(t) = {(cent, @)|cent : [k] x [1] — D} and
R (cent, @) = 0 for each (cent, @) € S(¢).

t is a forget node. Let ¢’ be the child of ¢ in T and x(t) =
x(#) \ {v} for some vector v. We set R?(cent, part) :=
min; e[ R (cent, part U(v, 7)) for each (cent,part) €
S(t). For correctness, it will be useful to observe that
By = By. If Ri(cent,part) = 7, then there exists a ma-
trix B; which witnesses this. But then B; also admits a
snapshot (cent, part U(v,4)) at t’ for some ¢ € [k] and wit-
nesses Ry (cent, part U(v,4)) < 7. So in our algorithm
RY(cent, part) < Ry (cent, partU(v,i)) < 7. If on the
other hand RY(cent, part) = 7, then there exists a snap-
shot (cent, part U(v,4)) at ¢’ for some i € [k] such that
Ry (cent, part U(v, 7)) = 7. Re¢(cent, part) < 7 now fol-
lows from the existence of a matrix witnessing the value
of Ry (cent, part U(v,4)). Hence, we can correctly set
Rt = Rg

If x(t) = x(t') \ {c} for some coordinate ¢, we set
R+(cent, part) equal to min{R (cent’, part)| cent is a re-
striction of cent’ to all coordinates except c}. Correctness
can be argued similarly to the case of a forgotten vector.

t is an introduce node (introducing a vector). Let ' be
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the child of ¢ in T" and let x (t) = x (') U{vo} for some vec-
tor vg. Fix a snapshot (cent, part) in S(¢), let i = part(vo)
and part’ = part \(vg, ). We will denote by A the sum
of distances from vy to the ¢-th cluster center along the co-
ordinates in Cy, i.e., Ag = > ., Wvo, ] - (Afvo, ] —
centli, c])2. We set RY(cent, part) = Ry (cent, part’) +
Ay. For correctness, assume that RY(cent, part) = 7 =
Ry (cent, part’) + Ag. Construct a matrix B; from the
witness By of Ry (cent, part’) with a cluster-assignment
¢’ by adding a new row with a label vy as follows. If

i = ¢'(v) for some v € Vj we set Bi[vg] = Bi[v].
Otherwise we define B;[vg,c] := cent[i, ] for ¢ € Cy
and By [vg, c] := 0 in the rest of coordinates c. Note that

in both cases B:[vg,c] = centli, c] for every ¢ € Cy: in
the second case it follows from the definition, while in
the first one we have B;[vg, c] := Bi[v,¢] = By[v,¢] =
cent[p'(v), c] = centli,c]. The matrix B; with a cluster-
assignment ¢ = ¢’ U (v, %) has a snapshot (cent, part)
int and pwd (B, t) = Zvevj ZCECQL W, c] - (Alv, c] —

By[v,c])? = pwd(By, t') + Zcecti Wlvo, c] - (Alvo, c] —

Bilvo,c])®. As pwd(By,t') = TRy(cent,part’),

W{vg,c] = 0 for every forgotten coordinate ¢ and
By[vg,c] := centli,c] for every ¢ € C}, we have
pwd (B, t) = Ry (cent, part’) + Ay = 7. So B, witnesses

that R (cent, part) < 7.

On the other hand, assume that R;(cent, part) = 7. Then
there exists a matrix B; in B; admitting the snapshot
(cent, part) in ¢ such that pwd(B;,t) = 7. Let ¢ be
the corresponding cluster-assignment w.r.t. B;. We con-
struct By from B, by deletion of the row vy. Then By
with cluster-assignment ¢’ = ¢ \ {(vo, %)} has a snapshot
(cent, part’) in ¢ and witnesses that Ry (cent, part’) <
pwd(By,t'") = 7 — Ag. Therefore in our algorithm
RY < Ry (cent,part’) + Ay < 7. Hence, we can cor-
rectly set Ry = RY.

t is an introduce node (introducing a coordinate). Let
t' be the child of ¢ in T and let x(¢t) = x(t') U {co} for
some coordinate ¢g. Fix a snapshot (cent, part) in S(t),
we wil denote by A the sum of distances from v € V#
to the corresponding cluster center along the coordinate cg,
ie., Ao =Y, ey, Wv, co]- (Afv, co] —cent[part(v), co]).
Let cent’ be the restriction of cent to all the coordinates ex-
cept co. We set RY(cent, part) = Ry (cent’, part) + Ag.
For correctness, assume that RY(cent,part) = 7 =
Ry (cent’, part) + Ag. We construct a matrix B; from
a witness By of Ry (cent’, part) with cluster-assignment
¢’ by adding a column ¢y. For every v € Vti, we set
Bi[v,¢] = Bylv,(] for all ¢ € Cf, and Byv,co] =
cent[¢'(v), co]. Then B with the same cluster-assignment
¢’ has a snapshot (cent,part) in ¢ and pwd(B;,t) =
pwd(By,t') + Ag = Ry (cent’, part) + Ag = 7. There-
fore B; witnesses that R (cent, part) < 7. On the other

hand, assume that R;(cent, part) = 7. Then there exists
a matrix B in B; with the snapshot (cent, part) in ¢ such
that pwd(B;,t) = 7. Let By be obtained from B; by
deletion of the column with the label ¢g. Then B; wit-
nesses Ry (cent’, part) < 7 — Ay, so in our algorithm
RY(cent, part) = Ry (cent/, part) + Ay < 7. Hence, we
can correctly set R; = RY.

t is a join node. Let t1,ts be the two children of ¢ in T,
recall that x(t1) = x(t2) = x(t) and x{, N x§, = x(¢).
For every (cent,part) in S(t) we set RY(cent, part) =
R+, (cent, part) + Ry, (cent, part) — doublecount, where
doublecount = >° > o Wlv,c - (Afv,d] —
cent[part(v), c])?.

For correctness, assume that RY(cent,part) = 7 =
71 + 72 — doublecount, where 71 = Ry, (cent, part),
Ty = Ry, (cent, part). Let B; with the cluster-assignment
; be the witness of R;, (cent, part) = 7;, ¢ = 1,2. We ob-
tain a matrix B; with cluster-assignment ¢ = 1 U ¢4 as a
composition of (B, ¢1) and (Bs, ¢2). To check the consis-
tency conditions, observe that the sets of common row and
column labels of B; and By are V; and C; correspondingly.
Recall that 1|y, = part = ¢a|y,. Moreover, if v € V4
and vy € V53 are such that 1 (v1) = @2(v2), then we have
Bi[v1, ] = centlpi(v1), ] = cent[pa(va),c] = Balva, ]
for every ¢ € C}.

