
CHAPTER VII

FIRST FUNDAMENTAL INEQUALITY

In this chapter, we will prove that if K is a finite cyclic extension of k then
k∗NK/kIK is a closed subgroup of finite index in Ik and

[

Ik : k∗NK/kIK
]

is divisible
by [K : k]. We begin with an algebraic lemma.

Lemma 7.1 (Herbrand’s lemma). Let L be a subgroup of finite index in

abelian group J , and let f : J → J and g : J → J be two homomorphisms such that

f(L) ⊂ L and g(L) ⊂ L, and fg = gf = 1. Let f1 and g1 be the restrictions to L
of f and g, respectively. If [ker(f1) : Im(g1)] and [ker(g1) : Im(f1)] are both finite

then [ker(f) : Im(g)] and [ker(g) : Im(f)] are finite and

[ker(f) : Im(g)]

[ker(f1) : Im(g1)]
=

[ker(g) : Im(f)]

[ker(g1) : Im(f1)]
.

Proof. Consider the composite J
f
−→ Im(f)

ι
−→ Im(f)

Im(f1)
. If f(j) is in Im(f1) then

f(j) = f(`) with ` in L, so j = j`−1` is in ker(f)L. Therefore ker(ιf) = ker(f)L,
and

J

ker(f)L
'

Im(f)

Im(f1)
.

Both sides are finite groups since [J : L] is finite. In addition, we have

ker(f)L

L
'

ker(f)

ker(f) ∩ L
'

ker(f)

ker(f1)
.

Homomorphism g satisfies the same hypotheses as f , so we have also

J

ker(g)L
'

Im(g)

Im(g1)
and

ker(g)L

L
'

ker(g)

ker(g) ∩ L
'

ker(g)

ker(g1)
.

Therefore, with every index in the following being finite, we have

[J : L] = [Im(f) : Im(f1)] [ker(f) : ker(f1)]

= [Im(f) : Im(f1)]
[ker(f) : Im(g1)]

[ker(f1) : Im(g1)]

= [Im(f) : Im(f1)] [Im(g) : Im(g1)]
[ker(f) : Im(g)]

[ker(f1) : Im(g1)]
,
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or
[J : L]

[Im(f) : Im(f1)] [Im(g) : Im(g1)]
=

[ker(f) : Im(g)]

[ker(f1) : Im(g1)]
.

The left side is symmetric in f and g so we have the desired result,

[ker(f) : Im(g)]

[ker(f1) : Im(g1)]
=

[ker(g) : Im(f)]

[ker(g1) : Im(f1)]
.

Lemma 7.2 (Hilbert’s Theorem 90). Let Z/F be a finite cyclic extension of

degree n with Galois group generated by σ. If α in Z∗ satisfies α1+σ+···+σn−1

= 1
then there exists β in Z∗ such that α = β1−σ.

Proof. Suppose that Z = F(θ). Put θi = θσi

. Then θσ
i = θi+1 for 0 ≤ i < n−1,

and θσ
n−1 = θ = θ0. Put α0 = 1, α1 = α, . . . , αi = α1+σ+···+σi−1

for 1 ≤ i ≤ n − 1.

Then αασ
i = αi+1 for 0 ≤ i < n− 1, and αασ

n−1 = α1+σ+···+σn−1

= 1 = α0. Finally,
put

βj = α0θ
j
0 + α1θ

j
1 + · · ·+ αn−1θ

j
n−1 for 0 ≤ j < n.

Then αβσ
j = βj . The n elements θ0, . . . , θn−1 are all distinct (otherwise θ would

have fewer than n conjugates, which is impossible), so the Vandermonde matrix
(

θj
i

)

is non-singular. Therefore βj 6= 0 for at least one value of j, and we have

α = βj/βσ
j = β1−σ

j as desired.

Computation of [k∗
p : NK℘/kp

K∗
℘] for cyclic extensions. In the proof of

the first fundamental inequality for cyclic extensions, we begin by showing that
[k∗

p : NK℘/kp
K∗

℘] = [K℘ : kp], and we will need only that local extension K℘/kp

is cyclic. Let [K℘ : kp] = n = ef , where pO℘ = ℘e and N℘ = Npf . Let principal
ideals ℘ and p be generated by elements Π in O℘ and π in op, respectively. Denote
the unit group O∗

℘ by U℘ and the unit group o∗
p by up. The index [k∗

p : NK℘/kp
K∗

℘]
is the product of two factors.

(7.1) [k∗
p : NK℘/kp

K∗
℘] = [k∗

p : upNK℘/kp
K∗

℘][upNK℘/kp
K∗

℘ : NK℘/kp
K∗

℘]

We will show that the first factor of the right side is f and the second factor is e.

Computation of the first factor. Since NK℘/kp
(Π) = (π)f , we have NK℘/kp

Π =

µπf where µ is in up. Then K∗
℘ = U℘〈Π〉, so upNK℘/kp

K∗
℘ = upNK℘/kp

U℘〈π
f 〉 =

up〈π
f〉. We also have k∗

p = up〈π〉, so

(7.2) [k∗
p : upNK℘/kp

K∗
℘] = [up〈π〉 : up〈π

f〉]

= [〈π〉 : up〈π
f〉 ∩ 〈π〉] = [〈π〉 : 〈πf〉] = f.
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Computation of the second factor. We have

(7.3) [upNK℘/kp
K∗

℘ : NK℘/kp
K∗

℘] = [up : up ∩ NK℘/kp
K∗

℘] = [up : NK℘/kp
U℘].

To compute [up : NK℘/kp
U℘], we apply Herbrand’s lemma with J = U℘, and homo-

morphisms f : J → J and g : J → J defined by f(α) = NK℘/kp
α = α1+σ+···+σn−1

and g(β) = β1−σ. Then ker(g) =
{

β ∈ U℘

∣

∣ β/βσ = 1
}

= U℘ ∩ k∗
p = up, and

Im(f) = NK℘/kp
U℘. Lemma 7.1 (Herbrand’s) asserts that

(7.4)
[

up : NK℘/kp
U℘

]

= [ker(g) : Im(f)] =
[ker(f) : Im(g)] [ker(g1) : Im(f1)]

[ker(f1) : Im(g1)]
.

