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Abstract

The Ramsey number R(s,t) for positive integers s and ¢ is the minimum integer
n for which every red-blue coloring of the edges of a complete n-vertex graph
induces either a red complete graph of order s or a blue complete graph of order
t. This paper proves that R(3,t) is bounded below by (1 — o(1))t?/logt times a
positive constant. Together with the known upper bound of (1 + o(1))t?/logt, it
follows that R(3,t) has asymptotic order of magnitude t2/ logt.

1 Introduction

Throughout this paper, logarithms are natural logarithms, ¢ denotes a positive constant, s,
and n are positive integers, K, and GS " denote respectively the complete graph and a triangle-
free (K3-free) graph on n vertices, and a(G) and x(G) are respectively the independence
number and the chromatic number of graph G. Our graph theory terminology follows [8], [5].
The Ramsey number R(s,t) is the minimum n such that every red-blue coloring of the
edges of K, induces either a red Ky or a blue K;. Equivalently, R(s,t) is the smallest n such
that every n-vertex graph has either an s-vertex clique or a t-vertex independent set. We focus
on
(3)

n

R(3,t) := min{n: «(G,, ) >t for every GS)} .

Our main result is an upper bound on independence numbers of triangle-free graphs.
Theorem 1.1 FEvery sufficiently large n has a G,(i” for which
a(GS)) <9y/nlogn .

Since x(G) > n/a(G) for every graph G on n vertices, we have the following corollary.



Corollary 1.2 Every sufficiently large n has a GS) for which

3) 1 n
G > — .
X(G) 2 9V logn

An easy consequence of Theorem 1.1 is

2
1—o0(1))—— < R(3,t
(=o)L <R3
with ¢ = 1/162 = 1/(2 - 92), where o(1) goes to 0 as t goes to infinity. (We make no attempt
here to find the tightest possible constants.) Because it is known [1], [2], [32] also that

t2

R(3,t) < (1 +0(1))@ :

(1)

we now know that t2/logt is the correct asymptotic order of magnitude of R(3,t). Also, (1)

easily gives an upper bound of X(G;3 )) which, together with Corollary 1.2, yields

(1= o)y onm < max X(G) < (1 o()2v2, [

a® logn

The asymptotic behavior of R(3,t) has been a major open problem in Ramsey theory for
many years (see e.g [15], Appendix B of [3]). In 1961, Erdés [10] obtained a lower bound
from a lovely probabilistic argument that has become a cornerstone of probabilistic methods
in Combinatorics (see e.g. [3] or [6]). Graver and Yackel [16] found an upper bound in 1968
which, in conjunction with Erdés’s bound, gave

‘. t2 <RG0 < Cth loglogt
(logt)? log ¢
Ajtai, Komlés and Szemerédi [1], [2] removed the loglogt factor in the upper bound, and
Shearer [32] (see also [33]) reduced the constant and simplified the proof to obtain (1).

Meanwhile, the lower bound ¢, (t/logt)? defied improvement although Spencer [34], Bol-
lobés [6], Erdés, Suen and Winkler [12] and Krivelevich [25] simplified its proof and/or in-
creased ¢, through refined probabilistic arguments. We consider parts of their arguments
later. More to the point of the present paper, Spencer [37] showed very recently that ¢, can
be arbitrarily large, i.e.

im R(3,1) _
% (t/ log t)?
He introduced also a differential equation which first suggested ct?/logt as a lower bound and
which inspired the present contribution. We consider this in Section 2.

Our approach uses the so-called “semirandom method” or “Rodl’s nibble method”, a ver-
sion of which may have been used first in [2], the paper that removed the loglog¢ factor in the
upper bound. More refined applications of the semirandom method were subsequently used to

settle intriguing conjectures on hypergraph packings, colorings and list colorings, see e.g. [30],



[13], [28], [14], [29], [18], [19]. The present author [22] used a similar method to make progress
on Vizing’s old problem [38] of upper bounds for the chromatic number of a triangle-free graph
of maximum degree D. We refer [18] and [22] for more on the history of the method.

The next section describes our random block construction of a triangle free graph along with
Spencer’s differential equation. Section 3 introduces basic parameters and proves Theorem 1.1
modulo the proof of our main lemma (Lemma 2.1) on the behavior of those parameters under
the block construction. Section 4 presents tools used in the proof of the main lemma, including
Azuma-Hoeffding type martingale inequalities that lead to proofs of the high concentrations

of our parameters near their expected values. The main lemma, is then proved in Section 5.

1.1 Block Construction

One of the most natural ways to construct a random GS " is the following one-by-one construc-
tion. We assume henceforth that every graph has vertex set V := {v,,...,v, } and describe a
graph G by its edge set £(G).

One-by-One Construction

(OC 1) Set m := (3) and choose a random permutation 7 := (e, ...,e, ) from the uniform

distribution on the m! permutations of the edges of K;
(OC 2) Let Gy = 0, so £(Gy) is empty;

(OC 3) Suppose we have G;. For j > i we say that edge e, “survives” (see [36]) if the graph
E(Gi) U{e, } has no triangle. Define

) &Gy Ude,,} ife,, survives
E(Ginr) = { E(Gy) otherwise.

It is obvious that G, has no triangle. However, it seems hard to find any tight upper
bound on a(G,,). The main obstacle is the fact that the event “e;;1 survives” depends highly
on the ordering e, ,...,e,. There is no apparent property that all surviving edges share and
this makes it difficult to find a small upper bound on the variance of the random variable
E(Gi1)] - [E(G)].

Erdds, Suen and Winkler [12] modified the preceding notion of surviving so that an edge
e

survives only if the graph {e,, } has no triangle. Their new notion and a real time

i+l < €

version of the above construction enable them to prove the existence of a GS " such that

(3)

a(G, ) < (3/2+o(1))Vnlogn ,

which automatically yields

t2
R(3,1) 2 (1= o) g0



Our block construction uses a combination of the above two notions of surviving, but is
closer to the original. For our new construction, we write e,,, for edge {v,w} € £(K,). With
e, f,g € E(K,), ef and efg denote the sets {e, f} and {e, f, g} respectively.

Block Construction with Parameter 6

(BC 1) Let Go = 0 and & = 0.

(BC 2) Suppose we have a set &; of edges and a triangle-free graph G; with £(G;) C &;. We
now say that edge e € E(K,,) \ & survives (after stage i) if e cannot be extended to a triangle
using edges from &;. For small § > 0 (our § will be (logn)~2) the random set X; 1 is defined
by
_J 8/\/n if e survives
Pr(e € Xip1) = { 0 otherwise

where all events “e € X;11” are mutually independent.

(BC 3) We set €41 := &UX;4+1 and define the set of forbidden pairs of edges in X;11 = &i+1\&;
by
A(XiJrl) = {6uv6vw ! eupCow S Xi+la Cwu € gz} . (2)

Thus ef € A(X;4+1) means that the pair ef makes a triangle with an edge ¢ in &. So we do
not want both e and f in G;41 regardless whether g is actually in G;. The set of forbidden
triples of edges is

A(Xit1) = {ewerwewu : CurCoweuwu C Xit1} - (3)

We now take a maximal disjoint collection F;y; of elements of A(X;y1) UA(X;4+1) and define
E(Git1) = E(Gi) U (Xipa \ E(Fin)),

where E(Fit1) := U F.
FeFit
This removes all edges which are parts of elements of the maximal collection F;,1. Because

of maximality, G;4+1 has no triangles. This method, used by Krivelevich [25], will make the
analysis simpler than the usual one that deletes an edge from each element of A(X;y1) U
A(Xit1)-

We would like our block construction to do the following. When 6 is small enough, the
number of edges in U;-:OE (F;) should be small relative to |&;| so that G; is approximately &;.
This is a big advantage because & has more random structure than G;. Moreover, the notion
of surviving in our block construction is now almost as loose as possible since we can not use
any edge that makes a triangle with two edges in G;(~ &;). A similar idea was first used in
2], [24].



