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Abstract

We present a novel clock synchronization algorithm and prove that this algorithm achieves
an essentially optimal upper bound on the worst-case clock skew between any two participants
in any given distributed system. More importantly, the clock skew that can occur in the worst
case between neighboring participants is (asymptotically) at most a factor of two larger than the
best possible bound. Furthermore, the algorithm minimizes the number of messages that need
to be exchanged in a given time period and also the number of bits that any node must store
locally. The algorithm achieves these goals while guaranteeing that the clocks run smoothly, i.e.,
all clock rates are always within adjustable, pre-specified bounds, an essential quality of any
practical clock synchronization algorithm. These results all hold in a general model where both
the clock drifts and the message delays may vary arbitrarily within pre-specified bounds, and
algorithms are bound to act only at discrete clock pulses.

1 Introduction

For many tasks in distributed systems it is required that the participants maintain a common
notion of time. Since each participant is typically equipped with its own (hardware) clock, and
all clocks advance at slightly different and potentially variable clock rates, the clocks must be
synchronized from time to time in order to ensure that the clocks do not continually drift apart. To
this end, a clock synchronization algorithm must be used to counterbalance the clock skews caused
by the different clock rates. In order to detect clock skews, any clock synchronization algorithm
requires that timing information is exchanged among the participants. The algorithm may trigger
synchronization messages itself, or timing information may be attached to messages that are sent
by other applications (“piggybacking”). Synchronizing clocks is challenging due to the variable
(and uncontrollable) delay between the time when synchronization messages are sent and the time
when the recipients are able to process them. The distributed system is modeled as an arbitrary
connected graph G = (V| E), where the nodes in V denote the participants in the system and
each edge {v,w} € F represents a bidirectional communication link between v and w. Each node
computes a logical clock value based on its local hardware clock value and the messages it received
from its neighboring nodes. A clock synchronization algorithm strives to minimize the clock skews
between these logical clocks.



The objective of this work is to provide tight upper bounds on the degree of synchronization
that can be achieved, taking many parameters such as the maximum delay and the maximum clock
drift rate into account.! A crucial aspect of clock synchronization, which so far has not received
much attention, is that a practical clock synchronization algorithm must ensure that the rates of
progress of all logical clock values are always within specific bounds, i.e., the clock values are not
allowed to change substantially in a short time. In other words, an algorithm must guarantee that
the logical clocks run smoothly at all times. However, bounding the clock rates inhibits the ability
of an algorithm to react to clock skews, which have to be kept as small as possible. The worst-case
clock skew that can occur between any two nodes when executing a particular algorithm A on
a given graph G is called the global skew. For many distributed applications it is essential that
each node is well synchronized with nodes in its vicinity, i.e., the clock skew between a node v
and another node w must be small at all times if the distance d(v,w) between v and w in G is
small. This is the case if occurrences of events are only of local importance and do not bear any
(immediate) significance for nodes that are not close-by.> More formally, the goal is to minimize
the worst-case clock skew between any two neighboring nodes, which is referred to as the local
skew. Apart from bounding the logical clock rates in order to ensure that the clock values do not
change abruptly, it may further be desirable to keep the logical clock values as close to real time
as possible, i.e., an algorithm should guarantee the best possible real-time approximation in the
absence of an external timer.

We propose a simple algorithm that bounds the minimum and maximum progress of the logical
clocks and ensures that the logical clock values always remain within a linear envelope of real time,
while guaranteeing the best possible bounds on both the global and the local skew. What is more,
we show that the message frequency can be kept quite low without increasing the worst-case clock
differences significantly, which implies that techniques such as piggybacking can be employed. This
is a viable option especially considering that we only require a few bits to be sent in each message,
which can be included in (or appended to) any message sent by another application. Furthermore,
we assume that the algorithm can only act at certain clock pulses. These results imply that the
techniques in this work solve the synchronization problem asymptotically optimally with respect
to several optimization criteria in a general model.

2 Related Work

There is a large body of work on the fundamental problem of synchronizing clocks in distributed
systems. Most work mainly focuses on bounding the skew that may occur between any two clocks
and also the communication costs that are required in order to guarantee a certain degree of
synchronization (see, e.g., [7, 9, 10, 11]). If the maximum (communication) delay is normalized to
1, it has been shown that a skew of D/2 cannot be avoided on any graph G of diameter D [1].3 A
stronger lower bound of roughly D can be shown for clock synchronization algorithms that strive to
keep all clock values within a linear envelope of real time [4]. The clock synchronization algorithm
by Srikanth and Toueg [11] achieves a bound of O(D) on the skew of any two clocks at all times
and is thus asymptotically optimal. The authors further show that the accuracy of their algorithm

'The matching lower bounds are proved in [4].

2A prominent example is TDMA in wireless networks where nodes depend on locally well synchronized time slots.

3In our theorems we do not normalize the maximum delay and state all results with respect to the maximum delay
and also the clock drift rate in order to show the dependency of the bounds on these parameters.



with respect to real time is also optimal as all clocks are always within a linear envelope of real
time. However, their algorithm incurs a skew of ©(D) between neighboring nodes in the worst case.

In their seminal work [2] that introduced the problem of synchronizing clocks of neighboring
nodes as accurately as possible, Fan and Lynch showed that no algorithm can avoid a clock skew
of Q(log, D/ logy log, D) between neighboring nodes, where the basis b does not depend on D. The
only imposed constraint is that nodes are required to increase their clock values at a given minimum
progress rate, which is quite natural given that otherwise clocks could simply be halted once critical
skews occur. Subsequently, it has been shown that this bound also holds if all messages arrive
instantaneously, but an adversary can determine when synchronization messages may be sent [8].
Recently, this result has been improved to £2(log, D) [4], also revealing that b = ©(1/¢), the inverse
of the maximum relative clock drift.

The first algorithm guaranteeing a sublinear bound on the clock skew between neighboring nodes

achieved a bound of O (\/ 5D) [5, 6], a result which was subsequently improved to O(log D) [3].

However, the algorithm achieving the logarithmic bound has several disadvantages: Apart from
being quite complicated, the algorithm has the undesirable property that the clock values can
“jump” by O(log D) in a single time step, and thus the clock values may not change smoothly.
Moreover, both the message frequency and the size of the messages are fairly large, which prohibits
techniques such as piggybacking and which may imply that the algorithm is not useful in practice.
What is more, the base of the logarithm can hardly be increased if € becomes small. Since typically
€ < 1, a notable gap to the lower bound remains open. The algorithm presented in this work does
not have these shortcomings.

3 Model

A distributed system is modeled as an arbitrary connected graph G = (V, E) of diameter D,
where nodes represent computational devices and egdes represent bidirectional communication
links. Each node v can communicate with all neighboring nodes by exchanging messages. The set
of v’s neighbors is denoted by N, := {w € V |{v,w} € E}. We assume that, for any two nodes
u,w € Ny, node v can distinguish « from w, e.g., by means of a port numbering or node identifiers,
and also that all communication is reliable, i.e., messages are never lost. The time that passes
from the moment a message is sent until the recipient can act upon it may be any value in the
range (0,7]. We do not allow a delay of zero since the delivery of messages takes a certain time.
The upper bound 7 is referred to as the mazimum delay in the following. The maximum delay
subsumes both the maximum message delay, i.e., the maximum time during which a message can be
in transit, and the time it may take at most for the recipient to process the message. This general
definition of 7 allows us to define that local computations require no time. While the bound 7 is
unknown to the algorithm, we assume that the nodes know an upper bound T e O(T)onT.
Each node v is equipped with a hardware clock H, whose value at real time t is denoted by
H,(t), ie., H, : Rf — R{ is a monotonically increasing function. The first node starts its clock at
real time t = 0. An initialization message is then flooded through the network in order to start the
clocks at the other nodes. For all v € V let ¢, > 0 be the time when v is initialized. The value of
the hardware clock of v is 0 until time ¢, and H,(t) := fti hy(T) dr afterwards, where h,(7) is the
hardware clock rate of v at time 7. The clock rates may vary over time, but we assume that there



is a constant 0 < € < 1 such that the following condition holds.
VoeVVt>t,:1—e<hy(t) <1l+e.

While the exact value of ¢ is unknown, we assume that the nodes know an upper bound £ that is
strictly smaller than one.

Typically, a computational device synchronizes its operations internally based on a clock pulse.
Therefore, we assume that a node v € V performs computations and sends and receives messages
only at such clock pulses. We define that each node v has a clock pulse at time ¢ if H,(t) is an
integer value. Such a time is called a tick event at node v or simply a tick at v. Note that this

definition implies that

1
T>1—, (1)

as v might have to wait arbitrarily close to ﬁ time until it can process a message that arrived
right after the last tick event.

Additionally, each node v has a logical clock L,, which is also a function L, : Rg — ]Rar whose
value until time ¢, is 0 as well. It is desirable to keep all logical clock values within an (affine)
linear envelope of real time. Therefore, we require that any algorithm fulfills the following condition,
which takes the different initialization times ¢, into account.

VoeVVtickstatv: (1 —e)t —t, < Ly(t) < (1 +¢)t. (2)

Moreover, we demand that the logical clocks behave normally in the sense that the logical clock
values may not change dramatically in a short time. Formally, there are constants o, 3 € R such
that

Vo € V Vticks t <t at v: a(t’ —t) < Ly(t') — Ly(t) < B(t' —¢t). (3)

The increased (or lowered) clock rates of the logical clocks allow the nodes to correct differences
between the logical clock values in the network. The difference between the values of logical clocks
is called clock skew. Ideally, the logical clocks behave just like the hardware clocks even in the
presence of clock skews, albeit with a slightly worse clock drift, i.e., « € 1 —O(e) and § € 14+ O(e).
Note that Condition (3) implies that clocks are not allowed to run backwards and thus the algorithm
can only manipulate the logical clock value by increasing it.

A clock synchronization algorithm A executed at node v specifies how the logical clock L, (t) of
node v is adapted based on its hardware clock and the information received from its neighbors up
to time ¢ in such a way that Conditions (2) and (3) are satisfied. Since the algorithm modifies the
value of L,(+) at discrete points in time, we have to specify the meaning of L,(t) at times where the
clock value changes. If L, is increased at time ¢, we define L, (t) to be the value after the algorithm
changed it. The same definition applies to all other variables that are modified at time t.

Given a clock synchronization algorithm A and a (connected) graph G, an execution specifies
the delays of all messages and also the hardware clock rates of all nodes at each point in time when
A is executed on G. The global and the local skew are formally defined as follows:

Definition 3.1 (Global Skew) Given a connected graph G = (V, E) and a clock synchronization
algorithm A, the global skew is defined as the value supg yey wev,t {Lv(t) — Lw(t)}, where € is any
execution of A on G.

40f course, only clock pulses at times ¢t > t, when v has been initialized are considered.



Definition 3.2 (Local Skew) Given a connected graph G = (V, E) and a clock synchronization
algorithm A, the local skew is defined as the value supg yev.wen,, t 11w(t) — Lw(t)}, where € is any
execution of A on G.

Naturally, the goal of an algorithm A is to ensure the best possible bounds on both the global
and the local skew on any graph G.

4 Algorithm

In this section, we introduce the synchronization algorithm A°P'. In order to synchronize the logical
clocks, any node v must perpetually send synchronization messages informing the neighboring nodes
about its current clock value L,. Node v itself adapts its clock value according to the information
received from its neighbors. However, the information about the neighboring clock values is not
sufficient to guarantee an optimal bound on the global skew, because the neighboring nodes might
have similar clock values while the skew to nodes at greater distances may be large. Naturally,
nodes may not increase their clock values over the largest received clock value as such a behavior
might violate Condition (2). This problem can be solved by including an estimate of the maximum
clock value in the network in each message. Although nodes might not be able to react immediately
to a new estimate, they enable distant nodes to properly adapt their clock rates by forwarding the
estimate to them. Hence, whenever a node v sends a message, it is of the form (L,, L, + A1),
where A" > 0 is the estimated clock skew between v’s clock value and the currently largest clock
value. Similarly, we define for any w € N, that AY is the estimated difference between v’s and w’s
clock value from v’s perspective. This variable is updated whenever v receives a new estimate L.
of the current clock value of w. Note that AY > 0 (AY < 0) indicates that v assumes that its clock
is ahead (behind).

At each tick, any node v € V receives a set M of such messages. The set M may consist of any
number of messages from each neighbor, as messages with different delays may be processed at the
same tick. Therefore, we define the set Ly, := { Ly | (L, L + A2?*) € M} U{0} of all clock values
received from w since the last tick event for each neighbor w € N,. The element 0 is merely added
to simplify the notation as otherwise the algorithm would have to test whether each £,, is empty.
Analogously, let Limax 1= {Ly + A | (Ly, Ly + A7*) € M} U {0} denote the set of estimates of
the maximum clock value received from all u € N,.