Note that for every v € Vi, p(v) = ¢1(v) = part. Pick
ceCyandv € V), then v € V# for some ¢ € {1,2} and
s0 Bi[v,¢] = Bjlv,¢] = cent[p;(v),c] = cent[p(v),d].
Therefore (cent, part) is a snapshot of B; in ¢. Recall
that pwd(By,t) = Z'UGth Zcecf Wiv, ] - (Alv, ] —
By[v, c])?. Here W v, c] = 0 for every v € Vti and ¢ & Ct,
i = 1,2. So pwd(By,t) = Zvevf Ececf Wiv,¢] -
(Alv, o] = By[v, c])2 + Zve\/’é EceCfQ Wlv, ] (Alv, ] —
Bylv,d)? = vev; Xcec, Wb, - (Alv, ] = By[v, o])? =
pwd(B1,t1) + pwd(Bs, ta) — doublecount = 7 + 75 —
doublecount = 7. Hence B; witnesses R (cent, part) <
T.

For the converse, assume that R;(cent, part) = 7 and
B, is a matrix witnessing this. Let B; be the restriction
of B; to rows VtL and columns C’tt, i = 1,2. Then B,
and Bs have a snapshot (cent, part) and in our algorithm
RY(cent, part) = Ry, (cent, part) + Ry, (cent, part) —
doublecount < pwd(B;) + pwd(Bs) — doublecount =
pwd(B) = 7. Hence the resulting record R; = R is cor-
rect, which concludes the correctness proof of the algorithm.

To bound the runtime of the algorithm, observe that at
each node t we compute the record R; for |S(t)| <
|D|*ag1 = |D|Oktw(GD) entries, where each entry is
computed in time at most quadratic in tw(Gy). Since
the tree-decomposition is nice and has at most O(n + d)
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nodes, the runtime of the algorithm is upper-bounded by
(n+ d) - [ D|OEED), 0

Towards proving fixed-parameter tractability without involv-
ing k, we consider the case where k is significantly larger
than tw(G7). We prove that this case always admits a “per-
fect” solution, which can also be computed efficiently.

Lemma 2. Ifk > (tw(G) + 1) - |D|™( G then there
exists a matrix B over domain D containing at most k
distinct rows such that ||[W o (A — B)||% = 0. Moreover,
given a nice tree-decomposition of width q — 1 such that

k > q - |DI4, such a matrix B can be computed in time
(n+d)-|D|°@,

Proof. We will prove the second claim of the lemma, from
which the first one follows. To this end, let us assume that
we are given a nice tree-decomposition 7 = (T, x) of G
of width ¢ — 1 and k > ¢ - |D|?. We denote the root of
T by r and define C, V4, Cf and Vj analogously to the
proof of Theorem 1. We will explicitly construct ¢ - | D|?
cluster centers yielding a zero sum of squares, so that after
processing the node ¢, each of the centers is defined on
coordinates ¢ € Cf . The remaining clusters will be empty,
thus for the rest of the proof we assume k = ¢ - |D|4.

Formally, we will attach to every node ¢ the pair (R;, ;)
where R; is the matrix with the row labels [k] and the col-
umn labels C7, and o is a mapping from V;* to [k]. Intu-
itively, R, stores the restrictions of cluster centers to pro-
cessed coordinates, while a; assigns a cluster index to every
row label v € Vti. Throughout the dynamic programming
procedure, we will maintain the following invariants:

1. ay(u) # ay(v) for any two distinct v and v from V;,

2. for every w € D, there are precisely IDI% indices
i € [k] such that R,[i][C}] = w, where R;[i][C}] is the
restriction of Ry[é] to the coordinate set Cy,

3. X:vEVti 2:(:60t¢ W[U7C]'(A[U’ C]_Rt[at(U%CDQ =0.

Assume that the invariants hold in the root r, let us define
the matrix B by setting B[v] = R,[a,(v)]. Then B has
at most k distinct rows and the third invariant yields that
Yvevs 2cec, Wlv, el (Alv, ¢] = Blv, ¢])? = 0. In partic-
ular, for ¢ = tw(Gy) + 1 we get the statement of the lemma.
Hence it is sufficient to construct (R;, o) in a leaf-to-root
fashion, for each of the following cases.

t is a leaf node. If x (t) = {vg} for some row label vy, we
set a;(vg) = 1 and Ry[i] = () for every 7 € [k]. Otherwise,
x(t) = {c} for a coordinate ¢. Then «; should be the
empty mapping, for every i € [k] we set R;[i, c] equal to
some v € D so that every v € D appears in R, precisely

ITI%I times. It is easy to see that all the invariants are satisfied.

t is a forget node. Let ¢’ be the child of ¢ in T', we keep
R; = Ry and ay = ay. The first and third invariants are
obviously preserved. In case x(t) = x(') \ {co} for a
coordinate ¢y, we have Cy = C; U {cp}. By the second
invariant for ', for every 7 € D and w € D®* the number
of i € [k] with Ry [i][Cy] = w and Ry [i][co] = 7 is ‘D‘,Lc‘
Therefore the number of ¢ € [k] with R:[i][C}] = w is
precisely |D| - ‘D“% = ‘D‘%.

t is an introduce node (introducing a vector). Let ' be
the child of ¢ in T and x(t) = x(t') U {vg} for some row
label vyo. We then set Ry = Ry and oy = ay U (vp, ip)
where iy € [k] is such that Ry [ig][C:] = Alvo][C:] and
ay (v) # ig for any v € V. Such an index always exists:
by the second invariant for ¢’ there are ‘m% > ﬁ =
q > |Vy| indices 4 such that Ry [i][C}] = Alvo][C}], so at
least one of them is not equal to any o (v), v € Vi, As the
third invariant holds in ', we have  _ eVt D e ct Wlv, c]-
(A[v,c] = Rifou(v), c])* = 3 cor Wlvo, o] - (Alvo, ] —
Ry[c(vo), d])2. Here Wvg,d] = 0 for every ¢ € C \
C} because such c never appears in the same bag with vy.
Moreover, for ¢ € Cy, Ri[a:(vo), ¢] = Relio, ] = Alvo, ],
so every summand is equal to zero.

t is an introduce node (introducing a coordi-
nate). In case if ¢ is the child of ¢ in T and
x(t) = x(t') U {co} for some coordinate ¢y, we set
ay = Qy, Rt[z][Ct/] = Rt/[i][C’t/} for every ¢ € [k’]

and define R; in the column ¢ as follows. For every
vector w € DO let g% be the set of indices i € [k]
such that Ry [i][Cy] = w. Recall that by the second
invariant for ¢/, |¢g*| = \DUC%‘ We subdivide ¢g* into
|D| groups {g%' | v € D} of the same size IDI% so that
if ay(v) € g* for some v € V; then ay(v) € g9 with
v = Alv, co]. Tt is always possible as ay is injective on V;
(so the index + is determined uniquely for a;(v) € g*)
and ‘m% > ﬁ = ¢ > |V4| (so potentially one of the
groups can contain «;(v) for all v € V;). For every v € D
and i € g¥ we then set I%;[i, co] = v and by this satisfy the
second invariant in ¢. The following validates the third one:
ZUEV{L Zcecj Wlv,c] - (Alv,c] — Rilag(v),c])? =
Yvevi Wvcol - (Alv,co] = Ri[ou(v),c])? =
Zvew W (v, co] - (A, co] — Re[a(v), co])?. Fix v € V,
let v = A[v][Cy]. Then at(v) € g, s0 au(v) € g2 with
v = Alv, ¢g]. Therefore Ri[a:(v), co] = v = Av, col, i€,
every summand is equal to zero.