1.2 Differential Equation

As mentioned earlier, Spencer [37] introduced a differential equation to analyze the behavior of
a graph constructed by one-by-one construction. His differential equation also nicely explains
block construction, which suggests that our constructions are similar. We use “~” to mean

approximately equal and emphasize that what follows is only an aid to our intuition.

U (i0)n?/?

Suppose G; has edges, where ¥ is an unknown function. This might occur because

U(i0)n®? _ W(ib)
2(3) © Vn

Recall that “e survives” (e & &;) if and only if there is no pair f,g € & which together with

Pr(e e G;) = for all ee &(K,) . (4)

e makes a triangle. Since n — 2 triangles in £(K,,) contain e, if G; = &; and all events are

independent, then (4) would yield

U (if)
vn
where, as usual, U2(if)) := (¥(if))%. So we expect that the number of surviving edges after

stage ¢ is about (5) exp(—WU?(if)).

Therefore, in expectation,

)Y men(-w2a0), ()

Pr ( “e survives after stage i” ) ~ (1 — (

E(Gir)] = [&in| = [&] + [Xita]

U(i0)n3?  Gexp(—W2(ih)) (n
> T <2>
n3/2

~ (o) + Qexp(—\IJQ(iQ)))T ,

Q

which means that
U((i+1)0) ~ W(i0) + 0 exp(—P2(if)) .

When i remains constant, we might obtain

(i8) — tim 2L+ 10— W(0)

~ _\p2(;
lim 7 ~ exp(—U=(i0)) .

This yields the differential equation
'(z) = exp(—¥()) .

Since ¥(0) must be 0, ¥(x) may be defined implicitly by

x = /O\II(Z) & dg . (6)

Thus ¥(x) is very close to /logn for sufficiently large x.



To see where this leads, set a, := 0, b, := 1 and
i—1 i—1
b ==V (i0) = exp(—V?(i)) , a;:=» b= V(j6)~ V(if) for i=1,2,---. (7)
j=0 j=0
We might expect from (5) that every big subset T" of V' contains bi(‘gl) ~ b;|T|?/2 surviving
edges. To be more precise, let
t:=1[9v/nlogn |, Ty(T):= {eww C T : ey survives after stage i}
(cf. (9) in Section 3). In particular, I'o(T") :~ {eyw : €yw € T}. What we expect is
IT5(T)| = b;t?/2  for all i and T with |T| = t. (8)

Suppose G; ~ &;. Then (8) and sufficient independence might give that

Pr(£(G;) NTo(T) = 0) ~ Z:_l (1 _ 0 )bjt2/2 < oxp (_ Z_: bjmi) . (_ at? )

=

for each fixed t-subset T'. Let 7; := {T : |T| =t,To(T) N E(G;) = 0}. Then, in expectation,

VARS (?) exp (— i ) < exp (t logn — L) = exp (9\/5 (log n)S/2 —(81/2)a;v/n log n) )

On the other hand, for i, := n%/0,

i,—1

a, =y V(j0)0~ V(i,0) = U(n’) = (1+0(1))y/5logn .
j=0

If ¢ is not too small, then the expectation of |7; | is almost 0, which implies o(G;, ) < t with

probability almost 1. Because G;, is triangle-free, we might be done.

This suggests that Theorem 1.1 could follow easily from (8). Our main goal, in fact, is to
derive a property (see Property 7 in Section 3) that is essentially the same as (8). To achieve
it we define a subset I'; of the set of all surviving edges after stage ¢ and adjoin fixed &; and
G; to satisfy properties that allows us to continue to the next stage. The triple (&;,T;, G;) is
no longer random when we begin stage ¢ + 1. A small modification in I'; that gives up a few

surviving edges to gain more regularity is noted early in Section 5.

2 Parameters and Main Lemma

This section presents our parameters and their desired properties. Throughout, (£,I', G)

denotes a triple of two subsets of £(K,,) and a triangle-free graph. We set & = Gy = () and



[y := &(K,). In addition, Ay := {efg C E(K,,) : efg makes a triangle}. Triple (&;, T, G;) for

each 7 is required to satisfy
E(G) CE& and T, Cl{ec&(Kn)\&:efgd Ay forall f,ge&}. (9)

Our parameters depend only on (&;,T';, G;). We denote the forbidden pairs and triples of
edges in I'; (cf. (2) and (3)) by

A = {efgl“izﬂgeé} = 6fg€A()}
A; = {efgCT;:efge Ao} .

Given v € V, denote its neighborhood and degree in &; by
Ng,(v) ={w eV ey €&}, dg(v) :=|Ng(v)|,

and the set of edges in I'; containing v as well as its neighborhood and degree in I'; by

Nr,(v) = {epw : epw € T}
Np,(v) == {weV:iew€li} ={weV :euw €N, ()}
dr;(v) = |Np,(v)| = |Nr,(v)] -

For v € V and ey, € I';, we denote the set of incident edges e,, of v which together with e,

form forbidden pairs in I';, and the set of such vertices u, and their (same) size by

NAi(evwvv) = {euv el ewepw € Az}
NAi(evwaU) = {u eV :eweww € Al} = {U eVi:ieywe€ NAi(evwav)}
dAi(evwav) = |NAi(e’Uw7v)’ = |NAi(evw7v)| .

Set

NAi(evw) = NAi(evw,v)UNAi(evw,w)
NAi(e'U’lU) = NAi(evwav)UNAi(evwaw) .

Finally, for e,,, € I';, denote the set of vertices each of which together with v, w forms a triangle
in I'; by

NAi(€Uw> = {U €V :ewevwewu €Iy ewvoweuwu € A0} .

Our desired properties use the definitions of a; and b; in (7), i.e.,
i—1 i—1
b == V' (i0) = exp(—V?(i0)), a;:=Y b0 => V(j0)f=a,, +b,_,0,
j=0 j=0

where 6 := (logn)~2 and ¥ is the function defined in (6). Also, for A, B C V, let

I'i(A,B) :={epw €T :ve A;we B}, and T;(A):=Ti(4,A).



We define eight properties based on the preceding concepts.
Property 1. For all v € V, dg,(v) < a;/n + in'/*logn.
Property 2. For all v € V, dr,(v) < b;n.

Property 3. For all v # w in V, |Ng, (v) N Ng, (w)| < 3ilogn.
Property 4. For all ey, € Ty, da,(eyw,v) < bi(a; + 50)y/n.
Property 5. For all e € Ty, da,(e) < b?n.

Property 6. For all disjoint subsets A, B of V with |Al, |B| > 6%b2\/n,
Ti(A, B)| < bi|A[|B] .

Similarly, for all A C V with |A| > 0%b2\/n

A
rcan<n('y).

The final two properties use ¢ := [9y/nlogn |,

b;—10
3v/logn

a;

3v/logn

i = 1— 180,,0 - = Mi—1 — 18bi_102 -

and
Ti:={T CV:|T|=t, E(G;)NTu(T) =10} .

Property 7. (cf. (8)) For all T € 7;,

T4(T)| > biMi(

DN
~_

Property 8.