It remains to choose L and compute the three indices on the right side of (7.1)

Computation of [ker(f) : Im(g)]. We have

Im(g) =
{

α ∈ Up

∣

∣ α = β1−σ with β ∈ U℘

}

,

and, by lemma 7.2,

ker(f) =
{

α ∈ U℘

∣

∣ NK℘/kp
α = 1

}

=
{

α ∈ U℘

∣

∣ α = β1−σ with β ∈ K∗
℘

}

.

Let g′ : K∗
℘ → K∗

℘ be the map g′(α) = α1−σ. Then ker(f) = Im(g′), and Im(g) =
g(U℘) = g′(k∗

pU℘). Both rows are exact in the following commutative diagram.

1 −−−−→ k∗
p −−−−→ K∗

℘
g′

−−−−→ ker(f) −−−−→ 1
x





x





x





1 −−−−→ k∗
p −−−−→ k∗

pU℘
g′

−−−−→ Im(g) −−−−→ 1

We have [ker(f) : Im(g)] =
[

K∗
℘ : k∗

pU℘

]

= [U℘〈Π〉 : U℘〈π〉] = [〈Π〉 : 〈Πe〉], and
therefore

(7.5) [ker(f) : Im(g)] = e.

Choice of subgroup L. By the normal basis theorem, there exists an element

θ in K℘ so that θ, θσ, . . . , θσn−1

is a basis of K℘ over kp. If α is in k∗
p then

αθ, αθσ, . . . , αθσn−1

is also a basis, so we can assume that ord℘(θσj

) > b
q−1

, where

b is as defined in lemma 4.8, and q is the rational prime which p divides. Put

M = opθ + opθ
σ + · · · + opθ

σn−1

.
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Then exp(x) is defined on M and maps M isomorphically onto a subgroup L of
U℘, where

L = exp(M) =

{

y ∈ U℘

∣

∣ ord℘(y − 1) >
b

q − 1

}

.

If m is sufficiently large, we will show that M contains ℘em. Let x1, . . . , xn be a

basis for O℘ over op. Then xi =
∑n−1

j=0 βijθ
σj

for 1 ≤ i ≤ n, with βij in op. There is

a constant c0 so that ordp(βij) > −c0 for 0 ≤ j < n and 1 ≤ i ≤ n. If x is in ℘em =

(Πem) = πmO℘ then x =
∑n

i=1 αiπ
mxi =

∑n
i=1

∑n−1
j=0 αiπ

mβijθ
σj

=
∑n−1

j=0 γjθ
σj

,

where αi is in op, 1 ≤ i ≤ n, and γj =
∑n−1

j=0 αiπ
mβij . We have

ordp(γj) ≥ min
(

ord(αiπ
mβij)

)

> m − c0.

If we take m ≥ c0 then the γj are all in op, so x is in M , and ℘em ⊂ M ⊂ O℘.
Since [O℘ : ℘em] is finite, we see that [M : ℘em] is finite. Since ℘em is mapped
isomorphically onto 1+℘em by the exponential function, then [L : 1+℘em] is finite.

O℘ U℘
x





x





M
exp

−−−−→ L
x





x





℘em exp
−−−−→ 1 + ℘em

We can carry out the computation of [ker(g1) : Im(f1)] and [ker(f1) : Im(g1)] in M .

Since Mσ = M , we can define f̃1 : M → M by f̃(x) = x + xσ + · · · + xσn−1

, and
g̃1 : M → M by g̃(y) = y − yσ. Each automorphism of K℘/kp is an isometry,
so if limn→∞ αn = α then we have |αn − α|℘ = |ασ

n − ασ|℘, so limn→∞ ασ
n = ασ.

Therefore exp(xσ) =
(

exp(x)
)σ

. We have

exp
(

f̃1(α)
)

= exp
(

x + xσ + · · ·+ xσn−1
)

= exp(x) exp(xσ) . . . exp
(

xσn−1)

= exp(x) exp(x)σ . . . exp(x)σn−1

= f1

(

exp(α)
)

Likewise, we have exp
(

g̃1(y)
)

= g1

(

exp(y)
)

. Since exp is an isomorphism, we have

[ker(f1) : Im(g1)] = [ker(f̃1) : Im(g̃1)]

[ker(g1) : Im(f1)] = [ker(g̃1) : Im(f̃1)].(7.6)
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Computation of [ker(f1) : Im(g1)]. Let x be in M . Then x =
∑n−1

i=0 αiθ
σi

, with
αi in op. We have

(7.7) f̃1(x) =

n−1
∑

j=0

(

n−1
∑

i=0

αiθ
σi

)σj

=

n−1
∑

i=0

n−1
∑

j=0

αiθ
σi+j

=

(

n−1
∑

i=0

αi

)(

n−1
∑

k=0

θσk

)

=

(

n−1
∑

i=0

αi

)

SK℘/kp
θ.

If SK℘/kp
θ = 0, then replace θ with θ + 1, which also generates a cyclic basis and

SK℘/kp
(θ + 1) 6= 0. Therefore ker(f̃1) =

{

x ∈ M
∣

∣

∑n−1
i=0 αi = 0

}

.

For y =
∑n−1

j=0 βjθ
σj

, we have g̃1(y) = g̃1

(

∑n−1
j=0 βjθ

σj
)

=
(

∑n−1
j=0 βjθ

σj
)

−
(

∑n−1
j=0 βjθ

σj+1
)

, so

(7.8) g̃1(y) = (β0 − βn−1)θ + (β1 − β0)θ
σ + · · ·+ (βn−1 − βn−2)θ

σn−1

.

We show ker(f̃1) ⊂ Im(g̃1). If
∑n−1

i=0 αi = 0, put β0 = α0, β1 = α0 + α1, . . . ,
βn−1 = α0 + · · ·+ αn−1 = 0. Then

β0 − βn−1 = α0, β1 − β0 = α1, . . . , βn−1 − βn−2 = αn−1,

so

(7.9) [ker(f̃1) : Im(g̃1)] = 1.

Computation of [ker(g̃1) : Im(f̃1]. By (7.8), we have g̃1(y) = 0 if and only if

β0 = βn−1, β1 = β0,. . . , βn−1 = βn−2, so ker(g̃1) = op

(

∑n−1
j=1 θσj

)

. Comparison

with (7.7) shows that Im(f̃1) is the same set. Therefore

(7.10) [ker(g̃1) : Im(f̃1)] = 1.