t is a join node. Let t1,t5 be the two children of ¢ in T,
recall that x(¢1) = x(t2) = x(t). By the well-known
separation property of tree-decompositions, Xil N Xt =
x(t) (Downey & Fellows, 2013; Cygan et al., 2015). With-
out loss of generality we may assume that o, and oy, co-
incide on V; and Ry, [i, ¢] = Ry, i, ¢] for every i € [k] and
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¢ € Cy. In the case it does not hold, we achieve it by per-
muting the rows of R,,: by the second invariant, the sets of
rows Ry, and Ry, are the same when restricted to C;, thus
there is a permutation that achieves Ry, [i,c] = Ry,i, ]
for every i € [k] and ¢ € C,. Furthermore, by the third
invariant, for each v € V;, a;, maps v to a row that co-
incides with v on C;. Together with the first invariant it
means that for each w € D®*, ay, acts injectively from
V¥ ={v eV, : A][Ct] = w} to the set of rows of Ry,
that coincide with w on C}. Since the same holds for ¢, and
Ry, , foreach w € D% there is a permutation on the rows of
Ry, equal to w on C; that makes o, and o, agree on V.
Combinining the above permutations, applying the resulting
permutation 7; of [k] on the rows of Ry,, and replacing o,
with 7 o a4, leads to the desired property.

Then, we can correctly define oy = a4, U o, and construct
R; as follows:

* forevery i € [k] and ¢ € Ctil, Ry[i, c] = Ry, [i, cl,

* forevery i € [k] and c € Ctlz, Ry[i, c] = Ry, i, cl.

(R¢, t) obviously satisfies the first and second invari-
ants, let us verify the third one. Note that Wv,c¢] = 0
for every v € th and ¢ & Cti],, 7 = 1,2. There-
fore ZUGVf Zcec} W[Ua C] : (A[U7C] - Ry [at(v)a C])2 <
ZUEV{i ZcGCtll W[’U’C] : (A[’U,C] - Rt1[at1(v)7c])2 +

ZUEVté ECECé’z W[U,C] . (A[U,C] — Rt2 [Oétz (’U)’cDQ =
0 + 0 = 0 as desired.

We now estimate the running time of our procedure. To
show the desired time bound that is linear in terms of n + d,
we further specify how the entries (R;, o) are stored. For a
node ¢, we store separately the mapping «; on the forgotten
row indices V;*\ V; as a linked list of pairs (v, c(v)) where
v e th \ V4, and separately the values of « on the row
indices of V; for the V; part, the precise method of storage is
not relevant for our desired running time bound as there are
at most ¢ such entries in each node. Analogously, for each
i € [k], the row R;[7] is stored separately on the columns of
C} and C’f \ C}, where the latter is stored as a linked list of
pairs (¢, Ry[i,c]), c € C} \ C.

With the storage method above in mind, observe first that
for all nodes except join nodes the manipulations on the
entries in the bag take time at most O(kq), while the entries
for the forgotten row and column indices are simply copied
from the child node. Since the entry at a child node is never
reused further in the algorithm, the corresponding linked
lists can be copied by reference in constant time each.

For a join node, finding a suitable permutation of R;, that
matches with R;, on C, takes time O(k?q) by comparing
the values in the columns of C} for each pair of rows from
R:, and R:,, and the same time bound covers tweaking

this permutation to obtain , that also makes ay, and oy,
agree on V;. Applying 7, to rearrange the rows of R;, takes
time O(kq) since we pass the representations of Ry, [i][C} \
C] by reference. Now, to compose 7; with a,, instead
of computing the image value-by-value which would take
linear time, we do the following constant-time deferred
application. For the linked list that stores the values of oy,
on V? \ V4, we consider another type of node that contains
a single permutation 7; of [k]. This node in interpreted as
follows: any pair (v, ¢) that comes after this node is deemed
to represent the pair (v, 7¢(7)) instead. Using permutation
nodes, 7; can by applied to i, in O(k + ¢) by computing
the values on V; explicitly and putting a permutation node
m; at the beginning of the linked list for Vti \ V4, and another
permutation node 7, 1 at the end of this list. Finally, the
union of v, and oy, is computed in time O(q) by appending
the linked list that stores the images of o+, on Vtt \ V4, to
the linked list of o, on th \ V4, and storing the values
on V; separately. In the same fashion, for each i € [k]
we construct the row R;[i] by concatenating the respective
linked lists of Ry, [i] and Ry, [i].

After processing the root node r, the entries of B can be
restored efficiently in the following way. Recall that at
most O((n + d) - ¢) entries of W are “1”, as the graph G
has a tree-decomposition of width ¢ — 1; only the corre-
sponding O((n + d) - ¢) entries of B are relevant, others
need not to be restored. First, in time O(kd) we retrieve
the rows of R, from the computed representation and store
each row as an array indexed by the column indices. The
cluster assignment can be retrieved from the representation
of a,- in time O((n + d) - k) by traversing through the cor-
responding linked list while maintaining the composition of
all occured permutation nodes (observe that at most 2(n+d)
permutation nodes were created throughout the execution).
Afterwards each relevant entry B[v, ¢| can be computed in
constant time, by retrieving the cluster assignment «,.(v)
of v and the value R,[c,.(v), ¢] from the respective row ar-
ray. Since the number of nodes in the tree-decomposition
is bounded by O(n + d) and processing of each node takes
time O(k?q), the total running time is thus bounded by

O((n+d)-k*q) = (n+d) - |D°?,

as desired. ]

At this point, we can prove the main result of this section.

Theorem 3. BOUNDED-DOMAIN MCME is fixed-
parameter tractable when parameterized by tw(Gy).

Proof. Given an instance of BOUNDED-DOMAIN MCME,
we begin by constructing the incidence graph G'; and then
applying the known 5-approximation algorithm to compute
a tree-decomposition of G of width ¢ — 1 < 5tw(Gy)
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Figure 2. Example of a mask W (left) together with its incidence
graph (middle) and its primal graph (right). Vertices from top to
bottom correspond to rows from top to bottom and in the case of
Cw columns from left to right. In this example tw(Gr) = 3 and
tw(Gp) = 2.

in time 2°(V(G1) . (n + d). At this point we proceed by
comparing ¢ and k, as follows:

e if k > ¢ -|D|4, then we can correctly output “Yes”
(along with a suitable witness) by using Lemma 2;

* on the other hand, if ¥ < ¢ - |DJ? then we instead
invoke Theorem 1 to solve the instance.