The algorithm takes three parameters, 0H, u, and x. The first parameter 0H determines the
message frequency: As we will see, each node v sends a message to all neighbors at the latest after
its hardware clock H, has advanced by 0H. Since each node has tick events whenever its hardware
clock value increases by 1 and messages can only be sent at tick events, we require that 0H > 1. In
order to determine whether the next multiple of 0H is reached, each node v stores a variable I:Iv,
which holds v’s estimate of the largest multiple of 0H that any hardware clock has reached yet. If
there are no clock skews, each node v increases its clock value L, by exactly 1 at each tick, but v
may increase L, by more if its clock is behind. We say that v raises its clock value by R, > 0 if
v increases its clock value by 1+ R,. The parameter ;x > 0 bounds the progress rate in that the
algorithm demands that the raise R, is always at most p. Given the bound ¢ on the clock drift
and the fact that the algorithm increases by at least 1 and at most 1 + p at each tick event, the
amortized logical clock rates are bounded by e =1 —¢ and 5 = (1+¢)(1+ p). It may be desirable



to keep the parameter p as small as possible.” The analysis of the parameters reveals that we
can set the parameter p to roughly 24e¢, i.e., the precision of the clocks reduces by slightly more
than one order of magnitude while clock skews are corrected. Of course, i1 can be set to a larger
value, which leads to a better bound on the worst-case clock skew between neighboring nodes. The
role of the parameter £ € Q(7) will become clear in the analysis section. For the moment, the
reader might think of x as a “base unit” that A°P* uses to measure clock skew. As we will see, the
parameter x ought to be kept as small as possible. The analysis reveals that £ must be set at least
to2(14+¢e)(1+p)7T + O(uoH +1/(1 —¢)), i.e., to slightly more than 27 if ¢ < 1 < 7, and p and
OH are (sufficiently) small.

As all variables and parameters have been introduced, we can now proceed to describe the
algorithm A°P' in detail. As mentioned before, any node starts the execution of the algorithm
by flooding an initialization message through the entire network. We simply define that the first
received synchronization message is considered the initialization message. If a node receives a
synchronization message for the first time, it executes Algorithm 1.

Algorithm 1 Initialization(M)

1: L,:=0; H, := |max Lax|; A := max Lyax; send := false
2: for w € N, do

33 Ly :=maxL,

4 AV =L, LY

5. Send (Ly, Ly + A% to all u € N,

Note that v might in general receive a set M of more than one synchronization message at time
t,. The clock values in these messages are used to set all variables to the appropriate initial values.
In particular, the largest received clock values L,, are used to initialize LY and AY for all w € N,,
and the largest received estimate of the maximum clock value yields the initial values of H, and
A®*. The flag send, initialized to false, indicates whether messages have to be sent at the current
tick event. Since the clocks of the neighboring nodes must be activated as well, the node sends
(Ly, Ly + AI*) anyway at time ¢, (although the flag send is false).

An initialized node performs three subroutines in the given order at each tick event:

1. UpdateVariables: Adapt the local variables according to the information received since the
last tick event.

2. SetClock: Decide if and by how much the clock value is raised, set the logical clock and
adapt the affected local variables.

3. SendMessage: Send a message if necessary.

We start by discussing the first subroutine, which is given in Algorithm 2. The subroutine
takes into account that L, is increased by at least 1. For this reason, all variables are updated
using L, + 1 as the local clock value. In Line 1 of Algorithm 2, v determines the largest received
estimate L.y of the maximum clock value in the network. In Line 2, v decides whether adopting
Lax would lead to a larger estimate of the maximum clock value. If this condition is satisfied, v
adjusts H, and A* accordingly and sets the send flag to true since the new estimate needs to be

®Note that if 4 € O(e), the maximum clock rate is bounded by 1+ O(e).



Algorithm 2 UpdateVariables(M)

1: Lmax := max Loax

2: if Liax > Ly + 1+ A* then

3: H, = LLmaxJ

4 A= [ (Ly+ 1)

5. send := true

6: for w € N, where max L, > L do
7. LY :=max Ly

8 AV:=L,+1—-LY

9: A} := maxyey;, {AY}

10: Al := max,en, {—AY%}

forwarded to the other nodes. This case implies that Ly,.x exceeded the next larger multiple of O0H,
which is exactly LLmaXJ.G In Lines 6-8, v recomputes AY for all w € N, as v might have received
more recent, i.e. larger, clock values. The main part of algorithm A°P*, Algorithm 3, uses only the
estimated clock skew to the two clocks in v’s neighborhood that are ahead and behind the most.
For this purpose, we introduce the variables Al and A%, which are updated in Lines 9 and 10.

The goal of the subroutine SetClock is to determine if L, has to be raised by a certain value
R,. The steps of this subroutine are summarized in Algorithm 3.

Algorithm 3 SetClock()
1: R, ::sup{ReR ’ LA’T’T_RJ > L@J}
: Ry := max {min {max {Ii — Aql)7 RU} ,M,A;naX} ,0}

2

3 Ly:=L,+1+R,
40 A = AmOX R,
5
6

: for w € N, do
AV = AY 4 R,

In Line 1, the node computes which value R, should take according to the locally observed
clock skew. Roughly speaking, the goal of Algorithm 3 is to ensure that the clock skew to the
neighbor whose clock is assumed to be behind the most and the clock skew to the neighbor with
the largest estimated clock value are the same integer multiple of x. The variable R, attains the
largest value that satisfies this constraint. More precisely, if Al < sk and A} > sk for some s € N,
v does not raise its clock value, i.e., R, = 0. If there is no integer s that satisfies this condition,
R, > 0 becomes exactly the increase of the clock value that causes the condition to hold. Line 1 of
Algorithm 3 is a concise formulation of this rule.

The following simple example illustrates that this strategy is more aggressive than always setting
the clock to the average between the smallest and the largest estimated clock value among all
neighbors.” If Al =AY = sk + 5 for any s € N, Algorithm 3 sets R, to 5, whereas v does not
inTcreasei its clock value, i.e., R, = 0, when the straightforward averaging strategy is used because
Ay = Ay

SFor a proof of this observation, see Lemma A.1 in Appendix A.
"Note that the latter fails to guarantee good bounds on the worst-case clock skews [6].



In Line 2, the final value R, is determined. Any node is allowed to raise its clock at least x above
the smallest estimate of its neighbors’ clock value. Therefore, R, is simply set to the maximum of
x — A} and R, itself. In other words, algorithm A°P' tolerates a clock skew of x, which ensures
that the node with the smallest clock value in the network is able to raise its clock value even if
it may have received delayed messages from its neighbors containing smaller clock values than its
own. However, v is not allowed to raise its clock by more than p or to set its clock to a larger clock
value than the (estimate of) the largest clock value in the network. This condition prevents nodes
from violating Condition (2) and gives slow nodes the possibility to catch up as the fast nodes can
only increase their clock values at low rates. The outer maximum simply ensures that R, > 0.
After computing R,,, L, is set to the new value and the estimated clock differences are adapted
accordingly in Lines 4-6. Note that the estimates are only changed by R,, which means that the
nodes assume that the other nodes run at the same clock rate and thus increase their clock values
by 1. This technique ensures that the errors in the estimates grow slowly.

Finally, v must decide whether or not to send a message at this tick event, which is determined
in Algorithm 4.

Algorithm 4 SendMessage()

1: if L, + A™> > H, + 0H then

2:  send := true

3: ﬁv = Iij + 0H

4: if send then

5. Send (Ly, Ly, + AP™) to all u € N,
6: send:= false

Node v sends a message if either the flag send has been set to true in Line 2 of Algorithm 2,
i.e., v received an estimate of the maximum clock value larger than its own, or v’s estimate of the
maximum clock value has reached the next integer multiple of 9H. In this case, H, is increased by
OH, the flag is set to false again, and the message (L, L, + Al'*) is sent to v’s neighbors.

5 Skew Bounds

It can be shown that the largest estimate of the maximum clock value in the network increases at
a rate of at most 1 + . Hence, as nodes refrain from raising their clocks above this value, .4°P!
satisfies Condition (2).8 We proceed by discussing the upper bounds on both the global and the
local skew when algorithm A°P* is used.

First, we state the bound on the global skew when executing A°P* on any graph G.

Theorem 5.1 The global skew of Algorithm A°PY is bounded by

2e 6
oOH + ——. 4
1—¢ Jr1—5 (4)

G:=01+e)7TD+

Proof. See Appendix A.2. O

8This is a direct consequence from Statement (4v) of Lemma A.1 (see Appendix A) and the fact that A > 0
for all v € V at all times t.



It has been shown that no algorithm can guarantee a better bound on the global skew than
(14€)7 D if the algorithm has to satisfy Condition (2) unless it has an extremely accurate estimate
of either the maximum delays or drifts [4]. Furthermore, even if T =T and é = ¢, the best possible
bound is (1—¢)7 D, which is only marginally better if € < 1. This result implies that the bound on
the global skew of A°P! is optimal up to a small additive term even if the message frequency is kept
low, i.e., OH is large. The possibility to keep the message frequency low entails that piggybacking
can indeed be used, provided that other applications communicate reasonably often.

Corollary 5.2 IfOH € o (%), the bound on the global skew of Algorithm A°P* given in Theorem 5.1

is tight up to an additive term of o (1—2) and is thus optimal for TD — oo.

The proof of the bound on the local skew relies on the fact that the maximum length of a path
with a given average skew decreases exponentially. This implies that the average skew on paths
of length one, i.e., between neighboring nodes, is logarithmically bounded in the diameter D. In
particular, we show that the network is always in a legal state, which is defined as follows.

Definition 5.3 (Legal State) Given the integer constant o > 2, we say that a network is in a
legal state at time t, if and only if for all s € Ny and all nodes v,w € V' at distance

d(v,w) > Cy = %0_5

we have that

Lo(t) — Lo(t) < d(v, w) <s + ;) K.

Note that Theorem 5.1 shows that the legal state is never violated for any path of length at least
Cy, because L, — L, < G.

Without loss of generality, we can assume that % is a power of o, since we could replace
the diameter D by a (potentially non-integer) D > D such that log,, % = ﬂogg %L where G
is the bound from Theorem 5.1 with D replaced by D. Thus, Cy becomes an integer value for
s € {0,..., Smax}, where spayx := log, % € N. This observation is helpful in that it simplifies the
subsequent proofs.

A crucial quantity in the analysis of the local skew is the amount by which a node increases its
logical clock value beyond the minimum rate (once it has been initialized). For this purpose, we
introduce the following definition.

Definition 5.4 th < to : Iv(tl,tg) = Lv(tg) — Lv(tl) — (1 — 8)(t2 — tl).

Apparently, it holds that Z,(t,t) = 0 for all t. Note that Z,(t1,t2) is the amount by which the
increase of node v’s clock exceeds (1 —¢)(te —¢1) in the interval (¢1, t2] as by definition L, (1) is the
logical clock value after v increased its logical clock. Since clock values are only increased at tick
events, the value Z,, decreases between ticks. However, as the time between ticks is upper bounded
by 1%5’ 7, is always greater than —1, i.e.,

Vt1 < tg :.’Z;U(tl,tQ) > —1. (5)

Two lemmas are required in order to prove the main theorem. The first lemma basically states
that the larger the clock skew is between two nodes v and w, the faster w can reduce it by increasing
its clock value quickly.



Lemma 5.5 Given £ € R, s € N, and any path v,w € V, suppose at time tg the equality

1
Lufto) = Luto) = d(v,w) (5= 3 ) w+¢ 0
holds. Define t :=tg+ 8%5; +7T+ i If the network is in a legal state at time tg, it follows that
Ty(to,t) =€ (7)
for all tick events t >t at w.
Proof. See Appendix A.3. O

The second lemma shows that the clock skew can only increase slowly once it reaches a certain
level. More precisely, we consider the path with the largest average clock skew of length at least
|Cs41].2 Let w be the node with the largest and let v be the nodes with the smallest clock value
among all nodes on this path. If the average clock skew on this path exceeds roughly sk, then w’s
logical clock runs at the hardware clock rate, i.e., the clock skew between w and v can only grow
further at a rate of at most 2¢. Moreover, the clock skew decreases if v increases its clock value
quickly. In order to abbreviate the notation, the following definition is introduced.

Definition 5.6 Given s € N and v € V, define for any time t

Uo(t) := max {Ly(t) — Ly(t) — srd(v,w)}.

Lemma 5.7 Assume that W5(t) > 0 for all t € (to,t1). Then it holds for any time t € [to,t1] that

WS (1) < WS (to) + 26 (t — to) — Tulto,t) + —

4—2—,u. (8)

Proof. See Appendix A .4. O
The main theorem states that the local skew grows logarithmically with the diameter D of the
graph.

Theorem 5.8 Any execution of Algorithm A°P' remains always in a legal state, i.e., the skew
between any two nodes v,w € V 1is bounded by

D
0 (v1otu o )

In particular, the local skew of Algorithm A°Pt is bounded by

(o2 2).

where o = V%i;e)J — 1 and G is the bound on the global skew from Theorem 5.1.

9Recall that Cs € N for s < Smax. Thus rounding only occurs if s = smax.
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Proof. The exact lower bound on u that we require in the proof is that

8e(o + 1)
> 7 9
- 1—-¢ )
for an arbitrary integer o > 2. For a fixed parameter y, this condition implies that the base of the
logarithm in the bound is exactly o = {%J —1.

As argued before, w.l.o.g. we have that Cs is integer for s < spax. By definition, a skew of
more than d(v, w) (Smax + 3) & between L, and L,, may not occur if d(v,w) > Cj,.., as long as
the network is in a legal state. Since Cs, . = 1, this means that the second statement immediately
follows from the first one. Hence, for the sake of contradiction, we assume that t,,,x < 0o is the first
time where the network is not in a legal state. The legal state cannot be violated for s = 0, as this
would imply that the clock skew between two nodes exceeded G, a contradiction to Theorem 5.1.