(e (a0 D2 (3).

where € := (loglogn)~ /4.
If (4) and (5) held (recall a; ~ ¥(if)) and all events were independent, then all properties
would seem quite natural except for terms such as in'/4logn and 50b;+/n, which are basically

error term estimates. For example, we would expect

dp, (epw,v) = Z 1(ewy € & and ey, survives)
’uEV\evw

%

nPr (eyy € & and ey, survives) in expectation

nPr (eyy € &)Pr (eyy survives) assuming independence

n(a;/v/n)b; = a;biv/n assuming (4) and (5).

Q



We note also that all properties are automatic for ¢ = 0, and that Properties 1-6 for 7 are
needed to guarantee Property 7 for i + 1. Property 8 is a consequence of Property 7, as we

roughly saw in the previous section.

Theorem 1.1 easily follows from our main lemma.

Lemma 2.1 (Main Lemma) Let 6 := 1/17—107° and 0 < k < [n°/0]. Suppose (Ex, Tk, Gi)
satisfies (9) and Properties 1 through 8 fori = k. Then some triple (Ex+1,Uks1, Grr1) satisfies
(9) and Properties 1 through 8 for i =k + 1.

The rest of this section examines parameters a;, b; and u;, and proves Theorem 1.1 using
Lemma 2.1. The following lemma presents upper and/or lower bounds of various terms in-
volving the parameters which, while not best possible, are ideally suited to their frequent use

in the rest of the paper.

Lemma 2.2 The following inequalities hold for i < n® and sufficiently large n:

0<a;—W(i0) <0, b;>bir1, bila;i+50)<1/2 and bi(a;+50)* <1/2; (10)
\1og(if) — 1 < a; < /log(i0) +1+6, forall i0>1; (11)
n M logn)® <b; <1, 1/2<p;<1; (12)
|(1 — 2a;b;0) — bb“| < 4b;6* ; (13)
b7 < b,,,b; +min{b;11b:0, 2b70(a; +50)} ; (14)
Ggajbj < (1/24 6'5)1og(i0) for all i> n1074/0 . (15)
j=0

Proof. Observe that

i i—1 ( )
U (i) = /0 9\1/’(5) de — Z/jem 9\1,/(5) dc .

J=0

Since W/(£) = exp(—W2(£)) is strictly decreasing and at most 1, clearly b;+1 < b; and

—6<92\IJ (G +1)8) < W(iB) Z/ d§<92\11j9 —ai.

This verifies the first part of (10). The other parts of (10) follow easily from the first part and
the fact that both yexp(—y?) and y? exp(—y?) are less than 0.43.
For (11) and (12) it is enough to point out that

Viegr —1 < U(z) < ylogz+1 forz>1 (16)



since this implies
V' (z) = exp(—02(z)) = exp(—(1 + o(1)) log z) = z 1+
We apply Taylor’s theorem to ¥’ to obtain
'((i +1)8) = V(i) + V" (i6) + (6/2)"(€) ,

for some ¢ with i0 < ¢ < (i + 1)6. Inequalities (13) and (14) follow routinely from this.

For (15) it is enough to consider
92 a;b; < (1 + 26) / (&)W (€) de + 62 Zb < (1/2 4 20)0%(i6) < (1/2 + 6'/°) log(if) ,
7=0
where (10) is used in the first inequality, and (16) and 6 = (logn)~2 in the last inequality.

d

Proof of Theorem 1.1 modulo Lemma 2.1. Let k, := [n°/0] + 1. Then by Lemma
2.1 we have a triangle-free graph Gy, that satisfies Property 8. Thus it is enough to show that

n k"_lb-,uﬂ t
nko<t> exp(— (I—¢) Z %<2>)<1 (17)

=0
(recall t = 9y/nlogn.) Inequalities (15) and (11) give
ko—1 ko—1 ko—1

Hij/Lj = 92[%—(1894— )GZCLJ
J=0 J=0 J=0

log(n’ + 6)

Vlogn
Vélogn —1 —6(1/6 4 20'/%)\/logn
> 0.23+/logn .

log n

v

a,, — (1/6+6'/%)

v

n

=)
F}
/N
N
Q
7N
~+ 3
N~
e}
]
o
—~
|
—
|
)
S~—
Il |
PO
~_
N—
SN—
AN

1 t
kologn +tlogn — 0.23(1 —¢) ogn <2>

< 02 4+(9—(0.23-81/2)(1 — 2¢))y/n(logn)3
< —03y/n(logn)® <0,

and (17) follows.

10



3 Tools

3.1 Azuma-Hoeffding type martingale inequalities

Most applications of the semirandom method involve Azuma-Hoeffding type martingale in-
equalities (from [17], [4]), which are very useful in showing that many events can happen
simultaneously. Indeed, Azuma-Hoeffding type martingale inequalities, followed by Lovész’s
local lemma, have become the most popular way to prove the existence of certain packings,
colorings and list colorings mentioned in Section 1. (See [9] for general treatment of probabil-
ity, [35] for Lovasz’s local lemma, [27], [7], [26], [21], [19], [22] for more on Azuma-Hoeffding
type inequalities, and [31], [20], [23] for simple applications.)

We need a simple version of the Azuma-Hoeffding type martingale inequality. Let & =

®(r,,...,7,,), where 7,,...,7, are independent identically distributed (i.i.d) Bernoulli random

Y 'm

variables with probability p:
7, €{0,1} and Pr(m=1)=p.

For 7 = (1, ..., T,

m

), 7' =(1],...,7" ) and j = 1,2,...,m we write

r=; 7 if Tl:Tl/ for all [ # j.

The following lemma is due to Kahn [19] (Proposition 3.8). We present here a simpler version,

a proof of which can be found in the Appendix.
Lemma 3.1 Suppose
(1) —@(7")| <¢, for j=1,2,...m and T=;7" . (18)

Then for all p > 0

Pr (@ — BB > \) < 2exp (— oA+ (F/2p(1 ) S Fexplpe,))
j=1

Proof. A proof is given in the Appendix.

We have the following corollaries.
Corollary 3.2 Suppose the hypotheses of Lemma 3.1 hold and p > 0 satisfies
pmax{c, : j=1,..,m} <log2.

Then

Pr(|® — E[®]] > \) < 2exp (—p)\—l—prZc?) :
=1

11



Proof. Since (1 —p)exp(pc;) < 2, for all j, we are done.

O
Corollary 3.3 Let & = Z la; where each Aj is an event that depends only on 7;. Then
j=1
Pr(|® — E[®]| > \) < 2exp (= pA+ (5*/2) E[®] exp(p)) -
Proof. It is easy to see for all 7 =; 7’ that
0 if Pr(4,)(1—-Pr(4;)=0
— N<e, = J J
[®(r) = &(r)l < ¢, { 1 otherwise.
Lemma 3.1 says that
Pr(|® — E[®]| > X) < 2exp(—pA + (p°/2)p(1 — p) exp(p) D ¢2) .
j=1
Thus it is enough to show
p(l—p)Y_ ¢} < E[®].
j=1
But since Pr(4;) € {0,p,1 —p, 1},
E[®] =3 Pr(4;)>> p(1-p)c,=p(l—p)Y_ .
j=1 j=1 j=1
]

3.2 Disjointness Lemma

Erd6s and Tetali introduced a useful lemma in [11]. We will use their proof idea rather than
the lemma itself in Section 5.9, so we simply state the lemma without proof.
Let A be a collection of events in a probability space. We are interested in the simultaneous

occurrence of many independent events in A. Let
In(A) :={B C A: all events {A}ep are mutually independent} .