Proposition 7.3. If extension K℘/kp is normal with cyclic Galois group, then
[

up : NK℘/kp
U℘

]

= e.

Proof. Using (7.6), substituting the results of (7.5), (7.9) and (7.10) into the
right side of (7.4), we obtain

(7.11)
[

up : NK℘/kp
U℘

]

= e.

Remark. Lemma 4.7 was the unramified case of lemma 7.3.
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Proposition 7.4. If extension K℘/kp is normal with cyclic Galois group, then

NK℘/kK
∗
℘ is an open subgroup of k∗

p and
[

k∗
p : NK℘/kp

K∗
℘

]

= n.

Proof. Applying the results of (7.2), (7.3) and (7.11) to the right side of (7.1)
produces

[

k∗
p : NK℘/kK

∗
℘

]

= ef = n.

Lemma 7.5. If i is an idele in Ik and G(K : k) is abelian then i is in NK/kIK
if and only if ip is in NK℘/kp

K℘ for every prime p of k and some prime ℘ of K
dividing p.

Proof. Suppose that for every p we have ip = NK℘/kp
α℘ for α℘ in K∗

℘ for some
℘ dividing p. This gives a set U of primes of K. Let j in IK have components j℘ = α℘

for ℘ in U and j℘ = 1 for ℘ not in U . Then
∏

℘|p NK℘/kp
j℘ = NK℘/kp

α℘ = ip for

each p, so NK/k j = i.
Conversely, suppose that i = NK/k j for some j in IK. Then ip =

∏

℘|p NK℘/kp
j℘

for each p. Let the primes of K dividing p be ℘1, . . . , ℘g. For abelian extensions, the
splitting groups S℘i

all coincide, so put Sp = S℘j
. (Chapter I, Splitting groups and

inertial groups in normal extensions.) Let σ1, . . . , σg be a set of coset representatives
for splitting group Sp in G(K : k). Then ℘

σj

1 = ℘j , and σj : K℘1
→ K℘j

is an

isomorphism. Put τj = σ−1
j . Then ℘

τj

j = ℘1 and τj : K℘j
→ K℘1

is an isomorphism,
and we have

NK℘j
/kp

j℘j
=
(

NK℘j
/kp

j℘j

)τj

=
∏

σ∈S(p)

(

jσ℘j

)τj

=
∏

σ∈S(p)

(

jτj
℘j

)σ

= NK℘1
/kp

jτj
℘j

,

and ip =
∏g

j=1 NK℘j
/kp

j℘j
=
∏g

j=1 NK℘1
/kp

j
τj
℘j = NK℘1

/kp

(

∏g
j=1 j

τj
℘j

)

, showing

that ip is in NK℘1
/kp

K℘1
.

Lemma 7.6. NK/kIK is an open subgroup of Ik.

Proof. If p is a ramified finite prime in K then by lemma 4.14 there is an integer
mp so that

W ′
p(mp) =

{

α ∈ k∗
p

∣

∣ ordp(α) > mp

}

⊂ NK℘/kp
K∗

℘.

If p is an unramified finite prime, then every unit of op is a norm by lemma 4.7,
so W ′

p(0) = up ⊂ NK℘/kp
K∗

℘; set mp = 0. If p is a real infinite prime, then
W ′

p(1) ⊂ NK℘/kp
K∗

℘; set mp = 1. For a complex infinite prime, set mp = 0. Then
∏

p W ′
p(mp) is an basic open neighborhood contained in NK℘/kp

K∗
℘.
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Lemma 7.7. If J is an open subgroup of Ik so that Ik = JI0k then k∗J is a

subgroup of finite index in Ik.

Proof. We have

Ik
k∗J

=
k∗JI0k
k∗J

'
I0k

k∗J ∩ I0k
'

I0k/k∗

(k∗J ∩ I0k) /k∗
.

J is open, so k∗J = ∪α∈k∗J is open. Therefore k∗J∩ I0k is an open subgroup of I0k,
and

(

k∗J ∩ I0k
)

/k∗ is open in the quotient topology. We have an open covering of

I0k/k∗, which is compact by Proposition 6.9; therefore I0k/k∗ is covered by a finite
number of cosets of

(

k∗J ∩ I0k
)

/k∗.

Lemma 7.8. If K/k is abelian then Ik =
(

NK/kIK
)

I0k.

Proof. Choose one infinite prime p0 of k and one infinite prime ℘0 of K which
divides p0. Given i in Ik, define ideles i′ and i′′ of Ik as follows. At primes p such
that p 6= p0, put i′p = ip and i′′p = 1. Put i′p0

= ip0
/c and i′′p0

= c, where c in kp0

satisfies |c|p0
= |i|. (If p0 is real and σ : kp0

' R, choose c so that σ(c) = |i|; if p0

is complex and σ : kp0
' C, choose c so that σ(c) =

√

|i|, taking the positive real
square root.) Then i = i′i′′. To show that |i′| is in I0

k, consider

|i′| =





∏

p6=p0

|i′|p



 |i′|p0
=





∏

p6=p0

|i|p





(

|ip0
|p0

|c|p0

)

=
|i|

|c|p0

= 1.

We have |c|p0
= |σ(c)| = |i| if p0 is real, and |c|p0

= |σ(c)|2 = |i| if p0 is complex. To
show that i′′ is in NK/kIK, for p 6= p0 we have i′′p = 1 ∈ NK℘/kp

K∗
℘, and i′′p0

= c.
Since σ(c) > 0, then c is in NK℘0

/kp0
K℘0

. By lemma 7.5, i′′ ∈ NK/kIK , and we

have shown i ∈
(

NK/kIK
)

I0k.

Corollary 7.9. k∗NK/kIK is a subgroup of finite index in Ik.

Lemma 7.10. For any finite set E of primes of k containing the infinite primes,

let

Ik(E) =
{

i ∈ Ik
∣

∣ |i|p = 1 for p /∈ E
}

.

Then k∗Ik(E) is a subgroup of finite index in Ik.

Proof. By lemma 7.7, we need to show that Ik(E) is open and Ik = Ik(E)I0
k.

We have
∏

p W ′(0) ⊂ Ik(E), so Ik(E) is open. For the other requirement, let i be

in Ik. choose one infinite prime p0. Define ideles i′, i′′, and c in kp0
as in the proof

of lemma 7.8. Then i = i′′i′, i′ is in I0k, and i′′ is in Ik(E). Therefore Ik ⊂ Ik(E)I0
k.
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Lemma 7.11. Let E be a finite set of primes of k containing the infinite primes.