Thus, nodes v, w € V at distance d(v,w) > C; exist, for some s € {1,..., Smax}, such that
1
Ly(tmax) — L (tmax) > d(v,w) | s + 5 )k (10)
Define tg := tmax — (ﬁﬁﬁ —T — 2 > tmax — (fj_sﬂnCs. If WS (') < 0 for some ' € [t, tmax],

choose the smallest t € [tg, tmax] Such that W5 (') > 0 for all ¢’ € [t, tmax]- Such a time must exist

because . (o)
10
5&05 <" Ly(tmax) — Lw(tmax) — scd(v,w) < WS (tmax)- (11)

Note that ¥ (t) < 1 4 p since no node increases its clock by more than 1 4 p at any tick event.
We apply Lemma 5.7 to obtain

1 (11) (8) K
5&6’5 < U (tmax) < 26(tmax — t) — Zw (¢, tmax) + 1 2 — p+ W (t)

5 1
(<) 2€(tmax — t) + ZKJCS.

This leads to

1 1
T 0>t — t0 >t — £ > —KCl,
(I—2e)p 8¢
and thus
8s(oc +1)
< —
1—¢

a contradiction to Condition (9).
Hence, we have W$ (t) > 0 for all ¢ € [tg, tmax]. Another application of Lemma 5.7 yields

1 (11)
imCs — \Pfu(to) < \iju(tmax) - \Ilqsu (tO)

(8) K
< 25(tmax - tO) - Zw(thtmax) + Z -1

oc+1

K
26(1—75)/,(,’%08 — Iw(toatmax) + Z — 1.
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By rearranging the terms, we get that

1 +1
Yu(to) > FrCs - 25(10_75)*»'0 o+ o (b, tun) — 5 + 1
1 o+1
=z 1 _ 2\, L (to, tmax 1. 12
- 4,€C (1—5)MFLO+ (f0: tmax) + (12)

Let t € [tmax — Tis,tmax} denote the latest tick until £,,,x at w. We simultaneously use Lemma
5.5 on all nodes v € V to estimate

(5) (6)
Zu(to,tmax) + 1 > Zy(to,t) >  max {Lv(to) — Ly(to) — (s — ;) ﬁd(v,w)}

veV
> W(to)
(12) 1 oc+1

ShC — 26T O+ T (to b)) + 1.
> i 5(1_6),% + Zw(to, tmax) +

This implies that 25 ‘”é kCy > /@'CS, which again leads to the contradiction that p < &é‘i)l ),

Thus, indeed the network can never leave a legal state.

Recall that we can choose k € O(7). If u € O(¢) and OH € O(7 /u) = O(T /e), Theorem 5.8
states that the local skew is upper bounded by O(7 log D). Note that choosing pu € O(¢) entails
that the maximum logical clock rate (3 is upper bounded by 1+ O(e). If « = 1 — O(e) and
B =14 O(e), the logical clock rates are strongly restricted. In this case, the lower bound states
that no algorithm can avoid a local skew of (7 log D) [4], which implies that the algorithm
is asymptotically optimal. Moreover, if the logical clock rate is allowed to be larger than the
hardware clock rate by a constant factor, i.e., u € ©(1), and we choose 0H € O(T), the bound

on the local skew reduces to O (T log /. D). In this case, the lower bound is 2 (T log /. D) [4],

which again matches the upper bound. In both cases, we see that A°P' is asymptotically optimal.
More generally, we get the following even stronger result.

Corollary 5.9 It is possible to choose the parameters u, OH, and k such that the local skew of

APt s at most a factor of O <%> worse than the local skew of any synchronization algorithm.

Moreover, appropriate choices exist such that this ratio tends to QT%O(” for D — 0o and € — 0.

Thus, if also T =T and T — oo, APt provides an asymptotic approzimation ratio of 2.

6 Complexity

In this section, we discuss the costs of Algorithm A4°P* with regard to several measures. For the
sake of simplicity, we assume that £ is upper bounded away from 1, hence factors of 1 +¢, 1 —¢
etc. merely introduce constant factors in the bounds.

6.1 Message Complexity

An essential optimization criterion is the frequency of communication required to sustain a given
quality of synchronization. If energy consumption due to communication is critical, the average
of this value over time, i.e., the amortized message frequency, is highly relevant. Corollary A.2
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immediately yields that A°P! exhibits an amortized message frequency of ©(0H ') at each node.
The bound from Theorem 5.8 suggests to choose 0H € © (%), which for a minimal p € O(¢),

entails that the amortized message frequency is only © (%)

However, at up to O (8%) consecutive ticks a node v might receive values Ly, .x, each larger
by OH than the previous one, which causes v to send at each such tick. Thus, the algorithm
in its current form does not guarantee a non-trivial lower bound on the message frequency. The
message frequency could be bounded by adding another term in the order of ©(0H) to s and
forcing nodes to wait at least ©(0H) time between two send events. The price of this modification
is that the bound on the global skew increases by ©(eD 0H ), since the time it takes to propagate
information through the whole network increases by O(D dH) while nodes increase the estimate
on [max locally at their hardware clock rate. This results in a tunable trade-off between minimum
message frequency and global skew, as increasing the former inversely affects the latter. This is,
up to constant factors, obviously the best possible trade-off, since in the ©(D JH) time a pair of
nodes at distance D may have to act without updates about each other’s state, ©(eD OH) skew
can be built up by manipulating the hardware clock rates. Apparently, with this modification the
algorithm can be implemented using piggybacking.

6.2 Bit Complexity

Another important property is the bit complexity, i.e., the maximum number of bits that must be
sent at a send event. Since the same update information is sent to all neighbors at the same send
event, we define that the bit complexity in our model is simply the maximum size of this message.
Note that the parameter p can be encoded as a constant times 1/n, for a number n € N. The other
parameters, k and 0H, can then be encoded as a multiple of 1, which can easily be accomplished
by rounding up. Thus, any constantly bounded value can be encoded using O(log ') bits. We
will use this simple observation in the following.

In order to bound the bit complexity, we cannot send the unbounded clock values. Instead,
nodes can simply communicate the progress their clocks made since they last sent a message, which
requires log H bits. However, since we have that x € Q(udH), we might as well add another OH
to k and discretize the sent value in steps of udH. Thus, for the clock value L, only O(log 1) bits
are necessary. The estimate L' + A" exceeds a multiple of 0H by less than 1. This fraction in
the range [0, 1) can be encoded using O(log 1) bits. The increase of LI + A however, might
be ©(G), which requires O(log7 D) bits. This can be avoided by limiting the maximum increase
of L™ 4 A 3 node informs its neighbors about in a single message to [(1 + p)]0H € O(0H),
which can again be encoded using O(1) bits. If the actual value is larger, v stores the difference
and informs its neighbors about the remaining increase in its subsequent messages. The intuition
behind this is that if v receives an estimate of L™ much larger than its own, this can only be
because it has been propagated by messages with small delays. In the scenario where all messages
are as slow as possible, this would not happen. Thus, the estimates of L™ax that slow nodes
receive are still sufficiently large for Theorem 5.1 to hold. Since v sends an update of more than
(1 + n)OH, the corresponding estimate of L, + A** is still larger than L,. Hence, the statement
AD(t) > AY(t) of Lemma A.1 remains true, ensuring that the proof of Lemma 5.5 and thus
also Theorem 5.8 stay correct. We conclude that Algorithm A°P* can be implemented with a bit
complexity of O(logu~!) € O(logé™!). Note that if all messages must contain globally unique
node identifiers, O(log|V]) additional bits are required.
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6.3 Space Complexity

The space complexity of an algorithm is the maximum amount of memory it requires to run. Since
the logical clock value L, grows indefinitely, we disregard it in our analysis of the space complexity
of A°*. Furthermore, we will consider the amount of memory an implementation of A°* with a
bit complexity of O(log ') would need.!?

Each node v must store the estimated clock skew AY to each node w € N, and the estimated
difference A7 to the maximum clock value. The value of A} is bounded by O(xlog,, . D) for
all neighbors. If we round to fractions of x again, the maximum memory requirement for these
values is thus bounded by O(Aloglog,, /. D), where A denotes the maximum node degree. As A
is bounded by O(7 D), it can be encoded using O(log(7 D) + log u~!) bits. Furthermore, each
node must store the number of ticks since the last message from w was received when adapting
AY, since in abscence of better information v assumes that the neighbors’ clocks run at the same
rate as its own hardware clock. This requires at most O(7 + 0H) C O(k) for each w € N,. In
total, these integer values require O(Alog k) bits. The last variable that needs to be stored is H,,
where H, — L, € O(T D), which costs O(log(T D) + log 1) bits. Overall, the space complexity is
O(log =t +1log D + Alog k + Alog log,, /= D).

References

[1] S. Biaz and J. Lundelius Welch. Closed Form Bounds for Clock Synchronization Under Simple
Uncertainty Assumptions. Information Processing Letters, 80(3):151-157, 2001.

[2] R.Fan and N. Lynch. Gradient Clock Synchronization. In Proc. 23rd Annual ACM Symposium
on Principles of Distributed Computing (PODC), pages 320-327, 2004.

[3] C. Lenzen, T. Locher, and R. Wattenhofer. Clock Synchronization with Bounded Global and
Local Skew. In Proc. 49th Annual IEEE Symposium on Foundations of Computer Science
(FOCS), pages 500-510, 2008.

[4] C. Lenzen, T. Locher, and R. Wattenhofer. Tight Lower Bounds for Clock Synchronization.
Technical Report 299, Computer Engineering and Networks Laboratory (TIK), ETH Zurich,
2008. ftp.tik.ee.ethz.ch/pub/publications/TIK-Report-299.pdf.

[5] T. Locher. Foundations of Aggregation and Synchronization in Distributed Systems. PhD
thesis, ETH Zurich, 2009.

[6] T. Locher and R. Wattenhofer. Oblivious Gradient Clock Synchronization. In Proc. 20th
International Symposium on Distributed Computing (DISC), pages 520-533, 2006.

[7] J. Lundelius Welch and N. Lynch. An Upper and Lower Bound for Clock Synchronization.
Information and Control, 62(2/3):190-204, 1984.

[8] L. Meier and L. Thiele. Brief Announcement: Gradient Clock Synchronization in Sensor
Networks. In Proc. 24th Annual ACM Symposium on Principles of Distributed Computing
(PODC), page 238, 2005.

ONote that by putting more information into the messages, the space complexity can be reduced.

14



[9] R. Ostrovsky and B. Patt-Shamir. Optimal and Efficient Clock Synchronization under Drift-

ing Clocks. In Proc. 18th Annual ACM Symposium on Principles of Distributed Computing
(PODC), pages 400-414, 1999.

[10] B. Patt-Shamir and S. Rajsbaum. A Theory of Clock Synchronization. In Proc. 26th Annual
ACM Symposium on Theory of Computing (STOC), pages 810-819, 1994.

[11] T. K. Srikanth and S. Toueg. Optimal Clock Synchronization. Journal of the ACM, 34(3):626—
645, 1987.

15



A Proofs

A.1 General Statements

We require a few additional statements about Z,: Since Z,(t1,t2) is the amount by which the
increase of node v exceeds (1 — €)(ty — t1) in the interval (¢1,t2], it follows that Z, is interval
additive:

Vi <ty <tj ZIv(tl,tQ) —}—Iv(tg,tg) = Iv(tl,tg). (13)

Since clock values are only increased at tick events, the value Z,, decreases between ticks. However,
once the next tick occurs, the clock is increased by at least 1, implying that Z,(-,¢) is at least 0 at
any tick ¢, i.e.,

th < tithQ : Ifu(tl,t2) > 0. (14)

The clock value L, is increased by 14 R, (t) at each tick ¢, where R, (t) € [0, u]. Z,(t1,t2) is positive
at a tick event ts if either the nodes’ hardware clock rate was greater than 1 —¢ in the time interval
(t1,t2] or v raised its clock. Naturally, as any raise also increases the value of Z,,, the sum of all clock
raises in the interval (¢,t3] is a lower bound on Z,(t1,t2). However, Z,(t1,t2) can only be larger
than the sum of clock raises if the hardware clock rate was greater than 1 — . Since the hardware
clock rate is upper bounded by 1+ &, Z,, can increase by at most 2e(to — t1) due to the hardware
clock. This implies that Z,(t1, t2) — 2e(te —t1) is at most the sum of clock raises. Formally, it holds
that

Vtickt; <tickty : > Ry(t) STy(tita) < Y Ry(t) +2e(ta — t). (15)

tithG(tl,tQ] tithe(tl,tQ]

Inequality 9 provides the lower bound on p that we use in our proofs. As far as the parameter
K is concerned, it must hold that

m>2<(1+5)(1+u)<7+11_8>+4+u+6H>, (16)

where

OH := (2¢ + n)0H (17)

The parameter OH is introduced to abbreviate the notation. The intuition behind this lower
bound is that k must be large enough to compensate the inaccuracy of the known clock values of
the neighboring nodes due to the maximum delay 7. Apparently, the inaccuracy is bounded by
the maximum progress (1 + €)(1 + p)7 of the clocks. The problem that nodes have to wait for
clock pulses is compensated by adding the constant terms 1—; and 4. Moreover, in order to give
the algorithm a chance to react to clock skews (by means of clock raises), the term pu is added.
Obviously, the accuracy of the information about neighboring clocks deteriorates if OH is set to
a large value. Since clock skew can be built up at a rate of at most O(u), the additional skew is
bounded by O(udH). Therefore, x must further include the term OH as defined above. Finally,
as nodes err not only with respect to their fastest, but also with respect to their slowest neighbor’s
clock, the bound is multiplied by 2. Throughout this paper, it is implicitly assumed that not only
Condition (9) but also Condition (16) is satisfied, and all lemmas and theorems make use of this
assumption.