The running time in the former case is upper-bounded by
(n +d) - |D|O®¥(G1) while in the latter case the bound is

(n+d) - |D|O*(ED) < (n4d)- DD O

4. Handling Real-Valued Matrices with
Treewidth

We now turn our attention to REAL-VALUED MCME. As
was mentioned in the Introduction, a fixed-parameter al-
gorithm for the problem parameterized by the incidence
treewidth of W would resolve a long-standing open problem
as a special case, and so far remains beyond reach. How-
ever, we can still make tangible progress on the problem
by considering the treewidth of a different representation
of W. In particular, the primal graph G p of W is a graph
containing one vertex for each row of W, where two rows
a, b are adjacent if and only if there is a column e such that
Wla,e] = Wb, e] = 1. An example comparing primal and
incidence graphs is provided in Figure 2.

Our aim in this section is to prove the next theorem.

Theorem 4. REAL-VALUED MCME is fixed-parameter
tractable when parameterized by tw(Gp).

Before we proceed to the proof, we will first introduce
some additional notation that will be useful in the context
of real-valued matrices. For every V' C V4, let u(V’,¢) =
argmin,, f(z) for f(z) = > v W, d - (Afv, ] — 2)?
and let A (V') = f(u(V', ¢)). Intuitively, if vectors from
V' form a cluster then A.(V") is a minimal sum of distances
to the cluster center along the coordinate c.

Observation 5. For each coordinate ¢, if V' = {z €

V' | Wz, c] =1} # 0 then

ZvEV” A[’U’C}
v

(Xevn Alv, d)?
vl

u(V'e) = , and

Ac(V')= Y (Al ) ~

VeV

Proof. As W is a binary matrix, we can rewrite f(z) =
v (Ao, d - 2)2 = Va2~ 23,y Aloyd] @+
> vevr (Alv, ¢])?. By assumption, [V”| # 0, so f(x) is
a quadratic function and attains a minimum at an extreme

o Alv, .
point, i.e., atz = W The minimal value of f can

2
be computed as Y- oy, (A[v, ¢])? — W O

Now we are ready to present the proof of Theorem 4.

Proof of Theorem 4. As our initial step, we once again ap-
ply the known approximation algorithm (Bodlaender et al.,
2016) to compute a nice tree-decomposition (7', x) of Gp
of width ¢ < 5tw(G p). We keep the notations r, V4, and
V;i from the previous section. Note that now the bags in the
tree-decomposition contain only vectors, so V; = x(t). In
contrast to the previous section, for every node ¢ we denote
by C’f the set of all processed in t coordinates, i.e., coordi-
nates ¢ such that Wv,, ] # 0 for some v, € V;* \ V;. A
crucial observation is the following: if ¢ € C}, then for all
vectors v ¢ V;* it holds that W v, ¢] = 0, otherwise v and
v, would appear in the same bag. In other words, values of
the cluster centers on ¢ € Cf are not meaningful for vectors
introduced outside of T}.

We will design a leaf-to-root dynamic programming algo-
rithm which computes a set of records R, at each node ¢ of
T. For each way p of partioning the vectors in the bag V;
into at most k clusters, the record R; stores the minimum
cost of clustering the vectors of Vti in the coordinates of
Cti , considering only the partitions of Vtl that extend p.

Formally, for anode ¢ of T" let P; be the set of all equivalence
relations p C V; x V; with at most k equivalence classes.
The record R; of ¢ is a mapping from P; to RT. Observe
that |P;| < (g + 1)7t%.

To introduce the semantics of our records, let 3; be the set
of all real matrices with the row labels Vti and the column

labels C’f . Let B; be a matrix in 3;. We define the partial
weighted distance from B; to A in t as follows:

pwd(By, t) = Z Z Wlv, ] - (Alv, ¢] — Bi[v, d])>.

'UEV{L (:ECé’

We also denote the number of forgotten clusters by
fcl(Bs, t), that is, the number of distinct rows in B; not
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equal to any B[v], v € V;. We say that p € P; with
[[p]| < k equivalence classes is the t-partition of By if the
following conditions hold:

* for every v,w € V; such that (v,w) € p, B:[v] =
Bt[w],

o fcl(By,t) is at most k — |[p]|.

The last two conditions are in fact equivalent to existence of
a cluster-assignment ¢ w.r.t. B; such that for every u, v €
Vi, p(u) = ¢(v) if and only if (u,v) € p.

We are now ready to define the record R;. For each p € P,
we set Ry (p) = 7 if there exists B; € B; such that:

* pis the t-partition of By,
* pwd(By,t) = 7, and

* VB, € B; such that p is the t-partition of Bj,
pwd(Bj,t) > 1

In this case we say that B, witnesses that R;(p) = 7.
Observe that R:(p) < oo since any p € P is a ¢-partition
of the zero matrix, and that R;(p) is well-defined (in the
sense that infp,cp, pwd(B¢,t) is achieved on B;), since
pwd(B, t) is minimized on a matrix constructed by Obser-
vation 5 from an optimal cluster-assignment, and there is
only a finite number of those.

Recall that for the root 7 of T', we assume V,. = (). Hence
P, contains only one element ), and R..(0) is equal to the
minimum value of |W o (A — B)||% that can be achieved
by any real matrix B containing at most k distinct rows.
Indeed, if some coordinate c is not processed in r, then
W v, ¢] = 0 for every row label v. Let us extend a witness
B, of R, to a matrix B with column set C'4 by setting
Blv, c] = 0 for every row label v and every ¢ ¢ C}. Then
Rr(w) = ZUGVT‘L ZcGCﬁ W[”?d ’ (A[vv C] - Br[vv C])2 =
Yvevs 2cec, Wlv,el - (Alv, ¢] — Blv,c])?. Hence the
instance is a YES-instance if and only if R,.(0) < £.