There exists a finite set F of primes such that E ⊂ F and Ik = k∗Ik(F ).

Proof. By lemma 7.10, k∗Ik(E) is a subgroup of finite index in Ik, so there
are ideles i1, . . . , ir such that Ik = ∪r

j=1k
∗Ik(E)ij. Let F consist of the primes in

E and all primes such that |ij|p 6= 1 for 1 ≤ j ≤ r. Then F is a finite set of primes,
and Ik(E)ij ⊂ Ik(F ). Therefore Ik ⊂ k∗Ik(F ).

Lemma 7.12. Let H1, H2 and H3 be subgroups of abelian group H. If H1 ⊂ H3

then
H1H2

H3
'

H2

H2 ∩ H3
.

Proof. The natural homomorphism H2 → (H1H2)/H3 is onto and the kernel
is H2 ∩H3. (Note: the case in which H1 = H3 has been used on several occasions.)

Computation of
[

Ik : k∗NK/kIK
]

. K is a finite cyclic extension of k of degree
n. Let σ be a generator of Galois group G(K : k). Let E be a set of primes of k
that contains all infinite primes, all primes that are ramified in K, and primes such
that Ik = k∗Ik(E). Let E ′ be a set of primes of K containing all primes that divide
a prime of E and such that IK = K∗IK(E′). Add to E all primes of k that are
divisible by a prime of E′. Then add to E′ primes that divide a prime in E. (Now
E′ is closed under that action ℘ → ℘σ, and if ℘ divides p then ℘ ∈ E′ if and only
if p ∈ E.) Since NK/kK

∗ ⊂ k∗, we have
[

Ik : k∗NK/kIK
]

=
[

k∗Ik(E) : k∗NK/k

(

K∗IK(E′)
)]

=
[

k∗Ik(E) : k∗N
(

IK(E′)
)]

.

Using lemma 7.12, we obtain
[

Ik : k∗NK/kIK
]

=
[

Ik(E) : k∗NK/k

(

IK(E′)
)

∩ Ik(E)
]

.

Since NK/k

(

IK(E′)
)

⊂ Ik(E), we have

[

Ik : k∗NK/kIK
]

=

[

Ik(E) : NK/k

(

IK(E′)
)]

[

k∗NK/k

(

IK(E′)
)

∩ Ik(E) : NK/k

(

IK(E′)
)] .

Again, since NK/k

(

IK(E′)
)

⊂ Ik(E), we have

k∗NK/k

(

IK(E′)
)

∩ Ik(E) = k∗(E)NK/k

(

IK(E′)
)

,

where k∗(E) = k∗ ∩ Ik(E) is the group of E-units of k. Therefore

(7.12)
[

Ik : k∗NK/kIK
]

=

[

Ik(E) : NK/k

(

IK(E′)
)]

[

k∗(E)NK/k

(

IK(E′)
)

: NK/k

(

IK(E′)
)] .

We need to compute the numerator and the denominator of (7.12).
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The numerator of (7.12). We have a map
∏

p∈E k∗
p → Ik(E), and we can

identify an element of
∏

p∈E k∗
p with its image in Ik(E). Define Ik{E} to be

Ik{E} =
{

i ∈ Ik
∣

∣ ip = 1 for p ∈ E
}

.

Then

Ik(E) =





∏

p∈E

k∗
p



 (Ik(E) ∩ Ik{E}) .

By lemma 4.7 and lemma 7.5, we have (Ik(E) ∩ Ik{E}) ⊂ NK/kIK(E′), so

(7.13) Ik(E) =





∏

p∈E

k∗
p



NK/kIK(E′).

Substituting (7.13) into the numerator of (7.12) gives

[

Ik(E) : NK/k

(

IK(E′)
)]

=









∏

p∈E

k∗
p



NK/kIK(E′) : NK/kIK(E′)



 .

Applying lemma 7.12, we have

[

Ik(E) : NK/k

(

IK(E′)
)]

=









∏

p∈E

k∗
p



 :





∏

p∈E

k∗
p



 ∩NK/k

(

IK(E′)
)



 .

For each p in E, choose one ℘ in E′ that divides p. By lemma 7.5, we have




∏

p∈E

k∗
p



 ∩ NK/k

(

IK(E′)
)

=
∏

p∈E

NK℘/kp
K∗

℘.

Therefore

[

Ik(E) : NK/k

(

IK(E′)
)]

=









∏

p∈E

k∗
p



 :
∏

p∈E

NK℘/kp
K∗

℘





=
∏

p∈E

[

k∗
p : NK℘/kp

K∗
℘

]

The degree np = [K℘ : kp] does not depend of the choice of ℘, so we obtain the
following formula for the numerator of (7.12).

(7.14)
[

Ik(E) : NK/k

(

IK(E′)
)]

=
∏

p∈E

np
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The denominator of (7.12). Applying lemma 7.12 to the denominator, we
have

[

k∗(E)NK/k

(

IK(E′)
)

: NK/k

(

IK(E′)
)]

=
[

k∗(E) : k∗(E) ∩NK/k

(

IK(E′)
)]

,

from which we obtain

(7.15)
[

k∗(E)NK/k

(

IK(E′)
)

: NK/k

(

IK(E′)
)]

=

[

k∗(E) : NK/k

(

K(E ′)
)]

[

k∗(E) ∩ NK/k

(

IK(E′)
)

: NK/k

(

K(E ′)
)] .

Substituting (7.14) and (7.15) into (7.12) gives the following formula.

(7.16)
[

Ik : k∗NK/kIK
]

=

(

∏

p∈E np
[

k∗(E) : NK/k

(

K(E ′)
)]

)

[

k∗(E) ∩NK/k

(

IK(E′)
)

: NK/k

(

K(E ′)
)]

Computation of
[

k∗(E) : NK/k

(

K(E ′)
)]

. By the unit theorem 6.13, if E con-
tains s + 1 primes p0, . . . , ps then k∗(E) is the product of a finite group and a free
abelian group on s generators. Each prime pi is divisible by gi primes of K. The
number of primes in E′ is s′ + 1 =

∑s
i=1 gi, and K∗(E′) is the product of a finite

group and a free abelian group on s′ generators.
If ℘ is a prime of K dividing prime p of k, then ℘ is in E′ if and only if p is in

E. Therefore

k∗(E) =
{

α ∈ K∗(E′)
∣

∣ ατ = α for τ ∈ G[K : k]
}

.