We start by proving a few general facts about algorithm A°P', which will be useful in the

following.
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Lemma A.1 For any execution of algorithm A°P' the following statements hold:
i. The function L,(t) + AJ**(t) increases by at least 1 at each tick at v.
it. If v €V sends a message at tick t, it holds that L,(t) + A**(t) € 0HNg + [0,1).
iii. ADP*(t) > —AY(t) for all v and w € N, at all tick events t at v.
w. Define L™ (t) := max,cv{Ly(t) + A" (t)}. For any times t1 < ty it holds that

L(tg) — L™(t1) < [(1+€)(t2 — t1)]. (18)

Proof. Statement (i): Let ¢’ < ¢t denote two consecutive ticks at v. First, assume that Ly <
L,(t") + 1+ A*(¢') in Line 2 of Algorithm 2 at tick ¢, implying that A** remains unchanged
in Algorithm 2. In this case, the clock value L, is increased by 1 4+ R, according to Line 3 of
Algorithm 3, and R, is subtracted from A}'** in Line 4. Hence L, +A}'** increases by 1+R,— R, = 1.

If Linax > Ly(t') + 1+ A®(¢') in Line 2 of Algorithm 2 at time ¢, then the algorithm computes
Ly(t) = Ly(t') + 1+ Ry (t) and A**(t) = Lax — (Ly(t') + 1) — Ry(t), and thus

L, (t) + Avmax(t) =  Lmnax (19)
> Ly(t) + A + 1.

Statement (4i): Assume for the sake of contradiction that ¢ is the first time where the claim is
violated by a node v. Apparently, ¢ cannot be the initialization time ¢, of v, since v just forwards
the largest received value when it is initialized. Likewise, the condition in Line 2 of Algorithm 2
must be false, since otherwise Equality (19) shows that the sent value is exactly the received value
Lmax-

Hence, if ¢’ denotes the latest tick at v prior to ¢, the previous observations yield that L, (t) +
AR (t) = Ly(t') + 1 + AP*(¢'). Moreover, since v sends a message, the condition in Line 1 of
Algorithm 4 must be satisfied. H, can be manipulated in two ways: Either H, is set to | Limax]
in Algorithm 2 when receiving a value Lmax or H, is increased by dH in Line 3 of Algorithm 4,
which implies that H,(#') € 9HNy. Furthermore, it holds that L, (') + AR(#') < H,(t') +0H: As
OH > 1, this is certainly true if ¢’ is the initialization time ¢, of v. Due to Equality (19) the same
holds if the condition in Line 2 of Algorithm 2 was true at ¢'. If neither ¢’ = ¢, nor the condition was
true at t/, L, + A’ increased by exactly 1. In this case, Lines 1 and 3 of Algorithm 4 ensure that
H, has been increased by 0H, if necessary. We conclude that at the tick ¢ in Line 6 of Algorithm
4 we have that

H,(t") + 0H < Ly(t) + A™(t) < H,(t') + 0H +1,

implying that L, (t) + A**(¢) € 0HNg + [0,1), contradicting the assumption that this is not the
case.

Statement (#17): Let t' again denote the latest tick before the tick ¢ at v. If the condition in
Line 2 of Algorithm 2 is true at ¢, Equality (19) shows that Lmax = Ly (f) + A®*(¢). Otherwise,
we have that Lypax < Ly(t') + A2 (') + 1 = L, (t) + A***(¢) due to the proof of Statement (7). In
both cases we obtain

Linax < Ly(t) + AJ*(¢).

Note that A** > 0, because Line 2 of Algorithm 2 ensures that the value assigned to A}'®* in
Line 4 is not negative, while R, is upper bounded by A}'** in Line 4 of Algorithm 3. Let ¢5 be the
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time when a neighbor w € N,, sends the message (Ly,(ts), Ly (ts) + A (ts)) containing the largest
clock value L, (ts) that v received at time ¢, < ¢.!! Line 8 from Algorithm 2 and Lines 3 and 4 of
Algorithm 3 show that at time ¢, it holds that AY(¢,) = Ly (t,) — Ly (ts). We estimate

Avmax(tr) 2 Limax — Lv(tr’) = Lw(tS) + Azrf;lax(tS) - Lv(tr) 2 Lw(tS) - Lv(tr) = _Agj(tr)'

Due to Statement (i), L, + A}'** increases by at least 1 at each tick ¢, hence A** decreases by at
most R, (t). Since AY is increased by exactly R, (t) at each tick ¢ according to Line 6 of Algorithm 3,
it follows that

AP 2 AP(t) = Y Ro(t) = —AY(t) = ) Ru(t) = —AY(1).

tick ¢/ €(tr,¢] tick t'€(tr,t]

Statement (iv): Obviously, no node can receive a value L.y that is larger than the largest
estimate of the maximum clock value at any time ¢. Thus, due to Equality (19), Lmax can only be
increased by v € V at tick t if the condition in Line 2 of Algorithm 2 is false. We already observed
that in this case L, + AJ®* increases by exactly 1. Since any node can have at most [(1+¢)(t2—1t1)]
tick events in the time interval [t1, t2], the claim follows. O

Corollary A.2 1) Any node sends at least one message to each of its neighbors after its hardware

clock advanced by OH since the last send event. 2) No node sends more than 1—1—% < 1—1—[(1;7]3)1”

messages up to time t.

The following lemma bounds the inaccuracy of the estimates A on the clock skew between v
and w from v’s perspective.

Lemma A.3 Assume that t is a tick event at node v € V and that v has received at least one
message from a neighbor w € N, until time t. Consider the first tick event t' >t —T — 1—; at w.
It holds that

AY(t) < Ly(t) — Ly(t') + 0H. (20)

Proof. Let t; denote the time when w sent the largest clock value that v received at the latest
at time ¢, and let ¢, < t be the time when v received this clock value. Due to Corollary A.2, if
ts < t', we have that H,(t") — Hy,(ts) < OH, as otherwise w would send a message that arrives at
v at the latest at time ¢ and contains a larger clock value than the one sent at 5. Furthermore,
L (t') — Ly(ts) is upper bounded by (1 + p)(Hy (') — Hy(ts)). Consequently, it holds that

Iw(tSat/) < (1 + N)(Hw(t/) - Hw(tS)) B (1 B 5)(t/ B tS)
= <1 O 1 _T_i) (Hw(t/) - Hw(ts))

(17)

< (n+2¢)0H ‘= 0H. (21)

Recall that at time ¢, it holds that AY(t,) = Ly(t) — Ly(ts). Since ¢’ is the first tick event at time
at least t — 7 — 1, we have that t' < t — 7. The value of A¥ is increased exactly by R, at each

1—¢>

Y1 no such time exists, it holds that A% (t) > 0, as AY is initialized to zero and it increases monotonically as long
as no messages from w arrive.
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tick in the time interval (¢,,t] according to Line 6 of Algorithm 3. Hence, if ¢t; < t/, we get

AY() =AY+ D Ru(r)

tick T€(¢r,t]

O L) + Tt t) — Lu(t)

= L)~ (1)t ) — (Lult) — Tultat) — (1) 1)
O Lolt) = Lu(t) + T — (1— &)t — ) + (1 — &)ty — £)

< Ly(t) — Ly,(t') + 0H.

In the last step, we simply used that t —¢ > 7 and t, —t, < 7.
In case ts > t' we have that L, (ts) > Ly (). If t; = ¢/, then it holds that L, (ts) = L (¢') and
also that ¢, < t because ty =t' <t — 7. Thus, if t; > t/, we get that

AY(t) (? Ly(ty) + To(tr,t) — Lu(ts) = Ly(t) — (1 — &) (t — ;) — Ly (ts) < Ly(t) — Ly (t).

A.2 Proof of Theorem 5.1

Define L™ (1) := maxycy{Ly(t) + A™¥(¢)} as in Lemma A.1. Instead of proving the bound on
the clock skew directly, we show that ﬁmax(t) — mingey{Ly(t)} < G holds at any time t. Since
AP*(t) > 0, the claim follows immediately from this statement.

Assume for the sake of contradiction that the claimed bound does not hold at time ., where
w.l.o.g. we may choose tyax to be the first violation. In this case, two nodes v, w € V exist such
that

LU (tmax) + A?ax(tmax) - Lw(tma.x) > g7 (22)
where v has the largest estimate of the maximum clock value and w has the smallest clock value in
the system at time tyax. Let £ := tyax — ﬁ Assume there is an uninitialized node w at time ¢,

i.e., tmax — ﬁ =t <ty <TD. The assumption that t,.x < t,, leads to the contradiction that

- (18)
Lmax(tmax) - Lw(tmax) < (1 + €)TD +1<g,

hence tax > ty. Since it holds that Ly (tmax) = (1 — €)(tmax — tw) + Zw(tw, tmax) by definition, we
get that

(18)

imax@max) - Lw(tmax) (1 + E)tw + 25(tmax - tw) +1-— Iw(twa t)
2e

1 TD+ ——+1—T,(tw,t

( +€) +(1_E)E+ ’LU(wv)

5

2
< (1+5)TD+17_6+2<Q.

N N

—~
=

Hence, at time ¢ all nodes are initialized.
Let t, denote the time when w receives the largest estimate for L™ until time ¢. Consider the
largest estimate L ax sent not later than at time ¢t,.—7 D for the first time by any node. If ¢; denotes
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this time, it holds that L. = i}ma"(ts). At the latest at time ts + 7D < t,, w receives this (or a
larger) estimate unless the estimate for L™ of another node u on a path to w reaches the same
multiple of OH with a smaller additive term in the range [0, 1) and sends this value (Statement (i)
of Lemma A.1). In this case, u will refrain from forwarding L.x as it has already sent its message
for this particular multiple of 0H. However, w receives at least | Lyax| by time ts +7 D. If w does
not adopt this estimate, then the condition in Line 2 of Algorithm 2 must be false at time t; +7 D,
i.e., [Lmax] < Ly + 1+ AP Thus, we conclude that Ly (ts + T D) + AR (t, + T D) > | L™(t,)].
Morover, according to Lemma A.1, L, + A** increases by at least 1 at each tick. This implies

Lo (D) +AR(0) = Lu(tr) +AT™ () +[(1 = &) (T — )] > [L7(ts) |+ [(1—e) (-~ (t:+T D)) . (23)

Corollary A.2 states that vs sends at least after % real time has passed since the last send event.
It follows that
OH

f—(t+TD) < 1—.

Let ¢’ be the last tick at w until ¢yax. We first consider the case that Z,,(¢,t') > AD**(t). We
estimate

(18) .
Lv (tmax) + Avmax(tmax) - Lw(tmax) < Lmax(ts) + [(1 + 5) (tmax - ts)—‘

—Ly(t) — (1 —&)(tmax — 1) — Zw(t,t) — Zo (', tmax)
C2) 4 2e((fnae E) (F—(ts+TD))) + (1 4+)TD
2

< 4+ (14e)TD <G,

- 1—c¢ 1—

a contradiction to Inequality (22).
The second case is that Z,, (¢, ') < AD®*(t) and A% (¢) < & for all u € N, and all ticks ¢ € (£, tax]
of w. Thus we both have
AL (8) + Ru(t) = max {AG(6)} < 5

and

A > ARD - 3 Ry(l)

tick ¢/ €(t,¢]
(15) _
> Ag}ax(f) — Iw(t,t) > 0.

This means that node w is free to raise its clock by u at each tick ¢ € (¢, tmax] as can be seen from
Line 2 of Algorithm 3. Since there are at least [ (1 —&)(tmax —t)] > (1 —€)(tmax —t) — 1 tick events
in the interval [t, tymax|, we conclude that Zy, (¢, tmax) > ,u(l - e)(tmax —t) — (1 + ) and bound

Ly(tmax) + Ay (tmax) — Luw(tmax) < Lmax(f) + [(1 + &) (tmax — )]
Luy(t) = Zu(t, tmax)
< Lma"(f) + (14 &) (tmax — ) + 1
—Ly(t) = (1 + p)(1 = &) (tmax — 1) + 1 + 1
G — (1 —&)(tmax — 1) — 1) + 2&(tmax — t) +2
1—¢ 2 9)
= G—upu

——+2<
ti—t2<9,

IN
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again contradicting Inequality (22).

The third and final case is that Z,,(¢,t') < AL®*(¢) and a tick ¢ € (¢, tmax] and a node u € N,
exist such that Al (t) > k. Let t be the latest such tick and u be any neighbor for which Al (t) > k.
Moreover, let t. be the time when u sent the message containing the largest clock value L,(t})
received by w at the latest at ¢, and let ¢/ <t be the time when w received it. Such a time exists,
since in the 27 time it takes at most from t,, < ¢ until w receives a message from u we have
AY < L,, which again is bounded by 2(1 4 ¢)(1 + p)7 < k. According to Lemma A.3, we have for
the earliest tick t/ >t — 7T — i at u that

(20) _
k< AL() < Ly(t)— L,(t')+ 0H

< Lw(t)—<Lu(t)—(1—|—€)(1+,u)<'f— ! >>+8H

1—¢

(1,16)
< Lu(t) = Lu(t) + 5 — 2+ p).