We will show how to compute the records in a leaf-to-root
fashion by proceeding along the nodes of 7', in each of the
following cases:

t is a leaf node. Let V; = {v}, then P; contains only one
equivalence relation p = {(v,v)} and R;(p) = 0 as there
are no processed coordinates.

t is a forget node. Let ¢’ be the child of ¢ in T and V;, =
Vi \ {vo} for some vector vy, we denote Cpey = Cti \ Cf,.
By branching over all p’ € P(t’) such that p'|y,xv, = p,
we compute

Ri(p) = min (Re (p') + A().

where

=2 D A

[v]€[p’] c€EChnew

For corectness, assume that RY (p) = 7 = Ry (p') + A(p)
for some p’ € P(t’) such that p'|y,xv, = p. Construct
a matrix B; from the witness By of Ry (p’) by adding a
new column for every label ¢ € Ci,e as follows. Fot every
v € Vi, we set Biv,d] = p([v]y,c). fu e Vi\ Vi
is such that By [u] = By[v] for some v € Vy, we set
Bi[u, c] = p([v]y, c). Otherwise we set By [u, c] = 0. To
see that p is a t-partition of By, assume firstly that there is
v # vg such that (v, v) € p', then fcl(By, t) = fcl(By,t')

and |[p]| = |[p]|- Otherwise fcl(B;,t) < fcl(By,t') + 1
and |[p]] = |[p']| — 1; in any case p is a t-partition of B;.
Recall that
pwd(By,t) Z Z Wlv, c] v,c] — Bi[v, c])?
veV,} ceCy
= pwd(By,t Z Z Wv, c]-(Afv, c]—Bi[v, c])?.
veV,F ¢€Cnew

As Chow N Cf, = (), we have Wv, c] = 0 for all ¢ € Cheyw
and v € Vj \ V. Therefore,

pwd(By, t) = pwd(By,t')

+ Z Z Wiv, ] - (Alv, ]

vEV, c€Chew

— u([vlp, )

=Ru(p') +Alp) =,
and thus B, witnesses that R;(p) < 7.

On the other hand, assume that R;(p) = 7 and B; is a
matrix in B; witnessing this. Let By be obtained from By
by deleting the columns with labels in C,.y,. We construct
p’ € P(t') from p by adding vy to an equivalence class
of arbitrary v € Vy such that B;[vg] = By[v]. If there
is no such v, we create a new equivalence class {vg}. In
any case p’ is a t'-partition of By: if |[p]| = |[p]| then
fcl(Byr, t') = fcl(By,t), in case |[p]| = |[p]| + 1 we have
fcl(By, t') = fcl(By, t) — 1. Therefore By witnesses that

Ry (p') < pwd(By,t')

=r— > Y W.d-(Ap,d - Biv.d])
v€Vy c€Chew
<t— Y Y Al =7-AR)

[v]€[p’] c€Chnew

So in our algorithm RY(p) < Ry (p') + A(p’) < 7. Hence,
we can correctly set R; = RY.

t is an introduce node. Let ¢’ be the child of ¢ in 7" and let
Vi = Vi U{wp} for some vector vg. For every p in P(t), we
set RY(p) = Ry (p') where p’ = p|v,, xv,, . For correctness,
it will be useful to observe that Cf = Cf,. Recall from
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the first paragraph of the proof that W vy, ¢] = 0 for every
ce C’ti,. Assume R (p) = 7 with a witness By, let us obtain
By from B, by deleting the row with label vy. Then By
admits the ¢'-partition p’ and pwd(By,t') = pwd(By,t),
so By witnesses that Ry (p') < 7.

If on the other hand Ry (p’) = 7 and By is a matrix wit-
nessing this, let us add to By a row with the label vy so
that p is a t-partition of the resulting matrix B;. For this,
if (v, v) € p for some v € Vi, we set Bi[vg] := By [v],
which results in |[p]| = |[p’]| and fcl(By,t) = fcl(By,t').
Otherwise |[p]| = |[p’]| + 1; we make B;[vg] equal to any
row of By that is not among { By [v] | v € V4 } (if such a
row exists) and by this achieve fcl(B, t) = fel(By,t') — 1.
If all the rows of By are among {By[v] | v € Vi }, we
set Bt[vo] equal to any of them. Then p is a t-partition of
B; and B; witnesses R;(p) < 7, so we can correctly set
Rt = Rg

t is a join node. Let 1, ts be the children of ¢ in 7. For
every pin Py we set R?(p) = Ry, (p) + R, (p). For correct-
ness, assume that RY (p) = 7 = 71+ 72 where 71 = Ry, (p),
To = R, (p). Let B; be a witness of Ry, (p) = 7; and
let ¢; be the cluster-assignment w.r.t. B; such that for ev-
ery u,v € Vi, p;(u) = ¢;(v) if and only if (u,v) € p,
i = 1,2. Without loss of generality we may assume that
ilv, = polvi- As Vi NV = Viand Cyp N CY, = 0,
there exists a composition of (B, 1) and (Ba, ¢3), we de-
note it by B;. Recall that B; admits the cluster-assignment
@ = 1 U w9, in particular, p is a t-partition of B;. As
Wlv,c] = 0 for every ¢ € C,f and v & V?,z =1,2, we
have

pwd(By, t) = Z Z Wv, |- (Av, ] — By[v, c])?

+ +
veVy ceCy)

+ 33 Wivd- (Alv.d] - Bilv,d)’

i +
veVy, ceCy,

= pwd(B1,t1) + pwd(Ba,tz) =71 + 70 = T.
Hence B; witnesses that R:(p) < 7.

For the converse, assume that R;(p) = 7 and B; is a matrix
witnessing this. Let B; be the restriction of B to rows Vti

and columns Ctﬁ, i = 1,2. Then p is a t-partition of B
and By and in our algorithm R?(p) = Ry, (p) + Ry, (p) <
pwd(B1) + pwd(Bz) = pwd(B;) = 7. So the resulting
record Ry = R(t) is correct, which concludes the correctness
proof of the algorithm.

To estimate the time complexity, recall that in a forget node
we branch over at most (¢ + 1)4t! = tw(Gp)Ptw(Gr))
partitions p’. Computing A(p’) requires time at most
|Cuew! (¢ + 1) < |Chew| - O(tw(Gp)?). Observe that
each column appears in Cyey Of at most one forget node
in T', as all rows that have a value of “1” in the same col-

umn form a clique. Thus, the processing time of all forget
nodes is upper-bounded by d - tw(Gp)°*V(&r)) | For the
rest of the nodes, it is easy to see that the processing time of
each node is upper-bounded by tw(G p)P(tW(Gr)) | Since
the nice tree-decomposition 7 has O(n) nodes, the total
running time is at most (n + d) - tw(Gp)°®W(CGr) O

5. An Incidence-Graph Based Algorithm for
Real-Valued MCME

While Theorem 4 significantly expands the previously
known boundaries of tractability for MCME, the algo-
rithm’s performance strongly depends on the structural prop-
erties of the primal graph. In general, primal graph repre-
sentations are known to be denser than incidence graph
representations, and this may make them unsuitable for
the application of structure-based algorithms on certain in-
stances (see, e.g., the example below Theorem 6).

As our final result, we show that although a fixed-parameter
algorithm for REAL-VALUED MCME parameterized by
tw(G ) remains beyond our reach, we can exploit a different
parameter of the incidence graph to achieve fixed-parameter
tractability—namely, the local feedback edge number.

Theorem 6. REAL-VALUED MCME is fixed-parameter
tractable when parameterized by lfen(Gy).