The cyclic Galois group G(K : k) is generated by σ, so

(7.17) k∗(E) =
{

α ∈ K∗(E′)
∣

∣ ασ = α
}

=
{

α ∈ K∗(E′)
∣

∣ α1−σ = 1
}

.

We will apply Herbrand’s lemma with J = K∗(E′). Note that K∗(E′)σ ⊂ K∗(E′)
since ℘σ ∈ E′ if and only if ℘ ∈ E′. Put g : K∗(E′) → K∗(E′) by g(α) = α1−σ.

Put f : K∗(E′) → K∗(E′) by f(α) = NK/kα = α1+σ+···+σn−1

. Then fg = gf = 1,
so the requirements of Herbrand’s lemma are met. We have Im(f) = NK/kK

∗(E′),
and by formula (7.17), we have ker(g) = k∗(E), so
(7.18)
[

k∗(E) : NK/k

(

K(E ′)
)]

= [ker(g) : Im(f)] = [ker(f) : Im(g)]
[ker(g1) : Im(f1)]

[ker(f1) : Im(g1)]
.

It remains to compute [ker(f) : Im(g)], to choose subgroup L, and to compute
[ker(g1) : Im(f1)] and [ker(f1) : Im(g1)].
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Computation of [ker(f) : Im(g)]. By Hilbert theorem 90, if f(α) = 1 with α ∈
k∗(E) then there is an element β ∈ K∗ such that α = β1−σ. The following lemma is
needed to insure that β may be chosen from K∗(E′), which will show that ker(f) ⊂
Im(g), so we have

(7.19) [ker(f) : Im(g)] = 1.

Lemma 7.13. If α ∈ k∗(E) and NK/kα = 1, then there is an element β′ ∈
K∗(E′) such that α = (β′)1−σ.

Proof. Let α = β1−σ with β ∈ K∗. If we can find γ in k∗ so that βγ ∈ K∗(E′),
then (βγ)1−σ = β1−σ = α, so β′ = βγ will satisfy the conclusion. Let ℘ be any

prime not in E′. Put ℘i = ℘σ−i

for 0 ≤ i < gi. Then ℘i /∈ E′, so |α|℘i
= 1. We

have

1 = |α|℘i
=
∣

∣

∣
ασi
∣

∣

∣

℘
=
∣

∣

∣
βσi−σi+1

∣

∣

∣

℘
=
∣

∣

∣
βσi
∣

∣

∣

℘

∣

∣

∣
βσi+1

∣

∣

∣

−1

℘
.

Therefore |βσi

|℘ = |βσi+1

|℘, so for any ℘ not in E we have

|β|℘ = |βσ|℘ = · · · =
∣

∣

∣
βσn−1

∣

∣

∣

℘
.

This also applies to ℘i, so we have |β|℘i
= |βσ|℘i

= |β|℘−σ

i
= |β|℘i+1

. Therefore

|β|℘ = |β|℘0
= |β|℘1

= · · · = |β|℘gi−1
.

Because ℘ is not in E′, the extension K℘/kp is not ramified, so there are elements
in k∗

p of every value. In particular, there exist an element λp ∈ k∗
p such that

|λp|℘0
= |β|℘0

. Since λp is fixed by σ, we have

|β|℘i
= |β|℘0

= |λp|℘0
=
∣

∣

∣
λσ−i

p

∣

∣

∣

℘σ−i

0

=
∣

∣

∣
λσ−i

p

∣

∣

∣

℘i

= |λp|℘i
.

Let idele i ∈ Ip have component ip = λp for p /∈ E, and ip = 1 for p ∈ E. If
℘ /∈ E′ then |βi−1|℘i

= 1, so βi−1 ∈ IK(E′). Using the imbedding Ik → IK, we
have Ik(E) ⊂ IK(E′), so

Ik = k∗Ik(E) ⊂ k∗IK(E′).

Put i = δj with δ ∈ k∗ and j ∈ IK(E′). Then βi−1 = βδ−1j−1. Since βi−1 and j−1

are in IK(E′), then so is βδ−1 in IK(E′). Therefore βδ−1 ∈ K∗(E′), so γ = δ−1 is
the required element.
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The subgroup L. If p0, . . . , ps are the primes in E, each pi in E splits into gi

primes in K. We claim that there exist elements in J = K∗(E′) as follows.
(1) Elements η1, . . . ηs so that η1−σ

i = 1.

(2) Elements H0, . . . , Hs so that Hσgi

i = Hi and H1+σ+···+σgi−1

i = 1.

(3) The elements η1, . . . , ηs, H0, H
σ
0 , . . . , Hσg0−2

0 , . . . , Hs, H
σ
s , . . . , Hσgs−2

s are in-
dependent and generate a subgroup L of finite index in J = K∗(E′). (If gi = 1 then
Hi is omitted.)

We will now apply Herbrand’s lemma using the subgroup above L to compute
[ker(g1) : Im(f1)] and [ker(f1) : Im(g1)], after which we will show that L is a
subgroup of finite index in J .

Computation of [ker(g1) : Im(f1)] and [ker(f1) : Im(g1)]. A typical element of L
has the form

∆ =

s
∏

i=1

ηui

s
∏

i=0

H
vi(σ)
i

where vi(σ) is a polynomial with rational integer coefficients of degree at most gi−2.
Note that NK/kHi = 1, because if Zi is the subfield of K fixed by the subgroup
< σgi > then Hi ∈ Zi and

NZi/kHi = H1+σ+···+σgi−1

i = 1,

so NK/kHi = NZi/kNK/Zi
Hi = NZi/k(Hi)

n/gi = 1. Therefore,

f(∆) =

s
∏

i=1

ηnui

s
∏

i=0

NK/kH
vi(σ)
i =

s
∏

i=1

ηnui .

The right side is an element of L, so f(L) ⊂ L, and we have

(7.20) Im(f1) =

{

s
∏

i=1

ηnui

∣

∣

∣

∣

ui ∈ Z

}

Since the ηi are independent, the kernel of f1 is

(7.21) ker(f1) =

{

s
∏

i=0

H
vi(σ)
i

∣

∣

∣

∣

vi(σ) ∈ Z[σ] and deg(vi) ≤ gi − 2

}

.