This implies that

Ly(t) — Ly(t) > 2 + p. (24)
Since u has a smaller clock value than w at time ¢, it follows that ¢ < tyax as otherwise Ly (tmax) —
Ly (tmax) would not violate the claimed bound on the global skew the most. By the definition
of t, it holds that Al(t') < k for all u € N, at any tick ¢’ € (¢,tmax|. Thus, the observations
made for the second case yield that w raises its clock by p at any such ¢/, i.e., Zy(t, tmax) >

(1l —¢&)(tmax —t) — (1 + ). Since at time t < tyax the bound on the global skew was not violated,
we get that

(18) .
Lv (tmax) + A;nax(tmax) - Lw (tmax) < Lmax(t) + 25(tmax - t) + 1-— Lw (t) - Iw (t, tmax)

< Ly(t) + G 4 2e(tmax — 1) +1
_Lw(t) - M(l - 6)(tmax - t) + (1 + :u)

(24)
< G+ (2e = (1 —e)p)(tmax — 1)

)
<

Thus, all cases lead to a contradiction to Inequality (22). Hence, the bound must indeed hold,
which completes the proof.

A.3 Proof of Lemma 5.5

First, we assume that all nodes in the network are initialized at time ty3. The case where some
nodes are not initialized at time t¢ will be treated later. Define

[1]

(0= g {Lolto) = Lulto) = o) (5= 3 ) 6= Tttt}

= max
{tick />t at ueV'}

Observe that if Z(¢) < 0 holds at any time ¢ > ¢, we have that

To(to, ) > Lulto) — Lu(to) — d(v, w) (s - ;) K> €

21



for all tick events ¢’ > t at w. Furthermore, Z(-) is monotonically decreasing, hence showing that

=(t) < 0 for any ¢t < ¢ proves the lemma. We proceed by bounding Z(¢p) and afterwards showing
that Z(-) decreases at a rate of at least u per 1%5 real time units as long as it remains positive.

Consider any u € V. There is an integer n, such that d(v,u) € [Cy,Cp—1), where C_1 is

interpreted as D + 1. The legal state conditions for C,, at time ty allow us to bound

Lo(to) — Lu(to) — d(v, u) <5 - ;) k< d(v,u)(n — 5+ 1)k, (25)

For n < s the r.h.s. of this inequality is at most 0. For n > s we can further estimate

dv,u(n—s+1)k < Ch_i(n—s+1)k
= 0 "Cs_1(n—s+ 1)k
< HCYS—l,

since o > 2. Hence, we conclude that Z(tg) < kCs_1.

Define t,, := to + 12 for n € N and T = m%fgﬂ, i.e., T is the smallest integer multiple of L
larger than 7. We will now prove by induction that Z(¢,,) < max{=(to)—(n—(1—¢)7)u,0}. Observe
that the claim holds for all n < (1 — €)7 because in this case we only require that Z(t,) < Z(to),
which follows from the fact that =(-) is monotonically decreasing. Hence, it remains to show that
ifn+1>(1-¢)7 and 0 < E(t) < E(tg) — (n' — (1 —&)T)u for all n’ < n, then we also have that

E(tns1) < Z(tg) — (n+1— (1 —&)T)p. Assume for the sake of contradiction that there is a node
u € V such that

Ly, (to) — Ly(to) — d(v,u) (s — ;) K —Tyu(to,t) > Z(tg) — (n+1— (1 —&)T)u >0 (26)

for some tick event ¢ > ¢,,+1 at node u. Since the r.h.s. of Inequality (26) is positive and ¢ is a tick
at u, Inequality (14) shows that u # v. Hence a node u’ € N with d(v,u') = d(v,u) — 1 exists.
Let t' denote the earliest tick after t — 7 — = >t 1 —7 — == =1 n—(1—¢)7 this node. We apply
the induction hypothesis for ¢ n—(1—e)T t0 get the inequality

1 _
Ly(to) — Ly (to) — d(v,u) (s - 2> K — Ly (to, ') < E(tg) — (n —2(1 —&)T)p. (27)
By subtracting Inequality (27) from Inequality (26), we get that
1 _
Lur(to) + T (fo, ) — Lulto) — Tu(to,t) > ( - 2) 5= (1= )T +1) (28)

Since t' is the earliest tick after t — 7 — we can now use Lemma A.3 to lower bound the term

1
=,
—AZ/( t) in order to get a bound on AT( t):
’ (20)
=AY (t) > Lyt')—Lu(t)— 0H

= Lu(to) + Zw(to, ') — Lu(to) — Zu(to, t) — (1 —¢)(t —t') — OH

(2>8) (s—) w(l—e)T+1)—0H - (1—¢)T
(16)
> (s—1)k.
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Note that a clock raise at time ¢ does not change the value of A}, thus —A¥ (¢) > (s — 1) implies
that
AL(#) = Ru(t) > (s — 1)k > 0. (29)

Moreover, due to Statement (i) of Lemma A.1, this implies that AJ**(¢) > 0.
For an arbitrary neighbor u” € N, similarly to Inequality (27) it holds that

Lu(to) —l—Zu(to,t) — Lu//(tg) — Iu//(to,t/) < <S — ;) K+ ,u((l — 6)7_' + 1) (30)

where t' is defined analogously. The only term that does not switch its sign compared to Inequal-
ity (28) is (s — 1) &, since now d(v, u”) might be d(v,u)+ 1. We estimate AY"(t) to obtain a bound
on AL (t):
u (t) < Lu(to) —|—Iu<t0,t) — Lu//(to) — Iu//<t0,t/) + (1 — 8)(t — t,) + OH

(30) 1 _ -

< <s— 2> k+pu((l—e)T+1)+(1—¢e)7 +0H

(16)
<  SK.

Thus, since this estimate holds for any neighbor of v;, we conclude that
AL(#) + Ry(t) < sk. (31)

Putting things together, we can follow from the fact that the value of Al'** is reduced by R, (t)
after the computation of R, (t) in Line 2 of Algorithm 3, that R, (t) must attain either p or the
result of the previous Line 1. The latter, however, cannot be the case, as Inequalities (29) and (31)

together imply that
K K

for some R > R, (t). Hence, u computes R, (t) = u at time t¢.
Finally, we use the assumption Z(¢,) > Z(tg) — (n — (1 — )7 ), which yields for the latest tick
event t' € [t,,t) at u prior to ¢t that

Ly (to) — Ly(to) — d(v,u) (s - ;) K — Tu(to,t') <Z(to) — (n— (1 —&)T)p

and thus Z,,(¢',t) < p due to Inequality (26). This contradicts the observation that u raises its clock
by p at time t. Hence, as long as Z(t,+1) > 0, we have that Z(t,11) < Z(tg) — (n+1— (1 —¢&)T)u.
This implies that Z(f ) < max{0,Z(tg)— (1—e)u(t—to—T — =)} = 0 as desired, since T+~ > 7.

In order to complete the proof, we have to cope with the case of uninitialized nodes. However,
we will show that we only need to consider node u € V within distance d(v,u) < Cs_1 from v. We

already observed for d(v,u) > Cs_; that

Lu(to) — Lu(te) — d(v, ) <s - ;) w2, (32)

Suppose at time ¢y all nodes u € V at distance d(v,u) < [Cs—1] = Cs—1 from v are initialized. In
this case, for any such node ' at distance exactly Cs_; from v it holds that L,(to) — L/ (to) —
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d(v,u') (s — 3) k — Ty (to, ') < 0 for all tick events ¢’ > ¢y at node v’ due to Inequality (32). Thus,
replacing Inequality (27) by this estimate when bounding A¥ for a neighbor u € N at distance
d(v,u) < Cs_1 from v, we see that messages from ' will not prevent u from raising its clock far
enough. Moreover, u is not required to raise its clock until ¢ty + 7 > tg + 7 to satisfy the bound;
at this time u will have received at least one message from «’. Thus, this case is already covered
by the preceding arguments.

Hence, we assume that at time t; an uninitialized node vy € V at distance d(v,v9) < Cs—1
exists. Consequently, v has been initialized at a time ¢, > to — d(v,v9)7. Thus, at time t{, :=
ty + Cs_17T € (to,to + Cs—17] all nodes u € V' at distance d(v,u) < Cs_; are initialized. We define

(1]

1
'(t) = Ly(tg) — Ly(to) — d(v, — — ) k= Tu(to,
®) {tick ¢/>¢ at unel?/)fd(v,u)<03_1)}{ (to) (to) = d(v, u) (S 2) & (to )}
analogously to Z. The trivial estimates L, (t) > (1 —¢)(tf —ty) —1 > (1 —¢)(t{ —to—d(v,u)7) —1
and Ly (to) < (1+ p)(1 +e)(ty — t,) allow us to estimate

2ty < max {Lv(to) — Ly (to) — d(v,u) (S - ;) K — Iu(tht6)}

{ueV | d(v,u)<Cs_1}

< _ ’ _ ;o B #
 {wev] dr(%?”f)(<0571} {Lv(to) Lu(to) + (1 5)(t0 to) d(y7 u) 5 }

K
Sy e {(1 )1+ p)(to — to) + 1 — d(vg,v) (5 —(1- 5)7)}
(16) , ,
< (T+e)(d+pw)((to — o) — (tg — o))
< (T+e)(1+p)TCs 1 — p(l —e)(ty — to)
1
O = p( = o)t — o).

At time t{ + 7, any node at distance d(v,u) < Cs_; will have received at least one message
from each of its neighbors. Hence we can repeat the induction used on Z for Z’, however, starting
at time t[, instead of ¢y, as nodes are not required to raise their clocks until ¢, + 7 to achieve the
bound Z/(¢) < 0. Since we must have d(v,w) < Cs_1 due to Inequality (32), again it follows that
at all ticks ¢ >t > t(, at w we have Z,,(to, t) > £, which completes the proof.

A.4 Proof of Lemma 5.7

Note that if v is not initialized at time tg, then L, (tp) < (1 4+ &)(1 + p)7d(v,w) < kd(v,w),
implying that WS (¢p) < 0. We can thus assume that v is initialized at time to.

Suppose for the sake of contradiction that the statement is false for a node w € V and a time
t > tg, i.e.,

Lo(t) — Lo(t) — skd(v, w) — g,@csﬂ > W (t0) + 2(t — t0) ~ Tulto, ) + 5 —2— . (33)

Certainly we have that w # v, since the right hand side of the inequality is positive. Note that the
inequality can only start to hold when a clock value changes, as 2e(t —tg) —Z,(to, t) is monotonically
increasing between ticks at v. Thus, w.l.o.g. we may assume that ¢ is the first point in time when
a violation occurs. Moreover, any change in the clock value of v also appears on the Lh.s. of the
inequality, as L,(t) is subtracted. Hence, ¢ is a tick event at w.
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We show that w will not raise its clock at time ¢, i.e., R, (t) = 0. Since v # w, a neighbor
u € Ny at distance d(v,u) = d(v,w) — 1 from v exists. If w has not yet received a message from wu,
w has been initialized less than 27 time ago. In this case, it cannot have a clock value larger than
2(1+¢)(1+ )T < k < sk and will certainly not violate the bound. Hence, we can assume that w
already received at least one message from u in the following, and ¢ is not the initialization time of
w.

Let ts < t denote the time when w sent the largest clock value w received at a time ¢, < t. We
need to distinguish between the following two cases.

If ts > to, Inequality (8) held at ¢, which allows us to bound

(15)

AZ(t) L (tr) - Lu(ts) +Iw(tryt) - 25(t - tr)
= Ly(t) = Ly(t) — (Lu(ts) — Lo(ts)) + Zo(ts, t) + (1 —e)(tr — ts) — 2e(t —t,)  (34)
> sk(d(v,w) —d(v,u)) — Zy(to, t) + Ly(to, ts) + Zy(ts, t)
= Sk (35)
If 5 < tg, the time difference tg — t5 is bounded as nodes send messages at least every OH ticks,
i.e., after at most fTHS time, which may be delayed by 7.

OH
to—ts<t—ts<—+7T. (36)

—¢
Furthermore,
Lu(ts) - Lv(ts) < ‘Ilf;(t()) + Sﬁd(va u) - Iu(tsa tO) + Iv(t87 tO)
(5)
< Wi(to) + skd(v,u) + 1+ Zy(ts, to).

Inserting this bound and Inequality (33) into Inequality (34) yields that

ALt > sk(d(v,w) —d(v,u)) + & — 3 — p— 2e(tg — )

4
36) OH
& $H+K—(3+M+25<—|—’T>>
4 1—¢
(1,9) k T+5+up+poH +uT
> SK+ — —
4 2
(16,17)
> SK.

Thus, Inequality (35) holds independently of whether t5 > to or not, which implies that

W(t) +Rw<t>J . {A%(t)J > s (37)

K K -

In addition, any neighbor u € N, of w is within distance d(v,u) < d(v,w) + 1 from v. In case
w received a message from u until ¢, analogously we get that

—A,(t) < sk,
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as all terms but sk in the previous estimates switch signs, because d(v, w)—d(v, u) may also become
—1 now.

If w did not receive a message from w until ¢, we have that —Al(f) < 0 < sk. Thus, as the
bound is independent of the choice of the neighbor u, we get that

{A,L(zﬁ)—[{w(t)J _ {maxuer{—Aif,(t)}J <s_1.