We want to have a nice upper bound on

Pr( U ﬂA)

B In(A) AEB
5] =1

Lemma 3.4 (Disjointness Lemma). If Z Pr(A) <mn, then
AeA

l
n
Pr( U ﬂA)gﬁ for 1=1,2,--- .
B € In(A) AEB
18| =1

12



3.3 Almost Disjoint Covering Lemma

Suppose Aj, ..., A; are subsets of a set B. In the proof of the Main Lemma (see Sections 5.7

and 5.8), we need good upper bounds on [ and > |A;| when the sets A; are not too small but

1/2

their pairwise intersections A; N Ajs are small enough. Notice that when |A;| > |B|"/* and

A;N Ay =0 for all j # j/, we easily have I < |B|'/? and >, |4;] < |B|. The following lemma

considers more general cases.
Lemma 3.5 Let B be a set of size at least 4, Ay,...,A; C B, and 1 < 8,y < |B|Y/2/2. If
1A, > 264|BIY?  and |A;0Ap| < B2 forall j#5 €ll]={1,..,1}

then

l
1 -1
—-1_-1 1/2
1< 6 % YBM2  and ];Aj\g(l—w) B .

Proof. Suppose to the contrary of the first part that I > 1, := |37y~ B|"/2] 4+ 1. Then

l

(0] lU
B> Al > D 141— D [4nA
j=1 =1 1<j<j'<l,
> 264|B'21, — (1,)25°/2
> 2|B|-|B|/2>|B| .

This is a contradiction.

For the second part, set

A= A;\ | Ay forall jell].
J'#7
Then A}, ..., A] are mutually disjoint and

1 — 1
4512 145 = 3 1450 Agl 2 1451 = 57 B 2 (1 5 )14y
J'#5

Therefore,

: 1 \-1¢n, NE R .
j;h‘h!ﬁ(l—%z) ;|Aj|:(1—272> \ngAj|§<1—W) 1B .

4 Proof of the Main Lemma

4.1 Preliminaries

Suppose (&, 'k, Gi) as stated in Lemma 2.1. We first modify I'y and Ay to obtain exact
equality in Property 4.

13



Modification. For each pair (eyy,v) with ey, € I', let U(eyw,v) be a set of [b,(a, +
50)y/n | — dp, (€yw,v) new vertices so that U(eyy,v) NV = 0 and all U(eyy,v) are mutually
disjoint. Define

V' = vVu |J Ulewwv)
(evw,v)

Iy = IyU U {ew 1 u € Uleyw,v)}
(evw,v)

and

AL = A U U {ewerw : U € Uleyy,v)} .

(evw,v)

We also define N*(e,v), N*(e,v), - - - analogously as in Section 3. Notice that

| b(a, +50)vn i e € T
da; (€vw, v) = { 1 if ey € T\ T (19)
Given 6 := (logn)~? and p := 6/y/n , we now define a random subset X, of I'; (cf. (BC
2) of Section 2):
Pr(ee X;,)=p forall ecTy

”

with all events “e € X}, ;” mutually independent. Let

Xk41 = XI:—&-I NIy
Erv1 = EpUXpa1 -
Notice that for all e € ',
Pr(e€ Xp41) =Pr(ec Xj ) =p=0/Vn, (20)

)

and all events “e € X" are mutually independent. Using (BC 3) of Section 2 we may also

define a triangle-free graph Gjy11. Finally, set

Yiji = {eely:3feXi -2 ef €A}
Zi1 = {eely:3 fgeXp -2 efge Ay}
and
Piegr =Tk \ (Xp41 U Yhp1 U Zppa) (21)

The (random) triple (Eg41, [ky1, Gk41) obviously satisfies (9). It remains to verify

Pr ((Ex+1,Tk+1, Gky1) satisfies Properties 1-8) > 0 .
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We prove this by showing that (g1, ki1, Gra1) satisfies each property with probability at
least 1 — 1/n, that is,

Pr((Ek+1,Tk+1, Gky1) does not satisfy Property 1) <1/n for [=1,...,8. (22)

Three preliminary lemmas will be needed. Henceforth, we fix k < [n%/0], omit subscript
k (I' =Tk, a = a,,ds(v) = daz (v), ---) and write IV, a’, - - for T11,0a

write X’ for (X*) and generally omit the asterisk if there is another superscript.

pi1s - Also, we just

Lemma 4.1 For alle e T

/
—14b6*> <Pr(egY’) —% < —5b6? .

Proof. By (19) and Na+(eypw,v) N Nax(epw, w) =0

PregY’) = H Pr(f & X*) = (1—p)?et5OvVn forall eel .
FENp+(e)

Also, since p = 6/y/n and
1—hw§(1—:v)h§1—h:n+h2x2/2 forall 0<z<1, h>2,
(10) gives
1 —2abf — 10662 < Pr(e ¢ Y') <1 —2b0(a + 50) + 20%b*(a + 50) < 1 — 2abh — 9b6? .

The upper and lower bounds of the lemma follow from (13).

O
Lemma 4.2 Let ACT. Then
> [Nas(e) N Al = 2b(a + 50)v/n |A] .
ec'™*
Proof. By (19),
ST Na(e)N Al = > Y 1(ef € AY)
eel™* ecl'™ feA
= Z Z 1(ef € A¥)
feEAeel™
= > da-(f)
feA
= 2b(a+50)vn |A] . O

15



We will prove (22) one property at a time. In most cases we first compute the expectations
of corresponding random variables, then derive good concentration results using the Azuma-
Hoeffding type inequalities of Section 4. Unless specified otherwise, our i.i.d Bernoulli random

variables are {7, }cer- with 7, = 1 if and only if e € X*:

Pr(r,=1)=p=0/Vn.

Applications of Corollary 3.2 will simply note the ¢, in the hypotheses of Lemma 3.1. If we

do not mention ¢, for some edges, then those edges are irrelevant.

The following lemma completes our preliminaries. Let
Nx/(v) :={w eV ey € X'} forveV.

Lemma 4.3 The following three conditions hold simultaneously with probability at least 1 —
3/n?:

(i) For allv € V, |Nx/(v)| < b0y/n + n'/*logn;
(11) For allv #w € V, |[Ng(v) N Nx/(w)| < logn;
(11i) For allv #w €V, |[Nx/(v) N Nx/(w)| < logn.

Proof. We show that each of (i), (ii), and (iii) occurs with probability at least 1 — 1/n2.
For (i), let

P, = [Ny (@)= > 1lepw € X').
wENT (v)

Property 2 (for ¢ = k, of course) and (20) give

E[®,] = Z Pr(epw € X') < pbn = bOy/n .
wENT(v)

Thus it is enough to show
Pr(®, — E[®,] > n'/*logn) < 1/n® forall veV,
which gives
Pr(3veV -3. &, — E[®,]>n"Y*logn) <n(1/n®) =1/n.
Corollary 3.3 with p = 4n=/* yields

Pr(®, — E[®,] > n'/*logn) < 2exp(—pn'/*logn + p?b0y/n )

A

exp(—3logn) = 1/n? .

For (ii), let

1) == [Ne(v) N Nyr(w)| = > 1(ewu € X') .
u€Ng (v)

16



Property 1 and (11) give
E[®{)] < p|Ne(v)| <0/ <1,

and Corollary 3.3 with p = 5 yields

Pr(®{!) >logn)

)
VW

IN

)

Pr(8(3, - E[8{1)] > logn — 1)
< 2exp(—p(logn — 1) + p?)
< exp(—4logn) =1/n".
Because there are at most n? pairs of v, w, we are done.
For (iii), let

q)z(fl)u = ‘NX'(U) ﬁ]\[X’(wﬂ = Z 1(€uvewu C X/) .
ueV

Our i.i.d Bernoulli random variables in this case are 7, :== 7, T, indexed by u € V. Because

Pr(r, =1) <p*=6*/n,

we have

Let p = 5. Then

2",
~
A
N
v
<)
09
S
A
i
.,
A
)

—E[®?)] >1logn —1)

v,Ww

IN

2exp(—p(logn — 1) + p?)