Next, we find the kernel and image of g1. We have

(7.22) g1(∆) =
s
∏

i=0

H
vi(σ)(1−σ)
i .
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Let mi be the coefficient of σgi−2 in vi(σ). Since H1+σ+···+σgi−1

i = 1, we have

H
vi(σ)(1−σ)
i = H

vi(σ)(1−σ)+mi(1+σ+···+σgi−1)
i ,

and vi(σ)(1− σ) + mi(1 + σ + · · ·+ σgi−1) is a polynomial of degree at most gi − 2.
Therefore ker(g1) is the set

ker(g1) =

{

s
∏

i=1

ηui

s
∏

i=0

H
vi(σ)
i

∣

∣

∣

∣

vi(σ)(1− σ) + mi(1 + σ + · · · + σgi−1) = 0

}

.

There exist polynomials a(x) and b(x) so that (1−x)a(x)+(1+x+· · ·+xgi−1)b(x) =
1. If vi(σ)(1 − σ) + mi(1 + σ + · · · + σgi−1) = 0, then vi(σ) = (1 + σ + · · · +
σgi−1)

(

vi(σ)b(σ) − mia(σ)
)

. Since the degree of vi(σ) is at most gi − 2 then we
must have vi(σ) = 0. Therefore

(7.23) ker(g1) =

{

s
∏

i=1

ηui

}

.

For the computation of Im(g1), we have the following lemma.

Lemma 7.14. A necessary and sufficient condition for polynomial h(x) of degree

at most g − 2 to be of the form

h(x) = v(x)(1 − x) + m(1 + x + · · ·+ xg−1)

where m is a rational integer and v(x) is a polynomial of degree at most g − 2 is

h(1) = 0(mod g).

Proof. If h(x) = v(x)(1−x)+m(1+x+· · ·+xg−1) then h(1) = mg. Conversely,
suppose h(1) = mg for some integer m. Let v(x) be the quotient of the division of
h(x) − m(1 + x + · · ·+ xg−1) by 1 − x. Then we have

h(x)−m(1+x+· · ·+xg−1) = v(x)(1−x)+r where deg
(

v(x)
)

≤ g − 2, and r ∈ Z.

Setting x = 1, we conclude that r = 0, so h(x) = v(x)(1−x)+m(1+x+ · · ·+xg−1).

Applying lemma 7.14, we see that (7.22) is equivalent to

(7.24) Im(g1) =

{

s
∏

i=0

H
hi(σ)
i

∣

∣

∣

∣

hi(1) = 0(mod gi) and deg
(

hi

)

≤ gi − 2

}
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By (7.22) and (7.19), we have

(7.25) [ker(g1) : Im(f1)] =

[

s
∏

i=1

ηui :

s
∏

i=1

ηnui

]

= ns.

By (7.21) and (7.24), we have

[ker(f1) : Im(g1)] =

[

s
∏

i=0

H
vi(σ)
i :

s
∏

i=0

H
hi(σ)
i

]











deg(vi) ≤ gi − 2,

deg(hi) ≤ gi − 2,

hi(1) = 0(mod gi)

In the homomorphism H
vi(σ)
i → Z/(g) by H

vi(σ)
i → vi(1)(mod g), the kernel con-

sists of those hi(σ) such that hi(σ) = 1(mod gi), so H
vi(σ)
i /H

hi(σ)
i is isomorphic to

Z/(gi). therefore

(7.26) [ker(f1) : Im(g1)] =

s
∏

i=0

gi.

From (7.25) and (7.26), we have

(7.27)
[ker(g1) : Im(f1)]

[ker(f1) : Im(g1)]
=

ns

∏s
i=0 gi

=
1

n

s
∏

i=0

(

n

gi

)

=
1

n

s
∏

i=0

ni =
1

n

∏

p∈E

np.

From (7.27) and (7.18), and recalling that [ker(f) : Im(g)] = 1, we have

(7.28)
[

k∗(E) : NK/k

(

K(E ′)
)]

=
1

n

∏

p∈E

np =
1

[K : k]

∏

p∈E

np.

Substituting the right side of (7.28) into (7.16), we obtain

(7.29)
[

Ik : k∗NK/kIK
]

= [K : k]
[

k∗(E) ∩NK/k

(

IK(E′)
)

: NK/k

(

K(E ′)
)]

.

Except for constructing generators for subgroup L, we have finished the proof of
the first fundamental inequality.

First fundamental inequality. If K is a cyclic extension of k then
[

Ik : k∗NK/kIK
]

is divisible by [K : k].

Proof. The term
[

k∗(E) ∩ NK/k

(

IK(E′)
)

: NK/k

(

K(E ′)
)]

in (7.29) is finite

because it divides
[

k∗(E) : NK/k

(

K(E ′)
)]

, which has been shown in (7.28) to be
finite.
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Construction of generators for subgroup L. For each prime p = pi, 0 ≤
i ≤ s, in E, there are g = gi primes of K dividing p; their splitting groups coincide
and so may all be denoted by Sp(K/k). Since [G(K/k) : Sp(K/k)] = g then
Sp(K/k) is generated by σg. Let Z be the subfield of K fixed by Sp(K/k). Then
G(K : Z) = Sp(K/k). To determine Sp(K/Z), for prime ℘ in E′ dividing p we have

S℘(K/Z) =
{

τ ∈ G(K : Z)
∣

∣ ℘τ = ℘
}

=
{

τ ∈ Sp(K/k)
∣

∣ ℘τ = ℘
}

= Sp(K/k) = G(K : Z).

Then [G(K : Z) : S℘(K/Z)] = 1, so each prime ℘ of K divides exactly one prime
℘′ of Z. The subgroups S℘(K/Z) all coincide with Sp(K/k). We next determine
the splitting groups S℘′(Z/k). We have the exact sequence

1 → Sp(K/k) → G(K : k) → G(Z : k) → 1.

Let τ be the image of τ in G(Z : k). Then

S℘′(Z/k) =
{

τ ∈ G(Z : k)
∣

∣ ℘′τ = ℘′
}

.