K K

Note that this estimate and Inequality (37) also hold for some value R < R,,(t), as Al satisfies strict
inequalities in both cases. Consequently, it must hold that R,, evaluates to a smaller value than
Ry (t) in Line 1 of Algorithm 3 at time ¢. Inequality (35) further entails that k—Ad (£) < (1—s)k < 0,
thus it follows from Line 2 of Algorithm 3 that R, (t) = 0. Hence, w increases its clock only by 1
at time ¢ as claimed.

Let t/ >t — l%re denote the latest tick event before ¢ at node w. If t' > tp, Inequality (8) held
for node w, implying that

Ly(t) — Ly(t) = Lyu{")— Lo(t") +Zu(t',t) — T,(t, 1)

15
L) = Lo(¥) + 25t — 1) — T, (1", 1)

(®)
< Wi(to) + skd(v,w) + 2e(t — tg) — Ly (to, t) + % —2—p,

contradicting the assumption that the bound is violated at time ¢. However, if ¢’ <y, we can use
the trivial estimate Ly, (t) — Ly (to) = Ly (t) — Ly (') < 1+ u to show that in case of ¢ < tp it must
hold that

(33)
WS (1) = US(1) + To(to, t) — Tulto,t) > W(to) + 2(t — to) + g — 32> W (1),

(16) (1,17
as § > (1+p) (T +1)+4+p+0H > 6+ 4pu. Since all cases lead to a contradiction, indeed

Inequality (8) can never be violated.
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Abstract

Clock synchronization is a fundamental and well-studied problem in distributed computing.
In 2004, however, Fan and Lynch opened an intriguing and challenging chapter of this topic by
raising the question what bounds can be achieved on the skew between clocks of nodes that are
close to each other in a large network. Surprisingly, they proved that the skew between neighbors
must grow as 2 (log D/loglog D), where D is the diameter of the network. We improve this
result in several ways: First, we remove the loglog D factor and thereby close the gap between
the upper bound of O(log D) and the lower bound. Second, we prove that the base of the
logarithm depends inversely on the relative clock drift. Third, we show that the base of the
logarithm becomes a constant if we severely restrict the clock rates in order to ensure that the
clocks run smoothly at all times. These results are accompanied by a stronger lower bound on
the clock skew between distant nodes if the nodes are required to keep their clock values as close
to real time as possible. The respective upper bounds reveal that all our presented results are
optimal up to small constants.

1 Introduction & Related Work

Lower bounds are the bee’s knees of distributed computing. While lower bounds for the non-
distributed random access machine (RAM) often need to constrain potential algorithms in unnat-
ural ways,! researchers in distributed computing can argue about lower bounds quite generally by
exploiting the limitations imposed by local knowledge [8]. Such indistinguishability arguments come
in different flavors, but they essentially all boil down to the same concepts. Hence they are well
understood, and often not overly surprising to experts in the field.

Five years ago, in a seminal paper, Fan and Lynch [3] did surprise the experts by present-
ing a non-trivial and unexpected lower bound in clock synchronization. They proved that direct
neighbors cannot synchronize their clocks arbitrarily well, instead the quality of synchronization
depends on the diameter of the network! Their result holds in a seemingly practical setting,
where nodes have quite accurate hardware clocks, and nodes are able to communicate with their
neighbors by exchanging messages. These messages are sometimes a bit faster, sometimes a bit

!For example, lower bound arguments for sorting are often restricted to algorithms that can only compare and
exchange elements.



slower, but the message exchange is reliable, i.e., messages are never lost, and the message delay is
bounded.? More specifically, Fan and Lynch showed that the clock skew between two neighbors can
be Q(log D/loglog D), where D denotes the diameter of the network, if all the other parameters
(clock drift, message jitter) are constant. This result is astonishing because it seems reasonable at
first glance that the accuracy of information on other clock values should determine the quality of
synchronization.

It was later shown that a large class of natural algorithms exhibits an exponentially worse clock
skew between neighboring nodes in the worst case [6], and only last year a rather intricate algorithm
was proposed that almost matches the lower bound discovered by Fan and Lynch, guaranteeing an
upper bound of O(log D) on the clock skew between neighbors [4].

Since clock synchronization is arguably an important cornerstone in distributed computing (see,
e.g., [1,2,7,10, 11, 12] and references therein), one wants to close the remaining doubly logarithmic
gap. This is exactly the first result of this paper. By improving the Fan/Lynch lower bound to
Q(log D), we get a tight bound on the worst-case clock skew between neighboring nodes. In addition,
we try to get an understanding of how other parameters, in particular the maximum possible clock
drift, affect the lower bound. As we will show, the base of the logarithm depends inversely on the
relative clock drift. Since in real-world systems the inverse of the clock drift is generally larger
than the diameter of the network, the lower bound becomes rather tame. Additionally, we show
that the base of the logarithm gradually shifts to a constant if the clocks are required to run more
and more smoothly, i.e., if the clock rates must not change abruptly in a short time. As proved
in [5], these bounds are optimal up to a factor of two. As one might expect, imposing such tight,
but quite natural restrictions on the behavior of the clocks also leads to a larger worst-case clock
skew between any two nodes in the network. We prove that no algorithm can avoid a clock skew
of approximately D under these conditions; this lower bound is roughly a factor of 2 stronger than
the bound of D/2 if the behavior of the clocks is not restricted [2]. The algorithm given in [5]
matches our stronger bound up to a small additive term.

2 Model

We model a distributed system as an arbitrary connected graph G = (V, E) of diameter D, where
nodes represent computational devices and edges represent communication links. The message
message delays are bounded, but they may vary: The time that passes until a recipient can act
upon the sent information may be any value in the range [0,7]. Our bounds neither rely on the
size or frequency of messages, nor on the amount of local computations that can be performed.
Each node v is equipped with a hardware clock H, whose value at real time t is denoted by
Hy(t), ie., H, : Rar — RBL is a strictly monotonically increasing function. For simplicity, all
nodes start their clocks synchronously at time ¢ = 0. The value of the hardware clock of v is
H,(t) :== fg hy(T) d7 afterwards, where h,(7) is the hardware clock rate of v at time 7. The clock
rates can vary over time, but there is a constant 0 < € < 1 such that the following condition holds.

YoeVVt>t,:1—e<hy(t)<1+e.

2We will elaborate on the exact model later, in Section 2. Indeed, the same techniques also work in slightly
different models: As shown in [9] the lower bound also holds if all messages arrive instantaneously, but an adversary
can determine when synchronization messages may be sent.

3Indeed, the worst-case clock skew between neighboring nodes of all previously known algorithms was exponentially
worse than the lower bound as originally the only goal was to minimize the clock skew between any two nodes.



Based on its hardware clock and the received information, each node v computes a logical clock L,
which is also a function L, : Rar — Rar. Since L, is expected to emulate a clock, we require that
it guarantees a constant minimum progress rate of a € ©(1). Moreover, it might be desirable that
clocks run smoothly, i.e., the clock rates are upper bounded by some value 8 > «. Formally, there
are constants «, 8 > 0 such that

Yo e VVt<t: at' —t) < L,(t') — L,(t) < B(t' —t). (1)

We allow that 8 = oo, which simply means that an algorithm may not guarantee any upper bound
on the clock rate.

Since a computational device typically synchronizes its operations internally based on a clock
pulse, we will mostly assume that a node v € V' performs computations and sends and receives mes-
sages only at such clock pulses. Each node v has a clock pulse at time ¢ if H,(t) is an integer value.
We call such a time a tick event at node v or simply a tick at v. Naturally, in this case Condition
(1) is relaxed in the sense that it only needs to hold at ticks ¢ and ¢ (and not necessarily between
tick events). We will refer to such an algorithm as a discrete clock synchronization algorithm, as
opposed to a continuous clock synchronization algorithm which may act at any time. Note that if
message delays are (slightly) adjusted such that messages are received only at ticks, the requirement
that nodes act only at discrete times is no restriction because no additional information becomes
available in between. Thus, the obtained lower bounds are indeed stronger and drectly carry over
to the continuous model.

Given an algorithm A, an execution specifies the delays of all messages and also the hardware
clock rates of all nodes at each point in time when A is executed on a given graph G. The global
and the local skew are defined as follows:

Definition 2.1 (Global Skew) Given a connected graph G = (V, E) and a clock synchronization
algorithm A, the global skew is defined as the value

SUPg veVweV,t {Lv(t) - Lw (t)} )

where £ is any execution of A on G.

Definition 2.2 (Local Skew) Given a connected graph G = (V, E) and a clock synchronization
algorithm A, the local skew is defined as the value

SupE,vEV,wE/\/u,t {Lv(t) - Lw(t)} )

where £ is any execution of A on G.

All our bounds are proved using indistinguishability type of arguments. Concretely, we construct
different executions for any given synchronization algorithm A and any graph G so that at least
one of the executions causes large clock skews. Given two executions £ and € of an algorithm A
on a graph G, let HS(t) and HE(t) denote the hardware clock values of v at time ¢ in £ and &,
respectively. The corresponding logical clock values are denoted by LE(t) and L¢(t). The following
definition formalizes the notion of indistinguishable executions.

Definition 2.3 (Indistinguishability of Executions) We call £ and £ indistinguishable at
node v until hardware clock time H, if v observes the same message pattern with respect to its



local time H, in both €& and & until its hardware clock reaches H. More precisely, if v receives a
message at a time t, when Hf(tr) < H in &, it receives an identical message in € at the time t,
where HE (t,) = HE(t,), and vice versa. Note that in this situation v acts the same in € and &
until local time H, i.e., if HE(t) = HE(T) < H, it follows that LE(t) = LE(t) and v sends the same
set of messages at times t and t in € and &, respectively.

If it is clear from the context, we may omit the specification of the execution in the notation and
write, e.g., H,(t) instead of HE(t).

The proofs of the bounds on the local skew use incrementally constructed executions that enforce
large clock skews. This concept is captured by the following definition.

Definition 2.4 (Extended Executions) Given an execution £ running until time t, we can ex-
tend it by specifying hardware clock rates and message delays in a time interval [t,t']. We will refer
to this extension as an execution £ running from time t until time t'. Note that &' inherits the
state of the system at time t, i.e., the state of all nodes and any “pending” messages sent in &
which did not reach their destination until time t.

3 Lower Bounds

In order to establish our bounds on the local skew, we need some technical statements. The common
theme of all arguments is that it is possible to indistinguishably introduce up to O(d(v,w)T)
hardware clock skew between two nodes v and w in O (E*Id(v, w)T) time. Since clocks are required
to run at least at the rate «, this observation enables us to gradually build up skew on paths of
decreasing length.

3.1 Helper Statements

The first stated lemma illustrates the reason why it must take a certain time to reduce clock
skews even if nodes are aware of a certain skew. It shows that one can modify any member of the
following (quite general) class of executions such that the hardware clock value of a specific node
is imperceptibly changed by ©(7).

Definition 3.1 (Framed Executions) Given ¢ € [0,1], a ¢-framed execution is any ezecution
such that the hardware clock rates always lie in the interval [1,1 + €] and all message delays are in
the range [T, (1 — p)T].

Lemma 3.2 Fiz any clock synchronization algorithm and any graph. Let a p-framed execution
E, atimet > ¢T /e, and a node v € V be given, and define that t' =t — pT /(1 +¢). We
can indistinguishably modify € into an execution € for which it holds that LE(t) = LE(t') and
LE(t) = LE(t) for any node w € V' \ {v}.

Proof. We change £ to £ by reducing the hardware clock rate of node v by & in the time
interval [0, (HS (t) — HE (') /e] and by modifying all delays in such a way that indistinguishability
is maintained. Certainly, we have that HE(t) — HE(#) < (1 4+ ¢)(t —t) = 7, implying that
t > (HS(t) — HE(V')) /e. Therefore it holds that HS(t) = HE(t'). Apparently, we also have that
HE(t) = HE(t) for any other node w # v. The indistinguishability of £ and £ then implies the
corresponding statement on the logical clock values.



It remains to show that £ is a valid execution. By construction we have that
Hy (" = oT) < Hy (") = T < H(t") < H (")

at any time t”, implying that delays change by at most ©7. Since £ is a p-framed execution, all
delays in £ thus lie within the legitimate range of [0,7]. Similarly, all hardware clock rates in &
are at least 1, meaning that in € all clock rates are in the interval [1 — &, 1 + €] as required. (I

The lower bound of Fan and Lynch exploits that if any node increases its clock at an (average)
rate of at least b over (7)) time in a framed execution, this lemma can be used to construct an
execution resulting in a clock skew of Q(7b) between two neighbors. Furthermore, an extended
execution can be constructed where the clock skew between two neighbors becomes Q(7 log, D). If
these two results are combined, we get a lower bound of Q(7b+7 log, D) C (7 (log D/ loglog D)).
In order to get rid of the loglog D term, we need more sophisticated techniques.

Next, we extend the scope to nodes at arbitrary distances, but in return confine the considered
executions.

Lemma 3.3 Fix any clock synchronization algorithm, any graph, an arbitrary pair of nodes v, w €
V and some ¢ € [0,1/(2(1 + €))]. Given a @-framed execution & that ends at a time tg,, this
execution can be extended by a p-framed execution & = E(&y, v, w, p) with the following property.
For any pair of nodes v',w' € V' on a shortest path from v to w such that d(v,v") < d(v,w") and for
any time tg > tg, +(14+€)(1—2(1+e)p)d(v',w')T /e, € can be modified into the p-framed execution
E=E(E,V,w') such that at time tz :=te — (1 —2(1+¢)p)d(v',w')T we have that L% (tg) = LS, (te)
and LE, (tg) = LE, ().