IN

exp(—4logn) = 1/n* .

This completes the proof.

We now consider each property separately to prove (22). The definitions of ®,, @y, - -
vary from property to property and therefore hold only within subsections. Also, to prove (22)
for the properties 2,4 and 5, we show that each vertex or pair of vertices violates the properties
with probability at most 1/n? or 1/n3, respectively. This is enough because there are at most

n vertices and n? pairs.

4.2 Property 1

Since
Ner(v) = Ne(v) U Nx/(v)

Property 1 and (i) of Lemma 4.3 give

der(v) = de(v) + [Nx:(v)] < av/n + kn**logn + b0+v/n +n'/*logn
= dvn +(k+1)n"*logn

with probability at least 1 —3/n%? > 1 —1/n.
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4.3 Property 2

Let
o, = Z legY').

eENT (v)
Then dr/(v) < &, by (21). Property 2 and Lemma 4.1 imply

E[®,] = Y Pr(egY’)
e€NT(v)
< bn(b'/b—5b60%) < b'n —b*0*n .

We take
¢, = [Na=(e) NN (v)| < 2b(a + 50)yv/n

for all e € I'*. Lemma 4.2 and Property 2 then give

> <2b(a+50)vn > c, < 4b%(a+50)*n-bn < n®.

Together with (12) and Corollary 3.2 with p = n=3/4, this yields

Pr(®, — E[®,] > b?6°n) < 2exp(—b*0*n'/* + (0/y/n )n'/?)

< exp(_n1/4f2/17) < 1/77,2 .
4.4 Property 3
Since
| Ner (v)NNer (w)] < [Ne (0) N\Ne (w)|+[Nx (0) N Ne (w) |+ Ne (0) \Nxr (w) [+ Nxr (0) NN (w)]
we are done by Property 3 and (ii), (iii) of Lemma 4.3.

4.5 Property 4

For ey, € T\ X' let

Y. HegY)
eEN (e

vwvv)

and
P = > 1lewu€X').

uENA (evw)

Note that <I>§)11)1, and <I>1(}22U are considered under the condition e,,, ¢ X ’. Clearly,
dpr(epw,v) < @gll)u + ‘1’1(;21)1; for all e,,, € T". (23)
Because events “e € X’ ” are mutually independent, Property 5 yields

B,

)

evw € X'] = E[®F)] = pda(evw) < 00/ .

18



Thus (12) and Corollary 3.3 with p = n~'/4 imply that

Pr (), —b*0v/n > b*0%(a+50)vn ) < Pr(2(), — E[@P)] > b%0%(a+ 50)v/n )
< 2exp(—b*0%(a + 50)nt/* + b20)
< exp(—n'/*HT) <1/nt (24)

(1)

We now consider @, 3. Since
PreZY'lepw € X') =Pr(eg Y )1 —p)~ ! forall ee Np(epw,v)

Lemma 4.1 and Property 4 give

E[@] < (1+2p)Pr(e & Y)da(eww,v)
< (1+20/v/n ) /b — 5b62) b(a+ 50)v/n
< V(a+50)vn —4b*6%(a+ 50)v/n . (25)
Let
¢, = |Na(epw,v) NNa=(e)| for e # eyy.
Since

Np(eyy,v) € Ne(u) for all ey, €T, (26)
Property 3 implies for e, € I' that
’NA(evwa U) N NA* (euva U)| = |NA(evw, 1}) N NA(eUUa U)|

< |Ng(w) N Ng(u)| < 3klogn .

Hence, for all e € T* \ {eyw},
c, <14 3klogn .

Thus Lemma 4.2 and Property 4 yield

Yo < (1+3klogn) Y e, =2(1+3klogn)b*(a+50)*n .
eEF*\{evw} GGF*\{GUU;}

Let p = n~Y% Then

Pr (o), — E[@{1)] > 6°0%(a + 50)v/n )

< 2exp(—b*0%(a + 50)n'* +2(0/v/n )(1 + 3klogn)b?(a + 50)*n'/?)
< exp(—n'/47Ty < 1/nt (27)
It now follows from (25), (27), (24), and (14) that, with probability at least 1 — 2/n,
1) + @R <¥/(a+50)vn —2b%0%(a+50)v/n +b*0v/n < V(d +50)v/n .
By (23) we are done.
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4.6 Property 5

Let
D, = Z (ewews NY' =0)
uENA (evw)
for each ey, € I'. Then
dar(epy) < Py - (28)

Because (26) yields
INA(€uw, w) N N (e, uw)| < |Neg(v) N Ne(w)| < 3klogn ,

Lemma 4.1 gives

Pr(eypewu NY' =0) = Pr(ew € Y')Pr(ewy €Y' |ew €Y)
< Pr(eyy € Y)Pr(ew, €Y')(1 — p)~3kloen
< (¥ /b—5b0%)2(1 + 40k(logn)/v/n )
< (V/b)* —bh* .
Property 5 easily yields
E[q)vw] = Z Pr (euvewu Ny’ = @)
UGNA(e'Uw)
< (b /b)* = b0?)bPn < (V)*n — b360°n . (29)
Let
b(a+50)/n if Np«(e) N Na(ewpw) # 0 and ey, Ne # 0
c.:=¢ 2 if Na«(€) N (Na(eypw) U epw) # 0 and ey, Ne =0
0 otherwise

for e € T*. (Actually, we may take ¢, = 1 for the second case.) Clearly, ¢, > 2 for at most
2b(a + 50)/n - 2b%n edges (cf. Lemma 4.2), and ¢, > 2 for at most 2n edges. Hence

Z ¢ <4-4b°(a+ 50)n>/? 4 2nb?(a 4 560)%*n < 3b%(a + 560)*n> .
Then (28), (29), (12), and Corollary 3.2 with p = n~%/8 imply that

Pr (dar(eypw) > (b’)Qn)

IN

Pr Dy — E[®y] > 0360%n)
2exp(—b20%n>/8 4+ 3(0/+/n )b (a + 50)*n3/*)

exp(—n3/8_3/17) < 1/n3 )

N

IN
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4.7 Property 6

We prove only the first part. An analogous proof holds for the other part.
It is enough to prove the property for all A, B with |A| = |B| = b%6%\/n . (Of course, we
should really write |b26%\/n | here.) Let

L:={(e,v) eT*" xV*:vee}
and for A, B C V set

LD(A,B) :={(e,v) € L : [Na-(e,v) NT(A, B)| < 4((k + 1)logn)?|AU B|'/?} . (30)

Because
Y'= |J Na(e,o)nT, (31)
e X*
(e,v) € L
we further define
YyM(4,B) = U Np+(e,v) NT(A,B) and ®4p5:= Y  1egY(A,B)).
ee X* e€I'(A,B)
(e,v) € LM (A, B)
Then
T"(A,B)| < ®Pap . (32)

In regard to the expectation of ® 4 g, we claim that, for all e,,, € I'(A4, B),

Pr (epw & YW(A, B)) < Pr(epw € Y')(1 — p)~ 2" . (33)
This holds if
{u € Na+(epw, ) : (€un,v) & LY (A, B)}| < nl/* (34)
and
{u € Na-(epw, w) : (€wu, w) € LY (A, B} < nl/t. (35)

By (26), (ewy,v) & LY (A, B) implies that

4((k+1)logn)2|JAUB|'? < |Na-(ew,v) NT(A, B)|
< |Na(ew,v) N (AUB)| < |Ne(u)N (AU B)| .