We have ℘′τ = (℘ ∩ OZ)
τ

= ℘τ ∩ OZ = ℘τ ′, so ℘′τ = ℘′ if and only if ℘τ ′ = ℘′ if
and only if ℘τ = ℘. Therefore τ ∈ S℘′(Z/k) if and only if τ ∈ S℘(K/k) if and only
if τ = 1. This show that S℘′(Z/k) = 1 so

Z℘′ = kp.

To determine the parameters e′ and f ′ for the splitting of prime ℘′
i in K, the

extension K℘ of Z℘′ is identical to extension K℘ of kp, so we have e′ = e and
f ′ = f .

Lemma 7.15. Let ℘ be a prime of abelian extension K of k, and let Z the subfield

fixed by the splitting group S℘(K/k). If α is in K∗, we have
∣

∣NK/Zα
∣

∣

℘
is greater

than 1, equal to 1, or less than 1, if and only if |α|℘ is greater than 1, equal to 1,

or less than 1, respectively.

Proof. The proof depends on the fact that ℘ is the only prime of K dividing
prime ℘′ = ℘∩OZ of Z. For α in K∗ the formula expressing NK/Zα as the product
of local norms reduces to

NK/Zα = NK℘/Z℘′
α.

Therefore
∣

∣NK/Zα
∣

∣

℘′
=
∣

∣

∣
NK℘/Z℘′

α
∣

∣

∣

℘′

= |α|℘ .
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Applying the above formula (twice!) to the element NK/Zα, we have

∣

∣NK/Zα
∣

∣

℘
=
∣

∣NK/Z

(

NK/Zα
)∣

∣

℘′
=
∣

∣

∣

(

NK/Zα
)ef
∣

∣

∣

℘′

= |α|ef
℘ ,

from which the conclusion follows immediately.

Remark. The primes of E are p0, . . . , ps. For each pi in E, choose one prime
℘i in E′ which divides pi. Prime pi splits into gi primes in K. Splitting group

Spi
(K/k) is generated by σgi , and ℘i, ℘

σ
i , . . . , ℘σgi−1

i is the complete list of distinct
primes of K dividing pi. The number of primes in E′ is s′ + 1 =

∑s
i=0 gi.

Lemma 7.16. If a single prime ℘i is selected then there exists an element α in

K∗ so that

|α|℘i
> 1 and |α|℘ < 1 for ℘ ∈ E′, ℘ 6= ℘i.

Proof. E contains at least one infinite prime, so we take ps to be infinite. Then
℘s is also infinite. Let ν be a positive real constant so that ν > max(µ, 1) where
constant mu is defined below. If s = 0 then there is nothing to prove. We construct
idele j ∈ IK by choosing components j℘ in the following order.

If i = 1 . . . , s − 1, choose components as follows:
(1) At ℘ /∈ E ′, choose j℘ = 1 .
(2) At ℘ ∈ E ′, ℘ 6= ℘i and ℘ 6= ℘s, choose j℘ ∈ K∗

℘ so that |j|℘ < 1
ν .

(3) At ℘i, choose j℘i
∈ K∗

℘ large enough so that |j|℘i
> ν

∏

℘∈E′,℘ 6=℘i,℘ 6=℘s
|j|−1

℘ .

(4) At ℘s, choose j℘s
∈ K∗

℘ so that |j| = 1.

From (3) we have
∏

℘∈E′,℘6=℘s
|j|℘ > ν. Then from (4), we have

|j|℘s
=

∏

℘∈E′,℘6=℘s

|j|−1
℘ <

1

ν
.

If i = s, choose components of j as follows:
(1s) At ℘ /∈ E′, choose j℘ = 1 .
(2s) At ℘ ∈ E′, ℘ 6= ℘s, choose j℘ ∈ K∗

℘ so that |j|℘ < 1
ν .

(3s) At ℘s, choose j ∈ K∗
℘s

so that |j| = 1.

From (3s) and (2s), we have |j|℘s
=
∏

℘∈E′,℘/∈℘s
|j|−1

℘ > (ν)
s′

> ν.

By our construction, j is in IK(E′)∩ I0K . By lemma 6.10, there exists a constant
µ so that

IK(E′) ∩ I0K = K∗(E)

{

i ∈ IK(E′)
∣

∣

1

µ
≤ |i|℘ ≤ µ for ℘ ∈ E′

}

.
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Therefore there exist element α ∈ K∗(E′) and idele i ∈ IK(E′) so that j = αi and
i satisfies the condition 1

µ
≤ |i|℘ ≤ µ for ℘ ∈ E′. For ℘i we have

|α|℘i
= |j|℘i

|i|−1
℘i

>
ν

µ
> 1

and for ℘ ∈ E′, ℘ 6= ℘i we have

|α|℘ = |j|℘|i|
−1
℘ <

µ

ν
< 1.

Lemma 7.17. There exist elements H∗∗
0 , . . . , H∗∗

s in K∗ so that

|H∗∗
i |℘i

> 1 and |H∗∗
i |℘ < 1 for ℘ ∈ E′, ℘ 6= ℘i.

Proof. Apply Lemma 7.16 for i = 1, . . . , s.

Lemma 7.18. Let H∗∗
0 , . . . , H∗∗

s in K∗(E′) satisfy the conclusion of lemma 7.16.

Let Zi be the subfield fixed by splitting group Spi
(K/k) =< σgi >. Put H∗

i =
NK/Zi

H∗∗
i . Then elements

(H∗
0 ), . . . , (H∗

0 )σgi−1

, . . . , (H∗
s ), . . . , (H∗

s )σgs−1

satisfy the condition
∣

∣

∣
(H∗

i )σj
∣

∣

∣

℘σj

i

> 1 and

∣

∣

∣
(H∗

i )σj
∣

∣

∣

℘
< 1 if ℘ ∈ E′ and ℘ 6= ℘σj

i

Proof. The primes of E′ are ℘σj

i for 0 ≤ i ≤ s, 0 ≤ j < gi. Suppose that ℘

in E′ does not divide pi. Then ℘ = ℘σj

i′ with i′ 6= i. We have [K : Zi] = ni where
n = nigi. Then

|H∗
i |℘ =

∣

∣NK/Zi
H∗∗

i

∣

∣

℘
=

∣

∣

∣

∣

∣

ni−1
∏

k=0

(H∗∗
i )

σkgi

∣

∣

∣

∣

∣

℘

=

ni−1
∏

k=0

|H∗∗
i |

℘σ−kgi < 1,

because none of the ℘σ−kgi
coincide with ℘i, so all of the terms |H∗∗

i |
℘σ−kgi are less

than 1.
We also have to check (H∗

i )σj

at ℘i, ℘
σ
i , . . . , ℘σgi−1

i . Since H∗
i = NK/Zi

H∗∗
i and

|H∗∗
i |℘i

> 1, then by lemma 7.15 we have
∣

∣

∣
(H∗

i )σj
∣

∣

∣

℘σj

i

= |H∗
i |℘i

> 1.