Proof. Define ®¥(u) := d(w,u) — d(v,u). In execution &, there are no clock drifts, i.e., all
hardware clock rates are always 1, and message delays from node us € V to u, € N, are (1+¢)pT
if Y (us) > @Y (u,) and (1 — (1 + €))7 otherwise. If possible, the delays of any messages sent in
&o that have not yet arrived are the same, whereas messages already delayed by more are received
immediately at time tg,.

Set t' ==tz — (1 —2(1 +¢)p)d(v',w')T Je > tg,. Execution £ is defined as follows: In execution
£, the hardware clock rate of any node u € V is

i P (V) — Py (u) . )
ha(t) = {max {mln {1 +e— —dwy & 1 +5} , 1} if t €[t tg]

1 else

Due to the prerequisites that d(v,v") < d(v,w’) and v" and w’ lie on a shortest path from v to w,
we have that ®¥(v') — ®¥(w') = 2d(v',w’). Therefore, w' has a clock rate of 1 at any time, i.e.,
HE,(tg) = HE,(tg). As v’ has clock rate 1+ ¢ for exactly tg —t' = (1 —2(1 4 ¢&)p)d(v',w')T /e time
in £, we have that H (tg) = HS (tg). The message delays are adjusted in such a way that £ and €
are indistinguishable at any node u € V. Hence, as both executions inherit the same state of the
network from the preceding execution &, the statements LS, (tg) = LS, (te) and LS, (tg) = L, (t)
are a direct consequence of the indistinguishability of & and &.

In order to finish the proof it remains to show that & is indeed a (-framed execution, i.e., all
hardware clock rates are in the range [1, 1+ ¢] and message delays are in the range [¢7, (1 —¢)7].
The hardware clock rate of each node at any point in time is between 1 and 1 + £ and thus always
in the legal range. Hence, we have to show that all messages received by some node v € V arrive
after at least ¢7 and at most (1 — )7 time. Any message arriving immediately at time tg, cannot



violate these bounds because & is a p-framed execution. Given a message sent from a node us € V
to a node u, € N,, that arrives later than t¢, in &, let t5 and ¢, denote the times when the message
is sent and received, respectively, in execution £ (or &), and let ¢5; and ¢, be the corresponding
times in execution & (or, again, &).

Starting at time ', the differences between the hardware clock values of neighbors gradually
shift in €& compared to £, until these shifts become maximal at time tz. Inserting the definitions,
we see that at this time we have that

HE (te) — HE (te) — (HE, (te) — HE,(te))
B {W(l—Q(l—i—g)go)T if O (uy), DY (u,) € [0,2d(v', w')]

0 else.

Since before ' and after t¢ all clock rates are 1 in both executions, this means that at any time ¢
it holds that

[—(1=2(1+e)p)T,0] if & (us) = P (ur)

g £ 3 &
H; (t) — Hy, (t) — (Hus (t) — Hy, (t)) € {[0’ (1-2(1+¢)p)T] else.

Thus, we see that the message delays t, — ts are defined in a way ensuring that
tr =ty — (HE () = HE (0) = (HE(®) - HE (1)) € [(1+2)0T, (1= (1 +))T].  (2)
Moreover, as all clock rates are always in the interval [1,1 + €], we have that
HE (&) — HE (&) — (HE () = HE, (1)) € [0,2(F — £,)] (3)
Given these relations, we can bound ¢, — t,. We compute

tr—ts = ET_tr_(Es_tS)+(tr—ts)
Hqi (ET) - Hqi» (tr) - (Hqi (Es) - Hqi (ts)) + (tr - ts)
= HE(5) - B () - (HE () — HE(E)) + (6~ 1)

Inserting Bound (2) and Bound (3) into this equation, we obtain

which completes the proof. O
Basically, this lemma shows that in d(v,w)7 time we can add ed(v,w)7 hardware clock skew
between any two nodes at distance ed(v,w) that lie on a shortest path from v to w. This is the
core argument in the proof of both Theorem 3.5 and Theorem 3.6.
This lemma paves the way for the key lemma that is required to prove Theorem 3.5. It trades
a quicker decrease of path lengths for a larger increase of the average clock skew on certain paths
if the nodes increase their clock values quickly.



Lemma 3.4 Fix any clock synchronization algorithm and any graph of diameter D > 1/e. Assume
that 1/¢ is an integer (in particular, e < 1/2), and let X := [121og(8/¢)]|. Set pe :=¢/(2(1 +¢))
and ( :==1—e—12/X > 1/4. Let a @.-framed execution & ending at time tg, > T /2 be given such
that a shortest path p := vy, ..., vg with Ly, (te,) — Ly, (te,) > AaTk for some X\ € R exists, where
X/e" divides d(vo,v) =k for some integer n > 2 + logy /. logy /. D.

In this case, either & can be extended by a p.-framed execution € running from tg, until some
time tg, such that two nodes v,w € V exist for which

Lu(tg) = Luts) = (A +mQ) aTd(v, w)

and d(v,w) = "k/X for somem € {1,...,n}, or two neighbors v,w € V, an execution, and some
time t exist such that Ly(t) — Ly (t) > oT logy . D.

Proof. We extend & by the execution & = E£(&y, vo, vk, @) from Lemma 3.3. Define for m €
{1,...,n} that t,,, :=tg, + ™ (1 —e)Tk/X. We make a case differentiation. First, assume that
we have L (t1) — L (t1) > (A — 12/X) a7 for some i > k/X. Hence, there must be two nodes
v, w € p at distance d(v,w) = €k/X such that

LE (1) — I (1) > (A _ ﬁ) oTd(v, w) (4)

and d(vp,v) < d(vg,w). Define tg 1=t + (1 — e)d(v,w)T =tg, + (1 +¢)(1 — e)d(v,w)T /e as the
time when &£ ends. Observe that 1 —e =1 —2(1 + ¢)¢.. Thus, due to Lemma 3.3, we can modify
& into the @.-framed execution & = £(&, v, w, ¢.) such that L& (1) = L(te) and L (t1) = LS (t1).
It follows that

Li(t) = Li(t) = Li(te) = L5(t) + (L5 (01) — Ly (1))
(1,4) 12
> afte —t1)+ (A — 5 aTd(v,w)
= A+ Q) aZd(v,w).
Second, assume that a pair of nodes v,w € p at distance d(v,w) = £"™k/X, where m €

{2,...,n}, and a time tg > t,, + (1 — €)d(v,w)7T exist such that the inequality
Li(te) — Ly (tg) = (A +mC) aTd(v, w) ()

holds, where tg := tg —e™(1 —e)Tk/X = te — (1 — e)d(v,w)7T. Since tg is sufficiently large,
Lemma 3.3 states that if £ ends at time tg, it can be changed into the ¢.-framed execution
E=E(,v,w,p.) where

LS

v

(tg) — Lig(tg) = Li(te) — Liy(tg) = (A +m() aTd(v,w).

Third and last, assume that none of the former is true. Consider the following set of pairs
of times and nodes {(#/,v7) |j € {0,..., jmax := (1 —€)(n —1)/e?}}. Define 0¥ := v;(), where
i(0) := k— (1 — e" V) k/X. Let my := 24 [e2j/(1—&)] and i, := i(0)+(1—e)k/ (£2X) it e,
Set

. (1= e)my—2)\ emi(1 - )Tk
= tmj—l - <.] - 52 X
1=ty >tg,

v

tmj max



and v/ := v;(;), where i(j) := imy—1 + (j— (1 =e)(mj—2)/(e2X)) €™k < i(jmax) = in+1 = k.
These cumbersome choices of 7 and v7 ensure that, as the second case does not apply, we have

(5)

L‘Ej (tj) - ij+1 (tjﬂ) < (A +m;() o/]'d(vj,vj“)

for all j € {0,...,jmax — 1}, because d(v?,vIt) = i(j + 1) —i(j) = e™k/X, /71 > t,,, and
t — 9t = (1 — e)d(v?,vIT) T. Observe that vim= = vy, t¥ = ¢; and t/m> = ¢,, and also
that the v/ are well-defined because m; < n for all but jmax, i.e., €™ k/X is an integer for all
J€{0,..., jmax — 1}.
Summing up over all j < jpax, we get the bound
Jmax—1

Lin(t) = Li(tn) = > (Lgs () = Ly (P7))
j=0

Z Z (A +mj¢) aTd(v!, ")

m=2{j|[m;=m}

= )\aTd(vo,vk)—l—CaTkEn: Z me™

< AaTd(vO,vk) +(1—¢)

= XaTd(v’ ) +

As the first case does not apply and d(vg,v°) > (1 — 1/X)k > ek/X, we have that L& (t;) —
L& (t1) < (A =12/X)aTk. We obtain

Ly, (tn) = L, (te) = Ly (ta) = Lio(t1) + (Lo (t1) — Lio(te,))

+ (Lfo (tgo) - Lfo (tgo)) + (Lfg (té'o) - Lfk (tgo))

> <—>\d(1;071)k) — i?k — <)\ — ‘1)?> d(vo,vo) + )\d(U(),Ujmax)> oT

MCRE

xX>12 9a7k
>

> 904(tn — tgo)
g

logl/s D,

where we used that t, —tg, = " 1(1 —e)Tk/X <eT/(X logy /. D) since n > 2 + logy /. logy /. D.
Thus, as we also have t, —tg, > (1 —¢)7 /e > T > ¢.7T because X/e" divides k and € < 1/2, there
must be times t € [tg, + 7 /(1 +¢€),t,] and ¢’ :=t — ¢, T such that

T e<1/2
dape logy e D > 2aTlog, . D.

B0 = I ) 2 1



As & extended by € meets the prerequisites of Lemma 3.2 for t > tg, > 7/2 = (1 +¢)¢.7 /¢, an
execution & exists such that for any u € N jmax the relation

LE (t) — LE(t) = L&, (') — LE(t) = LE (¢') — LS (t) + LE, (1) — LE(t)

holds. Thus, in one of the two executions, a skew of a7 log; /e D can be observed between pImax
and u, which concludes the case differentiation and also the proof. O

3.2 Main results

Our first result states that no continuous clock synchronization algorithm, regardless of the upper
bound on the clock rates (3, is able to avoid a clock skew of €2 (o/]'logl Je D) between neighboring

nodes. This result differs from the result in [3] in that the loglog D denominator is removed and
the dependence on «, 7, and in particular ¢ is made explicit.

Theorem 3.5 No clock synchronization algorithm can achieve a better bound on the local skew
than

(a7 (1+10gy. D))

on any graph of diameter D. Furthermore, for any § > 0 and some specific diameters D and
mazximum drift rates €, the local skew exceeds

(1—10)aT log;,. D.

Proof. If D < (1/¢)¢ for any constant ¢, the claimed bound reduces to Q(a7). Such a clock skew
can easily be enforced between two neighbors as shown in the proof of Theorem 3.6.

Define ¢’ := 1/[1/e] > ¢/2, i.e., 1/¢' is an integer. Throughout this proof, we will use the
notation of Lemma 3.4, however, with ¢ replaced by ¢’. Set b := [121log(8/¢")] /e’ = X/e'. As noted
above, we may assume that D is sufficiently large such that log; /s log; . D is defined and we have

that 1 D
LOngJ > 1+ “Ogl/gl IOgl/E’ D~| S O(logb D)

Therefore, when setting Do := (1/&')1+1081/2/1981/2 DT e have that Dy < (1/¢)losD1/2 < /D,
implying
log, D
¢:=|log, D/Dqy| > 7L ngb J .

We state the following induction hypothesis. Assume that for ¢ € {0,...,¢ — 1} a ¢o-framed
execution & ending at a time ¢; > 7 /2 and two nodes v;, w; € V at distance d(v;, w;) > bt~ Dy
exist, such that

L5i(t;) — L (t:) > iCaT d(vi, w;). (7)

We claim that in this case either the same is true for ¢ + m, where m € N, or an execution exists
where the clock skew between two neighbors becomes a7 log; /. D at some time.

To start the induction, we define & to be the 1/2-framed execution ending at time tg := 7 /2
where all delays are 7 /2. Apparently, at time ¢ty we have two nodes vg,wp € V within distance
d(vo, wo) = b'Dy < D from each other such that L5 (to) — L (o) > 0.

Now assume that Inequality (7) holds for some i € {0,...,¢ — 1}. Because b'"*Dy is an integer
multiple of X/e" for n = 2 + [log; /. log; . D], the nodes v;,w; and the execution &; ending at

9



time t; > 7 /2 meet the requirements of Lemma 3.4. Hence, either we immediately get some
execution and two neighbors exhibiting a skew of a7 log; /e D at some time, or for some m € N a
e-framed execution &y, two nodes v, w € V at distance d(v, w) = (¢)™d(v;, w;)/X and a time
titm > t; > T /2 exist when

L§i+m (tz) _ quwrm (tier) > (Z + m)Co/Td(U, w).

Thus, there must also be two nodes vy, w;1m € V at distance d(v,w)/X™ ! = d(v;, w;)/b™ =
bi=i=™m Dy satisfying Inequality (7) for i +m, i.e., the induction step succeeds.