This inequality, Property 3, and Lemma 3.5 with 8 = (3(k 4 1)logn)'/2,4 = 1 then imply
that there are at most (3(k + 1)logn)~'/2|(AU B)|"/? such u € V*. Since

(3(k +1)logn)~Y2|(AU B)|V/? < nl/*

(34) follows. By the same method (35) also holds.
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Lemma 4.1, Property 6, (33), and our condition of |A| = |B| = b*6%\/n imply
Pr(epw € YW (A, B)) < (0 /b — 5b6%)(1 +n~ Y4 < V' /b — bo?

and
E[®4p] < (V' /b—b6%)|T(A, B)| <V|A||B| - b°6°n . (36)
Let
¢, == min{4((k + 1) logn)?|AU B|'/?, [Ny (e) N T (A, B)|} < 6((k + 1) logn)"/2bon"/*

for all e € I'*. Then Lemma 4.2 and Property 6 give

Zc? 6((k+1) 1ogn)1/2b(9n1/4206
< 6((k+ 1)logn)Y2b0n'/* - 2b(a + 50)n'/?[T'(A, B)|

< 12((k +1)logn) Y2670 (a + 50)n™/*

IN

It follows from (12) and Corollary 3.2 with p = n~ /4% where ¢, := 1/4 —4/17 = 1/68, that
Pr(®4p — E[®4,5] > 0°6°n)

2exp (- b%0%n®/ 4% 4 12(6/ /i )(k + 1) log ) /*676%(a + 56)n®/ > )
exp(_bZ 02(10g n)4n3/474/17750 /2)

< exp(—b #*(logn)?nt/?) .

IN

IN

This result along with (32) and (36) then gives

Pr (3 disjoint A, B C V with |A| = |B| = 1%0*n -3 [['(4, B)| > /| A||B|)

< Pr (3 disjoint A, B CV with |A| = |B| =b%0*y/n -3 ®ap— E[®ap]> b606n)
" 2

< (jpgmar) o007

< exp(26%6®n'/?logn — b26%n'/?(logn)?) < 1/n .

4.8 Property 7

Recall for T € 7 that |[T'| =t = [9y/nlogn |. Let T' € T. (Actually, our proof works for all T’
of size t.) We know by (21) that

IT(T)| = T(T)] = X' nT(T)| = [Y'NIT(T)| = |Z2' nT(T)] . (37)
We verify Property 7 by first proving

Pr(3TecT -3 |X'NnI(T)|>V0*T(T)|/2) < 1/n*. (38)
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Proof of (38). Set
o) = X' NT(T) = 3 1lec X').
ec(T)
Then
E[@{] = [D(T)[Pr (e € X') = (0/v/n )|D(T)] .

and Corollary 3.3 with p = n=%/17, Property 7 and (12) give

Pr(®f) > VO*0(T)|/2) < Pr(@f) — BOY)] > V6*T(T)|/4)
< 2exp(—pb0*(D(T)| /4 + p*(6/v/n )|IP(D)])
< exp(—pbb'6?n)
< exp(—n1_5/17_2/17) _ exp(_n10/17) )

Thus

PrATeT -3- oY >v0%0(T)/2)

IN

<7;> exp(—nlo/”)

< exp(9v/n (logn)*? — n'%17) < 1/n? .

O
We now divide |[Y' NT(T)| into two parts (cf. (30)). Let
LOT) = {(e,v) € L:|Na+(e,0) NT(T)| < 4((k + 1) logn)'/?|T|*/2},
LO(T) = £\ LI(T),
and
yaO(r) = U Nas(e,v)NT(T)
e€ X*
(e,v) € £0)(T)
ye(r) = U  Na(ev)nT(T) .
e€ X*
(e,v) € LA(T)
The corresponding random variables are
o) == D)~ [YD(T) = Y UegYD(T) and @ = |[yO(T)|.
ec(T)
By (31),
L)~ Y O0(T)] > o) — & |
We claim that
PrATeT -5 &Y < ¥//b—1500")T(T)| ) < 1/n? (39)
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and that

20'b0(1 + 66) [t
Pr(3TeT 5. o@ > 27T < 3/n? 4
r(3TeT -5 o) > Wi <2>>_3/n, (40)
which imply directly that, with probability at least 1 — 4/n2,
2b0(1 + 66) ('t
()| — |Y' N T(T)| > (W /b — 1560 |T(T)| — =20 ) 41
()| — | (T)| = b/ )T (T)] ovloan <2> (41)

Proof of (39). Lemma 4.1 (the lower bound) gives

E@M = 3 PregYV(T) > 3 Pr(egY') > (¥/b— 1406°)1(T)| .
e€T(T) e€l(T)

Since (13) yields b = (1 + O(0))V, we have
(1) ! '0° (1) (1) 10*
Pr (¢ < (b'/b—150'0")|I(T)|) < Pr (@)’ — E[®y] < =66 |T(T)|/2) . (42)
Set
¢, := min{|Ny-(e) NT(T)|,8((k + 1) logn)*/?t1/2} .
Then Lemma 4.2 yields

Y2 o< 8((/<3—i-1)10gn)1/2t1/220e
< 16((k + 1) logn)?tY2b(a + 50)/n |D(T)] .

Let p = n~ /4117 Then Property 7 and (12) imply that

Pr(®}) — B[O})] < 46 |1(T)|/2)

2exp (= pb/0*|D(T)|/2 + 160%(0/v/n ) ((k + 1) log n)M/2£/2b(a + 50) v/ |D(T))
< exp(—n! AT < exp(—v/n (logn)?)

IN

We combine this with (42) and the inequality
exp(—v/n (logn)?) (?) <1/n?

to obtain (39).

Proof of (40). It is enough to show that (i), (ii), and (iii) of Lemma 4.3 imply (40).
Take Ng(w,T) := Ng(w) NT and let

Wy :={w €V : [Neg(w,T)| > 4((k + 1) logn)"/*¢"/%} .
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We show first that

YT c |J T(Ne(w,T), Nxi(w,T)) (43)
weWr

where, as usual, Nx/(w,T) := Nx/(w)NT.

Suppose f € Y)(T) C I'(T). Then there exists (e,v) € LZ(T), say e = ey, such that
f € Nax(epw,v) and ey, € X'. In particular, v € f C T, and the other vertex u of f is in
Neg(w, T). Moreover, since ey, € X', we have v € Ny/(w,T). Since (eyy,v) € LO(T), we
know also by (26) that

A((k + 1) logn) 2612 < |Nax(epw, v) NT(T)| = | N (pw, v) N T| < |Ne(w, T)| .

Thus w € Wy, and the proof of (43) is complete.

Let
Neg(w,T) if [Ng(w,T)| > |Nx/(w,T)|
Nx/(w,T) otherwise

A(w,T) := {

and for summations let

Z, = Z and Z” = Z

w € Wr w € Wrp
ming | Ne (w, T, [Nxr (w, T)|} < 262 /m min{ | Ne (w, T, [Nx (w0, T} > 262/

Note that
|A(w, T)| > |Ne(w, T)| > 4((k + 1) logn) /22 for all w e Wy . (44)
Property 6, (i) of Lemma 4.3, and (43) yield

Y &(T)]

IN

> IP(WNe(w,T), Nx/(w,T))|
weWrp

S [Ne(w, T)|| Nxor (w, T)| + 63" | Ne (w, T) || N (w, T)|

IN

IN

D02V Y |AGw, T)| + (1 + 00y 3" |Ne(w, T)] .