We note that it is not difficult to show that lfen(G) and
tw(G p) are pairwise incomparable parameterizations. In-
deed, an n x 1 mask consisting only of “1” entries has
Ifen(Gy) = 0 but tw(Gp) = n — 1. On the other hand,
consider, for some integer m, an (m + 1) x 2m mask W
such that the first row vg of W consists only of “1” entries,
while for each ¢ € [m] the (¢ + 1)-th row has “1” entries
on precisely two positions: ¢ and ¢ + m. Then G p is a star
with center in vy, so tw(Gp) = 1. However, G consists
of m edge-disjoint cycles intersecting in vg. It is then easy
to observe that the local feedback edge number of vy with
respect to any spanning tree of G is m.

We proceed by introducing some additional terminology that
will be useful in the coming arguments. Let 7" be a fixed
rooted spanning tree of G such that lfen(G,T) = lfen(G),
denote the root by 7. For t € V(T), let T} be the subtree of
T rooted at ¢. We define the boundary §(t) of t to be the set
of endpoints of all edges in G with precisely one endpoint
in V(T}) (observe that the boundary can never have a size
of 1). t is called closed if |§(t)| < 2 and open otherwise.

Proposition 7 (Ganian and Korchemna (2021)).

1. For every closed child t’ of t in T, it holds that §(t') =
{t,t'} and tt' is the only edge between V (Ty) and
V(G)\ V(Ty) in G.

2. |6(t)| < 21fen(G) + 2.

3. Let {t;]i € [§]} be the set of all open children of t in T.
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Then j < 2lfen(G) and
3(t) € ULy 8(t:) U {t} U Na(#),

To prove Theorem 6, we will provide a leaf-to-root dynamic
programming algorithm which stores information about op-
timal partitionings of §(¢) into clusters. On a very intuitive
level, Point 1. of Proposition 7 allows the algorithm to han-
dle the closed children in a greedy manner, Point 2. ensures
that the size of the records is bounded, and Point 3. is used
in the dynamic programming step to compute records for
a parent based on the records of its children. Furthermore,
one can observe that || J!_, 6(¢;)| is upper-bounded by a
linear function of lfen(¢), which will be useful to ascertain
the runtime bound for the algorithm.

Observation 8. For each node t in T, 521 o(t;)] <

Alfen(t) + 2.

Proof. By Point 2. of Proposition 7, the number of ver-
tices in | J/_, 6(¢;) that belong to 6(¢) is at most |§(¢)] <
21lfen(G) + 2. If v € §(¢;) \ (4(¢)) for some i € [j], then
v = t;. So the number of such v is at most j < 21fen(G)
by Point 3. of Proposition 7. In total, |{J]_, 6(t;)] <
41fen(t) + 2. O

We are now ready to establish the claimed result by provid-
ing an algorithm for REAL-VALUED MCME with running
time (kn? + d) - lfen(G)©Men(G1)) | assuming a spanning
tree 1" of minimum local feedback edge number is provided.
We note that such a spanning tree can be computed by a
fixed-parameter algorithm (Ganian & Korchemna, 2021).

Proof of Theorem 6. We will design a leaf-to-root dynamic
procedure computing the set of records for every node of
T'. Intuitively, the record in ¢ will store the minimum sum
of distances of processed vectors, computed along the pro-
cessed coordinates, to their cluster centers for every possible
partition of vectors in §(t) into clusters.

Formally, let Vtl and C’tl be the sets of vectors and coordi-
nates of 7} correspondingly, we denote by V; and C} the
restrictions of §(¢) to vectors and coordinates respectively,
then 0(t) = V; U Cy. Let P; be the set of all equivalence
relations p C V; x V; with at most k equivalence classes.
The record R; of ¢ is a mapping from P; to RT. Observe
that |P;| < Ifen(G)CMen(Gn),

To introduce the semantics of our records, let 3; be the set
of all real matrices with the row labels Vti U V; and the
column labels C’f . Let B; be a matrix in B;. We define the
partial weighted distance from By to A in t as follows:

Z ZW’UC v, ]

veV,UV,* ceCy

pwd(DBy, t) —Bt[v,c])Q.

For a matrix B; with the row labels th U V; and the column
labels Cti , we say that p € P, is the t-partition of B, if the
following conditions hold:

o for every v,w € V; such that (v,w) € p, Bi[v] =
Bt[’UJ],

* the number fcl(By, t) of pairwise different rows in B,
not equal to any B[v], v € V,, is at most k — |[p]].

Note that the existence of a ¢-partition automatically implies
that B; has at most k distinct rows. We are now ready to
define the record R;. For each p € P, we set R;(p) = 7 if
there exists B; € B; such that:

* pis the t-partition of By,
* pwd(By,t) = 7, and

* VB, € B; such that p is the t-partition of Bj,
pwd(Bj,t) > 7.

In this case we say that B, wimnesses that R;(p) = 7.

Recall that for the root r € T', the boundary is empty, in
particular V,. = (), so P, contains only one element (), and
R (D) is equal to the minimum value of |W o (4 — B)||%
that can be achieved by any real matrix B containing at
most k distinct rows. Hence the instance is a YES-instance
if and only if R,-(#) < ¢. We will compute the records in
a leaf-to-root fashion by proceeding along the nodes of 7.
Note that for any leaf vector v, there are no coordinates in
T, and therefore R, (p) = 0 for every p € P,.

Let ¢ = c be a (maybe leaf) coordinate with children
v1,...,VU,m Where vy, ..., v; are open and the rest are closed.
Recall from Proposition 7 that j < 21fen(Gr). We asssume
that the closed children are sorted by the coordinate ¢, i.e.,
Alvi, o] < Alviga,c], @ € [m — 1]\ [j]. Let us denote
Vo = {v|(v,¢) € E(GI)\E( )}, and for each i € [m],

Vi=V,,C; = CUL V¥ =V}, and O} = CY. Observe
that V; € U, Vi
For every pg € P;, we initiate by setting R (po) = dnM 4+

1 and branch over all equivalence relations p on | J, lilo Vi
such that |[p]| < k and p|y, = po. In every branch we
construct a partition p* on the domain D* = Uie[nL]O Vi
extending p to the set of closed children. Intuitively, p* will
provide a subdivision of the interval [j+ 1, m] into at most k
subintervals such that closed children v;, and v;, belong to
the same cluster if 71 and 72 belong to the same subinterval.