For ℘ = ℘σj′

i 6= ℘σj

i , we have ℘σ−j

6= ℘i so
∣

∣

∣
(H∗

i )σj
∣

∣

∣

℘
= |H∗

i |℘σ−j < 1,

showing that the (H∗
i )σj

satisfy the required conditions.
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lemma 7.19. Put Uij = (H∗
i )σj

, 0 ≤ i ≤ s, 0 ≤ j < gi. There are s′ + 1 pairs

(i, j). If we exclude Ui0j0 for one pair (i0, j0), then the remaining s′ elements Uij

are independent.

Proof. Suppose that
∏

(i,j)6=(i0,j0)
U

aij

ij = 1. Let

F ′ =
{

(i, j)
∣

∣ aij > 0
}

and F ′′ =
{

(i, j)
∣

∣ aij < 0
}

,

so F ′ ∩ F ′′ = ∅ . Suppose that F ′ is not empty. Then

∏

(i,j)∈F ′

U
bij

ij =
∏

(i,j)∈F ′′

U
bij

ij

where bij > 0. Let ℘σj

i be denoted by ℘ij . Since (i0, j0) /∈ F ′ ∪ F ′′ we have

∏

(i,j)∈F ′

∣

∣U
aij

ij

∣

∣

℘i0j0

=
∏

(i,j)∈F ′′

∣

∣

∣
U

bij

ij

∣

∣

∣

℘i0j0

< 1.

This show that F ′′ cannot be empty. By the product formula, we have

∏

℘

∣

∣

∣

∣

∣

∣

∏

(i,j)∈F ′

U
bij

ij

∣

∣

∣

∣

∣

∣

℘

=
∏

℘∈E′

∣

∣

∣

∣

∣

∣

∏

(i,j)∈F ′

U
bij

ij

∣

∣

∣

∣

∣

∣

℘

=
∏

℘∈E′

∏

(i,j)∈F ′

∣

∣

∣
U

bij

ij

∣

∣

∣

℘
= 1.

Since ℘i0j0 ∈ E′, there exists (ii, j1) so that

∏

(i,j)∈F ′

∣

∣

∣
U

bij

ij

∣

∣

∣

℘i1j1

> 1.

and (i1, j1) must be in F ′. We have a contradiction since (i1, j1) is not in F ′′, but

∏

(i,j)∈F ′′

∣

∣

∣
U

bij

ij

∣

∣

∣

℘i1j1

=
∏

(i,j)∈F ′

∣

∣

∣
U

bij

ij

∣

∣

∣

℘i1j1

> 1.

Lemma 7.20. Suppose that A is an abelian group containing a subgroup A0 of

finite index in A, and A0 is free abelian on s′ generators. Let B be a subgroup of A
containing s′ independent elements. Then B has finite index in A.

Proof. Take B′ to a subgroup of B generated by s′ independent elements. Then
B′ ⊂ B ⊂ A. Let [A : A0] = m. Replace B′ by B0 = mB′. Then B0 ⊂ A0 and
B0 has s′ independent elements. Let x1, . . . , xs′ be a basis for A0; let y1, . . . , ys′
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be independent in B0. Let yi =
∑s′

j=1 aijxj . Matrix (aij) is non-singular, because

otherwise there exist integers b1, . . . , bs′ , not all zero, so that
∑s′

i=0 biaij = 0. Then
∑s′

i=0 biyi =
∑s′

i=0

∑s′

j=0 biaijxj =
∑s′

j=0

∑s′

i=0 biaijxj = 0, which is impossible.

There exists an integer matrix (cik) so that (cik)(akj) = aI, where a = det(aij).
Then

s′

∑

k=0

cikyk =

s′

∑

k=0

s′

∑

j=0

cikakjxj = axi ∈ B0.

Therefore aA0 ⊂ B0, so [A0 : B0] < [A0 : aA0] = as′

, so [A : B] < [A : B0] = [A :

A0][A0 : B0] < mas′

, which proves the lemma.

We now define the elements η0, . . . , ηs and H0, . . . , Hs as follows.

ηi = NZi/kH∗
i and Hi = η−1

i (H∗
i )

gi for 0 ≤ i ≤ s

These satisfy the first two of three required conditions.
(1) ηi is in k∗(E), so η1−σ

i = 1.

(2) NZi/kHi = NZi/k

(

η−1
i (H∗

i )gi
)

= η−gi

i ηgi

i = 1.

Let L be the subgroup generated by the following elements (This is one more
than we need, but we will show that η0 may be discarded.)

η0, . . . , ηs, H0, . . . , H
σg0−2

0 , . . . , Hs, . . . , H
σgs−2

0 .

Since NZi/kHi = 1, then H1+σ+···+σgi−1

i = 1, or Hσgi−1

i =
(

H1+σ+···+σgi−2

i

)−1
, so

Hσgi−1

i is in L. We have Hσj

i = η−1
i

(

H∗
i

σj
)gi

, so
(

H∗
i

σj
)gi

= ηiH
σj

i is in L for

0 ≤ j ≤ gi − 1. By lemma 7.19, we know that L contains s′ independent elements,
so by lemma 7.20 subgroup L has finite index in K∗(E′). We still need to discard

one element. If we could discard one of the Hσj

i leaving s′ independent elements,
then η0, . . . , ηs would be a set of s + 1 independent units in k∗(E), but this would
be a violation of unit theorem 6.13. Therefore we must discard one of the ηi. After
relabeling the ηi, we obtain the following set of s′ independent generators for L.

(7.29) η1, . . . , ηs, H0, . . . , H
σg0−2

0 , . . . , Hs, . . . , H
σgs−2

0 .

Condition (3) is now satisfied: elements (7.29) are independent and generate a
subgroup of finite index in K∗(E′). The completes the proof of the first fundamental
inequality.