Moreover, Lemma 3.5 (with 3 = \/3(k + 1)logn for both of the following inequalities, v = 1
for the first inequality, and v = logn for the second), Property 3, (ii) and (iii) of Lemma 4.3,
and (44) imply

SAw, T) <2t and S |Ne(w,T) < (1+60)t .

Therefore, by (14),

26'b0(1 + 66) [t
YO <2202 /nt + (1 + 02020 /mnt< > -7 .
[Y¥E(T)| < Vnt+(1+0) \/5_9\/m 5
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We return to (37) and divide |Z’ N T'(T)| into two parts. We recall that Nx/(v,T) =

Nx:/(v) NT and note that

Z'NT(T) = | T(Nx () NI(T) = | TWNx(v)NT) = | J T(Nx: (v, 7))
veV veV veV

Let h:= [4((k + 1)logn)'/21/2]. Given Nx:(v,T) = {v; ,...,v; } with j, <--- < j, let

oty | Mo T) e <
Nx:(v,T) ._{ {v, v, } i >h.

Then
ZnT(T)=JT(Nx(v,T)) U |J T{OWx(v,7)).
veV vevV
INx/(v)] > h
Let
3 $ 4
o = 3" TNy (0, 7)), and &%= 3 T(Ny(v,T)) .
veV veV
[Nx/ (v,T)| > h
Clearly

3 4
12/ nT(T)| < & + oY) .

We now claim that
Pr (q)g’) > 20 T(T)| ) < 2exp(—+/n (logn)?) forall T € T,

which implies
Pr(3TeT -3 ¥ >0 T(T)|) < 1/n%

Proof of (46). Property 5 gives, for expectation,

E@P] < E[ 3 IT(Wx (0. 1)]]
veV

= Z Z Pr (eyveow € X')

veV Ewu € F(T)
vE NA(ewu)

= ) >, 1
eww€T(T) vENA (eww)
p20%n|T(T)| = b?0*T(T)| < (3/2)V6%T(T)| .

IN

Thus
Pr (@Y > 2/0*0(T)|) < Pr(d}) — E[@Y] > Vo2 |1(T)|/2) .

We obtain a concentration result by taking

o) =3 IP(Nx/(0,T))] and &Y := S TNy (v, T))| .
veT veV\T
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Since
o) = o) + oY,

it is enough to show that

Pr (0 — E[0L)] > 16?1 (T)|/4) < exp(—v/n (logn)?) (48)
and
Pr (@) — E[@] > 0|1 (T)|/4) < exp(—v/n (logn)?) . (49)

Consider (48). Let
o[ 2n iteer(m)
©" ] 0 otherwise.

Then
> =4n*T(T)| .
We take p = n~1/471/17 {0 obtain
Pr (0 — B[0P > WA T(T)|/4) < 2exp(—pb02[T(T)|/4 + 4p%(0/v/n W2 |T(T
T T
< exp(—n' YT < exp(—v/n (logn)?)

Consider (49). All random variables |I'(Nx/ (v, T))| for v € V\T are mutually independent,
S0

Elexp(p@)] = [ Elexp(pll(Nx: (v, T)])] - (50)
veV\T

Our aim is to find a good upper bound of E[exp(p]F(NX/(v,T))\)] so that we may apply
Markov’s inequality with the function exp(px) (see (53)). Let

$u(p) == B[ exp(p|T(Nx(v,T))]) ] -

Then there is p* with 0 < p* < p such that

¢u(p) =1+ pE[ T(Nx/(v,7))| | + (0*/2)¢3 (p*) -

We prove the following claim.

Claim.
Po(p*) <1 if pr <h7h. (51)

Proof. Let B = B(v,T) := Nr(v) N T. Then, since p* < h™1,

2(p") = E[[T(Nx (v, 1)) exp(p*|T(Nx:(v,T))]) |

(52)

- ? |B] 2
< &4 (‘?’) <é> P (p* <é>)pl(1 - Y (’?‘) (Z) exp (p* (;L))pl(l _ p)lBI=
=0 2
|B|
= i (‘?’) (L+2)(1+ D)l — 1) exp(l/2)p' (1 — p)!BI=t
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Let
| B

w(x) — $2(1 _p+$)\B\ — Z <|?|>xl+2(1 _p)|B|—l )

1=0
Then it is clear that the last term of (52) is exactly (p®exp(1)/4)w® (pexp(1/2)), where w®

is the fourth derivative of w. Therefore, with
p|B| < pt < (logn) ™",

we easily have
(p* /4w (pexp(1/2)) < 1.

|
We use 51 and set p = n~ /47117 (notice that p < h™!) to obtain
$u(p) < exp(E[ [T(Nx/(v,T))| ] p+ p°/2) -
Then, by (50),
Elexp(p®))] < exp(p Y. E[[F(Nxo(0,T))| | + p°n/2) = exp(pE[8Y)] + p*n/2) .
veV\T
Thus Markov’s inequality gives
Pr (@) — B[0f)] > V6 |D(T)|/4) = Pr(exp(p(@F — E[@P]) > exp(pb6|D(1)|/4))
< exp(—pV 6T (T)|/4) B[ exp(p(® — E[@5])]
< exp(—pb'0*IL(T)| /4 + p°n/2)
< exp(—n! Y1) <exp(—y/n (logn)?),  (53)
which completes the proof of (49) and therefore of (46).
0O
Finally, we claim that
Bbo(1 + 66) [t
Pr(37eT -3 o) > 227 <3/n?. 4
r( € > v > oVlogn <2>)_3/n (54)

Proof of (54). It is enough to show that (i) and (iii) in Lemma 4.3 imply

(@ _ bbO(1460) [t
o < et forall T eT.
T = 9\logn 2 ora <
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Let

* kok
DS ma Y=Y
veV veV
h < |Nx/(v,T)| < b26%/n [Nx/ (v, T)| > b20%/n

Then Property 6 and (i) of Lemma 4.3 give

o = Y T(Nx(v,T))
veV
[N/ (v,T)| > h

* b *ok
12 [Nxo(o, )R+ 5 3 [N (0, T)
b262 1+ 60)v%0 -
f Z |Nx: (v, T)| + qZ |Nx: (v, T)] .

Also, (iii) of Lemma 4.3 and Lemma 3.5 (with 8 = \/logn for both of the following inequalities,
~v =1 for the first inequality, and v = 2logn for the second) give

S Ny (0, T) <2t and Y [Nyo(v, T)| < (1+6/2)t .

IN

Thus (14) yields

YbO(1 + 66) [t
W < 1202 /nt+ (1/2+ 0020 /n t < -T2 .
T_be\/ﬁ+(/+)\/ﬁ_9m 5

d

Therefore, combining (37), (38), (41), (45), (47), (54) and Property 7, we have that, with
probability at least 1 — 1/n,

3'b0(1 + 66) [t
/ > N /02 _
DI = W= 30 20T - ST (2)
bO(1 + 60) [t
> / 2
b (u 35bu6” /2 — = o )<2>
bo t t
> b (p—18b0% — ———— =y .
(H 8 3\/logn) 2) M<2>
4.9 Property 8
We will show that
B[ |T|]<nk(" exp(—(l—e)zb‘j'uje ! ) (55)
-\t =ovn \2)/7

which together with Markov’s inequality implies

pe (17121 (3 o (1032 (1))

J=

=0
< (nkH(?Z) exp(—(l—e)zbﬁ%ﬂ (;)) E[|T'1<1/n.