To find the optimal (i.e., minimizing the sum of distances in
the coordinate c) subdivision, we will compute the dynamic
programming table M i, .S, kq) for every subset S C [p]
and non-negative integers ¢ € [j, m] and k. < k—|[p]|, that
stores the minimum sum of distances along the coordinate ¢
for the closed children v;1 ... v; if they are partitioned into
|S| + kel clusters with the following property: ke clusters
do not contain any open children, and for each equivalence



The Complexity of k-Means Clustering when Little is Known

class [v] € S, there is a cluster intersecting the set of open
children by exactly [v]. We initiate by setting M (35, 0,0) =
0 and M(j, S, k1) = dnM 4 + 1 whenever S # () or ke #
0. Further, we set M(7,0,0) = dnMa + 1 for i > j and
then for remaining triples S C [p], ¢« € [j + 1,m] and
ke < k — |[p]| compute:

M (i, S, ka) = min (M(z", S, ke — 1) + Ac(v(i,,i])),

1<’
MQ(iv Sv kcl) -
. . ”

Jmin min (M5 ([}, k) 4+ Aclo] Ui,
where v(y ;) = {v, : y € [i] \ []}. As special cases,
we set My (i,5,ka) = dnMy + 1 if kg = 0, and
Ms(i, S k) = dnMy + 1 if S = . Intuitively, M,
corresponds to the case where the children in v(;s ;) form a
separate cluster, while M5 represents the addition of V(ir 4]
to the cluster of open children from [v]. M also captures
an option when no closed children are added to the clus-
ter of [v], namely, when i = /. We set M(i, S, kq) =
min(Ml(i7 S> kcl)a M2(i7 S» kcl))~

When all the entries of M are computed, let A.(p) =
minogkclgk—\[p]\ M(m’ [p]v kcl) = M(ma [pL kgl) A sim-
ple back-tracking allows to construct the partition p*
of D* extending p such that |[p*]] = |[p]| + kY and
Pijepr] Ae([v]) = Ac(p). We try to improve R (po) :=
min(R?(pO)a Zie[m] Rvi (p* “/1) + AC(p))

For correctness, assume that in our algorithm RY(p) =
T = Yicim) Ru:(P*[vi) + Ac(p). For every i € [j], let
p; = p*|v, and let B; be the witness of R, (p;). We define
the matrix By with the only column label ¢ and row labels
Vo by setting By[v, ¢] = p([v]p+,c). Then, in particular,
S wervinns Wt - (A(u,¢) — Bo(u,¢)? = Au([o]) for
every [v] € [p*]. For every i € [m]o, p; = p*|v, and
therefore we can construct cluster-assignments @; w.r.t. B;
such that

* for every u,v € V;, p;(u) = ¢;(v) if and only if
(u,v) € p*, i € [m]o;
o forevery v € V;, NVi,, vi, (v) = @i, (v), 11,02 €
[m]o.
Note that the sets of column labels of B; are pairwise
disjoint, so there exists a composition B; of (B;,¥;),
i € [m]o. Recall that B; admits the cluster-assignment
¢ = Uicpm), #i- has row labels (¢, (Vi U VUV, =
V; U V;* and column labels Uiem) Cfu{c} = Cf. Let
us compute pwd (B, t) = Zvevtuvﬁ Zc’eci Wiv, ] -
(A[v, ] — Bi[v, '])?.

Observe that if ¢ € C’ii and v ¢ V; U Vii, then
Wiv,d] = 0, ¢ € [m]. The set of v such that
Wlv,e] = 1 is precisely Vp. Therefore pwd(By,t)

can be computed as >, (,., ZueViUVii Zc'eCj Wlv, ]
(Alv,d] — Biv,c])? + ZvEVo Wiv, ] - (Afv,e] —
BO[chDQ = Zie[m] pwd(B;,v;) + Z[U]e[p*] A([v]) =
>icim Rvi(pi) + Ac(p) = 7. Hence By witnesses that
Ru(p) <.

For the converse, assume that R:(pg) = 7 and B; is a
matrix witnessing this. There exists a cluster-assignment
 w.r.t. By such that for every u,v € Vi, o(u) = ¢(v) if
and only if (u,v) € pg. We define the equivalence relation
p* on domain D* as follows: (u,v) € p* if and only if
©(u) = p(v). In particular, p* extends pg and |[p]| < k.

Claim 2. [fu and v are closed children of ¢ and Alu, c] <
Alv, ¢] but Bilu,c| > Biv, c], then there exists a witness
Bj € B: of Ri(po) < 7 with cluster-assignment ' such
that:

L]

©'(u) = p(v), ¢'(v) = p(u);

*  coincides with o outside of Vj U Vj;

Bi[u, ¢] = Bi[v, ], Bi[v,c] = Bylu,c];

Bi[v;, ] = Bi|vi, c] for every v; & {u,v}, i € [m];

L]

Proof. Let us define ¢’ as follows:

s ifw € VU V) and p(w) = ¢(u), then ¢’ (w) =
p(v);

e ifw € VYUV and p(w) = ¢(v), then ¢’ (w) =
p(u);

« for the rest of w € V; U V;", ¢/ (w) = p(w);

We define the matrix B; with row and column labels V; U Vf
4.
and Cy:

i/ (w) # ¢/ (v) and ¢ (w) # ¢ (u), we set Bfu] =

EV}UVl;

o
£
g\_/

o if ' (w) = ¢’ (), we set Bj[w] = Bjlz], « € {u,v}.

From the last definition it is clear that ¢’ is a cluster-
assignment w.r.t. B;. Observe that ¢ coincides with ¢’
on V4, in particular, pg is a ¢-partition of Bj. Let us compare
pwd(DBy, t) and pwd(Bj, t). Summands corresponding to w
with ¢’ (w) # ¢'(v) and ¢’ (w) # ¢’(u) obviously coincide.
Consider w # v with ¢'(w) = ¢'(v). If w € V} UV},
then ¢(w) = ¢(v) and therefore for ¢ € C¥ U C} we
have Bj|w,c| = Bj[v,d] = Biv,c'] = Bi|w,c]. For
d ¢ CHuCk Wlw,d] = 0 as v and u are closed chil-
dren. Assume that w ¢ V> U V,}, then p(w) = ¢(u). For
¢ € Cru O, we have Ww, '] = 0. For the rest of ¢,
Bi[w,d] = Bjlv, '] = Bt[u,d] = Bi|w, (], so all the
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summands corresponding to w coincide. Similarly they
coincide for w # u with ¢'(w) = ¢'(u). In particular,
Bi[vi, ¢] = Bylvg, ] for every v; & {u,v}, ¢ € [m]. The
only difference may occure in the summands correspond-
ing to u and v. Moreover, the only coordinate ¢’ where
W{v, '] = 1and Bjv, ] # Bi[v, ], is ¢ = ¢, similarly
for u. So comparing pwd(By, t) and pwd(Bj, ) is in fact
comparing (A[v, c] — Bi[v, c])? + (A[u, ¢] — Bt[u, c])* and

(A[v, c] — Bilu, c])? + (Afu, ¢] — By[v, c])?. Ttis easy to see
that the second sum is not larger then the first, see Figure 3
for the illustration. O
Alu, d] Alv, Byv, c] By[u, ]
A[U,C] Bt[ch] Bt[uvc] A[ch]
e ——
Alu, ] Bi|v, ] Alv, ] Bi[u, c]
/
Blo,d __ Blud _Awd A,
By[v, c] Alu, ] Alv, ] By[u, ]
———
Byv, (] Alu, (] Byu, ] Alv,

— —
Figure 3. Red and green segments represent contribution of v and
u along c into the total sum, for B; and B; correspondingly. For
any arrangement of Afu, ¢|, A[v, ], B¢[u, c] and By[v, c], the sum
of squares of green segments is not larger then the sum of squares
of red ones.