We conclude that either an execution exists in which a skew of a7 log; ;. D occurs, or Inequal-
ity (7) holds for an i > ¢ € Q(log, . D) in some execution. In the latter case, however, the same
inequality is also true for a pair of neighboring nodes, implying that there is a clock skew of at
least £(aT € Q(aT logy /. D) between two neighbors. Finally, for ¢ — 0 we have 1/¢' —1/e — 0
and ¢ — 1, and for D — oo we get ((logy . D) — ¢)/¢ — 1. Therefore, for any § > 0, appropriate
choices of € and D imply a local skew of at least (1 — §)aT log; /. D. 0

This theorem implies that there is no benefit if a continuous algorithm does not constrain the
maximum increase of the clock values.* Therefore, we proceed by giving a lower bound on the
local skew depending on 8 < oco. This lower bound becomes stronger than the previous bound for

B—acO().

Theorem 3.6 For any discrete clock synchronization algorithm and any graph of diameter D the
local skew is lower bounded by

(s o)) o)

where b = [A0=e)ize)los2/9)],

ag

Proof. Observe that any node must increase its logical clock by at least « and at most § at each
of its tick events, since it does not know its own hardware clock rate, yet must obey Condition (1).
Thus we have that (1 —¢)8 > (14 ¢)a, as otherwise infinite skew between neighbors could be built
up by just manipulating the hardware clock rates. This observation implies that

2(1+¢)(8— )

ag

b>

> 4. (8)

We will apply Lemma 3.3 repeatedly to produce the claimed skew between two nodes by concate-
nating executions whose durations decrease by the factor b. The distance between the considered
pairs of nodes will also decrease by the same factor, which limits the number of steps to |log, D]|.

To this end, we fix vy, wg € V to be two nodes at distance d(vg,wgy) = bllogs DI Using the
notation of Lemma 3.3, we define & := £((, v, wp, 0), where () means that no execution precedes
&. If & ends at the time tg, := (1 + ¢)d(vo, wo)7 /e, due to the lemma it can be modified into
the indistinguishable execution & := (&, vo, wp), such that L& (tg,) = Lfg (te,) and L0 (tg,) =

LY (tg,)- Since the minimum clock rate is a due to Condition (1), we further have that Li? (tey) —

4The next theorem and its proof give a strong intuition that discrete algorithms are not superior to continuous
ones, i.e., the same statement applies to them.
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L (tg,) > aftg, — tg, — 1) = a(d(vo,wp)T — 1). Note that we have to substract o because the
condition is only applicable at ticks at node wg. Thus, we have that

L o(te,) — L (te,) = LE(te,) — L (tg,)
> L80(tg,) — L5 (tg,) + a(d(vo, wo)T — 1),

which implies that in one of the executions the skew must exceed §(d(vo, wp)7 —1). Assume w.l.o.g.
that the case
&o &o @
Lig (te,) — Ly (tg,) > 5 (d(vo, wo)T — 1)

applies.

We proceed with an induction. Define iy, := |log, D| and 7 := W{?/@ Assume that after
the ith step, where ¢ € {0,...,imax — 1}, the following holds: We have a pair of nodes v;,w; € V
at distance d(v;, w;) = meaX  and an execution & ending at time tg, such that

- T : ) .
Li(tg,) — L& (tg) > ad(vi, w;) 5 HiT—n) -3 D bt g, (9)

w;
i=1

Then, we can extend & by an execution & ending at time e, such that there is a pair of nodes
vip1, Wit € V at distance d(vii1, wiy1) = b=+ that satisfies Inequality (9) with i replaced
by 7 + 1.

We already proved that for i = 0 an execution satisfying Inequality (9) exists, thus it remains
to conduct the induction step. Again, we apply Lemma 3.3, this time to extend &;, truncated at
time tg , by the execution &1 1= E(tg,, vi, w;,0). Define tg,, 1= tg + (14 &)d(vi,w;)7T /(eb) and
tg,, = tg + d(vi,w;)T/(eb). Due to Condition (1), which bounds the minimum and maximum
clock rates, it holds that

L (ts ) — L z+1(tgl+1) > Lii(tg) +altg,, —tg, — 1) — L (tg) — Bltg,,, —tg, — 1)

| | 1
> Liits) — Ly (ts) — (B — ) (gbd(vz‘,wz‘)T-i- 1> — 2
1+¢
Lii(t,) = L3 (tg) — (8 — ) ——d(vi,w)T — 20
> LS(tg) — LS (tg) — md(vi,wiﬂ'—%z
(9) T Zmax+
> ad(vi, wy) §+Z( —n— 321) Il = 3.

Thus, by the pidgeon hole principle, there is a pair of nodes v;y1,w;+1 € V on a shortest path
from v; to w; at distance d(viy1, wiy1) = b~ d(v;, w;) = pimax—(i+1) guch that d(vi, vig1) < d(vi, wit1)
and

i+1
Loti(te,,) — Lo (tg,y,) > ad(uivr, winr) | 5 +4T —1) —n =3 Z ptmtd | (10)
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According to Lemma 3.3, there is an indistinguishable execution &1 := E(Eiy1,Viv1, wir1) for
which it holds that ijﬂ (te,,,) = LvZﬁ (te,,) and L Eiv1 (te,,,) = LG (tg,,,). We conclude that

Wi41 Wi41
Lgi+1 (t* ) — Lgi+1 (t* ) . L5i+1 (t ) _I it (t ) + (L i1 (t ) _ L&'H (t* ))
Vit Vi Wit Vit o vit1 "€t Vit1\"Eiq1 vit1 \YE; 14 wir1 \LE; 4y
(1,10) T i+1
> Oéd('l)z_i_l, wz_l’_l) 5 + Z( 17 3 Z b Zmax+]
+« (tgiﬂ — tgiH — 1)
T s
= ad(ip,win) | 5+ (DT —n) -3 Y primetd )

Hence, the induction steps succeeds. We obtain the claimed bound of

Tmax

c. (9) T . .
) - Lom= (tz ) > a 5 Timax(T =) =33 b= —a

Wimax Tmax

g’imax (t _

Vimax imax

T 3
> a(2+’LmaX(T—’r])—l_1/b) _

* oo (1 ) ) 72)

on the skew between the neighbors v;,_ and w; . in the execution & . at time te, ]

If we demand that the logical clocks run roughly at the same rates as the hardware. clocks e.g.,
a=1—-0() and g =1+ O(e), we get that b € O(1) and thus a lower bound of Q(7 log D). if
we allow a logical clock rate that is a constant times larger than real time, i.e., 8 — a € O(1), the

lower bound reduces to 2 (T logy /. D). The constants in this bound and Theorem 3.5 are almost

optimal, as the algorithm given in [5] yields the asymptotic approximation ratio of 2 for ¢ — 0 and
T — o0 if T and € are known.

We remark that both proofs reveal that large skews occur for a significant period of time, i.e.,
for any s € [0, 1] we have that for © (7D'~*) time L, — L, > © (sa7 log, Dd(v, w)) between some
nodes v,w at distance d(v,w) = © (D?). For s = 1 we also obtain a lower bound on the global
skew comparable to the 7D/2 bound shown in [2].

This bound of 7D/2 on the global skew can be improved to roughly 7 D if one takes into
account that it is natural to demand that all clock values are as close to real time as possible. More
precisely, we may require that

VoeVVtickstatv: (1 —e)t < L,(t) < (1+¢e)t. (11)

It is not hard to see that this condition can easily be satisfied, while a better better approximation to
real time is impossible unless external timing information is available. Interestingly, this seemingly
trivial condition strengthens the lower bound on the global skew by roughly a factor of 2, regardless
of the permitted minimum and maximum clock rates o and (.
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Theorem 3.7 Assume a clock synchmmzatwn algomthm A s eqmpped with nitial parameters
cr,ee € (0,1], € € (0,1), and T € RT such that ;7 < T < T and c3é < ¢ < &. Define
0 = min{e, (1 — € —c1)/ar} € [—e,¢]. Any such algorithm A obeying Condition (11) cannot
avoid a global skew of at least

(1+0)7D
on any graph G of diameter D.

Proof. For the sake of simplicity, we formally allow relative clock drifts of ¢ 4+ de, where de is
infinitesimally small.®

Let vg,vp € V be any two nodes at distance D. Furthermore, define that 7 := clf', g = 9,
and 7' := 111“5, T. Since o > —¢’, we have that

Thus, it is possible that 7 is the real maximum delay and ¢’ is the real maximum clock drift
because both values lie in the legal range according to the definition of ¢; and co. Assume that
the maximum delay is in fact 7’ and the maximum clock drift is /. Consider the following two
executions:

&1 : The hardware clock rates of all clocks are 1 — ¢’ at all times. The message delays are always
7' from any node v € V to any node w € N, if d(vg,w) = d(vp,v) — 1, and 0 otherwise.

& : The hardware clock rates of all clocks are 1+ ¢’ at all times. The message delays are (1 +6,)T’
from node v € V to node w € N, if d(vg, w) = d(vg,v) — 1, and 0 otherwise.

Execution & and & are obviously legal executions as both the message delays and the clock
drifts are within the legal bounds. Furthermore, £ and &; are indistinguishable: In execution
&1, if a node v sends a message to w at local time H,, w receives this message at a time ¢ when
Hy(t) = Hy+ (1 —¢")T" if d(vg, w) = d(vg,v) — 1 and H,(t) = H, otherwise. Since the clock rates
are faster by a factor of (14¢’)/(1—¢’) and the message delay of any message that is sent to a node
that is closer to vg is reduced by the same factor, the nodes receive and send the same messages at
the same hardware clock times in execution &;.

Thus, in both executions nodes cannot increase their logical clock at a rate lower than their
hardware clock rate, as otherwise Condition (11) would be violated in execution &;. Likewise, they
cannot increase logical clocks faster than hardware clocks because Condition (11) would be violated
in execution &. Hence, in both executions it must hold that L,(t) = H,(t) at all ticks ¢ at v.

Assume now that 7 and € are the correct upper bounds on the maximum delay and the maxi-
mum clock drift, respectively. Consider the following execution:

&3 : The hardware clock rate of v € Vis 1+ o+ Mds where 0 < Je < |p| is infinitesimally
small. At time tg := (Hf;ﬁ all hardware clock rates are switched to 1+ p. If a node v sends

a message at hardware clock time H,, the message delay is adjusted in such a way that it is
received at time ¢t when Hy,(t) = H, + (1 —&")T" if d(vo, w) = d(vg,v) — 1 and H,(t) = H,
otherwise.

®The same result could be obtained, e.g., by replacing € by € — d¢ and proving a bound of (1 + ¢ — O(8¢))T D
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Note that execution & and &3, and hence also & and &3, are indistinguishable at each node
v € V by construction. It remains to verify that & is a legal execution. Since ¢ € [—¢,¢] and
a clock drift of € + de is allowed, the clock drifts of all clocks are in the legal range. As far
as the message delays are concerned, we have at all times ¢ < ¢y that H,(t) — Hy,(t) = %t €
[0,(1+0)T]=10,(1—¢")T"] if d(vo, w) = d(vp,v) — 1. First, consider a message sent from v to w.
If H,(t) — Hy(t) = (1 — &')T’, then the message delay is set to zero, which ensures that w “sees”
exactly a difference of (1 —&")7". If H,(t) — H,(t) = 0, the message must be delayed. However,

since the hardware clock rate of each node is at least 1 + o, it takes at most “;fr/;T/ =7 time for

w to reach the hardware clock value Hy, + (1 — &’)7’. Thus in case of d(vp,w) = d(vg,v) — 1 the
message delays are always in the range [0, 7]. If w sends a message to v, the same arguments apply,
but in this case we need that the message delay is set to zero if H,(t) — H,(t) = 0 and at most

(lzig/ =7 if H,(t) — Hy(t) = (1 —')T’. Note that if d(vg, w) = d(vg,v), then H,(t) = Hy(t)
as in the other two executions, and the message delay remains zero. Finally, the message delays
remain in the range [0,7] at any time t > tp, because all clocks run at the same rate, i.e., the
differences between the hardware clock values do not change.

Since the nodes cannot distinguish between any of the three executions, it follows that L, (t) =
H,(t) for all nodes v € V and all ticks ¢ also in £3. The skew between the hardware clocks H,, and

H,, in execution &3 at any time t > ¢ is

d(vo, UD) — d(’UD, ’UD)

t
0 D

de =(1+0)7TD.

Hence, at any tick ¢ > to at vg we have that L§3(t) — L&3 (t) = (1 + 0)7 D, which proves the
stated lower bound on the global skew of A. O

The obtained result slightly depends on how accurate the estimates of the maximum delay and
the maximum drift rate are. We believe that this is not an artifact of the proof, but rather an
algorithm aware of ¢ and 7 might deliberately choose to keep its logical clock values as close as
possible to (1 — )t to avoid large skews. The estimates of 7 and € must be extremely accurate,
however, if a better bound than (1+¢)7 D ought to be guaranteed, and a global skew of (1—¢)7 D
cannot be prevented in any situation.

Corollary 3.8 No clock synchronization algorithm without knowledge of a lower bound on € can

avoid a global skew of TD. No clock synchronization algorithm without knowledge of bounds on T
stronger than T € “—jé'f, T] can achieve a better bound on the global skew than (1 + )T D.

In [5] it is shown that (1 +&)7 D is indeed tight up to a negligible additive term.
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