J=0
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Proof of (55). Since
E[|IT'|]= ) Pr(&(G)nT(T)=10),

TeT
it is enough to show that for each T' € T

Pr(£(G)NT(T) = 0) < exp (- (1?;31’“9 @) (56)

(recall that b and p actually mean by and p, ). But notice that for
F(T):={FeF :FnI(T) # 0}

(again recall that F/(= F41) is a maximal disjoint collection of forbidden pairs and triples in
X': see (BC 3) in Section 2.1), we clearly have

Pr(E(GYNT(T)=0) < Pr(|X'nI(T)| <3|F(T)|)
< Pr (\X’ﬁF(T)I<?\’}9F( )| or |[F(T)| = f !F( )I)
, 3¢%0 , €20
< Pr (XL < TERT)) 4 Pr (170 2 SEIN)). (67)
Set
=|X'NI(T)| = ) 1eeX)
eel(T)

Then, since all events “e € X’ ” are mutually independent and Pr (e € X') = p, we have

Blexp(ptr)] = [T (1= p(1 - expl)) < exp (- "0 22 o)
ecI’(T)

Markov’s inequality with p = —e~!/4 then gives

P

< f;;emm) ~ Pr (exp(P‘I’T)ZeXP(s\p; r(m))))
3pe2f

exp (=~ (7)) Elexp(p®r )]

o (-0 (172 )

IN

IN

Therefore
 (x ) < 22 = e (e < 20
O H ) B
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On the other hand, with [ := |€20|'(T)|/v/n |, we know that

2
Pr (|f’(T)yz%|r(T)|) < Pr(3A,. . FEAUA >

NG
Let
{Fl’aFl}gAUA
F;NT(T) #0 Vi el
FjnFjy =0 Vj#j
Then
—n Jj = J
W) ¢
= > IIPr(Fcx)
j=1
1 !
< (X P@Ecx))
FeAUA
FNT(T) #0

(cf. Lemma 3.4). Properties 4 and 5, and (10) yield

> Pr(FCX) = ) Pr(FCX)+ ) Pr(FcX)
FeAuA FeA FeA
FAT(T) #0 FAT(T) #0 FAD(T) #0
< 2b(a+ 50)v/n |T(T)| p* + b?n|T(T)| p*
62 63
< (T — (T
<T@+ - n)
262
< = :
< Zoir)
Thus with 7 = 22 [T(T)], we b
W1 =
us n \/ﬁ , We nave
2 I
, €“0 n 1 O|0(T)| 1 bud [t
> < o<z e - 1=
Pr (7T 2 @) < gen (== =) s gew (= U (,)) 0 09
. : n_ mexp(l) ! :
where the second inequality uses i < ( ;i ) . Hence (57), (58) and (59) yield (56).

Acknowledgments. I thank Joel Spencer and Noga Alon for helpful discussions. Especially,

I appreciate Spencer’s nice explanation of his differential equation which interested me in the
Ramsey number R(3,1).
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Appendix
To prove Lemma 3.1, set
Q= E[®|1,,...,7,] = E[®|,....;7,_,] for j=1,2,..m.
We first verify two more lemmas. The first is from [31].
Lemma A.1 The hypotheses of Lemma 3.1 imply
Q| <e¢, for j=1,2,..,m.

Proof. Note first for fixed kK = (k,, ..., k,,) that

E[‘I)|7‘1, ""Tj—l}(ﬂ‘) = Z (I)(’ﬂ? R Y 77m)Pr(Tj =% T = 7m)7
Vv

and ZPr<Tj =% T :’an) :Pr(Tj+1 =410 T :Vm) yields
8

E[(I)’Tlv"'ﬂTj](H) = Z (I)("iu'"7/€j77j+17'"77m)Pr(Tj+1 =410 T :ﬁ)/m)

’Yj+1 3 Ym

= Z (I)(Klﬂ”'7"1j77j+17"'77n)Pr(7—j =% T :’)Im) :
Vo Tm

Thus (18) implies

Q)] = (B[, ..., 7;] = B[®[ry, ... 7, ])(#)]
< Z ‘(P(El?.”?'l{j”Yj+17.”?’ym)7(?(%17.”?"{]‘—1777'7".’ry'm)|
’Yj7"'7'ym

X Pr(Tj =% T :’Ym)

IN

Z ¢, Pr(r, =, T, =) =¢, .
’Yj7“.7’Y’V‘VL

Lemma A.2 The hypotheses of Lemma 3.1 imply

Proof. Jensen’s inequality gives

()% = (B[®|r,,...7,] = E®|r,, ... 7, ,])?
= (B[®—E[®|7,.cc; Ty, Tygs oo Tl IThs oo 7))

i—10 Tj1s

< E[(®—E[®|r),.c;T,_,,T Tm])2|7'1,...,7'j] )

G=19 Tjpno e
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Hence

E[(Qj)2|7—17 AR T'—l]

J

E[ ((p - E[@|Tl7 "'7Tj7177-j+17 tct T77L])2 |T17 '”7ij1}

= E[E[(® - E[®|r), ... T, 1, T e D2, s Tty Tians oo T L Tas v Ty

IN

Thus it is enough to show that

E[(® — E[®|r,, s Ty Ty ...,Tm])2 | 7, s Ty Ty e T, ] < p(1 —p)c? )
For fixed 7y, ..., 7,1, T, 45, T,, let
=01, .., 7, ,0,7, 4, .7,) and yi=O(7, T, LT T,
Then (18) gives
lz—yl<c, .

Since Pr (7, = 1) = p, this implies

E[(® - E[®|1,,....T, 1, T, 1, o T )2 7y N

= 1-pla—(1-pz+py)*+py—(1-paz+py))?
= p(1-p)(z—y)* <p(1-p) .

Tj+1,...,Tm]

Proof of Lemma 3.1. (cf. Lemma 5.3 of [22]) It is enough to show that
Pr(® — E[®] > A) < exp(—pA+ (p*/2) Y ¢, exp(pc;))
j=1
because the same argument gives
Pr(—® — E[-®] > )) < exp(—pA+ (p°/2) Y _ ¢; exp(pc;)) -
j=1
We claim first that
Elexp(p2)) |7, ., 7] < exp((p®/2)p(1 = p)c? exp(pc,)) -
For fixed 7,,...,7,_, let
¢(p) := Elexp(pQ))[7,, .0 7, ] -
Then Taylor’s theorem and Lemma A.1 imply for some 0 < p* < p that

#(p) = &(0)+¢'(0)p+ ¢"(2P*)p2
= 1+ (P*/2B)” exp(p" )l 7,

< 1+ (p*/2)p(1 = p)e? exp(pe;) < exp((p?/2)p(1 — p)c? exp(pe;)) .
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where the second equality uses E[Q2;] = 0.
Next we show that

Elexp(p(® — E[®]))] < exp((p%/2)p Zc exp(pe,)) - (61)

Since ® — E[®] = 77, €, it is enough to show that

l
Elexp(p)_ Q)] < exp((p?/2)p Zc exp(pc;)
j=1
by induction on [ = 1,2, ...,m. For [ =1, (60) gives
Elexp(pth)] < exp((p°/2)p(1 — p)c exp(pc, ) -

For [ > 1, (60) and the induction hypothesis yield

l l

Elexp(p)_ )] = E[Blexp(pd_ )lry, - 7_,]]

j=1 J:1
= FElexp pZQ lexp(pS)|7y, oy 7, 1]

< FElexp pZQ exp( p/2 p(1 — p)c, exp(pc,))

< exp((p®/2)p( Zc exp(pc;)

Finally, Markov’s inequality and (61) give

Pr(®—E[@] > )) = Pr(exp(p(® — E[P])) > exp(pA))

< exp(—pA)Elexp(p(® — E[2]))]
< exp(—pA+ (p*/2)p Zc exp(pc;)
7j=1
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