In fact, Claim 2 allows us to assume without loss of general-
ity that every cluster intersects the set of closed children of
c by some V(iy ia]» 11 < T2 Indeed, pick any closed children
v; and vy of ¢ with ¢ < ¢/, then Afv;, ¢] < Alvy,c]. We
will say that the pair (v;, v;) is bad if one of the following
holds:

* Bi[vi, ] > Bilvir, cl;
* Bilvi, ¢] = Btlvir, c], p(v;) # ¢(vy) but there exists
" > 4" such that p(v;) = @(v).
Observe that if there are any bad pairs, we can chose one
of them so that application of the Claim 2 to it decreases

the number of bad pairs. Applying Claim 2 iteratively until
there remain no bad pairs, we finally obtain a witness B}

of R;(pp) = 7 with cluster-assignment ©* such that any
cluster of * intersects the set of closed children of ¢ in
some v(;, 4,1 Further we assume B} = By, ¢* = ¢. By op-
timality of By, we conclude that 3, o, W/u, c]- (Afu, c] —
Bilu, c])? = A.([v]) for every [v] € [p*]. Every such case
is captured by the computation scheme of the dynamic table
M, so we have M(m, [p], k%) < 2 lefpr) Ae([v]) where
pis the restriction of p* to D*\v(; ,, and kY = |[p*]|—|[p].
Let B; be the restriction of B; to rows V; U Vﬁ and columns
CY, i € [m]. Then p*|y, is vs-partition of B; and hence in
our algorithm

ROpo) < 3 Ruu (0 v2) + M(m, [, K)
1€[m]
<Y pwd(Biu)+ Y Ad(v))
i€[m] [v]€lp~]

=pwd(By,t) =7

It remains to consider the case where ¢ = v is a vector
with children ¢y, ..., ¢y, in T, where ¢y, ..., c; are open
and the rest are closed. We will use the notations V; = V.,
C; = C.,, Vi' = V¥ and Cf = CL, i € [m]. For every
po € Py, we initiate by setting R (po) =ndM, + 1 and
then branch over equivalence relations p on Uie[ il Vi U
{v} D V; suchthat |[p]| < k and p|y, = po. In every branch
we set R)(po) = min(RY(Po),s Do jepm Rei (i) where
pi = plv, fori € [j] and p; = {(v,v)} fori € [m] \ [j].

For correctness, assume that in our algorithm RO (pg) =
T = Zie[m] R, (p;) and let B; be the witness of R, (p;).
We define ¢ on the domain of p and with values in [k]
by setting ¢(u) = ¢(w) if and only if (u,w) € p. Re-
call that p; = pl|y, for i € [j] and p; = {(v,v)} for
i € [m]\ [j], so there exist cluser-assignments ; w.r.t.
B; which agree with ¢ on intersections of their domains.
Sets of columns of B; are pairwise disjoint, so there
exists a composition matrix B; with cluster-assignment
Uiepm ¢i = @, row labels U, ¢, (Vi U VH = VU
Vtl and column labels Uie[m] C’f = Ct¢ . Let us com-
pute pwd (B, t) = Zuevtuvtl 2060# Wiy, c] - (Au, ] —
By[u, c])?. Here C} = I_Ii.g[m]CiL and W{u, ] = 0 when-
ever c € Cj and u ¢ V; U Vii. Therefore pwd(By, t) =
Zie[m] ZuEViLJViL ZcECiL W[“" C]'(A[u7 C]_Bi [u7 C])2 =
Yicim) PWA(Bi,vi) = 3 icpm Rei(pi) = 7. Hence By
witnesses that R, (p) < 7.

For the converse, assume that R;(pg) = 7 and B; is a ma-
trix witnessing this. Let ¢ be the cluster-assignment w.r.t.
B4, such that for every u,v € Vi, p(u) = ¢(v) if and only
if (u,v) € pp. We extend py to the equivalence relation p
on domain (J,¢; Vi U {v} defined as follows: (u,v) € pif
and only if ¢(u) = ¢(v). Let B; be the restriction of B; to
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rows V; U VZ-¢ and columns C’j, i € [m], then p; = p|y,
is ¢;-partition of B;, i € [j]. Hence in our algorithm
RY(po) < Zie[j] Re,(pi) + Zie[m]\[j] Re,({(v,0)}) <
Yicim PWd(Bi, ¢;) = pwd(By,t) = 7. Hence the re-
sulting record R; = R? is correct, which concludes the
correctness proof of the algorithm.

Let us estimate the time for processing coordinates ¢ = c.
For a fixed ¢ with m,, children, we branch over equivalence
relations pon domain. Uiepo Vi € (5(0) U Uiep; 0(vi). By
Observation 8, the size of the domain is upper-bounded
by O(lfen(G7)), so there are at most lfen (G )©fen(G1)
branches. In every branch, we start from computing
A ([v]Uwgr ) and A (v ) for each [v] € [p] and i’ < i
from [m.] \ [j]. Taking into account Observation 5, all the
computations can be performed in time at most m? - |[p]|.
After this, every entry of M can be calculated in time
O(me - |[p]]) < mc - O(lfen(Gy)). M has size at most
mek - 21PN < m k- 20fen(G1)) anq therefore can be com-
puted for all the branches in time m?2k - Ifen(G ) ©(Mfen(G1),
As Y co, M < (Xiee, me)? < n?, processing all the
coordinates c takes time of at most n2k -1fen (G ) (fen(G1)),
Record for a vector v with m, children can be com-
puted in m,, - lfen(G;)CMen(Gn) which yields the time
d - Ifen(G)©Men(G0) for processng all the vectors. There-
fore the total runnung time of the algorithm is upper-
bounded by (kn? + d) - lfen(G ) O en(Gr), O

6. Concluding Remarks

While our algorithmic results are specifically designed to
deal with MEANS CLUSTERING WITH MISSING ENTRIES,
it would be interesting to see whether the approaches and
techniques developed here can be applied to other clustering
variants or, e.g., the related task of low-rank matrix comple-
tion. Still, on the theoretical side the by far most prominent
problem that is relevant to this research direction is the
complexity of k-MEANS CLUSTERING for real-valued ma-
trices when parameterized by the number of columns. A
W][1]-hardness result for this problem would immediately
exclude the existence of a fixed-parameter algorithm for
REAL-VALUED MCME parameterized by the incidence
treewidth of the mask, while a fixed-parameter algorithm
could potentially open up the way towards tractability.

It would also be interesting to see how the considered spar-
sity parameters behave in practical settings. In particular,
even though direct implementations of our exact algorithms
with runtime guarantees are unlikely to outperform state-
of-the-art heuristics, it may be possible to exploit these
parameters to guide or otherwise improve existing methods.
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